Sh:607

Journal of Mathematical Logic, Vol. 1, No. 1 (2001) 1-34
(© World Scientific Publishing Company & Singapore University Press

STRONGLY MEAGER SETS DO NOT FORM AN IDEAL

TOMEK BARTOSZYNSKI*

Department of Mathematics and Computer Science,
Boise State University, Boise, Idaho 83725, USA
E-mail: tomek@math.boisestate.edu
hitp: //math.boisestate.edu/ tomek

SAHARON SHELAH'
Department of Mathematics, Hebrew University, Jerusalem, Israel
and

Department of Mathematics, Rutgers University,
New Brunswick, New Jersey, USA
E-mail: shelah@sunrise.huji.ac.il
hitp: //math.rutgers.edu/ "shelah/

Received 29 November 1999

A set X C R is strongly meager if for every measure zero set H, X + H # R. Let SM
denote the collection of strongly meager sets. We show that assuming CH, SM is not
an ideal.

1. Introduction

In 1919, Borel wrote the paper [4] in which he attempted to classify all measure
zero subsets of the real line. In this paper he introduced a class of measure zero
sets, which are now called strong measure zero sets. In 1970s, Galvin, Mycielski and
Solovay found a characterization of strong measure zero sets that was formulated
using only the concept of a first category set and of a translation. That allowed,
after replacing first category with measure zero, to define a dual notion of a strongly
meager set. It was expected that the global properties of both families of sets will be
similar. Several results listed below support this expectation. Nevertheless additive
properties of both families of sets are different. It is well known that the family of
strong measure zero sets forms an ideal, i.e. is closed under finite unions. The result
of this paper is that, assuming continuum hypothesis, the collection of strongly
meager sets is not closed under finite unions.
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Foundation.
tSecond author partially supported by Basic Research Fund, Israel Academy of Sciences, publi-
cation 607.
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In this paper we work exclusively in the space 2* equipped with the standard
product measure denoted as . Let A and M denote the ideal of all y-measure zero
sets, and meager subsets of 2¢, respectively. For =, y € 2¥, = + y € 2“ is defined
as (z+y)(n) =z(n)+y(n) (mod 2). In particular, (2¥,+) is a group and p is an
invariant measure.

Definition 1.1. A set X of real numbers or more generally, a metric space, is
strong measure zero if, for each sequence {¢, : n € w} of positive real numbers
there is a sequence {X,, : n € w} of subsets of X whose union is X, and for each n
the diameter of X, is less than &,,.

The family of strong measure zero subsets of 2¢ is denoted by SN.
The following characterization of strong measure zero is the starting point for
our considerations.

Theorem 1.1 ([7]). The following are equivalent:

(1) X € SN,
(2) for every set F € M, X + F #+ 2%.

This theorem indicates that the notion of strong measure zero should have its
category analog. Indeed, we define after Prikry:

Definition 1.2. Suppose that X C 2“. We say that X is strongly meager if for
every H e N, X + H # 2%. Let SM denote the collection of strongly meager sets.

Observe that if z ¢ X + F ={z+f:2€ X,f € F} then XN (F + z) = (.
In particular, a strong measure zero set can be covered by a translation of any
dense G set, and every strongly meager set can be covered by a translation of any
measure one set.

If X C 2% is a group then the concepts of strong measure zero and strongly

meager connect to the classical construction of a nonmeasurable set by Vitali (a
selector of R/Q).

Theorem 1.2 (Reclaw). Suppose that X C 2 is a dense subgroup of (2¥,4).
Then

(1) X € SM if and only if every selector from 2 /X is nonmeasurable.
(2) X € SN if and only if every selector from 2*/X does not have the Baire

property.

Proof. The proof below requires the group X to be infinite and the set 2¢/X to
be infinite. A dense group will have these properties.

We will show only (1), the proof of (2) is analogous. Note that if X is a selector
from 2¢/X and X is as above then X is nonmeasurable if and only if X does not
have measure zero.
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— Suppose that X € SM and H € N. Let © ¢ X+ H. It follows that [z]xNH =
(), hence no selector is contained in H.

+ Suppose that X ¢ SM and let H € N be such that X + H = 2“. For each
x € 2% [z]x N H # 0. It follows that we can choose a selector contained in H. O

Note that X ¢ SN if there exists a meager set F' such that the family {F +
x :x € X} covers 2¥. Instead of the assignment z ~» F + x we can consider a
more general mapping z ~» (H),, where H C 2 x 2¥ is a Borel set such that

(H)g={y: (z,y) e H} € M for all z € 2*.

Definition 1.3. X € COV(M) if for every Borel set H C 2¥ x 2 such that
(H), € M for all z € 2¢,

U (). #22.
zeX

Similarly, X € COV(N) if for every Borel set H C 2% x 2¥ such that (H), € N for
all x € 2,

U (). #22.
zeX

Note that

Lemma 1.1. COV(N) C SM and COV(M) C SN.

Proof. Given F' € M let H = {(x,y) : y € F 4 x}. It is clear that, |J,. x(H). =
F+X. O

Families SN and SM as well as COV(M) and COV(N) are dual to each other
and we are interested to what extent the properties of one family are shared by the
dual one.

Below we present several results of that kind. The proofs of these results as well
as quite a lot of additional material can be found in [3].

Definition 1.4. Let Borel Conjecture (BC) be the assertion that there are no
uncountable strong measure zero sets, and Dual Borel Conjecture (DBC) be the
assertion that there are no uncountable strongly meager sets.

Sierpinski showed that Borel Conjecture contradicts CH. His proof essentially
yields the following:

Theorem 1.3. Assume MA. Both COV(M) and COV(N) contain sets of size 2%0.
In particular, both Borel Conjectures are false.

There are many weaker assumptions than MA that contradict BC or DBC.
Nevertheless we have the following:

Theorem 1.4 ([8]). Borel Conjecture is consistent with ZFC.
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Theorem 1.5 ([5]). Dual Borel Conjecture is consistent with ZFC.

Definition 1.5. An uncountable set X C 2% is a Luzin set if X N F' is countable
for ' € M, and is a Sierpinski set if X N G is countable for G € N.

Sierpinski showed that every Luzin set is in SA. In addition we have the
following:

Theorem 1.6 ([10]). Every Luzin set is in COV(M).
Theorem 1.7 ([9]). Every Sierpinski set is in COV(N) (and so in SM).

Results presented above indicate that we have certain degree of symmetry be-
tween the notions of strongly meager and strong measure zero. The main objective
of this paper is to show that as far as additive properties of both families are
concerned it is not the case.

Sierpinski showed that SA is a o-ideal. In fact, we have the following:

Theorem 1.8 ([5]). Assume MA. Then the additivity of SN is 2%0.
Similarly,
Theorem 1.9 ([2]).

(1) COV(M) is a o-ideal.
(1) Assume MA. Then the additivity of COV(M) is 2%,

Surprisingly the dual results are not true.

Theorem 1.10. It is consistent that COV(N) is not a o-ideal.

Proof. It is an immediate consequence of the following theorem of Shelah:
Theorem 1.11 ([12]). It is consistent that cov(N) = R,,.

Recall that
cov(N) = min{|A| LACN & | JA= Qw}.
Suppose that cov(N) = R, and let a family A C N witness that. Let H C
2% x 2% be an Borel set with null vertical sections and such that
VG e NIz €2G C (H),.

Such a set can be easily constructed from a universal set.

For each G € A choose zg € 2“ such that G C (H),,. It follows that X =
{zg : G € A} € COV(N). On the other hand, every set of size < cov(N) belongs
to COV(N) and X is a countable union of such sets. O

The purpose of this paper is to show that
Theorem 1.12. Assume CH. Then SM is not an ideal.
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2. Framework

The proof of Theorem 1.12 occupies the rest of the paper. The construction is
motivated by the tools and methods developed in [11]. We should note here that by
using the forcing notion defined in this paper we can also show that the statement
“SM is not an ideal” is not equivalent to CH. However, since the main result is
of interest outside of set theory, we present a version of the proof that does not
contain any metamathematical references.

The structure of the proof is as follows:

e In Sec. 2, we show that in order to show that SM is not an ideal it suffices to
find certain partial ordering P (Theorem 2.1).

e The definition of P involves construction of a measure zero set H with some
special properties. All results needed to define H are proved in Sec. 3 and H
together with other parameters is defined in Sec. 4.

e P is defined in Sec. 7. The proof that P has the required properties is a conse-
quence of Theorem 5.3, which is the main result of Sec. 5, and Theorems 6.1 and
6.2, which are proved in Sec. 6.

We will show that in order to prove Theorem 1.12, it is enough to construct a
partial ordering satisfying several general conditions. Here is the first of them.

Definition 2.1. Suppose that (P, >) is a partial ordering. We say that P has the
fusion property if there exists a sequence of binary relations {>,: n € w} (not
necessarily transitive) such that

(1) if p > g then p > g,

(2) if p >n41 g and r >,41 p then r >, g,

(3) if {pn : n € w} is a sequence such that p,11 >np41 pn for each n then there
exists p,, such that p, >, p, for each n.

From now on we will work in 2% with the set of rationals defined as
Q={ze€2¥:¥*°na(n)=0}.

Let Perf be the collection of perfect subsets of 2¢. For p,q € Perf let p > ¢ if
P <aq.

We will be interested in subsets of Perf x Perf. Elements of Perf x Perf will be
denoted by boldface letters and if p € Perf x Perf then p = (p1,p2). Moreover, for
P,q € Perf x Perf, p > q if p1 C ¢1 and p2 C ¢o.

Theorem 2.1. Assume CH, fix a measure zero set H C 2%, and suppose that there
exists a family P C Perf x Perf such that:

(AO) P has the fusion property.
(Al) For everyp € P, n € w and z € 2% there exists q >, p such that ¢ C H+ 2
orqa C H+ z.
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(A2) For every p € P, n € w, X € [2¥]S%0 i = 1,2 and t € Perf such that
u(t) >0,

p({z€2:3q 2, pXU (G +Q) Ct+Q+2}) =1.
Then SM is not an ideal.

Proof. We intend to build by induction sets X7, Xo € SM in such a way that H
witnesses that X; U X5 is not strongly meager, that is, (X; U X3) + H = 2¥. By
induction we will define an w1-tree of members of P and then take the selector from
the elements of this tree. This is a refinement of the method invented by Todorcevic
(see [6]), who used an Aronszajn tree of perfect sets to construct a set of reals with
some special properties. More examples can be found in [1]. O

For each o < w1, T, will denote the ath level of an Aronszajn tree of elements
of P. More precisely, we will define succ(p, @) C P — the collection of all successors
of p on level a. We will require that:

(1) To= {2 x 24},
(2) succ(p, @) is countable (so levels of the tree are countable),

(3) if q € succ(p, ) then q > p,

(4) if succ(p, ) is defined then for each n € w there is q € succ(p, @) such that
q2nP-

Note that the tree constructed in this way will be an Aronszajn tree since an
uncountable branch would produce an uncountable descending sequence of closed
sets. For an arbitrary P with fusion property the conditions above will guarantee
that we build an wi-tree with countable levels. This suffices for the constructions
we are interested in.

Let ¥ = Ua<w1 %o where T, = succ(2¥ x2%, a). For each p € T, choose m%, €m
and :1512) € ps. We will show that we can arrange this construction in such a way
that X1 = {z3, : p € T} and X, = {23 : p € T} are the sets we are looking for.

Let {(ta,ia) : @ < w1} be an enumeration of pairs (t,4) € Perf x {1,2} such
that p(t) > 0. Let {24 : @ < w1} be an enumeration of 2.

SUCCESSOR STEP

Suppose that T, is already constructed. Denote X< = {m%,, :1512) :p € Uﬂga ‘Iﬁ}.

For each p € ¥, and n € w, let
Zy={2€2:3q>, p XU (qi, + Q) Cta +Q+ 2} .

Note that by (A2), each set Z has measure one. Fix

we N N2Z

pPET, NEW
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For each p € T, choose {p™ : n € w} such that

(1) p™ >p41 p for each n,
(2) X*U @, +Q) C ta +Q+ ya.

Next apply (Al) to get sets {@™ : n € w} such that for all n,

(1) Cln Zn+1 an
(2) ¢ CH+zyo0r qd CH+ z,.

Define succ(p, a+1) = {q" : n € w}. Note that for each n € w there is q € succ(p, «)
such that q >,, p. For completeness, if p € U,B<a %3 then put

succ(p,a+1) = LJ{succ(q7 a+1):q€succ(p,a)}.
LIMIT STEP

Suppose that « is a limit ordinal and ¥ are already constructed for 5 < a. Suppose
that po € Ta,, a0 < . Find an increasing sequence {«,, : n € w} with sup,, a, = «,
and for k € w, let {p* : n € w} be such that

(1) py; € Ta,s
(2) PEy 1 >nikt1 PE for each k, n € w.

Let p¥ be such that p¥ >, pk. Define succ(po, ) = {pf : k € w}. This
concludes the construction of ¥ and X1, X5.

Lemma 2.1. X, Xy € SM.

Proof. We will show that X; € SM. The proof that X5 € SM is the same.
Let G C 2¢ be a measure zero set. Find a < w; such that GN (t, +Q) = 0 and
iq = 1. It follows that,

X XU | prCtatQ+uaC29\G)+ua
PETat1

Thus X1 + yo € 2 \ G and therefore y, ¢ X1 + G, which finishes the proof. O
Lemma 2.2. X; U X5 & SM.

Proof. Let H be the set used in (Al). We will show that (X1 U X») + H = 2¥.
Suppose that z € 2 and let a < wy be such that z = z,. By our construction, for
any p € o1, :1511) €z+ H or :1012) € z+ H. Thus z € (X7 U X5) + H, which ends
the proof.

This shows that the sets X7, X2 and H have the required properties. The proof
of Theorem 2.1 is finished. O

Therefore the problem of showing that SM is not an ideal reduces to the con-
struction of an appropriate set P. We will do that in the following sections.
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3. Measure Zero Set

In this section, we will develop tools to define a measure zero set H that will be
used in the construction of P and will witness that the union of two strongly meager
sets X1, Xo defined in the proof of Theorem 2.1 is not strongly meager. The set H
will be defined at the end of the next section.

We will need several definitions.

Definition 3.1. Suppose that I C w is a finite set. Let F/ be the collection of all
functions f : dom(f) — 2, with dom(f) C 21. For f € Ff, let m$ = |{s: f(s) = 0}
and m} = [{s: f(s) = 1}/.

For a set B C 27 let (B)! =2\ B and (B)° = B.

We will work in the space (27, +) with addition mod 2. For a function f € F!
let

(BY = [ B+s)/.
sedom(f)
In addition let (B)? =27,
For f € Fl and k € w, let
ch’k = {g eFl.fCg& |dom(g) \ dom(f)| < k} .

The set H will be defined using an infinite sequence of finite sets. The following
theorem describes how to construct one term of this sequence.

Theorem 3.1. Suppose that m € w and 0 < § < € < 1 are given. There ezists
n € w such that for every finite set I € [w]>™ there exists a set C C 2! such that
1—e+6>|C|-27 M >1—¢—6 and for every f € me,

f 0 1
©] _ (g _oymsemi| < 5.

[(C)°
Note that the theorem says that we can choose C is such a way that for any se-
quences 1, ..., 5, € 2/ the sets s;+C, ..., s,,+C are probabilistically independent

with error . Thus, we want § to be much smaller than €™. In order to prove this
theorem it is enough to verify the following:

Theorem 3.2. Suppose that m € w and 0 < § < € < 1 are given. There ezists
n € w such that for every finite set I € [w]>™ there exists a set C C 2! such that
1—e+0>|C|-27M>1—¢—§ and for every set X C 21 |X|<m

‘|ﬂseX C+s)

SIT] —(1—5)|X|‘<5.

Proof. Note first that Theorem 3.2 suffices to prove Theorem 3.1. Indeed, if for
every X € [21]=™

’|ﬂseX C+s)

g 1 5>|X|‘ <0
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I

then we show by induction on m} that for every f € F@,m’

(&7
[(ehd

Fix m, § and ¢, and choose the set C C 2! randomly (for the moment I is
arbitrary). For each s € 2! decisions whether s € C are made independently with
the probability of s € C equal to 1 — ¢. Thus the set C' is a result of a sequence
of Bernoulli trials. Note that by the Chebyshev’s inequality, the probability that
1—e+6>]|C|-271l > 1 —¢— § approaches 1 as |I| goes to infinity.

Let S, be the number of successes in n independent Bernoulli trials with prob-
ability of success p. We will need the following well-known fact that we will prove
here for completeness. O

(1- E)m(}é‘m} <2m§.

Theorem 3.3. For every § > 0,
P( & —p’ > (5> < 26_”62/4.

Proof. We will show that

The proof that

P <& Sp_6> S e—n62/4
n

is the same. Let ¢ = 1 — p. Then for each = > 0, we have

Sn n n k —k
P|l—> < "

k>n(p+d

< —z(n(p+d)—k) | N\ &k n—k
< ) e L P

k>n(p+9)

< e o Z (Z)(pezq)k(qezp)nk

k>n(p+9)

n
< e—xn:S . Z (Z) (pe:cq)k(qe—:np)n—k
k=0
=™ (pe™ + qe*"‘p)n
S efzrné (pe$2q2 i qez2p2)n
S ef:rné (pe:r2 + qemz)n

2 2
7{137L567LE en(:r —dz) )

=€
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The inequality pe®?+ge™*P < pe””zq2 —|—qeg“2p2 follows from the fact that e® < e®” +x,
for every x. The expression e(@®=62) attains its minimal value at z = § /2, which
yields the desired inequality. |

Consider an arbitrary set X C 2f. To simplify the notation denote V = 27\ C
and note that ;o x(C +s) = 27\ (V + X). For a point ¢t € 2/, t ¢ X +V is
equivalent to (¢ + X) NV = . Thus the probability that ¢ ¢ X + V is equal to
(1— )X,

Let G(X) be a subgroup of (27, +) generated by X. Since every element of 27
has order 2, it follows that |G(X)| < 21XI.

Lemma 3.1. There are sets {U; : j < |G(X)|} such that:

(1) Vj Vs, teU; (s#t—s+t&G(X)),
(2) ¥j <|G(X)| |Uy| = 2"/|G(x)],
B) Vi#jUnU; =0,
(4) Uj§|G(X)| U = 2%,

Proof. Choose U;’s to be disjoint selectors from the cosets 27 /G(X). O

Note that if ¢1, to € U; then the events t; € X +V and t2 € X +V are
independent since sets ¢; + X and ¢y + X are disjoint. Consider the sets X; =
Ui NNyex(C + s) for j < |G(X)|. The expected value of the size of this set is
(1 — )Xl 2111/|G(X)|. By Theorem 3.3, for each j < |G(X)|,

1 X1 IX]| —ol1=262 /|G (X))
Pl|l—————+ —(1-— > <2 .
(e~ -9 2¢) <2

It follows that for every X C 27 the probability that

(1_5)|X|_5§ms@<2<|$s)‘§<1_6)m|+5

is at least
1—2|G(X)|e 2" NG > 1 glXIH1 -2

The probability that it happens for every X of size < m is at least

1 — gll-(m+1)* | e—2|”_m_252 )

If m and § are fixed then this expression approaches 1 as |I| goes to infinity, since
lim, oo P(x)e™* = 0 for any polynomial P(x). It follows that for sufficiently large
|I| the probability that the “random” set C' has the required properties is > 0. Thus
there exists an actual C' with these properties as well.
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4. Parameters of the Construction

We will define now all the parameters of the construction. The actual relations
[(P1)-(P7) below] between these parameters make sense only in the context of the
computations in which they are used, and are tailored to simplify the calculations
in the following sections. The reason why we collected these definitions here is that
there are many of them and the order in which they are defined is quite important.
Nevertheless this section serves only as a reference.

The following notation will be used in the sequel.

Definition 4.1. Suppose that s: w X w — w.
Let s (i,5) =i and s("t1 (i, 5) = s(s(™ (i, 5), 7). Given N € w+ 1, n € w and
fewh let

s () ={ (5™ (76),1)) i < N}
We will write s(f) instead of s(l)(f).

We define real sequences {e;,d;,¢; : © € w}, intervals {I; : i € w}, sets
{C; : i € w} and integers {m; : i € w}. In addition we will define functions §,
§,s:w X w — w. The sequence {¢; : i € w} is defined first. We require that

(Pl) 0< Eit1 < &; for i € w,
(P2) Yo, & < 1/2.

Set g = 6o =1, Iy = Cp = B,mp = 0 and §(n,0) = §(n,0) = s(n,0) = 0 for all
n € w. Suppose that {d;, €;, [;, Ci,m; : i < N} are defined. Also assume that §(n, 1),
§(n,%) and s(n,7) are defined for ¢ < N and n € w.

Put vy = |Hk<N 21’€|, IN = [[s<n vr and define ey such that

(P3) 0<vn-eny <en,
(P4) 2INtN+2, eEN < EN_1.

Given ey and ey we will define for k € w
max {l : LGQ el > 4} if ke2, >4
5(k, N) = 1+1 VN N
0 otherwise .

Next let §(k, N) = 5(24¥)(k, N), where uy is the smallest integer > log,(8/¢%).
Finally define

s(k,N) =8~ (k N).

Note that the functions §(-, N), §(-, N), and s(-, N) are nondecreasing and un-
bounded.
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Define
(P5) my = min {m : sV')(m,N) > 0},
(P6) oy =27N=2.g00N,

Finally use Theorem 3.1 to define Iy and Cy C 28 for § = 0y, € = en and
m=my.
In addition we require that

(P7) I; are pairwise disjoint.
The set H that will witness that SM is not an ideal is defined as
H={zxe2¥:3%k z|I} & Ci}.
Note that

M(H)§u<ﬂ U{xe2”:mrfk§zck}> < e +8 =50

n k>n k>n

5. More Combinatorics

This section contains the core of the proof of Theorem 2.1. This is Theorem 5.1
which is in the realm of finite combinatorics and concerns properties of the counting
measure on finite product spaces. We will use the following notation:

Definition 5.1. Suppose that Ny < N < w. Define FV to be the collection of all
sequences F = (f; : i < N) such that f; € Fli fori < N. For F € FV and h € WV,
let

P = {G e FY ¥i < N G(0) € Fi i | -
Similarly,
Feo¥ ={GeFg, :GINyg=F[Np} .
We always require that for all ¢ < IV,
|dom (F(4))| + h(i) < m;.

Let C = (C; : i < w) be the sequence of sets defined earlier. For Ny < N and
FcFY let

O, = J[ ©)F? = {s € 2oV VIN-1 . i e [Ny, N) s|I; € (Ci)F“‘)} .
No<i<N

We will write (C)¥ instead of (C)§ and (Cxn_1)¥@ =V instead of (C)%_;.

Definition 5.2. Suppose that X is a finite set. A distribution is a function m :
X — R such that

1
0<m(z) < —.
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Define «,, to be the largest number « such that m’ = o - m is a distribution, and
put m =Y .y m(z) and m = oy, - M.

Suppose that a distribution m on X is given and Y C X. Define my : Y — R*
as

Note that

Am = | X |- max{m(z):z € X}’

Observe also that (my)z =mz if ZCY C X.
A prototypical example of a distribution is defined as follows. Suppose that
p C 2¥ is a closed (or just measurable) set and n € w. Let m be defined on 2" as

m(s) = u(pN[s]) for s € 2™.

Note that ™ = p(p).
The following lemmas list some easy observations concerning these notions.

Lemma 5.1. Suppose that N € w, K°+ko < mp, fe Fé”ko and m is a distribution
on 2IN . There exist fo, f1 € Ffffko such that |fo \ fl = |f1\ f| = ko and

mM(cy)fo < mcon)f < Mcy)h -

Proof. For each z € 2/~ and h € Féka, let hY = hU{(z,0)} and hl = hU{(z,1)}.

Note that there is ¢ € {0,1} such that

m <Mcyr <M i

on)e = (Cns

Iteration of this procedure ko times will produce the required examples. O

Lemma 5.2. Suppose that Ng < N are natural numbers, h°, hg € [1;c n mi satisfy
ho(i) + h°(i) < m; fori < N, F € Fé)\fho and m is a distribution on 2%oY--VIn-1,
Suppose that for every G € Fgf,;év, a <miye < b. Let G* € Fg?,;év be such that
|dom(G*(3)) \ dom(F(i))| = h1 (i) < ho(i) for No <i < N. Then

No,N _—
VG € FG*,ho—hl a < m(c)G <b.

Proof. Since FYoY ., C FNo.N ' the lemma is obvious. O
G*,ho—h1 F,ho

The following theorem is a good approximation of the combinatorial result that
we require for the proof of Theorem 2.1. The proof of it will give us a slightly
stronger but more technical result, Theorem 5.3, which is precisely what we need.
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Theorem 5.1. Suppose that Ny < N are natural numbers, h®, hy € [I;cn mi sat-
isfy ho(i) +h°(i) < m; fori < N, F € F\,o and m is a distribution on 270%-IN—1
such that

2- J\i €;
M(C)F 2 —3 Zizo & :
Hz‘:No(l —8¢;)
There exists F* € Fg"h’o s(ho) such that
N-1 N—2
VG € FF* s(ho) m(c)G = M(C)F - H (1- 861)2 — Z € .
i=No i=No

Remark. It is worth noticing that the complicated formulas appearing in the state-
ment of this theorem are chosen to simplify the inductive proof. Putting them aside,
the theorem can be formulated as follows: if m(c)r is sufficiently big (where big

means only slightly larger than zero), then there exists F* € Fgo,zg _s(ho) such that

for all G € FNO’ s(ho) the value of m;c)f cannot be significantly smaller than 1.
©

The proof of Theorem 5.1 will proceed by induction on N > Ny, and the fol-
lowing theorem corresponds to the single induction step.
Suppose that NV € w is fixed.

Theorem 5.2. If k® + ky < my, m is a distribution on 2In gnd fe Fé”ko 18 such

that M(c s > 2en then there exists f* € FkaO 5(ko,N) such that

Vg € F?X,é(ko,N) ()™ (1 + 26]\[) > MOy = MOy 7™ - (1- 26]\/’),

and

Y9 € F{Y 5o,y MCm)7 = Micry7 - (1= 2en).
Proof. We start with the following observation:

Lemma 5.3. Suppose that m(c )5 > en. There exists f € Ff o —5(ko,N) such that

Vg € Fix 3 M(Cxn)s = TYCn)F (1—en).

(ko,NN)

Similarly, there exists f € Ff ko—5(ko,N) such that

Vg € FIN M(Cy)o < M(Cn)T (1 +en).

8(ko,N)
Proof. We will show only the first part, the second part is proved in the same way.
If s(kg, N) = 0, then the lemma follows readily from Theorem 5.1. Thus, suppose
that s(ko, N) > 0 and let m(cy)s be a distribution satisfying the requirements of
the lemma.
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Construct, by induction, a sequence {f, : n < n*} such that

(1) fo=f,
(2) fn+1 € an, §(ko,N)?

n s(ko,N
(3) MCyyin = Moyt (1 + §6N€]\5' 0 )) .

First notice that §(ko, N) was defined in such a way that

_ 1 ko 5(ko,N)
MO )7 - (1 +3 (§(k0, ) 2) ENEN ©

1 ko 5(ko,N)
> _ - )
> EN <1+2 (5(1{:0,]\7) 2) ENEN

ko s(ko,N)

_ Mo 1.
5(ko, N) New >

1
> -
-2
Therefore, after fewer than % — 2 steps the construction has to terminate
(otherwise m(c,ys > 1 for some g, which is impossible).
Suppose that f,, has been constructed.

Case 1. Vh € FI " S(ko,N) TH(Ca)" > Mcy)s - (1 —en). In this case put f = fn and
finish the constructlon Observe that

|f|+§(k07N) §k0+n*§(k07N)+§(k07N)

§k0+(ﬁ_2>.§(k07]\[)+§(k07]\[)

<K% 4 ko — 8(ko, N) < my .

Case 2. Jh € FI S(ko,N) THC)F < T(Cr)T - (1 — en). Using Lemma 5.1, we can
assume that |h| |fn| +8(ko, V).
Consider the partition of (Cn )’ given by h, i.e.

(Cn)m = (Cn)" U ((Cn) \ (Cw)").

Note that by considering the worst case we get

ml s
|(CN)h| N (1— é‘N)m(}né‘Nf" . E]\gko,N) Y
" h — ml ml _
|(CN)f \ (CN) | (1 — 8N)m(}"8an + 6N — ((1 — EN)m(}” Ean . 8?\5]60;]\]) _ 6N)

8§(k0,N) _ on
N 'm0 'm.}
(1—en) Fney’™
- s(ko,N :
1 _ 5?\5 0 ) + 251\7

0 1
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Moreover, since oy < 15%1" , we have

ECEIY on

)

1
mo M
(1= en)™h -y
and thus

s(ko,N) SN
EN T 0 mb
m 'f
(I—en) Frney’m
§(k20,N) 20N
1M 20w

mQ  m
(1—en) fney™
It follows that
1

mcy)f

"M(CN)In\(CN)"

- S(ko,N) (Cn)*

2 (14 gevel™) [(Cx)F N\ (Cn )]

|(Cn)"] n_ o skoN) __ |(Cn)"]

T I @ T2V e (O]

__ewt [(Cn)"]
[(Ch) N (Cx)P] T Y (C) T\ (O )P

14 RStk (CN)] I (%94
=1 T TR\ (G TN T\ (O

2
E§(ko,N) _ ON
N 'm0 'm.}
(1—en) In N
s(ko,N 26
1 — 51\5 ) + — mj(\)’ |
(1*€N) fn Ean

(k01N) + N

21+ge 34

s(ko, §(k0,N)
N 3 .

N n+1
> 1+ S enely

5 1
>1+ geNEJ\EkO’N) + S€NE

Let {h1,...,Rhosko.x } be the list of all functions in F/~ such that dom(h;) =
dom(h) \ dom(f,). Without loss of generality we can assume f,, Uh; = h. The sets
(On)Fnha . (C) Y30 ™) define a partition of the set (Cy)f \ (Cx)". Since

ntl  skoN
M(Cn)Fn\(Cw)" = THC)T (1 + 5 Ngj\(] 0 ))

it follows that there exists 2 < ¢ < 25(ko,N) gych that

n+l 5
m(CN)fnuhe Z ’I’TL(CN)f . <1 + T N€?\§k0’N)> .

Let fn4+1 = fn U he. This completes the induction. O
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Proof of Theorem 5.2. Suppose that m(c 57 = ap > 2ey. Without loss of
generality we can assume that Qg

= 1, that is m( v = Moy )f This is

o)t mew)/

)
because if we succeed in proving the theorem for the distribution Qg

then it must be true for mc,)s as well.

Apply Lemma 5.3 to get f/ € FI¥

Flo—5(ko,N) such that

Vg € Fffl'vs(kg,N) M(Cyn)s = ap(l —en).

Let uy be the smallest integer greater than log,(8/€%;) and define by induction
sequences {f;, a;, b; : i < uy} such that

1) b() =1 and fo = f/7

) ai,b; € R for i < up,

) b —a;] <277 for i <uy,

4) fiy1 € Ffst('iJrl)(kO,N)_g(i+2>(kg,N) for i < uy,

5) Vg € Ff 'S+ (ko ) ai(1 —en) <Moy)s < bi(1 +en).

Suppose that a;, b; and f; are defined and let ¢ = m ¢ )7;. Observe that ¢ >
ag - (]. —GN) > €EN.
If |c — a;| < 27%1 then let a;41 = a; and b;y 1 = c. Apply Lemma 5.3 to get

I
fit1 € Ffj’,\:§(i+1)(ko,N)—§(H’2)(k0,N) such that

VgeF f7+1 S(+2) (o, N) THCN)9 = bit1(1+en).

Otherwise let a;+1 = ¢ and b;+1 = b; and let f;11 € Fin be

h, s(i+1) (kQ,N) §(i+2) (k() N)
such that

I [E—
Vg € Ffitv+1,§<"'+2)(ko,N) M(Cn)9 > (L1‘+1(1 — EN) .

Put f* = fu,. Note that by the choice of uy, |buy — auy| < €%/8. In addition,
st (Ko, N) > 534N (ko, N) = §(ko, N). Since g7+ is equal to either a, or
buy, and a,, > €y, a simple computation shows that for every g € Fjﬁf 5(ko,N)?

Moy (1= 2en) < auy (1 —en) <Moy)s
< buy (1 +€N) < M(Cy ) (1 + 26]\[)7
and

M(Cnys = Auy (1 —€en) > ao(l — 2en) = Mycy)7 - (1 —2en). O

Before we start proving Theorem 5.1, we need to prove several facts concerning
distributions. The following notation will be used in the sequel:

(1) vp = [2009-VIe—1] for k € w.
(2) if F € FV and k < N then let wy,(F) = |(C)FI*|.
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Suppose that F € F¥*+1 and m is a distribution on 270%-VIn

(1) Let m/ be the distribution on (Cx)¥®¥) given by

Micye (s = {m@y(t):s Cte(C)F}forse (Cn)F™).

(2) For No < N and t € (C)FINo_ let mfc)p be a distribution on (C)}, defined as

(OF

mfc)p(s) = m(c)F(t/\S) for s € (C)EO .

(3) Let m;r be the distribution on (C)¥'V defined as

(oF
m(_C)F(t) = m‘EC)F for t € (C)FIV.

Lemma 5.4. Suppose that Ng < N, F € FN*! and G ¢ Fgf,;NH for some h € w*.
Then

(mzc)F)(C)%o = m%c)c .

Proof. Fix ¢t € (C)FINo = (C)G™No and observe that for s € (C)X, ,

(C)R]
t 0 —
(m(c)p)(c)go (s) = O “mycyr (t78)

(
O] o
OS] wn(F)

UN+1 —
= . t
wy+1(G) mi{t"s)

= m’éc)c(s). O

m(t™s)

Lemma 5.5. Suppose that F € FN*1 and G € FN N+1 for some h € w*. Then
(M) ewye™ =Mige
Proof. Similar to the proof of 5.4. O

Lemma 5.6. Suppose that Ng < N, F € FN*1 and t € (C)¥'No. Then

Migye = Wy (F) - mige -

Proof. Note that

WNy (F) _
wN+1(F) |(C)§o| : O

wn, (F) “MyC)F (t™s) <

The next two lemmas will be crucial in the recursive computations of
distributions.
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Lemma 5.7. Suppose that Ny < N, F, G € FN*1 F[[Ny, N] = G[[No, N| and
£ € (C)F M 1 (C)GINo. Then

[07%% (C)F—a

t
-m .
(C)F (C)G (C)G

N+1

In particular, if F* € Fgo}; for some h € w* then

t t
m(c)F[NO"F*[[NO,N] m(c)GINO"F*r[NO,N]

Mgy Micye

Proof. Note that under the assumptions the distributions m‘EC)F and m‘éc)c have
the same domain and the fraction gf(tﬁ‘z) has the constant value for both F
(O)F

and G. 0

Lemma 5.8. Suppose that F € FN*1 and G € FNJr1 for some h € w*. Then

t
_ M FIN—G(WN)

t
te(C)SIN Mcyr

Proof. Fort € (C)GIN,

_ , UN+1 . tm !
m(c)GrN“wm(t) B 2 €(Cn)F wN+1(GINAF(N)) m{t”) _ wy(F)
me)F D sre(Cn)Fa) % ~m(t™s') wy(G)

Therefore

ml ~
_ C)FINTG(N)
E m(C)GIN"F(N)(t) — p
te(C)GIN M(c)r

te(C)GIN wN(G) (C)FINTG®)

wN(F) UN+1
- ~ L ()
te(CZ):GTN wn (G) tCsEZ(;])G wy 1 (FINTG(N))
UN+1
> Z —— s - m(s)
te(C)GIN tCse(C wNH(G)

Z Z mc)e (s

te(C)GIN tCse(C)G

= Mg - =
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We will need one more definition:
Definition 5.3. Suppose that m is a distribution on X and U C X. Let my; be
the distribution on X defined as
m(z) fzeU
= f X.
o) () {0 otherwise orTe

Now we are ready to prove Theorem 5.1. For technical reasons we will need a
somewhat stronger result stated below.

Theorem 5.3. Suppose that Ny < N are natural numbers, h®, hg € [I;cn mi sat-
isfy ho(i) +h°(i) < m; fori < N, F € FY,o and m is a distribution on 270%-IN—1
such that

N
2 Zi:No €;
-~ . -
Hz‘:No(l —8¢;)

There exist F* € FgO’N ) and U* C 20oY--VIN-1 gych that

meF 2

sho—s(ho
N-1 N-2
(m)) gy 2 MQF - HN (1-8e;) — 2}; i,
1=INg 1=1INg
and for any G € Fgf’i\(]ho) and t € (C)G™o_ M, € [Ny, N),
N-1
7 7
(m[U*])(C)G > (m[U*])(C)F* . H (1-4¢).
i=Mp

Proof. First notice that Theorem 5.1 follows from Theorem 5.3. If F* and U* are

as required, then for all G € Fgf’ﬁ(fhg),

2 — T\t
mos 2 (mu)ge 2 D (M) e

te(C)C o
. N-1
Z Z ((m[U*])(C)F* . H (1 — 461)>
te(C)G o i=No
N-1 -
> H (1—4e)- Z (m[U*})(c)F*
i=No te(C)F*INo
N-1
= H (1 — 461) . (m[U*])(C)F*
i=No
N-1 N-1 N-2
> [] (1—4e)- (WC)F T8 - > ei>
i=No i=No i=Np
N-1 N-2

> T o)F - H(1—86i)2— Zei.

i=No i=Np
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We will proceed by induction on N. If N = Ny then the theorem is trivially

true Thus, suppose that the result holds for some N > Ny and consider N + 1. Let

Fé)v%’ONH and let m be a distribution on 270YUIN syuch that

N
2 Zi:No €i

N

Hi:NO (1—-e)

mC)F 2

Recall that by Lemma 5.5,

m?’c)F > m?‘c)p =M(CcF > 2en

and apply Theorem 5.2 with m = m(+c)F7 k0 = |dom(F(N))

s ko = h()(N) to get
7 I
fo € FFIzN),kré(ko N) such that

VgeF m+(C)FIN"‘g > M(C)F - (1 —2epn).

fo §(ko,N)

Let {s; : 1 <i < wx(F)} be an enumeration of (C)¥'V. By induction, build a
sequence {f; : i < wy(F)} such that

(1) fi C firr, ‘
(2) ko — |dom(fi)| > 81 (ko, N),
(3) for every ¢ > 1, one of the following conditions holds:
7 -
(a) Vg € F~N 50541 (ko ) msi(g)Fin—g < wN(F)7
(b) for all g € FIN

§(2i+1))

M gyen, - (1= 2en) <M (grin—g <M= grerns, - (1+2en).

Suppose that f; is given. If

26]\/’

Vg € FI¥ T Gy <
g (C)FIN wN(F)

f 5(2i+3) (k N)

then put fz+1 = fz

Otherwise, let f/,, € Ff 5G149) (ko ) be chosen so that

S 2N
L U}N(F)

B
m +1(C)Fu\r 7

In particular, by Lemma 5.6, m5i+1(C)F,Nﬁf~Zg > 2en. Let k = ko — |dom f +1| By

sr 7 In In
Theorem 5.2, there exist f;y; € F s such that for all g € Ff”rl’s(k’N)7

mIH Gein i, (L4 2en) 2 mPFt grin=g 2 Mm% Geiv—z - (1 2en).

Note that k > ko — |domf;| —8(7+3) (ko, N). Using the induction hypothesis we get
that k > 8D (ky, N) — §273) (ky, N) > §(27+2) (ky, N). It follows that §(k, N) >
(3 (ko, N) and ko — |dom(fi41)| > 83+ (ko, N), which finishes the induction.

Let F*(N) = fu (). Since wN(F) |2f00--UIN=1| it follows that s(ko, N) <

§(2wN(F)+1)(k0,N). Thus F*(N) € FF(N) ho(N)—s(ko,N) -
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Observe that m®cyrin—g = m(_C)F,Nﬁg(s) for every s € (C)¥IV. In particular,
M? (C)FINTF*(N) = m(_c)FlN"‘F*(N)(S)

By the construction, for every g € FLY and s € (C)FIV,

F*(N),s(ko,N)

— 1-— 2€N — _ 1 + 2€N
m(c)FrN’\F*(N)(S) : m <m (C)FINTg < m(c)FIN’\F*(N)(S) : 1—2en

or otherwise

2¢ - 2¢
TJ\];‘) and ms(C)FIN"‘g< N

m? ~Er) S < —=-
(C)FINTF*(N wN(F)
Moreover, by the choice of fo, for every g € F{TIZ(N),s(ko,N)’

m+(c)FIN"g > M(C)F - (1—2ep).

Even though we do not have much control over the values of m(_C)F[ N—rr) (5)

we can show that many of them are larger than w;é\’ I Let

_ 2en
FIN .
U= {s € (O)F! .m(C)FWAFWN)(s) > wN(F)} )

Note that for every g € F{"A*r(N),s(ko,N)’
(1 - 2€N) . m(c)F < m+(C)FIN"g

=M(C)FIN~g = T (C)FIN"g < Z m(C)FrN”y(s)

seU
_ 1+26N
+ Z m(C)FIN" ( 1—26 ch)F N"F*(N)( )
Ss€(C)FIN\U N sev
26N 1+2€N 1+2€N
Fun(E) T T e = 2N T 2oy
1—|—2€N

T 2en szm(c)p,mmm( 5)-

It follows that

_ 1-— 26]\/’ 2
Z m(c)FrNﬁF*(N)(S) Z ﬁ . m(c)F — 2€N Z (1 — 8€N) . m(c)F — 2€N .
seU

Define distribution m* on 2foY--UIn-1 5

m(C)FFN“F*(N)(S) if m(c)FrNﬁF*<N>(3) 2> wn (F)

m*(s) =

0 otherwise.
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Clearly,

m?c)FIN = Zm(c)F[N”F*(N)(S)
seU

N-1
2 Zi:No €i
[Ty, (1 - 8€)
Apply the induction hypothesis to m*, F[N and ho[N to obtain F*[N and V* as
in Theorem 5.3. Let

>m( C)F (1—8€N)—2€N_

U* = {se2loPVINsI[yu...UIy_1 €V NU} .

It remains to check that F* and U* have the required properties.

(M) g = D (M) gy

s€(C)F*IN
= miy o 8
se(cz);*uv( [ ])(C)F IN
- N-1
= (1) gyrern 2 e+ I (1860
i=No

N—-1
— Y &> (Mr - (1—8ey) —2en) - [] (1-86)

1=Np i=Mp
N-2 N N-1

— g € > m(C)F - H —8¢;) — g € ,
i=M0 i=M0 Z=M0

which gives the first condition.
To verify the second condition suppose that G € FNO’NJrl My € [Ny, N] and

s(ho)’
t € (C)G!Mo By the inductive hypothesis we have that

N-1

<mrv*])Zc)GfN = (m[*U*]xc)F*m '1:1;[4 (1 dei).

By Lemmas 5.7 and 5.8,

(M) (e v~

(m[U*])zc)G = Z (m[U*]);c)GrNAF*<N> (s)-

S
tCse(C)GIN (m[U*])(c)F*

(mw+)) (gyeiv -~

= Z (m[U*])(_C)G INTF*(N) ( )

tCse(C)GIN mu

)(c)FrN“F*(N)

(
(m[U])(c)FrNAG(N)

= Z (m[U*])(_c)GrN“F*m)

tCse(C)GIN (m[U )(C)F[N"F*(N)
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Now

(m[U])?c)FrN”G(N)

Z (m[U*]);c)GrN“F*(N) (s) -

tCse(C)GIN (m[U])?c)FrN“FNN)

> ) (m[*U*])t (s) ey

©eiv T4 2en

tCse(C)GIN
t 1— 2en
= m* * ) 5 .
tCse%GrN ( ) gen ) Tiaey
—_— N-1
1-2y 7 .
“ T2y <m[v*])(c)F*W ' H (1= de)
i=Mp

—t N
= (mive)) gy I] 100

0

N

= (m[U*])EC)F* . H (1 - 46i),

i=Mpo

which concludes the proof.

6. Measures and Norms

In this section we will examine the consequences of the combinatorial results proved
earlier on measures on 2%.

ForUC2l U ={zxe2¥ :2|] €U}

If p C 2<% is a tree, s € p, and N € w, then

(1) [p] denotes the set of branches of p,

(2) ps={te€p:tCsors Ct},

(3) pN = pF(IO U...u INfl).

We will identify product with concatenation, i.e. (s,t) with s™¢, and similarly for
infinite products. Most of the time we will also identify p with [p].

Definition 6.1. Let pc)r be the measure on (C)F defined as the product of
counting measures on the coordinates. In other words, if s € 27 then

woyr([s]) = {!)(Ck)F(k)rl if s € (C)F®)

otherwise.

Given a perfect set p € Perf,
Yo
N—oo  [(C)FIN] 7

Note that pcyr (p) = pcyr (PN (C)F).



Sh:607

Strongly Meager Sets Do Not Form An Ideal 25

Definition 6.2. For a function f € w* define log,(f) € w* as

log, (f)(N) = max {k :sE W) (F(N), N) > o} .

For hy, hs € w* define hy ~ hy iflogg(h1) = logg(hg). Clearly ~ is an equivalence
relation.
Let X be the collection of functions f € w® such that

(1) limy,— 00 logg(f)(m) = oo,
(2) f=min{g: f~g}.

For f € w* define functions f, f~ € X as follows: f = X N{g: f ~ g}, and
F(n) = {min{k :logy(k, n) = log(f(n),n) —1} if logg(f(n),n) >0

0 otherwise .

If fe X and n € w let iy(n) = max{k : logs(f)(k) < n}.

Remark. Note that X # (). By (P5), h € X, where h(k) = my for k € w. Also,
lim,, 00 i5(n) = oo for f € X. The purpose of the restriction put on the set X is
to make the mapping f — logs(f) one-to-one. In practice, we will only use the fact
that if log,(f)(n) = 0, then f(n) = 0.

Definition 6.3. For a perfect set p C2¥ F € F¥, N € w and h € X, define
Ip,F,h]x = inf{u(c)c(p) Ge F;Y;;j} .
We will write [p, F, h] instead of [p, F, h]o.
The following easy lemma lists some basic properties of these notions.
Lemma 6.1.

|me(C)F[N| ) ) ]
(1) The sequence {W k€ w} is monotonically decreasing for every

p € Perf,
2) [p,Fri,maln > [p, Fa, holw if B € FRo%, 0,
(3) if p1 Np2 =0 then [p1 Up2, F,h]n > [p1, F,h]n + [p2, F, h] N

Proof. (1) is obvious, and (2) follows from Lemma 5.2(3). Take ¢ > 0 and let
G e Fg;’ be such that

[p1 Up2, F RN + € > pcye (pr Up2) -
Now
[p1 Up2, F RN +¢€ > peye(pr Upz2) > pcye (p1 Upe)

> weye (1) + weye (p2) > [p1, Fo Ay + [p2, Fy R n -
Thus [p1 Up2, F,h]n + € > [p1,F, h]n + [p2, F, h]n and the inequality follows. O
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The following two theorems are the key to the whole construction.

Theorem 6.1. Suppose that pycyr(p) >0, h € X and 0 < e < 1. Then there exist
p*Cp, h*e X, Ng €w and F* € Fgoh’ ne Such that

ey (%) = (1 =€) - peyr (p), [p*, F*, n*] > (1 - 2¢) - p(cyr (p)
and

VYN Vs € (p)N [p5, F*,h*]xy > 0.

Moreover, we can require that h*(N) = s(h)(N) = h™(N) for N > Nj.

Proof. Find Ny € w such that
232 N, €i
(1) woyr(p) > levogel),
(2) HOO O(1 —4e;) < g,
(3) myr(p) - TN, (1 = 86:) = 232N, € = (1 =€) - poyr ()
(4) h(N) >0 for N > Np.

1

For N € w let m¥ be the distribution on 2f0Y-UYIN-1 defined as

mN(s) = {27 e i s e pt
0 otherwise .

Note that m¥ is the counting measure of p'¥.

Use Theorem 5.3 to find F7, FNO’

* ToU...UlIn_
FIN.hIN—s(hIN) and Uy C 2'° N-1 guch

that
- N * F*, N FIN 0 e
. _ [P nURn©F ] [pVn©F N P .
(m[UfV])(c)FFV = |(C)F;V = |(C)FIN| il_z[vo(l 8¢;) i;;o €i s
and for My € [Nog,N), s € pN [IpU...UIp,—1 and G € Fi‘\‘és’,]s\ihw)’
[P NUZN(©C] _ [N nUZ N (C)F] | ﬁ (1 de;)
- * v/

By compactness, there exist F* € F¥ and U* C 2<% such that
VN dM > N (F* IN =F3, [N & (UNN = (UX/[)N> .

Put p* = pN U™ and note that, by Theorem 5.3, for every N > Ny there exists
M > N such that
()N N (©)F V] M nU)N 0 (G
[(C)F" V] [(C)F" 1]
_ LM N0 0 (@R [ 00y 0 (O
|(C)Fi ] - (C)Fie|
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P n©fM A

I (1 -38e)

= eyr AL
- Z €; > /,6(0)1-‘ . H (1 — 8€i)
= No NO

- Z e > (1—¢) pcyr(p)-

i=Np
It follows that

N [0 Rl (S
o )= | ©F ™ >0 o).

Suppose that s € (p*)M for some My > No. As above, for N > M, and

M. . .
G e FF*"’S(h N the inequality

*

P NUXN(C)F] _ [pI nUR N (C)F

o 2 qoF Alu-e,

translates to

e}

VG e FFAKO,:Z}L) Kcye (p:) > M(C)F* (p’;) . H (1 — 461)
1=Myp

oo

1

i=M,

It follows that if s € (p*)Mo, My > Ny then for all G € FMO’ S(h)

ey (Ps) = (L —¢) - peyrr (p5) > 0.
Define

h*(N):{ﬁ(N) if V= No for N e w.

0 otherwise

Suppose that s € (p*)N. If N > Ny then the above estimates show that

S FS R N > (1—¢) - peyr (p5) > 0.
If N < Ny then by Lemma 6.1(3),
$F Ry > Z [}, F*, ¥
sCte(p)No
SCLC R S R s e

wNO(F*) sgte(p*)NO
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Finally note that for G € Fg. ,.,

um)c(p*): Z pcye (ph) = Z e (03) - (1—¢)

p*)No p*)No
=1 —¢) peye(p7) 2 (1 —e)? - peyr(p) = (1 - 2¢) - peyr (p) -
It follows that
[p* ¥, "] = (1 = 2¢) - pcye (p) - O
Theorem 6.2. Suppose that My € w, € < 1 and pcyr(A) = 1. Let p C 2% and
h € X be such that
VN Vs € (p)V [p,F,h]n > 0.

There exist p*, h* € X and F* € Fg?,;fh* such that

h*T Mgy = h[ Moy,

5) Vs € (p)MO ;aF*vh*]]Mo 2 (1 - 45) : HpSath]]M

Proof. Let o = min {[ps,F, k] : s € (p)}. Fix € > 0 and for every s € (p)™°
find N§ > My as in Theorem 6.1. Let Ny > max{Ng 1S € (p)MO} be such that
logs(h)(No) > 0.

Fix an enumeration {s; : 0 < i < £} of (p)M°, and define sequences {F;,h; :
i </{} and {pf:0 < i <{} such that

(1) Fo =F, ho = h,

(2) h; 6Xforz<€

(3) pf Cps, NA,

(4) Fi1 € Fﬁﬂ,’hi—s(hi)’

(5) hit1(N) =s(h;)(N) for N > Ny, i < £,
(6) Vi <LVN < Ny hi(N) =0,

(7) [[pvaw h; ]]Mo = (1 - 45) “H(C)Fi (psqz)7
(8) VN Vs € (pl) ﬂp:;Fiyhi]]N > 0.

Suppose that Fj, h} are given for some 7 < £. Find ¢;1 C ps,,, N A such that
tcyFi (gi+1) = (L—e)p(cyr: (Ps;)- Let piv1, Fiy1 and hiy1 be obtained by applying
6.1 to g;+1, F; and h;. After ¢ steps we have constructed functions Fy, hy and a
set p* = J,<, pi- Functions F, and he = h~ will define values of F* and h* for
N >N,

Define for N € w,

e [R(N) if N < M,
h<N)_{h—(N) ifMogj\(;
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and F*(N) = Fy(N) for N > Np. It remains to define the values of F*(IV) for
N < Nj.
Define F*[ Ny by the following requirements:

(1) F*[Mo = FIMy,
(2) F* e Fgp”)
(3) for N < Ny and s € (p*)¥,

PiN(C)F 1 20 = (Y6 € Ry, ey, 220 (O)% #0)

More precisely, by induction on N € [My, Ny) define sequences {Ffv 1 < w N}
and {hfv 1 < ’UN} such that

(1) ho™ = R[Ny, Fo'o = F[ Ny, F ™' = FY and h{'t* = ALY for N > M,
(2)VN<Non<thNfN R IN,

(3) Ay = hY IN"s(hil[N, Np)) for i < v,

(4)

(5)

N,N
4 FfileFFN;’LN WY

5) if s is the ith element of (p)V then exactly one of the following two cases holds:

(a) VG € FX:No (C)C N (ps)No £ 0,

FN N

(b) (C)FY N (ps)No = 0.

The construction is straightforward. If case 5(a) holds, then we define F¥; =
FY, otherwise there exists G € FAN° such that (C)S N (ps)No = (), and we put

FN 1!
FY, =G.

Observe that for N > My, h*(N) = h=(N) = s~ (h)(N) = h)/+1(N). There-
fore we can carry out this construction provided that logg(h)(N) > 0. However, by
the choice of X, if logs(h)(N) = 0 then h(N) = 0 and the required condition is
automatically met.

Finally let

F(N) if N < M,
F*(N) =< FNY(N) if My < N < Ng,
Fo(N) if N> Np.
We will show that p*, F* and h* have the required properties. Conditions (1)—(3)

of Theorem 6.2 are obvious.
To check (5), consider s € (p*)™°. By the choice of Ny, p* and F; we have

(©)€|

. 0,No (pS)NO n (C)G
min {G € Fl%fﬁo,h*fNo : W (1 —4e)

Z ﬂps,F*,h*]]MO . (1 —45) Z HpS,F,h]]MO . (]. —45).

*\No m C G
[[ps7F* h’*]] Mo Zmln{G € FFA{()’%(? h*[No : |(pS) ( ) |} (1_48)7
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To verify (4), we have to show that [p*, F*,h*]y > 0 for s € (p*)V. If N > Ny
it follows from the construction of Fy. If N < Nj then

I(C)€|
. * Mo, No
By the choice of F* [Ny, for all G € Fg. {No,h* [ No*

|(p5)Ne N (C)G|
CER

It follows that [pf, F*,h*]n > 0. O

*\No m C G
[p5, F* by > (1 — 4e) - min{w G e FploNo ,NNO} .

7. Definition of P

In this section, we will define a partial order P having properties (A0)—(A2) from
Theorem 2.1. This will conclude the proof of Theorem 1.12.
We start by defining a partial ordering Q that will be used in the definition of P.

Definition 7.1. Let Q be the following partial order:
(p,F,h) € Qif

1 pGPerf FeF“ held,
2 |dom( )|+h ) < my, for every k,

(1)

(2)
B)pc(C )
(4) Vs € p™ HpsyF h]n > 0.

For (p 7F1,h1), (p ,Fg,hg) S Q define (pl,Fl,hl) Z (pQ,Fg,hg) if

(1) p* Cp?
(2) F1€FE, pn,-

To see that Q has the fusion property we define >,,:
Definition 7.2. For n > 0, define (p*, F1,h1) >, (p?, Fa, ho) if

1 @' F1,h1) (p*, F2, ha),

(2) Vs € (p*)" [pt, Fu, halne > (1 —27"71) - [p2, Fa, hans
(3) hiln* = haln*,

(4) Fi[n* =Fqy[n*,

where n* = ip, (n).
Note that condition (2) above implies that (p!)"" = (p*)™".

Lemma 7.1. Q has the fusion property.

Proof. Suppose that {(pk, Fi,hi): ke w} is a sequence of conditions such that
(P**, Frs1, hio1) k41 (0%, Fr, i) for each k. Let n*(k) = ip,,, (k). Note that
limg_, 0o n*(k) = co. Define
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(1) h = UkEw h, [n*(k:),
(2) F = U, Filn (b)
(3) P = Upen @) ®.
Observe that h, F and p are well defined.
Suppose that s € p" (k) G € Fg;’ and k > kg, and note that
(ps)” B N (C)SM ] (k)™ W) 0 (C)GIm W]
|[(C)GIn* (k)| o [(C)GIn* (k)]

Therefore pcye (ps) > infi[pk, Fi, hi]. Hence,

1
ﬂpsath]]n*(ko) > lesCOaFkovhko]]n*(ko) : H (1 - W)

k>ko

Z [[p§7 Fk7 hk]] .

1
> (1 o W) ' [[plsco7Fk07h’ko]]n*(ko) > 0.
The same computation shows that (p, F,h) > (p*, Fr, hs,). O

Theorem 7.1. Suppose that (p,F,h) € Q.

If g C p and u(c)p(q) > 0, then there exist ¢~ C q, F* and h* € X such that
(¢*,F*,h*) € Q and (¢*,F*,h*) > (p,F, h).

Ifn € w and A C p is such that pcyr(A) = 1 then there exist ¢* C pN A, F*
and h* € X such that (¢*,F*,h*) € Q and (¢*,F*,h*) >, (p,F,h).

Proof. The first part follows from Theorem 6.1 and the second from Theo-
rem 6.2. O

The following theorem shows that Q satisfies condition (A2) defined in Sec. 2.

Theorem 7.2. For every (p,F,h) € Q, n € w, X € [2°]=%0 and t € Perf such
that p(t) > 0,

p({z€2%:3(¢,G, f) >n (0, F,)XU(¢+Q) Ct+Q+2}) =1.
Proof. Suppose that (p, F,h) € Q and t is a perfect set of positive measure. O

We will need the following observation:
Lemma 7.2.

u({zeQ“:u(c)F(pﬂ(t—Fz)) >0}) >0.

Proof. Consider the space p x 2“ equipped with the product measure
(yrlp) x p. Let Z = {(z,2) € px 2% : z € t + a}. Note that u((2).) =
pu(t 4+ x) = p(t) > 0 for each z. By the Fubini theorem

(= o (2)7) > 0)
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has positive measure. But

(Zy={zep:zect+a}={zepzct+z}=pnN(t+2). O

Let X C 2¥ be a countable set. Put Zx = {z € 2% : X Ct+ Q + z}. Note that
Zx has measure one. Thus, without loss of generality, we can assume that X = ().
For each s € p let

Zg = {z€2“’:u(c)p(psﬂ(t+z)) >0}.

By the lemma, u(Zs) > 0 for each s. Let Z = [, (Zs + Q). This is the measure
one set we are looking for.
Fix z € Z and n € w. Note that pc)yr(t + Q + 2z) = 1 and apply Theorem 7.1.

Definition

7.3. Let P C Q x Q be the collection of elements ((pl,Fl,h)7 (pQ,Fg,h)) such
that

(1) Vk dom(F1(k)) = dom(F3(k)),

(2) Vk Vs € dom(F (k) (Fl(k)(s) =1 or Fa(k)(s) = 1).

For ((pl,F17h1), (Q1,G1,h1)), ((pQ,FQ,hQ), (QQ,GQ,]?,Q)) € Pand n € w de-

fine ((p',F1,h1), (q1,G1,0)) >n ((p%,F2,h2), (g2, G2, h2)) if (p',F1,h1) >n
(p?,Fa, ho) and (g1, G1,h1) >, (g2, Ga2, ho).

Strictly speaking, the partial order used in the proof of Theorem 2.1 was a subset of
Perf x Perf while P defined above has more complicated structure. Nevertheless it is
easy to see that it makes no difference in the proof of Theorem 2.1 as conditions (A1)
and (A2) refer only to the first coordinate of P.

Lemma 7.3. P has the fusion property.
Proof. Follows immediately from the definition of P and Lemma 7.1. |

Next we show that P satisfies (A1).

Lemma 7.4. For every p € P, n € w and z € 2 there exists q >, p such that
qu CH+2zo0rqg CH+ 2.

Proof. Suppose that ((pl7 Fy,h), (p?, Fo, h)) € P and z € 2¥.

Case 1. There exist infinitely many k such that z[I, € dom (Fl(k))

It follows from the definition of P that in this case there exists i € {1,2} and
infinitely many k such that F;(k)(z[Iz) = 1. In particular, since p* C (C)¥:, for
every r € pi7

1%k 2T & Cy + 211



Sh:607

Strongly Meager Sets Do Not Form An Ideal 33

Thus, p* C H + z.

Case 2. z[I}, € dom (Fl(k)) for finitely many k.
Let n* = ip(n). Define for k € w, and i = 1,2

o [Fik) if k< n*,
G’(k)_{Fi(k:)u(erk,O) if k> n*,

¢ =p'N(C)% and

_ [ h(k) if k <n*,
f(k) = {s(h(kz), k) if k>n*.

Clea‘rly ((q17 le f)7 (q27 G27 f)) Zn ((p17 F17 h’)7 (p27 F27 h)) and the same argu-
ment as in the first case shows that it has the required properties. O

Next we show that P satisfies (A2).

Theorem 7.3. For every p € P, n € w, X € [2°]<%0 i = 1,2 and t € Perf such
that p(t) > 0,

u({z€2‘“:quanU(qi+Q)§t+Q+z}) =1.

Proof. Suppose that ((p',F1,h), (p?,F2,h)) € P, n € w, X C 2¥ is a countable
set, and t is a perfect set of positive measure. Without loss of generality we can
assume that ¢ = 1. Consider the set

Z={2€2:3(¢,G, f) =n (", F1,)X U(q+Q) Ct+Q+2z}.

By Theorem 7.2, u(Z) = 1. Fix z € Z and let (p’,F},h’) >, (p',F1,h) be such
that p' + Q C t + Q + z. Now define F} by putting Fj(s) = 1 for every s €
dom(F})\dom(F2). Clearly, ((¢,F%,h"), (p*, F5, 1)) is the condition we are looking
for. O
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