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ABSTRACT

A dependent theory is a (first order complete theory) T' which does not
have the independence property. A major result here is: if we expand a
model of T" by the traces on it of sets definable in a bigger model then
we preserve its being dependent. Another one justifies the cofinality re-
striction in the theorem (from a previous work) saying that pairwise per-
pendicular indiscernible sequences, can have arbitrary dual-cofinalities in
some models containing them. We introduce “strongly dependent” and
look at definable groups; and also at dividing, forking and relatives.
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Annotated Content

Recall: Dependent T' = T without the independence property.

80 Introduction, p- 2

81 Expanding by making a type definable, p-4
Suppose we expand M < € by a relation for each set of the form
{b:b€ ™M and |= p[b,a]}, where a € “>€, p(z,y) € L(rr) and
m = Lg(Z). We prove that the theory of this model is dependent
and has elimination of quantifiers.

82 More on indiscernible sequences, p. 16
This is complimentary to [Sh:715, §5]. Dedekind cuts with cofinal-
ity from both sides < k + |T'| = & inside k-saturated models (of a
dependent theory T') tend to be filled together.

83 Strongly dependent theories, p- 24
Being strongly dependent is related to being superstable; however,
strongly dependent theories which are stable (called strongly sta-
ble) are not necessarily superstable. We start the investigation of
this class of first order theories. In particular, for such a theory
there is no non-algebraic types p, ¢ with definable functions essen-
tially from ¢(€) onto “(p(€)). Also there is no equivalence relation
on p(Z) with infinitely many equivalence classes, each class has
essentially one to one definable correspondence with the whole.

84 Definable groups, p. 32
We start to investigate definable groups for dependent and strongly
dependent theories, in particular, with the size of the commutator
of most members.

85 Non-forking, p- 40
We try to see what does non-forking satisfy for dependent theories.

0. Introduction

The work in [Sh:715] tries to deal with the investigation of (first order com-
plete) theories T which have the dependence property, i.e., do not have the
independence property.

If T is stable, we expand a model M of T by p | ¢(Z,y), for p € S™(M).
That is expanding M by the relation R;i(J@’g) ={acOM: p(z,a) € p} is an
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inessential one, i.e., by a relation on M definable in M with parameters. This
fails for unstable theories but in §1 we prove a weak relative: if T' is a dependent
theory then so is the expansion above, i.e., Th(M, ng(']\»?y))pw(ig).

In [Sh:715, §5] it is shown that for any model N of a dependent unstable T', we
can find a k-saturated model M extending N, such that the following set is quite
arbitrary. Pairs of cofinalities of a cut in M, for some definable partial order in
N (so not fulfilled in M), or even the set of pairs (1, k2) of regular cardinals
for which there is an indiscernible sequence {(aq : @ < k1) {bg : § < K3) such
that the (k1, k2)-cut is respected in M. That is, we cannot find an element in
M which can be added after the a,’s but before the bg’s linearly ordered by a
partial order some p(z,y; ¢). However, there were restrictions on the cofinalities
being not too small. In §2 we show that, to a large extent, these restrictions
are necessary.

The family of dependent theories is parallel to the family of stable theories.
But actually a better balance than for stable of the “size” of the family of
such theories and what we can tell about them is obtained by the family of
superstable ones. In §3 a related family of strongly dependent theories, are
defined. Now, every superstable T is strongly stable (defined as stable, strongly
dependent), but the inverse fails (see also [Sh:839], [Sh:F660]). We then observe
some basic properties. This is continued in [Sh:863].

In §4 we look at groups definable in models of dependent theories, and also
in strongly dependent theories. In §5 we try to look systematically at a parallel
to non-forking.

This work is continued in [Sh:876], [Sh:863], [Sh:886], [FiSh:E50], [CoSh:919),
[Sh:F705], [Sh:877], [Sh:900] and [Sh:F906]. More specifically, on a parallel to
uni-dimensionality for the theory of the real field see a hopefully forthcoming
work of E. Firstenberg—S. Shelah [FiSh:E50]. For continuation of §2 see [Sh:950].
We try to investigate strongly dependent theories (see Section 3) in [Sh:863].
We should add to the history in [Sh:715] that Keisler [Ke87] connects dependent
theories and measures on the set of definable subsets of a model. Also, [Sh:715,
3.2], is 5.2 of Baldwin-Benedikt [BIBn00]; we should also add Poizat [Po81]
(and then [Sh:93, p. 202, 3] positively answering a question of Poizat). Poizat,
dealing with the number of complete types in S(N) finitely satisfied in M < N,
proves that the number is < 2IMIl (when |T| < ||M]|) and asks whether it is
< (Ded(||M||I™1)) so by [Sh:93], it is. In 5.26 we follow [Sh:93] proving that we
can replace finitely satisfiable but does not split.
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Note that Baisalov and Poizat [BaPo98] proved a theorem concerning an
o-minimal 7', which is a consequence of §1.

We thank Eyal Firstenberg, Aviv Tatarsky and the referee for many help-
ful corrections, and more recently, Itay Kaplan and friends for pointing out
deficiencies in §5.

NOTATION. As in [Sh:715] and, in addition

0.1. Definition: 1) For b = (b; : t € I) an infinite indiscernible sequence,
let tp/(b) = (tp(byy ... bin_,0,€) : n < w) where t} < ty, for
¢ < k < n < w; the choice of the ¢}’s is immaterial.

2) Let “M is n-saturated” mean “M is Ng-saturated” for n < w.
3) Let A/B mean tp(A, B), inside € or €°4.

1. Expanding by making a type definable

What, in short, do we show here? We say that A is full over M, if every
p € S<¥(M) is realized in A, (Definition 1.5). We let B 4 as be the expansion
of M, for each ¢(Z,a),a € “>A, by the following £g(Z)-place relation: all
realizations of ¢(—,a), i.e., by ¢(M,a) (see Definition 1.10(2)). We prove here
that if A is full over M, then Th(Bys 4) has elimination of quantifiers (see
Claim 1.12(1), its proof depends only on 1.2, 1.7(2)). By this we prove that
Th(Bar,4) is dependent (in 1.13 depending on 1.19(4), 1.12(1), (5) only), so for
this conclusion “A is full over M” is not needed.

1.1. CONTEXT: 1) T is a (first order complete) dependent theory in the
language L(77).
2) € = ¢ is a monster model for 7.

1.2. CLAIM: Assume

(a) M a model

(b) D an ultrafilter on M, i.e. on the Boolean Algebra &(M).
Then for any ¢ € “>¢€ and formula ¢(z,y,¢) we have: if the set {a € M :
(Jy € M)(€ E ¢la,y,c])} belongs to D, then it belongs to defs(D), see defini-
tion below.

1.3. Definition: 1) When D is an ultrafilter on a set B C € let
def2(D) = {A € D: some member of def; (D) is included in A}, where
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defi(D) = {A € D: for some ¢ € “”¢€ and formula ¥(z,¢) the set
Y(M,e) ={ae M :CE=1(a,c)} belongs to D and is equal to A}.
2) Similarly, when D is an ultrafilter on ™ B, m < w.

1.4. Remark: Note the following easy comments.

1) Of course, Claim 1.2 holds also for ¢ = ¢(Z, 7, ¢) when D an ultrafilter
on ™M and m = £g(§) because, e.g. just work in €9,

2) T is dependent if and only if 7°¢ = Th(€®1) is; this justifies the
statement above (in part (1)); and Th(€) is dependent if and only
if Th(€,¢)eec is (for any C C €) and T dependent = Th(€ [ 77) is
dependent when 7/ C 7.

3) defy (D) is a filter on A.

4) In the proof of 1.2 the hypothesis “T" dependent” is used only for de-
ducing that “p(x,y,¢) is dependent” which is naturally defined.

5) Recall the following (which is used in the proof):

(a) A C L(rr), means A is a set of objects of the form ¢(Z), ¢ a
(first order) formula from L(7r),Z a sequence of variables with
no repetitions including the free variables of ¢, but changing the
variables is allowed here, i.e., there is no difference between ¢(x)
and ¢(y); we may write o(Z,7) instead of p(Z"7)

(b) tpa(a,A) = {p(z,b) : T = (x; : £ < Lg(a)),p(Z,7) € A and
¢ |= ¢la,b] and b € > A}

(c) (bs : t € I) is A-indiscernible over B means that: I is a linear
order and if ¢(Z1,...,%n,7) € A, Lg(Ty) = Lg(by) for £ =1,....n
and t € I and ¢ € 9@ B then for any s; <; --- <; s, and
ty <p--- <1 t, we have € |= “@lby,, ..., b, , ¢ = @[bs,, ..., bs, .

6) In the proof of Claim 1.2 we do not need to close A; to Ag, i.e., we can
let Ay = Ay provided that we redefine tpa, (a, A) as

tp(aa A) N {SD(G/Oa e Q—1, T, Am4-1 - - - 7an) :90(1‘05 oy Tm—1,Tm,
Tm+1y- - - ,.’L‘n_l) S A}

or, more specifically, in (x); from Xj, inside the proof of X, we

replace “ay realizes tpa,(@w,...)” by “ap realizes {p(ag,,...,as,, ,,
zaanrla"'aanrnflerab) : Sﬁ(an"'yznflag) € A1 and b € ég(g)B’
m<n, by < - <Llpmo1<land €= Qlag,. .., 00, 1,00, Gotntly---s

)

Au+n—1—m; b)}’ "
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Proof. We shall use “T is dependent” only in the last sentence of the proof
toward contradiction. Assume that ¢, ¢(x,y,¢) form a counterexample.
So

®o (i) the set A* = {a € M: for some b € M we have = ¢[a,b,c|}
belongs to D,
(ii) A* ¢ defy(D), that is, no A’ € def; (D) is included in A*.
By the choice of A* we can, for each a € A*, choose b, € M such that
= pla, ba,e). Let D1 = D and let Dy be the following ultrafilter on 2M : X € Dy
if and only if X C 2M and for some A € D we have {(a,b,) :a € ANA*} C X.
We can choose ((@wgn,bytn) : 7 < w) from € such that

@ for n; < ma < w the pair (ay4n,,bwtn,) realizes the type Av(M U
{aw+€7bw+€ . e S (n17n2]})D2)-
It follows that ay4n, realizes the type Av(M U {awte,bute : £ € (n1,mn2]}, D1)
and

®9 for ny < no, the element a,,, realizes the type Av(M U {ay4¢ : £ €
(nl’ n2]}7 D);
®3 for ny < ng the triple (agn,,@2n,+1,ban,+1) realizes the type Av(M U
{awt26, Gwt2041, bwt2e41 : £ € (n1,n2]}, D3) for some ultrafilter D3 on
3M, the set of triples of members of M.
(Why? We define D3 := {X C3M : {a € M : {(b,c) € M x M :
(a,b,c) € X} € Do} € D1})
(We use mainly ®1).

Now, clearly,

Mo ((@w+n,bwtn) : m < w) is an indiscernible sequence over M
X, if Ay C L(7r) is finite, then we can find n(*) < w and finite Ay C L(T)
such that
()1 if ny < wand B C M is finite and for each £ < ny the element ay €
M realizes the type tpa, (aw, {ao, ..., ar—1}U{au11, ..., Gyin() U
B), then (ag : £ < n1) {aw4e : £ < w) is a Aq-indiscernible sequence
over B (and even As-indiscernible).
Note that this is close to [Sh:715, 1.16]; note that it follows from the
result (that even for ny = w this holds).

(Why does K; hold? Let n(x) be arity(Aq), i.e., the maximal number of free
variables of a formula from Aq, it is finite as A; is finite, so without loss of
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generality each ¢ € Ay is ¢(Z), Rang(Z) C {x¢ : £ < n(x)}. Let Az be the
closure of A; under identifying and permuting the variables and let Agj be
defined as Ay but we allow to add dummy variables from {zo,...,zx} to each
formula (we can use below Ag = [J{Az : k < w}). We have to prove that for
this choice of n(x) and As the assertion (x); holds.

So assume n; < w and B,a; (for £ < ny) are as required in the assumption
of (x)1. Now we prove, by induction on k < ny, that

(¥)% the sequences (ayie : £ < ny +n(x)) and {(ag : £ < k)Y {ag4e : € <
n1 + n(x) — k) realize the same Ay, 1n(+)-type over B which means
that: if m < n(x),d € ™B and ©(§1,%2) € Aopn,tn=)+m L9(H1) =

ny + n(x),£g(g2) = m then € = p[{awte : £ < ny + n(*)),d] if and only

if € = @{ag: € < k) (awye : £ < ny + n(x) — k), d]; note that we can
allow m < n(x).

For k = 0, the two expressions give the same sequence. Assume this holds
for k and we shall prove it for k + 1. First (ag : £ < k+ 1) {(apte : £ < n1 +
n(x) — (k+1)) realize the same type as (ao, - - -, Gk Qi 1s - - - 5 Cgny 4 ()= (k+1) )
simply because {a, ¢ : £ < w) is an indiscernible sequence over M, by K. Now
by the assumption of (x); we know that ay,a, realizes the same As-type over
BU {ao, e ,ak_l} @] {aw_H, ey anrnlJrn(*),k}.

As n(x) is the arity of A; hence also of As and from the definition of
Ag ny+n(x) it follows that the sequence

<a0a ey Qk—1, Ay Qyd1y -+ -y aw+n1+n(*)—k—1>

realizes over B the same A ,,, 1n(x)-type as the sequence

<a07 ey Qp—1,00, Qw41 - - - 7aw+n1+n(*)—k—1>

but by the induction hypothesis on k the latter realizes over B the same
Aoy 4n(x)-type as the sequence (aw, Aw1; - - - Gwgny4n(<)—1), hence (>|<),1€Jr1 holds,

so we have carried the induction on & < n;. Now the desired conclusion follows

1

+, by Ko as each formula in Ay and even As has < n(x) free variables.)

from (x)
Ko if Ay C L(77) is finite, then we can find n(x) < w and finite Ay C L(7r)
such that

()2 if ny < w, B C M is finite and for each ¢ < ny,ass € M realizes

tpA2 (aw, {agm, a2m41, b2m+1 m < 6} @] {anrg, warl = 1,... ,n(*)} U B)
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and (ag41,baet1) realizes

tpAQ((aw7 bw); {a2ma A2m+1, bam+y1 : M < 6} U {agg}
U{aw+ebwte: €=1,...,n(%)} UB)}),
then

((a2e, a2e41,b2041) : £ < 1) " {Qw4205 Qwt204+1, Dwr2e41 2 € < W))

is Aj-indiscernible over B (and even As-indiscernible).
(Why? The proof is similar to the proof of X; mainly replacing the use
of ®; by ®3.)

Ks if B C M is finite, n* < w and A C L(7r) is finite, then we can find
a € M realizing the finite type ¢ = tpa(aw,B U {au4e,bpte @ € =
1,...,n*}) such that = -3y € M)p(a,y, 7).

(Why? The set A := {a € M : a realizes ¢, equivalently satisfies
the formula Aq € Av(€, D)} belongs to D because ¢ is finite and the
choice of {(ayt¢,bu4¢ : £ < w); moreover, it belongs to def; (D) by the
definition of def; (D) as Aq is a formula. But def; (D) C defy(D) hence
A € defy(D).

So by the assumption towards a contradiction and choice of A*, i.e.,
by ()0, we have =(A C A*) so there is a € A such that a ¢ A* which
means that =(3y € M)p(a,y,¢), so we are done.)

By the above and compactness (or use an ultrapower)

X, there are N, asp, Gont1,b2nt1 (for n < w) such that
(a) N is |T|"-saturated;
(b) agn,asnt1,b2nt1 € N;
(¢) (an :n < w) is an indiscernible sequence;
(d) ((azn; aznt1,b2n+1) 1 0 < W) ((Awt2ns Gotantt; butant1) 1 n < w)
is an indiscernible sequence;
(e) € wlazn+1,bon+1,7;
(f) fornon <w and b € N do we have € = ¢[az,, b, 7.
(Why? By compactness it is enough to prove the following: for every n; < w
and finite A; C L(77) to which ¢ belongs there are agy, aznt1,bont1 € M for
n < ny such that clauses (a)—(f) hold when we restrict ourselves to n < ny and
Aj-types and replace N by M. We first choose a finite Ay C L(7r) as in X,
and then choose (a2, @2n+1,ban+1) by induction on n such that the demand in
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(%) of My hold. Arriving to n, choose az, € M such that in addition, clause
(f) holds, this is possible by X3, and then choose (azn11,b2n+1) € 2M recalling
that (ay,b,) realizes Av(M U {ay4n,butn : 1 < n < w},Dy). So we are done
proving X.)

Next, by clause (d) of Ky,

X5 there is an automorphism F' of € such that n < w implies

F((@wt2n; Gwt2nt1; bot2nt1)) = (G2n, G2nt1,b2n+1).

Hence we can find b, € € for n < w such that {(an,b,) : n < w) is an indis-
cernible sequence (over (), not necessarily over ¢!) and as N is |T'|"-saturated,
without loss of generality, by, € N for n < w. But € | ¢lagnt1,bant1, 7
for n < w so as T is dependent for every large enough n < w, we have
¢ | ¢lagn,ban, . But as by, € N clearly {a,,b, : n < w} C N hence
n < w = € = plagn, ban, ¢| contradicts clause (f) of K. 1.9

Recall

1.5. Definition: For A C C(C €), we say that C' is full over A when: for every
m < w and p € S™(A), there is ¢ € ™C which realizes p.

1.6. OBSERVATION: If
(a) D1, Do are ultrafilters on ™A,
(b)y ACC,
(¢) Cis full over A,
(d) Av(C,Dy) = Av(C,D»).
Then defy(D1) = defy(Ds) for £ =1,2.

Proof. Easy.

(e) C is full over M.

Then for some ultrafilter D on ™ T™ M we have
() Av(C, D) = tp(by b1, 0)

(B) the projection of D on ™ M is D.
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2) Assume that clauses (a) and (e) of part (1) hold. Then for any ¢ € ¥~ €
and formula ¢(7,y, 2) € L(rr),g9(2) = £g(¢) there are ¢)(z,%') and d of length
Lg(Z') from €, (and even from C') such that {a € M : (Jy € M)(E ¢la,y,c])} =

{ae M pla,d}
Proof. 1) Let
G={{ae™ ™ M:a|moeX}: X €Dy}

& = {{EL e Mot L ¢ = pla; e} (T 9) € Litr)
Lg(2) = mo +ma, Lyg(y) = Lg(¢),c € “7C and € = ¢[by " b1; ¢}

Clearly, it suffices to prove that there is an ultrafilter on ™°T™1 M extending
&o U &1. For this it suffices to show that any finite subfamily of & U &1 has a
non-empty intersection. But & is closed under finite intersections as Dy is an
ultrafilter on ™°M and & is closed under finite intersections as L(7r) is closed
under conjunctions, so it suffices to prove that Xy N X1 # () when

(i) Xo={ae™ ™M :a|mye€ X} € & for some X € Dy

(i) X1 = {a e ™T™mM : € ¢lby"bi;¢} € &, where p(7,7) and ¢ are

as in the definition of &7.

As tp(by b1, C) is finitely satisfiable in M (= assumption (d)), clearly there is
an ultrafilter D} on ™o*+™ M such that Av(C, D}) = tp(bo b1, C).

Let D{, be the projection of D] to ™M, ie., {Y C ™M : {a € moT™ M :
a | mg € Y} € Di}. Clearly, D} is an ultrafilter over ™ M. We have € =
¢[bo, b1; ¢, so X1 € D}, hence X}, = {a | mo : a € X1} € D}; which implies
that the set X{ := {ao € ™°M: for some a; € "™ M we have ap a1 € X1, i.e.,
E ¢lag, a1; ¢} belongs to Dyj.

By 1.2 (and 1.4(2)) it follows that X{/ includes some Yy" € def;(Dj). Now
Av(C,Dy) = tp(bo,C) = Av(C, D)), because the first equality holds as by
assumption (b) the sequence by realizes Av(C, Dy) and second equality holds
as by by realizes Av(C, D) and the choice of Dj,. But by assumption (e) every
p € S<¥(M) is realized by some sequence from C. Hence, by Observation 1.6
we have defz(Dg) = defa(Dy). But Yy € defi (D)) so Yy € defy(Dg) hence
Yy € Dy. By the choice of Yy’ we have Y C X C ™M so by the previous
sentence X/ € Dy, but by clause (i) above also X € Dy hence X N X{] € Dy, so
we can find ap € X N X} C ™ M. By the definition of X there is a; € ™ M
such that € = p[ag, as;¢]. Now ap a; € X1, by the definition of X; from clause
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(ii) and a@p"a; € Xo, because ap € X and Xy’s definition from clause (i). So
ap a1 € XoN X;. Hence, Xo N X1 # () and we are done.

2) Let ¢*(7,y,2) € L(rr) and ¢* € “93)¢ and we should find (z,7’),d as
required. Assume that ¢ € 93 C realizes tp(¢*, M), for our purpose we may
assume, without loss of generality, that ¢* = ¢. For any formula ¢ (z,z") € L(7r)
and d € 19 ¢ let Yy@a.m=1{a€ @M ¢ = opla,d)} and let Xz 00 =
{a @M : ¢k ¢la,b,d for some b e M}.

Lastly, let & = {Y,a.m @ ¥(T,7) € L(rr),d € “*)C and Yy@am C
Xo(z,y,6),m}- Clearly, & is closed under finite unions and is a family of subsets
of M. Also if X,z ., a is equal to some member of & then we are done, so
assume toward contradiction that this fails. So as X (z,4,e) € M, there is an
ultrafilter D on M such that Xz, 0 € D but D is disjoint to & which
contradicts 1.2. 1.7

1.8. CONCLUSION: Assume

(a) M < My
(b) M is ||M]|T-saturated.

Then {A: A/M, is f.s. in M} has amalgamation and JEP (the joint embedding
property) by elementary maps from € to € which are the identity on Mj.

Proof. The joint embedding property is trivial. For the amalgamation, by com-
pactness, we should consider finite sequence ag, ai, as such that tp(ag”ag, M)
is f.s. in M for ¢ = 1,2 and we should find sequences by, b1,bs such that
Lg(be) = Lg(ay) for £ = 0,1,2 and tp(ag ae, M) = tp(bo be, My) for £ = 1,2
and tp(bo by “ba, M) is f.s. in M.

Let me = fg(ay), let Dy be an ultrafilter on ™0 M such that tp(ag, M1) =
Av(Mjy, D). By 1.7(1) for £ € {1,2} there is an ultrafilter Dy on ™0t M such
that

(%)1 tp(aop~ae, My) is Av(My, Dy);

(*)2 the projection of Dy on ™0 M is Dy.

Let m = mg+m1+msq and let D] be the filter on ™M consisting of {Y C ™ M:
for some X € D for every a € ™M we have a | (mg+my) € X = a € Y}.
Let D/ be the filter on ™M consisting of {Y C ™M: for some X € Dy for
every a € ™M we have (a | mo)~(a [ [mo +m1,m)) € X = a € Y}. Easily,
Y1 € D} and Yy € D) = Y, NYa # ) because Dy, Dy has the same projection
on "o M.



Sh:783

12 SAHARON SHELAH Isr. J. Math.

Hence, we can find an ultrafilter D* on ™0 t™1+™2 )[ which extends D} U Dj.
Hence, if by by by realizes Av(My, D*), then by by realizes tp(ag ag, My) for
¢ =1,2. This completes the proof. 1.8

1.9. DiscussioN: Next we shall deduce the promised results. If M™ is an
expansion of a model M < € by the restriction of relations definable in € (with
parameters), then Th(M ™) is still dependent. Moreover, if we do this for close
enough family of such relations then Th(M ™) has elimination of quantifiers.
Toward formulating this result we define several extensions of T.

1.10. Definition: Let M < €, A C € and for simplicity 7 has predicate symbols
only.

1) We define a universal first order theory Ths 4 as follows
(a) the vocabulary is Tar,a = {Py(z,a) : ¢ € L(rr) and a € W@ A} U
{ca : a € M} with
(1) cq an individual constant
(ii) P,(z,a) being a predicate with arity £g(z); but we identify
Pp(z) with R (where Z = (z, : £ < arity(R))) so 77 C Tas,4)
(b) Tas,a is the set of universal (first order) sentences satisfied in
Bar A, see part (2).

2) Assume M C C < € and tp(C,M U A) is fs. in M (e.g.,, C = M).
We define B = B v, 4 as the myr,4-model with universe C' such that
Plia = {0 e W90 ¢ = pbal} for ¢(z,7) € Lirr),a € “W(4)
and such that ¢2 = a for a € M. If C = M we may omit C.

3) A model B of T 4 is called quasi-standard if casB =qforae M.

3A) A model B of Ti 4 is called standard if it is B ar,4 for some C, M C
C C € satisfying tp(C, M U A) is finitely satisfiable in M.

4) Let T3 4 be the model completion of Tas 4 (well defined only if it

exists!)

1.11. OBSERVATION: 1) If M C C and tp(C, M U A) is finitely satisfiable
in M, then B¢ a4 is a model of Ty 4.
2) If B is a model of T 4, then B is isomorphic to the standard model
B =B, m,a of T4 for some C.
3) Moreover, if B; C By are models of Ty 4 and B is standard, then
B, is (quasi standard and is) isomorphic over B to some standard B
satisfying B, C B5,.
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4) If A1 C Ay, M C C and tp(C, M U Ap) is f.s. in M, then Bo a4, is a
reduct of B ar,4,-

5 If M C C; C Cy and tp(Cy, M U A) is f.s. in M, then B, a4 is a
submodel of B¢, ar,a (and tp(C1, M U A) is finitely satisfiable in M,
hence B, .4 is well-defined).

Proof. Easy.

1.12. CrAaIM: Assume A is full over M.

1) Bar,m,a is a model of Th 4 with elimination of quantifiers; in fact,
every subset of ™ (B, ar,4), i.e., of ™| M| definable in By a4 by some
first order formula with parameters, is definable by an atomic formula
R(zo,...,Tm—1) In this model.

2) Iftp(C, A) is f.s. in M, then we can find M such that

(a) MUCCMT <€
(b) tp(M™,A) is fs. in M
(c) Brr+ a4 is an elementary extension of By ar, 4.

3) T, 4 has amalgamation and JEP.

4) Th(%Brr,ar,4) is the model completion of Tay, 4 so is equal to T, 4 (which
is well-defined).

5) T3 4 is a dependent (complete first order) theory.

Proof. 1) By Claim 1.7(2), Definition 1.10(1) and A being full over M.

2) E.g., use an ultrapower €"/D of € with k > |T| 4+ |C| + |A|, D a regular
filter on x and let j be the canonical embedding of € into €*/D. So we can
find f : C — M*/D such that f U (j [ A) is an elementary mapping, i.e., a
(¢, €%/ D)-elementary embedding, now it should be clear.

3) The JEP is trivial because of the individual constants ¢,(a € M). The
amalgamation property holds by 1.8 as we can replace M; there by any set full
over M.

4) By parts (1),(2),(3) we have already proved.

5) As B a4 is a model of it and reflects.

That is, assume t(x, §) is a formula with the independence property in Tiroa-
Then, by part (1), without loss of generality, ¢ is an atomic relation hence for
some formula ¢(z,7,2) € L(rr) and ¢ € 93 A, for every a,b from M, =
¢la,b, e if and only if Basara = ¥(a,b).



Sh:783

14 SAHARON SHELAH Isr. J. Math.

By the choice of ¥(z,7), for every n < w there are aj € ‘9% (B ar4) =
eg(g)(M) for £ < w and by, € Bas 4, ie., b € M for w C{0,...,n— 1} such
that, for every w C {0,...,n—1} and £ < n, we have B a7, 4 = P[b7, ap]f¢€w).
Hence, € = ¢[b, a7, c]if€w) - So (x;7,Z) has the independence property in
T. 1.12

1.13. ConcLusION: Assume M < € and A C €. Then Th(Bas,a,4) is a depen-
dent (complete first order) theory.

Proof. By 1.11(4) and 1.12(5) it is the reduct of a dependent (complete first
order) theory. More fully, let A; be full over M such that A C A; and let
k = |A1|+|T|. Clearly if Th(Bas a4, ) is dependent, then so is Th(Barar,a) =
Th(®B’). By 1.12(5) we are done. 113

1.14. Definition: 1) For any model 9B (not necessarily of 7') and A C B let
B™[A, B] be the family of subsets of ™A of the form {a € ™A : p(Z,a) € p} for
some p € S™(A,B).

2) If B < € we may omit B.

Remark: If B = € (or just if B is |A|*-saturated), then B"[A,B] = {{a: B |
olb,al} : o(z,7) € L(rs) and b € DB},

1.15. QUESTION: Assume M C A C € and ‘B a standard model of Ty 4 and
N =B | 7. Then do we have

(*)7,13. 4 for any ultrafilter Dy on B[N, N], the number of ultra-
filters Dy on B[N, B] extending it is at most 2/71+41?

1.16. Remark: 1) For complete (first order theories) T' C T1, the condition
()77, of 1.15 has affinity to conditions like “any model of T'has < 1 or
< Ny or < ||M|| expansions to a model of T7”. What is the syntactical
characterization?

2) When is By ,m,4 a model of Ty, 47 Assume Ty, 4 has elimination of
quantifiers does the following condition implies it, i.e., implies By a4 =
Ty a?

G a4 every formula over N U A which does not fork over IV is
realized in N.
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1.17. DISCUSSION: 1) Note that in the proof 1.2 we use “T is dependent”
just to deduce that the formula ¢(x,y, z) is dependent, i.e., for some
= Nep(z,y,z)
® ¢ ): ﬁ(axoyOa DR 7xn—1yn—1) /\ (32) /\ So(xfa Ye, Z)IfMEw).

wCn <n
In the proof we can use finite A;, As large enough for ¢(z,y,c), i.e.,

such that for a suitable n:
®o Al - {(32) /\ (P(-r07y05 oy Tn—1,Yn—1, Z)if(@éw)) Lw g n}

<n
In particular we need

®3 there is Aj-indiscernible sequence ((a¢,bs) : £ < 2n) and ¢ such
that € = p[ag, b, &] if and only if £ is odd

®1 Ao={(Fo,y2, -, Y2n—2)(Aq(T0, Y0, - - -, T2n—1,Y2n—1) : ¢ is a com-
plete A;j-type of a Aj-indiscernible sequence of pairs of length 2n},
hence,

®5 there is no A, indiscernible sequence

((age, a2041,b2041) : € < M) " ((Gws2e, Gwt2041, but2e+1) 1 £ < 1)

such that € |= plaget1, baet1, c] for £ < n and {age, ase, boryr : € <
n} C M and for each ¢ < n for no ¥’ € M do we have |= plaz, V', .
2) So, looking at the proof and 1.7(2)
®¢ there is a finite set A = A7 of formulas of the form ¢ (x, Z) com-
putable from ¢(x,y, 2) (and n,) such that:

(a) if M,e, D are as in 1.2, then for some & the set (M, &)
belongs to D and is included in {a € M: for no b € M do
we have = ¢[a, b, ]}

(b) {a € M : (Ib € M)(¢(a,b,¢)} is a finite union of sets from
{W(M,C) : & € '€ and (x, ') € A}.

If in ®¢(b) there is a bound n on the size of the set not depending on
(Me), let AL = {¢e(Z,20) : £ < ni} and let *(2,2) = N\ps, 2" =
2% — 4y(x, Z) so in ®g, without loss of generality, Aj = {zl)j;(a’c, z9)}.
3) We elaborate; we know that if I = {a € "™M: there is b € M such that
¢ = ¢la,b,d} where ¢ = ¢(z,y,2) € L(rp),é € €, M < €, then for
some (x,z') € L(rr) and & € t9(Z)¢ we have I = (M, c). Can we
characterize ¥? Yes, but not so well. Toward proving this, first let n(x)
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be minimal, such that there are no a, by, (¢ < n(x), ¢, (n € 1(:)2) from
¢ such that M = ¢(ag, by, &) if and only if n(¢) = 1.

Let ¥ (0, Y0, - - > Tn(sx) -1 Yn()—1) = (32) Npcnny P2, Yo, 2)"0 for n € "2
and Ay = {¥y(Z0, %0, - - -, Tn(x)s Un(+)—1)}- Let Az be the closure of A; under
permuting the variables.

Let Az be the set of formulas of the form

ﬂ(y%(*);
20, Y0, L1, Y15 - - -y L2k—1, Y2k—1 — Y2k;
L2k+15 Y2k+15 - -+ L2n(x) =25 L2n(x)—1) y2n(*)—1) = (ElkaJrQ) s (Elan(*)g)w*

where ¥* is a conjunction or formula from As and their negation.

Now 9 belongs to Agj for some k < n(x). (In fact, we could be somewhat
more specific).

Why? We work with | JAs ¢ choose ags, azet1, k2e+1 as in the proof for it.
Then we choose bopy1 € M by induction on ¢ < n(x) such that ((as,be) : £ <
2n(*)) is Aj-indiscernible. So for every n € )2 we have

(32) /\ (p(ag,bg,g)n(e).
£<n(x)

2. More on indiscernible sequences

2.1. CONTEXT: 1) T is a (first order complete) dependent theory.
2) € is the monster model of T'.

This section is complimentary to [Sh:715, §5] so recall the definition.

2.2. Definition: Let a‘ = (aj : t € I;) be an indiscernible sequence which is
endless (i.e., I; having no last element) for £ =1, 2.

1) We say that a', a? are perpendicular when:
() if b% realizes Av({b%,: we have m < n and k € {1,2} or we have
m = nand k < ¢} Ua' Ua?a’) for £ = 1,2, then b',b? are
mutually indiscernible (i.e., each is indiscernible over the set of
elements appearing in the other) where b® = (0% : n < w) for
(=1,2.
We define “A-perpendicular” in the obvious way.
2) We say a',a? are equivalent and write ~ if for every A C € we have

Av(A,al) = Av(A,a?).
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3) If a' C A, let dual-cf(a', A) = Min{|B| : B C Aandno¢ € “>4
realizes Av(B,a')}; we usually apply this when A = M.

2.3. CLAIM: Assume

(a) b= (b; : t € Ip) is an infinite indiscernible sequence over A.
(8) B
Then we can find I, J and b; for t € I\l such that:
(a) IO g Il,Il\IO g J Q Il and |Il\Io| < |J| < |B| + |T|
(b) B = (b, : t € I) is an indiscernible sequence over A
(¢) if I is a J-free extension of I (see below) and b; for t € I;\I; are such
that b” = (b; : t € I,) is an indiscernible sequence over A, then
® ifn <w,5,t€"(Iy) and 5 ~; t (see below), then bs, by realize the
same type over AU B where B(t[:g<n> = Bto by, Alfjtnfl.

2.4. Definition: 1) For linear orders J, I, I we say that I» is a J-free ex-
tension of I; when: J C I; C I and
® ift € L\I; and s € J, then for somet’ € Iy wehave I s <t <t
or h Et<t <s.
2) For linear orders J, I, I; we say that I3 is a strong J-free extension of
I; when J C I; C I, and:
@® if t € I;\I1, then for some s, 2 € I} we have $1 <y, t <z, 2 and
[81,82]]1 NnJ=_0.
3) For linear orders J C I and 5,t € "I, let § ~; t mean that (s, <j s;) =
(te <y tr) and (sp <y r)=(te <;r)and (r <; s =r <; ty) whenever
£,k <n,r € J). Similarly, for 5, € *I.

2.5. Remark: In 2.3 why do we need “J-free”? Let M = (R,<,QM),QM =
Q, B ={0},A =0, Iy the irrationals, b; = t for t € Ij.

Proof. We try to choose by induction on ¢ < A™ where A\ = |T'|+|B| a sequence
b¢ = (b; : t € J¢) and together with b¢*! we choose n¢, 8¢, t¢, J¢, @¢, ¢, d¢ such
that

(a) J¢ is a linear order, increasing continuous with ¢;
(b) Jo = Iy (so b® = b), J.;1\J- is finite so |J\Io| < |e|t + Ro;
) b¢ is an indiscernible sequence over A;
) JiC JeyJe = Io U JE, J¢ s increasing continuous with ¢ and |J{| <
¢ + Ro;
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(e) if ( =e+1, then

; e (JC) SDE - 908(@0;- "71'715—1)
Ce,de),cc € B,d. C A and J = J. U (5."1.);

(f) Se ~J! tN ': (Pe[gggaéaa ng] A ﬁ‘Pe[stzém ng];

(8) Jet1 is a J(-free extension of J.
If we succeed, for some unbounded w C A* and n., p¢, & and u for every € € w
we have ne = N, @ = ¢x,Cc = ¢ and u = { < ny 1 s.p € J(}. Now let
Jr=U{Jl (< AT}, so every J' C J* of cardinality < A is included in Ji for
some ¢ < At and we get contradiction to clause (b) of [Sh:715, 3.2], hence we
fail, i.e., we cannot choose for some (. But we can choose Bg = (b :t € Je),if
¢ = 0 by clause (b) and if ¢ is a limit ordinal by clause (a). So ¢ = e+1, we have
chosen b = (b; : ¢ € J¢) but we cannot choose Je11, b n¢, 8¢, t¢, L, e, e, de
as required. Then b¢ is as required. 2.3

The aim of 2.6 and 2.9 below is to show a complement of [Sh:715, §5]; that
is, in the case of small cofinality, what occurs in one cut is the “same” as what

occurs in others.

2.6. CLAIM: Assume
(a) p=|T];
(b) I, for £ < 4 are pa1rW1se disjoint linear orders;
(c) I Uﬁ<#+IZ ,I (strictly) increasing with [ and |If| < for { < 4;
(d) 6 €{0,2} = IB an end segment of Iy;
(e) Le{1,3} = IZB is an initial segment of Iy;
() I=h+L+I+1Isand I° = If + 17 + 19 + 1I7;
(g) (b : t € I) is an indiscernible sequence.
Then we can find a limit ordinal 3(x) < u+ and (b} : t € I) such that:
(A) by = b, ift € I\IP™)
(B); (b} :t€ I\Ioﬁ(*)\llﬂ(*)> is an indiscernible sequence;
(B)y (b} :t€ I\IB(*)\IE(*)> is an indiscernible sequence;
(O o, (07 1€ I L),
U {b* te (I\Iﬂ) UIﬁ( )UIﬁ( )U (Iﬁ( )+w\Iﬁ( )) (If(*)—’_w\flﬁ(*))})
Ftp, ((bF : t e IPC N b >>, U{br : t e (INIPO)Yu I/ U IF™Y)
for any 3 € [B(x) +w, u*);
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(C)s tp, (b :t € IZY UL}y Uty -t e (NP)u L™ U™
O U@ TN )
tp((b; < t € I U ISy U{br  t e (NIPO)Y U I U IPMY)
for any (8 € [B(x) +w,pu');
(D), (bf:te IO\I(?(*)> is an indiscernible sequence over
u{br i te I’ UL UL UIL);
(D)y (b} :te (Il\If(*)) + (IQ\IQB(*))> is an indiscernible sequence over
u{br it e LLuIPW U P U LY,
(D)3 (bf:te 13\15(*)> is an indiscernible sequence over
U{br it eIy Ul UL, UI{™Y).

2.7. Remark: What occurs if T is stable (or just b is)? We get something like
O tefur™y = te ;™).

Proof. For simplicity assume I{ = ().
We choose by induction on n < w an ordinal 8(n) and (b} : t € I) such that:

(a) B(n) < p*,B(0)=0,B(n)+w < B(n+1);

(B) by = by if t € INIP™ or if n = 0;
(7)1 (b7« t € I\IZ™N\IP™) realizes the same type as (b : t € I\IZ™\17™);
(7)2 (b7« t € I\IFTN\I5™) realizes the same type as (b; : t € I\I§™\15™);
0)1 if n is even, then:

(1) bt =0 for t € I\IZN\ 5™,

(2) if B(n+1) < B < p* then the type which (bp*": ¢ e 1) uI)™)
realizes over U{b} : t € (I\IF) U 17" U (1\1%) ur?™"+h ¢
(AU "IN 0 (1\15) U (15 NI ™)} has a unique
extension over U{b} : t € I\ 15"\ 17y,

@) bt =orifte M U™ k< n

(0)2 if n is odd like (d1) inverting the roles of (Iy, I1), (I2, I3);
(6) (b} : t € I) satisfies clauses (D)1, (D)2, (D)3 of the claim with 3(n)
instead of B(x).

~—

The induction step is as in the proof of 2.3 (though we use the finite character
for the middle clause (2) of clauses ()1, (6)2).

Alternatively, letting n be even we try to choose (3,(¢),b™® = (b}"° : t €
10" 4 170y by induction on & < ut such that:

O (a) Bale) <u™;
(b) Bn(0) = B(n);
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(¢) Bn(e) is increasing and continuous;
(d) ¢ <e= tpb™,U{bp :te (N5 ) Ul D)+

tp(Bn’C, U{B? 1t e (I\Iﬁn(e)) U IBn(C)});
(e) if e = ¢+ 1, then (§)1(2) fails if we let
ptt — 1_7? ifte I\Ig(n)\lg(n)_

ot itte ;™ o™

If we succeed to carry the induction, by [Sh:715], for some ¢, the sequences
bt € IOB"(E)),@,? tt o€ If”(a) +I§”(E)>,(l§? it o€ 136"(6)) are mutually
indiscernible over U{E?’”+ it e Ig(n) + If(n)} U{by -t € (I\Ig,(e))} (because
(B t € NI;" ), (b = t € (I\Ig,(2) + L\, (b« t € I\ are
mutually indiscernible, recalling (3).

This contradicts (e). So we cannot complete the induction. We certainly
succeed for ¢ = 0, and there is no problem for limit ¢ < u*. So for some
e = ( + 1 we have success for ( and cannot choose for €. We define B?H as in
(e) of (© above, and choose 8(n + 1) € [B,(¢), u*) such that clauses (g) holds.

Let B(x) = U{B(n) : n < w} < pt, b} is b for every n large enough (exists
by clause (3) if t € I\I?*) and by (8), (1) and (3) if t € I°*)). Clearly, we are
done. 26

2.8. CLAIM: Assume

(a) 1,181y, If for £ < 4,3 < u" are as in the assumption of claim 2.6;
(b) B(*) and (b} : t € I) are as in the conclusion of claim 2.6;

(c) J* =Ji +J +J5 + Jf + J] linear orders;

(d) J=Jo+ J1+ J2+ J3 + Jy linear orders;

(&) Jy=Jf + 179 + 1P and gy = 10 4+ 150,

(f) Jo C Ji and I\IJ™ € J3;

(8) J2 C J5 and (I\IJ™) + (\IS™) C Ja;

() Ja € Jf and (I\I5™) C Jf;

(i) (bj :t € J*) is an indiscernible sequence.

1) If J§, J3, J; are infinite initial segments of Jy, Jo, Ju respectively, then

(o) tp((by : t € J3),U{bs : s € JLUJLUJLUJ,) = tp((b] : t € J3),U{b :
S€JOUJ1UJ2UJ4})
(B) like () interchanging Js, Jy.
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2) If Jy has no first element, J; C Jy is unbounded from below, Jj C Jo is
infinite and Jy has no last element and Jj C Jy is unbounded from above, then
the conclusions of (1) holds
(o) tp((by : t € J3),U{bs : s € JJU J1 U JHU J}) b tp((by : t € J3),U{b: :
S€JOUJ1UJ2UJ4})
(B) tp((by :t € J1),U{bs : s € J5U T, U3 U JY) = tp({bf = t € Jb), U{b? :
seJoUJoUJsU J4})
3) If I, J5, Jf has neither first element nor last element and Jj, J4, J; are sub-
sets of Jy, Jo, Jy respectively unbounded from below and Ji, JY, J} are subsets

of Jy, J2, Jy respectively unbounded from above, then the conclusion of part (1)
holds.

Proof. The result follows by the local character of - and by the indiscernibility
demands in 2.6, i.e., clauses (D)1, (D)2, (D)s. 2.8

2.9. CONCLUSION: 1) If > k > |T'|, then for some linear order J* of cardinality
Kk we have

Xp« j+ Assume
(a) J=Jo+J1+ Jo+ J3+ Jy;
(b) the cofinalities of Jy, J2, Jy and their inverse are < p but are infi-
nite;

(¢) Jy =2 J* and J3 = J* (hence Jp, J3 have cardinality < k);

(d) (bs : t € J\J3) is an indiscernible sequence (of m-tuples);

(e) M is a ut-saturated model;

(f) U{bs : t € J\J3} C M.
Then we can find b, € ™M for t € J such that (b, : t € J\J;) is an
indiscernible sequence.

2) If we allow J* to depend on tp/(b*), see Definition 0.1(1), then we can use
J* of the form 6* + 8,5 < k™ (6* — the inverse of d).

Proof. Let b* be an infinite indiscernible sequence.

Let Jo, J2, Jy be disjoint linear orders as in (b). Apply 2.6 with I, I5 iso-
morphic to (ut, <) and Iy, I isomorphic to (u*,>), say I, = {t!, : a < p*}
with t¢ increasing with o if £ € {1,3} and decreasing with « if £ € {0,2},

we get b* = (b : t € > I;),B(x) as in 2.6 with tp’(b* | Iy) = tp/(b®),
<4

see Definition 0.1. Let Ji = Jo + (I()\Ig(*)), JF = = Ig(*) + Ilﬂ(*),
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Iy = Jot (I (™)), 73 = 1094+ 1) 4 g5 and Jf = Ju+(1\15™)
and J* = J +J + J + J + Jf. All J; are infinite linear orders, choose
J* = J, clearly J3 = J*. Now
(¥) (bf :t € J\J3) is an indiscernible sequence and
(x%) if M D (U{b} : t € J\J3} is ut-saturated then we can find b}, € ™M for
t € J3 such that

(bf st e Jo) (b, -t € J3)"(bf :t € Jy)

is an indiscernible sequence.

(Why? Choose Jj C Jy unbounded from below of cardinality
cf(Jo, >j,) which is < p but > Rg, and similarly J5 C Jo, J; C Jy
and choose JJ C Jy unbounded from above of cardinality cf(Jy) which
is < g and similarly J3 C Jo, J) C Jys (all O.K. by clause (b) of the
assumption).

Now p= tp({b; : t € J3), {bs : s € JLUJY UJLUJY U T U Jp)Y) is
a type of cardinality < |T'| + |J§| + |Jg| + | 5] + |5 | + [ 4| +|J{] <
hence is realized by some sequence (b, : t € J3) from M.

By Claim 2.8 the desired conclusion in (%) holds.)

So we have gotten the desired conclusion for any (Jp : £ < 4) and indiscernible
sequence, b = (b, : t € J\J5) as long as tp’(b) = tp/(b*) and the order type of
Ji,J3 is as required for b*. This is enough for part (2), we are left with (1).

Note that by the proof of 2.3, the set of 3(x) as required contains E N {J <
pt 2 cf(8) = Ry} for some club E (in fact even contains E). So if u > 271,
as {tp/(b) : b an infinite indiscernible sequence} has cardinality < 2!7! we are
done.

Otherwise, choose J* a linear order of cardinality u isomorphic to its inverse,
to J* x w and to J* x (v + 1) ordered lexicographically for every v < p hence
for every v < pt, (e.g. note if J** is dense with no first and last element and
saturated, or special, of cardinality > u, then J** X w satisfies this and use the
L.S. argument). So we can in 2.6 and hence in 2.8, use Iy(¢ < 4), such that
I e for B pt 0 <4 So IPW 4 [P0 = prae [P L B0

2.10. CoNCLUSION: In 2.9:

(A) we can choose J* = p* + pie. {0} x (u,>) + {1} x (i, <);
(B) if J is a linear order (# @) of cardinality < p, we can use J* = (p*+pu)x J
ordered lexicographically;



Sh:783

Vol. 173, 2009 DEPENDENT FIRST ORDER THEORIES, CONTINUED 23

(C) we can change the conclusion of 2.9 to make it symmetrical between J3
and Jy;
(D) we use only clause (E)2 of 2.6, or we could use only clause (E);.

Proof. (A),(B) combine the proofs of 2.3 and 2.6 trying to contradict each
formula, by bookkeeping trying for it enough times. 2.10

We may look at it differently, part (2) is close in formulation to be a comple-
ment to [Sh:715, §5].

2.11. CONCLUSION: 1) Assume
(a) J =1 x J* lexicographically, J*, i are as in 2.9, I infinite;
(b) (b : t € J) an indiscernible sequence, £g(b;) = m or just £g(bs) < ut;
(c) for s € I let & be (by : t € {s} x J*), more exactly the concatanation
of the sequences in by for t € {s} x J*.
Then
(o) (€5 : s €1I) is an infinite indiscernible sequence
(B) if so <1 --- <1 s7 then there is ¢ realizing tp(cs,, J{¢s, : £ < 7,£ # 2})
such that tp(¢, U{¢s, : £ < 7,0 # 2}) F tp(Csy, U{Cs : 50 <1 s <y 81 Or
$3 <18 <y S40r S¢ <1 8 < S7})
(v) similarly inverting the order (i.e. interchanging the roles of sg,s5 in
clause (3)).
2) Assume the sequence (s : s € I) from part (1) satisfies M D (J{cs; : s € I}
and (I, I2), (I3, I4) are Dedekind cuts of I, each of Iy, (I2)*, I3, (I4)* is non-
empty of cofinality < p. Let It D I,tq,t5 € I realize the cuts (I, I5), (I3, I1),
respectively, and ¢; for ¢ € IT\I are such that (¢, : t € I'") is indiscernible (then
for notational simplicity), then
[0 there is a sequence in M realizing tp(¢;,,|J{¢s : s € I}) if and only if
there is a sequence in M realizing tp(cy,, | J{¢s : s € I}).

CONCLUDING REMARK: There is a gap between [Sh:715, 5.11] and the results
in §2, some light is thrown by

2.12. CLAM: In [Sh:715, 5.11]; we can omit the demand cf(Dom(a%)) > k1 (=
clause (f) there) if we add ¢ < ¢* = ()" = A,

Proof. By the omitting type argument.
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2.13. QUESTION: Assume:
(a) ((Ny, M;) :i < k) is <-increasing (as pairs), M;11, N;i11 are A\ -saturat-
ed, || Vi < Xi; (Ai 4 < k) increasing, k < Ao;
(b) p(Z) is a partial type over Ny U M, of cardinality < Ag.
1) Does p(%) have a \§ -isolated extension?
2) Does this help to clarify DOP?
3) Does this help to clarify “if any M is a benign set” (see [BBSh:815]).
2.14. CLAIM: Assume

(a) M is A\T-saturated;

(b) p(x) is a type of cardinality < k,lg(Z) < k;
(¢) Dom(p) CAUM, |A| <k <X

(d) BC M,|B| <\

Then there is a type q(Z) over AUM of cardinality < s and () € S (AUB)
such that

p(7) Cq(z) q(@)Fr(2)

Remark: This defines a natural quasi order (type definable) is it directed?

3. Strongly dependent theories

3.1. CONTEXT: T complete first order, € a monster model of T

3.2. Definition: 1) T is strongly! dependent (we may omit the 1) if :
there are no @ = (¢, (%, 9n) : 1 < w) and (@2 : 1 < w,a < A) such
that

(x) for every n € “X the set p, = {p,(z,a?)fM=") : o < A} is
consistent; so £g(al) = Lg(gn)-
2) T is strongly stable if it is stable and strongly dependent.
3) Kict(T') is the first x such that there is no @ = (pa(Z,¥a) : @ < K)
satisfying the parallel of part (1), in this case we say that @ witnesses
k < kit (T') and let m(p) = Lg(Z).

3.3. CLAIM: 1) If T is superstable, then T is strongly dependent.
2) If T is strongly dependent, then T is dependent.
3) There are stable T" which are not strongly dependent.
4) There are stable not superstable T which are strongly dependent.
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5) There are unstable strongly dependent theories.
6) The theory of real closed fields is strongly dependent; moreover every
o-minimal (complete first-order) T is strongly dependent.
7) If T is stable, then ki (T) < x(T).
8) If T is dependent, then we may add, in 3.2(1)
(xx) for each n < w for some ky any k, of the formulas {¢,(Z,ay) :
a < A} are contradictory.

Proof. 1), 2), 7) and 8) are easy.

3) Eg, T = Th(*w,E})pc, where nElv & n(n) = v(n) and use
on(x,yn) = xELy, for n < w.

4) E.g., T = Th(*w, E?),,«., where (nE,v) = (n [n=v|n).

5) E.g., T = Th(Q, <), the theory of dense linear orders with no first and no
last element.

6) For simplicity we use T = (x), (justified in [Sh:863, Observation,1.7](1)).
Assume (o (z,7n) : n < w) and (@2 : a < A) are as in Definition 3.2.
Clearly we can replace ¢, (z,9n),a” by ' (z,7,),b" when 7, < 7,,a? < b" and
on(z,a) = ¢l (x,b%). We can find by < b in € such that each p,U{by < z < b1}
is realized in €, so without loss of generality o, (x,a%) F by < x < by and by, bo
appears in a?. Also we can restrict ourselves to (a” : n < w,a € u,) where
Uy, C A is infinite for n < w. Hence, by the elimination of quantifiers and den-
sity of the linear order, without loss of generality, ¢, (x,¥n) = (p1,n(x,Fn) V
©n.2(2,Yn)) N\ ©n,3(Yn) where (without loss of generality g, = (y¢: £=0,...,)
but u(n,1) C k(n),u(n,2) C k(n))

907171(‘ragn) = \/ (yn,% <z < yn,2€+1)
Leu(n,l)

@n,Q(xagn) = \/ T ="Ynye
leu(n,2)

and

@n,B(g) = /\ Yn,t < Yn,o+1-
L<k(n)

For each n € “A,p, is consistent (and n # v € “A = p,, p, are contradictory),
hence clearly each p, is not algebraic. From this it follows that (x) of Def.
3.2(1) is true also if we replace {(pn(z,¥n) : 7 < W) by (pPp1(x,Ppn) : 1 < w).
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Also without loss of generality (ay, : « < A) is indiscernible over (J{a}}' : m #

n,m < w and § < A}. Now for some (¢, : n < w) € H k(n), we can replace
n<w

on(z,9) by @ (2,9) = Yne, < T < Yne,+1- S0 without loss of generality
n<w= k(n) = 1a€n = Oagn = (yn,ann,l)-

Now (@ : a« < A) is an indiscernible sequence, and ¢, (€, a") being the open
convex sets which aj, define. Checking by cases (they are aj, o < afy ; < a1 <
Uot1,15 00,0 < Ga410 < Ga1 < o411, 00110 < Gar11 < Qoo < 0415 0at1,0 <
ago < any11 < ag - Note that ag o < agiio0<agiiy <agqand agiq <
ano < anq < agyq; arve impossible. Letting pji(z) = {¢(z, ar)fe=f . q < \}
we note that it is a type such that pj (€) is a convex set; obviously it is disjoint
from pZ (&) for v € A\{3}.

Clearly, there are v # 3 < A such that p(€) < p}(€) and choose a* such
that p)(€) < a* < p(€). Now for every v < A we have p! (€)M p%(€) # 0 and
P (&) NpR(EC) # 0, ie., py(€) is disjoint neither from pf(€) nor from p(€) (by
the choice of @, (a

n
(03

< w,a < A). As p%(@) is convex, by the choice of a*
necessarily a* € p} (€). As v was any ordinal < X it follows that a* € ({p’(C) :
v < A}, clear contradiction. (In fact, we get contradiction even if we use only
n =0, 1, see [Sh:863]). The o-minimal case holds by the same proof. 3.3

3.4. Definition: 1) We say a pair of types (p(z), ¢(7)) is a (1 = Xg)-pair of types
(or (p(Z), q(y)) satisfies 1 = V), if there is a set A such that: for every countable
set B C p(€), there is an element a € ¢(€) satisfying B C acl({a} U A). We
say p(x) is a (1 = Rg)-type if this holds for some ¢(7).

1A) If A = Dom(p) we add purely. We call A a witness to p(z) being a
(1 =No)-type.

2) We say that T is a local (1 = Ng)-theory if for some A (the witness) some
non-algebraic type p over A is a (1 = Rg)-type. If A = () we say purely.

2A) We say T is a global (1 = Rg)-theory when the type z = z is a (1 = Rg)-
type.

3) We say that a pair (p(x),q(g)) of types is a semi (1 = Rg)-pair of types if:
for some set A for every indiscernible sequence {(a,, : n < w) over A satisfying
n <w = a, € p(€) there is a € ¢(¢) such that {a, : n <w} C acl(@U A). We
say p(Z) is semi (Rg = 1)-type if this holds for some ¢(7).

4) We say that the pair (p(z), ¢(7)) of types is a weakly (1 = Rg)-pair of types
if there are A O Dom(p) and an infinite indiscernible sequence (a, : n < w)
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over A with each a,, realizing p such that for some ¢ € ¢(€) we have {a, : n <
w} Cacl(AUe).

5) We say that p(z) is semi/weakly (Ng = 1)-type if some pair (q,p) is
semi/weakly (Ng = 1)-pair of types.

6) In (3),(4) we let “purely”, “witness” “local”; “global” be defined similarly.

7) Above we can allow p = p(Z), Lg(T) = m.

3.5. OBSERVATION: 1) Every algebraic type p(x) is a (1 = Rg)-type. If p C ¢
and p is a (1 = Rg)-type, then ¢ is an (1 = Rg)-type.

2) If p(z) is a (1 = Vg)-type, then p(z) is a semi (1 = Rg)-type.

3) If p(x) is a semi (1, Rg)-type, then p(z) is a weakly (1 = Rg)-type.

4) If (p(x), q(y)) is [semi][weakly]-(1 = Rg) type in €, then the same holds in
¢ed. If p(x) is [semi][weakly]-(1 = Rg)-type in €°9 such that p(€°) C €, then
so is the case in €. We can also keep track of the witness.

5) For some T, T is not locally (1 = Ng)-theory but T°9 is.

Proof. Easy.

3.6. CLAIM: 1) If T is strongly dependent, then no non-algebraic type is

a (1 = Rg)-type.
2) Moreover, no non-algebraic type is a weakly (1 = Xg)-type.

Remark: We can weaken the assumption of 3.6 to: for some w-sequence of non-
algebraic types (p,(z) : n < w) over A, for every (b, : n < w) € [[, ., Pn(9),
for some ¢ we have {b, : n <w} C cl(AUC).

Proof. Let A > |T|*. Assume toward a contradiction that p(z) is a non-
algebraic (1 = Rp)-type and A a witness for it. As p(z) is not algebraic, we can
find b" = (b7 : @ < \) for n < w such that

()1 bZ realizes p;

(%)2 by # bz for a < B < A\,n < w;

()3 (b2 : (n,a) € w x A) is an indiscernible sequence over A where w x A is

ordered lexicographically.

Let a € @~ (€) be such that {bf : n < w} C acl(AUa) so for each n we can find
kn < w,é, € “” A and a formula ¢, (z, 7, Z) such that

CE by, a,é,) and  (35Fmz)p(z,a,c,).
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By omitting some b?’s we have (n,a) € w x A\{(m,w) : m < w} = €
—n b2, @, Cy).
Let a”* = (b%)"¢,, and ¢,, have already been chosen.

Now check Definition 3.2. 3.6
3.7. Definition: 1) We say T is strongly? (or strongly™) dependent when:
there is no sequence (@, (Z,%o,...,¥n) : 1 < w) and a? € 9w for

n < w,a < A (any infinite A) such that for every n € “X the set
{en(Z, ag(o), ... ,af](;l_l), am)ife=n() . n < w a < A} is consistent.

2) Let ¢ € {1,2}. We say that T is strongly®* dependent when: if
(a; : t € I) is an indiscernible sequence over A,t € I = fg(a;) = «
(so constant but not necessarily finite) and m < w and b, € ™€ for
n < w, (b, : n < w) is an indiscernible sequence over AU {a; : t € I},
then we can divide I to finitely many convex sets (I, : m < k) such
that for each m < k,(a; : t € I,) is an indiscernible sequence over
U{by : @ <wlUAU{a,:s € I\I,, and £ = 2}.

3) T is strongly’ stable (or strongly”* stable) when it is strongly’ depen-
dent (or strongly®* dependent) and stable.

3.8. CLAaM: If T is strongly™ dependent then:

®1 for any A C €, infinite complete linear order I and indiscernible se-
quence (a; : t € I) over A,{lg(a;) possibly infinite, for any finite B C €,
there is a finite w C I such that: if J is a convex subset of I disjoint to
w then (a; : t € J) is indiscernible over AU BU{as : s € I\J}

®9 for any set A C € of cardinality A and infinite linear orders I, for o < \
and ay(t € I, < \) such that (a* : t € I,) is an indiscernible sequence
over AU {a? : 3 € \{a},s € Iz} and finite B C € there is a finite
u C X and wy, € [I4]<N0 for a € u such that: if J = (Jo : o < \), Jy is
a convex subset of I, disjoint to w, when o € w then (a : t € J,) is
indiscernible over AU BU{a? : 3 € \\{a},s € Jg} for every o < \.

Proof. See this (and more) [Sh:863, §2].

3.9. Definition: 1) We say that ¥(x1,x9;¢) is a finite-to-finite function from
©1(€,aq) onto (€, az) when:

(a) if ba € p2(€, az) then the set {x : ¥(x,b2,¢) A p1(x,a1)} satisfies:
(i) it is finite but
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(ii) it is not empty except for finitely many such bo’s

(b) if by € ¢1(€,a1), then the set {x : I(by,x,¢) A pa(x,az)} satisfies:
(i) it is finite but
(i) it is not empty except for finitely many such b;’s.

7

2) If we place “onto p2(€,a2)” by “into w2(€,a;)” we mean that we require
above only clauses (a)(i), (b)(2), (i%).

3) We can replace p1(x,a1), p2(x,asz) above by types.
3.10. CLaM: If T is strongly™ dependent, then the following are impossible:

(St)1 for some p(x,a)

(a) @(x,a) is not algebraic;

(b) E is a definable equivalence relation (in € by a first order formula
possibly with parameters) with domain C ¢(€,a) and infinitely
many equivalence classes;

(c) there is a formula ¥(x,y, Z) such that for every b € Dom(FE) for
some ¢, the formula ¥(x,y;c) is a finite to finite map from ¢(€,a)
into b/ E;

(St)2 for some formulas ¢(x),zEy,9(x,y,z) possibly with parameters we
have:

(a) o(x) is non-algebraic;

(b) 2By — w(z) A ¢(y); i i

(¢) for uncountably many ¢ € ¢(€) for some d the formula 9(x,y; d) is
a finite to finite function from ¢(x) into xEc;

(d) for some k < w, if b1,...,by € (€) are pairwise distinct then
/\];:1 xEb, is algebraic.

(St)s similarly with ¢(x,a) replaced by a type, as well as ¢ Ey (and x,y, z are
replaced by m-tuples and uncountable is replaced by F).

Proof. The proof for (St); is a special case of the proof of (St)2 and the proof
for (St)s is similar. So it is enough:

Proof of “(St)s is impossible”.

Without loss of generality, in clause (c) of (St)s we have (c) < d and let
tg(d) = j, i.e., ¥ = V(z,y,2),Lg(Z) = j; also let 2" = (2.0, -+, 2Znj—1)-

Clearly, there is £* such that

[y for some uncountable C' C ¢(€) for every ¢ € C for some d. € 7€,
without loss of generality, (c) <d. and (z,y, d.) is a finite to finite map
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from ¢(€) into zEc and the size of the finite sets (see Definition 3.9) is
< k¥

(2 moreover, C' = r(€) for some non-algebraic r(x);

s k* can serve as k in clause (d) of (St)2.

0~ ~—

Let z, = 2 z"~1. We shall define now, by induction on n < w, formulas

on(x, Z,) and Yy (21, 22, Z) also written as 2 (x),9% (r1,x2).

'Y Zn

CASE 1: n=0.
So (z, =<>, and) ¢, (z) = ¢(z) and 9, (21, 22) = (x1 = 2).

CASE 2: n=m+ 1.

Let o2 (x) := @2 (z) A (F2')[2" Ezpy ANV (2, 2)] ANOZ (21, 22) 1= 2" (22) A
(1) A (F2)[I(21,2",2™) ANIT (2!, 22) A o' Bz

We now prove, by induction on n, that:

(%) if €= {(co: £ < n) and ¢, € C\act{cy : k < £} for £ < n (so I(x,y,d.,)
is a finite to finite function from ¢(x) into xEcy for £ < n) and d =
dey de,” ... "de,_,, then
(@) %(€) is an infinite subset of p(&);

(B) V%(z1,22) is a finite to finite function from a co-finite subset of
¢(€) into a subset of p%(&);

(7) if n =m+ 1 and e € p}(<), then (3¢’ € acl(c [ m U {e}))[c'Ecpl;

() m<n=m (€ C o)

This is straightforward. Let I be a linear order such that any interval has
< |T'| members.

By g, (3 there are ¢; € C for t € I pairwise distinct, let d; = d.., so 8(z, y, d;)
is a finite to finite function from ¢(x) into zE¢; such that (d; : t € I) is an
indiscernible sequence (e.g. use [J above).

Now for every <j-increasing sequence t = (t, : n < w) we consider oy =

=N p—
Cﬂn -
Now

dy” .. .dy, , and py = {902?;” () :n < w}.

®1 for t as above py is consistent.
(Why? By (*)n(a) there is an element e € cp’g?(Q), by (*)n(d) the element e
satisfies {305:,1; (z) :m < n}. As this holds for every n, the set p; = {97, (z):
m tin
n < w} is finitely satisfiable as required.)
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®q if e realizes pz, then for every n there is an element €’ algebraic over
{e,d.,...,ds,_,} such that ¢'Eb} .

(Why? By (+)n(7)-)
®3 if e realizes py then for every n the set {s € I: there is ¢’ algebraic over
{e.d} ,...,d; _ }suchthat ¢’Ecl} has < |T| members.

(Why? There are < |T'| such e’ and for each e’ by clause (d) of (St)a there are
only finitely many such s € I (if we phrase it more carefully we get that there
are < k(< w) many members).)

This is more than enough to show T is not stronglyt dependent. 3.10

3.11. DiscussiON: : We may phrase 3.10 for ideals of small formulas.

3.12. CLAaM: If T is strongly' dependent and ¢ = 1,2, 3,4, then the statement
®¢ below is impossible where:

®1 (a) {(Gq : o < A) is an indiscernible sequence over A;
(b) uyn, C X is finite, (non-empty) with (u, : n < w) having pairwise disjoint
convex hull;
(c) bew>e
(d) for each n for some oy, k and tZ(o) << tfm(kq) € u, for t € { false,
truth} and ¢, € “” A and ¢ we have € = ¢(c, ag )t
for both values of t;
®o like ®, but allows a,, to be infinite;
®3(a) (@y : @ < \) is an indiscernible sequence over AU {a} : m < w,m #
n, B <A}
(b) ag # agq;
(c) some a € € satisfies n < w = acl(AU{a})N{al: a < A} #0;
®4 like ®3 but replace clause (c) by

cee, Qyt
)’ ’ tn(k71)5

" a < A) Is not an indis-

(c)" for some a € € for every n the sequence (al :

cernible sequence over A U a.
Proof. Similar to the previous ones.

3.13. DISCUSSION: 1) We have asked: show that the theory of the p-adic
field is strongly dependent.

Udi Hrushovski has noted that the criterion (St)s from 3.10 applies

so T is not strongly? dependent. Namely take the following equivalence

relation on Zy: val(z —y) > val(c), where c is some fixed element with
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infinite valuation. Given z, the map y — (x+cy) is a bijection between
Z,, and the class.

By [Sh:863] this theory is strongly! dependent.

Onshuus shows that the theory of the field of the reals too is not
strongly? dependent (e.g. though Claim 3.10 does not apply, its proof
works, using pairwise not too near b’s, in general just an uncountable
set of b’s. In [Sh:863] we prove reasonable existence of indiscernibles for
strongly dependent T' (and in 3.2 we can use the case £g(Z) = 1).

3.14. CLAIM: 1) Ifx =1,2,1%,2%x, M < €, A C €, then (the complete first

5)

6)

order) theory Th(Baraa) from 1.10(4) is strongly* dependent if and
only if T is strongly* dependent; if T' is dependent then the theory is
equal to Th; 4 see 1.10(4), 1.12(4).

Kict(T) = Kiot(Th(Barara)) if M < €, AC &

If © = 1,2,1%,2% and Ty C Ty are complete first order theories (so
7(Ty) C 7(T3)), then

(a) if Ty is strongly* dependent then so is Ty

(b) Kiet(T1) < Fiet(T2).

If Ty C Ty are complete first order and 7(T2)\7(T}) consist of individual
constants only, then

(o) Ty is strongly* dependent if and only if Ty is strongly* dependent;
(B) Kict(T1) = Riee(T2).

For ¢ = 1,2, T is strongly’ dependent if and only if T is strongly’
dependent; similarly for strongly®*.

fiict(T) = fiict(Teq)-

Proof. Easy.

4. Definable groups

4.1. CONTEXT: (a) T is first order complete

(b)

¢ is a monster model of T'.

We try here to generalize the theorem on the existence of commutative infinite

subgroups for stable T" to dependent 7. Theorems on definable groups in a

monster €, Th(€) stable, are well-known.
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4.2. Definition: 1) We say that G is a type-definable group (in €) if G =
(p, %, inv) = (p&, %%, inv®) where

(a) p=p(x) is a type.

(b) * is a two-place function on €, possibly partial, definable (in €),
we normally write ab instead of a * b or x(a, b).

(c) (p(€),x*) is a group, we write x € G for z € p(&).

(d) inv® is a (partial) unary function, definable (in €), which on p(€)
is the inverse, so if no confusion arises we shall write (x)~! for
inv(zx).

1A) We let BS be the set of parameters appearing in p©; let BE be the set
of parameters appearing in p& or in the definition of * or of inv®.

2) We say that G is a definable group if p(x) is a formula, i.e., a singleton.

3) We say that G is an almost type definable group if p(x) is replaced

by p = (pi(z) : i < 9),p;(€) increasing with ¢ and p(€) is defined as

Ulpi©) i < 8},

Remark: Of course, we can use p(Z) and/or work in €°9.

4.3. CLAIM: Assume
(a) T is dependent;
(b) G is a definable group in € or just type-definable;
(¢) A C G is a set of pairwise commuting elements, D a non-principal
ultrafilter on A or just
(¢)= A C G, D a non-principal ultrafilter on A such that

(VDal)(VDag)(alaz = asa1),

where VP xp(z,a) means {b € Dom(D) : € |= ¢[b,a]} € D.
Then there is a formula ¢(x,a) such that:
(@) p(z,a) € Av(a, D);
(8) GNnp(e,a) is an abelian subgroup of G;
(v) @ € AUBY U{c: c realizes Av(AU BS, D)}.

4.4. Remark: 1) If D is a principal ultrafilter, say {a*} € D, then p(z,a) is
essentially Cmg(Cme(a*)) so no new point, (Cmg(A) = {x € A : 2 commutes
with every a € A}).

2) If D is a non-principal ultrafilter, then necessarily ¢(z,a) is not algebraic
as it belongs to Av(a, D).
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Proof. We try to choose ay, b, by induction on n < w such that:
(i) an, by, realizes p, () := Av(A,, D) where A,, = AUBSU{ay, by, : k < n}
soas A€ D, A C G necessarily p©(z) C p,(x);
(ii) an, b, does not commute (in G, they are in G' because p& () C py,).

CASE 1: We succeed.

Assume n < m < w,c € {an,b,} and ¢’ € {am, by} clearly ¢, ¢’ are in G.
Now we shall show that they commute because ¢” realizes Av(AUBYU{c'}, D)
and ¢ realizes Av(AU BY, D) recalling either assumption (c) about commuting
in A or assumption (¢)~. Hence if k < w,ng < -+ < np_1 <w and n < w then
¢ :=bpybn, ... bn,_, satisfies: ¢, a, commute if and only if n ¢ {ng,...,ngr_1},
so p(x,y) = [ry = yz] has the independence property contradicting assumption
(a). So ¢, ¢” actually commute and we are done.

CASE 2: We are stuck at n < w.

So pn(z) Upn(y) F (zy = yx), hence there is a formula ¢(x,a*) € Av(4,, D)

such that
(%)1 Y(x,a*) AN(y,a*) F xy = yx (so both products are well-defined).

Let p%(x) = {9¥(x,a)} or just p©(x) - I(x,a),a € BE and ¥(x,a) AV (y,a) —
(xy well defined). Without loss of generality a < a* and ¢(z,a*) - 9(z,a) and
let 9*(z,a*) = (Vy)(¥(y,a*) — yx = zy (so both well-defined)). So ¥ (x,a) F
9 (z,a*).

Let

o(z) = p(z,a) = ¥ x,a*) A (Vy)[0* (y,a") — xy = yx (both well-defined)].

So ¢Y(xz,a*) F e(x,a*) F 9*(x,a*) hence the formula ¢(z,a*) belongs to
the type pn(z) which is equal to Av(A,, D) hence ¢(z,a) € Av(a*,D) and
a* C A, C AUBYUU{c: crealizes Av(AU B% D)}.

We are done as ¢(€,a*) NG is a subgroup and is abelian by the definition of
o(z). 4.3

4.5. CLAIM: Assume

(a) G is a definable (infinite) group, (or just type-definable);
(b) every element of G\{eg} commutes with only finitely many others;
(¢) G has infinitely many pairwise non-conjugate members.

Then T is not strongly™ dependent.
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Proof. Assume first p© = {p(z)}.
Let xEy := [z, y are conjugates|, clearly it is an equivalence relation, and let

Way, 22, y) = (v1 = 2223 ).

Note that: if M |= 9(x1,21,y) A 9(x1,22,y) then M |= z1y2; " = zoy25
hence M = (25 '21)y = y(z5 '2) 50 25 121 € Cmg(y) so {2 : ¥(x1,2,y)} is finite.
Trivially {x : 9(x1, x2,y)} is finite.

We now get a contradiction by 3.10: ¢(z),¥(x1,22,y) satisfies the demands
in (St); there, which is impossible if 7" is strongly™ dependent; so we are done.

If p© is a type use (St)3 of 3.10. 45

4.6. Definition: 1) A place p is a tuple

(p, B, D, *,inv) = (p®, BP, DP xp,,invp) = (p[p], B[p], DIp], *[p], inv[p])

such that:
(a) Bisaset C €, D isan ultrafilter on B,p C Av(B, D);
(b) = is a partial two-place function defined with parameters from B;
we shall write a *p b or, when clear from the context, a * b or ab;
(c) inv is a partial unary function definable from parameters in B.
1A) p is non-trivial if for every A the type Av(A, D) is not algebraic.

2) We say p is weakly a place in a definable group G or type definable
group G if p is a place, pP F p©, the set BP includes Dom(pG) and the
operations agree on pp[€] when the place operations are defined.

2A) If those operations are the same, we say that p is strongly a place in G.

3) We say p1 < po if both are places, BP* C BP2 and pP2 I pP* and the
operations are same.

4) p<awqifp<qgand BIC A= Av(A,DP)= Av(A4,D9).

4.7. Definition: 1) A place p is o-closed when:
(a) o hasthe form o(Z1;... ; Zp(4)), a term in the vocabulary of groups;
(b) ifa, € Y@ forf =1,...,n(x) and B C A, then (a1, . .. s G (x))
is well-defined ' and realizes Av(A, D) provided that
(*) n < n(x) and £ < £g(an) = ane realizes
Av(AUay" ... Gn_1,D).

2) A place p is (01 = 02)-good or satisfies (01 = 03) when

1 8o all the stages in the computation of o(ao;. .. ;&n(*)) should be well-defined.
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(a) o¢ = 0¢(T1,...,Tp(y) a term in the vocabulary of groups for £ =
1,2 (so e.g. (z1x2)xs3,x1(z2x3) are considered as different terms);
(b) ifa, € (L9(Zn) @ for ¢ < n then oy (@15 3 n)) = 02(@15 - -+ 5 Gp(s))
whenever (x) of part (1) holds for A = B; so both are well-defined.

3) We can replace o in part (1) by a set of terms. Similarly in part (2) for

a set of pairs.

o(z1;22) =
To = (T2,0)-
similarly.

T1T2 Or 0 = T1T2 We mean Ty = &1, T2 = T2,0, L1 = (T1,0),

1,0
We may use also 0(Z; §) instead of o(Z1;Z2) and o(Z; 7; 2

4.8. Definition: 1) We say a place p is a poor semi-group if it is o-closed

for o = xy and satisfies (x122)xs = x1(x223).

2) We say a place p is a poor group if it is a poor semi-group and is

o-closed for o = (x1) tas.

3) We say a place p is a quasi semi group if for any semi group term

0«(Z),p is o-closed for o(Z;y) = 0.(T)y.

4) We say a place p is a quasi group if for any semi-group terms o1(Z), 02(Z)

we place p is o-closed for o(Z;y) = 01(Z)yo2(T).

5) We say p is abelian (or is commutative) if it is (xy)-closed and satisfies

Ty = yx.

6) We say p is affine if p is (xy~'2)-closed.
7) We say that a place p is a pseudo semi-group when: if the terms

o1(x1,...,2Tn),02(21,...,2,) are equal in semi-groups then p satisfies
o1(x1, ..y Tn) = 02(T1, .o, Tn).

8) We say that a place p is a pseudo group if any term oy (z1,...,2,),
o2(x1,...,2,) which are equal in groups, p satisfies o1(x1,...,2,) =
o2(x1, ...y ).

4.9. Definition: We say a place p is a group if G = GP? = (Av(BP, D), *p,invp)
is a group. Similarly for a semi-group.

4.10. CLAIM: 1) The obvious implications hold.

2) If we use b i.e. b is an endless indiscernible sequence A = U{b; : t €

Dom(b)}, D the co-bounded filter on b, every b’ realizing the same type
has the same properties.

3) For a place p the assertion “p satisfies o(T1,...,Tpw)=0(T1,. .., Tne)’

means just that in Definition 4.7 the term o(aq, ..., a,) is well-defined.
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4.11. CLAM: 1) Assume that G is a definable group and a,, € p®|[€] for n < w.
We define ap,) € p¥[€] for any finite non-empty u C w by induction on |u|, if
u = {n}, then ap,) = an, if |u| > 1, max(u) = n then ap,] = ap\{n}] «% a, and
we are assuming they are all well-defined and ajy,) # afy,) when uy <uz. Then
we can find D*, q such that:

q is a place inside G;

B = B¢ U{ayy : u C w is finite};

D* is an ultrafilter on [w]<X° such that (VYn)([w\n]<® € D*) and for
every Y € D* we can find Y' CY from D* closed under convex union,
ie., ifu,v €Y’ and max(u) < min(v) then uUv € Y’;

(e) D= {{ap:ueY}:Y e D'}

(f) if the ay’s commute (i.e. anam = amay, for n # m), then q is abelian.

(a)

(b) q is a poor semi-group and non-trivial;
)
)

Proof. By a well-known theorem of Glazer 2, relative of Hindman theorem say-
ing D* as in clause (d) exists, see Comfort [Cmf77]. 411

4.12. Remark: 1) This can be combined naturally with §1.
2) In4.11, “u<v = ay,) # aj,)” holds if a,, is not in the subgroup generated
by {a¢: £ < n} (even less).
3) Really in 4.11, G has to be just a type-definable group.

4.13. CLAIM: 1) Assume

(a) p is a place in a type-definable group (or much less);

(b) the place p is a semi-group;

(c) p is commutative (in the sense of Definition 4.7 + 4.8, so o1 (z;y) =
[x*xy = y=*x] but not necessarily 02(Z1) = [x1,0%T1,1 = T1,1%*Z1,0]);

(d) if A D BP then for some b, ¢ realizing Av(DP, A), c g b,b*g c are
(necessarily well-defined, and) distinct.

Then T has the independence property.

2) We can weaken clause (a) to

(a)' p is a place such that for n < w and (aia}),...,{anal) are
as in Definition 4.7 and a; # aj, < { = m, then ay,...,am—1,
li
QG - A A1y e e oy Qn— 10, Gt 1 - - - Q.-

2 His proof uses the operations from clause (d) of 4.16 and 4.17 below.
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Remark: This is related to the well-known theorems on stable theories (see
Zilber and Hrushovski’s works).

Proof. 1) We choose A;,b;, ¢; by induction on i < w. In stage i first let A; =
BP U {bj,c; : j <i} and add B¢ if B¢ ¢ BP.

Second, choose b;, ¢; realizing Av(A;, DP) such that b; x ¢; # ¢; * b;.

Now, if i < j < w and o’ € {b;,¢;},a” € {b;,c;} then o' realizes Av(4;, DP)
and a” realizes Av(A,;, DP) which include Av(A4;U{a’}, DP). So, by assumption
(¢), the elements a’,a” commute in G.

So, as is well-known, for n < w,ip < 41 < --- < %y, the element b;, * b;, *---*
b
independence property.

commute in G with a; if and only if j ¢ {io,...,4n—1}, hence T has the

in—1

2) Similarly. 413

Note that 4.14 is interesting for G with a finite bound on the order of elements;
as if a € G has infinite order, then Cmg(Gme/(a)) is as desired.

4.14. CoNcLUSION: (T is dependent).
Assume G is a definable group.

1) If p is a commutative semi-group in G, non-trivial, then for some for-
mula ¢(z,a) such that ¢(z) - “c € G” and ¢(z,a) € Av(a, DP) and
G | ¢(@) is a commutative place.

2) If G has an infinite abelian subgroup, then it has an infinite definable
commutative subgroup.

Proof. 1) By 4.13 for some A O BP for every b, c realizing ¢ := Av(A, DP)
we have: the elements of ¢(€), which are all in G, pairwise commute. By
compactness there is a formula ¢; () € p[p] such that the elements of ¢ (€) N
G pairwise commute and, without loss of generality, p1(z) F [z € GJ; note,
however, that this set is not necessarily a subgroup. Let pq(x) := [z € G] A
(Vy)(1(y) = xxy =y *x). Clearly, ¢1(€) C p2(€) C G and every member of
2(€) commutes with every member of ¢ (€). So ¢(z) := [z € G]A(Vy)[p2(y) —
yz = zy] is first order and defines the center of G | 2[€] which includes 1 (€),
so we are done.

2) Let G’ C G be infinite abelian. Choose by induction on n < w, a, € G’ as
required in 4.13 and then apply it. 4.14
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4.15. Remark: So 4.14 tells us that having some commutativity implies having
a lot. If in 4.13 every ap, is not in any “small” definable set defined with
parameters in BP U {a, : n < max(u)}, then also ¢(z,a) is not small where
small means some reasonably definable ideal.

* * *

4.16. Definition: Assume
(a) G is a type definable semi-group;
(b) M D BY is (|T| + |BY|)"-saturated,;
(c) ® is the set of ultrafilters D on M such that p& C Av(M, D);
(d) on ® = D¢ p we define an operation;

Dy % Dy = D3 if and ouly if for any A D M and a realizing Av(A, Dy)
and b realizing Av(A + a, D) the element a x b realizes Av(A, D3).

(e) IDG’M = {D S QG,M :DxD = D}
(f) HE"y = {a € G: forevery D € ®, and A D M if b realizes Av(A+a, D)
then a * b realizes Av(A, D)}
(g) Hggf/; similarly using b x a
(b) He,n = HES 0 HE
The following fact is as in 4.11.

4.17. FACT: ® is a semi-group, i.e., associativity holds and the operation is
continuous in the second variable hence there is an idempotent (even every
non-empty subset closed under * and topologically closed has an idempotent).

4.18. FacT: 1) If G is a group, then

(a) HIGef}w is a subgroup of G, with bounded index, is of the form (J{¢(<) :
q € SE"} for some SEN, € S(M)
(b) Similarly HE%}, He v = Hg8y 0 HES, with SE&Y, S
2) If D € © is non-principal and Av(M, D) € Sg‘%\j, then for any A O M and
element a realizing Av(A, D) and b realizing Av(A + a, D) we have
() ax*qg b realizes Av(A, D)
(B) alsoa=txbe D.
3) St C IDg .
4) Similarly for Sg%?j, Sc,m-
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5)If De®,p= Av(M,D) € Sg m then

(a) p= (M, D,*,inv) is a quasi group
(b) {a=1b : a,b € p(M)} is a subgroup of G with bound index, in fact is
{a e C:tp(a,M) € Sg.m}-

5. Non-forking
5.1. HypoTHESIS: T is dependent.

5.2. Definition ([Sh:93]): 1) An a-type p = p(Z) divides over B if some sequence
b and formula ¢(Z,%) witness it which means

(a) b= (b, : n < w) is an indiscernible sequence over B;
(b) o(z,7) is a formula with £g(7) = £g(b,);
(¢) pF (@, bo);

)

(d) {¢(Z,bn) : n < w} is contradictory.

1A) Above we say ¢(7, bg) explicitly divide over B.
1B) An a-type p = p(Z) splits strongly over B when for some sequence b and
formula ¢(Z, ) witness it which means:

(a),(b) as above;
(c) ¢(,bo), ~(Z,b1) € p.

2) An a-type p forks over B if for some (p¢(Z,a¢) : £ < k) we have
P Vicpee(,ae) and {@¢(7,ar)} divides over B for each £ < k (note: though
Z may be infinite, the formulas are finitary).

We say p(Z) exactly forks (or ex-forks) over B when some ¢(Z,b) € p does
exactly fork over B, which means that for some (p,(Z,b) : ¢ < k) we have:
©(Z,b) F \/ ¢¢(z,b) and each ¢, (Z,b) explicitly divides over B.

1<k

3) We say C'/A does not fork over B if letting € list C, tp(¢, A) does not fork
over B, or what is equivalent ¢ € “>C = tp(¢, A) does not fork over B (so
below we may write claims for ¢ and use them for C).

4) The m-type p is f.s. (finitely satisfiable) in A if every finite ¢ C p is realized
by some b C A.

5) The A-multiplicity of p over B is Multa(p, B) = sup{|[{¢ [ A:p Cq €
S™(M), q does not fork over B}| : M O BU Dom(p)}.

Omitting A means L(7r), omitting B we mean Dom(p).
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5.3. Definition: 1) Let p = p(Z) be an a-type and A be a set of L(7r)-formulas

of the form ¢(z,y) and k < w. For a type p(Z) we say that it (A, k)-divides

over A if some b, ¢(Z, §j) witness it which means

a
b
¢
d

~— Y —

= (b, : n < 2k + 1) is A-indiscernible;
(z,9) € L(rr);

F o(Z, bo);
©(Z,bn) :m < 2k + 1} is k-contradictory.

< T

_~—3

2) For a type p(Z) we say that it (A, k)-forks over B if p = \/,_, w¢(x,ar) for

some n, p¢(Z,y) and ag, where each py(z,as) does (A, k)-divide over B.

5.4. OBSERVATION: 0) In Definition 5.2(1), if p = {¢(z,b)} then without

0A)

loss of generality b = by. If p divides over B then p forks over B.
Forking is preserved by permuting and repeating the variables. If
tp(b"¢, A) does not fork over B then so does tp(b, A) and both do not
divide over B. Similarly for dividing and ex-forking and later versions.
If p € S™(A) is finitely satisfiable in B, then p does not fork over B;
hence every type over M does not fork over M.
If p € S™(A) does not fork or just does not divide over B C A, then p
does not split strongly over B. (Of course, if p divides over A, then p
forks over A).

The type p(Z) divides over B iff for some k < w and ¢¢(Z, &) € p(Z)
for ¢ < k, letting ¢ = &~ ... ¢—« the formula ¢(Z,¢) = A vu(T,c)

1<k

explicitly divides over B.

Assume the type p((Z) is {¢(Z,b)} or is complete, i.e. € S(A) for
some set A or just is directed by b, (i.e. for every finite ¢(Z) C p(Z)
there is 1(, b) € p(z) such that 1(z, %) - ¢(Z)); then p(z) divides over
B iff 1(Z,b) explicitly divides over B for some 1(Z,b) € p, and each of
them imply that in Definition 5.1(1), we can choose by = b and that
{o(z,b)} forks over B.

If p(z) € S™(A) or just p(Z) is closed under conjunctions (or just is
directed by F), then p(Z) forks over B iff some ¢(Z,a) € p(z) forks over
B.

The m-type p(Z) forks over B iff there is ¢(Z,a) which exactly forks
over B such that p(Z) F o(Z, a).
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3) (Extension property) If an m-type p is over A and does not fork over
B, then some extension g € S(A) of p does not fork over B.

4) (Few non-forking types) For B C A the set {p € S™(A) : p does not
fork over B (or just does not split strongly) over B} has cardinality
< 92! P p(Z) does not fork over M, then it does not split over M.

5) (Monotonicity in the sets) If By C By C As C Ay and p € S(A;) does
not fork over By, then p [ As does not fork over Bs.

6) (Indiscernibility preservation) If b is an infinite indiscernible sequence
over A1 and B C A; C As and b C A, and tp(¢, A2) does not fork over
B or just does not divide over B or just does not split strongly over B
then b is an (infinite) indiscernible sequence over A; U .

7) (Finite character) If p forks over B then some finite ¢ C p does; if p is
closed under conjunction (up to equivalence suffices) then we can choose
q = {¢}. Similarly for divides and the type p(z) strongly split over A
iff some subtype with exactly two members strongly split over A.

8) (Monotonicity in the type) If p(Z) C ¢(Z) or just ¢(Z) b p(Z) and p(Z)
forks over B then ¢(Z) forks over B; similarly for divides and for split
strongly.

9) An m-type p is finitely satisfiable in A if and only if for some ultrafilter
D on ™A we have p C Av(Dom(p), D).

Remark: 1) Only parts (2), (4), (6) of 5.4 use “T is dependent”.

2) If T is unstable then for every k there are some A and p € S(A) such that
p divides over every B C A of cardinality < x (use a Dedekind cut with both
cofinalities > k).

Proof. 0), 0A), 1) Easy. The proof of part (1) is included in the proof of part
(2).

2) Assume toward contradiction that p splits strongly, then for some in-
finite indiscernible sequence (b, : n < w) over B and n < m we * have
[0(Z,bn) = —p(,by,)] € p (really p F [@(Z,b,) = (T, by )] suffices). By re-
naming, without loss of generality n = 0,m = 1. Let &, = ba,, "ban i1, V(Z,E,) =
[0(Z, ban) = (T, bapy1)]. Clearly (€, : n < w) is an indiscernible sequence over
B, pt(Z,¢) and {¢(Z,¢,) : n < w} is contradictory as T' is dependent. This
proves the first sentence. The second is by the definitions and the third sentence.

3 Recalling [p1 = ¢2] is the formula (¢1 A v2) V (mp1 A —p2).
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For the third, the “if” part is obvious, hence let us prove the “only if’, so as-
sume that p(z) divides over B, we can find ¢(z, by), (b, : n < w) as in Definition
5.2(1), i.e. satisfies clauses (a)-(d) there. As p(Z) F ¢(&,by), necessarily there
is a finite subset p/(Z) of p(Z) such that p'(z) - p(Z,bo). Let {@i(Z,e) : £ < k)
list p’(x) and as p(Z) is directed by F we can find a formula ¥(Z,¢) € p(z)
such that 1 (Z,¢) - (T, &) for every £ < k hence ¥(z,¢) F ¢(Z,by). Now for
each n < w, the sequences b,,, by realize the same type over B, hence there is a
sequence ¢" € 9(9¢ such that the sequences by "¢, b, "&" realize the same type
over B By Ramsey theorem and compactness we can find (czn : n < w) such
that b, d, realizes the same type as by"¢ over B and (b, d, : n < w) is an
indiscernible sequence over B. So let F' be an automorphism of € over B which
maps by dg to by ¢ So (F(d,) : n < w) is an indiscernible sequence over B and
F(do) = €50 (T, do) = (7,0) b \ 0o, ) b o(2,b0) = (&, F(bo))-
<k
Necessarily also n < w = w(f,g_n) F @(x,b,) and as {¢(7,b,) : n < w} is

contradictory, so is {1(Z,d,) : n < w}. So (F(d,) : n < w) examplifies that
¥(z,dy) = (7, ) explicitly divides over B as promised.

The fourth and fifth sentences are obvious.

3) By the definitions (or see [Sh:93]).

4) Easy or see [Sh:3]; e.g. by part (3) without loss of generality B = M,
A = |NJis || M| *-saturated. Now if G, € ™N realizes the same type over M for
¢ = 1,2 then for some ¢, € "N forn=1,2,...,(ag) " (¢1,C2,...) is indiscernible
over M.

5) Easy.

6) By part (2) and transitivity of “equality of types” and Fact 5.5 below.

7), 8), 9) Easy. 5.4

We implicitly use the trivial.

5.5. FAcT: 1) If I is a linear order, S, 1 are increasing n-tuples from I then

@, there is a linear order J D I such that for ¢ € {0,1} there is an indis-
cernible sequence (fi : k < w) of increasing n-tuples from J such that
., =1th, for k <wand ¢ =0,1= 5 = {§; indiscernible means for
quantifier free formulas in the order language, i.e., in the vocabulary
{<} is satisfaction in J. If T has no last element or no first element
then we can take I = J.

2) Similarly, for (b; : t € I) an infinite indiscernible sequence over A in €.
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Proof. 1) Let J 2 I be with no last element. Choose for ¥ = 1,2,... an
increasing sequence t, of length n from J such that 2 < k < w = Rang(50"51) <
Rang(tr) < Rang(tx4+1). So (S¢)"(t1,%2,...) is an indiscernible sequence in J
for £ =0,1.

2) Easy. 5.5

5.6. Definition: 1) Let p be an m-type, p [ B2 € S™(Bz). We say that p strictly
does not divide over (Bi, Ba), (when B; = By = B we may write “over B”) if :

(a) p does not divide over By;

(b) if (¢, : n < w) is an indiscernible sequence over By such that ¢ real-
izes p and A is any set satisfying Dom(p) U B2 C A, then there is an
indiscernible sequence (¢, : n < w) over A such that &, realizes p and

tp((€n : n < w), Ba) = tp((C], : n < w), Ba).

1A) “Strictly divide” is the negation.

2) We say that p strictly forks over (By, Be) if and only if p = \/,_, ¢, for
some (g : £ < n) such that (p [ Ba) U {p¢} strictly divides over (By, Bg) for
each £ < n.

3) An m-type p(Z) strictly does not fork over (By, B2) when: the type p(Z)
does not fork over By and p(z) | By € SM(By) and if (¢, : n < w) is an indis-
cernible sequence over By of sequences realizing p(z) and C O By U Dom(p(Z))
and ¢(z) € S™(C) extend p(z) and does not fork over By then there is an

indiscernible sequence (¢,

:n < w) over C realizing tp((¢, : n < w), By) such
that ¢, realizes ¢(Z); note that “strictly does not fork” is not defined as “does

not strictly forks”; to stress we may write “strictly* does not fork”.

We shall need some statements concerning “strictly does not fork” parallel to
those on “does not fork”.

5.7. OBSERVATION: 0) In clause (b) of Definition 5.6(1) we can weaken the
assumption “¢q realizes p” to “¢o realizes p | Bs”.

1) “Strictly does not divide/fork over (B, B2)” is preserved by permuting
the variables, repeating variables and by automorphisms of € and if it
holds for tp(b"¢, A), then it holds for tp(b, A). Similarly for does not
strictly fork.

1A) The m-type p(Z) strictly does not divide over (By, Bs) iff p(Z) |
By € S™(B3) and (p(Z) | Bz2) U q(Z) strictly does not divide over
(B1, Bs) for every finite ¢(z) C p(Z).
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2) If p strictly does not fork over (Bj, Bs) then p does not strictly fork
over B which implies p strictly does not divide over (B7, B2).

3) If p strictly does not divide over B, then p does not divide over B.

4) If p does not strictly fork over B, then p does not fork over B.

5) If p is an m-type which strictly does not fork over (B1, B2) and Dom(p) C
A, then there is ¢ € S™(A) extending p which strictly does not fork over
(B1, Ba). If p1(Z) C p2(Z) and p;(Z) strictly does not fork over (B, Bs)
and p2(Z) does not fork over B; then pa(Z) does not strictly fork over
(B1, Ba).

6) If By C B} C Bj = By and p(Z) + p/(Z) and p(z) strictly does not
divide/fork over (Bi,Bs) and p’ | By is complete then p/(z) strictly
does not divide/fork over (B, Bj).

7) In Definition 5.6, clause (b) the case A = Dom(p) U Bz suffices.

8) If p strictly forks over (B, B2), then for some finite ¢ C p the type
qU (p | Ba) strictly forks over (Bi, Bz). Moreover, for some finite
B, C Ba, (p is an m-type), if By U B5 C BY and p’ is an m-type
extension of g and p’ [ By € S™(Bz), then p’ strictly forks over (B, BY).
Similarly for strictly divide.

9) If M C A, p = tp(b, A) and tp(A, M + b) is finitely satisfiable in M,
then p strictly does not fork over M.

Proof. Easy, e.g.,

0) The new version is stronger hence it implies the one from the definition.

So assume that p is an m-type, p | By € S™(B3) and p strictly does not
divide over (B1, B2) and we shall prove the new version of clause (b). ILe., we
have (¢, : n < w) is an indiscernible sequence over By and & realizes p [ Bo.
Let ¢§ € ™€ realizes p hence it realizes p | Bg, but p | Bz € S™(Bs) so
tp(Co, B2) = tp(¢j, B2). We can deduce that there is an automorphism F of €
over By which maps ¢y to ¢jj, and define &) = F(¢,).

Now (F(¢p) : n < w) satisfies the assumption of clause (b) from Definition
5.6(1) hence there is an indiscernible sequence (¢, : n < w) over A such that
tp((¢, : n < w),B2) = tp({(F(€,) : n < w),Ba), but the latter is equal to
tp({cn : n < w), Ba) so we are done.

6) Without loss of generality Dom(p) U B C A. Recall that by part (0) in
Claim 5.5, clause (b) we can demand only “¢y realizes p | By” and for any such
(€n : m < w) there is & realizing p hence ¢y and ¢ realizes the same type over
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By hence there is automorphism F' of € over By mapping & to &, and use the
definition for (F(¢,) : n < w).

7) By Ramsey theorem and compactness.

9) Use an ultrafilter D. 5.7

The next claim is a parallel of: every type over A does not fork over some
“small” B C A. If we have “p is over A implies p does not fork over A” we
could have improvement.

More elaborately, note that if M is a dense linear order and p € S(M), then
p actually corresponds to a Dedekind cut of M. So though in general p is not
definable, p [ {c € M : ¢ ¢ (a,b)} is definable whenever (a,b) is an interval of
M which includes the cut. So p is definable in large pieces. The following (as
well as 5.20) realizes the hope that something in this direction holds for every
dependent theory.

5.8. CLaM: Ifp € S™(A) and B C A, then we can find C C A of cardinality
< |T| such that:

® Iif (Gy, : n < w) is an indiscernible sequence over BUC' such that ay C A

and tp(ag, B U C) strictly does not fork over B and {¢(Z,a,) : n < w}

is contradictory or just ¢(Z, ag) ex-forks over BUC, then —p(x,ap) € p.

5.9. CoNCLUSION: 1) For every p € S™(A) and B C A, we can find C C
A,|C| < |T| such that:
® if (@, : n < w) is an indiscernible sequence over BUC satisfying apUa; C
A and tp(ap“ai, B U C) strictly does not fork over B, then for any ¢
(%) (x,a0) € p if and only if p(x,a;) € p.
2) For every T = (x¢ : £ < m) and formula ¢ = ¢(Z;y) for some finite
A CL(T) we have:
if p € S™(A),B C A, then for some finite C' C A (in fact
|C| < f(m,p,T) for some function f), we have:
if (@ : ¢ < k) is A-indiscernible sequence over B U C and
tpa(@o a1, BUC) strictly does not fork over A, then p(z,ag) €
p < p(r,a1) € p.
3) The local version of 5.8 holds with a priori finite bound on C.

Proof of 5.8. By induction on o < [T'|* we try to choose Cq, @, ko and (@l

n -

n < w) and 9o (T, Ya), Pok(Z, Ya,k) such that:
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Pa(Z,da) € p;
{par(®,ak ) :n <w} is contradictory;
t

' a,n

)
) (aq,
(c) OtgAandaafa o for k < kq;
)
)
)

(aa, BU () strictly does not fork over B;
(8) ¢a(T,aa) - \/k<ka 90&716(@’ Engz,o)-
If for some o < |T|T we are stuck, C' = C,\B is as required. So assume that
we have carried the induction and we shall eventually get a contradiction.
By induction on o < |T'|* we choose Dy, Fl, bg, (Bkyn :n < w) for f < a such
that (but b, are defined in the (a + 1)-th stage):

() F, is an elementary mapping, increasing continuous with «;
(8) Dom(Fa) = Ca, Rang(Fa) C Da;
(7) Do = Rang(Fo) UU{b}, : B < a,k < kq and n < w} so Dy C € is
increasing continuous;
(6) (bE, : n < w) is an indiscernible sequence over Dy 2 F,(C,) and
bk ,0 — baa
(6) Fuy1(d@a) = by and tp(ba, Dy) does not fork over F,,(B) ;
(¢) Some automorphism F(H_1 D F,q1 of €maps a® , to bk pforn <w k<
ko
For av = 0, o limit this is trivial. For « = 8+ 1, clearly F, (tp(aa, C.)) is a type
in S<¥(F(C,)) which strictly does not fork over F,,(B) = Fy(B) hence has an
extension ¢, € S<“(D,,) which does not fork over Fy(B) and let b, realize it.
Let Fy41 2 F, be the elementary mapping extending F, with domain C,1
mapping Gq to by. Let Fk_|r1 D F, + 1 be an automorphism of € as required by
clauses (6)+(¢); F¥,  exists as tp(da, BUC, ) strictly* does not fork over B; and
let B’;ﬁ = FO’fH( o) forn <w, k <k, So Dytq and Fiyyq are well-defined.
Having carried the induction let F D U{F. :a <|T|"} be an automorphism
of €. We claim that for each @ < |T|* and k < kg, for every 3 € [, |T|"] we
have

(*)a,p (b5, : n < w) is an indiscernible sequence over Dy U J{by : v €
[a+1,8)}.

We prove this by induction on 8. For = « this holds by clause (4), for

B = a + 1 this is the same as for = «. For ( limit use the definition of

indiscernibility. For 8 = ¢ + 1 use the fact that tp(b¢, D) does not fork over
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Fo(B) hence over D, U {F,11(b,) : a < < ¢} by 5.4(5); so by the induction
hypothesis and 5.4(6) clearly (%)q,3 holds.
JFrom a < |T|* = (%)q, 1)+ We can conclude
(#%) for any n < w and ap < -+ < a1 < |T|" and v € [],_,, ka, and
1 € "2 the sequences

7v(0) ~7v(1) A ~zv(n—1) v ._ 7v(0) ~7v(1) ~ ~7v(n—1)
buo,o bul,o ban,l,o and b,] = bao,n(O) arn(1) t ban,l,n(n—l)

realize the same type over B.

(Why? By induction on max{¢: n(¢) =1 or £ = —1}. If £(x) = —1
then the two sequences are the same so (xx) holds trivially. Let p € "2
is defined by: p(¢) is 0 if £ = £(x) and is n(¢) otherwise. So the induction
hypothesis applied to p, hence it suffice to prove that the sequences l_)z, 1_77’;
realize the same type over B . Now assume £(*) € {0,...,n—1} and use
(F)ag |7+ for k= v(£(x)), it says that the sequence <Ez(fi(f)2 n <w)
is an indiscernible sequence over Dq,,, U {by : 7 € [y 41, |T17)}-

The second part in the union includes

Tr(l(x)—1 Tv(n—1 Tr(£(* Tv(n—1
) | prn=by  elee) () oy

() 41,0777 gy+1,nL(x)+1)7 " Pap _1,m(n—1)

by the choice of ¢(x), and the first part of the union includes the

rest. So it suffice to show that bylé0)) — pr(()) _ r(t(x) and

el Q)0 T Tay(ay,p(L(*))
Tr(£(* Tr(l(* . _
ba(g(i)?l) = ba(é(i)?](z(*)) realize the same type over D, U{by : v =
Qg(x)+15 - - - » @1} Which has been proved above.)

Let ¢ realize p. For each o < |T|*, 0o (2,d0) € p, hence ¢, (x,bs) € F(p). Also
Pa(,80) F Vjcp, ok, al ), hence by clause (¢)
Pa(z,ba) F \/ Pa k(T ai,o)v
k<ke

— _k(a
hence we can choose k(o) < ko such that € = ¢]c, aa(,o)].

Now as {¢a,k(a) (2, BQ(%)) :m < w} is contradictory there is n = n[a] < w such
that € = =04 k(a)(C, B](i(,f{)), whereas € = ¢q (o) [C, BZES‘)]; by renaming without
loss of generality € = —¢q k(o lc, B’ffﬁi)] for o < |T|*,n € [1,w). Now if n < w,
< <ap1 < T[T and n € "2, then € = A, Pa, k(ar) (G l;z(;“;()e))if("(e)zo)
hence € = (32)[A s, Par k(oe) (T, bag (o)) TMHO=Y] hence by (#x) we have

T 7 phlac)yi -
€ E (32)[Nrcn Pas k(o) (2, ba(e,é)) £(n(0) 0)]_
Hence the independence property holds, contradiction. 5.8
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Proof of 5.9. 1) Follows from 5.8 by 5.4(2).
2) By 5.8 and compactness or repeating the proof.
3) Similarly. 5.9

5.10. CLAIM: 1) Assume p is a type, B C M,Dom(p) C M and M is
| B|*-saturated. Then
(A) p does not fork over B if and only if p has a complete extension
over M which does not fork over B if and only if p has a complete
extension over M which does not divide over B if and only if p has
a complete extension over M which does not split strongly over B;
(B) if p = tp(¢,M) and ¢(Z,a) € p forks over B, then for some
(an @ n < w) indiscernible over B,{a, : n < w} C M,ap = a
and —¢(Z,a1) € p, and of course, p(T,ap) € p.
2) Assume tp(Cy/A) does not fork over B C A and tp(Cs, (AU Cy)) does
not fork over BU Cy. Then tp(Cy U Cy), A) does not fork over B.

Proof. 1) Read the definitions.

Clause (A):

First implies second by 5.4(3), second implies third by Definition 5.2 or 5.4(2),
third implies fourth by 5.4(2). If the first fails, then p - \/,_, ©¢(Z,a,) for some
k where each ¢¢(Z,a,) divides over B; let (g, : n < w) witness this hence by
5.4(2) without loss of generality a, = aso. As M is |B|"-saturated, without
loss of generality a¢, C M. So for every ¢ € S™(M) extending p, for some
0 < k,pi(Z,a;) € g but for every large enough n, —@¢(Z,ae,n) € g, so g splits
strongly, i.e., fourth fails. So fourth implies first, “closing the circle”.

Clause (B): Similar.

2) Let M be |B|"-saturated model such that A C M. By 5.4(3) there is an
elementary mapping fq such that f1 | A = id4 and Dom(f;) = C; U A and
f1(C1)/M does not fork over B. Similarly we can find an elementary mapping
f 2 f1 such that Dom(f) = C1 UC2 U A and f(C2)/(M U f(C4)) does not fork
over AU f(C1). By 5.4(2), f1(C1)/M does not split strongly over B. Again by
5.4(2), f(C2)/(M U f1(C1)) does not split strongly over B U f1(C}). Together
they imply that if b C M is an infinite indiscernible sequence over B then it is an
indiscernible sequence over f(Cy)UB and even over f(Ca)U(f(C1)UB) (use the
two previous sentences and 5.4(6)). But this means that f(C1)U f(C2)/M does
not split strongly over B, (here the exact version of strong splitting we choose is
immaterial as M is | B|T-saturated). So by 5.10(1) we get that f(C1)Uf(Ca)/M
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does not fork over B hence f(Cy UC3)/A does not fork over B but f D ida so
also C1 U C2/A does not split strongly over B. 5.10

5.11. CoNcLUsION: 1) If M is | B|T-saturated and B C M and p € S*(M) then
p does not fork over B if and only if p does not strongly split over B.
2) If A =|M|, then in Conclusion 5.9(1) we can replace strong splitting by

dividing.
Proof. 1) By 5.10. 2) By part (1). 5.11
5.12. Definition: 1) We say (G, : t € J) is a non-forking sequence over

(B, A) when B C A and for every t € J we have

tp(ar, AU\ J{as s <5 t})

does not fork over B.

2) We say that (a; : t € J) is a strict non-forking sequence over (By, Ba, A)
if By C By C A and for every t € J the type tp(a:, AU J{as : s <; t})
strictly does not fork over (Bj, Bz), see Definition 5.6. If By = By we
may write (By, A) instead of (B, By, A).

3) Wesay & = (A, {(Ga, Ba) : a < a*)) is an F{-construction or (@, Ba):
a < o*) an F/-construction over A if B, C A, := AU J{as : B < o}
has cardinality < k and tp(a,, A) does not fork over B,.

4) We can above replace a; by A; meaning for some/every a, listing A;
the demand holds.

5.13. CLAIM: 1) Assume

(a) (a;:t € J) is a strictly non-forking sequence over (B, B, A);

(b) (b.n : m < w) is an indiscernible sequence over B each by ,, realizing
tp(as, B) for each t € J.

Then we can find a;,, for t € J,n < w such that

(&) (Gt,n : m < w) is an indiscernible sequence over AU {as, : n <
wrs € M\th:

(B) tp({ben : 1 < w), B) = tp({@y,n : 1 < W), B);

(7) @ro = ar.
Proof. We prove by induction on |J].

CASE 1: J is finite.
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We prove this by induction on n, for n = 0,1 this is trivial; assume we have
proved for n and we shall prove for n + 1. Let A = (|A| +|T|)*.

So let J = {t; : £ < n}ty increasing with ¢. First we can find an indiscernible
sequence (G, © & < A) over A such that a;, o = ay, and for some automorphism
F of € over B we have k < w = F(by, 1) = @t - Let A" := AU{G1,.0: @ < A}
(This is possible by Definition 5.6.)

Second, we can choose aj,, by induction on ¢, such that aj, = a;, and if
¢ > 0 then tp(ay,, A" UU{a;, :m = 1,...,£— 1}) strictly does not fork over
B and the two sequences ay,” ... Gy, ay, ... @, realizes the same type over
A. We can do it by 5.6(5) and “strictly does not fork” being preserved by
elementary mapping. By 5.10(2) the type tp(a;, ... a; ,A’}) does not fork
over B hence by 5.4(6) the sequence (G, : @ < A) is an indiscernible sequence
over AU(ay, " ... a; ). Astp(as,, AU{ay,, : m < i}) strictly does not fork over
(B, A) without loss of generality (bs, , : m < w) is an indiscernible sequence
over A’ such that each by, realizes tp(ay,, A).

Now we use the induction hypothesis with B, A, (a;, : £ = 1,...,n), {biym
m < w) for £ =1,...,n and let (a;,,, : n < w) for £ = 1,...,n be as in the
claim.

By [Sh:715] for some o < A the sequence (a;, , : a € [, a* + w)) is
an indiscernible sequence over A U (J{aj,,, : m < w,f = 1,...,n} and as
A" = Au{ay, , + a < A} clearly for £ = 1,...,n the sequence (aj, ,, : m < w)
is indiscernible over AU J{aj, ,, : k € {1,...,n}\{¢} and m < w}UU{ay« 1, :
m < w}. But we know that (aj, , : @ < a* +w) is an indiscernible sequence
over AU{aj, : £ =1,...,n}, hence the sequence a; .. a;, " ... a; realizes over
A the same type as aj ,"aj, ... a; hence it realizes over A the same type
as ag, ... at, over A. So for some automorphism F of €, F [ A = ida,l =
L...,n = a, = F(aj,,) and ay, = F(ay, ) and let ay, ,,» = F(aj,,,) for
(=1,...,nand m <w and Gy m = F (4, o m)-

So we are done.

CASE 2: J infinite.
By Case 1 + compactness. 5.13

Remark: Can we use just no dividing?
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5.14. CLAIM: 1) Assume (A, : t € J) is a non-forking sequence over (B, A)
and Cy C € fort € J. Then we can find (f; : t € J) such that

(a) fi is an elementary mapping with domain
A U At U Ct;

(b) fi I (AU A) is the identity;
(¢) tp(As, AUU{As U f5(C5) : s < t} does not fork over B.
2) If, in addition, tp(Cy, AU A;) does not fork over AU A, then we can
add
()t (AU fi(Cy) : t € J) is a non-forking sequence over (B, A).

5.15. Remark: 1) We may consider F/-construction, i.e., & = (4, (aZ :
a < a*)) is an F/-construction, when
(a) B CA;:==AU{a;:j<i};
(b) tp(a;, A;) does not fork over B;;
(¢) |B;| < k.
1A) We may replace o above by a linear order I, not necessarily well-
founded.
2) In 5.14(2) we may weaken the assumption to: for every A’ D A,
A; U Cy/A can be embedded to a complete non-forking type over A’.

Proof. 1) As in the proof of 5.8.
2) Similarly.

5.16. CLAIM: 1) Assume
(a) (A;:t € J) is a non-forking sequence over (B, A).
Then for any initial segment I of Jtp(IU{A¢:t € J\I}, AU|J{A;:t €
I}) does not fork over B.
2) Assume (a) and

(b) (@t :n < w) is an indiscernible sequence over A;

(¢) @pn €97 (Ar);

(d) (@¢n :n < w) is an indiscernible sequence over AUJ{A4s : s < t}.
Then ((atn : n < w) : ¢t € J) are mutually indiscernible over A. Also
for any non-zero k < w and tg < --+ < tp_1 in J the sequences (G, n, :
n < w) for all ¢ < k are mutually indiscernible over AU |J{As : —(to <

S S tk—l)}-
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5.17. QUESTION: If ny < w for £ < n do the sequences
<dt0,n0Aa‘t1,n1 T Aa’tk—l,nk—1> and <a‘to,0Adt1,0A cee Adtk7170>
realize the same type over AU |J{As: s <y toor s; > tx_1}. Need less?

Remark: A statement similar to 5.16(1) for F{-construction holds.

Proof. 1) If J\I is finite, we prove this by induction on |J\I| using 5.10(2). The
general case follows by 5.4(7).

2) Tt is enough to prove the second sentence. For k = 1 this follows by 5.4(6)
and 5.10(2) using part (1) with AUJ{As : s < t}, {4, : r € J,r > t) instead
A (A, ir e d).

For k+1 > 1, let tg <j --- <j ti be given. Use the case k = 1 for each t,
and combine. 5.16

Recall by 5.10

5.18. Remark: 1) Recall that by 5.10 if p € S™(M), M is quite saturated, then
dividing is the same as forking for the type p.

5.19. CLAIM: Assume that for every set B, if p(z) € S™(B) then p does not
fork over B. Assume that (a; : t € J) is a non-forking sequence over (B, A) and
A= |M]|.

1) For every (finite sequence) b the set {t : b/(A U ay) forks over | J
or if A is a model over A} has cardinality < |T|.

s<t Os UA

2) For_ each ¢(7,y,7) and k < w for some n = ny(z ), the set W =
{t : tp,(b, AUa;) has a subset with < k members which forks over Us<,asU A}
has < n members.

Proof. 1) By (2).

2) Fix k. Assume toward contradiction that this fails for n. We can find
to<rt1 <jg- - <jtp-1 fI"OmWip.

Now, for every u C {0,...,n — 1} there is b, realizing tp(b, AU{ay, : £ € u})
such that tp(b,,A U {a;, : £ < n}) does not fork over AU {b;, : £ € u}.
For each ¢ < n we can find ¢ C tpw(B,A U ay,) and with < &k members
which forks over A. Let Ay = AUay, U---Uay, ,. Clearly, { € u = gy C
tp(by, AU {ar, :m < n}). If £ €n\u,let igg < - < ig,m(0)—1 < n list u\l so
tp(ai,,,, Ae U ag, U a;, -+ U atil,mfl) does not fork over A for m < m(¢) and

tp(bu, Ag U ay, U a,, ,U---U dti’f,m(é)fl) does not fork over AU {a;, : k € u} C
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Aguiay, - au, ([)71} hence by 5.10(2) + 5.4(0) tp(b,, AUay,) does not fork
over Ay, hence = A gg belongs to it. As for our fixed k this holds for every n, we
get that T has the independence property contradiction. 5.19

5.20. CLAIM: Assume that p(Z) is a type of cardinality < k which does not fork
over A. then for some B C A of cardinality < k + |T|*, the type p does not
fork over B.

Proof. Without loss of generality p is closed under conjunction.
For any finite sequence ¢ = ((w¢(Z, 7¢), ne) : £ < n) and formula ¢(z,¢) € p
and set B C A we define
5. e = {(V2) (@@, ) = \/ ¢e(@,920))}

<n

U {-~(3z) /\ 0e(Z,yen) £ <nand w e [w]™}

ncw

U {ﬁ(ye,m17 AR 7y€,mk)b) - ﬁ(ye,o) A ’ye,k?b) :
bC B,Ye€L(rr),my < - <my <wh

Now as p does not fork over A, clearly for any ¢ as above and 9 (Z, ¢) € p the
set I' 4,4 (z,¢) is inconsistent. Hence for some finite set B = By y(+,¢) € A the
set I'p gy (z,¢) 18 inconsistent. Now B* = ({Bg y(z,¢) : ¥(Z,¢) € p and ¢ is as
above} is as required. 5.20

The following is another substitute for “every type p does not fork over a
small subset of Dom(p)”.

5.21. CLAIM: Assume that for every set B, if p € S<“(B) then p does not fork
over B. Assume p € S™(M) and B C M. Then we can find C' such that
(¥)1 C C M and |C| < |T| and
(#)ir.5,c if D € M and tp(D/B U C) does not fork over B, then p [ (B U D)
does not fork over BU C.

Proof. Follows by 5.19.
* * *

5.22. Definition: Assume that C' = |M|, M is k-saturated A C M,|A| < k and
p € S™(M) does not split over A. For any set B(C @) let pl4:5] be ¢ | B, where
g € S™(M U B) is the unique type in S™(M U B) which does not split over A.
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5.23. OBSERVATION: 1) In Definition 5.22, pl"+"] is well-defined.

2) In 5.22 instead “C' is k'-saturated; |A| < £” it suffices to assume that
every g € S<“(B) is realized in C.

3) pltBl C plA el if By C Bs.

5.24. CLAM: 1) If the triple (A,C,p) is as in 5.23(2), A C Ay and a,, € ™€
realizes pl4 4l for n < w where A, = Ag U{a, : £ < n}, then (a, : n < w) is
an indiscernible sequence over Ag. Also tp({a, : n < w), Ag) is determined by
(A, C,p,Ag) and we call it plAAo],

Proof. See [Sh:c, I1,81] or [Sh:3].

5.25. CLAIM: Assume that

(a) (C,A) is as in 5.23(2)
(b) po,p1 E S™(C) does not split over A
( ) [A Aw] p[lA,A,w]'

Then pg = p1.

[A,A,w]

Proof. Let (a% : n < w) realize p;

v so by clause (c) of the assumption

1

(*)1 @l,...,a2_, and a}” ... al_, realizes the same type over A.

If the conclusion fails, we can find ¢ and ¢(Z,y) € L(7r) such that
(¥)2 (%, ¢) € po and ¢(Z,¢) € py so & € 9WC.
Now we choose by induction on n a sequence a,, such that

(¥)3 if £ < 2 and n = ¢ mod 2 and we let A, = AU J{an,...,dn—1} then
tp(dn, Ak,n U E) _ pEA,AnUc].
Now we can prove by induction on n < w that

0~  ~,0  Zl~ a1

()4 the sequences ag” ... ap_1,a3 ... @y_1 and G~ ... @p—1 realizes the

same type over A.
(Why? The first two sequences realizes the same type by (x);. For the induction
step, if n = ¢ mod 2, by the definition 5.22, we have déA e Adfl_fdfl and
ap” ... @np-1"a, realizes the same type over A.)
So {(Gn : m < w) is an indiscernible sequence and € = ¢[a,, ¢ if and only if n
is odd, contradiction to “T" dependent”. 5.25

5.26. CONCLUSION: 1) If A C C and every p € S<“(A) is realized in C then
{p € S™(C) : p does not split over A} has cardinality < |S“(A)| which is
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< (Ded,(|A] + |T)IT! < 21AIFIT] recalling Ded,.(1) = Min{\ : \ is regular and
every linear order of density < u has cardinality < A}.

2) Also, for any finite A C L(7r), the set {p | A : p € S™(C) does not split
over A} has cardinality < Ded,(C).

3) If p € S™(C) is finitely satisfiable in A C C then p does not split over A.

Proof. Should be clear.

* * *

5.27. Definition: For ¢ € {1,2}, we say {aq : @ < a*} is ¢-independent over A
if we can find Gq,, (for o < a*,n < w) such that:
(a) Ga = Ga,0;
(b) (@a,n :m < w) is an indiscernible sequence over AU J{ag m : B € a*\{a}
and m < w};
(¢) (a) if £ =1, then for some b, € A (n < w) for every a < a* we have
(by, :n < W) (Ga.n :n < w) is an indiscernible sequence;

(B) if £ = 2, then for some by, C A (for a < a*,n < w),

(ban :n <w) (Gan:n <w)
is an indiscernible sequence.
We now show that even a very weak version of independence has limitations.

5.28. CLAIM: 1) For every finite A C L(7r) there is n* < w such that we cannot
find ¢ = (¢n(Z,an) : n < n*) for which

(%) for each n < n* there are m, < w and (l;”m£ < w,m < my) and
<1/}77}1(j; gn) m < mn> such that

(a) (b, ;: € <w) is an indiscernible sequence over U{ay : k < n*,k #

n};

(8) by, 0= Gn;

(v) {r (z, bzl ) £ < w} is contradictory for each n and m < my,;
(0) Y (Z,Gn) € A;

€) on(Z,a,) Vm<mn Y (T, an);

(
(©) F () Apcps on(@; an).

2) We weaken (a) above to tp(b me,U{ak k< n* k#n})=tp@an, U{ax :
kE<n* k+#n}).
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3) For some finite AT C LL(7r), we can in () demand only A% -indiscernible;
also without loss of generality ¢,(Z,¥n) = \/m<mn VI (T, Yn)-

Proof. 1) [Close to 5.8.] Note

® if ¢ € 9@ (¢) and n < n* and = @, (¢, a,) then for some & € “9(%)(¢)
we have
(1) tp(@,U{ak : k <n*,k #n}) = tpE,U{ax : k <n*,k #n});
(i) tpa (€, an) # tpa(T;@n).
(Why ® holds? Clearly it is enough to find b/, such that
(i) by, b, realize the same type over | J{ax : k < n*,k # n}
(ii) for some m < m,, we have ¥ (b, an) A =7 (b, @y).
Why does b/, exist? As = p,[¢,a,] by (g) for some m < m,, = ¥I[¢, a,] and
by (@) + (7), for some £ < w, b, =b", ¢ 1s as required.)
By repeated use of ® we get mj; < my such that (1/)%; (Z,a,) : m < n*) is
independent but 1/1%; (Z,7n) € A is finite, so n* as required exists.
2),3) Snmlarly 5.28

5.29. CLAIM: Assume

(a) (bn :m < w) is indiscernible over M;

(b) {¢(Z,b,) : n < w} is contradictory;

(¢c) M < N,p e S(N),p(z,by) € p and =¢(z,by,) € p for n > 0;
(d) N is ||M]|T-saturated.

then for some (b}, : n < w) we have
(o) (b, : n < w) is indiscernible over M based on M, b/, C N;
() U e fboubiy:
(7) »(Z,b5) = —p(z, b)) belongs to p.

5.30. Definition: 1) For p € S"™ (M) let &(p) be the set of pairs (p(Z,7), e) such
that

(a) e is a definable equivalence relation on “9¥) M in M
(b) if byeby then p(z,b1) € p < p(Z,b2) € p.

2) &,(p) is defined similarly by e is definable by types.

5.31. CLAIM: Assume ¢ = ¢(z,y), M < N, N is | M||*-saturated and p € S(N).
Then we cannot find {D; : i < n,}, a set of ultrafilters over (N) pairwise
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orthogonal (as below) with p; = Av(M, D;) such that p(z) U p;(go) U pi(g1) U
{¢(z,91), ~¢(z,5o)} is consistent for i < n,.

Now we deal with orthogonality.

5.32. Definition: Definition 1) Two complete types p(Z), ¢(y) over A are weakly
orthogonal if p(Z) U ¢(7) is a complete type over A.

2) Assume by, by are endless indiscernible sequences. We say by, by are
orthogonal and write by L by if:

for every set A which includes by U by, Av(4,b;), Av(A, by)
are weakly orthogonal

3) by is strongly orthogonal to by, by # b, if it is orthogonal to every endless
indiscernible sequence b} of finite distance from by (see [Sh:715, 1.11](2).

4) An endless indiscernible sequence by is orthogonal to o(z,a) if it is or-
thogonal to every endless indiscernible sequence by = (b2 o : a < §) such that
b, € ©(€,a) for every a < 6.

5) b is based on A if b is an indiscernible sequence and C4(b) (see [Sh:715]
or [Sh:93]) has boundedly many conjugations over A.

6) If Blst —_1 by and b}, is a neighbour (see [Sh:715, 1.11=np1.4B]) to b,

then b/ is strongly orthogonal to b).

5.33. CLAIM: 1) Orthogonality is symmetric relation.
2) If by, by are orthogonal, then they are perpendicular (see Definition 2.2).

5.34. Example: In Th(R, <), different initial segments are orthogonal, even two
disjoint intervals. For (R,0,1,+, x) the situation is different: any two non
trivial intervals are “the same”.

5.35. CLAIM: 1) Assume A = A\<* [ is a dense linear order with neither first
nor last element and b = (b, : t € I) an indiscernible sequence. If |I| = \, then
there is M D b which is M\-saturated and \-atomic over b.

2) If p € S™(b) is M-isolated then it is |T|T-isolated.

5.36. QUESTION: If Av(M,by), Av(M,by) (or with D’s) are weakly orthogonal
and are perpendicular, then they are orthogonal.
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5.37. QUESTION: On Av(bi,b),b endless indiscernible sequence, can we define
a dependence relation exhausting the amount of indiscernible sets like depen-
dence?

5.38. QUESTION: For each of the following conditions can we characterize the
dependent theories which satisfy it?

(a) for any two non-trivial indiscernible sequences by, ba, we can find b} of
finite distance from by, (see [Sh:715], for ¢ = 1,2) such that b}, b}, are
not orthogonal

(b) any two non-trivial indiscernible sequences of singletons have finite dis-
tance?

(¢) T is Th(F),F a field (so this class includes the p-adics various reasonable
fields with valuations and closed under finite extensions).
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