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For cardinals A, k,6 we consider the class of graphs of cardinality A which has no subgraph
which is (k,0)-complete bipartite graph. The question is whether in such a class there is
a universal one under (weak) embedding. We solve this problem completely under GCH.
Under various assumptions mostly related to cardinal arithmetic we prove non-existence
of universals for this problem. We also look at combinatorial properties useful for those
problems concerning x-dense families.

0. Introduction

The problem of “among graphs with A nodes and no complete subgraph with
k nodes, is there a universal one” (i.e. under weak embedding) is to a large
extent solved in Komjath—Shelah [11], see more there. E.g. give a complete
solution under the assumption of GCH.

Now there are some variants, mainly for graph theorists embedding, i.e.
a one to one function mapping an edge to an edge, called here weak or we-
embedding; for model theorists an embedding also maps a non-edge to a
non-edge, called here strong or ste-embedding. We have the corresponding
we-universal and ste-universal.

We deal here with the problem “among the graphs with A nodes and no
complete (0, k)-bipartite sub-graph (in the weak sense), is there a universal
one?”, see below on earlier results. We call the family of such graphs £ g .,
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and consider both the weak embedding (as most graph theorists use) and
the strong embedding. Our neatest result appears in section 3 (see 3.5, 3.15).

Theorem 0.1. Assume A\>0>k>Ny.

(1) If\isstrong limit then: there is a member of §) g . which is we-universal
(= universal under weak embedding) iff there is a member of )5 g ,, which
is ste-universal (= universal under strong embeddings) iff cf(\) < cf(k)
and (k<0Vcf(\) <cf(0)).

(2) If \=2/=p" and p=2<# then
(a) there is no ste-universal in $) g,

(b) there is we-universal in $)y g, iff p=p" and 6=X\.

We give many sufficient conditions for the non-existence of universals
(mainly we-universal) and some for the existence, for this dealing with
some set-theoretic properties. Mostly when we get “no G€$y g, is we/ste-
universal” we, moreover, get “no G € )¢, is we/ste-universal for the bi-
partite ones”. Hence we get also results on families of bi-partite graphs. We
do not look at the case k<N here.

Rado has proved that: if A is regular > X and 2<A =\, then a1 has
a ste-universal member (a sufficient condition for G* being ste-universal for
Ha 1 is: for any connected graph G with < A nodes, A of the components
of G are isomorphic to GG). Note that G € ) )1 iff G has A nodes and the
valency of every node is < A. Erdds and Rado (see [1], in Problem 74) ask
what occurs, under GCH to say R,,. By [5, 3.1] if A is strong limit singular
then there is a ste-universal graph in £ x 1.

Komjath and Pach [2] prove that <{., = no universal in iy, r, x,, this
holds also for $),+ .-+, when st holds; subsequently the author showed

that 2° =T suffice (Theorem 1 there). Then Shafir (see [3, Th.1]) presents
this and proves the following:

([3, Th.2]): if k=cf(k), Mg+ and there is a MAD family on []" of cardinality
k1, then 9,+ .+ , has no we-universal.

([3, Th.3]): if k<O<2" and there is AC [k]* of cardinality x* such that no
Be[k]" is included in 6 of them, then $gx . ¢ has no ste-universal member.

([3, Th.4]): if k<H<2" and &g then H) g, has no ste-universal members.
Here we characterize “$))¢, has universal” under GCH (for weak and

for strong embeddings). We also in 1.1 prove &g+ = no we-universal in
Nt kit om (compared to [3, Th.2], we omit his additional assumption “no
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MAD AC []", |A|=kT"); in 1.2 we prove more. Also (1.5) A=\>2">6>
x = no universal under strong embedding in 9, . ¢ (compared to [3, Th.3]
we omit an assumption).

Lately some results for which we originally used [10] now instead use [12],
[14] which gives stronger results.

Notation 0.2.

We use A\, u, Kk, x,0 for cardinals (infinite if not said otherwise)

We use «, 3,7,¢,(,&,1,7 for ordinals, § for limit ordinals

For k=cf(r) <\, S} ={6<\: cf(§) =k}

[A]"={BCA: |B|=k}.

We use G for graphs and for bipartite graphs; see below Definition 0.3(1),
0.4(1), it will always be clear from the context which case we intend.

Definition 0.3. (1) A graph G is a pair (V,R)=(V% R%),V a non-empty
set, R a symmetric irreflexive 2-place relation on it. We call V' the set
of nodes of G and |V is the cardinality of G, denoted by ||G||, and may
write a € G instead of a€VC.

Let EY={{a,}: aR%B}, so we may consider G as (V& EY).

(2) We say f is a strong embedding of G into Go (graphs) if:

(a) f is a one-to-one function from Gy into Ga; pedantically from V&
into V&2
(b)st for a, B€G we have a R 3< f(a)RE2 ().

(3) we say f is a weak embedding of G into Gy if
(a) above and
(b)we for a,B€ Gy we have aR%1 3= f(a)RE2 f(3).

(4) The A-complete graph K is the graph (A, R) were aR3< a# (3 or any
graph isomorphic to it.

Definition 0.4. (1) G is a bipartite graph means G = (U, V,R) =
(UG,VG,RG) where U,V are disjoint non-empty sets, R C U x V. For
a bipartite graph G, we would like sometimes to treat as a usual graph
(not bipartite), so let G as a graph, G[&", be (USWVC {(a, 3): a,B€VUU
and aR%BVBR%a}). The cardinality of G is (|U%|,|VE]) or US|+ |V Y.
(2) We say f is a strong embedding of the bipartite graph G; into the
bipartite graph Gg if:
(a) f is a one-to-one function from U% UV into U2 UV Y2 mapping
U into U2 and mapping V! into V&2
(b) for (a, 3) €U x VEL we have aR%1 < f(a)RE2 f(3).
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(3) We say f is a weak embedding of the bipartite graph G; into the bipar-
tite graph Gy if
(a) f is a one-to-one function from US1UV ! into UF2UV 2, f mapping
UC" into U%? and mapping V! into V&2
(b) for (a,3) €U x VG we have
aR“ = f(a)R f(6).
(4) In parts (2), (3) above, if G; is a bipartite graph and G is a graph then
we mean G[lgr},Gg.
(5) The (k,0)-complete bipartite graph K, ¢ is (U,V,R) with U={i: i<k},
V={kti:i<0}, R={(i,k+j): i<k,j <O}, or any graph isomorphic to it.

Definition 0.5. (1) For a family $ of graphs (or of bipartite graphs) we
say G is ste-universal [or we-universal] for § iff every G’ € $) can be
strongly embedded [or weakly embedded] into G.

(2) We say $) has a ste-universal (or we-universal) if some G € §) is ste-
universal (or we-universal) for 9.

Definition 0.6. (1) Let ﬁxﬁ,,{:ﬁ%\feﬁ be the family of graphs G of cardi-
nality A (i.e. with X nodes) such that the complete (6, x)-bipartite graph
cannot be weakly embedded into it; gr stands for graph.

(2) Let 56];\1’39714 be the family of bipartite graphs G of cardinality \ such that
the complete (6, x)-bipartite graph cannot be weakly embedded into it.
If A\=(\,)\) we may write A (similarly in (3)); bp stands for bipartite.

(3) Let f);t??@ﬂ} :5355\]?5711 be the family of bipartite graphs G of cardinality A
such that Ky, (the (0, x)-complete bipartite graph) and K, ¢ (the (x,6)-
complete bipartite graph) cannot be weakly embedded into it; sbp stands
for symmetrically bipartite.

(4) $H,=9% is the family of graphs of cardinality A and Y)?\p is the family
of bipartite graphs of cardinality .

Observation 0.7. (1) The following are equivalent:
(a) in Sﬁil’)}; .. there is a we-universal
(b) in {Gle7: Gef)il?gﬂ} there is a we-universal.
(2) Similarly for ste-universal.
(3) If G is ste-universal for $) then it is we-universal for $) (in all versions).
(4) Assume that for every G € ), there is a bipartite graph from $y g,
not x-embeddable into it, then in f)?pﬁ o and in f)?pe . and in Y)i\bgn there
is no z-universal member; for x € {we,ste}.
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Proof. (1) (a)=(b): Trivially.

(b)= (a): Assume G is we-universal in {G[&": Geﬁi‘f’gﬁ} and let (A;: 1 <i*)
be its connectivity components. Let A; be the disjoint union of A; g, A;1
with no G-edge inside A; o and no G-edge inside A;; (exists as G:GLgr] for
some G, 6553}?279, note that {4, 0, A;1} is unique as G [ 4; is connected). Let
A for i <i*,£<2,m <2, <\ be pairwise disjoint sets with [A]";%|=]4; |
when m=k mod 2. Let G’ be the following member of 551;1?9#: let UG be the
disjoint union of A?f for i <i*,a< X and VE' be the disjoint union of A}f
for i <i*,0 <2,a0< X and R% = U{R{,: i <i*,£ <2} where R, are chosen
such that (Ajg', Ayt Reg) = (Aio, Aig, RE [ Ajo x As 1) = (AP A RY).
Easily G/Eﬁ];ﬁg’n is we-universal.

(2) The same proof.
(3), (4) Easy.

1. Some no we-universal

We show that if A=A"A2%>60>k then in §) ¢, there is no ste-universal
graph (in 1.5); for we-universal there is a similar theorem if 6 =™, Pr(\, &),
see 1.4 + Definition 1.2, (this holds when A=A"=cf()), &g ).

Claim 1.1. Assume k is regular and &g+ (see Definition 1.2 below). Then
there is no we-universal in .+ .+ .-

Definition 1.2. (1) For regular k<) let S2 ={5<\: cf(0) =cf(x)}.
(2) For regular X\ and stationary subset S of \ let &g means that for some

A= (As: §€5,6limit) we have
(a) As is an unbounded subset of §
(b) if A is an unbounded subset of A then for some (equivalently station-
arily many) d €.S we have A;C A.

(2A) For k<A let ® A mean that for some family ACI[N" of cardinality A
we have (VB € [\*)(3A€ A)(ACB).

(3) Pr(\,k) for cardinals A > k means that some F exemplifies it, which
means

(a) F is a family of <\ functions

(b) every fe€F is a partial function from A to A

(c) if f€F then k=otp(Dom(f)) and f strictly increasing
(d) f#g€F=r>|Dom(f)NDom(g)|
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(e) if g is a partial (strictly) increasing function from A to A such that

Dom(g) has cardinality A, then g extends some f¢€F.
(4) Pr'()\,9) is defined similarly for § a limit ordinal but clauses (¢) + (d)

are replaced by

(¢) if f€F then d=otp(Dom(f)) and f is one to one

(d)" if f#geF then Dom(f)NDom(g) is a bounded subset of Dom(f)
and of Dom(g).

(e) like (e) but g is just one to one.

Observation 1.3. (1) We have

(i) dsy=Pr(\5)

.. [ ]

(it) Pr'(\,k)=Pr(\, k)= A

(ii7) for any regular cardinal k we have Pr(\,rk) < Pr' () k).
(2) If we weaken clause (c) of 1.2(3) to

()~ feF=|Rang(f)|=r=|Dom(f)|

we get equivalent statement (can combine with 1.3(3)).

(3) The “one to one” in Definition 1.2(4), clauses (¢)'+ (€)' is not a serious
demand, that is, omitting it we get an equivalent definition.

Proof. Easy.
(1) E.g., clause (7ii) holds because for any one to one f: k— Ord, for some
A€ [k]® the function f[A is strictly increasing.
(2) Left to the reader.
(3) Why? Let pr: Ax A— A\ be 1-to-1 onto and pry, pry: A— X\ be such that
a=pr(pr(a),pry(a)).

Let F be as in the Definition 1.2(4) old version. Then {pr;of: f € F}
will exemplify the new version, i.e. without the 1-to-1.

For the other direction, just take {f€F: f is one to one}.

Proof of 1.1. It follows from 1.4 proved below as &g+ easily implies
Pr(k™, k) for regular k (see 1.3(1)).

Claim 1.4. If Pr(\,k), so A>k then in $)) .+ , there is no we-universal.
Moreover, for every G* € ), .+, there is a bipartite G € 9, .+ , of cardi-
nality A not we-embeddable into it.

Proof. Let G* be a given graph from $)) .+ .; without loss of generality
Ve =)
For any ACA\ let
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(¥)o (a) YI=:{B<A\: B is G*-connected with every v€ A}
(b) Yi=:{B<A\: B is G*-connected with x members of A}
(c) Yi=:{B<A\: Bis G*-connected with every v € A except possibly< k
of them}.
Clearly
(d) ACBCA=YDY) and YCY3 and Y, DY}
(e) |A|>rk=YJCYICY3.

We now note
(¥)1 if A€[A]" then |Y]|<k.

[Why? Otherwise we can find a weak embedding of the (x,x™)-complete
bipartite graph into G*|

(¥)2 if A€[A]" then |Y}|<k.

[Why? If not choose pairwise disjoint subsets A; of A for i < k each of

cardinality , now easily ye Yi = [{i <r:y ¢ Y]} <rsoY;C Y]
1<K
hence if |Y}| >« then for some i < H,Ygi has cardinality >k, contradiction

by (%)1.]
Let F = {fa: @ < A} exemplify Pr(\, k). Now we start to choose the
bipartite graph G:

Ko UY =\, VE =Ax \RY = |J RS and RS C {(B,(a,7)): a < A and
a<
B e Dom(fy) and v < A} CUC x V& where RS is chosen below; we let

Go=(U% VY RS).
Now

X, G is a bipartite graph of cardinality A
X, the (k1,k)-complete bipartite graph (= K,+ ) cannot be weakly em-
bedded into G.

[Why? As for any (a,7) € V& the set {8 < A: BR%(a,7)} is equal to
Dom( f,) which has cardinality  which is <x™; note that we are speaking
of weak embedding as bipartite graph, “side preserving”]

X3 the (k,x')-complete bipartite graph cannot be weakly embedded into
G provided that for each a <A,
@3 K, .+ cannot be weakly embedded into (U%, V%, RYS).
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[Why? Let Uy C U%, Vi C VE have cardinality x,x% respectively, and
assume toward contradiction that K .+ can be embedded into (U G V& RY)
as exemplified by Uy, V;. Let V] ={a: (a,7y) € V4 for some ~}. If |[V]| > 2
choose (a1,71),(a2,72) € Vi such that a; # az, so {B<A: (B, (as,ve)) € RE
for £=1,2} include U; hence by the definition of RY we have |Dom(fa, )N
Dom(fa,)| > |U1| = K, but oy # a2 = |Dom(fa, ) "Dom(fa,)| < k by clause
(d) of Definition 1.2(3).]

X, G cannot be weakly embedded into G* provided that for each o< A:
@} there is no weak embedding f of (UY, VY RY) into G* extending f,.

[Why? Assume toward contradiction that f is a one-to-one mapping from
USUVE into V& = X\ mapping edges of G to edges of G*. So f [U% is a
one-to-one mapping from A to A hence by the choice of F={fy: a <A} to
witness Pr(\, k) see clause (e) of Definition 1.2(3) there is « such that f, C
f1U%. So clearly 3R%(a,y) and 8 € Dom(f,) implies {f(8), f((a,7))} =
1fa(B), F((@s7)} € BS", hence (8,(a,7)) € RG = {f(8), f((.7))} € EC".

This clearly contradicts ®2 which we are assuming,.]
So we are left with, for each a <A, choosing

Ro € {(8.(a,7): 8 € Dom(fa),7) < A}

to satisfy @3 +@24. The proof splits to cases, fixing a.

Let us denote B, = Rang(f,), Ao = Dom(f,) for £ =0,1 we let A’ =:
{y€Ay: otp(AaNy)=¢ mod 2} and B’ =:{f.(y): y€ AL}

Case 1. Y3 has cardinality <x for some B € [B,]".

Choose such B = B/, and let A, = {8 € Ay: fo(B) € B, }. There is a
sequence C'=(C¢: (<rT),C¢ €[k]" such that £ <(=|CeNC¢| <.

Let Ry = {(8,(a,7)): v < r*,8 € A, and otp(BN A,) € Cy}. Now @2
holds because if f is a counter-example, then necessarily by the pigeon-hole
principle for some v < k™ we have f((a,7)) ¢ ng, but clearly (a,7) is Gq-
connected to k members of A/, hence f((a,7)) is G*-connected to £ members
of B!, hence f((a,7)) € Ygg and we get a contradiction. Also @2 holds as
§<C</€+=>|C§QC<|</€.

So we may assume, for the rest of the proof, that

X5 |YA| >k for every B€[B,]".
Case 2. For some /<2, |Y§l | >k and for some Z:

() ZSYE\Y,
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(i) |Z]<k
(iii) for every 7o € (Ygg \Yég) \ Z there is v € Z such that « > [{8 €
BY: 3 is G*-connected to g but is not G*-connected to 7;}|.

So we choose such ¢ =/(a) < 2,Z = Z, and then we choose a sequence
(Ba,y: Y€ Zq) such that:
Mo (a) B is a subset of B,
(b) [Banyl=r
() n#FREZ= Bayy NBa,y, = 0
(d) v is not G*-connected to any €€ B
(this is possible as vy € Za:>'y¢Yég).
Now we can find a sequence (Cy ¢: ( <k™) satisfying
X7 (@) CacC B4
(B) |Ca,c|=r moreover B Zy=|CoNBygl=kK
() for £<¢ we have |CpeNCo | <k
(e.g. if k=cf(k) >Ny by renaming BY, =, each B, is stationary, choose
nonstationary C, . C k inductively on ¢; if k >cf(k) reduce it to construction
on regulars, if k=Rq like k=cf (k) >Rq).
Lastly we choose R, ={(8,(c,7)): B€ Aa,7< kT and fo(8)€Cuq}-
Now @3 is proved as in the first case, as for @2, if f is a counter-example
then clearly for y<x™, f((a,7)) GY]% , S0 as |Y§ | >k by K5 and | Z,| <k and
| |</{ (by (*)2) necessarily for some ¢ <x™,y9=: f((a, ))EYQZ\ Z\Z
Let Y1 € Zo be as guaranteed in clause (iii) in the present case. “Now Yo is
G*-connected to every member of Cy ¢ as 79 = f((«,()). Hence v is G*-
connected to £ members of B, ,, (see clause (8) above and the choice of
R,); but v; is not G*-connected to any member of B, ., (see clause (d)
above). Reading clause (iii), we get contradiction.

Case 3. Neither Case 1 nor Case 2.
Recall that « is fixed. For ¢ € {0,1} we choose ZQC by induction on
C < kT, such that
Kg (a) Z C a subset of Y2Z of cardinality
(b) Z C is increasing contmuous in ¢
(c) Y1 QZZ
(d) if ( 5—1—1 then there is v/ €€ §7C\2§7§ such that for every +/ €
Zég\ B We have k= |{8 € B: 8 is G*-connected to ny,g but not
to 7'}
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(e) if (=¢+1 and VGZQ,C hence k=|{3€ B%: 3 is connected to 7}|
4 1
(e'g' ’7_/704,5)7 then Yv{ﬁeBg: B is G*-connected to v}

() Zo N(YZNY3) =2, V(Y NYE).

is included in Zﬁ,C

Why possible? For clause (c) we have |Y3, | <k by (%), for clause (d)
note that “not Case 2”7 trying Zfé’g\YElﬂ as Z, and for clause (e) note again
1 «
‘Y{,BGBf;: B is G*-connected to yg’s}‘ <# by (*)2
Having chosen <Z£u§: (<K, 0<2), we let

R, ={(0,(a,()): for some ¢ < 2 we have:
B € AL and f,(B) is G*-connected to v = ’yi%% so ¢ <K'}

Now why @3 holds? Otherwise, we can find A C A,,|A| = and B C
kT, |B|=~kT such that ﬂeA/\feB:ﬂRa(a,’yﬁ}?) where £ =/(§) mod 2, so
for some £ <2 we have |[AN A’ | =k, and let

A ={fa(B): e AN AL}

Easily |B|=k" and |A'|=k and B€ A'ANE€B éﬁRG*vﬁé, contradiction to
“K,, .+ is not weakly embeddable into G*”.

Lastly, why @ holds? Otherwise, letting f be a counterexample, let
¢ <kt and £<2. Clearly f((,()) is G*-connected to every (' € BY, which is
G*-connected to 732“5 hence f((a,()) cannot belong to ZﬁQCM\YEl% (by
the demand in clause (d) of Xg), but it has to belong to Z£,2C+€+1 (by clause
(e) of Kg), so f((«,()) € (Z§72<+Z+1\Z§72<+Z)UYég. Putting together /=0, 1
we get f((a,())€ ((Zg,zgﬂ \Zg,%)UYég)ﬁ((Z;2<+2\Zé,2g+1)UYéé) hence
f(a,0)) GYflgg nylz}lv but |Y]§g | <xT; as this holds for every ¢ <™ this is a
contradiction to “f is one to one”.

Claim 1.5. (1) Assume X\ > 2" >0 >k and A = A" (e.g. A =2%). Then
in $ .0 there is no ste-universal (moreover, the counterexamples are
bipartite).

(2) Assume Pr(\,k),A\>60>k,2%>60. Then the conclusion of (1) holds.

Proof. (1) By the simple black box ([8, Ch.III, §4] or [4, Ch.VI, §1], i.e. [9])

X there is f=(f,: n€"N), f, a function from {n]i: i<k} into A such that
for every f: "> X— X for some ne*\ we have f, C f.
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Let G* € $) .9 and we shall show that it is not ste-universal in $) .9,
without loss of generality V& = . For this we define the following bipartite
graph G:

B (i) US=">) and VE ="\
(ii) RG:U{RS :n€”X and f, is a one-to-one function} where
R,?g {(nti,n): icu,} where u, Ck is defined as follows

By for n€”\ we choose u, C« such that if possible
(*)n,u, for no y< do we have (Vi<r)[f,(n]i)RE y=icu,).

If for every n €\ for which f, is one to one for some u C k we have (%),
holds, then clearly by X we are done.

Otherwise, for this n€"\, f;, is one to one and: there is 7, <\ satisfying
(Vi<K)(fn(nTi)RY v, &i€u) for every uC k. But then A =:{f,(n[2i): i<
k} and B'=:{v,: uCk and (Vi<k)2i€u} form a complete (k,2")-bipartite
subgraph of G*, contradiction.

(2) The same proof.

2. No we-universal by Pr(A,k) and its relatives

We define here some relatives of Pr. Here Ps is like Pr but we are approximat-
ing f: A=\, and Pr3(x, \, 1, ) is a weak version of (A4p)!® <y (Definition
2.5); we give sufficient conditions by cardinal arithmetic (Claim 2.6, 2.8).
We prove more cases of no we-universal: the case 6 limit (and Pr(\,x)) in
2.2, a case of Pr’(\,0 x k) in 2.4. We also note that we can replace Pr by
Ps in 2.9, and A strong limit singular of cofinality > cf(x) in 2.10.

Convention 2.1. A\>0>x>N,.

Claim 2.2. If# is a limit cardinal and Pr(\, k), then there is no we-universal
graph in $)) g . even for the class of bipartite members.

Proof. Like the proof of 1.4, except that we replace cases 1-3 by:

for every < A we let Ry ={(5,(c,7)): B€Dom(f,) and v < ]Ygom(fa)ﬁ}.
Now @2 holds as ’Y]gom(fa)‘ <0 (by (*); there) hence ’Yé]om(fa)’+ <0 as @
is a limit cardinal. Lastly ©% holds as for some a we have f,C f hence the
function f maps {(a,7y): v < ‘Y]gom(fa)’+} into Y]gom(fa) but f is a one to
one mapping, contradiction.

Recall:
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Definition 2.3. For a cardinal A and a limit ordinal §, Pr’/()\,d) holds when
for some F:

a) F a family of <\ functions

b) every f€F is a partial function from A to A

¢) feF=otp(Dom f)=4, and f is one to one

d) f,geF,f#g= (Dom f)N(Domyg) is a bounded subset of Dom(f) and
of Dom(g)

(e) if g: A — X is a partial function, one to one, and |Domg| =\, then g

extends some feF.

(
(
(
(

Claim 2.4. Assume

(a) Pr'(\,6%),6* =0 x K, ordinal product !
(b) o=0" and A>o0.

Then there is no we-universal in ﬁire .. even for the class of bipartite
members.

Proof. Let G* €9, ¢, and we shall prove it is not we-universal; let without
loss of generality V& =\.

Let F be a family exemplifying Pr'(\,6%), let F={fo: a <A} let A, =
Dom(f,) and let it be {Ba.ci: i <o,e <k} such that [Bq c(1),i(1) < Bac(2),i(2) &
e(1)<e(2)V(e(1)=¢e(2) and i(1) <i(2))] and for i< o let Aq;={farci: €<k},
so clearly

(*)1 Aa,i € [)‘]H and (a17i1)7é(a27i2):> ‘Aa1,i1 mAcm,iz‘ <K.

[Why the second assertion? As {s¢: €<k} is an unbounded subset of A,
(of order type k).]

For (a,i) € Axo let foi=falAq,let By =Rang(fq,) so |Aai|=|Ba,i| =
x and let YO% ={y<A\: v is G*-connected to every member of B, ;}, so as
G* € 99, clearly |Y£7Z~| <0. As 0 =01 >0 >k, clearly for each o < \ for
some i, < 0 we have 2: X, :={i<o: |YO?7Z-| < o} has cardinality o. As
fa <0 also xq:=put is <0t =0, so x <o=|X,|. We choose by induction
on €< x} an ordinal in e € Xo such that:

(%)2 dq. E{ig ¢ (<e}

! This is preserved by decreasing o.
2 in fact by 2.2 without loss of generality 6 is a successor cardinal, so without loss of
generality put =0
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Recall that x, is a successor, hence a regular cardinal. So if € € S;g =
{e <xd: cf(e) = xa} recalling xo = pf > [V ;. | there is ¢ <e such that
(Y0, EﬂU{YO?{: E<e} QU{YOE{&: £<(}). Let g(e) be the first ordinal having

Aty
this property, so g is a well defined function with domain S;g Clearly, g is
a regressive function.

By Fodor’s lemma for some stationary S, C S;g, and for some B} of
cardinality <y, we have e€ S, = B} D YO(C],Z-Z’EOU{YSJ :j<iy.},infact: By =
U{Yiia K e<e*} where g[S, is constantly ¢* is O.K., we can decrease B}
but immaterial here.

Now

()3 for £#( from S, there is no 5 <\ such that:
B is G*-connected to every v € By ;=
(G is G*-connected to every VGBa,ij‘;
B is not in B}, ’

£
¢

Let (((a,j): j<x&) list S, in an increasing order. Let G be the bipartite
graph

U =\
VE=Axo
G _ . + -k -k
R ={(8,(a,7)): a < Xand v < x! and 8 € Aa,layc(a’m U Aa,layc(am“) }.
X, G is a bipartite graph of cardinality A
Xy the (0, k)-complete bipartite graph (€ 53](35 H)) cannot be weakly embed-
ded into G.

[Why X3 holds? So let (a(1),7(1)) # (a(2),7(2)) belong to V¢, the set
{3 € UY: B connected to (a(1),7(1)) and to (a(2),7(2))} is included in
U (Aaq) Aq2) ) which is the union of
1(1),e(2)e{0,1}
four sets each of cardinality <k (by (*)1) hence has cardinality < <6.]

i* N i*
7 (e(1),29(1)+(1)) 7 ((2),27(2)+(2))

X3 the (k,0)-complete bipartite graph cannot be weakly embedded into G.

[Why? Toward contradiction assume Uy CU G,V1 C VC have cardinality
k,0 respectively and S€ U A (a,y) €Vi = [BR(a,7).
Let (a,y) € Vi, clearly 8 € U; = BRYa,y) = B € Agsr

a,((a,27)
So U1 - Ai*

o,i* . AZ* .
Va,¢(e,2y+1) a,((a,27) a,((a,2v+1)
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Now if (a1,71), (2,72) € Vi and aq # g then 4,j <o =|Aq, iNAa, j| <K
by the choice of F, so necessarily for some a, < A we have V; C {a.} x 0.
But if (a,71) # (a,7y2) € Vi then (a,71), («,72) has no common neighbour,
contradiction.]

K, there is no weak embedding f of G into G*.

[Why? Toward contradiction assume that f is such a weak embedding. By
the choice of F and (f,: a <) we can choose a< \ such that f,C f [UC.
As f is a weak embedding 8 < AAy < AABR%(a,y) = f(B)RE f(a,v),
hence B€JAqni=Dom(fo) Ay <AABRE(a,y) = fa(B)RE f(a,7). Hence if

<o then f(a,7) is G*-connected to every B€ By, ¢(a,2y)UBa.c(a,2v) U1 Bar }
hence f(a,7) € Yo?((a %) ﬂYo?c(a 9+1) Which implies that f(a,v) € BX. So
the function f maps the set {(a,7v): y<o} into BX. But f is a one-to-one

function and B}, has cardinality <o, contradiction.]

Definition 2.5. (1) For x < XA and § < A we define Ps(\,x) and Ps'(},0)
similarly to the definition of Pr(\,x), Pr’(\,d) in Definition 1.2(3), (4)
except that we replace clause (e) by
(e)™ if g is a one to one function from A to A, then g extends some fe&F
(so the difference is that Dom(g) is required to be \).

(2) Let Prg(x, A, u,a) means that for some F:

(a) F a family of partial functions from p to A
(b) [Fl<x

(¢) feF=otp(Dom(f))=a

(d) if ge" A= (3f e F)(f S9).

Claim 2.6. (1) Assume A is strong limit, A > k and cf()\) > cf(x). Then
Pr/(\,6*) holds if 6* <\ has cofinality cf (k).

(2) If \=pt =2, cf (6*) #cf(pn),8* <A then Pr’()\,6*) holds.

(3) If <\ is a limit ordinal and A= \°l then Ps'(}\,0).

(4) If k =cf(0),k <6 <A\, A = A" and Pr3(\, A\, \,a) for every oo <6, then
Ps'(\,0).

(5) Pr(\,k)=Ps(\, k), Pr'(\,k)=Ps'(\,k) and similarly with § instead of
K.

(6) If A>2% then A=U,(A)=Prs(A\,\,\, k).

(7) If PS'(\, k) then Ps(\, k).

Remark 2.7. Recall Uy(A) = U pa(A), and for an ideal J on £, U (A) =
Min{|P|: P C [A\]® is such that for every f € "\ for some A € P we have
{i<k: f(i)€ A} #0 mod J}.
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Proof. (1) Let (\;: i < cf(\)) be increasing continuous with limit A such

that §* < A\g and 2% < \; 41, hence for limit §,\s is strong limit cardinal of
cofinality cf(d). For d € Ssz((:)) ={d<cf(N\): cf(§)=cf(k)}, let (f5a: a<29)
list the partial one-to-one functions from A5 to Ay with domain of cardinality
As. We choose by induction on « < 2% a subset As o of Dom(f54) of order
type 6* unbounded in A; such that 3 <a=-sup(A4saNAs3) <As; possible as
we have a tree with cf(8) levels and 2* cf()-branches, each giving a possible

Aso CDom(f5,4) and each As (3 <a) disqualifies <5+ |a| of them.

Now F={fsalAsa:0€ szf((:)) and <2} is as required because if f is

a partial function from A to A such that |[Dom(f)|=A and f is one to one
then {§<cf(\): (3Mi<\s)(i€Dom(f)Af(i) <))} contains a club of cf()).
(2) This holds as {g for every stationary SC{0<A: cf(d)#cf(n)} in many
cases, see [7], and without any extra assumption by [14].

(3) By the simple black box (see proof of 1.5, well it was phrased for x but
the same proof, and we have to rename A\, A" as A; see [4, Ch.IV], i.e. [9]).
(4) We combine the proof of the simple black box and the definition of Prs.
Let (v}: i < k) be increasing continuous, v9 = 0,7, = J. By Prz(A,\, A, )
with a=~/, | —~7, for each i<k, we can find F; such that

(x)1 FiS{g: g a partial function from X to A, otp(Dom(g)) =71 —;}
()2 |Fil <A
(¥)3 for every g* €*\ there is gC g* from F;

By easy manipulation

(¥)5 if g* €\ and a <\ then there is g€ F; such that g C g* and Dom(g) C
[a, N).

Clearly F; exists by the assumption “Prg(A A\ «) for a < ¢ so let
Fi ={gic: € < A}. Now for every n € "X let fg be the following partial
function from ("7 X)X X to A:

()4 if i<rk,e<X and aEDom(gm(i)) then f,(,]((n [z’,a)):gi,n(i)(a).

Let h be a one to one function from (*~ X)X\ onto A such that (if ¢f(\)>§
then also in (x)5(b) we can replace # by <)

()5 (@) ne"ANa<B<A=h((n,@)) <h(n,p)
(b) nav e ANa < AAB < AN a € Dom(gegm) wieg(n)) = M(n,a)) <
h((v, ).



Sh:706

340 SAHARON SHELAH

Let f,, be the following partial function from A to A satisfying f,(a) =
f,(])(h_l(oz)) so it suffices to prove that F={f,: n€”X and f, is one-to-one}
exemplifies Ps'(\,0).

First, clearly each f, is a partial function from X to A. Also for each i <
and € < A the function g; . has domain of order type ~; ; —~;, hence by
(*)s5(a) also n € "AAi < k= Dom(f, | {h(n[ie): e <A}) has order type
Vi1 =7+ By (¥)3(b) also Dom(f,) has order type 6=3 (v, \75).

Now if f € F then f;, is one-to-one by the choice of F .ZSecond, let f: A=A
be a one-to-one function and we shall prove that for some 7, f, e FA f, C f.
We choose v; € A by induction on i < k such that j <i=-v; =v; [ j and
vidn €= f [{h(v;,a): j<i,ae Dom(gj%(j))} cf.

For i=0 and i limit this is obvious and for i=7j+1 use (x)3. So 7, € "\
and f,, C f hence is one-to-one hence f,, €F so we are done.
(5) Easy (recalling 1.3(3)).
(6) Easy.
(7) Easy because if f: k— X is one-to-one then for some u C k of order type
K, [ Ju is increasing (trivial if k is regular, easy if k is singular).

Claim 2.8. (1) Fach of the following is a sufficient condition to
Pr3(x, A, p, @), recalling Definition 2.5(2):
(a) M= x=x>p>a
(b) x=A>p>|a| and (VA; < A)(AT <))
(¢) x=A>p>3u(lal).

(2) If x1 < x2,M1 = Ao, > po, 1 > o then Pra(xi,Ar,p1,a1) implies
PI‘3(X2,/\2,,&2,0¢2).

Proof. (1) If clause (a) holds, this is trivial, just use F = {f: f a partial
function from p to A with a=otp(Dom(f))}. If clause (b) holds, note that
for every f € #)\, for some i1,i2 < A we have a < otp({j < i1: j < p and
f(y) <i2}) and let F={f: f a partial function from g to A\ with bounded
range and bounded domain if ;=\ such that o= otp(Dom(f))}. If clause
(c) holds, use [10].

(2) Trivial.

Claim 2.9. (1) In 1.4, 1.5(2) and in 2.2 we can weaken the assumption
Pr(\, k) to Ps(\ k).
(2) In 2.4 we can weaken the assumption Pr’(\,5*) to Ps'(\,0%).

Proof. The same proofs.
We can get another answer on the existence of universals.
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Claim 2.10. If X is strong limit, cf(\) >cf(k) and A>60(> k), then in 9y g .
there is no we-universal member even for the class of bipartite members.

Proof. Let § := 0% x k (recalling A is a limit cardinal) by 2.6(1) we have
Pr/(\,d) hence by 2.4 we are done.

Note that Ps may fail.

Claim 2.11. Assume 6 <\, cf(\) <cf(8) and o< A= |alfO) <\,
Then Ps(\,d) fails (hence also Pr(\,d), Pr'(),d), Ps'(),0)).

Proof. Toward contradiction let F witness Ps(\,d) so F is of cardinality
A. Let (fo: e <) list F; choose an increasing sequence (\;: i <cf(\)) such
that A\;= ()@ and A=3"{\;: i<cf(\)}. We choose U; by induction on i
such that:

(9} (a) U
(b) A CU,
(¢) [Ui]=Ai
(d) if feF and Dom(f)NY; is unbounded in Dom(f), then Dom(f)U
Rang(f) CU;.

For clause (d) note that if Dom(f)NY; is unbounded in Dom(f) then
there is u C Dom(f)NU; unbounded in Dom(f) of order-type cf(y) and such
u determines f in F uniquely.

Now choose f*: A — A such that f* maps (U; \ U{U;: j < i}) into
MU{U;: j<i} when ¢ < cf(\) and is increasing; f* contradicts the choice
of F.

3. Complete characterization under GCH

We first resolve the case A is strong limit and get a complete answer in 3.5
by dividing to cases (in 3.1, 3.2, 3.4 and 2.10), in 3.4 we deal also with other
cardinals. This includes cases in which there are universals (3.1, 3.2) and the
existence of we-universal and of ste-universal are equivalent. In fact in 3.4
we deal also (in part (2)) with another case: k=0 <cf(\),A= S |a|lfl

a<\,[B<60
(and then there is no we-universal).

Next we prepare the ground for resolving the successor case under GCH
(or weaker conditions using also 3.4(2)). If A\=pu" =6, u= pu" then there is
a we-universal in )¢, (3.7), if A=p" =2k <p (in 3.8, 3.12) we give a
sufficient condition for existence. In 3.15 we sum up. We end with stating
the conclusion for the classes of bipartite graphs (3.16, 3.17).
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Claim 3.1. Assume X is strong limit, cf(\) < cf(k),x < 6 < X and Kk <
OV cf(\) <cf(k); hence cf(\) <0<\ so A is singular.
Then in $) ¢, there is a ste-universal member.

Proof. Denote o =cf()\) and let (\;: i <o) be increasing continuous with
limit A such that A\g># and (A\;;1)* =\;;1. For any graph GENNp . We can
find (V,%: i <o) such that: V¢ C VY (VY. i< o) is increasing continuous
with ¢ with union V¢ such that |[V,¢|=)\; and

(#)1 if e VE\VG, then [{ye V¢, : y is G-connected to z}| <.
As o=cf(\) <cf(k) it follows

(¥)g if i<o is a limit ordinal and 2 € VE\ V.Y then (cf(i) <o <cf(k) hence)
{y€V.S: y is G-connected to z}| <.

For i<o let T;=[] 2+, T*=U{T}41: i<o},T=,., T
7<i
Let A= (A, n€T®) be a sequence of pairwise disjoint sets such that
n€Tiy1=|Ay|=X\. For n€TUT; let By =U{Ay;: j<lg(n),j a successor
ordinal}. Now we choose by induction on i <o, for each n€T; a graph G,
such that:

M(a) V¥ =B, (so for n=<> this is the graph with the empty set of nodes)
and so |V |=X{)\;: j<lg(n) successor}

(b) if van then G, is an induced subgraph of G,;, moreover (Vz € V&\V/ @)
(z is G,-connected to< k nodes in V)

(c) if i < o,n € T;,G a graph such that [VE| = Xy1 and G € Hy,,, 0.
and G, is an induced subgraph of G and (Vz € V& \ V&) (z is G-
connected to < x members of V&), then for some a < 2*+1 there is
an isomorphism from G onto G, () which is the identity on B,

(d) GneNg, ok

[Can we carry the induction? For i =0 this is trivial. For i =j + 1 this
is easy, the demand in clause (c) poses no threat to the others. For i limit
for neT;, the graph G, is well defined satisfying clauses (a), (b) (and (c) is
irrelevant), but why G, € 9ia,).0.x7 Toward contradiction assume A, A1 C
By, Ag x A1 € RS and {|Aol,|A1|} = {k,0}. If £ < 2 and cf(|A,]) # cf(i)
then for some j <i,|A;NBy;j|=|A¢| so without loss of generality A, C By;;,
but then by clause (b) no x € B, \ By}; is Gy-connected to > members of
B, and |A¢|>Min{x,0} =k, hence A;_;C By , so we get contradiction to
the induction hypothesis. So the remaining case is cf(|Ag|) =cf (i) =cf(|41])
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hence cf(0) = cf (k) = cf(i); so as we are assuming cf(k) > cf(\) > cf (i), we
necessarily get cf(i) = cf(\) = cf(k) = cf(f). By the last assumption of the
claim (i.e. Kk <OVcf (k) >cf(A)) we get that k£ <6 and without loss of generality
|Ag| =k, |A1|=0, so for some j <cf(\) we have j <i and |A; N By > kK, so
as above AgC By;, hence again as above A; C B,;; and we are done.]

We let G* = U{G),,: n € T}. Now we shall check that G* is as required.
First assume toward contradiction that A, B C VG and Ax BC RG" and
{|A|,|B|} ={~,0}. Aset CCVCE will be called A-flat if it is included in some
B,,,n € TUT,. Easily above if B is not A-flat then A is A-flat. So without
loss of generality for some n €T, we have A C B, but then z € G*\ B, =
(for some i(z) < o and v € Tj(,) we have v € B, \ Byny) = {y € By: v is
G*-connected to y}| <k, so as K <60 we get BC B,, hence A,BC VG and
we get contradiction to clause (d) of H.

So K, g does not weakly embed into G*; also VG |=Xso G* €90, Lastly,
the ste-universality follows from the choice of (VZ-G: i<o) for any GENHy g -
That is, we can choose by induction on i,7; € T; and an isomorphism f; from
G [ViG onto Gy, with f; increasing continuous (and 7; increasing continuous)
using for successor ¢ clause (c) of H.

In the previous claim we dealt with the case of k,0 < A. In the following
claim we cover the case of §=\:

Claim 3.2. Assume X is strong limit, cf(\) <cf(k) <k <60=\; hence X is
singular. Then in ) ¢ . there is a ste-universal member.

Proof. Similar to the previous proof and [5, Th.3.2, p.268]. Let o =cf())
and A = (\j: i < 0),(T;: i < o), T°,T be as in the proof of 3.1. For any
graph G € 9y 9. let h%: *(VY) — o be defined by: if |{z.: ¢ <k}| =k then
h(Z) is the first i < o such that \; > [{y € V: y is G-connected to every
x;,i<k="Lg(T)}|, otherwise h¥(z) is not defined. Now we choose (V,%: i <o)
as an increasing continuous sequence of subsets of V¢ with union V& such
that if i <o then [V;%|<\; and 2 €%(V;¢,) A|Rang(z)| =k AhC (Z) <i+1=
(Vye V) (“y is G-connected to ; for every i <x” =yeV$,).

Then when (as in the proof of 3.1) we construct (G,: n € T*) we also
construct (hy,: n€T®),hy,: *(B,)— o with the natural demands. In the end
we have to check that “Kj ¢ is not weakly embeddable into G*”; if cf(k) =0
we need to look at slightly more (as in the end of the proof of 3.1).

Remark 3.3. More generally see [12].
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Claim 3.4. (1) Assume X is strong limit, A >0 =k, cf(k) =cf(\), then in

. . b
90, there is no we-universal graph, even for the members from 93’} ..

(2) Assume
(a) k=0<A
(b) (Va<\)(VB<8)[alPl <), (recall k=0)
(c) cf(N)>cf(k).
sbp

Then in $) ¢ . there is no we-universal graph, even for the £, ,..

Proof. (1) By part (2).
(2) Let o=cf(k). Let (v;: i<o) be (strictly) increasing with limit 6 =k.
Without loss of generality

X |yi+1—i| is (finite or) a cardinal (< k) with cofinality #cf(A).

[Why? If £ is a limit cardinal, trivial as if a cardinal < « fails its successor
is O.K.; if k is a successor cardinal, ;=1 is O.K. and also v; =wi or v; =w11t
is O.K\]

Given a graph G* in $)) g, without loss of generality VE =\

For i <o let T; = {f: f is a partial one-to-one mapping from ~; into
A=V%" with bounded range and 2a,23+1 € Dom (f)= f(2a)RE" f(23+1)}.
Let T= |J T;, so T is a tree with <\ nodes and o levels; for n€ T let i(n) <o

<o
be the unique i < o such that ne€T;. Let T ={n: for some (,lg(n)=C+1,n]
(€T is <maximal in T" and n(¢{)=0}, and T°={neT': i(n) successor}.

Note

()1 if ¢ < 0 is a limit ordinal, (fj: j < @) is C-increasing, f; € T; then
U f; € T; [in other words if f is a function from ~; to X such that
7<i
j<i= flv; €T} then feT;].

[Why? The least obvious demand is sup Rang(f) < A which holds as
cf(i)<i<o=cf(r) <cf(A).]

(%) there is no f=(f;: i<o) increasing such that i <o = f; € T}.

[Why? As then |J f; weakly embed a complete (k,6)-bipartite graph

1<o
into G* .|
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We define a bipartite graph G

US=0{(ne):neTtuUT?cec (Vi) Yigp)+1) 18 even}
Ve = {(7%5)1 neTTUT? ande € [Yitn)» Yim)+1) 18 odd}

RY = {((771,61)7 (n2,€2)): (m,e1) € Un, (n2,€2) € Vo
and (1 In2) V (n2 D 771)}

Now

(a) |T| <X by clause (b) of the assumption, which is a weak form of “\ is
strong limit”

(b) |TH[<A
(¢) [UC|=|T1|=X and [V > |To| =X
hence

(d) [UG|=A=|VY| so
(€) GeNYh..

[Why? Being bipartite is obvious; so toward contradiction assume (U3 C
US AV, CVY) have cardinality « (recall that x=6) and U; x V; C RE. Now
if (ng,e0) € V4 for £ =1,2 and 7y, 1, are <-incomparable then (r,e) € Uy =
r<<m Ar<Ins hence |U;| <k, and the rest should be clear.

(f) G is not weakly embeddable into G*.

[Why? If f is such an embedding, we try to choose by induction on
i < o, a member 7; of T;, increasing continuous with ¢ such that (Ve €
Dom(n;))(Vj <i)[v; <e <vjt1=ni(e) = f(ni [ vj,€))]. If we succeed we get
a contradiction to G* € ) ¢, by (¥)2, so we cannot carry the induction for
every i < 0. For i =0 and 7 limit there are no problems (see (*)1), so for
some ¢ =j+1 <o, f; is well defined but we cannot choose f;. But if j <o

consider f; = f; U {(E,f((T]j,E)))Z €€ [’yj,’yi)}. This gives a contradiction

except possibly when A=supRang(n;), but then necessarily by X, |v;+1—]
has cofinality # cf()), so for £ <2, for some 1y <o the set Cy={e: 7;<e<
vj+1 and f(n;,e) <A, and € = £ mod 2} has cardinality |y; —;|/2 which

has cofinality # cf(\), and then f;:= f;U {(e,f(nj,h(s))) 195 <e<y; and

f(nj, h(e)) < Amax{i0,01} }; where h is a one-to-one function from [y;,7;) onto
CoUCY so that if h(e) € Cy then e=¢ mod 2 is O.K., contradiction.]
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Theorem 3.5. Assume A > 6 > k > Ry and A is a strong limit cardinal.
There is a we-universal in $)y g iff cf(\) <cf(k) and (K <0V cf(X) <cf(0))
iff there is a ste-universal in g -

Remark 3.6. Similarly for the universal for {Gl&: g € 55;]?5,;@} and for
b b
Ho 0" H oy

Proof. We use freely 0.7(3) and below in each case the middle condition in
3.5 clearly holds or clearly fails and the other conditions hold or fail by the
claim quoted in the case.

If <X and cf(X)>cf(k) by 2.10 the family $) g, has no we-universal.

If =\ and cf(\) > cf(x) then Pr/(\ &) holds by 2.6(1) (and recall that
Pr(), k) follows here from P1r’(), k), since x is a cardinal, see 1.3(1)(ii)) hence
by 2.2 the family 9, ¢ , has no we-universal member.

If cf(A\) < cf(k) and @ < A by 3.1 the family $),¢, has a ste-universal
member; the second statement in Theorem 3.5 holds as: if kK <0 easy, if k>0
then k=0 hence cf(\) <cf(x)=cf(0).

If cf(N\) <cf(k) (hence kK # X so k< A) and =\ (so kK <) by 3.2 the
family $) ¢ . has a ste-universal member.

So the remaining case is cf(A\) =cf(k). If k<@ <X by 3.1 in $) g there
is a ste-universal; if kK =6 <\ by 3.4(1) in )¢, there is no we-universal
member. If K < =X by 3.2 in §) ¢, there is a ste-universal member. We
have checked all possibilities hence we are done.

We turn to A successor cardinal. In the following case, possibly
the existence of we-universal and ste-universal are not equivalent, see
3.12(2) + 3.12(4) and Theorem 3.15.

Claim 3.7. Assume (A>0>r>Nj and)

(a) A=p*
(b) k<p and =\
(c) p=p".

Then in $) ¢, there is a we-universal member.
Proof. If Ge$) ¢, (and without loss of generality V& =)\) and a <\, then

(%)a {B<A: B is G-connected to >k elements v < a} is bounded in A say
by Ba <.
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Hence there is a club C=C¢g of A such that:

(1) cf(a)#ct(k),aeC,fe[a,\)=k>otp{y<a: v is G-connected to [}
(1) cf(a)=cf(k),acC,fea,\)=kKk>0tp{y<a: v is G-connected to 3}
(74i) if € C then p|a and a>sup(CNa)=cf(a) #cf (k).

We shall define G* with V& =X below. For each § <\ divisible by yu let
(ad: i< p) list Ps={a: aCd, and |a| <k or otp(a)=k and § =sup(a)}, each
appearing p times, possible as |6|=p=p", and let

R5* = { {B,0 +i}: 6 < Ais divisible by u, 5 < 6,1 < pu, 3 € a?
U{{6+4,0+j}:i#j <pand § < \is divisible by pu}.

Now clearly we have a+u<fg<A=r>|[{y<a: vy is G*-connected to [}
hence K, » (which is K ¢ by the assumptions) cannot be weakly embedded
into G*. On the other hand if G € )¢, without loss of generality V& =2\
and let C¢ be as above, and let (a¢: (<) list in increasing order CqU{0},
and we can choose by induction on ¢, a weak embedding f. of G | a¢ into
G* [ (ux (). So G* is as required.

Claim 3.8. Assume (A>60>k>j and)

(a) A=2F=pu", u is a singular cardinal

(b) k<p and 3 k<O

(¢) for every P C[u]* of cardinality A for some * B¢ [u]®, for \ sets A€ P
we have BC A

(d) cf(s)=cE(s).

Then in 9y . there is no we-universal member (even for the family of
bipartite graphs).

Proof. Let G* € 9)4,, without loss of generality V& = X\ and we shall
construct a G € @Bimn
US=pu,VE=X\p.

Notice that A* = X (by (a)), so let ((fa,Ba): 1t < a < A) list the pairs
(f,B) such that f: p— X is one to one, B € [u]* and f | B is increasing such
that each pair appears A times. Let g =sup{f+1: S <\ is G*-connected
to p members of B} for B € [A\|* (and we shall use it for B € [A\ p]*, i.e.
for subsets of V). Now (p is <\ by clause (c) of the assumption. We shall
now choose inductively C,, for €[, A) such that

not weakly embeddable into it. Now we choose

% in fact, k=0 is O.K., but already covered by 3.4(2)
4 note that if J, (k) < p this clause always holds; and if 2% < it is hard to fail it, not
clear if its negation is consistent
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® (i) CnC B, is unbounded of order type x
(ii) no ¢ €A\ Brang(f.) 18 G*-connected to every fuo(7),7€Ca
(ili) p<P<a=|CsNCqy| <k.

In stage o choose B!, C B, of order type p such that (V@) [u<pf<a=
sup(B/,NCz) < pl, that is B/,NCy is bounded in p equivalently Cj for 8 <a;
this is possible by diagonalization, just remember cf(u) = cf(k) and p > &
and clause ®(7).

Now there is C satisfying

(¥)& C C By, is unbounded of order type & such that no ¢ € A\ Brang(f.) s
G*-connected to every fq(v) for y€C.

[Why? Otherwise for every such C there is a counterexample v¢ and we
can easily choose C, ; by induction on i<\ such that:

X (i) CaiCB,
(ii) sup(Caq,i) =sup(B,)=p
(ili) otp(Ca,i)=k
(iv) (Vj<i)[r>]Ca,iNCayll
(iv)™ moreover, if j<i then k> |Ca,mu{g<p: fa(€) is G*-connected to

’YC'Qy()UCa’j } ‘ .

This is easy: for clause (iv)" note that for C=C, jUCq by the choice

of y¢ we have ¢ > Brang(f.) hence by the choice of Brang(s.) clearly Do =:
{i <p: fo(i) is well defined and G*-connected to y¢} has cardinality < p,
so we can really carry the induction on 7 <, that is any C' C B/, unbounded
in 41 of order type x such that j<i=-|C'N D¢, ;uc, | < will do.
Let Ag = Ca0,41 = {7Ca0UCa1,s: 1 < A} they form a complete bipartite
subgraph of G* by the definition of v¢, juc, ., and |Cq 0| =rK=|Ag| (by (iii)
of X) and |A;| = A (the last: by (iv)"), contradiction. So there is C such
that ()]

Choose C, as any such C such that (x)&. Lastly define G

U% =p
VE=M\p
RE ={(8,0): a €VE € Ca}.
Clearly G Eﬁibgﬁ recalling k<6 and oy # ag = |Cy, NCy,| < k. Suppose

toward contradiction that f: A—Xis aweak embedding of GG into G*, hence
the set Y ={a<A: a>p and f,=f|p} is unbounded in A and without
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loss of generality a €Y = Brang(y,) =07, i.e. is constant. As f is one to one

for every a €Y large enough, f(«)€(8*,A) and we get easy contradiction to

clause ®(i4) for o and we are done. (Note that we can add A nodes to U%).
For the next claim, we need another pair of definitions:

Definition 3.9. (1) 7% is the class of G= (VY RY P%), .\ where (V& RY)
is a graph, [VE| =X and (P¢: i< )) is a partition of V.

(2) Wesay f is a strong embedding of G € 95 into Ga € 93 when it strongly
embeds (V&1 , RE) into (V2, R%?) mapping Pfl into PZ-G2 for i< A.

(3) Gefy is ste-universal is defined naturally.

Definition 3.10. For £ < p,U.(¢) = min{|P|: P C [u]® and (VA €
[1]")3B e P)(|ANB|=k)}.

Remark 3.11. If x is a strong limit cardinal and cf (1) <cf(k) <k <p, then

UR(M):M
Claim 3.12. (1) Assume (A>0>k>Rj and)
(a) A=pt=2H

(b) k<p and cf(k)F#cf(n)
(¢) 2¢°<p and Ug(pu)=p
(d) (i) k>cf(p) or
(17) <X or
(17i) Kk <cf(u) and there are C}, C p of order type k for a< X\ such that
u€ [N} =otp[U{CZ: acul]> k.
Then in $)¢ . there is no we-universal even for the bipartite graphs in
6,k
(2) In part (1) we can replace clause (d) from the assumption by (d); or
(d)2 or (d)s where
() p~=A
(d)2 6=\ and among the graphs of cardinality p there is no ste-universal
(d)s 0= and in H}, there is no ste-universal, then still there is no ste-
universal, even for the bipartite graphs in £y g .
(3) If (a) + (b) of part (1) and 2<F = = " NG = X then there is a ste-
universal.
(4) If (a), (b) of part (1) and (c), (d) below, then there is a ste-universal in
A0,k
(c) p=p"
(d) in $;, there is a universal, see 3.9(1).
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Remark 3.13. Note that part (2) is not empty: if x is strong limit singular,
20 =X=p",x=x"X<pu and P is the forcing of adding ;1 Cohen subsets to
X, then in V¥ clause (d)3 holds.

Proof. (1) Let G* €9, ¢, and without loss of generality V& =\. As in the
proof of 3.7 using assumption (c) there exists a club C of A such that

(1) 6eC,0<B<A=kK>otp{y<d: v is G*-connected to 3}
(17) 0eC, cf(d) #cf(k),0 <B<A=kK>otp{y<F: 7y is G*-connected to [}
(iii) p? divides & for every 6 €C.

Let S=:{6€C: cf(§)=cf(k)}; as we have (g, see [14], so let f=(f5: 6¢€
S), fs €95 be a one-to-one function such that (Vf€*\)(3*§ € S)[f is one-
to-one = fs=f[0]. For 6 € S let f5=Min(C'\ (6+1)), and for i €[4, 5s) we
let as; ={y<d: fs(7) is G*-connected to i}, so otp(as;) <k by the choice
of C, and let Bs={i: 6 <i<fs and |as;|>K}.

Now for 6 € S we choose a5 C  unbounded of order type s such that
(Vie Bs)(as L as;).

[Why? First assume (d)(), i.e. k>cf(p) let [0,05)= U Ase, |Asel <n,

e<cf(p)
As¢ is C-increasing continuous with & and let (v5.: € < k) be increasing

continuous with limit § satisfying u | vs. (remember & € S = p?|6). Now
choose 75, € [V5.6,75,+1) \U{as,i: for some ¢ <cf(u),e = mod cf(u) and
i€ As .} for e<k and let aj={v;_: €<}, it is as required.

Second assume case (ii) of clause (d) of the assumption, so # <\ hence
6 < j1. For § € S we choose a sequence C? = (Cs,i: 1< p) of pairwise disjoint
sets, Cs; an unbounded subset of §\ S of order type r, always exist as u?|48
(we could have asked moreover that fs5 [ Cs; is increasing with limit ¢. Now if
f: A=\ is one-to-one then {§€S: fs=f]6 and for f5 we can choose C%} is
a stationary subset of A so this is O.K. but not necessary). If for some i <p
the set Cs5,0UCs 14 is as required on aj, fine, otherwise for every i < there
is 7; <A which is G*-connected to every y € Rang(f [ (C50UCs,1+i)). As any
7; is G*-connected to <k ordinals <¢§ and (Cj;: i< p) are pairwise disjoint,
clearly [{j: v; =7i}| < hence we can find Y C p such that (y;:i€Y) is
with no repetitions and |Y'| = 6. So Ag = Rang(f | Csp), A1 ={vi:i€Y}
exemplify that a complete (k,6)-bipartite graph can be weakly embedded
into G*, contradiction.

Lastly, the case clause (iii) of clause (d) holds. Let (vs5.: € < k) be an
increasing sequence with limit § such that p|vsc; let (C: i <) be as in
clause (iii) of (d) of the assumption and let Cys;:={f+1: for some e <k we
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have v5. < <7vs5c+p and B—5.€C; and otp(C;N(B—"5.)) <e}. Lastly,
repeat the proof of “Second...”.]

Lastly define the bipartite graph G by V&€ =X RY={(v,6): §€ S,y€a}}.
Easily Geﬁi]?g’n and is not weakly embeddable into G* by the choice of f.

(2) Let G* € ,6,\,97,4,VG* = X. We choose the club C, the set S and
the sequence f = (fs: d € S) as in the proof of part (1). We shall
choose (as;: 6€S,i<p) and define G by V& =\ E¢ = |J E;s, Es =

6es
{v,6+i}: yead,i<i,yU{{6+1i,0 +j}: (i,§) € Rs C pux p}. Naturally a?
is an unbounded subset of § of order-type k.

Now it is sufficient to find for § € S an unbounded subset C' = Cj of §
of order type x such that for no v =~ < A do we have (V< 9)(feC &
fs(B)RE" ), in this case ig = 1. If this fails then such o is well defined
for any unbounded C C ¢ of order type x; choose Cs; C ¢ unbounded of
order type k, pairwise distinct for ¢ < XA and Cjs14;NCs0 = 0; then Ay =:
{fs(B): B€Csp}, A1 =: {70;50uC5,14: 1 @ < A} exemplifies that the complete
(k,0)-bipartite graph can be weakly embedded into G*, contradiction.

Clearly (d)2 = (d)3 so without loss of generality (d)s holds. For j€ S
let (Csj:j < p) be a sequence of distinct subsets of p which include
{{a<d: f5(@)RE (6 +1)}: i < 45} and let Ms be the model expanding
G*1[0,0+15] by PJM:{é—H': i<is and (Va<8)[fs(a)RE (§+i)=a€C;s ]}
As M; is not universal in )y, so let Ny € §;, witness this; without loss of
generality the universe of N in [6,0+ ), and let a5 ;={fs(c): a€Cs;} and
R(;:RN‘S.

Now check.

(3) It suffices to prove that the assumptions of part (4) holds, the non-trivial
part is clause (d) there, i.e. 9} has a universal member. But 25 =y so either
w is regular so p=pu<* or yu is strong limit singular and in both cases this
holds by Jonsson or see [6].

(4) We choose G, for a <X by induction on « such that

B (a) G, is a graph with set of nodes (14 a)u
(b) if B<a then G is an induced subgraph of G
(c) if a =+ 1 and G is a graph with p nodes and idg, is a strong
embedding of Gg into G such that x € V& \ VY% = (z is connected
to <k nodes of Gg) then there is a strong embedding of G into G,
which extends idgﬁ.

The construction is possible by clause (d) of the assumption. Now as in
the proof of 3.8 G\ €94, is ste-universal.



Sh:706

352 SAHARON SHELAH

Remark 3.14. (1) In the choice of f (in the proof of 3.12) we can require
that for every f€*\ theset {§€S: fs=f[6 and SnRang(f)=Rang(fs)}
is stationary and so deal with copies of the complete (x,#)-bipartite graph
with the 6 part after the k part.

(2) Probably we can somewhat weaken assumption (c).

Theorem 3.15. Assume A\>60>k>Rg and A\=2=p" and 2<H=p.

(1) In $Hrg, there is a we-universal member iff =A@ =X\ iff there is
G* €9 p,x We-universal for {G[gr} : Geﬁi’gﬁ .

(2) In $yp, there is ste-universal, iff ;" =p A0 =\ if there is G* € Hr g,
ste-universal for {G/&': Gef)i}’)gﬁ}.

Proof. (1) The second iff we ignore as in each case the same claims cited
give it too or use 3.17 below. We first prove that there is no we-universal
except possibly when p*=puAf=A\.

Proving this claim, whenever we point out a case is resolved we assume
that it does not occur. We avoid using 2<# =y when we can.

If A=X?" then by 2.6(3) we have Ps'(\,0% x k) so by 2.4 + 2.9(2) there
is no we-universal; hence we can assume that A<\?" so (as A=A<*) clearly
A<OT hence A=0VA=07" that is 0=AVO=p.

If k=0 then by 3.4(2) there is no we-universal, so we can assume that
Kk # 6 hence k < 6§ <\, hence A = \* so by 2.6(3) we have Ps'(\,x) hence
by 2.6(7) we have Ps()\, k). So if # = k™ then by 1.4 more exactly, 2.9(1)
there is no we-universal so without loss of generality ™ <6 hence x < u. If
cf(k)=cf(u) then by 3.8 we are done except if

()1 clause (c) of 3.8 fails, (and cf(k)=cf(u),k <p).

But (c) of 3.8 holds as 2<# = so we can assume
(4)s cb(x) £ct(p),

s0 as 2<H =p, k< we get
(x)3 Uk(p)=p and 27 <p.

Now we try to apply 3.12(1), so we can assume that we cannot; but
clauses (a)-(c) there hold hence clause (d) there fails. So k <cf(u) A0 > A
(recalling sub-clauses (i),(ii) of 3.12(1)(d)) as cf(k) #cf(u) by (x)2 and 6 <\
we have k <cf(u) and 6 =\. As 2<# = this implies " =p and §=A=p* as
promised. All this gives the implication =; the other direction by 3.7 gives
there is a we-universal.
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(2) By part (1) and 0.7(3), the only open case is " =p and = A=p" then
Claim 3.12(3), (4) applies (clause (c) there follows from p=pu").

Recalling Definition 0.6
Claim 3.16. The results in 3.15 hold for ﬁi‘?gﬁ and for ﬁ];f)eﬁ.

Proof. The “no universal” clearly holds by 3.15, so we need the “positive
results”, and we are done by 3.17 below.

Claim 3.17. The results of 3.1, 3.2, 3.7 and 3.12(3), (4) hold for SBpr

and ﬁAen

Proof. In all the cases the isomorphism and embeddings preserve “z e U%”,
uy c VG”

For §5 A 5 o in 3.7 we redefine G* as a bipartite graph (recalling (a?: i< )
lists {a C 6: otp(a) < k and if equality holds then § = sup(a)} for 0 <A
divisible by p)

U ={20:a < A}
VY ={2a+1:a <)}
RS = {(20,26 + 1): for some 6§ < A divisible by p we have
20,20 +1 € [6,0 + ul}
U{(2,6 +2i +1): § < X divisible by p,i < p,2a < 6, € al}
U{(6 +2i,28 +1): § < A divisible by 1,28 +1 < d,i < i, 3 € al}
The proof is similar.
For 56)\9 , 3.7 we redefine G*

UY ={2a: a < \}
VY ={2a+1:a <N}

R = {(20,28 + 1): for some § < A divisible by ,
{20,268 + 1} C [6,6 + p]}
U{(20,0 + 2i + 1): § < X divisible by p,i < p1,2a < § and « € af}
U{(2a+1,20): 2a+ 1 < 2/3}.

The proof of 3.1, 3.2 for ﬁibg is similar to that of 3.1, 3.2. The G77 is

from ﬁpr so the isomorphism preserve the z € U%,y € V&, For f) Aok
without loss of generality x # 6 hence k < 6 (otherwise this falls under the
previous case). We repeat the proof of the previous case carefully; making
the following changes, say for 3.1, <VZ~G: i< o) is increasing continuous with
union V& (US: i< o) increasing continuous with union U®.
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()} if e VE\VY, then k> [{y€UF: y is G-connected to x}|.

We leave 3.12(3), (4) to the reader.

4. More accurate properties

Definition 4.1. Let Q(\,u,0,k) mean: there are A; € [u]? for i < A such
that for every B € [u]” there are <\ ordinals ¢ such that BC A;.

Definition 4.2. (1) For pu >k let set(u,x)= {A: A is a subset of u x k of

cardinality  such that i <x=r>[{AN(ux z)}|} and let set(u,x)=rk|"

for p<k.
(2) Assume A>60 >k, > . Let Qry (), 1,0, k) mean that some A exemplifies
it, Which means

(a) A=(A;:i<a)

(b) Ajeset(u, k) for i<a

(c) Ais (/ﬁl 0)-free which means (VA €set(u,x))(3<% <a)(AC 4;)

(d) a<

(e) if A’ (Al: i< d) satisfies clauses (a),(b),(c),(d), then for some one

to one function 7 from J A} into |J A; and one-to-one function s
1<a/ <o
from o to « (or  to k) we have i <o/ =m(A}) C A ).

(3) Qrg (A, p,0,rk) is defined similarly except that we change clause (e) to
(e)* demanding 7(A}) = A,.(;). Let Qrpe(A,1,6,x) be defined similarly
omitting clause (e).

(4) Assume A >60>k,A>p and x € {w,st}. Let NQrz(\,p,0,) mean that
Qrz(\, p,0, k) fails.

Claim 4.3. (1) Assume NQr,, (A, i,0,x) and A= \TF and (A\> p)V(u< k).
Then
(a) in $)¢, there is no we-universal member

(b) moreover, for every G* € 9y g . there is a member 01”1735{\]0(1;}€ not weakly
embeddable into it. H
(2) Assume NQry (A, i1,0,x) and A= 1% and (A>p®)V (u<r). Then
(a) in 9, there is no ste-universal member

(b) moreover, for every G* € $))4, there is a member of f)pr not
strongly embeddable into it.

(3) In parts (1), (2) we can weaken the assumption A=N1* to
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® A=\>p and there is F C{f: f a partial one to one function from
A to \,|Dom(f)| = p} of cardinality \ such that for every f*e*\
there® is f€F, fC f*.

Proof. (1), (2). Let z=w for part (1) and = st for part (2).
Now suppose that G* €9 g, and without loss of generality VE =\ and
we shall construct G E,V,)S;?p’ .. ot z-embeddable into G* (so part (b) will be

proved, and part (a) follows).

Case 1. <k so set(u,k)=[k]".

Similar to the proof of 1.5. Let f=(f,;: n€~\) be a simple black box for
one to one functions. It means that each f, is a one to one function from
{n]i: i<k} into A, such that for every f: "> X— X for some n€~\ we have
fn € f. We define the bipartite graph G as follows:

(+) (a) UG=">) and VE=("\)x
(b) RY=U{R{: ne”\} where RS C{(nle,(n,i)): e<r,i<p}.

Now for each n € "\, we choose (3,;: i <y, listing without repetitions
the set {8 <A\:  is G*-connected to x members of Rang(f,)} and without
loss of generality o, = |a,| and A, ; ={e<k: By, fy(n]e) are G*-connected}.

As G*€9y g, clearly Ac[k]"=|{i<a,: ACA,;}| <0 hence a,=|ay|<
2% +60 but (see Definition 4.2(2)) we have assumed § <\ and (in 4.3) A=\"
so 2% < X hence oy < \; next let A, = (4, ;: i <a,) and as A, cannot be
a witness for Qr, (A, 1,60, k) but clauses (a), (b), (c), (d) of Definition 4.2(1)
hold, hence clause (e) fails so there is A} = (A] ;: i < a}) exemplifies the
failure of clause (e) of Definition 4.2 with A, A} here standing for A, A’
there.

Let

G _ A\ L . / /
Ry ={(nle (ni): e<ri<a,ande€ A, }
The proof that G cannot be z-embedded into G* is as in the proof of 1.5.
Case 2. p" <\ (and A= M k< pu<M\).

First note that by the assumptions of the case

B thereis f=(f,: n€"\) such that
(a) fyis a function from |J ({nfe}xp) into A

e<k

® We can add “there are X functions f € F, f C f*, with pairwise disjoint domains”, and
possibly increasing F we get it.
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(b) if f is a function from ("> ) x p to A then we can find (v,: p€~ZN)
such that
(i) vpe o)
(ii) p1<pa=vp, <vp,
(iif) if a<B<A and p€™> A\ then v, (o) V) (3)
(iv) f,,Cf for pe™A.

We commit ourselves to

By (a) US=(">X)xpand VE={(n,i): n€"\,i<\}

(b) RG:U{R,?: n€®A} where

() Ry C{((nle.q),(mi): j<p, i<Ae<r}.

We say n€”\ is G*-reasonable if f, is one to one and for every ¢ <x and

yeVY theset {(nle,j): e<(,j<pand f,((nle,5)) is G*-connected to y}
has cardinality <x. We decide

B3 (a) if n is not G*-reasonable then R,?:(Z)

(b) if  is G*-reasonable let (3, ;: i <ay,) list without repetitions the set
{B<A: B is G*-connected to at least x members of Rang(f,)}; and
let A, ;={(e,j): e<k,j<pand f,((nle,j)) is G*-connected to 3,};
clearly A, ; €set(u, k) and let A, = (A, ;: i<a,)

(c) as A, cannot guarantee Qr,(\,u,0,rx) necessarily there is fl;] =
(A} ;11 < ap) exemplifying this so a; < A and let R,? ={((n 1
£,7):(n,1)): i<ay, and (g,j) €A}, }.

The rest should be clear; for every f: " A— X letting (v,: pe ")) be as

in X above, for some p€”\,v, is G*-reasonable.

Case 3. u=k.
Left to the reader (as after Case 1,2 it should be clear).
(3) As in the proof of 2.6(4), it follows that there is f as needed.
Claim 4.4. (1) NQrg(2",k,2% k).
(2) If \=0=2" then in $) ¢ . there is no ste-universal even for members of

Proof. (1) Think.

(2) By part (1) and 4.3.

Claim 4.5. (1) Assume k < A and Qr, (A, 1,\,k) and ﬁ)?ipﬁ) . 70, then
ﬁ??ﬁi),)\7ﬁ:ﬁ]€§,,‘i),)\7ﬁ has a z-universal member.

Proof. Read the definitions.
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5. Independence results on existence
of large almost disjoint families

This deals with a question of Shafir
Definition 5.1. (1) Let Pro(u,x,0,0) mean: there is AC [k]" such that

(a) |Al=p
(b) if Aje Afori<6 and i#j=A;#A; then | [ Ai|<o.
<0
If we omit o we mean x, if we omit pu we mean 2°.
Claim 5.2. Pryo(—,—,—,—) has obvious monotonicity properties.
Claim 5.3. Assume
(x) 0 =07 <k =kr? =cf(rk) and (Va < k)(|a|~7 <k) and 2 =k* < x (so
KT <x).
Then for some forcing notion P
(a) [P|=x"
(b) P satisfies the kT -c.c.
(¢) P is o-complete
(d) P neither collapses cardinals nor changes cofinalities
(e) in V¥ we have 27 =x7,2"% ="
(f) in V¥ we have Pro(x,k,0",0) but =Pro(k™+, k,k,0) for § < o recall-
ing 5.2.

Proof. The forcing is as in a special case of the Q one in [13, §2], see history
there. Let E be the following equivalence relation on y
aEf = a+k=[0+k.
We define the partial order P=(P, <) by

P ={f: f is a partial function from y to {0,1}
with domain of cardinality < x such that
(Voo < x)(| Dom(f) N (a/E)| < o)}

fi<foif fi,fo€ P, f1 C foand
o> |{a € Dom(f1): f1 [ (a/E) # fo | (a/E)}|.

We define two additional partial orders on P:

fi<pr fo &= f1 C foand fi, fo € P and
(Va € Dom(f1))[f1 | (a/E) = f2 | (a/E)].
J1 Zapr f2 iff f1, fo €P, fi < fo and Dom(f2) C U{a/E: o € Dom(f1)}.



Sh:706

358 SAHARON SHELAH

We know (see there)

(x)o Pis ktT-c.c., |P|=x"
(x)1 P is o-complete and (P, <) is kT-complete, in both cases the union
of an increasing sequence forms an upper bound
(x)2 for each p,P | {q: p <apr ¢} is o7-c.c. of cardinality k7 = r and o-
complete
(x)3 if p <r then for some ¢,¢’ we have p <apr ¢ <prr and p <pr ¢’ <apr 7
moreover ¢ is unique we denote it by inter(p,r)
()4 if plF“T€%0rd” then for some g we have
(@) P<pq
(b) if a<rkand ¢<r and rlrp “T(a)=p" then inter(q,r)lFp “T(a)=05".

This gives that clauses (a),(b),(c),(d) of the conclusion hold. As for
clause (e), 2% <" follows from (x)5+ |P|=x" and 27 <7, too.
Define:

(*)5 (a) f:=U{p: peGp}
(b) IFp “f =UGp is a function from x to {0,1}”
(¢) for a<x let Ag={y<r: f(ka+~y)=1}.

Also easily

(¥)g if plF“7 Co” then for some u € [x]<° and o-Borel function B: %2—72
and g we have

P <prq
q [ uz_ — B(~f ru)w

(x)7 IF“Ay C K moreover y<r=[y,7+0)NAs#0 and [y,7+0)Z A, and
o B AatAg

[Why? By density argument.]
(x)s A: ={As: a<x} exemplifies Pra(x,k,07,0).

Why? By (%)7+(*)5(c), AC[k]",|A| = x so we are left with proving clause
(b) of 5.1; its proof will take awhile. So toward contradiction assume that
for some peP and (B¢: (<o) we have

B plkp “B¢ <x,B¢# Pe for (<E<kT and INe<ot+ Apc =07

By induction on (<ot we choose p; €P such that:
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(@) po=
(B) pcis <pr—1ncreasmg continuous
Efy) there is TC such that pey1 <apr TC and TC“—ﬂC B

d) Dom(p¢i2)N(BE/E)#0.

No problem because (P, <,,) is "-complete and o™ <x™ and (x)3.

Let 6 g=p,+.

We can find rg,ﬁzf for ¢ < o™ such that g <,p r¢ and r¢ |- B¢ :ﬁz. Let

=Dom(r¢)\Dom(q), so |u¢| <o by the definition of <,,;. By the A-system
lemma, recalling 0 =0<7 there is Y Co™,|Y|=0" and u* such that for ( <¢
from Y we have u¢ Nue=u*. Without loss of generality (€Y =r¢ [u*=r".
Let ve={y<#r: kB +v€Dom(r¢42)} so v¢ € [k]<7

Possibly further shrinking Y without loss of generality

C# & from Y = ve Nwg = 0.

So v*€[k|<7 (in fact follows).
Let ¢(¥)=Min(Y).
We claim

) [« ﬂ A@g C v

(<ot

As PETe(x) this suffices.
Toward contradiction assume that r,« are such that

B3 rep <rePandri- “a€C<ﬂ+A5< )

Recall clause (8) of By (and (<o = pr <prpy+ =¢q), we know (<ot =
Dom(q)ﬂ(ﬁZ/E) #0 and, of course, ¢<r¢(,)<r so by the definition of < in
P, for every £ <o large enough
B4 (a) (B/E)NDom(re)\Dom(r¢(,))=0 hence

(b) r,7¢ are compatible functions (hence conditions)

(¢) adwve.

Let 7 =rUrcU{(k8; +a,0)}.

So easily

B5 (a) r<rteP

6 If we define P such that it is only k-complete, we first choose y2,u3,u”,vc,v" and then
q=p¢(x for ((x)=min{¢<o™: [(Ny|=0}.
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(b) r¢<r* hence r*I-” B =B
(C) +||—“Oz¢z~4@z .

So we have got a contradiction thus proving (x)sg.
(x)g IF“=Pro(k*T k,0,0) if 0<o”.

Why? So toward contradiction suppose p* - “A={B,: a <k} C[x]*
exemplifies Pra(k71, k,6,0)”.
For each a< k™ we can find p, such that p,7 and then S, g¢:

®1 (a) p <pa it 1<k) is <p-increasing continuous (in P)

(b) po=p

(€) Pa,i<ra;and rq;lFp “va,i € Ba\7"

(d) Dayi SprPa,i+1 SapTa,i

(e) S Ck is stationary

(f) (va,i:=Dom(ry,;)\Dom(py,it1): i€ S) is a A-system with heart v,,
S0 |va| <o

(9) (ra,ilva: i€s) is constantly r,

(h) Pa :pa,/iura ePso Pk < q.

Let uo = U{B/E: B € Dom(pa)} so uq € [x|=* and Dom(r,;) C u, for
i < k. For some Y € [xT]*"" and T* < x* and stationary S C s and
F={(7v;: 1€ S) we have
@2 if a€Y then otp(uy)=7" and So =S and (y,,;: i€ 5)=

Let g, g be the order preserving function from ug onto u,.

Again as 2" = k™ without loss of generality

®3 for a,B€Y

(@) Pg=Pa°ga,s and pgi=pa,i©ga,p and 15 ="7a,i0ga,s for i<r
(b) ugNug=mu, for a<f<rtt
(€) ga,p is the identity on u,

and

®4 if pa Sapr TayPp Sapr T3, T3="Ta°Ga,p and v <k then
(a) rolF“yeB," & rgl-“ye By
(b) ralk"v¢ Ba” <15l “yd B,

Choose (3.: e<k™T) an increasing sequence of ordinals from Y.
Let p*= |J pg. and ((x) = 0.

e<0
So:
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(a) PE“p*<pg. <q*” for e<f

(b) if p* <q then for each £ < @ for every large enough i € S, the conditions
q,78. i are compatible hence

(c) if ¢* < q then for every large enough i € S the universal ¢+ = qU
{ra.;: e<0} is a well defined function, belongs to P and is common
upper bound of {rg_;: ¢ <f}Uq hence force v; € Bg_ for e <8.

As ~; >1i clearly

¢*IF“ ) Bg. is unbounded in x hence has cardinality x”.
e<0
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