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THE JOURNAL OF SYMBOLIC LoGIic
Volume 44, Number 4, Dec. 1979

ALGEBRAICALLY CLOSED GROUPS OF LARGE CARDINALITY

SAHARON SHELAH AND MARTIN ZIEGLER

§0. Introduction. Let M be a countable algebraically closed group, £ an uncount-
able cardinal. We will prove in this paper the following theorems.

THEOREM 1. There is an algebraically closed group N of cardinality k which is co —
w-equivalent to M.

THEOREM 2. There is an algebraically closed group N of cardinality £ which is 0 —
w-equivalent to M, and contains a free abelian group of cardinality .

THEOREM 3. There are 2% nonisomorphic algebraically closed groups of cardinality
£ which are o — w-equivalent to M.

THEOREM 4. There is an algebraically closed group N of cardinality x which is 0 —
w-equivalent to M and satisfies: Every subgroup of N of uncountable reqular cardi-
nality contains a free subgroup of the same cardinality.

Theorems 2 and 4 illustrate Theorem 3 by exhibiting two groups N =, M of
cardinality # which are nonisomorphic by obvious reasons. We state and prove
Theorem 1 separately in order to give an easy example of our principal tool: the
use of automorphisms instead of indiscernibles (see §2).

This method is due to the second author, who constructed two nonisomorphic
algebraically closed groups N =.,M, |N| = ¢ in his Habilitationsschrift (1976).
Subsequently the first author used an improved version of the method to prove
Theorem 3 (1976) and Theorem 4 (1977). Some improvements in our proof of
Theorem 4 are due to the second author.

Theorem 1 answers a question of A. Macintyre, who proved it for £ = 8; [1]
and—assuming Martin’s axiom—for all £ < 2% [2]. Note that Theorem 1 implies
the existence of finite-generic groups of cardinality &.

Macintyre and Shelah [8] dealt with similar problems for universal locally finite
groups. Macintyre [7] dealt with similar problems (including algebraically closed
groups) in cardinality 8;, assuming ¢, proving there is N, oo — w-equivalent to
M, with no uncountable abelian subgroup. Hickin [6] improves those results for
universal locally finite groups (eliminate diamond, get more properties, but the
cardinality was §;). Shelah (later than Ziegler’s work) in [9] (assuming CH, for
cardinality 8;) and [10] (for cardinality 2%) improve the results of [7]. He also con-
structed (assuming CH), N co — w-equivalent to M of cardinality &;, with no un-
countable free group. The parallel of this for any cardinality remains open.

Addendum. By a slight modification of our method one can sharpen Theorems
2 and 4. In both cases there are 2¢ nonisomorphic groups N; if & is regular, there
are 2¢ groups N (satisfying all the respective conditions) which are mutually non-
embeddable. This answers questions of the referee.
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ALGEBRAICALLY CLOSED GROUPS 523

§1. Prerequisites from group theory. A nontrivial group N is algebraically closed,
if every finite system of equations with coefficients from N which is solvable in a
supergroup of N has a solution in N.

(1.1) LemMMA ([1]). Let N be a group.

(1) N =, M iff N is algebraically closed and has—up to isomorphy—the same
finitely generated subgroups as M.

(2) N = M iff N is countable, algebraically closed and contains the same finitely
generated subgroups as M.

We sketch the proof. (1) (Only if) The class of all algebrically closed groups is
definable by a sentence of L, .. For every finitely generated F the class of all groups
which embed F is definable by a sentence of L,

(If) The theorem of Higman-Neumann-Neumann (“an isomorphism of sub-
groups can be extended to an inner automorphism of a supergroup”’) implies the
w-homogeneity of algebraically closed groups:

Every isomorphism of finitely generated subgroups can be extended to an (inner)
automorphism.

Two w-homogeneous models having the same finitely generated submodels are
oo — w-equivalent. For the family of all isomorphisms between finitely generated
submodels has the back-and-forth property.

(2) follows from (1). Countable models which are oo — w-equivalent are isomor-
phic.

(1.2) LEMMA. A subgroup L = M is isomorphic to M iff for all finitely generated
H c Landallhe M thereisanx € Cy(H) s.t. xhx™1 € L.

(Cy(H) denotes the centralizer of H in M.)

ProOF. (Only if) ((H, h) denotes the group generated by H |J {h}.) Thereis ye M
s.t. y{H, hyy~! = L, by w-homogeneity of M. The w-homogeneity of L yields an
element z of L s.t. ywy™! = zwz 1 forallwe H. Putx = z1y.

(If) Let H = L be finitely generated. By induction for all Ay, ..., h, € M there is
x e Cy(H) s.t. xhyx71, ..., xh,x e L For, if ye Cy(H), yhiy™L, ..., yh,_ 1y leL,
choose z € Cy ({H, yhy y71, ..., yh,—; y"1))s.t. z2(yh,y 1)z"1l € L, and put x = zy.

We prove L =~ M by 1.1.2. Let S be a finite system of equations with coefficients
in H < L, which is solvable in a supergroup of L. S is also solvable in the amalga-
mated product of M and this supergroup, thus there must be a solution 4y, ..., A,
of Sin M. Let x € Cy(H), xh;x71, ..., xh,x~! € L. The last sequence is a solution of
S in L. This proves that L is algebraically closed. On the other hand every finitely
generated subgroup <Ay, ..., h,» of M is embeddable in L.

Let xy, ..., x,, € M. An implication with coefficients xy, ..., x,, is a formula of the
form

i/<\k WAX1s ooy Xons V1s coos V) = ViAX1s oovy Xops V1o oes Vi)
= W(x1, ooy V) = V(X -o0s V)

(x; is a name for x;,, v; a variable).

We quote from [3].

(1.3) LEMMA. Let x, ..., x,, € M. A recursively enumerable system of implications
with coefficients xy, ..., x,, which is satisfiable in a supergroup of M is satisfiable in
M.
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524 SAHARON SHELAH AND MARTIN ZIELGER

Let (f; | i € N) be an enumeration of the group F. If F = M, we call the enumera-
tion compatible if there are xy, ..., x,, € M and a recursive sequence Wy(v,, ..., V),
i€ N,of words s.t. f; = Wi(xy, ..., x,,). (fili € N)is effectiveif f; = f,f, is a recursive
relation in i, j, k.

(1.4) LEMMA. Let (f;|i€ N) be an effective enumeration of the group F. Then F
can be embedded in M s.t. (f;|i € N) is compatible.

PRrOOF. In [4] a recursive sequence of words Wy(v;, v,) is given, s.t. the system of
equations {W(v;, v5) = f; | i € N} is solvable in an extension G of F. Take an ele-
ment x € M \ {e} ({e} denotes the trivial group). The r.e. system of implications

(WW, = W, f.f; = 1} U (WW; = Wy > x = el fif; # £}

is solvable in M x G and has therefore a solution x;, xp in M. f; = W{x), x2) is
the desired embedding of Fin M.

A sequence (F; | i € N) of subgroups of M is effective if there are elements xy,
..., X, € M and a recursive sequence (;, i € N of recursively enumerable sets of
words in vy, ..., v, s.t.

Iri= <W(x15 ceey xm)l We Qi)a ieN.

We remark

(1.5). Let the enumeration (f;|i€ N) of F ¢ M be compatible, and (F;| i e N)
a sequence of subgroups of Fs.t. f;€ F; is recursive in i, j. Then (F; | i e N) is ef-
fective.

Let K;, i € N be a family of subgroups of X, and ¢, a family of isomorphic embed-
dings ¢;: K; — F;. Define

C= <K*F0*Fl* T ;¢t(h) = hs heKia ieN)’

the free product of K, Fy, Fj, ... where the K; are amalgamated with ¢,[K/] via ¢,.
We identify K, Fp, ... with subgroups of C. Then F; | K = K; and F; | F; =
K; N K;. We will use the notation

C = [I*(X, Fi; K).
A product coc; --- ¢, of elements of K U | J,en F; is in normal form, if ¢, € K — ¢,y
¢K c,eF;>c1¢F,k=0,1,..,n—1.

(1.6) Lemma. (1) Every element of 11k (K, F;; K;) can be written as a product in
normal form.

(2) A product cyc; -+ ¢, in normal form equals e iffn = 0, ¢y = e.

ProoF. (1) If dyd, --- d,, is not in normal form because d,, d,.,; € K or d, d,,; €
F;, we proceed to the product dyd; - d,_1(didys1)d,s2 -+ d,. Finally we arrive at a
product in normal form.

(2) This can easily be derived from the normal form theorem for free products
with amalgamation. Note that [JX (K, F;; K;) is the union of the sequence
o (K¥g Fo) ke F)* g, Fp -+ . (ITJn(K, Fy; K;) is a tree product in the sense of [11],
in the tree K is connected with each F;.)

§2. Models with operation.
(2.1) DEFINITION. Let M be a model, I a set. An operation .4 of I on M is a map-
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ALGEBRAICALLY CLOSED GROUPS 525

ping, which assigns to every finite s = I a submodel .# s = M and to every bijec-
tion f: s — ¢ an isomorphism ./ f: .#s - 4t s.t.

M M= J{us|s < I},

(2) .#id, = id,,

(3) dom f=rngg = Mfo Mg = M(fg),

@Dfcg=ufc Mg
Note that (2), (3), (4) imply

sct= M5 c Mt

domfcmgg= Mfo Mg = MJ-g).

(2.2) DEFINITION. Let M be a submodel of N and 4" an operation of / = Jon N.
A" is an extension of 4, if for all s = I, #°s = /s and for all bijections f: s - ¢ =
LyVf=uf

(2.3) LEMMA. Let . be an operation of the infinite set I on the model M, and J a
superset of I. Then there is a unique extension of ./ to an operation A" of J on a
suitable model N > M.

Proor. (Uniqueness) Let 4" be another extension of .# to an operation of J
on N’ o M. Choose for every x € N a finite s = J s.t. x € 4"s and a bijection f:
t - s, t = I. Define

p(x) = NNV 7).

¢ is a well-defined isomorphism ¢: N — N’, which satisfies ¢, = idy, ¢[A#"s] =
NS, oo N f=NTfop.

(Existence) Choose for every finite s = J a bijection f;: s* - s, s’ = L (In case
s < I, we take f; = id,.) Set N, = #s’. For every s = t < J, there is a unique in-
jection fi;: 5" — 1" s.t. f, f;, = f;. Define an isomorphic embedding N;: N, — N, by
N, = A f,;,. (Note that N, is the inclusion map of .#s = .#t,ifs =« t = L)

The N, form a commutative system: N = idy, NyN,, = N,,,rc sc t < J.
Define N as the direct limit of the system N,, s = J; N, s = t = J. (The index set
P,(J), the set of all finite subsets of J, is partially ordered by inclusion.)

We have embeddings N,.,: N, > N st. sct= N, N,=N,, and N =
(J{rng N,.|s = J}. We can assume that for s = I, N, = id,,. As a conse-
quence M = (J{#s|s = I} = N.

We define the operation of Jon N by A"s = rng N, and for f:s5s > ¢, &/ f =
Ny MfTFINTL.

The proof is now completed by chasing commutative diagrams.

Our construction admits the following generalization (which we use only in the
proof of Theorem 3, §5).

Let I be a relational structure (a model, where no constants and functions are
defined). An operation .4 of I on M assigns to every finite substructure s = I a
submodel .#s = M and to every isomorphism f: s — ¢ an isomorphism Zf: .4s —
At s.t. (1), (2), (3), (4) are satisfied.

Lemma (2.3) generalizes to

(2.4) LEMMA. Let .# be an operation of the relational structure I on the model M.
Let I be a substructure of J, which contains—up to isomorphy—the same finite sub-
structures as 1. Then there is a unique extension of . to an operation A" of J on a
suitable model N > M.
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526 SAHARON SHELAH AND MARTIN ZIEGLER

PrOOF. Same as the proof of (2.3).

We describe now the way to use (2.4) for the construction of algebraically closed
groups (no other applications of (2.4) are known to us).

Let /T be a group of automorphisms of the relational structure I, which contains
an extension of every isomorphism of two finite substructures of I. We define for
every finite s = I, I, = {zme ll| x|, = id,}.

(2.5) LeMMA. Suppose Il is a subgroup of M and let for every finite s = I a sub-
groupM, c M be given s.t.

B)sct=>M,c M,

(6) Ms c CM(]]s)a

() aMz™! = My,

@) M, =M.

Then

(D) s = My, #f(x) = zaxz™t (ifw ell, f = z) defines an operation 4 of 1
on | J{M,|s = I}.

(2) If A is an extension of 4 to an operation of J on N, N is an algebraically
closed group with N =, M, | N| < |J | + 8.

Proor. (1) We prove that .# f is well defined. Let f: s — ¢ be a finite bijection,
xe s and f cz, pell. Then z|; = p|, =z 1pell,= nlpx = xz~1 p=pxp~!
=gxz~ Ll

(2) N is the direct union of the A's, s € P, (J), which are isomorphic to M. This
fact alone entails that N is algebraically closed, possesses the same finitely gener-
ated subgroupsas M and | N| < |J| + Ro-

§3.

PROOF OF THEOREM 1. Set

I = N, the set of natural numbers;

Il = the group of finite permutations of I (i.e. the permutations 7 with finite
support {i € I | z(i) # i}).

We fix an effective enumeration (y; | i € N) s.t. z(j) = k is a recursive relation
between i, j, k.

By (1.4) we find IT as a subgroup of M with compatible enumeration. Set M, =
CM(”S)’ SE Pw(l)

(3.1). I, (M, | s = I) satisfy the conditions (5), (6), (7), (8) of (2.5).

PRrOOF. (5) and (6) are clear. (7) follows from

n'Msﬂ"—l = nCM(]Is)n-—l = CM(n']]sn—l) = CM(]Zn[s]) = Mz[s]'

For (8) we use (1.2). Let H be a finitely generated subgroup of M, and he M. I,
has trivial center. Thus the group (H, II;) is the direct product H x [I,. We choose
a group M’ o H, isomorphic to M by an isomorphism which leaves the elements
of H fixed. Let M” be the free product of M’ x [, and M with amalgamated sub-
group H x [I,. Suppose Ay, ..., h, are the generators of H and A’ € M’ the element
corresponding to 4. The theorem of Higman-Neumann-Neumann gives an element
y in a supergroup of M”s.t. yhy™l = b’ and yh;y~! = h;, i =1, ..., n. By (1.5),
(II, | s € P,(D)) is effective (here we identify N and P,(])). Thus there are x, ..., x,, €
M and a r.e. set Q of words s.t.
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I, = {W(xy, ..oy X)) | Wy, ..oy V) €.
y solves the following r.e. system of equations.
{lv,h]=e | i=1,..,n} U {vbv!, W(xy, ..., X))l = e| W(vy, ..., v,) € 2}

([x, y1 = x71y7Ixy).

If x is a solution in M, we have x € Cy(H) and xhx~! € Cy(Il;). This proves (3.1).

Let now ./ be the operation of Lemma 2.5, and J o I a set of power . If we
extend .# to an operation A4 of J on N using (2.3), we obtain an algebraically
closed N, .o — w-equivalentto M, | N| < &.

On order to show | N| = £, we partition J in two-element subsets {i,, j,}, a <&.
Let a € I be the 2-cycle (01) and b = (23). Clearly a e 47{0, 1}, b € #{2, 3}. We fix
the following notation for later use: f7"{~ is the finite bijection which maps k;
to j;. Put a, = A fix«(a). If a # B, the isomorphism Af91% ;. maps a, to a and
ag to 4 f§(a) = b. Whence all a,, a < &, are different.

§4.

Proor oF THEOREM 2. We use I and [T of §3. Let A4 be the free abelian group with
generators a;, i € I. Every « € I] gives rise to an automorphism 7% of 4 by 7(a;) =
a,. Let B be the split extension of A w.r.t. the homomorhpism 7 — 7. (B is
generated by 4 and /I, and is determined by the conditions 4 N Il = E, zaz™! =
7(a). B can explicitly given by the set 4 x [l together with the multiplication
(a, ) (@, ') = (am(a’), =x').) We find an effective enumeration (b; | i€ N) of B
s.t. b; = y; is a recursive relation. By (1.4) we get an embedding of B in M, where
(b; | i € N) is compatible. Then (g | i € N) is a compatible enumeration of /] c B
< M, and we can use the results of §3:

The family M, = Cy(ll) gives rise to an operation .# of I on (J{M,|se
P,(I)} according to (2.5). The extension 4" of .# to an operation of J > [ on N
yields an algebraically closed group of cardinality £, which is co — w-equiva-

Jlent to M.

ay is an element of 47{0}. Since a; = A f{(ay) for alli e I, a; is well defined by
a; = Nf{ao),jeJ If jo, .., j, are different elements of J, the isomorphism

NG Nl o duy = H{0 1, oy m)

maps a;,, ..., a,, to dy, ..., a,. Whence the a;, j€ J freely generates an abelian group
of rank .

§s.

Proor oF THEOREM 3. Set

I = (Q, <), the ordering of the rationals;

IT = the group of all piecewise linear automorphisms of / (i.e. all order-pre-
serving permutations of @ of the form

71.'(X) =rX +p; XE€ [qt', qt‘+l)

where —o0 = o < 41 < " < Gy < quy1 = 0,71, P qieQ)~
We will use only the following properties of II:
1T satisfies the assumptions preceding (2.5).
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There is an effective enumeration (g, | i e N) of II s.t. y,( p) = q is recursive in
i,p,q.

The I, s € P,(I), have trivial center.

Let 4 be presented by the generators a,, ¢,, pe @ and the relations [a,, ¢,] = e,
p < q.Itis easy to see that 4 has solvable word problem and g < p = [a,, ¢,] # e.
Every 7 € Il permutes the defining relations of 4 by a, = a,,, ¢, = ¢;(,. We call
the resulting automorphism of 4 7.

Let B be the split extension of A4 w.r.t. the homomorphism z — 7. We find an
effective enumeration (b, |ie V) of B s.t. b; = p; is recursive. By (1.4) we get an
embedding of B in M, where (b;|ie N) is compatible. Then (I, | s € P,(I)) is an
effective family.

We set M, = Cy(II,), s € P,(I). The proof of Theorem 1 shows that we can apply
(2.5) to obtain an operation .# of I on | ) {M,|s = I}. We choose a linear ordering
J which contains I and embeds (#, <). Let A" extend .# to an operation of / on N
(2.4). N is algebraically closed and 0 — w-equivalent to M.

ay, ¢y are elements of 4 {0}. Since a; = 4 f§(ag) and ¢; = ¥fi(c,) for all
ieQ, we can define a; = A" fi(ap) and ¢; = N f(co) for all je J.

If jo < j; are elements of J, the isomorphism A f%. : A4{jo, j1} = 40, 1}
maps a;;, a;, to ag, a; and c;;, c; to ¢y, ¢;.

This implies that [a;, ¢;] = e <> j, <y, for all jiy, j, e J.

Theorem 3 follows now from the next lemma. (We set k = 2, o(v, vy, Wy, wy)=
[v1, wo] = e, take for ¢ a Scott-sentence of M.)

(5.1) LemMA ([S]). Let ¢ be an L, -sentence and ¢(vy, vy, ..., Vp Wy, ..., W)
an L -formula. Suppose that for all k, there is a model N of ¢ which contains a se-
quence a,€ N¥,a < £ s.t. N k= ¢(aq, ag) <> a < (8. Then ¢ has 25 nonisomorphic
models of cardinality , for all uncountable .

§6.

ProoF OF THEOREM 4. We use [ and /] of §3. Let A be the free group with genera-
tors a;, i € I. Every z € Il determines an automorphism 7 of 4 by 7(a;) = a,(.
Let B be the split extension of 4 w.r.t. the homomorphism 7z +— 7. There is an
effective enumeration (b; | i€ V) of Bs.t. b; = y; is recursive. We can assume that
B c M and (b, | i € N) compatible (1.4).

Define A, = {a; |ies) for every finite s = I. Then (4, | s = I) is admissible
in the following sense.

(6.1) DEFINITION. A family (L, | S € P,(I)) of subgroups of M is admissible, if
(5), (6), (7) of (2.5) hold (where M, is replaced by L) and

QL NHT=e

(10) (L, | s € P (D)) is effective.

(11) Suppose s, t€ P,(I) ; mg, ..., Ty € Il s.t. wt] N 7wea[t] = @ fork =0,...,
n—1;deLgy;e,.... e,€{l, —1}

Then [Tse, (medzs)* # € or de Cy(lL).

(4, | s = 1) satisfies (10), since 4, is generated by {zap;* | p(0) € s}.

To prove (11) we write d € A, in reduced form:

d=agag--am, kiesUt, ki +#ky, z;€2Z\{0}.
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If k; € s for all i, d e Cy(II,). If k; € t, we have my(k;) # msy1(k;). Thus the azi(k;),
k = 0, ..., n, are not cancelled in the product

k];[” (mpdmy)* = ,};[n (@2, ey = @)k

Thus [1,<.(m dnzt)* # e.

(6.2) LEMMA. Let (K| se P,(I)) be an admissible family, h € M and r € P (I).
Then there is an element x € M and an admissible family (L | s € P,(I)) s.t. xhx™! €
L, xeCy(K,)and K, c L, foralls c I

We need two facts in our proof of (6.2).

(6.3) ReMARK. (1) CylL, p,,) = Cy(l,) N Cap(ll,,), for all finite ry, r, = 1
and all M’ o 1L

(2) Suppose s, te P,(I); 7o, -, Ty € Il st mlt] () mpat] = @ for k =0, ...,
n—1;deLyy; e, ..., e, € {1, —1}. Then [[,<(m,dri?)* ¢ Cy(II,) or d € C y(II).

Proor. (1) Clearly Cy(1L,,p,,) = Cp(IL,) (1 Cpp(IL,).

Let be Cp(ll,) N Cp(L,) and m € II, ,,. Let s be the support of z. There
ispell,st pls] N ry = @. We have prp~lell,. Since prp~! commutes with
b, 7 does also.

(2) Choose well; s.t. w,[t] N wx,[t] = B. Set expy1 1 = —¢, and 7o,y 4 =
zrmy, for k < n. By (11), Ili<onii(medmy?)* # e or de Cyp(Ill,). The first term
equals [¢7!, z71], where ¢ = [],<(z,dnz)*. Whence ¢ ¢ C,,(II,) or d e Cy ().

PROOF OF (6.2). We are looking for an element x € C,,(K,) s.t.

(12) L, = (K, U {z(xhx D)zt | x e I, z[r] < s}), s€ P,(I) is admissible.

(%), (7), (10) are true for any x. (6) is equivalent to

(13) xhx—1 e Cy(II,).

Thus x € C,,(K,) has to satisfy (13), (9), (11), where (L | s = I) is defined by (12).
There are elements x;, ..., x; € M, a recursive sequence W,, i€ N of words s.t.
= Widx, ..., x;), and a recursive sequence (Q,, se P,(I) of r.e. sets of words s.t.
K, = Wy, ..., x) | We Q). We write y; for Wix,, ..., x;), and choose a
recursive enumeration W; (v), i € N, of all terms of the form

WXL, s X5 oo Vi(X1s oo X0), o VRV i, oy vV 7)),

where W, Vi, ..., V, are words, g lrlc s, ..., g [r] = s. Thus W, (x), ie N,
denotes the elements of L.

An element x € M is in C,,(K,) and satisfies (9), (13), (11), where (L,| s < I)is
defined by (12), iff x is a solution of the following r.e. system of implications with
coefficients xy, ..., x;, h.

(14) v, W(xy, ... x)] =e; WeQ,.
W, (v) =pj— py=e;ijeN,seP, ).
vl ) =e;ieN, y ell,.
k];[n (/;‘m,,VVt’,sUt(v) /;l;;l,)sk =e— [[/Vi,sUt(v)’ /;lj] =e 5 S, te Pa)(l)a
My,..., My, 1, j€ N, &g, ..., 6, € {1, =1}, s.t. . €I, p; €l and
Umlt] O i, 8] = @ fork =0,1....

We have to show that (14) has a solution in M. In view of (1.3) it is enough to find
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an element x in a supergroup M’ of M which is contained in C,(K,) and satisfies
9), (13), (11) (if (L, | s = I) is defined by (12), and M replaced by M’).

Set K = |J {K; | s = I}. <K, IT) is a split extension of K, every x € Il determines
an automorphism 7 of K by #(y) = zyz~1. Choose an extension H of K, which is
isomorphic to (K,, k) by an isomorphism ¢ which leaves the elements of K, fixed
and maps Ak to A'. For every finite bijection f: r — s = I, we choose an isomorphism
f*:H — H; onto an extension H, of K, which extends 7, : K, — K, where f <
n € II. We take id} = idy. Let C be the free product of the K, H;, dom f = r, with
amalgamated subgroups K, (:

C = [I* (K Hy; K p)-
domf=r
We extend 7 to an automorphism of C by z(f*(y)) = (= f)*(»), y € H.

We can regard <K, II) as a subgroup of D, the split extension of C w.r.t. the
homomorphism 7z +— 7.

Using the free product of M and D with amalgamated subgroup {K, I ), we find
a common supergroup M’ of D and M. By the Higmann-Neumann-Neumann
theorem, we can assume that M’ contains an element x which yields an inner
automorphism extending ¢, i.e. x € Cy(K,) and xhx™1 = A’

If we define (L, | s = I) by (12), (13) and (9) are clearly satisfied. To prove (11),
we define forall v’ <= I, | r| = | r'|,

Fo =< Hg|f:r—=r").
Obviously
(15) € = [I%-,) (K, Fy; K,), Fp, N K =K, and L, = (K, U | {#,
[r'c s r'l=1rl}.

Suppose now s, t€ P,(I) ; wg, ..., wy € Il; s.t. m[t] N 7palt] = & fork = 0,
l,...n—1;deLgyy;ep ..., ,€{l, —1}. We want to show that ¢ # e or de
Cy(IL), where ¢ = ] <z, dn;*)*. We write d in normal form w.r.t. (15)

d=cocl”'cm; C:'EKU U{Fr'llr,|=|rl};

and use the abbreviations c; , for z,c,7;%, d, for z, dz;l. We distinguish five cases.

Casel. All¢;, i = 0, ..., m, are in Cp(II,). Then d € Cyp(IL,).

We assume in the sequel that there is a ¢; ¢ Cy/(JI;). In fact we can assume that
¢,, ¢ Cop(IL,). (Otherwise we replace d by a conjugate bdb~1, b € Cyp(JI,).)

Case 2. There is ;e F, \ K, r' < s J ¢, r' ¢ 5. Then, passing to the normal
form of [],<, (o4 *** C€m,z)*, the ¢5#, do not vanish. Whence

c=Jld¢ #e.
k<n
We can now assume that ¢, ¢ K = c, € F,., r' = s = ¢, € Cpp(Il,). Let | be the
smallest number s.t. ¢; ¢ Cypp(II).

Case3. ] < m. Itfollows! + 1 <m If cg¢ K,k < n,cop+ CppCortl " Comptl
is a normal form of dydyyy. If coe K, k < n, ¢ -+ Cppey t(Couk C0,541)CL 041 ** Com +1
is a normal form of d,d,,. (For, ¢, €F/\K, ¢ 411 € F,n\K, ', r"c s.
But (¢, Co 1) & Cyr(I), since otherwise we would have by (6.3.1), ¢, , €
Cw (”sUm,[t]) N CM’(”sUn,,H[t]) = CM'(”s)')
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Similarily one verifies that c,Yc,l; , -+ (€73 441)C1, 41 *** Cm, a1 1S @ normal
form of di'd,., and that ¢ --- (¢, 4Cpie1) =+ Co ka1 i @ normal form of d,di};.

Gluing all these normal forms together (and the related normal form of d;d;}Y),
one obtains a nontrivial normal form of [],.,(cp ;. -** ¢, )%, Whence ¢ # e.

Case 4. | = m = 1. Then de K;; and ¢ # e or de Cy(ll,) follows from the
hypothesis.

Case 5.1 < I = m. We look at the cancellation in the product

dihdpsodils - diledy, k<n, Kk — kodd,

alternating exponents. This product equals b = ¢,}411Cp, 412 Cniet3 *** Cot'—2Cm, 4/—1-
By (6.3.2), b ¢ Cy(II,). This shows that ¢y -+ €pe1,1(Cpp DCH)Crl1 0 -+ Co IS @
normal form of dy(dyly -+ dy_)dy; o+ (Cmb)Cop =+ Cmyar OF Co g+ (ComiDCo, 1)
“ Cp p 18 @ normal form of dy(dy}; -+ )dy; and -+« (cghbco ) =+ or -+ cghbey p -+
is a normal form of d;X(dy}y «-- ).

We produce now a normal form of [[,c.(cos " ¢, )* by using the above
bracketings. We handle the products d;(dz}, -+ )dz! similarily, and the products
dyd,1, didih, dirdidy as in Case 3. One observes that the brackets do not interfere.
Thus our normal form is nontrivial and ¢ # e.

This proves Lemma 6.2.

(6.4) COROLLARY. There is a family (M, | s € P (1)) of subgroups of M which satis-
fies (5), (6), (7), (8) of (2.5) ; (11) of (6.1) and A, = M, for all s € P,(I).

PROOF. Let (h;, r;), i € N, be an enumeration of M x P(I), where every pair occurs
infinitely often. We define a sequence of admissible families (L | s = I) s.t. L{ = LiF1,
We start with L? = A, and define (Li™ | s = I) by an application of (6.2) to A;, r;
and (Li | s = I). Finally we set M, = () {Li | i € N'}. (8) holds by (1.2).

Let .# be the operation which belongs to (M | s = I) by (2.5). We extend .# to
an operation 4" of J > I— J a set of power k—on N. N is algebraically closed and
0 — w-equivalent to M. As in the proof of Theorem 2, one sees that N contains a
free-group of rank £. Thus | N | = &.

Let now A be an uncountable regular cardinal and P a subgroup of N of power A.
Every b € Nis of the form Afy(d;), where f;: s, = r, = J, 5, < I, dye M,

Since A is uncountable and regular, 7 and M countable, we find a subset P’ of P
of power As.t.:

the r;, b € p’, are almost disjoint i.e. the r, can be represented as a union r |J ¢,
where the t;, b € P’, are disjoint;

the f;1[r] are all equal, say tos = I ;

the f;[¢,] are allequal, say tot = I ;

the d, are all equal to de M ,;

the functions ;! | , are all equal to f’; b e P’.

6.5). Foralln > 1, by, ..., b,e P',b, # b, fork =0,..,n—1, ¢, ..., 6, €
{1, —1} we have [],<, bg # e.

ProoF. We take an injection f: r U t,, U -+ U t,, = Is.t. f* < f. Then we choose
7oy s Ty € M 8.t ffy, © 7. All 7y, are in [T, and z[t] (| 7,p4(t] = @. Since there
are two different 7, dz;! = A f(b,), d does not belong to Cy,(IT,). By (11)

e # k];[ (midny)* = NS (kU b).
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Let {c,, b4}, @ < A be a partition of P’ in two-element subsets. Then the products
¢.b, generate a free subgroup of P of power A.
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