
Monadie Logic: Hanf Numbers t 

A b s t r a c t  

This is p a r t  of the  c l a s s i f i ca t ion  d e v e l o p e d  in Baldwin She lah  [BSh]. The 

p a p e r  is d ivided in to  two par t s .  In p a r t  I we show t h a t  (T~, 2 rid) .~/(T, m o n )  

iff t he  Hanf  n u m b e r  for  the  t h e o r y  T in m o n a d i c  logic is s m a l l e r  t h a n  the  

Hanf  n u m b e r  of s e c o n d  o r d e r  logic. 

For  th i s  we deal with p a r t i t i o n  r e l a t i o n s  for  mode l s  of T. The m a i n  

r e s u l t  is t h a t  if T does no t  have  t h e  i n d e p e n d e n c e  p r o p e r t y  even  a f t e r  

e x p a n d i n g  by m o n a d i e  p r e d i c a t e s  (or  e q u i v a l e n t l y  (T~, 2 n4) -~¢'(T, mon) )  

then :  a~+l(h) + -+ s ( A ) ~ .  In P a r t  II we a n a l y z e  s u c h  T ge t t i ng  a d e c o m p o s i -  

t ion  t h e o r e m  like t h a t  in [BSh] (bu t  weaker )  (This is needed  in p a r t  I.) 

P a r t  I 

§1 P r e l i m i n a r i e s  

We review h e r e  s o m e  r e l e v a n t  f a c t s  and  def in i t ions .  

1.1. Convention: 

T will be a fix c o m p l e t e  t h e o r y ,  e a ~ - s a t u r a t e d  mode l  of T, ~ large 

e n o u g h  (see [Sh l ]  I §1); M,N d e n o t e  e l e m e n t a r y  s u b m o d e l s  of e of power 

<~,, A,B,C subse t s  of s u c h  M, a ,b , c , d  e l e m e n t s  of e,  ~ , b , e , d  f ini te  

s e q u e n c e s ,  and  I,Y deno te  l i nea r  o rders .  A m o n a d i c  expans ion  of M is 

e x p a n s i o n  by m o n a d i c  p r ed i ca t e s ;  a f in i te  e x p a n s i o n  is one by f in i te ly  m a n y  

re l a t ions .  When deal ing with f ini te  m o n a d i e  expans ions  of C, we m a y  m e a n  

a ~ - s a t u r a t e d  one, or any  s u c h  expans ion .  We shall  not. specify,  b e c a u s e  if 

M c  ~, M + a f ini te  expans ion  of M, t h e n  we can  expand  C to C +, an  

t ] thank Rami Gromberg for many corrections, 
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e l e m e n t a r y  e x t e n s i o n  of M + which  is g - s a t u r a t e d .  

This p a p e r  has  two par t s ,  t he  m a j o r  one  in p a r t  I, bu t  in o r d e r  to  p rove  an 

i m p o r t a n t  p r o p e r t y  of d e c o m p o s i t i o n  of m o d e l s  (see c la im I2.4(1)) we n e e d  

a p r o p e r t y  of t y p e s  wh ich  is l e m m a  2.3 of P a r t  II. The sole c o n t r i b u t i o n  of 

par t  II to  I is t he  proof  of th is  l e m m a .  

We quo te  f r o m  [BSh] 1.2, 1.3: 

1.2.  D e f i n i t i o n :  

We say  (T~, 2 nd) -< (T, m o n )  i f  in s o m e  m o n a d i c  expans ion  of (~, t h e r e  is 

an inf in i te  se t  on wh ich  a pa i r ing  f u n c t i o n  is def ined.  (a pa i r ing  f u n c t i o n  on 

A is a o n e - t o - o n e  f u n c t i o n  f rom A x A on to  A). 

1.3. T h e o r e m :  

1) If T ha s  the  i n d e p e n d e n c e  p r o p e r t y  (see [Sh l ]  II ~4) (hen  

(T~, 2 nd) <- (T, mon) .  Hence ,  (T~, 2 nd) -< (T, m o n )  iff some  f ini te  m o n a d i c  

e x p a n s i o n  of a m o d e l  of T has  the  i n d e p e n d e n c e  p r o p e r t y .  

2) If in s o m e  f ini te  m o n a d i c  e x p a n s i o n  of C for some  inf in i te  se t s  

lat  : t c I I ,  tb t  : t E J I  and  f o r m u l a  e, for any  t c I ,  s E J  t h e r e  is d s u c h  

t h a t  ( v u  E I )  (Vv E J) [ e ( a u , b v , d  ) ~---~ t = u  ^ s = v ]  t h e n  

(T~ ,  2 ha) <- (T ,mon) .  

We quo te  f r o m  [ S h l ]  VII §4: 

1.4. D e f i n i t i o n :  

1) We say  p is f in i te ly  sa t i s f iable  in A if e v e r y  f ini te  s u b s e t  of p is rea l -  

ized by e l e m e n t s  of A 

2) For  an  u l t r a f i l t e r  D on [A, and  se t  B, we def ine  

A v ( D , B )  = ~ (  .... x t . . . . .  6)rEx:  b E B  and  the  se t  

I ( at  : t E l >  • ~ ~[ .... a t . . . . .  b]t~[] be l °ng  D/ 

1.5. I , emma:  

1) A v ( D , B )  is a c o m p l e t e  type in the  va r i ab le s  < a  t • t E I /x  over  B, fin- 

i te ly  sa t i s f iab le  i n A ;  of c o u r s e  B C C =--> A v ( D , B )  c A v ( D , C )  

2) If p is f in i te ly  sa t i s f iab le  in A, p a se t  of f o r m u l a s  in the  va r i ab le s  

Ixt : t  E II ,  t h e n  for  s o m e  u l t r a f i l t e r  D on IA, and  s o m e  se t  B 

p ~ A v ( D , B )  
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3) If p is f i n i t e l y  s a t i s f i a b l e  in A t h e n  p d o e s  n o t  sp l i t  o v e r  A (i.e., if b ,~  

r e a l i z e  t h e  s a m e  t y p e  o v e r  A t h e n  for  no ~, ~ (~ ,6 ) ,  ~ ( £ , 6 )  E p )  

4) If p is an  m - t y p e  o v e r  B f in i t e ly  s a t i s f i a b l e  in A, t h e n  i t  c a n  be 

e x t e n d e d  to p '  E S m (B) f in i t e ly  s a t i s f i ab l e  in A, 

5) If p ,  q c u S in(C)  a r e  f in i t e ly  s a t i s f i a b l e  in A, B ~ C, a n d  e v e r y  
r n < ¢ o  

m - t y p e  o v e r  A r e a l i z e d  in C is r e a l i z e d  in B, t h e n  p ~B= q ~B ==> p = q 

6) If t p . ( C o , A u B  ) is f i n i t e l y  s a t i s f i ab l e  in A, a n d  tp . (C1,AuBuCo)  is fin- 

i t e ly  s a t i s f i a b l e  in AuCo t h e n  tp.(CouC1,AuF] ) is f i n i t e l y  s a t i s f i a b l e  in A. 

1.6. O b s e r v a t i o n :  

If e v e r y p  E u Sin(A0) is r e a l i z e d  in A l, ( h e n c e  A o c A1) t p . ( D u C , A l U B  ) 

and  t p . ( D , A l u C  ) a r e  f i n i t e l y  s a t i s f i ab l e  in A o then  t p . ( D , A l u B u C  ) is f in i t e ly  

s a t i s f i a b l e  in A 0 

Proof :  W.l.o.g. 19 = d; by  1.5(4) t h e r e  is ~ i  r e a l i z i n g  t p ( d , A l u C  ) s u c h  t h a t  

t p ( c l l ,A iuBuC)  is f i n i t e l y  s a t i s f i ab l e  in A 0 ( r e m e m b e r  t h a t  tp (c l ,A iuC ) is 

f in i t e ly  s a t i s f i a b l e  in A0). By [.5(6) t p . ( C u d l , A l u B )  is f i n i t e ly  s a t i s f i a b l e  in 

A 0 . 

So t p . ( C u d l , A i u B ) ,  t p , ( C u d , A l u t 7  ) are  b o t h  f i n i t e ly  s a t i s f i ab l e  in A 0, and  

t h e i r  r e s t r i c t i o n  to  A1 a re  equal .  By 1.5(5) t h e y  a r e  equal .  H e n c e  

t p ( d l , A l u B u C )  = t p ( d , A i u B u C  ). As tp ( d l , A i u / ? u C )  is f i n i t e ly  s a t i s f i ab l e  in 

A 0, n e c e s s a r i l y  tp (d,A l u B u C )  is f in i t e ly  s a t i s f i a b l e  in A 0. 

1.6A R e m a r k :  We c a n  w e a k e n  the  h y p o t h e s i s  by  r e s t r i c t i n g  o u r s e l v e s  to  

p E U S re(A0) r e a l i z e d  in A1 u B. 
~ < 6 J  

§2 A Weak Decompos i t ion  Theorem 

Hypothesis:  ( Too ,2 n~) -~ ( T , m o n ) .  

Notation: Let  I , J  be  l i n e a r  o r d e r i n g  

2.1. Definition: 

1) W e s a y  t h a t A  = ( A t : t  c I /X is a p a r t i a l  d e c o m p o s i t i o n  of M o v e r  N 

iff : t h e  At ' s  a r e  pa i rw i s e  d i s jo in t  s u b s e t s  of M a n d  for  e v e r y  t c I ,  

tp . (A  t, su<t AsUN ) is f i n i t e ly  s a t i s f i a b l e  in N ( b u t  n o t  n e c e s s a r i l y  N C M). 

27 A is a d e c o m p o s i t i o n  of M o v e r  N, if i t  is a p a r t i a l  d e c o m p o s i t i o n  of 

M over N and M = u A s . 
te l  
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2.2.  D e f i n i t i o n :  

F o r  p a r t i a l  d e c o m p o s i t i o n  ( A t  " t c I ) ,  ( B  t ' f c J / x  of M o v e r  N we 

s a y  ( 'A  t • t c I / x  _ ( B t  • t < JX/ if I C  J a n d  fo r  e v e r y  t c I ,  A t £ B t;  we 

s a y  ( A t ' t  c f / x  <_* < 'B  t . t c d /  x i f l =  d a n d  fo r  e v e r y  t E f ,  A t ~ B t .  

2 .3 .  C l a im:  

1) F o r  e v e r y  < - i n c r e a s i n g  s e q u e n c e  of p a r t i a l  d e c o m p o s i t i o n s  of  M o v e r  

N t h e r e  is  a l e a s t  u p p e r  b o u n d  ( s i m i l a r l y  fo r  < *) 

2) If ( A  t " t c 7 / x  i s  a p a r t i a t  d e c o m p o s i t i o n  o f M  o v e r N ,  [ ~  J ,  a n d  f o r  

t < J - / ,  we l e t A  t = e t A e n  ( A  t " t c o  r/~ is  a p a r t i a l  d e c o m p o s i t i o n  of M o v e r  

N 

P r o o f :  I m m e d i a t e  

2 .4 .  C l a im:  

1) S u p p o s e  ( A  t • t <7 /x  is  a p a r t i a l  d e c o m p o s i t i o n  of M o v e r  N a n d  

c E M .  T h e n  fo r  s o m e  ( B  t • t c J>  >_ <A t " t c Ix/ (a  p a r t i a l  d e c o m p o s i -  

t i o n  of M o v e r  N),  c c u B t 

2) If I is  a w e l l - o r d e r i n g  w i t h  l a s t  e l e m e n t  t h e n  w. t .o .g .  I = J 

Proof :  

i )  W.l .o.g.  c ~ ~ A t . L e t  t 1 b e  a m a x i m a l  i n i t i a l  s e g m e n t  of I [ i . e . ,  

( v t  c [1) ( v s  < [ )  (s < t --> s <71)] s u c h  t h a t  t p ( c ,  u At u N  ) i s  f i n i t e l y  
t~A 

s a t i s f i a b l e  in  N ( t h e r e  i s  s u c h  11, a s  [I  = ¢ s a t i s f i e s  t h e  d e m a n d ,  a n d  b y  t h e  

f i n i t a r y  c h a r a c t e r  of  t h e  d e m a n d ) .  By 2.3 (2) w. l .o .g .  I1 = I s  c [ :  s < t °] 

f o r  s o m e  t * c I .  Now we  l e t  J = I, a n d  l e t  Bt b e  A t if t # t*, a n d  A t u ~c l  if 

t = t*. We n o w  c h e c k  Def 2.1 (1).  The  m a i n  n o n - o b v i o u s  p o i n t  i s  w h y  fo r  t ,  

t"  < t c_ I, t p , ( B t ,  s<O<tBsuN) is  f i n i t e l y  s a t i s f i a b l e  in  N. If n o t  t h e n  fo r  s o m e  

< B t = A t, g c to B s - { c  t = u As, t p ( 6 , g t u { c  {oN)  i s  n o t  f i n i t e l y  s a t i s f i -  
s < t  s < t  

a b l e  in  N. H o w e v e r  we k n o w  t h a t  t p ( b , ~ u N )  i s  f i n i t e l y  s a t i s f i a b l e  in  N ( a s  

< A s : s c I/x is  a p a r t i a l  d e c o m p o s i t i o n  of M o v e r  N) .  Also  f;p(C,sU<tAs~N) i s  

n o t  f i n i t e l y  s a t i s f i a b l e  in  N ( b y  t h e  c h o i c e  of 1 t, a s  m a x i m a l ,  a s  t > t ° a n d  

a s  w. l .o .g ,  we a d d  t ° o n l y  if n e e d e d ) ,  h e n c e  w. l .o .g ,  t p ( c , ~ , u N )  i s  n o t  f i n i t e l y  

s a t i s f i a b l e  in  N. H e n c e ,  t p ( 6  ~ < c > ,  ~ u N )  is  n o t  f i n i t e l y  s a t i s f i a b l e  in  N. 

T o g e t h e r ,  N , ~ , 6 , c  c o n t r a d i c t  L e m m a  II 2.3. F o r  t = t*, we s h o u l d  p r o v e  f o r  

6 ~At . ,  ~ Cs<Ut.Bs = s<t'u A s t h a t  t p ( 6  ^ < c > ,  Nu(Z)  is  f i n i t e l y  s a t i s f i e a b l e  in  
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N. S u p p o s e  t h i s  fails.  As <A s " s c f >  is a p a r t i a l  d e c o m p o s i t i o n  of M o v e r  

N, c l e a r l y  t p ( b  , Nu5 . )  is f i n i t e l y  s a t i s f i a b l e  in N. By II 2.3 a n d  t h e  l a s t  two 

f a c t s  tp (6 , (O,  ^ < c > )  uN)  is f i n i t e l y  s a t i s f i a b l e  in N. By t h e  c h o i c e  of  t*, 

t p ( c  , N u g )  is f i n i t e l y  s a t i s f i a b l e  in N. By 1.5 (6) a n d  t h e  l a s t  two f ac t s ,  

tp  (b ^ < c > ,  N~,~) is f i n i t e l y  s a t i s f i a b l e  in N, c o n t r a d i c t i o n  

2) E i t h e r  t h e r e  is t* as  r e q u i r e d  o r  [1 = [, a n d  t h e n  c h o o s e  t* as  las t .  

2.5.  C o n c l u s i o n :  

1) S u p p o s e  ~'A~ " t c [ >  is a p a r t i a l  d e c o m p o s i t i o n  of M o v e r  N. T h e n  

t h e r e  i s a d e c o m p o s i t i o n  ( B t • t c. y ) >_ ( A t - t  c [/x o f M  o v e r N  

2) If [ = ( a  + 1, < ) t h e n  w.I.o.g.  J = [; a l so  

l i t  ~J :b 'e  ~ ¢t]-> I t t  c / : A ~  ~ ¢11 

P r o o f :  I m m e d i a t e  b y  2.3(1) ,  2 .4 

R e m e m b e r  t h a t  ( see  [ S h l ] )  Dedr (X  ) is t h e  f i r s t  r e g u l a r  c a r d i n a l  /~, s u c h  

t h a t  e v e r y  l i n e a r  o r d e r  of  p o w e r  ), h a s  s t r i c t l y  l e s s  t h a n  ~ D e d e k i n d  c u t s .  

2.6 .  I~ernma: 

1) S u p p o s e  ( A  t : t c I )  is a d e c o m p o s i t i o n  of M o v e r  N. T h e n  we c a n  

f ind  r e l a t i o n s  P~  (c~ < X N < Ded r ( 1 1 N I I  + I r l ) ,  7 < [ Tt h e n c e  
)k N ~__ 211NIl + IT{) s u c h  t h a t :  

a) 

b) 

c) 

P~,~ is a n  n - p l a c e  r e l a t i o n  on  M. 

if 7< I r l, n < co, a n d  a ¢ fl, t h e n  PTna c~ pTn# = •, a n d  u PnT.a = 

u ~(At) 
t c [  

f o r  a f i n i t e  s e q u e n c e  6 f r o m  a n y  At l e t  % ( 6 ) ,  n ( b )  be  t h e  u n i q u e  n 
"?l . 

a n d  a s u c h  t h a t  6 o P t ,  a, t h e n  if t 1 <  - - -  < ~ ,  brn c A t ,  t h e n  we 

c a n  c o m p u t e  t h e  t y p e  of 61 . . . . .  bn f r o m  < n ( b m ) :  m = 1, n > ,  

a n d  ( a T ( 6 r ~ ) : r n  = 1, n / X ,  f o r T <  ITI  

So as  Dea~(lYl)-< (2T) + we c a n  u s e  j u s t  ITI p r e d i c a t e s  w h e n  

[ T I , a n d  we wa ive  t h e  d i s j o i n t n e s s  of t h e  PT,a~ 's, 

2) 
INI 

Proof :  

i )  F o r  a n y  s e t  A, N ~_ A, a n d  f o r m u l a  ~ t h e  n u m b e r  of p c 5 ~  (A) f in-  

i t e l y  s a t i s f i a b l e  in  N is < Dedr(  1 IN1 I) (see  [Sh2,  p .202] ,  s l i g h t l y  i m p r o v i n g  

a r e s u l t  of P o i z a t ,  w h i c h  s u f f i c e  fo r  (2) ( a l t e r n a t i v e l y  u se  a < 2~1rl)) 

Let  N 1 be  s u c h  t h a t  N C  N 1, N 1 is ( { I N l l + l T I ) + - s a t u r a t e d  a n d  we sha l l  

s h o w  t h a t  w.t .o.g.  
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(*) for each t c Z, 6 c A t, tp(b ,N I u s~<t As) is finitely satisfiable in N 

F o r  e a c h t  e I l e t A t  = t b t v ' v  c I ( t ) ] , l e t b  f = ( b ~  t : v  E I ( t ) >  a n d b y  1.5(2) 

we c a n  c h o o s e  an  u l t r a f i t t e r  D t on  [( t )N s u c h  t h a t :  

t p ( b  ~, g u  L) As) : A v ( D t , g u  U As) 
s < t  s < t  

It  su f f i c e  to  u s  t h a t  fo r  a n y t ( 0 )  < . .  • < t ( n ) c [  
(*) tP(~t(n), N tu  U ~t(t)) = Av(Dt(n), N l u  U ~t(t)) 

l < r, l < r~ 

F o r  a n y  f in i t e  s e t w  ~ [ w e  d e f i n e  qw = qw ( ( x c  ' ce:N t /x) ,  a c o m p l e t e  t y p e  

o v e r N u  ~.j ~t by  i n d u c t i o n  on  ] w l .  F o r w  = ~h it  is tp . (N1 ,N ) , i f w  # ¢ , l e t  
e z o  

w = It(O) . . . . .  t ( n ) l , n  >- O, t(O) < . . .  < t ( rr ) ,  a n d w e  d e f i n e  i t  by  

(*) if ( e  c : c e N  I/x r e a l i z e s  qz0-{Hn)t, we c a n  f i n d  ( b '  v " v e I ( t ( n ) ) >  r e a l i z -  

ing  Av(Dt(n), Nu  K) At(t)ulec " c o N 1 ] )  a n d  l e t  F b e  an  a u t o m o r p h i s m  o r e ,  
p < n  

F t h e  i d e n t i y  on  N u  u A t ( t ) ,  F(b 'v )  = bt(n) f o r  v e I ( t ( n ) ) .  Now 
t < n  

q~ = t p ( < p ( , c )  c o N 1 ) ,  Nu uA~). 
t e w  

It  is e a s y  to  p r o v e  t h a t  f o r  w~ C w2(  C I f i n i t e )  qw, ~ qw,, (by  i n d u c t i o n  

on  ]w21 ) a n d  o b v i o u s l y  qw is f i n i t e l y  s a t i s f i e d .  H e n c e  u t q  w " w C I f i n i t e t  

is f i n i t e l y  s a t i s f i a b l e ,  h e n c e  r e a l i z e d  by  s o m e  ( e ' c  : c e N  1/~. We c a n  u s e  

fe'c " c eN1~ i n s t e a d  N 1 a n d  t h e n  (*) ho ld s .  
r6 . Le t  t ~ ( ~ , f f )  " 7 <  ]Tt~ be  a l i s t  of  t h e  f o r m u l a s  ~ ' , y ) ,  t (~ ' )  = n ,  a n d  tpT, a. 

c~< AN/ be  a l i s t  of  I t_p(b,N1)[ '~:  b , ~  as  a b o v e l ,  l a s t l y  6 c P T n a  iff 

6 • u n(At),  n = t ( b ) ,  a n d  t p (6 ,N1)  ~ ~7 = P:tn, a 
t e I  

2) Obv ious  f r o m  (1). 

§3 P a r t i t i o n  r e l a t i o n s  f o r  t h e o r i e s  

3. I .  Def in i t ion :  

1) ~, --> (/~)~ m e a n  t h a t  fo r  e v e r y  m o d e l  M of T of p o w e r  A, t h e r e  a r e  dis- 

t i n c t  e l e m e n t s  at  (i < /z) s u c h  t h a t  ( a t '  i </~/~ is a n  n - i n d i s c e r n i b l e  

s e q u e n c e  in  M. 

t t  

2) h--)s (/~) means that for every model M of T and a t eM(i<h) there 
T 

is/c A, l/'l = /~such that <a i :i C I }  is ann-indiscernible sequence. 
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:3) • -> (/z)~% ;k --> s (/z)~% a r e  d e f i n e d  s i m i l a r l y .  

3 .2 .  D i s c u s s i o n  

This  d e f i n i t i o n  was  s u g g e s t e d  by  R. G r o s s b e r g  a n d  t h e  a u t h o r  d u r i n g  t h e  

w i n t e r  of 1 9 8 0 / 1 ,  b u t  we s t i l l  k n o w  l i t t le .  We c a n  r e p h r a s e  [ S h l ]  I 2.8 as, 

e.g. :  if T is s t ab l e ,  X = Xlrl  t h e n  X + -> s (X+)~ ~, We c a n n o t  h o p e  fo r  r e s u l t s  

on  T w i t h o u t  t h e  s t r i c t  o r d e r  p r o p e r t y  ( see  [ S h l ]  II§4) o r  e v e n  fo r  s i m p l e  T 

( s e e  [Sh2] . )  The  r e a s o n  is a s  fo l lows:  s u p p o s e  X ¢->(/z)~ % a n d  l e t  F be a f u n c -  

t i o n  f r o m  ~w • w c ~,, Iw  I < ~01 to  /0,11 e x e m p l i f y i n g  it, l e t  L c o n s i s t  of t h e  

p r e d i c a t e s  Pm (n  p l a c e  ) P n  ( m o n a d i c )  fo r  n <  ~, a n d  l e t  T be  t h e  m o d e l  

c o m p l e t i o n  of ~( v x ) ( x =  x ) t  in  t h i s  l a n g u a g e .  We d e f i n e  an  L - m o d e l  M w i t h  

u n i v e r s e  I an,~ " n < ~, i < Xl s u c h  t h a t :  

(i) f o r w  C X ,  [ w l  = n ,  ( a  n,~ ' i  < w  > < / ~ i f f F ( w )  = O. 

(ii) fo r  e v e r y  n , i  f o r  s o m e  k ,  f o r  e v e r y  m > k anA C Prn iff m is divis i -  

b le  by  the n tu  p r i m e .  
77~ 

• . . x #  Y t  A ~ ( x , y  1 " " , Y m ) ]  b e l o n g  to  T, ( i i i) if  ( V y  1 Y m )  ( ] x )  [121 

q u a n t i f i e r  f ree ,  but R~ , Pk do not a p p e a r  in ~0 and  

a 1 . . . , a  m < {an ,~:  n < / c  i <  X], t h e n  t h e r e  is b c fa~,i • i <  hi s u c h  

t h a t  D f [ b  , a  1 . . . . .  a m ] .  

This  is q u i t e  easy ,  M is a m o d e l  of T (by  T ' s  d e f i n i t i o n  a n d  (iii),) a n d  M 

e x e m p l i f y  k ¢~(/z) ~ ~. We c a n  s i m i l a r l y  dea l  w i th  h ~(/x) p. 

Now T is s i m p l e ,  a n d  in  f a c t  v e r y  c l o s e  to  T~n a. This  l e a d s  n a t u r a l l y  to:  

a . a .  C o n j e c t u r e :  

If T does  n o t  h a v e  t h e  i n d e p e n d e n c e  p r o p e r t y ,  t h e n  fo r  e v e r y / ~  f o r  s o m e  

X,X -+ ( / z ) ~ % o r e v e n a ~ + ~ ( / x + l T I )  -~ ( /~ )~ .  

3 .4 .  L e m m a :  

S u p p o s e  ( T ~ , 2  h a )  ~ /  ( T , m o n ) ,  t h e n  

a,,+, ( a + l  Vl )  + ~ ~ ( ~ ) ~  

Proof:  W.l.o.g. ~ > I TI ,  l e t  / z =  ~ ( S ) ,  A = {a~" i < (2~)÷1, f o r  i # j 
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c% # aj  C M, and  M is a mode l  of T. 

3.5. Fac t :  

At l e a s t  one  of the  fol lowing o c c u r s  for  A = ~a~ : i  <(2~)+~ C M, 

I A I  = (2~)+: 

(i) There is an indiscernible sequence of length (2~) + of distinct 

members of A (in the same length) 

(ii) There is k, and d e c~A(i < /~) and o such that M ~ o[~,dj] iff 

/<j; 

Proof: Repeat the proof of [Shl] 12.12. Let A t ~IIa j :] < tl 

Let S = I6< (2~)+: cf 6> ~I, clearly S is a stationary subset of (2~) +. For 

each ~ c S and formula ~ choose if possible a subset /~a,~ C A~, /~a,~ of cardi- 

nality </z such that.: tp~(g#A~ does not. split over /~a,~ [i.e., if ~ = ~(x,@), 

/~ , 6 sequences from A a of length l(~) realizing the same type over Ba,~ 

t h e n  ~ ~0[aa,6 ] ~- ~[a~ff] ]. Let  S~ = t 5<  S: /7~,~ is defined~.  

Case a: For each ~0 for some closed unbounded C C (2'~) +, C ~ S = C c~ S~ 

Then there is a closed unbounded C g (2**) + such that for every ~0, 

C c~ S = C c~ S~. For each 6 c C (~S choose /T& /~a a subset of A~ of power /~ 

including u/~5,~ such that for each ~, and r~ < ~0, every r~-type over B~, w real- 

ized in A a is realized in /5'~ (possible as ]S~,w] < /& bt strong limit). Now by 

Fodor's lemma for some stationary S'c C ~ S, for all d e:S °, B& < B6,~: 

~o ~ L(7') > , tp(a 6, ]34) are the sarrle. Continue as [Shl] I 2.12. 

Case b: For some ~o, S -S~ is a stationary subset of (3/~) + 

So there is 6•S-S~such that for every /~ C A a, IBI <- /4 there is a< 6 

such that a a realizes tp(a&B). Sc choose by induction on i < /4 

b~, ~ ,  d~ • A a as follows: 

(a) b~, ffa r ea l i ze s  t h e  s a m e  t y p e  ove r  ~ 6~- ^ 6  i ^ < d j >  
]< i  

and  ~ ~o[a& /~]  ~- -~[aa ,  g~] 

( '~ .~.o.g.  I== ~[,~,~, 6 , d  ,., - ~[,~,~ ~-~] ) 

By the choice of 6 this is possible and ~ bi ^c~ ^<di>' i < ha> is as 
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r e q u i r e d .  

3 .6 .  F a c t :  

if d t E M a r e  d i s t i n c t  fo r  i < (2x) +. 

B,:, = Id~: '~< ~ /  , B = ~ d ~ : i <  ( 2 x ) + l ,  

t h e n  a t  l e a s t  o n e  of t h e  f o l l o w i n g  o c c u r s :  

(t) f o r  s o m e  7 < (2~) + a n d  lc < c~, I tp (d ,BT):  d a s e q u e n c e  of l e n g t h  

]c f r o m  B I h a s  p o w e r  (2x) + 

(i i)  (i) d o e s  n o t  o c c u r  b u t  f o r  s o m e  ~ = ~ ( x , y )  fo r  a s t a t i o n a r y  s e t  of 

6 <  (2x) +, c f  6 >  k a n d  tp~(d6, B6) s p l i t  o v e r  B a f o r e v e r y a  < 6 

( i i i )  fo r  s o m e  s t a t i o n a r y  S G (2x) +, {" dt  ' i E S/x is  a n  i n d i s c e r n i b l e  

s e q u e n c e  

P r o o f :  A g a i n  as  in  [ S h l ]  I 2 .12 ( o r  3.5 a b o v e )  

R e m a r k :  In  t h e  p r o o f s  of 3.5, 3.6 we h a v e  n o t  u s e d  t h e  h y p o t h e s i s  of 3.4. 

C o n t i n u a t i o n  o f  t h e  p r o o f  of  3 .4 :  

C l e a r l y  if 3 . 5 0 )  h o l d s ,  we f i n i s h ,  so w. l .o .g .  3 .5( i i )  h o l d s .  By E r d o s - R a d o  

t h e o r e m ,  fo r  e v e r y  m , n < c 0  t h e r e  is  I =  I n,m G p, I[n,m] = ~n(h), 

I ~  : i  EIn ,ml  is  a n  m - i n d i s c e r n i b l e  s e q u e n c e .  By t h e  p r o o f  of [ B S h ] V I I I  1.3, 

t h e r e  is  a f o r m u l a  o i s u c h  t h a t  f o r  a n y  n t h e r e  a r e  I n C (2P') +, 

I[nl = ~n(A) +, a n d  a f i n i t e  m o n a d i c  e x p a n s i o n  C + of e s u c h  t h a t  ( fo r  s o m e  

d i s t i n c t  ain(i c In ) ) :  

( v i ,  j c Z n ) [ ¢ ÷ ~ o l ( a ~ , a ? )  i f f  i s  j ]  

N o t e  t h a t  a ~  b e l o n g s  to  o u r  o r i g i n a l  A. We n o w  c a n  d e a l  w i t h  

I a t  1 : i  c I 1 ]  o n l y .  W.l.o.g.  I 1 = (2x) +, e = ¢+,  a t  1 = a t a n d  d e n o t e  

B 7 =  ~a i : i < 7 / .  A p p l y i n g  3.6 to  ¢+ ,  A t = t a t  : i < ( 2 x ) + ] ,  if o u r  c o n c l u s i o n  

f a i l s  t h e n  o n e  of t h e  f o l l o w i n g  two  c a s e s  o c c u r s .  

Case I: there are 7 < (2x) + and 6 a E At(a< (2x) +) such that tlO(6a, BT) are 
distinct ( fo r  distinct a ' s ) .  

W.l.o.g. l(ba) = ;c for every a. Next we show that w.l.o.g. ;c : I, other- 

wise choose an example with minima] ~: (possibly replacing ~ by a finite 

monadic expansion). W.l.o.g. the ba form a A-system hence by ;c's 

m i n i m a l i t y  a r e  d i s j o i n e d .  If /c> l ,  l e t  6 a :  ~ a " < d a > ;  w. l .o .g ,  fo r  s o m e  

= ~ (~ ,y ;~ , ) ,  t h e  t y p e s  tp~(ba,BT) a r e  d i s t i n c t .  
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C l e a r l y  if f o r  s o m e  a, {tp(dfl,  BTue=): fl < (2x)+t h a s  p o w e r  > 2 x, we g e t  

c o n t r a d i c t i o n  t o  k ' s  m i n i m a l i t y ,  h e n c e  w.l.o.g,  a<  fl< (2x) +, a< (2x) + i m p l i e s  

tp~(V.~< d~> ,BT) # t p ~ ( g ~ <  do> ,B~). S i m i l a r l y  w.l.o.g, a<  fl< (2x) +, a< (2x) + 

i m p l i e s  tp~(g~"< d~> ,BT) # tp~(6a~< da> ,HT). W.l.o.g. fo r  e v e r y  fl t h e r e  is n o  

tg< t8 s u c h  t h a t  e-¢~< r ig> s a t i s f i e s  th i s .  W.l.o.g. fo r  s o m e  m o n a d i c  p r e d i c a t e  

P , P  = {dt~: 18< (2a)+l,  so  dt~is d e f i n e d  f r o m  6t~, so we c a n  d e c r e a s e  k .  

An a l t e r n a t i v e  wa y  to  do i t  is as  follows. L e t  6a  = 

(%(a ,0)  . . . . .  a~(a,~_{) ) ,  w.l .o.g,  i(a,O)< . . .  < i ( a , k - 1 ) ,  a n d  as  t h e  6~ ' s  a r e  

p a i r w i s e  d i s j o i n t ,  w.l .o.g,  a <  i , ( a , k - t ) <  i(fl, O ) f o r a <  ft. 

We m a y  e x p a n d  e by  P m =  ~at(a,m): a <  (2x)+l, a n d  u s i n g  t h e  o r d e r  d e f i n e d  by  

01 on  t a t  : i < (2x)+~ we c a n  d e f i n e  t h e  f u n c t i o n s  at(a,o) --> ai(a,m) h e n c e  c a n  

c o d e  6 a b y  at(a,o). 

So there are 7< (~x)+ and b a < A 1 (a< (2x)+), and ~o such that tp~(ba, BT) 

are distinct for distinct a's, and w,l.o.g, 7 is minimal. First assume 

~o= {#(x,y). Also w.l .o.g,  fo r  e v e r y  71 < 7 < a < (2x) +, t h e r e  a r e  (2x) + fl 's 

s u c h  t h a t  ~p~(ba, B~t ) : tp~(bt~,BT. ). H e n c e  fo r  a n y  rL we c a n  f ind  

7o < 71 < " " " < Tan, a n d  an< (2x) + f o r  r / < e n 2  s u c h  t h a t  "/an < 7, 7 <  a~ a n d  
f o r m  <- 2n ,  n ,  ~, e- 2n2: 

tp~(b%,BT,,. ) = tp~(ba~,B~,.~ ) i f f  V ~ m = u ~ m . 

E x p a n d  C by:  

R =  { b ~ ' 7 )  e e n £ ,  ^ ( ~ g r a )  = O v r ; ( g m + l ) =  0)] 
m < : r t  

Q1 = ~57a,,. : m<_n~ 

Q2 = IbTa~,l : r n . < n {  

P =  B 7 . 

Le t  ( r e m e m b e r i n g  e d e f i n e s  t h e  o r d e r  o n  {a t : ¢ < (2x)+{): 

%h(x,y) ~J R ( x )  ^ Qe(Y) ^ (3 x 1, y O [ R ( x J  ^ QI(Yl)  " 

^ ( vye ) [Qe(ya )  ^ e t ( y e , y l )  ~ e l ( ye , y ) ]  ^ 

^ ix ,  x i r e a l i z e s  t h e  s a m e  ~o-type o v e r  

{z e P : e l ( z , y ) l  b u t  n o t  o v e r  

Iz c P : e~ (z ,y l ) t ]  
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I t  is e a s y  t o  s e e  t h a t :  

~ [ b , , a ~ . , ]  i f f  r ; ( 2 m + l )  = 1 

T o g e t h e r  w i th  c o m p a c t n e s s  t h i s  s h o w s  t h a t  s o m e  f in i t e  m o n a d i c  e x p a n -  

s i o n  of ¢ h a s  the  i n d e p e n d e n c e  p r o p e r t y ,  c o n t r a d i c t i o n .  

We s t i l l  h a v e  t o  dea l  w i t h  t h e  c a s e  ~0= ~o(x,~), l(~3)> I. Le t  l ( 9 )  = m l e t  

< * be  t h e  l e x i c o g r a p h i c  o r d e r  o n  m(BT), ( b a s e d  on  el) ;  so  roB7 = ~aa: 
a <7m~,  ~ a  < % ~ i f f  a < f l <  7m- We t h e n  l e t  7 " -  < 7m be m i n i m a l  s u c h  t h a t  

l f ~ ( x , a # ) :  f l <  7", ~ P ( b a ,  a#) l :  7 < a <  (2x)+l h a s  p o w e r  (2x) +. Now a g a i n  

n e c e s s a r i l y  7* is l i m i t  a n d  we c a n  f i n d  7 0 <  71 < " ' "  < 7 * a n d 7 * <  oq~<(2x) + 

fo r  N E ~2 w h i c h  a r e  e v e n t u a l l y  z e r o  s u c h  t h a t  

8< ;,~ 

Our  o n l y  p r o b l e m  is t o  c o d e  t ~ m : / <  ~l by  m o n a d i c  p r e d i c a t e s ,  w h i c h  is e a s y  

a p p l y i n g  R a m s e y  t h e o r m  on  t h e  ~7~'s a nd  u s i n g  t h e  o r d e r  on  Bj. 

C a s e  II: Fo r  s o m e  f i n i t e  ~ E ~ a n d  s o m e  7 < (2x) +, ItP(6,B~ w K): 6 c All  

h a s  p o w e r  (2x) + 

Like  e a s e  I. 

C a s e  HI: N o t e  c a s e  II. 

We sha l l  p r o v e  

(*) if ~ EC,  W C ItS: 6 <  (2x) +, cf  6> h] is s t a t i o n a r y ,  then f o r  

s o m e  c l o s e d  u n b o u n d e d  U C (2~) +, a n d  f u n c t i o n  f ,  

D o s  f = U a W; f ( a )  < a f o r  a <  U a W, a n d  fo r  e a c h  7 t h e  

s e q u e n c e  ( tp(aa, c w~a#: fl< a , f ( f l )=  7{): f ( a ) =  7>  is 

i n c r e a s i n g .  

Now it  s u f f i c e  t o  p r o v e  (*). As t h e n  we d e f i n e  by i n d u c t i o n  on  n Kn, a n d  

fo r  t E K n ,  W~, U t , f ~ ,  ct s u c h  t h a t :  

(a) K o = I < 0 >  I, W<o> = W C I 6 <  (2X)+: c f  6 >  k I, C<o> is t h e  e m p t y  

s e q u e n c e .  

(b) f o r  t EKr~ g~ E C  is a s e q u e n c e  of  l e n g t h  n ,  a n d  if a 1 < a 2" " • <o% 

a r e  in  W$, t h e n  

tp( (a,,,,,a,~,,_~ . . . . .  a ~ , , , a  m ) , { % , ' 7 <  a l ,7<  Wf:l) 

= tp(e~, I % : 7 <  {h,TC wt~) 
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(c)  _K n is a f a m i l y  of s e q u e n c e s  of l e n g t h  n of o r d i n a l s  < (2x) + 

(d) for t c An, U t is a closed unbounded subset of (2x) +, ft a function 

with d o m a i n  U t c~ Wt, f t ( a ) <  a 

(e) Kn+t : I~^<7>: ~?cK n, 7cRa~g(ft) for some t cKnl and 

W~/^<y> = l a  c Wv: a C U h a n d  f~(a)  = 7{ 
For r~  : 0 - n o  p r o b l e m ,  f o r n + [ '  fo r  e a c h  W~(Nc Kn) a p p l y  (*) ( w i t h f f  = c:~). 

Now K0, W~,c-~(N c / tO)  a r e  d e f i n e d .  

if Wwff n a r e  d e f i n e d  we c a n  d e f i n e  f~ ,U~ by  a p p l y i n g  (*), t h e n  d e f i n e  

W~^<7>'c~;^<7> (7 E R a n g ( f ~ ) )  by  (d). If we do t h i s  fo r  e v e r y  77 c K n ,  we c a n  

d e f i n e  An+ l b y  (e). 

Fo r  e v e r y  6 c W<>, we c a n  d e f i n e  by  i n d u c t i o n  on  / < c0, ~Tt • /(l, s u c h  

t h a t  ~?t = Ut+l [' l ,  6 •  Wv~ a n d  Rar~g~r?t C 6 a n d  t h e  ~71 a r e  u n i q u e  b u t  m a y b e  

fo r  s o m e  t ,  6ff  Ur~ h e n c e  ~+1  is n o t  d e f i n e d .  Le t  46) <-- ~ be s u c h  t h a t  ~7/~ is 

d e f i n e d  iff l < 46).  If 16"a(6) < co{ is s t a t i o n a r y ,  we g e t  c o n t r a d i c t i o n  by  

F o d o r  i e m m a .  If W * :  I6 :  ~(6) = col is s t a t i o n a r y ,  t h e n  7(6) : s u p  ~ + 1 ( / )  < 6 

fo r  6 •  W* (as  c f  6> A) h e n c e  fo r  s o m e  s t a t i o n a r y  W 1 c W*, 7(6) is c o n s t a n t  

on  W 1. As (3x) 1% = 2 xw. l .o .g .  @ =  r a fo r  e v e r y 6 •  W 1. Now c~ W~ is s t a t i o n -  

a r y  a n d  b y  (b) ( a  t "{ • l<n W~> is a r ~ i n d i s c e r n i b l e  s e q u e n c e .  

P r o o f  o f  (*): F o r  n o t a t i o n a l  s i m p l i c i t y  l e t  ff = ¢ Fo r  e v e r y  ~ = { ( x , ~ ) ,  

and 7 < (ax) +, type I) • S~ ~=s~tp~(at,B~) ' 7 < i < (3X)+~ and natural 

number n we define when Rk{(p) >- ~: 

For n = 0-always, 

For n : 2ra+l, Rk(p)-> n i$I there is f{, 7< f{< (3x) + and distinct 

Pl ,P2 • S~ e x t e n d i n g  p w i t h  Rtc~(Pt),Rlc~(p2) ~_ 2 m .  

F o r  n = 2m+~,  Rk~o)>_ n i f f  fo r  e v e r y  fl, 7 <  ~8< (2~') + t h e r e  is 

p l  • S ~  ° e x t e n d i n g p  w i t h R k ~ ( p ~ ) - >  2 r n + t .  

If t h e r e  a r e  p , {  s u c h  t h a t  R/c , (p)  -> n, fo r  e v e r y  r~ < co, t h e  p r o o f  is a s  in 

c a s e  I. S u p p o s e  no t ,  t h e n  for  e v e r y  p • ~ S~ le t  R k , ~ )  be t h e  m a x i m a l  r~ 
7 

s u c h  t h a t  R/cf(p)  -> n .  C l e a r l y  

( * ) P t  -< P a  ( b o t h  in  u S~)  i m p l i e s  R/c,(p ~) _> R~,(/~2) 

Now fo r  e v e r y  6 •  W 0 = It  < (2x)÷: c f  i > ~,l, a n d  a, t h e r e  isF(6, la)  < 6 s u c h  

t h a t :  
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7 ( 6 d 0 ) -  7 < 6=--> RIc~(tp~(a~,BT(a,~)))= 

RIc ~( tp ~(a ~,BT) ) 

L e t  7(6) = u 7(6do) so  7(6) < 6. As we c a n  u s e  s e v e r a l  f ' s  ( by  c o d i n g )  we 

c a n  r e s t r i c t  o u r s e l v e s  t o  s o m e  s t a t i o n a r y  W 1 C W 0, s u c h  t h a t  f o r  s o m e  7" 
(v ~ • w1) [~(~) : f ] .  

As n o t  c a s e  II s i m i l a r l y  w. l .o .g ,  f o r  s o m e  p (v  5 • ~/1) [tp (a~BT.) = p ]. 

C l e a r l y  R k , ( p  1" ~0) i s  n o t  e v e n ,  h e n c e  i s  odd ,  ( f o r  e v e r y  ~o). S u p p o s e  

7 " <  61 < c ~ i n  W 1, tp(a~a,B~) ff t p ( a ~ , B ~ ) ,  t h e n  f o r  s o m e  ~0 a n d  a < 6 1 , a >  7" 

a n d  b o t h  t p~(a~ ,Ba)  # tp~(a~ ,Ba)  h a v e  t h e  s a m e  r a n k  (Rk~o(--)) a s  p ,  c o n -  

t r a d i c t i o n .  

§4 F r o m  i n d i s c e r n i b l e s  t o  f i n i t e l y  s a t i s f i a b l e  a n d  H a n f  n u m b e r s  

4 .1 .  L e m m a :  

S u p p o s e  ( a t  : t e I /  x i s  a n  i n d i s c e r n i b l e  s e q u e n c e  ( I  i n f i n i t e ) .  T h e n  we 

c a n  f i n d  a m o d e l  N of p o w e r  T s u c h  t h a t  fo r  e v e r y  t • I,  

t p ( a t , N u  ~a s : s<  t l) is  f i n i t e l y  s a t i s f i a b l e  in  N.  

Proof: L e t l c  J, t ( n )  • J - i ,  ( v t  • I )  [t < t ( n + l )  < t ( n ) ] .  

L e t  l a t  : t  • I ]  C M C e ,  a n d  l e t  M '  b e  a n  e x p a n s i o n  of M b y  S k o l e m  

f u n c t i o n s  ( so  M" i s  a n  L ' - m o d e l ,  L C L ' ) .  By R a m s e y  t h e o r e m  a n d  t h e  c o m -  

p a c t n e s s  t h e o r e n l ,  t h e r e  is  a m o d e l  M + of  t h e  t h e o r y  of M' ,  a n d  

b t • M + (t • J) such that: 

(*) f o r  e v e r y  ~0(z 1 . . . . .  xn)  • L * ,  a n d s l <  " • ' < s  n e J i f  

M + ~ b s ~  . . . . .  bs, ] t h e n  f o r s o m e  t l <  . . .  < t n • [ ,  

M'l= ~o[ at, . . . . .  at~ ] 

C l e a r l y  fo r  e v e r y  s l <  - . -  < s  n • d ,  t l <  - - -  < t  n • 1  t h e  L - t y p e s  of 

( bs ~ . . . . .  bs" x/ i n  M + a n d  £ at,  . . . . .  at.  ) i n  M a r e  e q u a l ,  h e n c e  w. l .o .g ,  t h e  

L - r e d u c t  of  M + i s  a n  e l e m e n t a r y  s u b m o d e l  of  C a n d  a t = b t fo r  t • I .  L a s t l y  

l e t  N C ~ b e  t h e  m o d e l  w h o s e  u n i v e r s e  is  t h e  S k o l e m  h u l l  of ~bt(n) : n < cot 

i n  M +, a n d  a t  ~ S b  t a l s o  fo r  t • J - / .  

S o  l e t  t • I  a n d  we s h o u l d  p r o v e  t h a t  t p z ( ~ ,  N u f a s :  s < t ,  s • [ l )  is  f i n -  

i t e l y  s a t i s f i a b l e  in  N. L e t  d c N ,  t 0 <  t l  < " "" < tn  = t • I ,  ~ o • L ,  

~ ~[bt ,bt~ ~ . . . . .  bto, d ] s o  fo r  s o m e  L * - t e r m  ~ a n d  /c < co, 
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d. = ~ b t ( o )  . . . . .  bt@.) ). As ,~ bt  . ~ < y x/ is i n d i s c e r n i b l e  

M + ~  ¢?[ bt~ , bt._i . . . . .  bto , 5"(bt(o) . . . . .  bt(]¢)) ] c l e a r l y  

M + ~  ~o[b t ( e+ l ) , b t .~  . . . . .  bto, ol] . 

As bt(~+l) E N, we f inish.  

in M +, a n d  

4.2. C o n c l u s i o n :  

If ), -+ ( /~)~ ,  M a m o d e l  of p o w e r  X, t h e n  for  s o m e  N of p o w e r  IT[ ,  M 

has  a d e c o m p o s i t i o n  ( A t  : i  <a) o v e r N ,  At # ~ a c t ~ / ~ + l ~  

Proof :  I m m e d i a t e  by  2.5, 4.1. 

R e m e m b e r  &°~ax is t h e  s e t  of s e n t e n c e s  of ~ P ~  with  q u a n t i f i e r  d e p t h  

< 6 .  

4.3.  Theo renm 

S u p p o s e  (T~ ,2 nd) -~ / (T ,mon) .  

1) For  l i m i t  o rd ina l  6 a n d  e v e r y  X the  H a n f  n u m b e r s  of t h e  logic  ~P~,x, 

bh for  m o d e l s  of T e x p a n d e d  by -< I T I m o n a d i e  p r e d i c a t e s ,  and  

Pe for  l i n e a r  well  o r d e r i n g  e x p a n d e d  by  -< [ TI m o n a d i c  p r e d i c a t e s ,  

satisfies a ~ ( a )  = :~'(~e) 

2) The L o w e n h e i m  a n d  Hanf  n u m b e r  of ~P~,X, for  well  o r d e r i n g  

e x p a n d e d  by  <- IT[ m o n a d i c  p r e d i c a t e s ,  a r e  equal;  so if x,a a r e  d e f i n a b l e  in 

s e c o n d  o r d e r  logic,  t h e n  t h o s e  n u m b e r s  a r e  s m a l l e r  t h a n  the  Hanf  n u m b e r  

of gnd  o r d e r  logic.  

Proof :  t)  By 2.6, 4.2 th i s  is r e d u c e d  to a p r o b l e m  on m o n a d i c  t h e o r y  of s u m  

of m o d e l s ,  for  c o m p l e t e  p roof  see  [Sh4]. H o w e v e r  if 

(V a ) ( a  < ~ -+ a + a < ~), :~ > I Y l t h e r e  a r e  no  p r o b l e m s .  

2) See [BSh]. 

Now by  4.3 a n d  3.4: 

4.4.  C o n c l u s i o n :  

For  T as above .  

1) The  Hanf  n u m b e r  of L~,~(mon) for  m o d e l s  of T is s t r i c t l y  s m a l l e r  

t h a n  the  Hanf  n u m b e r  of s e c o n d  o r d e r  logic.  
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2) Even  in Lx, x we c a n n o t  i n t e r p r e t  a pa i r ing  f u n c t i o n  on a r b i t r a r i l y  

la rge  se t s  in m o d e l s  of T. 

P a r t  II 

H y p o t h e s i s :  (T~, 2 n~) ~ / ( T , m o n )  

§1 On a r u d e  e q u i v a l e n c e  r e l a t i o n  

1.1. C o n t e x t :  

Let  M 0 b e  a fixed :model (~. C)M 0 ~2 M 1 £ e,  and  in M l eve ry  type  over  M 0 

(with < ~ v a r i a b l e s )  is real ized.  The case  t]Mol [ = ]T] ,  [ [Mlt  ] -  2 Irl will 

suff ice.  We le t  ~ be an  e l e m e n t a r y  e x t e n s i o n  of M o, w h i c h  is the  m o d e l  we 

want  to  ana lyze :  and we a s s u m e  t p , (~ ,M1)  is f in i te ly  sa t i s f iable  in M 0 (and 
Y~ c ¢). 

We usua l ly  s u p p r e s s  m e m b e r s  of M 0 when u s e d  as indiv idual  c o n s t a n t s .  

We f u r t h e r  le t  i be a e - s a t u r a t e d  dense  l i nea r  order ,  ¢> 2171 and  we can  

f ind e l e m e n t a r y  raap ing  f t ( t  c I)  s u c h  t h a t  Dora f t  : ~ ,  f t  ~ M0 = tile 

i den t i t y ,  and  for  s o m e  u l t r a f i l t e r  D on ~ M  o, tp,(ft(P-~ ), M l u u f s ( ~ ) )  is 
s < t  

Av(D, M1 w u f ~ ( B ) )  (see for d e f i n i t i o n  I 1.4,  1.5). 
s < t  

We d e n o t e  b y ~ t  the  image  of _~5 by f t .  

For a e:_~ let  at = f t ( a ) ,  ~ a  t . . . . .  a n } t =  ~ f t ( a t )  . . . . .  f t ( a n ) / x ,  

OC [ , f o =  the  ident i fy .  

1.1A R e m a r k :  

Excep t  in 2.1, 2.3, we use jus t  the i nd i s ce rn ib i l i t y  of the  ]~t 's .  

1.2. De.finition: 

1) On ~ = D 0, we def ine a r e l a t i o n  E0: 

aEob i f f  in s o m e  m o n a d i c  f ini te  e x p a n s i o n  of C t he  se t  

~< at ,b t> :t c I{ is f irst  o r d e r  def inable .  

2) For  a c ~ ,  0 d ( a )  hold if in s o m e  m o n a d i e  f in i te  e x p a n s i o n  of ~ the  

se t  I< at,as> :t c [, s 6: [, t < s I is f i rs t  o r d e r  def inable .  

1.3. Claim: 

l) E 0 is an  e q u i v a l e n c e  r e l a t i on  

2) aEob i m p l i e s 0 d ( a )  <---> Od(b) 
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P r o o f :  E a s y  

1.3. C l a i m  

I f ~ k  ~ b k / E  o C  ~ ( / c = l , n )  a n d b ~ / E 0 # b  m / E  o f o r / c  # m t h e n :  

- - I  - - 2  --r~ (i) t p ( a t l ~ c t t 2  . . . .  M1) is t h e  s a m e  fo r  a l l  t 1, t n c f 

n - I  

(ii) t p ( ~  n ,  M l w w ~t ~)  is  f i n i t e l y  s a t i s f i a b l e  i n  M 0 
/ z = l  

(i i i)  if a n = b ~ ,  t p ( C ,  M 1 u 6 )  is f i n i t e l y  s a t i s f i a b l e  i n  M 0, t h e n  
n - 1  

t p ( 6 ,  M 1 u 6 o ~ )  is  f i n i t e l y  s a t i s f i a b l e  i n  M~. 

P r o o f :  C l e a r l y  (i i)  fo l lows  f r o m  (i) ( j u s t  c h o o s e  t n > t 1 . . . . .  t n _  1 i n  (i)] a n d  

a l so  (i i i)  fo l lows b y  I 1.6 f r o m  (ii).  

So l e t  u s  p r o v e  (i), a n d  we p r o v e  i t  by  i n d u c t i o n  o n  n a n d  t h e n  on  

1~ - n, restricting ourselves to ( t l ..... t n ) such that 

lift ..... tn] I >_ n-]c (for/c = n we get the conclusions) 

Suppose we have prove it forn' < n and for'n' = n, lc' < k. 

1.3A F a c t :  

By r e p l a c i n g  C by  a m o n a d i c  f i n i t e  e x p a n s i o n  we c a n  r e p l a c e  ~m by  a 

s i n g l e t o n  < a m > .  R e p l a c i n g  e b y  a f i n i t e  m o n a d i c  e x p a n s i o n  e + d o e s  n o t  

p r e s e r v e  t h e  p r o p e r t i e s  of M o , M  b < ~ s  s c I ) .  H o w e v e r  we c a n  w.l.o.g. 

a s s u m e  t h a t  ~"J~s s c I }  is i n d i s c e r n i b l e  o v e r  M 1 in  ~+. We c o u l d  h e r e  

a l so  u s e  L ( ~ + ) - f o r m u l a s  o n l y  of t h e  f o r m  ~ { . , . , x  n . . .  ,F~{x~) . . . )  w h e r e  

c L ( ~ ) ,  F~ a r e  d e f i n a b l e  i n  e + a n d  m a p s  e a c h  ~ s  i n t o  i t s e l f  a n d  c o m m u t e  

w i t h  t h e  f u n c t i o n s  f s -  

1.4.  N o t a t i o n :  

F o r  n o n - d e c r e a s i n g  s e q u e n c e s  ~ s 1 . . . . .  s n ) , < t 1 . . . . .  t,~/" f r o m  I, we 

s a y  t h a t  ~ S l  . . . . .  s n ) is  c l o s e d  to < t l  . . . . .  t n )  if 

e i t h e r  (a)  t 1 < . . . < t n ,  s m = t in+ 1 s in+ 1 = t m ,  s t = t t f o r i  # m ,  r n + l ,  for  

somem, 1-< r n - <  n 

o r ( f l )  fo r  s o m e  1-< l < rn_<  n 

t~ 1 - <  . . . < :  t ~ t_  1 < t l = t / +  1 = - . . = t r n  < t i n +  1 ~-- - . . _ t n ,  t m  < S m < t m +  1 

a n d  (V/ , )  [1 -< i ~ n ^ i  # 7~z --> s i = t i ]  . 
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We s h a l l  p r o v e :  

1.5. F a c t :  

If < s l  . . . . .  s n )  i s  c l o s e d  t o  x / t i  . . . . .  t m ) ,  b o t h  n o n - d e c r e a s i n g  

s e q u e n c e s  f r o m  [,  l l t~  " i  = 1,~tl = n 4 ~ ,  the~ t p (  ( a#, . . . . .  ~ ) ,  M 0 = 

. . . , S n , 

T h i s  s u f f i c e  f o r  p r o v i n g  1.3 a s  a n y  e q u i v a l e n c e  r e l a t i o n  E o n  

f ( t  i . . . . .  t ~ )  : t ~ [ ,  l t t ~ ' i =  1,  n l l ~ - n 4 c t  

s a t i s f y i n g  t h e  f o l l o w i n g  h a s  j u s t  o n e  c l a s s :  

(a)  if ff i s  c l o s e d  t o  t b o t h  n o n  d e c r e a s i n g  t h e n  ~ E 

(b) if ( s ~  . . . . .  sn>  E ( s n +  i . . . . .  san > a n d  ( V i , j E [ 1 , 2 n ] )  [ s~<s j  =- t3<t~] 
t h e n  ( i t  . . . . .  t n> E ( t n + ~ . . . . .  t a n ) .  

P r o o f  o f  t h e  F a c t  1.5: 

N o t e  t h a t  1 .4(a)  o c c u r s  o n l y  w h e n  k = 0, a n d  1.4(#) o c c u r s  o n l y  w h e n  

o(.,~) 

/c>O 

Case  A: ]¢ = O, 

So t h e r e  is  a f o r m u l a  ~ w i t h  p a r a m e t e r s  f r o m  

. . . . .  a / ~  , ~h.2 . . . . .  cr~ l ,  s u c h  t h a t  [= ~2[a~ , ~,~-~.+l ]1 b u t  

~o[ah+ l, a~ + l ] .  So c l e a r l y  (by  t h e  i n d i s c e r n i b i l i t y  of 

< ~ t  : t  c [ )  o v e r  M1) t h e r e  is  a f o r m u l a  ~ w i t h  p a r a m e t e r s  

f r o m  C s u c h  t h a t  f o r  a n y  s < t in  [ ~ [ a ~ ,  a~ +l] A - { f a t ,  a st+t] 

a n d  w. l .o .g .  ~ ~o[a~, a si+l], 

A d d i n g  m o n a d i c  p r e d i c a t e s  p i  = / a  ~ . t E [{, 

pi+l  = ic~t+l : t c [ I ,  we e a s i l y  f i n d  t h a t :  

= ~ ( x , y ) ^ P ¢ ( x ) ^ P ¢ + l ( y ) ^  ( V z )  [ P ¢ ( z ) ^ x  < ¢ z  -> - ~ ( z , y ) ]  

i+ t  [ l ,  w h e r e  d e f i n e  l < a  s , a~ > " s E 

z < i z  g - ' f ( v y ) [ P i + l ( y ) ^ ~ o ( z , y )  -~ ~ o ( z , y ) ] ^ =  # z ^ P i ( z ) ^ P i ( z  ) .  

Case B :  

Now e c o n t r a d i c t  t h e  n o n  E 0 - e q u i v a l e n c e  of a i ,  a i+ l .  

~ > 0  

So t h e r e  i s  a f o r m u l a  ~ w i t h  p a r a m e t e r s  

M, u In#, . . . . .  l ~  a m + l  a n  a / H  , t~+~ . . . . .  t~ ] s u c h  t h a t :  

f r o m  
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(~) # ~[~, . . . . .  ~ 4 ~  , ~ ] 

(b) # ~ [ 4 ,  . . . .  ' ~  r ~  

by  t h e  i n d u c t i o n  h y p o t h e s i s  o n / c ,  f r o m  (a) i t  fo l lows 

( c )  f o r a n y v  1 . . . . .  v m t i t  o f :  t t _ ~ < t <  tin+t1 , 

n o t  all of t h e m  e q u a l  ~ ~[a¢, . . . . .  av~ ] 

B y ( b ) ,  a s t  I . . . . . .  t m ,  

( d )  fo r  a n y v  c I t  G_I" t " . t < t r n + t  { 

U s i n g  t h e  i n d i s c e r n i b i l i t y  of £ J~ t  : t c I )  o v e r  M 1 t h e r e  is a for -  

m u l a  ~' (wi th  p a r a m e t e r s  f r o m  C) s u c h  t h a t  (e), (d) h o l d s  fo r  a n y  

v~ . . . . .  v m e: I n o t  all equa l ,  a n d  fo r  a n y  v c [ r e s p e c t i v e l y .  

E x p a n d i n g  e by  P~ = /a~ • t c I ] ,  we f ind  t h a t  t h e  f o r m u l a  

P ~ ( z ~ )  ^ - ~ ( x , y , z l  +2 . . . . .  z~)] o(z ,y)  = Pt(x)  ^ Pt+l(y) ~ (~zL+2 . . . . .  ~ ) [  ^ 
i = l + 2  

d e f i n e  t h e  s e t  l< a~, atl÷l > " t ~ II  of pai rs ,  c o n t r a d i c t i n g  t h e  

n o n  E 0 - e q u i v a l e n c e  of a t , a ~+1 

§Z E x t e n d i n g  a p a i r  o f  f i n i t e l y  s a t i s f i a b l e  

We c o n t i n u e  to  u s e  t h e  c o n t e x t  of §I (of  p a r t  II) 

2 .1 .  Claim: 

If a ,  b < ]~ t h e n  t p ( g ~ b ,  M t )  = t p ( a s " b  t ,  M1) f o r  s o m e  ( e v e r y )  s < t c /  

i f f  t p ( b ,  M 1 u O~) is f i n i t e l y  s a t i s f i a b l e  in M0 

P r o o f :  E a s y  

2 .2 .  L e m m a :  

T h e r e  a r e  n o  s < t o f ,  a ,  b c ~ ]  a n d c  c e  a n d  f o r m u l a  ~ wi th  p a r a m e -  

t e r s  f r o m  M 1, s u c h  t h a t :  

(~) p ~[c, as, 6t] 

(b)  ~ - ~ c , a  s , 6t~ ] fo r  e v e r y t  t > t ( i n I )  

( c )  ~ ~ c , a s l  , bt] f ° r e v e r y s t  < s ( i n / )  
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(d)  c~-~ is i n c l u d e d  in one  E 0 - e q u i v a l e n c e  c lass  . 

Proof :  By (d) and  1.3A, r e p l a c i n g  ~ by a m o n a d i c  f ini te  expans ion  w.l.o.g. 

6~ = < a > ,  6 = < b > .  By R a m s e y  t h e o r e m  a n d  c o m p a c t n e s s  we c a n  a s s u m e  

t h a t  if / v l  . . . . .  v m ) ,  ( u l  . . . . .  u r n ) ,  are  i n c r e a s i n g  s e q u e n c e s  f r o m  I, 

(3/c) (v~ = u k = s) ,  (31c) (v~ = u k = t)  t h e n  

t p . (  ( ~ v ,  . . . . .  Bv,~ x/ , Ml  u ~c l )  = 

t p . (  ( ~ u ,  . . . . .  ~u , , , )  , M1 u ~c ]) , 

By lI. 1.3A, w.l.o.g. ¢ ha s  p r e d i c a t e s  for  f a t : t  c I~, ~bt : t  c f t ,  and  

~< at ,  b t> : t c I~. W e s h a l l L r y t o u s e c  for cod ing  t s , t ~  ( i . e . , t a s , b t t ) , w h i c h  

c o n t r a d i c t  (T~,2 nd) ~ / ( T , m o n )  (see I. 1.3(2) ). 

Case A: no t  O d ( a )  

S u b c a s e A l :  F o r a n y v  c I, s < v < t ,  ~ ~[c , av,  bt].  

Then we can  f i x t ,  a n d d e f i n e  f < a v ,  bu> : v < u < t  I as in the  p roof  of t .5 

Case A and  t h e n  def ine  / < a  v , a u >  : v < u  c I 1 ,  c o n t r a d i c t i n g  n o t 0 d  (a) .  

S u b c a s e A 2 :  NorA1 b u t  for a n y v  c [ , i f v  > t , t h e n  ~ [ c , a v ,  bt] 

Simi lar  c o n t r a d i c t i o n :  fix s, and  us ing  the  f u n c t i o n  I< av, by> : v c II 

d e f i n e ~ < b  v,  b u>  : s < v < u >  l. 

S u b c a s e A 3 :  F o r v  e I ,  i f s  < v < t t h e n  ~ [ c , a s ,  bv] 

like subcase  A1 ( i n t e r c h a n g i n g  a and  b) 

S u b c a s e A 4 :  Note  A3 bu t  if v c [ , v  < s t h e n  ~ [ c , a s ,  by] 

like A2 ( i n t e r c h a n g i n g  a and  b) 

S u b c a s e  A5: Not A1-A4 

}{ere c code t he  pa i r  < a s ,  b t> : a s is u n i q u e  for t s u c h  t h a t  s # t and  

~(c ,  as ,  bt)  (by no t  A1, A2). By s y m m e t r y  (i.e., as no t  A3, A4) t is un ique  for  

s,  by the  i nd i s ce rn ib i l i t y  we have  over  c and  as I is dense  this  shows t h a t  c 

d e t e r m i n e  < s ,  t >  , so we ge l  t he  c o n t r a d i c t i o n  to t he  h y p o t h e s i s  of P a r t  II. 

Case  B: O d ( a )  

Let O ( x , y , z )  says  all t he  r e l e v a n t  t h i n g s  on < a , b , c  > : x c lay  : v c I I ,  

y c f b  v : v c I ] ,  ~ ( x , y , z ) ,  - ~ ( z , x ' , y )  where  x ' < x  [i.e., ( 3 v  < u )  

( x ' =  a v ^ x  = au)  ] and  - ~ ( z , x , y ' )  where  y ' < y  [i.e., ( 3 v  < u )  

( y  = b v ^ y '  = bu)  ] and  t he  a m o u n t  of ~ ( z , - ; - ) - i nd i s ce rn ib i l i t y  of 

( < a v ,  by> v c I  x over  fc{ which  holds.  
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Clea r ly  ~e[as ,b  t ,c  ] 

It su f f i c e s  to p rove  t h a t  

(*) Ife[as(~),  bt(~),c ] f o r k = l ,  2 t h e n s ( 1 )  = s (2) ,  t (1 )  = t ( 2 ) .  

By s y m m e t r y  we can  a s s u m e  t (1 )  < t (2 )  ( i f t ( 2 )  < t (1 )  i n t e r c h a n g e  t h e  

o rde r ,  if t (2 )  = t (1 )  n e c e e s s a r i l y  s (1 )  # s(2)  a n d  i n v e r t  t h e  o r d e r ) .  Below 
u , v  d e n o t e  e l e m e n t s  of I. 

S u p p o s e  s ~ 2 ) < u < v ,  we can  find u v v  ~, t (1 )  < u l < v  l s u c h  t h a t  

s (2)  < u : ,  7 z < t ( 2 )  <----> u : < t ( 2 ) ,  u = t ( 2 )  <~---> u : = t ( 2 ) ,  

v < t ( 2 )  <-~-> v l < t ( 2  ), a n d v = t ( 2 ) < = >  v l = t ( 2  ). 

As ~ e[as(2), bt(2), c ], i t  follows t h a t  

(i) ~ ( c , a  w G,)  ~ ~ ( c , % , G )  

Now c h o o s e  ua> v 2 > t(2),  as ~o[as(1),bt(:),c ], c l e a r l y  

(ii) ~(c ,aui ,  by1 ) ~ ~(C,au~,bv2 ) 

By t r a n s i t i v i t i y  of --- 

(iii) t h e  t r u t h  va lue  of ~(c,au,bv)  is t he  s a m e  for  all v > u >  s (2). 

Now (iii) is a p r o p e r t y  of c a n d  s(2),  an d  it fai ls  for  a n y  s ' < s ( 2 )  as  

~ [ a s ( 2  ), bt(2),c ] b u t  ~ -~ [a s (2 ) ,bv , c  ] when  v > t (2) ;  so as(e) is de f inab le  

f r om c,  a n d ' t h e n  we can  eas i ly  de f ine  bt(2), and so ge t  t h e  d e s i r e d  c o n t r a c -  
t ion.  

2.3. L e m m a :  

I f d ,  /~, c c e ,  t p ( b ,  M 0 U ~ )  is f in i t e ly  sa t i s f iab le  in M o t h e n :  

tp (b'-< c >,  fif0 u ~)  is f i n i t e ly  sa t i s f iab le  in M 0 or  

tp (b-, M 0 u g'-< c > ) is f i n i t e ly  sa t i s f iab le  in M 0 

Proof :  Suppose  ~, b, c f o rm  a c o u n t e r e x a m p l e .  W.l.o.g. ~ is I]M011 +- 

s a t u r a t e d .  Choose  ~'  c ~  r ea l i z i ng  tp (a ,  Mo) , t h e n  c h o o s e  b '  s u c h  t h a t  

tp(g"-$ ' ,  Mo) = t p ( g ~ ,  Mo). Then  choose  b"  r ea l i z ing  tp(b ' ,  ld o ~ ~') su c h  

t h a t  tp (g",  M1 u a ' )  is f i n i t e ly  sa t i s f iab le  in M0; now tp (g'"b", M1) is f in i t e ly  

s a t i s f i ab l e  in M o, so we cou ld  have  c h o s e n  d~, D s u c h  t h a t  ~ " ~ "  C ~ .  

Now c h o o s e  c '  e J~  such  t h a t  t p (a '~" - -<  c'> , Mo) = tp(~--b-,< c ' > ,  M0) ; 

h y p o t h e s i s  2.2 (d) m a y  fail for  g ' ,  b", c ' ,  bu t  by 1.3 (iii) we g e t  i t  by  r e p l a c -  

ing g' ,  b"  by  ~'  (~ (c ' /Eo), b" n (c /Eo) .  
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We c a n  choose  c", s u c h  t h a t  c" '~2 ' s~"  t, c ~ 2 ~  r ea l i ze s  the  s a m e  type  

ove r  N0, and  t p . ( l c "  t uu  tQr~v : s -  v ~ t ] ,  M 1 uu  I ~ v  " v < s ] )  is f in i te ly  

sa t i s f iab le  in M 0. We can  f u r t h e r m o r e  a s s u m e  as in t he  proof  of I. 2.6 t h a t  

for v > t t p . ( B , ,  u ~ u  u Ic"l w M1) is f in i te ly  sa t i s f iab le  in /d o , so 
u < v  

tp . (  u ~ ,  M 1 w u ~ u  w [ e ' i )  is f in i t e ly  sa t i s f iab le  in M i. Now a's,- 6"~, c" 
v > $  u ~ t  

sa t i s f ies  (a) (b) (c) (d) of 2.2 if ~, b, c whe re  a c o u n t e r e x a m p l e  to 2.2, where  

s < t E l .  So by 2.2 we have  p roved  2.3. 
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