
CLASSIFYING GENERALIZED QUANTIFIERS 

A b s t r a c t  : Finding a un ive r se  ~/we prove  t h a t  any  quant i f i e r  r ang ing  on a 

fami ly  of n - p l a c e  r e l a t i ons  over  ~], is b i -express ib le  with a quan t i f i e r  r ang ing  

over  a fami ly  of equ iva l ence  re la t ions ,  p rov ided  t h a t  V=L. Most of the  analys is  

is c a r r i ed  a s s u m i n g  ZFC only and  for a s t r o n g e r  equ iva lence  re la t ion ,  also we 

find i n d e p e n d e n c e  r e su l t s  in the  o t h e r  d i rec t ion .  

N o t a t i o n  : 

i) b-~Ag means b-:<bi:i<n>,~:<ci:i<n >, and: a) bicA iff c<CA, b) b{CA 
impl ies  bi:c {, c) bi:b j iff c{=cj. 

2) For' a se t  h of { (z )  ( ~ a formula ,  x a finite s e q u e n c e  of var iab les  inc luding  

all va r iab les  o c c u r r i n g  f ree ly  in ¢), 

tpA(6,A,M):I~(~,a): { ( x , g ) c A ,  ~ J  and M b ~ [ b , a ] l  

We omi t  M when  its i d e n t i t y  is c lear ,  and when  M=(~],E) write R in s t ead  of M. 

Replacing A by bs m e a n s  h = t ~ ( 2 ) : {  a t o m i c  or n e g a t i o n  of a t o m i c  fo rmula] .  We 

wri te  ~ i n s t e a d / ~ l ,  and  A will be always finite. 

3) S~ (A ,M):~tpa(6,A ,M):6cM,I ( b ) : m  ] 

I n t r o d u c t i o n  

In [Sh3] we gave a c o m p l e t e  c lass i f i ca t ion  of a class  of s e c o n d  o r d e r  

quant i f iers :  t hose  which are  f i r s t -o rde r  definable (see below an exac t  
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definition). We find that for infinite models up to a very strong notion of 

equivalence, biinterpretability, there are only four such quantifiers: first 

order, monadic, one-to-one partial functions, and second-order. 

Our aim here is to see what occurs if we remove the restriction that 

the quantifier is first order definable. As we do not want to replace this by a 

specific ~fl-definable (~fl-some logic) we restrict ourselves to a fix infinite 

universe ~. If we then want to restrict ourselves to ~P-definable quantifiers, we 

will be able to remove the restriction to a fix universe ~ 

Let us now make some conventions and definitions. 

0.i convention : I) ~Jwill be a fix infinite universe 

2) K will denote a family of n-place relation over ~ (for a 

natural number • = n(K)), closed under isomorphism, i.e. if 5,1, R2 are n- 

p l a c e  r e l a t i o n s  on  ~, (~/, R1) ~- (~J, R2) t h e n  5'  1 E K iff 5"2 E K. 

3) L e t / ~  d e n o t e  a f in i t e  s e q u e n c e  of s u c h  K ' s .  

4) Dora  R = u I a :  ~ R ( a ) ]  , n = n ( R )  if R is  a n  n - p l a c e  r e l a t i o n  

(or predicate; we shall not strictly distinguish). 

0.2 Definition : For any K,~ K (or QK) denote a second order quantifier, 

intended to vary on members of K. More exactly, L(SKc''',HK~ ) iS defined 

like the first order logic but we have for each t = i, m (infinitely many) vari- 

ables 5, which serve as n(Kt)-place predicates, and we can form (3/~/7)~ for a 

formula ~. Defining satisfaction, we look only at models with universe ~ and 

D(aK~ R ) 9 ( R ,  . . -  ) iff f o r  s o m e  R°cKe,  ~(R °, . . .  ). 

R e m a r k  : N o t e  t h a t  q u a n t i f i e r s  d e p e n d i n g  on  p a r a m e t e r s  a r e  n o t  a l lowed,  e.g.  

o n  a u t o m o r p h i s m s ;  on  s u c h  q u a n t i f i e r s  s e e  [Sh4] ,  [Sh5] ,  [Sh6] .  

0 . 3  D e f i m ' t i o n  : We s a y  t h a t  K (o r  QK) is ~P- d e f i n a b l e  ( ~P-a logic)  if t h e r e  is a 

f o r m u l a  ~(5, )c~,5 ,  t h e  o n l y  f r e e  v a r i a b l e  of ~, a n d  is a p p r o p r i a t e ,  i.e. an  

n ( K ) - p l a c e  p r e d i c a t e ,  s u c h  t h a t  fo r  a n y  n - p l a c e  r e l a t i o n  R on ~] 

(g R) ~ ( r e )  i~ RcK 

0 . 4  D e f i n i t i o n  : We s a y  t h a t  HK~ ~int 5lKa (5K1 is i n t e r p r e t a b l e  in HK~ ) ill  f o r  

s o m e  f i r s t - o r d e r  f o r m u l a  ~ (x', S ) = ~  ( x 0 , ' ' ' , X n ( K 1 ) _ l ,  S o , . . . , S n _ I )  , ( e a c h  

S t a n  n ( K e ) - p t a c e  p r e d i c a t e )  t h e  fo l lowing  ho lds :  
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(*) f o r  e v e r y  R t ~ K  t t h e r e  a r e  So, " ' "  , Sn-1  ~K2 s u c h  t h a t  

ff], s0, -- -, sm_~) P (ve)[R~(e)-= ~(e ,  so, .- . ,  s.~_l)] 

R e m a r k  " We c a n  de f ine  ~K--<~ 5K, s i m i l a r l y ,  by  l e t t i n g  z~ ~ ~0 b u t  we h a v e  no  

n e e d .  

A w e a k e r  n o t i o n  is 

0 .5 D e f i n i t i o n  : 1) We sa y  t h a t  aK<--exp ~K~ (ag, is e x p r e s s i b l e  by  aK~ ) if t h e r e  is 

a f o r m u l a  " 0 ( 2 , S  o, . • • , S in_ l )  in  t h e  logic  L(~K~ ) s u c h  t h a t :  

(*) fo r  e v e r y  R ~ K ~ ,  t h e r e  a re  S o , . . . ,  Sra_ ~ ~K~  s u c h  t h a t  

(Y, So , . - . ,  s~_~) p ( w ) [ ~ ( ~ ) ~ ( ~ ,  s o , " ' ,  s~_~)]. 
2) We s a y  t h a t  ~tK~ ~:~ne~StK~ ( 5tK~ is i n v a r i a n t l y  e x p r e s s i b l e  by  ~K~) if t h e r e  is 

a f o r m u l a  "O(Z ,S  o, • • • , ~rn-1) in t h e  log ic  L(:tK~ ) s u c h  t h a t :  

(*) fo r  e v e r y  R 1 c K 1 t h e r e  a r e  S O . . . . .  Srn_  1 E K 2 s u c h  t h a t  f o r  e v e r y  K 3 

w h i c h  e x t e n d s  K2, l e t t i n g  ~ '  is z~ w h e n  we r e p l a c e  3K~ by  5Ka: 

(l, tSo . . . . .  s~_~)  p ( w ) [ R ~ ( ~ )  -=- ~ ' ( ~ , s 0  . . . . .  s~_~) ]  

0.6 D e f i n i t i o n  : 1) We s a y  :XK~iniaK~ (3K,, ag~ a r e  b i i n t e r p r a t a b l e )  if 3K~<--~ntaK~ 

a n d  ~ K2 " ¢ g n t  ~ K 1 • 

2) We s a y  3Ke ---=e×p ~Ke ( :XK~, :tZ~ a r e  b i e x p r e s s i b l e )  if ~K<--exp2K2 a n d  :lK<--exp2,K. 

S i m i l a r l y  f o r  =--~ex : 5tg~=--~ez~K~ ( 3K~,2K~ a r e  i n v a r i a n t l y  b i e x p r e s s i b l e )  if 

74K~tinexStKa a n d  af f i~r~zag~ 

3) We c a n  de f ine  ~K1 <¢ntl3K0 , " " " , 3Kk-l] as  in Def. 0.4, b u t  S 0' " " - 

l e t  aK s t a n d  fo r  t ~ K 0 , ' ' ' , a K ~ - i  ] w h e r e  K = ( K o , - - - , K k _ I ~  

3Ra-----~n/aRe if 3a?---¢nta/~ for  e a c h  t ; we a l so  de f ine  e x p r e s s i b l e  

e x p r e s s i b l e ,  b i i n t e r p r a t a b l e  a nd  ( i n v a r i a n t l y )  b i e x p r e s s i b l e  s i m i l a r l y .  

0 . 7  N o t a t i o n  : 1) If R t i s  a n  

E Rl = leo . . . . .  a n _ l : a t e R l l .  
l = 0  

- - 1  n - - 1  
2) Le t  ~ K  l = ~ ~ R l : R t c K l f 0 r l < n { .  

l = 0  / = 0  

3) 7~ R s t a n d  fo r  3K w h e r e  K = I / ? I :  (~], R1)~(~], R • "" )1. 

k 
, c O - ~  , w e  

" we def ine  

, i n v a r i a n t l y  

n t - p l a c e  r e l a t i o n  l e t  
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0.8 L e m m n  • 1) -~nt,<" -~nez<" a n d  --<:exp a r e  p a r t i a l  q u a s i  o r d e r s ,  h e n c e  ==-int, ~inex, 
--exp a r e  e q u i v a l e n c e  r e l a t i o n s .  

2) 2R1 -----¢nt 2 ~  i m p l i e s  2K1 <--inez 3Rz w h i c h  i m p l i e s  ]R~ ~exp :]/~z. 

3) :3 R , a n d  ~K a r e  b i i n t e r p r a t a b l e  if K = ~ K ~  o r  K = u K ~  ( n ( K / )  c o n s t a n t  in  t h e  
i i 

s e c o n d  c a s e ) .  

0.9 L e r n m a  " 1) If K1 , K2 a r e  ~ - d e f i n a b l e  (i .e.  e a c h  K~,i is) a n d  2/rl ---exp 3R~ 

t h e n  we c a n  r e e u r s i v e l y  a t t a c h  to  e v e r y  f o r m u l a  in ~°(5/i,) a n  e q u i v a l e n t  fo r -  

m u l a  in ~°(2f~ ). 

2) If K1 , /~2 a r e  ~° -de f inab le ,  ~R,<-exp ~;¢~ t h e n  t h e  s e t  of v a l i d  ~Z°(.. -aR,)  - 

s e n t e n c e s  in  r e e u r s i v e  in  t h e  s e t  of va l i d  ~(31¢~) - s e n t e n c e s .  

R e m a r k  " The  n e e d  of " ~ - d e f i n a b l e  " is  c l e a r l y  n e c e s s a r y .  T h o u g h  a t  f i r s t  

g l a n c e  t h e  c o n c l u s i o n s  of 0.9 m a y  s e e m  t h e  n a t u r a l  d e f i n i t i o n  of i n t e r p r a t -  

ab le ,  I t h i n k  r e f l e c t i o n  will l e a d  u s  to  s e e  i t  i s n ' t .  

0 .10  D e f i n i t i o n  ' 1) We s a y  t h a t  a ~  <-~nt'~2 fo r  a f a m i l y  of p a i r s  ( K  l, /V2), un i -  

f o r m l y ,  if t h e  f o r m u l a s  ~t  (l <l  (-~1)) d e p e n d  on  t h e  

n (KI , t ) ,  n(Ka,j), ( i< /~K1) ,  j<l (/~2)) only.  ( C l e a r l y  if we h a v e  o n l y  f i n i t e l y  m a n y  

c a n d i d a t e s  fo r  9~ , i t  d o e s  n o t  m a t t e r ) .  

2) We u s e  s i m i l a r  n o t i o n s  fo r  ~exp, ~--:ir~ex ,=int, ~exp, =--¢~ez" 

§ 1 On s o m e  s p e c i f i c  quant i f i er s .  

1.1 D e f i n i t i o n  : 1) Let/f~r~x n = [ A C ~  tA I =~,<-I?]-A l{ 

2) b u t  we w r i t e  Q~on f o r  3K~.  , a n d  s i m i l a r l y  fo r  t h e  o t h e r  q u a n t i f i e r s  d e f i n e d  

be low.  

3) /¢~-1 = I f :  f is  a p a r t i a l  o n e - t o - o n e  f u n c t i o n .  

I Dora  ( f )  I = h -< I~ ] -Dom ( f ) -Rang  ( f )  I {. 
4) K ~ q  = IE:E is a n  e q u i v a l e n c e  r e l a t i o n  on s o m e  Ac~], w i t h  A e q u i v a l e n c e  

c l a s s e s ,  e a c h  of p o w e r / z ,  a n d  t~]-A I = f~]1 ]- 

5) Fo r  X+--tz, we  l e t  

K~e,~ =[E:E i s  a n  e q u i v a l e n c e  r e l a t i o n ,  e v e r y  e q u i v a l e n c e  c l a s s  of E h a s  

p o w e r  < / z ,  f o r  e a c h  ~</z, E h a s  e x a c t l y  h e q u i v a l e n c e  c l a s s e s  of  

p o w e r  ~, a n d  I~ ] -Dom (E)  I=  I~/[ {. 
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6) /~xq<j, =~E:E is a n  e q u i v a l e n c e  r e l a t i o n ,  wi th  h e q u i v a l e n c e  c l a s s e s ,  e a c h  of 

p o w e r  </~ a n d  ]~,/-Dom E ]  = i?Jl I- 

7) K"<<~ n = U K~u°n, K<I; ' = [3 K1-1 and Ke4.<l, = L)/~x,q<~ and 
t~<X /~<X X<X 

K; , .%:  u K~,%, 

of course, zc&,,~ = U ~ % ,  ~,7 = ~ 5 , ,  K"a = Z¢4,o,. 

R e m a r k  : Of c o u r s e ,  a l w a y s  IDom El-<{?71. 

1.2 C l a i m  : Le t  k~X. All r e s u l t s  a r e  u n i f o r m .  

~m?l~ a n d  Q ~ n  <-era Q<~On . Q ~ n  is  3R f o r  s o m e  R ; a n d  i) Q~'°" =-~,u '~<x 
eq Q <%on ~---int Q 1,<l~" 

~--1' Q ~-~ ' is :2t R f o r  s o m e  R 2) ~-~  ~ Q<~,,, <~, <-,,, Q~;~ , a n d  Q<x'~°'~ <-~,,~ t?~<; ~ , ~ - ~  

, and Q~?2 =-~,~ Q~q,<~, • 

1.3 C l a i m  • L e t  k--X,/,-----~, all  r e s u l t s  a r e  u n i f o r m .  

1) eq , Q ~ + , < . .  a n d  Qe Q~<~<,:. 
*e 

3) ~K<-.ntQ~.~ if (VR<K)[IDomRI<X] ( w h e n  k is in f in i t e ,  f o r  ~, f i n i t e  

I D o m  R[ n(R) -< (} , -1)  e is n e e d e d ) .  

4) Q~q~,<,, ~ n t  IQ}~,,<~ : l < k ]  i f f  f o r  s o m e  l , A - - < x t A H ~  t o r  A<l~0^xt>l^/*--<~ l 

or/~<I~0AN--<XZ^gl>I o r  k < R0 ^ / *  < 1% ( b u t  in t h e  l a s t  t h r e e  c a s e s  t h e  i n t e r p r e -  

t a t i o n  is n o t  u n i f o r m . )  

P r o o f  : Lef t  to  t h e  r e a d e r .  

1.4 L e m m a  : The  fo l lowing  h o l d s  u n i f o r m l y :  

eq , / ~ o  a n d  X<2 ~" 
2) Q~I~ <--~nex Q~q,~ if k_>2~, a n d  ~ 1 %  

3) Q~ ---~ Q~%~0 ~ eg,.e for X>So 

4) Q.~I  =-¢nex Q ~ , < x  -=~.ex Q ~ , e  f o r  A--~, 

R e m a r k  : 1) C l e a r l y  in  (1) we g e t  b i i n t e r p r e t a b i l i t y .  

2) B e c a u s e  of t h e  u n i f o r m i t y  e.g. (2) i m p l i e s  eq e . Q2~,<x ~ n e z  Q ~ , ~  if k > 2  ~, ~ 1 %  

P r o o f  : R e p e a t  t h e  p r o o f s  in  [ S h l ] ,  [Sh2] .  

1.5 L e m m a  : 1) F o r  a n y  K c o n s i s t i n g  of e q u i v a l e n c e  r e l a t i o n s  fo r  s o m e  

n ,  x ~ ,  # l  (z < n ) ,  a K % ~ t  ~ Q ~ , , < ~  : t < n  ~. 
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2) F o r  a n y  n ,  k l ,  /z t (l  < n )  fo r  s o m e  e q u i v a l e n c e  r e l a t i o n  E,  
e q  

a E ~ ,  ~ Q~,,.~, • l < n  t- 

R e m a r k  • Th i s  l e m m a  e n a b l e s  u s  to  c o n c e n t r a t e  on  a n a l y z i n g  q u a n t i f i e r s  of 

t h e  f o r m  3 R . 

eq eq 1.6 L e r n m a :  For i n f i n i t e  c a r d i n a l s  A,/z,X,~: Q~q,~, --,r, O~,~ i f f  O~q~, --<exp O~,~ i f f  

X:~ k A  ~ ----/z o r x + ~  --< k A  X + ~ -< 2~. 

P r o o f :  The  f i r s t  c o n d i t i o n  i m p l i e s  t h e  s e c o n d  t r i v i a l l y  t h e  t h i r d  i m p l i e s  t h e  

f i r s t  b y  1.3(1)  (if X < k A ~ - - - - - / ~ )  1.4(1),  (if X + ~ - - < A , 2  ~) 1.4(2) (if  2~- -<A,  ~<---k 

a n d  X - 2~) • Now we  a s s u m e  t h e  s e c o n d  is  e x e m p l i f i e d  b y  S 0 . . . . .  Sin_ 1 E I~q~ 

a n d  s u p p o s e  E E /-~Xq~ is  d e f i n a b l e  b y  a n  L(Q~,q~) - fo rmula  ( w i t h  S o . . . . .  Srn_ 1 

t h e  o n l y  n o n  l o g i c a l  s y m b o l s ,  w. l .o .g ,  t h e  e l e m e n t s  w e r e  a b s o r b e d ) .  The  f i r s t  

c a s e  will  b e  ;k->/z.  L e t  E* be  t h e  t r a n s i t i v e  c l o s u r e  of \ / x  S t y  ( w i t h  d o m a i n  
t <m 

kJ Dorn St) .  T h e n  E* i s  a n  e q u i v a l e n c e  r e l a t i o n  w i th  -< X e q u i v a l e n c e  c l a s s e s ,  
l < r n  

e a c h  of p o w e r  <-/~, h e n c e  k3 c a n  be  r e p r e s e n t e d  as  t h e  d i s j o i n t  u n i o n  of 

A i ( i  <a--=-~) s u c h  t h a t  St = t j ( S  t ~A/) .  H e n c e  a p e r m u t a t i o n  f i s  a n  a u t o -  
i<a 

m o r p h i s m  of (TJ, S 0 . . . . .  S i n - 0  iff f o r  s o m e  p e r m u t a t i o n  h of a fo r  e a c h  

i , f  r A i i s  a n  i s o m o r p h i s m  f r o m  (A~, S o t A t . . . . .  Sin_ 1 r A~) o n t o  

(A~(t), S O r An(t) . . . . .  S in-1  t Aatt)) .  

L e t  A t = l a r d  : j < Jt  ~ / ~ l  a n d  d e f i n e  E+: ail,j,,E+a¢~,y~ iff j l  = Ja  a n d  f o r  

s o m e  a u t o m o r p h i s m  f of ( ~ S  0 . . . . .  S i n - i ) ,  f ( a r id  ~) = atz,j~. C l e a r l y  E + is a n  

e q u i v a l e n c e  r e l a t i o n  on  tJ  At w i t h  --< 2~ e q u i v a l e n c e  c l a s s e s ,  a n d  if B is  a n  
t 

E + - e q u i v a l e n e e  c l a s s  t h e n  e v e r y  p e r m u t a t i o n  of i t  c a n  be  e x t e n d e d  to  a n  

a u t o m o r p h i s m  of ( ~ , S  0 . . . . .  Sin_i) .  L e t  Bt ( i  < 7 ~ 2~) l i s t  t h e  E + - e q u i v a l e n c e  

c l a s s e s .  

So if (3x # y c B i )  x/%~ d t h e n  ( V x , y  c B{) x E y .  

L e t  B * = U t H i ' ( 3 x # y c B ~ ) x E y  ] , B*" = u B t  - Bi ¢ B*, tB~ I > 21, 

B'** = u I B  t " IBt l  <- 2].  So on  B* ( Y x y  c B * ) ( x E + y  --, x E y )  i .e .  E + r e f n e  

E , , a n d  so E h a s  <- 2 u e q u i v a l e n c e  c l a s s e s ,  e a c h  of p o w e r  -< ]B* I -< I u A ~ I  -< k. 
t 
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Next  on B** , E* re f ine  E: for  s u p p o s e  xEy b u t  - x E ' y ,  t e t  i < 7 be s u c h  t h a t  

y e Bt, as  y e B** c l e a r l y  t h e r e  is y ' e  B~, -xE*y' , -yEy'  by a su i t ab l e  a u t o -  

m o r p h i s m  n e c e s s a r i l y  xEy' but  E is t r a n s i t i v e  and  s y m m e t r i c  c o n t r a d i c t i o n  

to  t he  def in i t ion  of B '* .  So E ~ B °* h a s  -< h e q u i v a l e n c e  c l a s se s  e a c h  of power  

-</~. Thi rd ly  on B °**,E ~ B'* has  -<2 ~ e q u i v a l e n c e  c l a s s e s  e a c h  of power  -< 2 ~, 

(as  ]B**'] -<2 ~. Las t ly  o n ' l - B *  U B** kJ B**" = ~ -  u A ~ , E  is t h e  equal i ty .  
i 

By 1.3(4) we finish. 

§E M o n a d i c  a n a l y s i s  o f  a n 

Our a i m  is to i n t e r p r e t  Q~On in a m for  a m a x i m a l  A and  show t h a t  e x c e p t  on A 

e l e m e n t s  R is t r ivial .  So c o n t i n u i n g  l a t e r  t h e  a n a l y s i s  of a m, we c a n  i n s t e a d  

a n a l y z e  t Q ~  °n, aR1 ] w h e r e  IDom R~ I--<A. This is m a d e  e x a c t  below. 

2.1 Def in i t ion  : For  a n y  r e l a t i o n  R le t  

A 0 = A 0 (R) = k//~ ]A [: AC~, and for every sequences 

6, t -<?J(of  l eng t h  n(R)) . 6maff i m p l i e s  R[b]---R[t-]] .  

where 6~ A e iff tpb s (b,A, =) =tpb s (b,A, =). 

Note  t h a t  A o ( R ) -  < [ D o m  R[ .  

2.2 T h e o r e m  " 1) U n i f o r m l y  Qxorr~) <-int am. 

2) U n i f o r m l y  ~R----~[~R1, Qxm~) { fo r  s o m e  R l, [Dom R 1 [ =X0(R), n ( R J  = n  (R) . 

P r o o f  : 1) 

Case  I : X0(R ) is an in f in i te  r e g u l a r  ca rd ina l .  

Le t  /~m=< R[n:l <m> denote a sequence of n(R)-place p r e d i c a t e s  or  relations, 

(~RI)'~(~],R) , and  A=A(/~ m) d e n o t e  a s e t  of f o r m u l a s  of t he  f o r m  ~(~,,_~r~) 

c l o sed  u n d e r  p e r m u t i n g  t h e  v a r i a b l e s  and  i d e n t i f y i n g  t h e m .  Le t /c  =/c (A(R),R) 

be  t h e  m i n i m a l  n a t u r a l  n u m b e r  s u c h  tha t :  

(*) t h e r e  is a f o r m u l a  ~=~(2 , ?7 ,R)cA with  / ( ~ ' ) = / ( ~ 7 ) = / c ,  and  s e q u e n c e  

g , / ( a ) = / ( y )  s u c h  t h a t  for  e v e r y  A c ~  [A[<Ao(R ) t h e r e  a re  s e q u e n c e s  6 , e  of 

l e n g t h  ]c , s u c h  t h a t  ~ ( 6 , ~ ) ^ - ~ ( 6 , g , R )  bu t  6~At-. 

Let /c  (A(Rm)) be t h e  m i n i m a l / c  (A(R m , ) R m )  

By t h e  def in i t ion  of Ao(R ), tc=n(R), ~ = R ( 2 )  s a t i s f i e s  (*) for  ~z t h e  e m p t y  

s e q u e n c e .  By the  m i n i m a l i t y  of /c we c a n  a s s u m e  t h a t  b,t-  a re  d is jo in t  to A , 
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a n d  wi th  no  r e p e t i t i o n s .  Clear ly  as ]A l<),o(N)<-[fJl , f j i n f i n i t e ,  for  a n y  s u c h  

A,b ,~  we c a n  find b~ ( l=o,2k)  s u c h  t h a t  bo=b,bae=g and  bt,b~+ ~ differ a t  

e x a c t l y  o n e  c o o r d i n a t e  e a c h  6~ d is jo in t  to A and  w i t h o u t  r e p e t i t i o n .  So 

w.l.o.g, in (*) 6 = < b > ^ d , g = < c > ^ d  ' ( and  d ^ < b , c >  is d i s jo in t  to  A a n d  with no 

r e p e t i t i o n ,  and  le t  ~ ' = < x > ^ ~ ,  so ~0=(x,g ,y) . )  Pos s ib ly  ~ is e m p t y  ( i.e. /¢=1 ) 

a n d  t h e n  o u r  c o n c l u s i o n  is i m m e d i a t e  as  lb :~o[b ,~:] l  a n d  [ c : ~  ~ 0 ( c , a ) ]  h a s  

power  >--h o ( R). 

By t h e  c h o i c e  of 1c=/¢ (A,_R) for  e v e r y  e ~ f / / t h e r e  is A~Cf/[, IA~ [<2,o(R),e~Ae 

s u c h  t h a t  for  e v e r y  d~ ~ A d e  (all,el e of l e n g t h / c - 1 )  ~o(e , d ~ , g , R ) = f ( e  ,de,5,_R). 

Now we def ine  by i n d u c t i o n  on l, fo r  t = 0 , n ( R ) - i  a s e t  of f o r m u l a s  ht=At(Rt) 

w h e r e  Rt=< Rt,~:i <2 t >: 

Ao(Ro) = t h e  c l o s u r e  of ~Ro,o(xo, . . - ,xn_~){  u n d e r  p e r m u t i n g  a n d  iden t i fy ing  

t h e  v a r i a b l e s .  

ht+~(Rt+~) = t he  c l o s u r e  of 

i ( w ) [ ~ ( ~ , ~ , R ~ + ~ , o ,  - • • , R ~ + ~ , ~ , _ ~ ) ~ , p ( ~ , ~ , R ~ + ~ , ~ , ,  • .  • & + ~ , ~ , + ~ , _ ~ ) ] :  

~(=,.~,&.o, '  .&.2,_~)ca,(RL)l UN,(~',&+~,o,... ):~(.~,&,o,--. )eaL(R~)] 
u n d e r  p e r m u t i n g  a n d  iden t i fy ing  t h e  va r i ab les .  

Now we sha l l  p rove  by  i nduc t ion  on l t h a t  

( **h~ (At ( ~ ) ) ~ n  -t .  
For  l=O, as we h a v e  m e n t i o n e d  above,  th i s  follows f r o m  t h e  def in i t ion  of 

xo (R). 
So we a s s u m e  (**)t and  p r o v e  (**)1+1. As (*)t holds  t h e r e  a r e  r e l a t i o n s  

R ~ (~<2z), (Y,/d)~(ff, R) and k(AL(~))=~(~(&) ,R) ,  where ~=<R~:i<2'>,  and 
l e t  at*, 9(~,,ff,)~) e x e m p l i f y  (*) for  lc=k(At+l(Rt) ). If k = l  we f in ish  of cou r se ,  

o t h e r w i s e  we shal l  p rove  t h a t  k >k (hl+l(~' t+l))  ; th is  su f f i ces  of cou r se .  

Now for  e v e r y  lb=!b(~z,~,N)cAt(/~), / ( ~ ) < k ,  a n d  ~c~], t h e r e  is a s e t  A#,aC~]of 

power  <A0(R ) s u c h  tha t :  if b-~A~. C, l (b)=/(~-)  = / ( ~ ) - l  (6c) t h e n  

[=~[6,~.,R,]-~-~[e,a,R]. We can  a s s u m e  acA# ,=  . 

Now we d e f i n e  b y  i n d u c t i o n  on a <A0(R ) d a, b a, c a as  follows. F i r s t  l e t  

A ° =  U da^<ba,cp> U a• , and Aa=uIA,.~:~V.A °, / (~ )<k  and "IbcAz(R){. Now 
i~<a 

b y  t h e  d i s c u s s i o n  a f t e r  (*) t h e r e  is d a - < b a , c . >  dis jo in t  to A .  and  w i t h o u t  

r e p e t i t i o n s ,  s u c h  t h a t  ~ o [ b a , d a , a ° ] ^ - ~ o [ c a , d a , g  °] 
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What a re  t h e  t r u t h  va lues  ta, p of ~[ba,dp,g* ] and  sa, p of ~[ca,dp,g* ] ? Clear ly  

if a=f l  t h e n  ta, p is t r u t h  sa, p is false. If a>B, t h e n  we shou]d  r e m e m b e r  t h a t  

A ,~p^~'CA a, h e n c e  ba,caCA ,~p^~'. Hence  ta,~=t~=sa,p=s~. If a<fl t h e n  l e t  

~(~,x , f ,R)=~(x ,g ,9 ,R) ,  and r e m e m b e r i n g  that. A~,<b,>^~'CA~,A~.<c,>^~', and  

d a is d i s jo in t  to  Ap, i t  is c l ea r  t h a t  ta.p=ta-, "aa,p=Sg. 
As we can replace (aa^<~a,oa>:a<ko(R)) by any subsequence of length 

X0(R ) w.l.o.g, t + = t  +, t~-=t-  and s~-=s- for  e v e r y  a<k0(R ) we c a n  a s s u m e  t + is 

t r u t h  (o the rwi se  i n t e r c h a n g e  9 and  ~9 , b= and c= in t h e  res t ) .  

Now le t  h be t he  following p e r m u t a t i o n  of ?J: h(c3~+1)=c3=+2, h(c3=+2)=c3=+1 

and  h ( c ) = c  for  any  o t h e r  e l e m e n t .  Next, l e t  for  2 t ~ / < 2  TM, /gg=h(R ~-2~) and  

let < > +'), <Z ). Now 

(a) ~(~,9,Rl+l)=(Vx)[~(x,e,9,R)=-~(x,e,~,R1)] belong to  At+i(Rt+I). 

(b) D~(gap,~*,R¢+~) for  p<X0(R). This is equ iva l en t  to saying t h a t  h m a p s  

{e<~./'.D~[e,Rap,a*,R]l in to  i tself  ( as h-l=h ). i.e. we shou ld  p rove  

D~[e ,da~,g ° ,R] imp l i e s  ~o[h (e) ,8a~,a"  ,R~]. If e =h  (e) th i s  is t r ivial .  Otherwise , .  

e=es=+~, ic{1 ,2~  ; and  h(e)=cap+(s_~) ; if ~->a th i s  follows f ro m 

saa+¢,ap=Uaa+(3_4),p=t + (as 3 a + / ,  3a+(3- - i )>3f l )  ; if ~<a  th i s  follows f r o m  

S 3 a + i , a ~ = ~ 3 a + ( 3 ~ t ) , 3 f l m S  - ( a S  3or+t, 3a+(3-4)<3fl). 
(c) #-~[d3p+l ,~° ,R]  for /~<~ko(R ) Just substitute x=cap+2 for the (Vx) in lP's 

def in i t ion .  

(d) The s e q u e n c e s  Idp:fl<Xo(R)l are  pairwise disjoint .  This is b e c a u s e  for  

7<fl, dpcA~ CA a, 
Now (a), (b), (c), (d) t o g e t h e r  show t h a t  k(A(Rt+~),Rt+l)<k H e n c e  

k(At+~(Rt+~))<k<--n--t ( or  k = l  and  t h e n  h(At+,(~+~)=k((hz)(Rt)). So we have  

done  t h e  i n d u c t i o n  s t ep  in proving (**). 

Now (**)n(R)-i show t h a t  for  g*, /~ ((~,Rz)~(~],R)) and  ~0(x,y,R) , t h e  powers  

of { e ~ .  D~[c ,~* ,R] I  and  of {c~l~ D-~o[c ,a* ,R]]  a re  at  l e a s t  k0(R) , and  we ge t  

t h e  r e q u i r e d  i n t e r p r e t a t i o n .  

Case 1I : X0(R)< 1~]t ( and  in p a r t i c u l a r  a0(R) f ini te  ) 

Let  A ~ ] b e  a se t  of power  X0(R ), such  t h a t  g~a t -  impl ies  R[8]-=R[~-]. As ~/ is  

inf ini te ,  we can  find d i s t i nc t  d~?]-A (i<n(R)2). Define g=<d~:i<n(R)e),  
~ * ( x , g , R ) = A  {(~Yo . . . . .  ye_l)  [ t he  e l e m e n t s  Y0 . . . . .  ye_,,x are  pa i rwise  dis- 

t i n c t  and  if t he  e l e m e n t s  Yo . . . . .  y~_~, d m, x are  pai rwise  d i s t i n c t  t h e n  
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~(x ,  YO . . . . .  Y k - 1 ) ~ f ( d m , Y o  . . . . .  Ye-1)J : ~°=~°(Zo . . . . .  zk ,R)  

is  a n  a t o m i c  f o r m u l a  in  L ( E ) ( s o  J : + l ~ n ( R ) ) a n d m < n ( R )  2, m , k  a r e  n a t u r a l  

n u m b e r s  I. By  t h e  c h o i c e  of A, xg[A ~ -~o*(x,d.), h e n c e  

B=lze$]~. ~ J h o ' [ x , d ] l  is  a s u b s e t  of A. C l e a r l y  ninon< . ( u n i f o r m l y )  h e n c e  i t  ~IBI  = inPR 
s u f f i c e s  to  p r o v e  I BI=X0(R) w h i c h  fo l lows f r o m  

(*) if g ~ e e  t hen  R[6]~R[e] 
f o r  t h i s  i t  s u f f i c e s  to  p r o v e :  

(**) if f ( ~ . , R ) e L ( R )  is  a t o m i c ,  6,e a r e  s e q u e n c e s  of l e n g t h  t(e)___g(R) wi thou t  
r e p e t i t i o n  t h e n  6~Be-  i m p l i e s  f (b- ,E)=~o(e- ,E) .  

Le t  b-^O-o,b-^0-1 be  s e q u e n c e s  f r o m  f J ,  w i t h o u t  r e p e t i t i o n ,  6CB,g0,e-  1 d i s j o i n t  t o  

B ; by  t h e  t r a n s i t i v i t y  of == w.l .o.g,  c-1 is d i s j o i n t  t o  d ,  so  f o r  s o m e  

i ,  <di,di+ 1 . . . . .  di+/~_l> ( w h e r e  ]c= / (go)  ) is  d i s j o i n t  to  if0 ( a n d  o b v i o u s l y  to  

Now we sha l l  p r o v e  t h a t  f o r  e v e r y  a t o m i c  

~o('2,~,E),t ( e ) = / c ,  t (~j)=l (b-) ~9(g l ,b - , r ) - -~0(<  dt  . . . . .  > ,6 ,E) t h u s  f in i sh ing .  F o r  

t h i s  we de f i ne  el,m(m<--lc ) s u c h  t h a t  e a c h  ff~,m is w i th  no  r e p e t i t i o n s ,  d i s j o i n t  

t o  B, b,e-t,o=g ~, ~ t ,~=<g~  . . . . .  d i+~_~>,  C-t,m+ 1, ct,m a r e  d i s t i n c t  in  o n e  p l a c e  

only .  By t h e  d e f i n i t i o n  of 13 ( a n d  ~o ) fo r  e v e r y  a t o m i c  

~o(.e,y,R), hO(fft,m,6,E)=--9(gl,rn.i,b,R) so  we f in i sh  eas i ly .  

C a s e  llI. ko(E ) a s i n g u l a r  c a r d i n a l .  

We fix t h e  r e l a t i o n  R; n o w  f o r  e v e r y  a t o m i c  f o r m u l a  ~(£ ' JT ,R)  e L(R)  a n d  

6 e ~, ~(Z,b,7~)  d e f i n e  an  l ( ~ ) - p l a c e  r e l a t i o n  on  ~], l e t  A0(~(~' ,6-),E)) be  a s  

d e f i n e d  as  in  Def. 2.1. C l e a r l y  t h e  n u m b e r  of  a t o m i c  9 ( Z , ~ , / i ' )  (wi th  n o  

d u m m y  v a r i a b l e ,  ~ ^ ~ C Iz i  : i < r r~(E)])  is f in i te ,  a n d  we c a n  f ind  ~ a n d  6 

s u c h  t h a t  A 0 ( ~ ( 2 , 6 , R ) )  = A0(E ) a n d  ( u n d e r  t h i s  r e s t r i c t i o n )  t ( ~ )  is  m i n i m a l .  

C l e a r l y  t (~ ' )  > 0 ( a s  A = ¢ w o u l d  s e r v e ) ,  if n = l  we f in i sh  t r i v i a l ly .  So a s s u m e  

l ( Z )  > t ,  l e t  Z = ~ ^ < z > .  By t h e  c h o i c e  of ~ ,6 ,  f o r  e v e r y  

c,A0(~o(e,c ,b ,R))  < A0(R ) a n d  l e t  A c C ~//be s u c h  t h a t  

(i) IAc I = ~.0(9(e,c ,~,R)) -< If]l 

(ii) dl~A~ d 2 i m p l i e s  ~ (a1 ,¢  , b , R )  -= ~ (da , c  , b ,R)  
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So  IA~ I = ~,o(~O(~, c , 6 - , ~ ) )  < A o ( g )  -~ 17//I. 

F o r  e a c h  c ,  b y  c a s e  It t h e r e  a r e  an  a t o m i c  ¢c(x,y~,R) a n d  dc C ~4 / s u c h  

t h a t  ] l a  : ~ c ( a , d c , R ) ]  ] = A 0 ( ~ ( ~ , c , b , R ) ) =  IAc] " n o t e  t h e r e  a r e  o n l y  

f i n i t e l y  m a n y  p o s s i b l e  lbc ' s  

S u b c a s e  Ell a: Sue~ I A, [ = •o(R). 

L e t  A0(R ) = ~, /J,¢ w h e r e  x = c f  (k0(R)) ,  a n d  e a c h  /~¢ is r e g u l a r  < A0(R ). So 

a s s u m e  IAc, I > - ~ ,  so b y  Case  It a p p l i e d  to  ~ (~ , c¢ ,R)  we c a n  i n t e r p r e t e  

u n f o r m l y  r~on Q<~¢ a n d  e v e n  Q ~ R )  a n d  m o r e o v e r  in  t h i s  c a s e ,  we h a v e  a ¢  (¢<lc) 

s u c h  that/~¢--<] {e E ~  ~=~[e, ~¢, R]{I  <~0(R)  ( a¢  is  d a ^ ~  ° fo r  s o m e  a ). In  p a r -  

t i c u l a r  we c a n  i n t e r p r e t e  Qmon  Le t  R= t J ~ ¢  a n d  E be t h e  fo l lowing  
¢ < ~  

e q u i v a l e n c e  r e l a t i o n  on  ~. bEc iff f o r  e v e r y  a c P ,  ~ [ b , ~ , R ] - = ~ [ c , a , R ] .  Le t  

< a : ¢ < x )  be a l ist  of t h e  e q u i v a l e n c e  c la s se s  of E .  If 1->21 has  power 

~},0(R), we g e t  o u r  c o n c l u s i o n  eas i ly ;  t h i s  h o l d s  a l so  if t h e r e  a r e  a t  l e a s t  two 

A¢ of p o w e r  ->A0(R ), o r  e v e n  if 2htpI .At]=A0(R ) . By t h e  c h o i c e  of P t h e  o n l y  
i < a  

c a s e  l e f t  is  t t i :  IAtI=I{I-->Ao(R).  So l e t  aa(a<Ao(R)) be  p a i r w i s e  n o n  E -  

e q u i v a l e n t  a ¢ ¢ P .  Def ine  a p e r m u t a t i o n  :h(a3a~÷i)=a3a+B.4 f o r  i=1,2 a n d  

h ( e ) = e  o t h e r w i s e .  Def ine  R, /i't, a s  in c a s e  I a n d  ~ ° ( x ,  P ,  R ) = ( V  

x o , " "  , z ~ _ ~ )  [ A  P ~ ( ~ ) ~ ( = , Z o ,  " • • , = k - 2 ,  ~ ) ~ ( z ,  z o ,  • "" , z k - 2 ,  ~ 1 ) ]  N o w  w e  

f inish:  ~o*[a a, P,R] iff B is d iv i s ib l e  by  3 ( fo r  te<ho(R ). 

S u b e a s e  HI b: [ k) (Ac-I  c {] ~- k0(R)  but not I~ a. 

By c a s e  II we k n o w  A c is  d e f i n a b l e  ( u n i f o r m l y )  f r o m  6A<c >. H e n c e  we c a n  

c h o o s e  f o r i  < k 0 ( R  ) c¢,e¢ s u c h  t h a t  e i e Act, e~ # c~, a n d c ¢ , e ~  ~[ ~ci,e j " j < i~. 

By H a j n a l  f r e e  s u b s e t  t h e o r e m  (See  [H]) w.l .o .g .  

et c Acj iff ¢ = j ,  a n d  e¢,c¢ do  n o t  a p p e a r  in  6-. 

Le t  g be  t h e  fo l lowing  p e r m u t a t i o n  of ~ 
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g (e3~+2)  = ea~+1 

g (e )  = e e c ~3f--~e3/+2,ea~,+2 : i  < h0(R) {  

Let  R o = R, R 1 = g ( R ) ,  t h e n  

~(z,~,Ro,R,) ~qvy)[~(y,=,b ,RO] 

is  as  r e q u i r e d .  

Case HI c : not lll a,b, 

So fo r  s o m e  B c /g ,  IBI  <X0(R) ,  [c c11--t7 ~------>Ac-lC] £ B ] ;  w.l.o.g. 

[c C B-----> A c ~ B]. 

Le t  E G I ] - B , I ( d . ) = I ( ¢ ) ;  now for  e v e r y  s e t  D C ~ ] ,  IDI <Xo(R) t h e r e  a r e  

d l ^ < c  1> d .e^ ,<ca>  d i s jo in t  to  D U B U ~ w i t h o u t  r e p e t i t i o n ,  

~ ( d l , c l , g , R )  ~- ~ ~o(de,c2,b~,R ) (by t h e  c h o i c e  of ~,b-). As Ac, - {c1~  C B, 

~(gl,c 1,5,R) ~ ~(g,c >6,R). 

a n d  s i m i l a r l y  

hence 
~(E,2,ce,6,R ) ~ ~ (~ ,ce ,b ,R  ) 

We can conclude that f(d,x,b,R) divide f~/to two subsets each of cardinality 

-~ ~,o(R). 

Remark: In case Ill the only use of "k0(R ) singular" is 

suc~ < ko(R)] ,  b u t  wi th  a l i t t l e  m o r e  w o r k  we c a n  [su M IAc I < X0(t) -----> l &  t + 

b o u n d  t h e  n u m b e r s  of c o p i e s  of  R u s e d  i n d e p e n d e n t l y  of R.  

P r o o f  o f  2 .2(2)  : 

If k 0 ( R ) =  1~]] we c h o o s e  R l = R  a n d  h a v e  n o t h i n g  new  t o  p rove .  If k0 (R)<  ]~], l e t  

~ ( ~ , ? y ~ , R )  ( i < m )  l i s t  all a t o m i c  f o r m u l a s  in  L(R),  / (~'~)=k~ > 0, 

l (xi) + l ( y i ) ~ n ( R ) ,  a n d  w.l.o,g, kt=n(R)~----->i=O, Let  dt (O<i<2n(R) )  be  d i s t i n c t  

e l e m e n t  of ~3L/Y, B f r o m  c a s e  II above .  Of c o u r s e ,  we c a n  c o n c e n t r a t e  on  t h e  

c a s e  n (R)  > 1. Le t  

R l = l < a  . . . . .  a > : a E B I U l < a t  . . . . .  an(R)>" ]:=R[al . . . . .  an (R) ] , a l  . . . . .  an(R) 
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a r c  d i s t i n c t  m e m b e r s  of Blt.Jt<di,a 1 . . . . .  a~:cd~,,... > :  1--<i<rn, a 1 . . . . .  ak, 

d i s t i n c t  m e m b e r s  of B , a n d  fo r  all d i s t i n c t  b I ( l<t (z2i) )  f r o m  

Eas i ly  m o n  < t:tR , Qito(R)] {--~,ntT, R,, a n d  by  c a s e  II a b o v e  3 R <  ml:R. 

§3 T h e  o n e - t o - o n e  f u n c t i o n  a n a l y s i s  

The  a i m  of t h i s  s e c t i o n  is s i m i l a r  to  t h e  p r e v i o u s  one ,  g o i n g  one  s t e p  f u r t h e r ,  

i.e. we w a n t  t o  a n a l y s e  3 R, i n t e r p r e t i n g  in i t  Q~- i  fo r  a m a x i m a l  A, h o p i n g  t h a t  

" t h e  r e m a i n d e r "  h a s  d o m a i n  -----A. 

3.1 D e f i n i t i o n  : Le t  A 1 = AI(R ) be Sup  ~] ~tpb s (a ,A,R):a e ~ - A  1: A ~ 

3 2  F a c t  : AI (R)~A0(R ) 
1--1 3.3 C l a i m  " Q;KR) in~R u n i f o r m l y ,  if t h e  sup  is o b t a i n e d .  

P r o o f  : S u p p o s e  h is a o n e - t o - o n e ,  one  p l a c e  ' p a r t i a l '  f u n c t i o n  f r o m  ~ ] t o  ~/,  

w i th  ]Dora h I<--A:(R ). Let  A c ~ b e  s u c h  t h a t  | tpbs(a ,A,R):ae~-A ~ h a s  c a r d i -  

n a l i t y  A ~ I X I ( R  ). So we c a n  f ind  a~eU-A(i<A) s u c h  t h a t  tpbs(a~,A,R ) a r e  p a i r -  

wise distinct and w.l.o.g, lY-|a(i<xIl=I1/I. Let h=I<bi,ci>:i<A ] , w.l.o.g. 

b~ ,c~A  a n d  we c a n  f ind F1,F 2 p e r m u t a t i o n  of ~ / w h i c h  a r e  t h e  i d e n t i t y  o n  A 

s u c h  t h a t  fl'l(a~)=b~, F 2 ( a i ) = c i .  ( t h e y  ex i s t  - s ee  Def. 1.1(3).)  Le t  RI=FI(R), 

a n d  R2=Fa(R ) a n d  de f ine  t h e  m o n a d i c  r e l a t i o n s  

Po=A, Pl=|b~:i<A], Pa=~c~: i<A]  (all of p o w e r  <Ao(R)) Let  

~(x,y,Po,P1,Pa,R1,Ra) " s a y "  t h a t  fo r  e v e r y  a t o m i c  $o(x,2,R)eL(R) a n d  

~ePo, ~(x , ~ , R 1 ) ~ ( y  ,~,Ra) a n d  P:(x ),Pe(y ) . 
3.4  L e m m a  : T h e r e  is a s e t  A s u c h  t h a t  

1) IA ]<--5(n(R)+2)n(R)AI(R), f u r t h e r m o r e ,  if t h e  s u p  is n o t  o b t a i n e d  in  t h e  

d e f i n i t i o n  of  h 1 t h e n  I A I <kl- 

2) Le t  E x be  t h e  e q u i v a l e n c e  r e l a t i o n :  

tpb s (a,A,R)=tpb s (b ,A,R) 

If 6 ~ ¢ ~  a n d  bcL~4c ~ f o r  all i < / ( b )  t h e n  R(6)=-R(~). 

P r o o f  : We de f ine  by  i n d u c t i o n  on  l<--n(R)+2 s e t s  A l s u c h  t h a t  

[m <l -*Am CAI ], ]At ]<bln (R)AI(R) ,  a nd  if t h e  s u p  is n o t  o b t a i n e d ,  ]A l I < h i ( R )  ; 

we sha l l  s h o w  t h a t  An(R)+2 sa t i s f i e s  t h e  r e q u i r e m e n t s  of t h e  l e m m a .  

Le t  Ao=¢ 
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If A t is g iven ,  we de f ine  by  i n d u c t i o n  on i a/, A~ s u c h  t h a t  

~) A~ =A t 

2) A~ is increasing, continuous(in i). 

3) a~¢ A} f o r  any i,j. 

4) [A~+ I -A~ [ - - - -2 (n(R)- l )  

5) If a,fl<i, a#fl, t h e n  tpbs(ata,~,R)#tpb s (at~,A~,R) hence ala # a ~ .  

For  s o m e  i= i ( t )  ( w h i c h  is n e c e s s a r i l y  <At(R)  +) we c a n n o t  c o n t i n u e ,  i.e. A~ is 

a~fA A~, d e f i n e d  b u t  n o t  aiZ,A~+l. Define Ai+ 1 =~t U U 
,<¢(t) 

d~fA' ta~ " i < i(l)] U ~b" t h e  bas i c  t y p e  r e a l i z e d  At+I : ~ / + I  U 

At U U A~U~a¢: i<i( l )]  by b is r e a l i z e d  by- -<3n(R)  e l e m e n t s  I • 
¢<¢(t) 

o v e r  

So IA[÷I I ~  I & l +  2 ( ~ ( R ) - l ) l i ( z ) l  ÷ Ii(Z)l = l& 1÷2~(R)~I(R),  

and IA{÷1 I -< I&l + 2~(R)Xl(R) + 3~(R)Xl(R) -< 5~(R)(Z+I)Xt(R)  if the  sup 

in  D e f i n i t i o n  3.1 is n o t  o b t a i n e  t h e  i n e q u a l i t y  is s t r i c t .  We p r o v e  A=An(R)+2 

sa t i s f i e s  t h e  r e q u i r e m e n t s  of t h e  l e m m a .  It  is e a s y  to  see  [A] is as  r e q u i r e d  

(in d e m a n d  (i) of 3.4). 

S u p p o s e  R ( b ) ,  - R ( 6 )  a n d  bmEACm fo r  m < n ( R )  a n d  6~--A ft. T h e r e  a r e  a t  m o s t  

n(R)  l 's  s u c h  t h a t  6C~At+l#b ~ A t so we c h o o s e  l s u c h  t h a t  6(-~At+IcA t a n d  

h e n c e  c(~At+l(_:At. H e n c e  we m a y  fo r  s i m p l i c i t y  a s s u m e :  

~(]At+l=6(~At=¢ a n d  6, c- a r e  w i t h o u t  r e p e t i t i o n s .  

Le t  B=A t U U A~ so A bmEBCrn a nd  t bin~ EB [->3n (R).  Now we c a n  de f ine  
~<~(t) rn <~(R) 

d~ (]c=0 ..... n(R)), each of length n(R), b=d O, c=dn(R), d~: with no repeti- 

tions, A bmEBd~m and IIrn:d~,m~d~+Lm]l':l. So, as in proof of the 
m < n  ( R )  

m o n a d i c  c a s e ,  we m a y  a s s u m e  R(6)^ -R(~) ,  6,ff w i t h o u t  r e p e t i t i o n s ,  

> 
N o t i c e  t h e r e  is j < i ( l )  s u c h  t h a t  e ,a~ r e a l i z e  t h e  s a m e  b a s i c  t y p e  o v e r  U A~ 

(as, if not, we could let A~(t)÷I=A~(,) and m~(t)=e. ) w.l.o.g, a s s u m e  R(m],~). 
( o t h e r w i s e  u se  -R ) a n d  R[e~,~] , ( o t h e r w i s e  i n t e r c h a n g e  e a n d  f ) .  

3 .4 A C l a i m  : We c a n  l e t  A~(t)+t =A~(¢) U ~,  a t ( 0  =f  a n d  h e n c e  g e t  a c o n t r a d i c -  

t i o n  t o  t h e  d e f i n i t i o n  of i (l) .  

P r o o f  • S u p p o s e  tpb s ( f  ,At(t)+1 )=tpb s (a~t,A~(t)+l) 
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if i # j  tPb s ( f  ,~(t)+l )~tPbs ( f  ,~( t ) )=tpbs  (e ,~( t))=tpbs (aJ,A~(t)) # t p b s  (a t ,~ ( t ) )  

contr. 

I f i = j  u s e  R ( x , N ) .  

So we h a v e  p r o v e d  3.4A, h e n c e  3.4. 

3 .4B C l a i m  : The  s u p  is o b t a i n e d  in  t h e  d e f i n i t i o n  of XI(R) 

Proof  : S u p p o s e  not,  b y  t h e  l e m m a ,  we c a n  f ind A s u c h  t h a t  t A I<XI(R)  a n d  

(Yb-,~-)[ A b~EAC,^6"~¢ff~R(6)~R(ff)] .  Cl ea r ly  l a / E A  " a e ~t-A{ h a s  p o w e r  
<n (R) 

< ~,, t h e n  fo r  all B 

I Itpbs (a ,B) :a  < ~ - B  I [<--IA 1 +1[ tPbs (a ,B u A  ): a c~//-B] ] < X 1, c o n t r a d i c t i o n .  

3 .5  C o n c l u s i o n  " ~ ~mon ( R, ~M I is b i - i n t e r p r e t a b l e  wi th  ~ ~xo~m°n,~x,t~ *-1 ,3Rt,3E~,~ w h e r e  

]Dom R,]<-5(n(R)+2)e~I(R) ,  E a n  e q u i v a l e n c e  r e l a t i o n .  This is d o n e  u n i -  

f o r m l y  (i.e., t h e  f o r m u l a s  d e p e n d  on  n (R) only) .  
1-1 < ( 3 FW~Q~ P r o o f  • We 've  s h o w n  ~ ( R ) - - i n t ~  R, ~XdR) ] ( see  3.3). Le t  

A I N A = ¢ ,  ] A l l = I A  ]=XI(R) ,A as  in  t h e  l e m m a  3.4,RI=R~(At.jA1),  A u A  1 

i n c l u d e s  >-Mir,.13n(R)], I a~  EA tl e l e m e n t s  of e a c h  E A e q u i v a l e n c e  c l a s s  a~ E A. 

Now 

R(x  1 . . . . .  xn(R) ) iff 

( 3 y t )  " • " (3n(R))( /% X~EAy~^RI(y)) 1,~i-:n (R) 
So  ~R-%~t~ O~7 ~ , Qx~ °~ ,3R,,s~. I 

Now 3&<-~¢t3R,Q~°n{ by  t h e  d e f i n i t i o n  of R 1, 3E~ <--~nt 13R,Q~°nl d i r e c t l y ,  a n d  

Q1;1 < 13R,QxmOn{ by  3.3, 3.4B. So {QI~-I ninon 3 3 ' < ¢3 f~mon -- ,'~Xo , Rt, Ea~ --*nt( R,'~A. { a n d  we 

f inish.  

3.5A R e m a r k :  Note  t h e  Qt~o~rn R~I is u n i f o r m l y  i n t e r p r e t a b l e  (for  f ixed  n ( R ) )  

in  Q~-i  i n c l u d i n g  t h e  c a s e  ~1 is f ini te ,  so 3.5 h o l d s  fo r  i t  too.  

§4 Above  t h e  l o c a l  s t a b i l i t y  c a r d i n a l  

We c o n t i n u e  o u r  a n a l y s i s  of 3 R. Fo r  n o t a t i o n a l  s i m p l i c i t y  we m a k e  

4.1 H y p o t h e s i s  : [Dom R [ = h l ( R  ) (or,  w h e n  hi(R)  is f in i te ,  

[Dom R I < 5 ( n ( R ) + 2 ) h l ( R ) .  ( a n d  s e e  3.5A). 

Also in  t h i s  s e c t i o n  ( a s  well  a s  in  § 5 , § 6) we sha l l  n o t  p r o v e  t h e  t h e o r e m s  

" u n i f o r m l y " .  This  c a n  be done ,  h o w e v e r  we feel  i t  will o b s c u r e  t h e  u n d e r s t a n d -  

ing  by m a k i n g  us  t o  dea l  w i th  t oo  m a n y  p a r a m e t e r s .  We a lso  d e l a y  t h e  
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treatment of the finite cases. 

4.2 De f in i t i on  : An m - t ~ p e  p is c a l l e d  (>-A) -b ig  if i t  is r e a l i z e d  b y  A p a i r w i s e  

disjoir~t s e q u e n c e s ;  l e t  k -b ig  m e a n  ( ->A+)-big. F o r  t h i s  s e c t i o n  big m e a n s  

A e = Aa(R)-big ( A 2 is de f ined  be low ). 

Let ( ~ e ) , ( 2 , g )  mean I~(e ,~) l  is (->X)-big We define (a<~2), (a~x~) similarly 
[ as  - ( a a x 2 ) ,  - (5>x2) ,  r e s p e c t i v e l y . ]  Le t  " s m a l l "  m e a n  j u s t  t h e  n e g a t i o n  of big. 

4.3 R e m a r k  : t) S i n c e  we h a v e  m o n a d i c  r e l a t i o n s  p r e d i c a t e s  a n d  1 - 1  p e r m u -  

t a t i o n s  of p o w e r  lDom R I ava i l ab le ,  we c a n  use  one  R ( cop i e s  c a n  be  a c h i e v e d  

eas i ly ) .  

2) Also, we c a n  c o d e  a n y  s e t  of p a i r w i s e  d i s j o i n t  n - t u p l e s ,  o r  a n y  s e t  of n 

- t u p l e s  f o r m i n g  a A - s y s t e m  (of p o w e r  -<AI(R)). 

4 .4 De f in i t i on  : 1) M is a n  a d m i s s i b l e  m o d e l  if i t  is an  e x p a n s i o n  of ( ~ R )  by  

c o u n t a b l y  m a n y  m o n a d i c s  r e l a t i o n s  a n d  p e r m u t a t i o n s  of p o w e r  --<At(R ). 

4 .5  Def in i t i on  : Xa=X2(R)= l e a s t  h s u c h  t h a t :  

1) If M is a d m i s s i b l e ,  h is a ( f in i te )  s e t  of f o r m u l a s ,  A<M,  IA I ~ k  a n d  r e < C ,  

the~ I s ~  (A ,M) I-<~. 

4.6 R e m a r k  : t h e  c a s e  Az=k 1 is u n i n t e r e s t i n g  as  we w a n t  t o  p r o v e  now t h a t  i t  

s u f f i c e s  t o  a n a l y z e  R ' ,  ]Dom R" ] = k  2, i.e. fo r  s o m e  s u c h  R" a n d  s o m e  

e q u i v a l e n c e  r e l a t i o n  E 

=- R ' ,  R* [Qxmo°n,q~g',~E,~R.] ~n~/~ fo r  s o m e  IDom t = Az(R ) So we a s s u m e  

2,2< If]I. ( b u t  t h i s  is n o t  e s s e n t i a l ) .  

4.7 L e m m a  : If M is a d m i s s i b l e  t h e n  t h e r e  is A*, JA* ]-<k2 s u c h  t h a t :  

a) fo r  a n y  a ,  af~A*=¢ a n d  f in i te  h t h e  t y p e  q=tpA(~,A* ) is big. 

b) For  a n y  s u c h  q ,  q is m i n i m a l ;  i.e., t h e r e  is n o  f ( ~ ' , y ) ~ A  a n d  b- s u c h  t h a t  

b o t h  q (2) Ljt:k~(2,6)l a r e  big. 

c)  For  a n y  A,m,  t h e  n u m b e r  of s u c h  q ' s  is <ks.  

R e m a r k  : F r o m  c) we sha l l  u se  o n l y  t h e  "-<As". 

P r o o f  : We def ine ,  by  i n d u c t i o n  on  i<k2, A/C~], [A/[---A 2, A i i n c r e a s i n g ,  c o n -  

t i n u o u s ,  s u c h  t h a t  f o r  all f in i te  A : 

0) fo r  e v e r y  g c ~ [ a n d ¢  < A2, s o m e  a C At+ t r e a l i z e s  tpA(~,A¢). 
1) If q i= tpA(~,A~)  is n o t  m i n i m a l ,  t h e n  s o m e  ~q~(~,6q~) w i t n e s s e s  i t  fo r  s o m e  
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2) If qi = tpA(~,At) is no t  big, t h e n  for  s o m e  /5'~ C At+ 1, no  s e q u e n c e  6 rea l i z -  

ing it  is d i s jo in t  to B. 

Le t  A=A~, 2 ~' t . j lAt  : i < A21. Now 4.7 will follow f r o m  4.8, 4.9. 

4 . 8  C l a i m  : If A~,~f~=~b t h e n  for  a n y  (f ini te)  A for  s o m e  i<A a, qi=tpA(~,A~) is 

m i n i m a l  and  big. 

P r o o f  : Clear ly  qt is big (for e v e r y  i < A a, by  (2)). If qi is no t  m i n i m a l ,  t ake  

~oq~eA, 6q~cA~+ 1 w i t n e s s i n g  th i s  (by (1)). W.l.o.g., ~q~(~,6q,)eq~ 2 and  

q¢k)[-~0q,(~,Sq,)] is r e a l i z e d  by  the  s e q u e n c e s  < ~¢,~:t<A~> which  a re  pa i rwise  

d is jo int .  

w.l.o.g, tpA(~¢,~,A~ ) does  no t  d e p e n d  on $, and  cal l  i t  r~; c l e a r l y  f i is A2-big. 

Also, r~#rj for  i <j, s ince  ~q~(@,6q~)eqrA~+lcqrAj=qjCr j 

b u t  ~q~(x,6q~) is sa t i s f i ed  by  ~,~. W.l.o.g. a~,~,aj,¢ are  d i s jo in t  when  

Now we c a n  i n t e r p r e t  Q~,A : we add a p r e d i c a t e  AA~ a n d  l e t  xEy iff x codes  ~" , 

y codes  y ( r e m e m b e r  4.3(2)), and  ~ and  ?~ r e a l i z e  t he  s a m e  A-type o v e r  AA~. 

E h a s  ->A 2 e q u i v a l e n c e  c l a s s e s  of power  ->A 2, a c o n t r a d i c t i o n .  

4.9 d ~ m  : A ~  sa t i s f i es  a), b) and  c) of t h e  ] e m m a  (4.7). 

P r o o f  : Let  q = tpA(~,A*), ~ f~ A" = ¢. We know t h a t  for  s o m e  i < X  2 qi=q~Ai 

is big and  m i n i m a l ,  h e n c e  is r e a l i z e d  by  pa i rwise  d i s jo in t  ff~ ~<A~. 

For  e v e r y  9 (2 ,b - )eq ,  q, t j lg(~' ,b-)]  is big [as q/K/l~0(~',6-)]eqj , for  s o m e  la rge  

e n o u g h  j<X2], h e n c e  q, ul~9(~,6)~ is no t  big. The re  a r e  ---A e s u c h  ~0(2,6), so 

o m i t t i n g  a n y  tup le  r ea l i z ing  a n y  of t h e m  f r o m  o u r  s e q u e n c e  < ~ : ~ < A ~ >  still 

l e a v e s  A~ m a n y ,  so e a c h  r e a l i z e s  q h e n c e  q is big. 

If q is no t  m i n i m a l ,  t h e n  q, is no t  m i n i m a l ,  c o n t r a d i c t i o n .  If 4.7(c) fails, we 

c a n  i n t e r p r e t  Q~,A, by  t ak ing  A w i t n e s s i n g  t h e  f a c t  t h a t  c) fails  and  def ining E 

as  before .  This f in i shes  l e m m a  4.7. 

4 .10 The  S y m m e t r y  L e m m a  : The re  a r e  no  ~o(~',y,~), d,aa,6a,e(a,fl<A~) s u c h  

t ha t :  

1) for  e v e r y  a,fl  < A~, ~9(b-=,~,ff.a,d) and  t h e s e  t h r e e  s e q u e n c e s  a r e  dis joint .  

2) For  f ixed a,  6a,t~(fl<A~) a re  dis joint .  

3) The a a ' s  a r e  dis joint .  

4) 9(6-a,~,~',d) is n o t  big. 

P r o o f  : We c a n  t h r o w  away m a n y  ~ a ' s  , 6-aa's, as  long as t h e i r  n u m b e r  
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r e m a i n s  so  w.l .o.g,  all  t h e  s e q u e n c e  6a ,~(a ,  fl < A2 +) a r e  p a i r w i s e  d i s jo in t .  Le t  

A=I~I. 
We m a y  a s s u m e  t h a t  fo r  e a c h  a ,  all ba,~ r e a l i z e  t h e  s a m e  A- type  o v e r  

1 ~ : 7 - - < a i t J d  ( u s e  p a r t  (1) of Def. 4.5 to  t h i n  t h e  s e t  16a,B:fi<A~I).  S i m i l a r l y ,  

we  m a y  a s s u m e  t h a t  a a , ,  ¢za~ r e a l i z e  t h e  s a m e  A- type  o v e r  

laT:7<Otl r~a2~ u/bT,i :7<otl(-~¢I2,  {<Xi~ud (use  4.7).  

What is the truth value of ~(6a,~,~7,¢{ ) for a,fl,7<k2? 

T r u e ,  if 7 = a .  

F a l s e  w h e n  ~ > a  ( n o t e  t h a t  we h a v e  a s s u m e d  a,fl,9,<A 2 a n d  n o t  a,fl,7<A~ ; n o t e  

t h a t  ~ ( 6 a , ~ , m , d  ) is n o t  big,  so  o n l y  few a i  r e a l i z e  it, so  n o  a~ r e a l i z e s  i t  f o r  i > a  

( a s  t h e n  all  s u c h  a{ ' s  r e a l i z e  i t ) . )  

If 7 < a  , t h e  a n s w e r  d o e s  n o t  d e p e n d  on  ft. 

L e t  a a c o d e  ha, ba,~ c o d e  ba,~" For  n o t a t i o n a l  s i m p l i c i t y  we i g n o r e  t h e  cod ing .  

L e t  P=laa:a<A21. 
L e t  xEy  iff (Vz EP)(~(x  ,z ,d)=d~(y ,z ,(i)). 

4.11  F a c t  : Fo r  al,O(2,fll,~{2<Tk2, hal,filE ba~,~ ~ iff a l = a  2. 

P r o o f  : We h a v e  j u s t  s h o w n  ( ¢ : : ) .  

C o n v e r s e l y ,  s a y  a l<a2 

~(ba,,#,,aa2,d ) is f a l s e  b u t  {p(baz,#eaa~,d) is t r u e ,  so  (~-------->) is  c l e a r .  

So we h a v e  i n t e r p r e t e d  Q[[,i~, c o n t r a d i c t i o n ,  h e n c e  we h a v e  p r o v e n  4.10. 

4 .12  L e m m n  : F o r  a n y  a d m i s s i b l e  M , a n d  a n y  { ( r e ,y ) ,  t h e r e  is  a n  a d m i s s i b l e  

e x p a n s i o n  M* of M, a n d  ~k(g) s u c h  tha t /14"  ~ ( 3 ~ l ~ x ) T ( x , ~ )  --- @(~).  

P r o o f  : We d e f i n e  AtCM / < k ~  i n c r e a s i n g ,  c o n t i n u o u s ,  JA t I--<A2. T a k e  A 0 to  

w i t n e s s  l e m m a  4.7. 

At+ 1 r e a l i z e s  all  A - t y p e s  o v e r  A t fo r  all  f in i t e  A, a n d  < A t + l ;  A 0 . . . . . .  At> is  a n  

e l e m e n t a r y  s u b s t r u c t u r e  of < M;A o . . . . .  At> e v e n  a l l owing  t h e  q u a n t i f i e r  3 ~i~. 

L e t  E be  t h e  e q u i v a l e n c e  r e l a t i o n  on  ~]-Ao: x 1Ex2 iff ( V ~ E A 0 ) ( ~ ( x , ~ ) = - W ( x 2 , ~ ) .  

C lea r ly ,  e v e r y  E -  e q u i v a l e n c e  c l a s s  is r e p r e s e n t e d  in  e a c h  A t + l - A  t. 

We s a y  t h a t  ( i , j )  is a g o o d  p a i r  if £ < j  a n d  fo r  a n y  ~ s u c h  t h a t  ~ ( ] ( A j - A t ) = ¢ ,  

a n d  c ~Aj - A t ,  ~(c  ,a)-=(:~>~'ex )(xEc ^~(x  ,a)). 

4 . 1 3  C l a i m  : If t h e r e  a r e  io<Jo<il<jl< .. • <in<jn, n > / ( f f ) ,  (it,jr) good,  t h e n  

t h e  l e m m a  h o l d s  wi th  M*=(M,AtvAio . . . . .  A~,A],,) a n d  ~/(y)=t/~==0 [ if y is  d i s j o i n t  
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f r om A~,-A~ t h e n  t h e r e  is no e ~Aj-A~ such  t h a t  ~(c ,y).  ] 

P r o o f  : Suppose  M* ~k(~7). Then  for some  t,  ff is d i s jo in t  to Aj -A~,  h e n c e  

M* ~ " t h e r e  is no c ~Ai~--A~ suc:h that ~(c ,~)". 

By t h e  definition of a good pair ,  and  as eve ry  E - e q u i v a l e n c e  c lass  is 

r e p r e s e n t e d  in  A~-A~, and t h e r e  a re  ~A2 E - e q u i v a l e n c e  c lasses ,  c l e a r l y  

M" b(~"z)~(=,y). 
For  t h e  con ve r se ,  suppose  M* ~(H~X~x)~(x,y) , and  suppose  y is d i s jo in t  to  

Aj~-A~ b u t  (Be ~ A j - A ~ ) ~ ( c , y ) .  This c o n t r a d i c t s  the  de f in i t ion  of a good pair .  

So we have  p r o v e d  4.13. 

Now we a s s u m e  t h e r e  a re  few good pai rs  (i,j) i.e. t h e r e  a re  no im,Jm as in 4.13 

and  ge t  a c o n t r a d i c t i o n ,  t hus  f inishing the  proof  of 4.12. 

For  a c lub  se t  C~A2 +, t he  following holds: 

(*) 5cC,i<8 imp l i e s  ~>sup~j:(i,j) is a good pai r  ~ if t h e  sup is <;k. 

By t h e  c h o i c e  of t he  A~'s (and see [Sh4], beg inn ing  of §3 (or g u a r a n t e e  th i s  in 

t he  A~'s def in i t ion)  also e.g. 4.15 is a r e p e t i t i o n  of this):  

(**) if/., ~ > ~6~cA,~, 62 nAb=C,, M" b ~(c  ,b-~^62) but M" k 
(2~X2X)(XECA~l(X'51A52)), ~1 is g o t t e n  f rom ~ by p e r m u t i n g  the  v a r i a b l e s  t h e n  

for  e v e r y  fl>~ (bu t  fl<h~) t h e r e  is such  a 62 with b2AA#=¢. 

Let K be t h e  set of <c>~61 such  that ~(c,6,~) is big (when <c>-SlcUA ~ 

this is equivalent to: for arbitrarily large tff there is b-2 as in the antecedent 

(above), 6-2 NA #=¢. ) 

So aga in  by  t h e  A~'s choice ,  if 6ffC, 61[fl~,c~fl~,c[ U A~:af f f l~ ,  < c > - [ l [ K  

then (V#<X~-)(~cA~,~)(<~>^6-~cK ^ e~¢A~). (This is by a similar hand- 

o v e r - h a n d  construction.) 

Now if ~i<~2cC, (61,~2) not good, we can contradict ]emma 4.7, 4. I0. 

4.14 Lend-ha : For M* rich enough, for every ~(x 1 ..... Xn+l) there are 

~i,j (i--~n, j </c) such that: 

1) If ( ~ J ) ~ ( x  1 . . . . .  x n , y  ) A ~(X 1 . . . . .  X n , X n ÷ l ) ,  t h e n  \ / \ / ~ i  j (xn+l,x{). 
{=I j----1 ' 

Proof :  : It suff ices  to find ~i , i  s u c h  t h a t  

f ~ ' ~ y ~ ( x ~  . . . . .  x,~,y ) ^ ~ ( ~  . . . . .  x,~+O-*k/. [ ~ < j ( x . + ~ , = O  ^ ~<~y~<~(y , z~) ] ,  a s  
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t h e n  t h e  f o r m u l a s  9 ~ , i ( x n + v x t ) ^ ~ < X ~ y g t , i ( Y , X t )  w i t n e s s  t h e  l e m m a  ( u s i n g  

4.12). 
We p r o v e  b y  i n d u c t i o n  o n  n.  

F o r  n =0,1 t r i v i a l .  

A s s u m e  for  ~ ,  a n d  we s h a l l  p r o v e  for  n + t .  We a s s u m e  M ° is  r i c h  e n o u g h  to  

c o n t a i n  t h e  u n a r y  p r e d i c a t e  A* as  i n  l e m m a  4.7 a n d  t h e  f o r m u l a s  ~b as  i n  

l e m m a  4.12. We s h a l l  d e f i n e  n** =4  a n d  ( l a t t e r )  a s e q u e n c e  of f i n i t e  s e t s  of for-  

m u l a s  

A t ( i<_n* ' ) ,  A t c A t + l  , ~ e A  0. 

R e m a r k  : The n °* = 4 is s o m e w h a t  m i s l e a d i n g :  i n  a s e n s e  i t  is  l a r g e  c o m -  

p a r e d  to  n ( R )  b u t  t h i s  ~s a b s o r b e d  by  s o m e  w.l.o.g, below.  What  is t h e  p o i n t  i n  

h a v i n g  t h o s e  At? L e m m a  4.10 g i v e s  us  a k i n d  of s y m m e t r y  ( if a d e p e n d s  on  b 

t h e n  b d e p e n d s  o n  a ). Bu t  t h i s  is  n o t  t r u e  if we r e s t r i c t  o u r s e l v e s  to  d e p e n -  

d e n c y  w i t n e s s e d  by  a f o r m u l a  f r o m  a f i n i t e  At. b u t  if we h a v e  l o n g  e n o u g h  

i n c r e a s i n g  s e q u e n c e  of At for  s o m e  i ,  A t - d e p e n d e n c y  is  e q u i v a l e n t  t o  At+l-  

d e p e n d e n c y  ( for  t h o s e  s e q u e n c e s ) .  

So s u p p o s e  ~ ( a  1 . . . . .  a n + l , c ) ^ 5 ~ e x ~ ( a  1 . . . . .  an+l , x  ) . We w a n t  to  p r o v e  t h a t  

s o m e  9 e h n -  s a t i s i f i e s  9 ( c  ,a t )^x 'a '~xz~(x ,a t )  , for  s o m e  i . W.ho.g., t h e r e  a r e  n o  

r e p e t i t i o n s  in  < a 1 . . . . .  a n + p c  >. (If a t = a  i ,  u s e  i n d u c t i o n  h y p o t h e s i s  on  n ;  if 

c = a  i ,  we a r e  d o n e  b e c a u s e  we c o u l d  h a v e  c h o s e n  to  h a v e  x = y e h  o ). W.l.o.g., 

n o  a i s a t i s f i e s  a n y  ~ ( z ) 6 & n o ,  s u c h  t h a t  : ( ' : ~ x ~ ( x )  

S i m i l a r l y  for  n e x t  o b s e r v a t i o n ,  as  t h e n  we u s e  t h e  i n d u c t i o n  h y p o t h e s i s  w i t h  

t h e  f o r m u l a  3x [ ~ ( a  a . . . . .  at-a,  x ,ai+l . . . . .  an+a,c ) ^ 

(~<x.y) ~ (  a ~ . . . . .  a ~ _ a , x  ,a~ + 1 . . . . .  a,~ + a , y  ) 

^ @(a a . . . . .  a~_ l ,X ,a i÷  1 . . . . .  an+ 0 ^ ( ~ < ~ ' z ) ~ ( a  a . . . . .  at_a, z ,a~÷ 1 . . . . .  an+a)] :  

W.ho.g., for  n o  ,3cAn, ,  

~ ( a  a . . . . .  a ~ - l , a ~ , a t + l  . . . . . .  a , ~ + a ) ^ ~ ' = ~ ' ~ (  a 1 . . . . .  ~ - ~ , = ,  a i + l  . . . . .  a~+l)- 
Let  a = <  a 1 . . . . .  a n >  ~bi=/N ~X(2 ,Y ,Z  ) :XeAt ,  ~ x [ a , a n + l , c  ]l .  

We k n o w  t h a t  X'~'A"x~i(~,an+l,Z)A3bt(~,ctn÷l,C ) for  i--<n**; we s a y  an+ a / - d e p e n d s  

o n  ~ if ( a < ~ y ) ( ~ z ) ( l b t ( ~ , y  ,Z) )A~X~t(5 ,Ctn+t ,X) ) .  

We c a n  a s s u m e  t h a t  for  i < n  *°, a n +  1 does  n o t  / - d e p e n d  on  a by  p u t t i n g  

~bt (a ,y  ,x) i n t o  h i+  1. S i m i l a r l y ,  [ i  < n  °* ~----->c does  n o t  i - d e p e n d  o n  a ] .  

Now b y  4.10 ( a n d  t h e  a s s u m p t i o n ,  as h a is  l a r g e  e n o u g h  a n d  t h e  u n i f o r m i t y  of 
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4.10): 

~° M ° . . . , (*) for  s o m e  CA l, ~ "  [a l, a n +l,c ] and  

M" ~ (3~X '<x ,  . . . . .  xn+l> )g* (x , . . . . .  xn÷,,c ). 

tf M* l=(a>x~z)~/l(~,an +1,c ) t h e n  by (*) t h e  f o r m u l a  

"O"(y,z)=(a>~"e.)~,l(e,y,z)eA2 n e c e s s a r i l y  sa t i s f i ed  M" ~ 9 a ( a ~ + l , e )  and  M* 

( ~ y ) 9 e ( y , e )  h e n c e  for  s o m e  OeA3 ,g (a~+ t , c )  ^ (::t~;~z)O(an÷l,Z) c o n t r a d i c -  

t ion .  So a s s u m e  M ° I= -'0 ~ (an+l,c). Also we c a n  a s s u m e  t h a t  

M*l=O>xs~.)Oy)~/2(~.,y,c) ( o t h e r w i s e  u s e  4.10 a n d  t h e n  t h e  i n d u c t i o n  

h y p o t h e s i s  on  n ) h e n c e  

M'~('~>x~e)(3y)[~h(e.,y,c),,-o~(y,c)], h e n c e  t h e r e  a r e  pa i rwise  d i s jo in t  

g ~ ( a < X ~ )  a n d  e l e m e n t s  b.,  s u c h  t h a t  M" !=~01(0:., b.,c)^-'O a (b=,c) .  If t h e r e  a r e  

k ~  d i s t i n c t  ba's, we eas i ly  c o n t r a d i c t  (*); so w.l.o.g, ba=b for  e v e r y  a.  Bu t  

t h e n  M'i=~Ol(a~,b,e) ,(a<h~) i m p l i e s  M'l=(~>~'~.hO~(e,b,c) c o n t r a d i c t i n g  

M" ~ - ~  (b,~). 

This p r o v e s  l e m m a  4.1_4. 

4.15 L e m m a  : For  any  ~o(~,~j) t h e r e  a re  ~ ( z , ~ )  s u c h  tha t :  

1) If : f ~ o ( a , y ) ^ ~ o ( g , 6 )  t h e n  \ / 0 ~  (bi,~) 

2) :t~-~"z~i(z,g) for  e v e r y  

P r o o f  • By i n d u c t i o n  on t h e  l e n g t h  of ~ a n d  of ~ . 

I n s t e a d  of one  ~ we c a n  p r o d u c e  a f in i te  se t .  We shal l  def ine lk / ( i<n  °°) be  

f ini te,  i n c r e a s i n g .  ~o(2,~7)eA 0 

Assume  ~ o [ ~ , b ] ,  ~o(~,y) smal l .  

We c a n  m a k e  s i m i l a r  a s s u m p t i o n s  as  in t h e  p roof  of t h e  p r e v i o u s  l e m m a  and  

def ine  ~ s imi l a r ly .  

Let  b = ~ ^ <  d >  

By t h e  i n d u c t i o n  h y p o t h e s i s ,  for  i<n** t h e r e  a r e  pa i rwise  d i s jo in t  ga (a<X~)  

s u c h  that ~z~(a,ffa,z ). 

Say ~(N,ga,d'~) 

if t h e r e  a r e  X~ d i s t i n c t  d a ' s ,  we g e t  a c o n t r a d i c t i o n  b e c a u s e  ( 2 ~ ) ~ ( ~ , ? ~ ) .  So 

w.t.o.g.da=d 0 all a < A ~  
> ÷ 

So (3 x ~ ) ~ i _ l ( N , N , d  ) is one  of t h e  c o n j u n c t s  of ~ 
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If (71 w) l~¢(a ,w,x )  is no t  smal l  we f i r s t  def ine  d i s t i n c t  d~ ( i<k2 +) s u c h  t h a t  

( 5 ~ ' ~ ) ~ ( ~ , ~ , d ~ ) ,  so (~>x~)~b~_l (~ ,~ ,d~)  t h e n  def ine  ff~'a,d~ pai rwise  dis- 
- -  - - i , v t  j o in t  for  a<X~  s u c h  t h a t  ~ t _ z ( a , c .  ,dt). This shows (~>X~y)~_l(a,y). Con t r ad -  

ic t ion .  
>. + 

If (3 x~)!~i(~,~,x ) is small, we get the desired conclusion. 

4.16 Lemma : Every formula is equivalent to a Boolean combination of for- 

mulas of the form: 

n ~ (y~ ,y o) ̂  !~(Y o ..... Yn, FI (Y o ..... Yn ) ..... F~ (y o ..... Yn )) such that : 
4=1 

Vy~<~z~t (z ,y )^Vza~ffgt (z ,y ) and for some 91 we have 

(Vx0,''')91(Fy(x0, ''-))^(3~x~x)~l(x) and the Ft's are definable func- 

tions. 

P r o o f  : Let  ~o(x 1 . . . . .  Xn), < a  1 . . . . .  an> be given.  We define n**<t0, a 

s e q u e n c e ,  i n c r e a s i n g ,  of f ini te  se t s  of f o r m u l a s  A{(i---n**). Let  

[{=ll : a t r e a l i z e s  a non-b ig  f o r m u l a  in ~t] .  

T, : l <  ) rot some I. 
n** is c h o s e n  big e n o u g h  so t h a t  fo r  s o m e  i < j - 8 - 2 n ( R ) ,  j < n * * ,  f~:fa" T~=Tf. 

Note  t h a t  T i is an e q u i v a l e n c e  r e l a t i o n  on Il :l<-l<-n,l ¢ f~] when  t h e  a p p r o p r i -  

a t e  ~ ' s  f r o m  the  c o n c l u s i o n  of l e m m a  4.10 and  4.12 a re  i n c l u d e d  in A~ / + 1  for  

e a c h  l ; 

S ince  T{:  Tj, j > i+8 ,  t h e  n e c e s s a r y  w i t n e s s e s  a l r e a d y  a p p e a r  in Aj. So Tj is an  

e q u i v a l e n c e  re la t ion ,  as  c l a imed .  

Let  a=ao-b-  ~ . . . . .  6 m whe re  a 0 :  ( a  t :l ~4> a n d  s u c h  t h a t  a t and  a t, a p p e a r  in 

t h e  s a m e  b3 iff a l , a l ~  and < l , l l > ~ T i  

We m a y  a s s u m e  t h a t  for  e a c h  h~ t h e r e  is a p r e d i c a t e  Ad as in l e m m a  4.Tand 

A;(x )  ~ Aa+,, so IA;I-----R e and  e v e r y  c o m p l e t e  A~-type o v e r  A~ is m i n i m a l .  

Also, us ing  a few p e r m u t a t i o n s ,  we have  in s o m e  a d m i s s i b l e  e x p a n s i o n  of M 

t h e  p r e d i c a t e s  R~ s u c h  t h a t  R~ codes  1 6 ~ : $ < ~ t < k a ]  , pa i rwise  d i s jo in t  

s e q u e n c e s  of l e n g t h  /=/(6-~) s u c h  t h a t  R~ c o n t a i n s  e x a c t l y  one code  for  a 

s e q u e n c e  f r o m  e a e h  c o m p l e t e  big t y p e  in S~a~ (A;), and  b-t~(~A;+ 1 and  i t  r e a l -  

i zes  a big A~-type over  A~ U U 6-~¢. So we m a y  a s s u m e  

R~(x)~A~+~ (l =1 . . . . .  m ) .  S imi la r ly ,  we m a y  a s s u m e  for  t h e  f u n c t i o n s  F~ m a p -  
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p ing  s e q u e n c e s  of t h e  a p p r o p r i a t e  l e n g t h  which  r e a l i z e  s o m e  big type  in 

Sa~(A~) s a t i s f y i n g  A ~O*(b~,bj) [for  "O*(x,y)=\/  t'O(x,y)eAi:Vxr~':~'~y'O(x,y) 
/, ,j  =1 

a n d  Yy~ '~y 'O(x ,y ) l  which  is in h~+l] to  t h e  u n i q u e  s e q u e n c e  in Rt ~ r ea l i z ing  

t h e  s a m e  Ae- type  o v e r  A~] , (i.e. (F (~ I )  = y )  c he+l) 

This  p r o v e s  l e m m a  4.16. 

4.17 T h e o r e m  QR is b i - i n t e r p r e t a b l e  with mon 1-1 • ~Qxo ,Q~ ,QE, QR'I with E an  

e q u i v a l e n c e  r e l a t i on ,  a n d  t Dom R* I<--X2. 

P r o o f  : By w h a t  we a l r e a d y  know, we m a y  a s s u m e  IDom RI---X~. We know 

R(x 1 . . . . .  Xn(R) ) is e q u i v a l e n t  to  s o m e  Boolean  c o m b i n a t i o n  of f o r m u l a s  as in 

t h e  s t a t e m e n t  of t h e  p r e v i o u s  l e m m a .  T h e r e  a p p e a r  t h e r e  f o r m u l a s  

f t  ,'Or (x ),~3 t (x ,y ). Without  loss  of g e n e r a l i t y ,  Vx:~'~y'O l (y ,x )^Vy:f~X2x'O t (y ,x ). 

Let  B°=ix;N{zgt(x)t .  Let  ~ t ( y , x ) = \ / [ ' O t ( y , x ) v ' O t ( x , y ) ] v x = y  (so ~31 is s y m -  

m e t r i c  b u t  n o t  n e c e s s a r i l y  t r a n s i t i v e . )  

On ~ - B  ° we h a v e  t h e  e q u i v a l e n c e  r e l a t i o n  /~-0= t h e  t r a n s i t i v e  c l o s u r e  of 

~l(y,z). 
By our  a s s u m p t i o n ,  e a c h  e q u i v a l e n c e  c lass  of ~9 has  power  ~X 2. 

Let  Sl=B°Ulx:(~x~y)(ly/ E°l=lx/ E°l){ and  l e t  B2=~xcf]-B l " 

(~y)(y~z^(~°~)[~(z,:~)~(~,z)])/ 
EI=EOtB2 

We want to interpret ,E l and analyze E°r(f~/-B°uBI ). Note that if we want to 

" e x p r e s s "  o u r  life will be m u c h  eas ie r .  For e a c h  e q u i v a l e n c e  c lass  C of E 1 we 

do t h e  following: 

Case  I : T h e r e  is bccC s u c h  t h a t  I ~ x ~ J - B O : ~ l ( x , b c ) { l  = l c l .  

Let  Dc=txcC:x/-bo'Ol(x,bc)].  
C a s e I I  : N o t I , s o  IC] is s ingu la r .  

Choose  a r e g u l a r  h c < t C  I in s u c h  a way t h a t  ( Y/z--<h2,/z s i n g u l a r  ) ( Yh<l~,h 

r e g u l a r  ) [ I I C : I C I : / z , C  an  E < e q u i v a l e n c e  c l a s s  {I = l f C : l C l = ; z ,  h c : h ,  C 

an  E l - e q u i v a l e n c e  c lass  I]-] 

This is pos s ib l e  as 

~,2<Itc:lcl:~II (e lse  CcBI) ;  a n d  choos e  bceC, Dc=lxcO:x~bc,'OI(x,bc){ 

such that I Dc I~Xc . 
Let  P=~bc:C an  E t e q u i v a l e n c e  c l a s s  ] 
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Q=UIDc:C  an E 1 equ iva l ence  class  /. 

W.l.o.g., P and  Q are  p r e d i c a t e s  of M, as IPl<-;~0, I Q l---~'0- 

Let y E * z  iff 

Q(y )  ^ Q(z)  ^ ( g x ) ( P ( x ) - , ' ~ * ( y , x ) ~ ' a t ( z , x ) ) .  The E* e q u i v a l e n c e  c l a s se s  a re  

the  se t s  O c. 

E* witl se rve  as the  E m e n t i o n e d  in 4.1% so we have p roved  QE <-in* QR. Now 

we shal l  s t a r t  to  prove  the  o t h e r  d i r ec t ion  (we still have  to  define R ' ) .  

We shal l  now i n t e r p r e t  E 1. 

Take s o m e  i s o m o r p h i c  copies  of E °, say E~, E~, s u c h  t h a t  for  e a c h  E 1- 

e qu iva l ence  c lass  C sa t i s fy ing  I C I =/z is s ingular ,  E~ d e c o m p o s e s  C in to  e f /*  

e qu iva l ence  c lasses ,  each  of power </~; and  some E i e q u i v a l e n c e  c lass  

i nc ludes  exac t l y  one  e l e m e n t  f rom e a c h  and  is dis joint  f r o m  all o t h e r  C's, and  

E o,E~ ref ine  E 1. 

For I C] r egu la r ,  C is an E~ equ iva lence  class  and an E i equ iva l ence  class.  So 

we have  i n t e r p r e t e d  E 1 . 

(If k l=  ]~/I, i t  m a y  h a p p e n  t h a t  such  a cho ice  of E~ and E~ is no t  possible,  bu t  

t h e n  spli t  ~] in to  two p a r t s  closed u n d e r  E 1 and  do this  on e a c h  par t . )  

Let A=l~ / z ,~z (x ) ,~z (x , y )  : l I. 
n(R) . . . 

Let S =  U S ~ ( B I , M )  
k = l  

For e a c h p  c S , e h o o s e  2p to r e a l i z e p .  

Let B 2 = B i u  U 2p. 
pES 

Let R* = R I B  2. 

Suppose  t CI=I,Z, C an E l - e q u i v a l e n c e  class.  Then E* ha s  >-1,~ e q u i v a l e n c e  

c l a s se s  of power  /~, else C would be c o n t a i n e d  in B t. So we c a n  use  severa l  

cop ies  of E 1 to  code  w h a t e v e r  we want  on C(for  all C 's  s i m u l t a n e o u s l y ) .  In pa r -  

t i eu la r ,  we can  have  e l e m e n t s  of C code s e q u e n c e s  f rom C. We can  also i n t e r -  

p r e t  t h e  e q u i v a l e n c e  r e l a t i on  xEy ~ 'x"  a n d  !I code s e q u e n c e s  rea l i z ing  t he  

s a m e  A-type over  B*." 

Use a n o t h e r  few copies  of E 1 t o g e t h e r  with 1-1  f u n c t i o n s  of power  

kl-> ]Dom R] to i n t e r p r e t  the  f u n c t i o n s  T~ ( for coding Y t i t  is e n o u g h  to have  

Rang (Fz) and  EFz : xEF~y iff x =y  

v(~2)[ (y  code Z) ^ y e B 2 ^ (x = F l ( y ) v y = F l ( x ) v F L ( x ) = F t ( y ) ) ] .  ) 
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Def. 5.1. So k~  sa t i s f i e s  5.3A below. So f r o m  5.10, 5.12 it  follows t h a t  

]A I - ~,~ ~ IS~a(A)] <-- k~. So k ~  sa t i s f i e s  t he  d e m a n d s  of k 2, h e n c e  Aa-----R ~. 

So t h e r e  a r e  on ly  two poss ib i l i t i es :  k2=k  a or  k 2 = k ~ .  For  t h i s  sec t ion :  

5.3 H y p o t h e s i s  : A2=A ~. Let  A=A 2. 

We shal l  e v e n t u a l l y  p r o v e  t h a t  [~e,Q~°n Q;~-I| ( lDom R I = A  ) is bi- 

i n t e r p r e t a b l e  wi th  Q~ra = ~ well o r d e r i n g s  of A of o r d e r  t ype  

A:]A[=R-<--]~I--AI|. T o g e t h e r  wi th  t h e  p r e c e d i n g  t h e o r e m s ,  t h i s  c o m p l e t e l y  

a n a l y z e s  t h e  ca se  A2#A 3. 

H o w e v e r  we w a n t  to  do t h i s  in a s o m e w h a t  m o r e  g e n e r a l  case ,  so for  t h e  r e s t  

of t h i s  s ec t ion :  

5.3A H y p o t h e s i s  : ~ is r e g u l a r  , K-~A 2 a n d  fo r  f ini te  A,m a n d  a d m i s s i b l e  M, if 

AC~,tA [<~, t h e n  ]S~A (A,M)[<A ( h e n c e  as  in 5 .2 ' s  proof ,  Q~,x ~int QR). 
5.4 Def in i t ion  : We say  q is a p u r e  e x t e n s i o n  of p (bo th  a r e  m - t y p e s )  if 

x,=c cq - - > x l  =c Ep ; we wr i t e  p Kprq- We cal l  p p u r e  if ¢CprP. 
5.5 Def in i t ion  • For  e v e r y  a d m i s s i b l e  M, IA ]<A, pCSr~(A,M) we def ine  r a n k  

Rk(p)=( a,jff> (a,fl may be o0) ( r e a l l y  we s h o u l d  write R k ~ ) :  

R/c(p)-~< 0,0> if p is r e a l i z e d  by s o m e  g.  

Rk (p)-~< a , 7 >  (0<7< °°) if for  e v e r y  ~<7,  a n d  A I~A s u c h  t h a t  I A 1{ <h, p has  

an  e x t e n s i o n  q c E ~ ( A 1 , M )  s u c h  t h a t  R k ( q ) > < a , f l >  and  if a>O, q is a 

p u r e  e x t e n s i o n  of p .  

u~ o~ >-< ~,®) if R~ ~ > <  ~ ,7 )  for every ~. 
Rk(p)~_<a,O> when  a > O, if for  e v e r y  16<a t h e r e  a re  A1DA, IA~IO, ,  and  

[qlDprP a n d  q2DprP] or  [ a  = 1, q l  ] P ,  qe D P ]  s u c h  t h a t  

ql,qzeS~(AX,M), qt#q2, / ~ ( q l ) > - < f l , = > ,  R/c(q2)--~(B,~>,  

=.-> >< =.& all < 

C~) = < - , - )  if ~ c . )  -~ < ~ , ~ )  eor all ~,~. 
5.6 R e m a r k  : We c a n  show t h a t  if R / c ( p ) = < a , f l >  t h e n  tec|0,o~]. Note  t h a t  

t h e r e  is no  c o n n e c t i o n  b e t w e e n  r a n k s  for  d i f f e r e n t  A's. 

5.7 Claim: : Fix A,m, p ,q will be  c o m p l e t e  A - - m - - t y p e s .  

0) p % r q  ------->m (p)-->m (q)  

Sh:171



26 

It is easy to interpret R. 

The analysis is complete, getting the biinterpretability except that we have 

forgotten Ba=Dom .R-BIu B2, On B 3 , E 0 may have countable equivalence 

classes but (VxeBa)(H<~°y)gi(y,x). We shall deal with the new points only. 

Fi r s t  we c a n  def ine  a p a r t i t i o n  of B 3 to  B~a(/=0,1,2,3) s u c h  t h a t  z~l(x,y) ,  x EB~ 3 

i m p l i e s  y eBla_l k jBla t jBl+l  ( w h e r e  / - 1 , / + 1  is c o m p u t e d  s o d  4 ) [ e.g. c h o o s e  

ZcEC f r o m  e a c h  E ° - e q u i v a l e n e e  c lass  C (~B a ) and  l e t  y eC be  in Bl 3 if 

d(y,x)=-I s o d  4 w h e r e  d(y,x)=Minllc: t h e r e  a r e  

z l  . . . . .  z~, y = z l , x = z ~ , O l ( z t , z t + l )  for  e a c h  i t ] .  

Next  for  x e B  3 l e t  X z = I l y : ~ i ( y , x ) ~ l  and  / z ( A ) = l t x c B a : k x ~ k ]  ( for  X<~ 0. ) We 

c a n  a s s u m e  e a c h  /z(k) is 0 or  ->S 0, (and e v e n  -> k~ ) a n d  n o t e / z ( k )  is d e c r e a s -  

ing in A, h e n c e  e v e n t u a l l y  c o n s t a n t ,  say  for  k--k<l%. 

Now we can. i n t e r p r a t e  5~, E an  e q u i v a l e n c e  r e l a t i o n  which  for  X-</c h a s  

e x a c t l y / z ( k )  c l a s ses .  

For  t h e  c o n v e r s e ,  l e t  u s  e.g. i n t e r p r a t e  Oi(x,y). I t  suf f ices  to  code  fo r  

I<4, S=~<x,y>:z~I(x,y)A(ZeB?) I Note that IBis[ = IBSI > A2 (by the 

definition of B1). 

Let  F be  a o n e - t o - o n e  f u n c t i o n  f r o m  S in to  BlZ+2, a n d  le t  E1,E z be  e q u i v a l e n c e  

r e l a t i o n s .  The f, -equivalenee e I a s s e s  are  for  

xEB, 3, and  t h e  E 2 e q u i v a l e n c e  c l a s s e s  a re  ly~l .JIF(<x,y>):<x,y>eS].  (we 

c a n  a s s u m e  B~3+2 h a s  t h e  r i g h t  c a r d i n a l i t y  as we a re  dea l ing  wi th  -> k~  

e q u i v a l e n c e  c l a s s e s  h e n c e  cou ld  have  c h o s e n  i t  su i t ab ly) .  T o g e t h e r  wi th  

m o n a d i c  p r e d i c a t e s  t h e  r e c o n s t r u c t i o n  is easy;  as well  as dea l ing  wi th  t h e  lb's. 

§5 In t h e  f i r s t  s t a b i l i t y  c a r d i n a l  

5.1 Def in i t ion  : 

Le t  Xa=X3(R ) b e  t h e  l e a s t  X s u c h  t h a t  

(VA c ~  ( I A [sX ~ ] S ~  (A ,M) I-<A 

A finite,  M a d m i s s i b l e ,  

5.2 F a c t  " A 2 is As or  A~ 

P r o o f  : Clear ly  Xs-X 2. 

Suppose  A s i a  2. We c a n n o t  i n t e r p r e t  Q ~ , ~  b e c a u s e  o t h e r w i s e  for  s o m e  a d m i s -  

s ible  M, f ini te  ~, AcM, IA]=k s we would have  ]Sa(A,M)[=A f ,  c o n t r a d i c t i o n  to  
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i) Rk (p)_-< 0,0> i .  Rk (p)_-< 0 , ->  
2) If p is r e a l i z ed  by no A pairwise  d i s jo in t  m - t u p l e s  outs ide  D o m p  t h e n  

3) If p is r e a l i z e d  by --h pairwise d i s jo in t  ou t s ide  D o m p  m - t u p l e s  t h e n  

Rktp)->< t , - >  
P r o o f  : 0) is obvious.  

1) Let  ~ r ea l i ze  p .  Suppose  Rk(p)~<O,fl> all 3<a .  Suppose  A1DA is given, 

IA*I <~. t h e n  q =tph(o.,A 1) e x t e n d s  p ,  so R/c ( 2 ) > <  0,or>. 

2) If p is r e a l i z ed  by no  A pairwise d is jo in t  nz- tup les ,  l e t  A 1 be su c h  any no 

s e q u e n c e  disjoint  to  A1-Dom p r ea l i ze  p ,  Dora p c A 1  a n d  [AI[ <A. Th e re  is no 

q ~prP, q eS~ (A I,M), h e n c e  Rk (q)~ < I, i>. So Rk (p)~Rk: (q)~< 1,0>. 
3) Suppose p is realized by -~A pairwise disjoint outside Dora p sequences, 

pai rwise  d is jo in t  ou t s ide  Dora p .  We p rove  R/c (p)_~< 1,7> by  i n d u c t i o n  on 7- 

-f=O: Let  ~#6- rea l i ze  p .  Let  AI=Au~u 6 and  le t  ql=tpA(~,A1) qe=tpa(6,A1). 
Easi ly  iq 1,q2~ witnesses/i~ (2)-->< 1,0>. 

7>0: Let  A1DA, IAII<A, ~<T. We know IS~(AI,M)I<N. 
So by Hy po thes i s  5 .gAp has  <A e x t e n s i o n s  in S~(A1,M).  S ince  p is r e a l i z e d  by 

A pai rwise  d i s jo in t  ou t s ide  Dom p s e q u e n c e s ,  s o m e  e x t e n s i o n  q of p in 

S~ n (A 1,M) is r e a l i z ed  by  A pairwise d i s jo in t  s e q u e n c e s ,  by r e g u l a r i t y  of A. 

By t he  i n d u c t i o n  hypo thes i s ,  Rk(q)~-<l,fl>, as r equ i r ed .  This p roves  the  

c la im.  

5.8 Claim : Assume p cS~(A,M), Rk(p)=<a,o~>, 0 <a <= ,  A CB, I BI <~. Then p 

has  one  and  only one  p u r e  e x t e n s i o n  q c S ~ ( B , M )  of t h e  s a m e  rank .  

: P r o o f  : Take T" so l a rge  t h a t  

RIc(pl)>-<a,y*>=>Rlc(pl)m<a,..> (possible,  as t h e r e  a re  only s e t - m a n y  

types) .  We know R/e (p )m< a , y '  + l >  so p ha s  a p u r e  e x t e n s i o n  qeSr~(B,M) 
with Rk(q)~--<a,7">. Hence Rk,(q)~_<a,o=>. If t h e r e  a re  two such q, t h e n  

Rk (20)m< a +  1,0>, c o n t r a d i c t i o n .  

5.9 Claim : 1) If h>~l 0, t h e n  for  any  A of c a r d i n a l i t y  less  t h a n  7% and  f ini te  

A,m, t h e r e  is HDA, l Bl<X, such  t h a t  

p cS~ (B,M)=> [R/c (p)=< a , - - > f o r  some a < -  o r  Rk (Io tA)=< =,~,,> ] 
2) We can  do (1) s i m u l t a n e o u s l y  for  all A. 

P r o o f  : 1) Define A n ( r i c o )  by induc t ion :  
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Ao=A. 

Suppose  A n has  been  def ined.  For  e a c h  p c S ~ ( A  n,M) s u c h  t h a t  

R k ( p ) = < a , 7 > ,  7<=,  t ake  BpDA n I/F:~ I<h su c h  t h a t  p h a s  no e x t e n s i o n  in 

Sr(Bp,M ) of rank < a,7>. ( i.e. Bp witnesses Rk(p);~ < a,7+l> ). 
Let  A n + I = A n D U  IBp: p e S~'(Bp,M)I.  

Le t  p e S r ~ ( U A n , M ) .  Since Rk(prAo)>-Rk(pM1)>-Rk(prA2)~ . . .  , we c a n  find N 

s u c h  t h a t  Rk (p tAN) =Rk (p tAN+ ~) . . . .  . Suppose  n >N and  

Rk (p ~&)=< ~,7>, ~e~, Rk (p r&) =Rk (p rA~_l),An_,cAn_~ US~ ~Ao_,=Bp rA._,CAn 
so prBprA, ~ ~ is an e x t e n s i o n  of prAn-1 of t h e  s a me  rank,  c o n t r a d i c t i n g  the  

de f in i t ion  of Bp. So n >N--,[Rk (p rAn)= < a,~o> f o r  some a]. 

Let  A* = uAn-  

If Rk(PrAN)#<,~,,,,o>, t ake  a < ~  such  t h a t  Ric(prAn)=<a,~ > for  e v e r y  la rge  

e n o u g h  n .  p M  N has  a un ique  e x t e n s i o n  q e S ~ ( A ' , M )  s u c h  t h a t  

R]c (q)=< a,oo>. Also ptA N has a un ique  extension in Sr(An,M ) of rank <a,oo>, 

but q rAn , p r An are such extension for large ~%. 

So p r ~  =q ran for large ~,  so p : ~ ,  ~o ~ ~ )=< ~ , @  

2) S a m e  proof .  

5 . 1 0  F a c t  : If RIc (29)<< o%00> for e v e r y  p CS~(A,M),  

w.l.o.g. 1Dora Rl<-h. 

A 1<Tt, t h e n  A2---~, ( h e n c e  

P r o o f  ' E a s y  noting A C B ~ ]S'~(A)I <- ]S'~(B)] 

5.11 L e m m a  : Suppose  for some  la rge  e n o u g h  f ini te  A, for  e a c h  A-hype p in m 

va r i a b l e s  R~ ( p ) < ( a ~ ) .  Then, 

i) (:3 , ,~mon ( R,~XD ,QI~-ll can  be ana lyzed  as be fo re  (in §4, with k for  X~), and 

~51 f ~ [ . o ' n ,  f ' l  1--1 ~ ..... ( . . , l ' r r~o'n.  , '1 1--1 ~t ~t | R,"r~.o ,'~'X, )'-=~.nt¢~Xo ,~Xl , g', e') for  s o m e  e q u i v a l e n c e  r e l a t i o n  E, and  

r e l a t i o n  R*, t Dorn R* I </ t .  

o r  2) I:tR, Q~-I t is b i - i n t e r p r e t a b l e  with ~ Q.,~ra, Q~,~ l, s o m e  ~. 

or  3) ~aR,Q~'I] is b i - i n t e r p r e t a b l e  with ~:3R,,aE{, E an e q u i v a l e n c e  r e l a t i o n  

f Dom R* t<X=~ 0. 

P r o o f  • Not ice  t h a t  if p c S  x (A ,M) has  r a n k  < 1 ,=>,  t h e n  p is m i n i m a l  big. 

We shall  d e t e r m i n e  A la ter .  

Le t  A* be as in the  p r ev ious  (of 5.9), so t he  r a n k  of any  A-type in one  var iab le  
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over A* is either <0,oo> or < i,o~>. (If A=t~ 0 we can still get this by Konig 

L e m m a  and  5.7(1). 

Let  ]9,n=[peSr~(A',M):Rk(p)=< l oo> ~, ~m = I/9,~ I and ~ = ram(*) w h e re  m(*) 
is la rge  e n o u g h  wi th  r e s p e c t  to  h le t  D = U /9 m. We c a n  i n t e r p r e t  Q~=eq,x - 

rn~m (*) 
in fact, for re=l, the equivalence relation of realizing the same A-type over 

A* with domain ~a:a realizes some pe]gra , aeDom (R){, is an equivalence 

relation of this form. For m >i, remember we can code sets of-----A pairwise dis- 

joint sequences so we can interpret Q~. 

Define At(i <A) continuous, increasing, such that: 

1) A0=A*. 

2) At+IDAt U UBp w h e r e  Bp is def ined  as before .  
p 

3) I& I<~ for i<~. 
4) Don (R)=  U At (see  5. i0). 

{<X 

We know t h a t  e v e r y  p e/gra has  a un ique  p u r e  e x t e n s i o n  p[qeS~(At,m) of t h e  

s a m e  rank.  We shall  show t h a t  e v e r y  p u r e  p canna (At,M) is of th i s  fo rm,  pro-  

v i d e d  that Rank (p):< 
If p~Ao¢/tim, t h e n  it has rank < 0,-->,  so 

R/c(p )----Rk (ptA0)= < 0,=> << i oo> =Rlc (p), contradiction. 

Ifp[Ao=qe]9 m butp#q [q, then for some ~acq [i], -~cp. But by Def. 5.5, p,q[i] 

exemplify/~ (q )->(2,0), contradiction. 

This proves every p of rank < I,o~> in S'~(At,M) is q[i] for some qEDr a, 

We assume for a while: 

H y p o t h e s i s  A :(Vi)(~j>i)(3m --=- m(*))(apieS~nA (Aj,M)) [ RIc (pi)--- < 1,oo> a n d p i  

A t -spl i ts  over  A t ] ( A1DA t o  be d e t e r m i n e d . )  

w h e r e  we def ine:  p c S ~ ( A , M )  Al-spli ts  ove r  HCA if t h e r e  a re  b,ffGA rea l -  

izing the  s a m e  A v t y p e  over  B and  t h e r e  is ~aeA s u c h  t h a t  

Clear ly  fo r  all i ,  pi=q~[i] for  some  j = j~, and  some  q~e]9 (when we r e s t r i c t  

ou r se lves  to  A-types in one  var iable . )  As [/tim(.)[ <h, we m a y  a s s u m e  all qi a re  

the  same ,  q=q~,, and  q is pure .  For  n o t a t i o n a l  s impl ic i ty ,  l e t  j i = i + l .  

For each i, let ~tCAt+I-A¢ realize q[¢] and 6¢,e-tCAt+l be such that 
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~ i ( x , G i ) , - ~ a i ( x , C i ) E q  [i+~]. We m a y  a s s u m e  all t h e  ~oi(2,77) a r e  t h e  s a m e ,  

~ = ~ .  Now ~(a~,5~)^-~(a.,5~) h o l d s  w h e n e v e r  a>fl (as  a a  r e a l i z e s  

q[a]Dq[a+l]~l~(2,6a ), -~(x,ca)~) a n d  ~(aa,6a)^~o(aa,ea) fa i ls  if a<fl w h e n  we 

c h o o s e  h 1 a p p r o p r i a t e l y ,  n a m e l y ,  w h e n  we e n s u r e  6~ a n d  c:~ r e a l i z e  t h e  s a m e  

~b(~;~ ')  ] - t y p e  o v e r  Aa w h e r e  q/(y,g)=~o(~" ,?7).- 

So s o m e  f o r m u l a  w e l l - o r d e r s  [ga^ba^¢a:a<~k{. T h e r e  is a s u b s e t  of p o w e r  ;k 

w h i c h  is a A - s y s t e m ,  (as  k is r e g u l a r  -> ~0) so we c a n  c o d e  t h e  e l e m e n t s  of t h a t  

s u b s e t  (with  a few p e r m u t a t i o n s )  by  e l e m e n t s  of M a n d  t h u s  i n t e r p r e t  Q~Ora 
so  ( ~ e q  nword ,<  (QR,Q~-I] 

To see  QR<-~ntIQ~:,x,~ Qworah ~, fo r  s i m p l i c i t y  we s h o w  t h a t  t h i s  ho lds  w h e n  R is 

b i n a r y .  ( IDom R l = k ,  of c o u r s e  ). With a w e l l - o r d e r  a n d  a s e t  we c o d e  a n  

e q u i v a l e n c e  r e l a t i o n  E w h o s e  e q u i v a l e n c e  c l a s s e s  a r e  A t+ l -A t .  Reca l l  

~ = ] P m ( * ) t .  On e a c h  E - e q u i v a l e n c e  c l a s s  C, we c a n  c o d e  (by  m o r e  well  o r d e r -  

i ngs )  R t  C a n d  fo r  e v e r y  q E p a n d  a E C w e  h a v e  to  s a y  w h e t h e r  a r e a l i z e s  

a n d  w h e t h e r  R ( x , a ) e q  [~+1] . We c a n  do  t h i s  w i th  Q ~  a n d  Q~ora. So we h a v e  

proved the desired c o n c l u s i o n  (5.11(2)) .  

So we f in i sh  t h e  c a s e  H y p o t h e s i s  A ho lds ,  so  a s s u m e  

H y p o t h e s i s  B : H y p o t h e s i s  A is false.  

By r e l a b e l l i n g  a n d  t a k i n g  A t f o r  s o m e  l a r g e  i as  o u r  A o, we c a n  a s s u m e  no  

q[~] h i - s p l i t s  o v e r  A o. ( fo r  e v e r y  q c ]~ .  

Now we ask:  
* 6 * 

If AoCA1CA 2 a r e  as  above ,  ~ICA2, blCA 2, a2~//-A 2 , 2C~J/-A 2 , 

p2=tp a,(~a,Aa)DP l=tP al(~l,A1) 

qe=tP a,(Se,A2) ~q 1 =tp A,(51,A 1). 

RkA,(P 1)=Rka,(P2) ,  Rk al(q 1)=Rk a~(q 2). 

Must  ~p a(~ l^bz,A 1) =tp a(ae^b- l ,A t)? 

( C a u t i o n :  U n l i k e  f i r s t  o r d e r  t y p e s ,  t h e  a n s w e r  m a y  d e p e n d  on  t h e  s p e c i f i c  a t ,h i  

u s e d  a n d  n o t  j u s t  t h e  t y p e s  t h e y  r e a l i z e . )  

If t h e  a n s w e r  is yes ,  ( for  e v e r y  A, fo r  s o m e  A 0 fo r  e v e r y  A 1,A2), t h e n  we c a n  

e s s e n t i a l l y  c o p y  t h e  a n a l y s i s  ( in  § 4 ) of r e d u c i n g  f r o m  I Dom R ] = ; k  1 t o  

] D o m  R ] = •  2 a n d  g e t  t h e  d e s i r e d  c o n c l u s i o n  (5.11(1)  if A>I~ o, or  5.11(3) if 

X=~0), 
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If t h e  a n s w e r  is no (for s o m e  A, for  e v e r y  A0), t h e n  by i n d u c t i v e l y  choos ing  

c o u n t e r -  e x a m p l e s ,  t h i n n i n g  to  a A- sys t em,  and  coding via p e r m u t a t i o n s ,  we 

~eq QWOra ~ This c a n  i n t e r p r e t  O~ °ra and,  as be fore ,  we g e t  ~Qn,o~-i~-~intl~x,~, ~ ~. 

p r o v e s  l e m m a  5.11. 

Now we a re  r e d u c e d  to  t he  ca se  t h a t  R /c (p)=<oo ,~>  for  s o m e  p or  

Rk(2) ->< 2,0> for  s o m e  h - t y p e  p in one  va r i ab le .  

5.12 ] , e m m a  : For  no  p ES~nA (A,M) is Rk ( 2 ) = <  ~ , ~ >  ,({A {<A). 

P r o o f  : We a s s u m e  R k ( p ) = < ~ , ~ >  a n d  r e a c h  a c o n t r a d i c t i o n  by i n t e r p r e t i n g  

QI,~- 

5 . 1 3  Defin i t ion  : Suppose  (by add ing  d u m m y  va r i ab l e )  t h a t  A is a (finite)  s e t  

of f o r m u l a s  of t h e  f o r m  ~(x ' ,y )  (with a f ixed y )  and  p is a A- type  in t he  

s e q u e n c e  of v a r i a b l e s  z .  Le t  A c be  t h e  s e t  of f o r m u l a s  o b t a i n e d  by  r e v e r s i n g  

t h e  ro le  of x" and  y ;  i.e. a A c - t ype  would  c o n s i s t  of f o r m u l a s  ~(a,y). 
5.13h F a c t  : If p =tp t~(~ ,A ), Rlc (2)=< 0% co>, t h e n  for  s o m e  

BDA, {B{<X, q = t p h ( ~ l , B ) D p r p ,  Rlc ( q ) = <  0o,~> and  q At -sp l i t s  o v e r  A. 

P r o o f  : Choose  BoDA, B o { <k s u c h  t h a t  e v e r y  A c - t ype  o v e r  A r e a l i z e d  in M is 

r e a l i z e d  in B 0. 

We t a k e  p 0 e ~ r ( B 0 , M )  PoDprP, R k ( 2 0 ) = < ~ , ~ > .  So t h e r e  ex i s t s  ~(~ ' ,b)  such  

t h a t  bo th  p 0 u l ~ ( z , 6 ) ]  a n d p 0 u I  ~ ( z , 6 ) ]  c a n  be c o m p l e t e d  to A- types  of r a n k  

So t h e r e  is ~ c B  o, tp Ao( ~,A )=tp ao( 6,A ). 

Without  loss  of g e n e r a l i t y ,  ~ (~ ' ,~ ) cp  0- 

So poub(~,~)~(~,~)~ c a n  be c o m p l e t e d  to a A - type  r a n k  < - , - >  whieh A o- 

sp l i t s  o v e r  A (and  is a p u r e  e x t e n s i o n  of p 0 )- 

5.13B F a c t  : We c a n  i n t e r p r e t  Q~,,qo,- 

P r o o f  : Take  At,( i<A ) as in l e m m a  t h e  p roof  of 5.11. 

For  e a c h  i ,  t a k e  p t = t p A ( ~ , A t )  to h a v e  r a n k  < oo,~> and  w.l.o.g, is pure .  By f ac t  

5.13A we c a n  t a k e  6 i, t- i s u c h  t h a t  tpAo(b~,At)=tpAo(ff~,A~) and  

p~ U l ~ ( z , b - i ) , - ~ i ( 2 , g i ) l  h a s  a p u r e  c o m p l e t i o n  of r a n k  < oo,~>. 

So for  s o m e  %bt(~,dt) b o t h  p ~ t j l ~ i ( ~ ' , 6 i ) ,  ~ ( x , ~ t ) , + @ i ( ~ , d i ) ]  have  c o m p l e t i o n s  

of rank < o0,oo>, 

Let ~ta be pairwise disjoint, ~¢,a(~Ai=¢(a<i, /=0, i) , ~tt,a realize 

p i U l @ i ( g , b i ) , - @ { ( Z , ~ t ) ]  a n d  ~bi(a¢, a ,tit) if[ l=0 .  
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Without  loss of gene ra l i t y ,  ~t^6i^ff~^a~,acA~+ 1. for  a < lAb+l I; w.l.o.g., 

~ot=~, ~ i = ~  do no t  d e p e n d  on i .  W.I.o.g., b-i^ffi~d.t (3A~ is c o n s t a n t ,  (if k>~ 0 , by  

app ly ing  Fodor ' s  t h e o r e m  to F ( i ) =  a t  l ea s t  j s u c h  t h a t  A~ ( 3 ( G ~ ^ ~ d i ) C A j ;  and 

t h e n  us ing  t h a t  t h e r e  a re  ~,-many i b u t  less  t h a n  ) t -many f in i te  s e q u e n c e s  

f r o m  Aj; if k=ll 0, by t h e  A-sys tem l e m m a  and  r e n a m i n g . )  W.l.o.g. , ~ . a  is dis- 

jo in t  to  6~^~-i^~. 

We c a n  i n t e r p r e t  P=tb¢^ff~^d¢; i < k l  s ince  we have  a r r a n g e d  t h a t  t h e y  fo rm  a 

A-system.  

Let  f be t h e  p e r m u t a t i o n  

f (a~ ,a)=~l~l  , f is t he  i d e n t i t y  e l sewhere .  

When does  ¢(~,a ,6j)^~0(a~,a ,~-~.)^[~p(tg~,a ,d/)---~0(f(~,a) ,dj)]  hold?  For  i= j ,  
t h e  f o r m u l a  is t r u e  by  inspec t ion .  

For  i < j ,  t h e  answer  is no, as b-j,cf r ea l i ze  the  s a m e  At - type  ove r  AjDg~, a . 

For  i > j ,  t h e  answer  is no; s ince  dj cA~, and  a~,~,f  (a~,~) r ea l i ze  p i  which  is a 

c o m p l e t e  A-type ove r  A i, c o n t r a r y  to the  t h i r d  c o n j u n c t .  

So we can i n t e r p r e t  E with d o m a i n  [~o : a</.<,.kl, ~O ,a E  @O,,a ___afi.i=iz" 
(using P and  I to do so, r e m e m b e r  4.3(2)).  

Bu t  E is in Q~<x. 

S . l aC  F a c t  : We c a n  i n t e r p r e t  Q~ord. 

P r o o f  : By Fac t  5.13B we can  i n t e r p r e t e  an  e q u i v a l e n c e  r e l a t i o n  E with 

e q u i v a l e n c e  c lasses  Ai+l-A~. 

Le t  F~ be t h e  e q u i v a l e n c e  r e l a t i o n  on f ini te  s e q u e n c e s  of su i t ab le  l e n g t h  ra  

f r o m  A~+I--A~ : 

N~F_~Na iff a~ ,aa  r e a l i z e  t he  s a m e  Ae-type ove r  A~. 

We can  code  [ J E t = E  1 by f ac t  5.13B, s ince  IA~+~-A~ I<k. 
~<~  

Let  z~A~+~-A~ ~ I~Af+I -A  ~. 

If i <~, 

O ( z , ~ / ) ~ "  If [b ~ . . . . .  br~,e t . . . . .  cm,z  I a re  in t h e  s a m e  E - e q u i v a l e n c e  c lass  

and  6/~'~ t h e n  ( r e  s~zch t h a t  z~E~J)/N(~o(e,b~ . . . . .  b~)=-~o(e,e~ . . . . .  cry)) 

holds ."  

Obviously if j < ~, O(~ ,~)  holds. 

If j > i ,  p~u~o~(~,6~),-~o~(~,g~)l has  a c o m p l e t i o n  of r a n k  < - - , ~ > ,  so w.l.o.g, i t  

is r e a l i z e d  in A i + t - A I ,  so O ( z , y )  fails. 
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T h i s  p r o v e s  F a c t  5.13C. 

5 .13D F a c t  " We c a n  i n t e r p r e t  Q ~ .  

P r o o f  • We c a n  f i n d  2t, i ,~Tt,y CAi+l-Ai, (i <j ) s u c h  t h a t  

tp ̂ (~t,j ,&) =tp ^(y~,~.,&), tp ~(~t,j,&+1)~tp ^(Yt,j,&+l) for aU ~ <i <x. 
(we c a n  t a k e  t h e m  t o  r e a l i z e  P¢ U l i ~ / t ( x , d t ) ]  f r o m  t h e  p r o o f  of 5,13A).  

In  f a c t  t h e r e  a r e  ]A t I s u c h  p a i r w i s e  d i s j o i n t  p a i r s .  

So,  w. l .o .g . ,  x'ildl,2%,j~,y-%,jl,y-%j ~ a r e  a l l  d i s j o i n t  f o r  (il, j 1)#(i2,j2). S i n c e  we c a n  

i n t e r p r e t  Q~ord, we c a n  i n t e r p r e t  t h e  e q u i v a l e n c e  r e l a t i o n  x-il,j Ezi~,j , iff  i l=i  2. 

So  we h a v e  p r o v e d  5.13D, h e n c e  5. lg .  

5 . 14  Lemnma • For nop ( a n d  a ) R/c (p)>< 2,oo> ). 

Proof "We know (Vp)(R/c(p)<<o%oo>). If the lemma fails we shall interpret 

Q~ getting a contradiction. By Def. 5.5 we can findp R/c (p) = <2,oo>. 

We can define A~ (i<~), A/ increasing continuous as in 8.11's proof, 

1 4  ] <A, p oeS~A (A o), I~  (p o)=< 2, ~> ; Pi =P ~] e S ~  ( 4 )  P o c p¢, Rk (Pi) = <2,oo>, 
piCprq¢eS~(A~+l), Re(qi)=< l,oo >, <,jCAj+ 1 - A  j, tpa(<d,Aj)Dprq¢ h a s  r a n k  

and W.l.o.g. the form a 1,- 

system. And even ai,i, 6t are pairwise disjoint outside some 6" .  

If for every i for some j, p~J] At-split over A t, we can easily interpret Q~r4. 

Otherwise we can easily interpret first Q~,q<;~, with which we can code 

IA~+I-Ai: i<k I and relation over the A~+I-A/; so we can again code Q~rd. 

(really the first ease occurs as for every i_<7% there are i <jI<j2<A, 

tpA~(bj,,Ai) = tpAo(6j~,4) In  b o t h  c a s e s  we f i n i s h  a s  in  5.13D. 

Now 5 .11 ,  5 .12 ,  5 .14  g ive  a c o m p l e t e  a n a l y s i s  o f  t h e  c a s e  Aa#A 3 

D u r i n g  o u r  i n v e s t i g a t i o n s ,  we c a m e  a c r o s s  t h e  f o l l o w i n g  q u a n t i f i e r :  

5 . 1 4 A  D e f i n i t i o n  " L e t  K~a°rd=lR:R a t w o  p l a c e  r e l a t i o n ,  ( D o n  R,R ) i s  a we l l  

o r d e r i n g  o f  o r d e r - t y p e  a ~. 

5 . 1 5  C l a i m  " i) tf a<_fl t h e n  f)word<owovd 

< r~wora for infinite a (hence J-~ <D-w°ra 

~) u ~ <. -/9 - ~  cardinals). "~,^--~n~'~A~ , ( A>g-->bl 0 a r e  

4)  F o r  A s i n g u l a r  Q~Or~ =¢ntQ~,~- 
5) If a = A e t h e n  Q ~  ~ Qa w°r~ . 

P r o o f  • E a s y  ( fo r  (4) u s e  6.4).  
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5 .16  L e r n m a  " 1) If h is r e g u l a r ,  ~</~<-A, ~-<2~, t h e n  Q~,xeq <-int ~Q~Ord, Qeqx I ,  
2) If A is r e g u l a r  ~-<Iz<--A, ~ n ( ~ )  t h e n  Q~qx - i n t ( ~ x  < ~ n ~ o r d , Q ~ ]  

3) A s s u m e  a < A, h a  -< fl < A ( a +  1), ;k r e g u l a r ,  t a I = ~- T h e n  

P r o o f  : 1) Le t  S = I S < A : ~  d iv is ib le  by  x{, a n d  l e t  E b e  a n  e q u i v a l e n c e  r e l a t i o n  

on  S w i t h  <--]z e q u i v a l e n c e  c l a s s e s  e a c h  of p o w e r  h (we sha l l  de f ine  a n d  i n t e r -  

p r e t  h i m ) .  As t h e  n u m b e r  of m o d e l s  ( g , < , P )  is 2 ~, we c a n  f ind  P ~ A  s u c h  t h a t :  

(*) f o r  ~l,~2eS,~lE62 iff f o r  e v e r y  i<~:, ~l+ieP<-->~2+ieP. 
Now le t  E 0 b e  ~<61+i ,~+i>:61eS,~2eS,  i<~ .  Eas i ly  we c a n  i n t e r p r e t  E b y  

< , P  a n d  E 0, all i n t e r p r e t a b l e  by  I Q~ar~, Q~qx I. 

2) By i n d u c t i o n  on  n .  

3) Easy .  

5 .17  L e m m a  • 1) "~ ~g :~word ~o,x ~nt~, f o r  A r e g u l a r .  

2) Q~,qx:ig int[ Q~VOrd, Q~qx ~ for  k ,g  r e g u l a r ,  A- -~g~  o a n d  p ~ ( g ) .  
n 

P r o o f  : 1) We c a n  p r o v e  t h a t  if IA__I(Q[°r4R)(VZ)[R(Z)=-Rt(~)], t h e n  t h e  m o d e l  

M=(  U D o m  R l , R 1 . . . . .  R n)  c a n  be r e p r e s e n t e d  a s  ~ M~ w h e r e :  
l =1  / < A  

(A) e a c h  M i is a m o d e l  of p o w e r  <h. 

(B) t h e  ]M, t a r e  p a i r w i s e  d i s j o i n t  

(C) t h e  m e a n i n g  of  M=~,M t is t h a t  if ~ICMt(I),i(1)<--" < i ( k ) ,  we c a n  c o m -  
i<X 

p u t e  t h e  b a s i c  t y p e  of ~ i  . . . . .  an  in M f r o m  t h e  bas i c  t y p e s  of  a-t in  Mi(t) ( n o t  

d e p e n d i n g  on  t h e  p a r t i c u l a r  i ( t ) ' s . )  

Now b y  F e f e r m a n - V a u g h t  t h e o r e m  t h e  c o n c l u s i o n  follows. 

2) Like  (1); b u t  fo r  f o r m u l a s  t o  d e p t h  n ,  we u se  t h e  F.V. t h e o r e m  fo r  f o r m u l a s  

of L®~ of ( q u a n t i f i e r )  d e p t h  ~ n .  

5 .18  L e m m a  • Q~°~'~ =e~p- Qe~ . 

P r o o f  " C l e a r l y  Q WOrd< ~e~ (in f a c t  ~ r a <  ~ ^ --exp~h,h ~'A --int~A:hJ. O r d i n a l  a d d i t i o n  on  

g ives  a p a i r i n g  f u n c t i o n ,  a n d  on a s u b s e t  of c a r d i n a l i t y  A, a n d  we c a n  de f ine  

a d d i t i o n  as  we c a n  q u a n t i f y  o v e r  o n e - t o - o n e  f u n c t i o n s .  
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§6 Below the :first S t a b i l i t y  c a r d i n a l  

H y p o t h e s i s  : We now a s s u m e  A=Aa=A 3, 

We t r y  to a p p r o a c h  h f r o m  below. W.l.o.g. j D o m R J ~ ; k ,  and  we a n a l y z e  

6 .1  C o n s t r u c t i o n  : Le t  M be a d m i s s i b l e ,  r i ch  enough ,  A f ini te  l a rge  enough .  

We def ine  by  i n d u c t i o n  on  i-  

d~,=,~,= (£=0,1 a<i), ~i(~,y,Z,b~), %#i(2,c-~) such that,  for 

a) ¢p~, ,'¢,¢ EA. 
b) ~0¢(2,~j,z,b-~) is n o t  r e a l i z e d  in A t or  a t  l e a s t  by no a?=^~/,a ^dj,a (i>j >a)_ 

c) ~0 i (z ,y ,z ,6 t )~ (#{ (~ ,c : i )^-9 i (y ,~ i )  ). 
d) g °  a,  at~a r e a l i z e  t h e  s a m e  &-type ove r  A t. 

e) ~, , t ( ,~° , , ,~ , , ,~ , , ; ,~d for all ,~<.t. 
f) all  t h e  sequences ~ d j , a ^ ~ ° . ~ a / , a  : a<j<i] are pa i rwise  dis joint .  

Con t i nue  un t i l  i ' ,  w h e n  t h e  p r o c e s s  b r e a k s  down. 

Le t  X = c a r d  (i*),  A°=At,  so IA ° } =X if X is inf in i te  IA°I <22x if X is f inite.  

6.2 Cla im 1) We can  i n t e r p r e t  Q~q,<x if X is inf ini te .  

2) We c a n  i n t e r p r e t  Q~q,<xl if X is f ini te,  Xl=X 1/2"(A). 
P r o o f  : 1) If X is r e g u l a r ,  we c a n  m a k e  the  p a r a m e t e r s  (bi^t-i)  in to  a A - s y s t e m  

a n d  p r o c e e d  as in f a c t  5.1313 p rev ious ly .  

So suppose  ~=cf X<X--- ~ Xi, ~<Xi all; 

We c a n  find a s u b s e q u e n e e  of < 6 i ^ ~ i : i < i ' >  of l e n g t h  ~ which  is a A- sys t em,  

a n d  wi th  i t  i n t e r p r e t  an  e q u i v a l e n c e  r e l a t i o n  E with  ~ e q u i v a l e n c e  c l a s s e s  of 

a r b i t r a r i l y  l a r g e  power s  less  t h a n  X- 

For each i, there :is a set StYX +, of eardinality X + such that < 6j^t~j: jESi> is 

a A-system. Let ei be the heart of this A-system. 

There is TC~, I TI=m, such that < gi: icT> is a A-system with heart g. 

Let Tt6Si for each t. 

]3y hand over hand thinning of each S t we may assume 6a^~aNba1^t-aICg if 

a • s~, a ~ e: s.~, ~ ~ . j .  
We may assume St(~Sj= ¢ for i#j, i,j6T. Let i(a) be the unique i, such that 
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a e $  i. By p e r m u t a t i o n s ,  we c a n  code  le-t: i f T I  a n d  Ib-a^ea-gi(a) : aeS¢  { and  

We n e e d  to code  t h e  e q u i v a l e n c e  r e l a t i o n  El:  6,~^e=^~(u)E 1 6~^e~^e¢(p) iff 

(~) =i (~). 

By our  r e d u c t i o n ,  t h i s  c a n  be a c c o m p l i s h e d  if we c a n  do i t  for  s i n g l e t o n s  

r a t h e r  t h a n  s e q u e n c e s .  This  we c a n  do, wi th  t h e  e q u i v a l e n c e  r e l a t i o n  E.  

2) Left  to  t h e  r e a d e r  ( rea l ly  we n e e d  j u s t  t h a t  X1 as a f u n c t i o n  of X d iverge  to  

~0) 
6.3 C o n c l u s i o n  : X--.<k. 

6.4 Cla im : 1) If X is s ingu la r ,  Q~q,x =-intQ~q,<x" 

2) Q~q,x =-in~Q[q,<x if h> X, X s ingu la r .  

3) If X is f in i te  t h e n  Q~}2,x/2 eq eq <--¢nt Qx,<x <-¢nf, Qx,x 
• e q  e q  P r o o f  I)  Now we know Qx,<x <-¢nt Qx,x" Let  us  do t h e  o t h e r  inequa l i ty .  Say E 

is the following equivalence relation on I< i , j  ) :  i <j < X l  
eq 

Let  <X~: i < ~ >  be as be fo re ,  a n d  l e t  ~ ] ~ e q  be  an e q u i v a l e n c e  r e l a t i o n  on L~ ~ ~ :  X .,¢; x 

f<  0 , j > :  O<j <XI with X e q u i v a l e n c e  c l a s s e s  e a c h  e q u i v a l e n c e  c l a s s  u n b o u n d e d  

in X of power  l ess  t h a n  X- 

xE*y =-3x 13y l(x 1Ex ^ y 11~ d ^ x 1Ely 1) is an  e q u i v a l e n c e  r e l a t i o n  wi th  X c l a s se s  

of power  X- 

2) S imi la r ly .  

3) Easy. 

6.5 Cla im : At l e a s t  one  of t he  fol lowing o c c u r s  (if X finite,  we shou ld  use  

3n(R) X) (A ° ere a re  f r o m  6.1): 

(1) For  no  m < m ( A ) , l ( e ) = m , f ( e , y ) e A , g  (f ini te)  a n d  p u r e  pcS~(A° ,M) ,  a re  

b o t h  p UI  ±~(e,a)l  r e a l i z e d  by  X pa i rwise  d i s jo in t  s e q u e n c e s .  

(2) For  no ~o(e,y)cA a n d  g is f ( 2 , ~ )  r e a l i z e d  by no 6CA °, b u t  

O~xe) [~(e ,e )  ^ e (3A°=¢], 

P r o o f  : S u p p o s e  f ( e , b ) , p c ~ ( A ° , M )  e x e m p l i f y  (1) fail, i.e. t h e r e  a r e  

-~ (l<2,a<i*) r ea l i z ing  p,  pa i rwise  d i s jo in t  a n d  d is jo in t  to A ° (as  p is p u r e )  a ~  

s u c h  t h a t  h 0 ( g ~  ,6) iff t =0. 

Suppose  f u r t h e r  t h a t  ~(e,e)  e x e m p l i f y  (2) fail i.e. t h e r e  a r e  ~ia(a<3n(R)i* ), 

pa i rwise  d i s jo in t  a n d  d i s jo in t  to A ° s u c h  t h a t  ~30[da,ff ] and  -(~ecA)%e,e). 
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We now can,  by  t h inn ing ,  have  a / a ,da (  a < i*)  wh ich  a r e  pa i rwise  dis joint .  

H o w e v e r  we cou ld  h a v e  c h o s e n  a t.. =a t ( l <2,a<i* ), 

G¢,=6, ~,=~o(~,6), d~,a=da, 3Oi,=~O(~,c¢) , ~i,=e-, c o n t r a d i c t i n g  the  c h o i c e  of i*. 

B.6 L e m m a  : Suppose  t h a t  6.5(1) holds ,  and  l e t  Al=IaCAi:  tpA(a,Ao) is r e a l -  

i zed  by e x a c t l y  one  e l e m e n t  I. 

Aa=~I-A°uA1 

Then  

1) If A°cB, p =~pA(~,A°,M) t h e n  the  n u m b e r  of q cS~(B ,M)  e x t e n d i n g  p is a t  

m o s t  IBI (or--- x IBI~(A)tAI w h e n x i s  f ini te) .  

g) l ST(A) (B,M) I-<IS2 (A°,M) I + IBI  (or ---s~ (A°,M) x IAI I B I"  (^) if x is finite). 
3) ~t~2x a n d  X= {S~ re(g) (A °, I MI) I fo~ x inf ini te .  

P r o o f  : 1) I m m e d i a t e  f r o m  6.5(1): le t  19 be in f in i te  (DA °) and  suppose ,  

tp~(a~,~) (~ < I~1 ÷) are  d i s t i nc t  and  

(*) ~ ( a  < 1B{ +) realizesp.  

- - +  ^ ~ *  * _ +  
W.l.o.g. a a  = a a  where  g c B ,  a a  ( 3 B = ¢ ,  and  the  ~ a + ( a <  tBt  ÷) 

a r e  pa i rwise  dis joint .  As 6.5(1) holds,  for  e v e r y  ff,~ one  of the  s e t s  t a  < ]B{+: 

l~(a,ff)] ,  l a  < [B] + : ~ ~ ~ ( a , c ) ~  h a s  c a r d i n a l i t y  <X. Now we ge t  c o n t r a d -  

i c t i on  to  (*). 

2) Follows f r o m  (1), as w.l.o.g, we c a n  c o u n t  p u r e  t y p e s  only. 

3) C lea r ly  ]S~m(a) (B,M)  ]---2 x for  B of power  <__21. This is c lose ly  r e l a t e d  to  t h e  

de f in i t ion  of k3=;~ b u t  t h e r e  j s  a d i f f e r ence :  M a n d  A a re  h e r e  fixed. But  we 

cou ld  h a v e  r e p e a t  §4 , §5 for  a fix l a r g e d  e n o u g h  A,M (with A d e p e n d i n g  on 

(R) and  no t  on R). If 1~ is r e g u l a r  u s e  §5 wi th  h y p o t h e s i s  5.3A, for  h s i n g u l a r  

6.2, 6.4. ( a l t e r n a t i v e l y  r e p e a t  th i s  s e c t i o n  for  a n y  A). 

6.7 L e m m a  : Suppose  6.5(2), and  t h a t  A is c lo sed  u n d e r  p e r m u t i n g  the  va r i -  

ables .  

(1) The re  is A1,A°CAI, IAI[ ~ I S ~  rn(A)(A 0,M) I re(A) , s u c h  t h a t  for  e v e r y  B 

e x t e n d i n g  A 1, and  b d is jo in t  to  B, (of l e n g t h  - - m  (h)) tp (b,B) does  no t  A-spli t  

o v e r  A °. 

2) X---I S~ re(a) (A 1,M) { 

3) X___2x w h e n  X is inf ini te .  

P r o o f  : 1) I m m e d i a t e .  

2) Follows f r o m  (1), as  in 6.6 (as  by (1) e v e r y  p u r e  p c S~m(A)(B) is 
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d e t e r m i n e d  b y p  r A t ) 
3) By (1), (3) i t  su f f i ce s  t o  p r o v e  t h a t  if A°CB,  IBl-<2x, m_<~(h) t h e n  

IS'~(B,M) I<-2 x. S u p p o s e  /3 ,m f o r m  a c o u n t e r e x a m p l e .  T h e n  fo r  s o m e  

e C B , ~ o ( e , y , g ) c h ,  I Sl,(e;y,~)l(B,M)l>ax , a n d  we c h o o s e  a n  e x a m p l e  wi th  

m i n i m a l  l (~^~] )  a n d  so t h e r e  a r e  6 i d i s j o i n t  t o  13, fo r  i<(2x) +, w i t h  

tp i~(e;y,e)l(6i,B,M) d i s t i n c t ,  t ( b i ) = / ( e ) ,  a n d  w.l.o.g, tp (6~,A°)=p fo r  a f ixed  p .  

If fo r  s o m e  i # j ,  t h e r e  a r e  ga(a<X) pa i rwise  d i s jo in t ,  d i s j o i n t  t o  A ° s u c h  t h a t  

~0(6i,ga)^-~o(6j ,aa) ,  we g e t  c o n t r a d i c t i o n  to  6.5(3).  

So fo r  e v e r y  j > 0  t h e r e  is B j C / ~ , I B j I <  Z s u c h  t h a t  if ~CB-HjL)A ° t h e n  

~(~,~)EpoC->~o(x,~)epj. The n u m b e r  of p o s s i b l e  Bj is _<IBI <x so  w.l.o.g. 

/?j=/?i  fo r  j>o. But  now le t  lfa(x,y,~,g,~):a<Xl be t h e  f o r m u l a s  we g e t  f r o m  

~0(~,~7,g) b y  s u b s t i t u t i n g  one  m e m b e r  of /7 by  a m e m b e r  of A°LJB1. C l e a r l y  

0 < i < j  i m p l i e s  \/tp~a(e;y.,~),(~i,B,M)#tp~:(e;y,e~)(~j,B,M ). H e n c e  fo r  s o m e  
t l <  X 

a I S~a(e;ya,e~)(B, M) I >2x, c o n t r a d i c t i n g  t h e  m i n i m a l i t y  of l ( £ ' ^ y ) .  

6.8 T h e o r e m  : T h e r e  is a f u n c t i o n  f :~-~) ,  d i v e r g i n g  t o  i n f i n i t y  s u c h  t h a t :  

if X:X(R) is f ini te ,  t h e n  for  s o m e  R* a n d  e q u i v a l e n c e  r e l a t i o n  E, 

13R, Q~- I  l _  ntl3R,,~E], n = l D o m  R*I f ini te ,  a n d  Q~n),j,(~)--<~nt~R - 

P r o o f  : C o m b i n e  t h e  p r e v i o u s  l e m m a s .  

By 6.6 o r  6.7 t h e r e  is A 1, wi th  IAal n o t  t oo  l a r g e  t h a n  X, s u c h  t h a t  e v e r y  p u r e  

1o cS~ re(A) (A1,M) h a s  no  two e x p l i c t e l y  c o n t r a d i c t i n g  x-b ig  e x t e n s i o n s .  Now as  

in  §5, we c a n  a p p l y  §4 t o  g e t  ]R------~nt~3R-,]Et w i th  IDom R* I n o t  t o o  l a r g e  t h a n  

IA~l. 
As for Q~),~(~)-<~¢R, use 6.2(2). 

6.9  Clmrn  " We c a n  i n t e r p r e t  Q~,qx if X is inf in i te .  

P r o o f  " We a r e  d o n e  if X is s i n g u l a r  by  6.2, 6.4. So we a s s u m e  X is r e g u l a r .  ]f 

I S ~  re(a) (A,M) I<X w h e n e v e r  IA I<x, we r e p e a t  t h e  c a s e  X2=X ~ w i t h  R 2 r e p l a c e d  

b y  X e v e r y w h e r e .  

So we a s s u m e  ~=lAal<x, ISJ(A'~,M) I>_x. Now IS~(ALM~)I>-x, f o r  s o m e  A 1 of 

c a r d i n a l i t y  <X, a n d  s o m e  a d m i s s i b l e  M ~ [ as  if tpa(gt,A)<Sr~(A,M) a r e  d i s t i n c t  

(i<x), t h e n  w.l.o.g.  I a t ]  f o r m  a h - s y s t e m .  We c a n  e x p a n d  A t o  i n c l u d e  i t s  

h e a r t  a n d  u se  p e r m u t a t i o n s  to  g e t  d i s t i n c t  e l e m e n t s  of Sj  (A ~,M ~) ] 
S i n c e  A is f in i te ,  t h e r e  is ~0(x,y) s u c h  t h a t  I S ~ l  (A~,M)I->x . 

Le t  m = l e n g t h  (?7)- 
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Let  I={gCAl:~(x,a) be longs  to a t  l eas t  X types  peS~i(A1,M), and  ~ ( x , g )  

be longs  to a t  l e a s t  X t y p e s  p c S ~  (A1,M)I. 
Let  S~(I)={p Nl±~(x,g) : g<II:peS[~t(A1,M)I. 
Note  t h a t  [ S~(I) [-~X, as follows: 

Let  F:S~ (At,M1)~S~,(I) be t he  obvious  p ro j ec t ion .  

tf [S~ (I)[<X, we t ake  qcSq,(I) with  ->X p r e - i m a g e s  p i  ( i<x) ,  PJ#Pi' so each ,  

e x c e p t  poss ib i l i ty  one  c o n t a i n s  a f o r m u l a  which  be longs  to  f ewer  t h a n  X of t h e  

p i .  Bu t  t h e r e  a re  f ewer  t h a t  x - m a n y  f o r m u l a s  in all, c o n t r a d i c t i o n .  

Also n o t e  t h a t  for  e v e r y  gcI: [ [p cS~(I):~o(x,g)e-p ~ [->X and 

l ip cs~(/): ~o(z,a)cp ~l~x. 
(o the rwise  t h e  p r e - i m a g e  u n d e r  F of a se t  of size <X would have  c a r d i n a l i t y  

->X, b u t  we jus t  showed  any  q cS~(I) can  have  only  <X e l e m e n t s  in i ts  p re-  

image) .  

On I, def ine  t h e  following equ iva l ence  r e l a t i o n  E: 

~E6 iff l ip  cS~(Z):~(x , ~ ) c p  - : ~ ( x , b ) ¢ p  I[ <X. 

Let  gcI be a s e t  of r e p r e s e n t a t i v e s  and  G:S~(I)---,Sq~(J) t he  n a t u r a l  map.  

6 . 1 0  F a c t  : [ g-l(q)[<X for  any  q. 

P r o o f  : Suppose  G~o{)=q and  p~#pj for  i<j< X. For e a c h  i ,  t a k e  b-ict, s u c h  

t h a t  (@(x,6~)ep~)~->(~(x,6~)¢p~+l). 
Let  ~i~J, ~iEbi. 
Since  IJt<-III',:=IAII<x, t h e r e  are  @*, and  b*, su c h  t h a t  S =  [i:a~=a* and  

h i=b*]  ha s  c a r d i n a l i t y  =X, so @*Eb*. W.l.o.g., @(x,@*)<q. 
For all i < X, @(x,@*)~pi and  @*Eb* so for all bu t  f ewer  t h a n  X ord ina l s  

i ~ S, @(x,b*)Ep~. S imi lar ly ,  for  all bu t  < X ord ina l s  i ~ S, @(~',b*) ~P i + l .  So 

for  s o m e  i ~ S , @(x,5*) Ep~ and  @(2,b-*) ~P i + l ,  b u t  b-* = bt c o n t r a d i c t i o n .  

So 6. t0 holds.  

Thus  [S[~l(J  ) [--~X. 

We def ine  N~ (i <X) by  induc t ion ;  s u c h  t h a t  

1) N i is d i s jo in t  f r o m  A I U  [ B f .  

Z) [ B ~ [ = ~ < x ( r e m e m b e r  [ J ] - t i t  -< tAIl m =~) .  

3) No two e l e m e n t s  of UBf r ea l i ze  t he  s a m e  S~( J ,M 1) type.  (Possible ,  as 

I uBj I<x-<lS~ (J) I). 
j<i 
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4) If ff~#6 a n d  e~,be:J, then fo r  s o m e  a d m i s s i b l e  c c B  i. ~o(c,a)=--~o(c,b) (poss i -  

ble, a s  t]I-<~=IB, I a n d  t h e  c h o i c e  of  d). 

S i n c e  0 eq < .oeq we c a n  i n t e r p r e t  an  e q u i v a l e n c e  r e l a t i o n  E 1 r e l a t i o n  w i t h  
"* X , x  - - i n ~  "= X, < X  ' 

e q u i v a l e n c e  c l a s s e s  t h e  B~'s. Also, s i n c e  t J l - -~ ,  we c a n  c o d e  s e q u e n c e s  f r o m  J 

b y  s ing le  e l e m e n t s .  

Let <c/,a: a<~> enumerate Bi, and [ga: a < g] enumerate 1. 

With equivalence relations from Q~q,<x we can code pairs from B i by elements 
of Bi., so with a monadic predicate we can interpret 

Q=~<c~,a,c/,B>: ~o(c~,a,~) ~. Now we can interpret S=I<Ci,a,aa>:i<x, Vt<m] by 
t h e  f o r m u l a  @ ( x , ? ] ) -  = x e ( J B  i ^ ~ed 'A ( V z ) ( z E I x ~ ( 9 ( z , z j ) = Q ( z  ,x))) .  

Suppose R=l<dt,dg>: <Xt is 

Pi=lc,.~: f(a~,a~),~<x, a<~l for ~=1,2. 

Now < b l,b2> c R  

( y c P  z i f f  ( ~ e J ) ( < y , z > e S ^ ~ ( b Z , Z ) ) ) .  

b i n a r y  r e l a t i o n  on  t,J B~. Le t  

iff 
2 

(3z c UB~)(vy cx / E~)A 
l = l  

(We a r e  c o d i n g  b I by  t h e  t~0]-type it  r e a l i z e s  o v e r  d. E v e n  t h o u g h  b l m i g h t  

be  in  s o m e  o t h e r  B a , t h e  c o d e  is on  leve l  B~ fo r  b I in  t h e  ~th p a i r  of N). 

So q~q < q X,X - - i n t  R " 

6.10  R e m a r k  : So we h a v e  p r o v e d  t h a t  if in  (~],R) f o r  s o m e  

e q  > 74 Q e q  A ,/~= I S~ (A,M) l > I A I =~-~0 (~ minimal) then Qt~v-in*~ R, ~,~ 1. 

6.11 T h e o r e m  : S u p p o s e  X is in f in i te .  T h e n  
eq l)  3R=--~t I QX,x'3E'aR,! 

Where  E is a n  e q u i v a l e n e e  r e l a t i o n ,  I Dom R 1 I<-2 x. 

2) Also fo r  s o m e  e a n d  ( f in i te)  A, t h e r e  a r e  A°,A t t A o =X, I S ~  (°) (A°, M) I - > I A l l  - 

152A 0)(A 1,e)t  = IDom Rll .  
P r o o f  : C o m b i n e  t h e  p r e v i o u s  p roofs .  

§7 S u m m i n g  P o s i t i v e  R e s u l t s .  

7.1 T h e o r e m  : If V=L, t h e n  a n y  R is u n i f o r m l y  i n v a r i a n t l y  b i - e x p r e s s i b l e  w i th  

QE, w h e r e  E is s o m e  e q u i v a l e n c e  r e l a t i o n ,  o r  w i t h  I Qx0 3Rt ~ Dom R 1 f in i te .  

P r o o f  : C l ea r l y  ka=k2<2x  is t h e  o n l y  r e m a i n i n g  ca se .  We c a n  f ind  A s u c h  t h a t  

I AI=x, IS~(A,M) I=X +,q~q < ~ ( A : I  a t o m i c  a n d  n e g a t e d  a t o m i c  f o r m u l a s  X , X - ~ w £ ' a  R • 
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in  t h e  l a n g u a g e  of MI ( a n d  is f in i te) .  

We shall show that we can express ~x+O ~°r~. 

On A we can interpret the structure <Lx,6 > . For every a, tpA(a,A,M ) can be 

viewed as a subset of L x- 

We express an ordering 

=<-b iff ( 3 well-founded ~ [ o~ "I am an L a for some cx" and ~ extends 

<as <Lx, c> 
already interpreted) and the subsets of L x which a and b represent 

appear in 

I~l and the subset representing a occurs earlier]. 

--< is a well-founded linear quasi-ordering. 

Use a monadie predicate to pick out one element from each of the induced 

equivalence classes. This gives us a well-ordering of order-type X +. By 5.18 we 

finish. Q.E.D. 

7.Z Conclusion " (V=L) for every K either for some family E of equivalence 

relation, HK,H E are uniformly invariantly bi-expressible or for some finite faro- 
{ r~  r n o ~  i ly Kf  of f in i t e  r e l a t i o n s  a n d  A, HK, t~C<A ,74Ks { a r e  u n i f o r m l y  i n v a r i a n t l y  bi- 

e x p r e s s i b l e  (if we o m i t  u n i f o r m l y  we c a n  o m i t  t h e  s e c o n d  case . )  

R e m a r k  " On a n a l y s i n g  E see  1.5. 

Fo r  s o m e  X we c a n  c lo se  t h e  g a p  (x,A) m o r e  eas i ly ,  so  s u c h  X a r e  i m p o s s i b l e .  

7.3 L e n l m a  • S u p p o s e  M is a d m i s s i b l e .  And fo r  s o m e  f in i te  A,m a n d  

A,fA I=x, I S X ' ( A ) t = ~ > X  

and BOA , [ I B I <X -------> l SX ~ (B) I--<~], X ~ ~ </~ and X is singular, 

Then i) ~R,Q~q= Qeq . ~<. .t3eq 

2) If i~0<c / X 2cfx<X, /~ r e g u l a r ,  t h e n  ~a R, Q*zq~ ~< ..wora 
' ) --~ ~: t~ " 

Remark " For (I) note that if cIX=M 0, then Qeq~, <. Q~-I 

Proof : We can interpret in (an admissible expansion of) M, a tree T of power 

m, with cfx levels, and/~ branches IB,:i</~I (of order type cfX ). 

If/~ is regular, we can assume that x cB i --------> I ~J :x eB] ~ I =/~ so each B~ can be 

coded by a set VV, of length cfx branches, as its limit, with 

[i #j ------->/]i N B] =~] and(1) follows. 

If/~ is singular, we can similarly code Q+L,<~ and finish (i) by 6.4. 
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For  (2) we can  c o n s i d e r  IBi:i</~/ as a se t  of f u n c t i o n  in tc c~x, which a re  pair-  

wise e v e n t u a l l y  d is t inc t .  By [Sh 7] for  s o m e  u l t r a f i l t e r  D over  c f  X and  I£/~, 

~B~.:/eI{ is well o r d e r e d  by <D. 

§ 8  C o m p l e m e n t a r y  I n d e p e n d e n c e  Resu l t s  

8.1 L e m m a  ' Suppose  X=X<x>I~0,/~>X, and  P is the  fo rc ing  for adding /~ func-  

t ions  F¢:X-,2 (i</~) (equ iva len t ly  a f u n c t i o n  F:/~xk-~2, F(i ,a)=Fi(a  ) by condi-  

t ions  of power  <k) . Let for S~/z, R be the  following par t ia l  o rde r  <s  on 
~ S  

~>2US:x<-y iff ( '~a<X)(yca2^y=xta) v (~a<X)(xc~2^ycS^xcFu)  (so R is 
~s  

def ined  in V e ). We let  for x e S  arid a < k ,  xta=~eYFira • for  x an ordinal  ¢ S ,  

le t  x r a = < - l > .  

Then [~vor4~ t~ (we a s s u m e  ~aLjx>2=~j/for s o m e  ordinal  a s u c h  t h a t  SC a).  A + "~ int ~Rs 
P r o o f  : Suppose  not,  t h e n  for some  p c P  and  first  o r d e r  ~(x,y  ,~,H,Rs), 

P l~-P " E a finite sequence of elements of y , H = < H :  l<n°> a finite 

s e q u e n c e  of permutat ions  of t], ~nd K ~ , Y ) : ~ { ~ , y , 5 , F , £ ~ ) I  i~ ~ well ordering 

of o r d e r - t y p e  A + and  w.l.o.g. ~H-l:l <n ° ]=|H:t <n" l." 

As P sat isf ies  the  A+-chain condi t ion ,  t h e r e  is S O e V, S 0 ~  ] ,  I So ]---A s u c h  t h a t  

P l~-p " ~ > 2 u S  0 is c losed  u n d e r  H f o r / < n *  " 
N l 

Let M=(~,/, R, H . . . . .  H ). For n o t a t i o n a l  s imp l i c i t y  le t  ~]=-~>3U S. Let 

K = I H  a model  of the  form fieldS0 . . . . .  f~ ._ , ) ,  each  f l  a p e r m u t a t i o n  Of 

I I I, and  I has  no p r o p e r  (non emp ty )  s u b m o d e l  ]. 

Clearly,  K6  V, and each  [ E K as c a rd ina l i t y  ~ ~t o. 

We le t  K1CK be a se t  of r e p r e s e n t a t i v e s  of the  i s o m o r p h i s m  types,  and  

I e K  l ~ 1 / [ ~  0 h e n c e  KICK. In V P we define, for e a c h  IcK: 

(a) we call < x e : t e I  > a c o m p o n e n t  if IIl(z~)=xf[(~ ). 

(b) Ai=l<77,:teI>: •teX>2 for every  t e I ,  and  t h e r e  are  f u n c t i o n  Gi:I-4/~i<X +) 

with pairwise dis joint  ranges ,  s u c h  t h a t  ~7~ = Gi(t) r l(7?t ) and / N ( Y  
{ < A  t 

t c o l  A a d f / ( t ) )  :H~ (V~(t))] ]. 
l < n  
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Note  t h a t  ~/(=~>2kJ@) is p a r t i t i o n e d  in to  c o m p o n e n t s .  ( x,y  are  in the  s a me  

c o m p o n e n t s  iff x = z o , y = z  ~ and  mA<e t<nzn+~=H~(zm) fo r  s o m e  ]~ and  

So in V P t h e r e  is S 1, ISll<-h, x>2~S~ and  for e v e r y  x~/[ -~  1, i ts  c o m p o n e n t  

< xt: t ~I> is d is jo in t  to  ~4~-~1, and  for  eve ry  a<)t, < xt~a: t ~I> ~A I. 
So again  as P sat isf ies  t he  ~+- cha in  condi t ion ,  we can  a s s u m e  S ~ V ,  and t h a t  

fo rc ing  of < F~:i~S~> also d e t e r m i n e s  <AI:I~K~> So l e t  

Vx=V[<F~:i~Si>],P 2 the  q u o t i e n t  fo rc ing  (which  is j u s t  fo rc ing  

< F : ieN-S~> by a p p r o x i m a t i o n s  of power  <A.) 

Not ice  t h a t  in o r d e r  to know in V~[G 2] t h a t  ~f[x , y ]  (which holds) ,  (x ,y~S)  i t  

is no t  e n o u g h  to  know <xra,yta> for  la rge  e n o u g h  a, t h o u g h  it  is enough  to  

know p inG for  some  la rge  e n o u g h  p~P~,  which  fo rce  it! V~[G2]). A s imple  

e x a m p l e  is !O(x,y)=[Ho(x)=y ], But  s o m e t h i n g  s i m i l a r  and  m o r e  g e n e r a l  

holds .  

F a c t  : i )  If ~0 is a f o r m u l a  f r o m  L~,,~,, <xtt:teI~> for  ~ </#0 d i s t i n c t  com-  

p o n e n t s  d i s jo in t  to  S o, and  ~ is a c o u n t a b l e  s e q u e n c e  f ro m S~,(IteK ~) 

~ [  "'" xt~ . . . . .  ?]]~<to,tCl¢ for t • It, ~ < ~0 

t h e n  for  som e  a<X: 

(*) if zt(C~/--S I, < zt~:t CI~> distinct components and ztQa=xt~to[ then 

~ [  " ~ t  ~ . . . . .  Y J ~ < t o , ~ , .  

2) We cou ld  also have  a s s u m e d  t h a t  for  any  s u c h  t~, I t(~<~ 0) and  ~,  the  P -  

name 

T~,<i~:t<t0 > = [< .... ~q~ .... > :t C I~, ~ < ~0 for  k + pai rwise  d i s t i n c t  c o m p o n e n t s ,  

h # [  " " " x t t ' ~  . . . . .  Y ] t < ~ o , t ~ z ~  

and fo r  some T, xtl'~tT=~?~ for  every t c/~,~<~o,i <k+] 
d e p e n d  on ly  on  < F: i  •S1> 

Proof: r o t  2) close S ,  ~ or just  ~, t imes,  and if < n $ :  ~ ~ Zt, ~ < ~0> is not in 

T.~,(iI:~<~o ~, bu t  I = ~[  ".-xt/~ . . . . .  ~] ,  xt~r 7 = 7/~ for  e v e r y  t c I~,~ < ~0 t h e n  

| = ~ :  t c I t, ~: </;01 C~ s~ ~ ¢. 
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Now we c a n  p rove  by  i n d u c t i o n  on the  d e p t h  of lp (in V 1) t h a t  t h e  f a c t  is f o r c e d  

(i.e. I ~-p~) 
F r o m  t h e  fac t ,  and  t h e  Ta r sk i -Vaugh t  c r i t e r i o n  we can  c o n c l u d e  (in V P) t h a t  if 

SI~JlC~], 'lJ: c lo se d  u n d e r  H t (l <n*) ,  t h e n  M t~/1 is an  L~,,~,- e l e m e n t a r y  sub-  

m o d e l  of M. By i n c r e a s i n g  S 1 f u r t h e r  we g e t  t h a t  th i s  ho lds  for  a n y  ~/:c~, 

e x t e n d i n g  S 1 a n d  c l o s ed  u n d e r  H t (t <n*). 

Now if ~X*~zo°rd<--int~Bs~ t h e n  we c a n  find I c K  ~kcLolo,~cS 1 , ,  and  d i s t i n c t  c o m -  

p o n e n t s  < Xt~:t C I )  d i s jo in t  to  S 1 s u c h  t h a t  for  ~,¢<k +, 

M ~ (  • - - ~ t t  . . . .  ; .... ~ ¢  . . . . .  y )  i ~  ~<¢. 

Now, for  s o m e  ~0<k +, fo r  e v e r y  ~c(~0,)~ +) a n d  a < h  for  a r b i t r a r i l y  l a rge  ¢<k +, 

A xt~ta=xt¢ta , Using t h e  fact ,  t he  c o n t r a d i c t i o n  is easy.  
tcI 
8.2 L e m m a  : 1) In 8.1 if S,SiCM, I S - S l l > i k ,  thenaRs~m~Rs ~. 

2) If g<h,  in 8.1 we c a n  g e t  Q,ffrdg tnt{aR s , Q~¢I,~ ] and  even  

: R*<-~-da_Sc Q~l,~ I, 
3) If ~c<X, in 8.1 we g e t  Q~ql,~.etint{:e_~,Qel~l..]. 

Proof  : 1) S imi la r .  

2) We use  L~+.~+ i n s t e a d  L~,~,  a n d  x p e r m u t a t i o n s  / / i ( i<~)  ( i n s t e a d  n*) ,  and  

r e p e a t  t he  p r e v i o u s  p roo f s  - b u t  a n y  EC/~l~/I, x c a n  be de f ined  by  a n  L~.~.- 
f o r m u l a  us ing  s u i t a b l e  ~c p e r m u t a t i o n s .  

3) S i m i l a r  proof .  

8.3 I ~ m m a  : (G.C.H.) If h>t~ 1 is r e g u l a r  /*=h +, we c a n  bui ld  < F t : i < / ~  > as  

r e q u i r e d  in 8. t, 8.2 w i t h o u t  forc ing .  

Proof  : See  [Sh 6], 2.1. 

The fol lowing l e m m a  shows t h a t  we c a n n o t  p rove  8.2 w i t h o u t  s o m e  se t -  

t h e o r e t i c  h y p o t h e s i s .  

8.4 L e m m a  : S u p p o s e  V~X=X<XAX<AAcfA=A , t h e n  for  s o m e  X - c o m p l e t e  

fo rc ing  n o t i o n  P of p o w e r  ~<x sa t i s fy ing  t h e  X + -  c.c., I[-P" 2;t~_ A", a n d  

1) IKP "if SCx2, c f  I s l ~ x , / e s  as in 8.1, t h e n  Q?~l,iSl<int[mR,Q~qxt". 
2) in V e, x(R)=xI<2k3(R) imp l i e s  ka(R)=X+=k.  

P r o o f  : We l e t  P be  t h e  l im i t  of t h e  X-suppor t  i t e r a t i o n  <P~,Q:i<~,> where  
NO, 

Q e V P~ is de f ined  as follows: 
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let (x2)~:~=I/~ = :a<(2x)V:'I and 

(4i=I(f,A):f a function from a subset of x>2 of power <X, into X, Ac(X) v&, 

IA <X, a n d  f o r  f l ,TeAa  < X, if f ~ ra=f~ra ,  t h e n / ~ t a e D o m  F I ,  

(F1,A1)<--(Fz,A2) if]' FI~Fz,AI~A2 and if ' r /#v  are in A 2 and 

[~8eA ff, ye:A 1 ^ a<X ^ f~ra#f~ ta^{3<7 

^ f  ~,raq' Dom F 1 ~--->F2( f ~ ra)<F2( f ~ ra ) ] ,  

8.6 Conjecture : It is consistent with Z F C that every H K is biinterpratable 

with some 3 E, E a family of equivalence classes, 

8.7 Question: Prove it is consistent with ZFC that some 3K is not bi- 

expressible with any 3E, E a family of equivalence classes. 
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