
On t h e  no(M) f o r  M of  s i n g u l a r  p o w e r  

Abstract:  We p r o v e  t h a t  f o r  k s i n g u l a r  of c o f i n a l i t y  m >~0,  if (V 

l~ < ~,)1 ~ < k t h e n  f o r  s o m e  m o d e l  M, M = (M,RM),  R a two p l a c e  p r e d i c a t e ,  

[ [M[[  = k  a n d  n o ( M ) =  t N / ~ : N ~ A M ,  IIN[[ = h  I is q u i t e  a r b i t r a r y  e.g. a n y  

/~ < k a n d  k ~ ( hence 2;~). 

See  [Sh  5] fo r  t h e  b a c k  g r o u n d :  w h e r e  t h e  r e s u l t  w e r e  p r o v e d  fo r  M wi th  

r e l a t i o n s  w i t h  i n f i n i t e l y  m a n y  p l aces .  By t h e  p r e s e n t  p a p e r  t h e  o n l y  p r o b l e m  

lef t ,  if we a s s u m e  V = L, is w h e t h e r  no (M) = k, m a y  h a p p e n  fo r  M of c a r d i n a l -  

i t y  k f o r  k s i n g u l a r .  

§I On 7-  s y s t e m s  of  groups .  

1.1 Def in i t i on  : A T - s y s t e m  will 

_~ = ( G a , h ~ j )  ~i<7 w h e r e  
a<7 

d i s jo in t ,  

m e a n  h e r e  a m o d e l  of t h e  f o r m  

(i) G, is a g r o u p  wi th  t h e  u n i t  et = e  ~' = e ~  A ,  t h e  Gi ' s  a r e  pa i rwi se  

(ii) h i j  is a h o m o m o r p h i s m  f r o m  Gj i n t o  Gi w h e n  i ~ j .  

(iii) h,l, ,  ~ o ht2.t ~ = h~,.i ~ w h e n  i~ <- i 2 <- i a < 7. 

(iv) hi, i is t h e  i d e n t i t y .  (so we s o m e t i m e s  i g n o r e  t h e m ) .  

We d e n o t e  7 - s y s t e m s  b y  _~,~ a n d  for  a s y s t e m  _gl, we w r i t e  G i = G~,7  = Z ~ 

hid = h,~. Let II-AII = E !1 o ,  tl- We o m i t  t h e  _~ w h e n  t h e r e  is no  d a n g e r  of 

c o n f u s i o n .  

Le t  7 = 7 ~,  f o r  t~ < 7 l e t  _ ~  it/ = ( G A h M.~ The r e a l l y  i n t e r e s t i n g  - -  a ,  , . $  l i ~ f f  < a . a  <13" 

e a s e  is 7 = l imi t .  
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1.2 D e f i n i t i o n  : Fo r  a 

a a,~ = h a,ll( a ~,~) a =,~ 

L e t a ~  =<a< i : i - - j  <~>. 

1.3 D e f i n i t i o n  : Fo r  

(a) =<a<j:i < j < 7> where 
(_~ = {|fact(a):a e IIG~. 

7-system _~ 

a ~ a n d i f a _ f l _ < e  <Tthen 

l e t  

1.4 Cla im:  The  m a p p i n g  a -, fact(a) is f r o m  II G~ i n t o  G r ( _ ~ .  So f a c t  

(~ is a subset of Or (_~. 

Proof : Trivially a{,j e Gt,a~,t = et, and if a --- i~ --- ~; 

h a , ~ ( a ~ , ~ )  o aa,l~ = ( h a , p ( h p , ~ ( a ~ ) - l ) h a , p ( a p ) ) ( h a , p ( a p )  - I o  a a )  = 

(ha,~h~,~)(ae)-laa : ha,~(a¢)-laa=aa,e. 

1.5 D e f i n i t i o n  : 1) Gs(_f]) = ~a e G r ( _ ~  : f o r  e v e r y  fl < T -z 

2) We define a relat ion ~A on C~(_2) ( let V =V~):  a ~ b  if for some 

<g~,:i <7> 6 ~yG/, foreveryi < j < 7bi, j  =hi,y(gy)-lcq,j gi. 

We sha l l  s a y  t h a t  <g~:i < T>  e x e m p l i f y  a m4B.  

3) ~4 is c a l l e d  smooth if fo r  e v e r y  l i m i t  ~ < 7, Gr (_,4 t fl) = Fact (~4 r fl). 

1.6. e l a i rm  Fo r  a 7 - s y s t e m  _2: 

1) ~ A i s  an  e q u i v a l e n c e  r e l a t i o n  on  G r ( _ ~  ( h e n c e  a l so  on  Gs (_/~)). 

3) If a,b e Gr(_~, ~ < 7 M and a ~Mb then b r ~ ~_~p b r ~. 

3) F o r  a [ G r ( _ ~ :  a e Fact(_~ iff a ~ X e d : i  < j < 7~> ( w h e r e  edis 

the unit of G{A). 

witness a ~ /~ E [rs ~_~; but we shall not use this. ' 

a = < n l e t  f a c t  

a<i = h<i(a])-1 a t. Let Fact 
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4) For a,b e Gr(_~, if a ~Ab then a e Gs (~ ~ b e Gs(_.,4). 

Proof: i) Let us check the properties. 

reflexivity for a 6 Gr(_d), a ~a: <e~J:i j < T> exemplify this 

symmetry: suppose A m~4b and <g,:i < 7> exemplify this, so for every 

i <--j < 7, b~,] = Ai.j(gj)-la~.jg~, hence hLj(gj)hLjg~ -1 = ~.j but 

Aid(g71) = (Ai,j(g])) -1 (as h~j  is a h o m o m o r p h i s m  f rom Gj in to  G~). So (for 

e v e r y i  ~ j - 7) 

a~d = (h~,j(g7l))-lb~,j(g~ -1) so <g~-l:i < 7> exempl i fy  b ~Aa.  

t rans i t iv i ty :  suppose  a ~Ab ,  b ~ A e  and <g°:i < 7>,<g~l:i < 7> exem-  

plify t h e m  (resp.)  So for i <- j < 7, b~,] = hi, ] (g°)-la~d go and c~,~. = h~,j (gjl)-I  

b~,j 9i 1, s u b s t i t u t i n g  we ge t  

~,j = h~,j (gj ~) -~ (h~,j ( g O ) - ~ . j  go)a~ = 
(h~,j (go) h~,j (g¢) )-~,~,~ (gTa  ~) = 

0 1 - 1  0 1 h,,~ (g3 gj ) a,,j (g, g, ) 

So <g°g~l:i < 9,> exempl i fy  a ~Ac- 

2) If < g i : i  < T >  exempl i fy  a ~ A b  t h e n  <g¢:i  < f l>  exempl i fy  

a r//~_,dr,~b r/~. 

3) B e c a u s e  <g,:i < 7> exempl i fy  <e, A'.i < J < 7> ~A a iff 
a~j  = /Nd(g j ) -~g~ (for  eve ry  i < j < 7.) i.e. iff < g i  : i < 7> exempl i fy  

a e F a c t  ( ~ .  

4) By 3) e ~ Cs (~ iff for every ]/ < 7 ,4 , c ~ j8 ~M< ed:i -< J < 18> ' and by 

2) for fl < 7A, a r fl ~ A b  ~ ~, h e n c e  (as w,,_~ is as an equ iva l ence  re la t ion)  

r ~ ~ . <  ~¢~ _< ~ < . )  i .  b r .  ~A < ~d:~ ~ y < ~> and the re~ l t  follows. 

1.7 Defini t ion : For a 7 - s y s t e m  _2, le t  n o ' ( ~  be the  ca rd ina l i t y  of 

Gs (~/w-A(i .e .  t he  n u m b e r  of non  ~ e q u i v a l e n t  a e Gs (_~). 

1 . 8  L e m m a  : Suppose  _~4,~ are  7 - sys tems , .  

(i) H~ is a h o m o m o r p h i s m  f rom G~A onto  G~.  
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(ii) for i < j < 7, H{o A{,~ : A,~jo Hj 

(iii) for every ~ < 7, a,b ~ Fact(_~ 16), satisfying H~(a~,j) = H~(b~j) 

for i < j < 16, a member g~.~ E G~are defined for i < fl such that : 

a) if i < a < fl t h e n  g~a,bra = g a , b "  

b) b~, a- = h M  i -~a. • .~(ga.b) ~.a" gain for  i <j  < ft. 

m e n  no" ( -4  -< ~o" (~ .  

Proof:  We define a f unc t i on  H with  d o ma i n  Cw(-4 : H ( a )  = 

H(<a{j:i < j < 7>) = </-/{(aid):/ < J < 7>- By (ii) we can check that H is into 
Or (~. We shah show later 

(*) for a ,b  c Gr (_~, a ~ A b  iff H(a) ~Le H(b). 

Applying this  to _.dt fl (for f l<7)  and  not ing  t h a t  / / ~ ( e , ~ = e ~ .  

H(<%~.i < j < fl)) = <e~:i < j < 16> we see t h a t  for a E Czr(_~, fl < 7. 

[at16 E Fact(_~r fl) iff H ( a ) r  c Gs(~].  So by (*) H induces  a one to one 

m a p  f rom Os ( _ ~ / H  A in to  as (B)/HA, so no"  (_~ _<_ n"  (IY). 

P roof  of (*): Firs t  suppose a ~-,Mb and let <g~:i < 7> exempl i fy  this.  So 

for e v e r y i  < j  < 7  

b<j = h,,~ (g~) -~  ~,j g~ 

applying H~ we ge t  H~(b<j) = H~(h,Aj(gj)-l)H~(a<j)H{(gi) 

Now by ( i i )H~(h,~(gi)  -1) = (H(4(h~.i(gj)) -1= (h~j(Hj(gj))) -1, so 

So <H~(g~):{ < 7> exempl i fy  t h a t  H(a) ~ H ( b ) .  

Next suppose H ( a ) u g H ( b )  and  let  <g~*:i < 7> exempl i fy  it. As H~ is a 

h o m o m o r p h i s m  f rom G / o n t o  G~ t h e r e  are g~ c C~ A, such  t h a t  Hi(g~) = g{ 
(for i < Y)- Now H{(b<j) = h,5(g;)-lHi(a<j ) g~ = h,5(Hj(gj))-tH,(a<j)H,(g,)  

= H~(h,~(gj)-l)H,(a<j)I~(gi) = Hi(h,~(gj)-la<jgi)  
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Let  us def ine  e • Gr (_~  by ci, j = b<J(g{)  -1 a{,jgi. I t  is e a s y  to c h e c k  t h a t  e 

r e a l l y  be longs  to Gr (_~) a n d < g i : i  < 7 >  e x e m p l i f y  a ~_,4 c, and  the  above  equa-  

t i on  shows t h a t  H(b)  = H(c) ,  and  by (iii) t h i s  i m p l i e s  b ~Mc (<g~,c .z  ~ "" < 7>  

e x e m p l i f y  tha t ) .  T o g e t h e r  a ~Ab .  

So we h a v e  p r o v e d  (*) h e n c e  1.8. 

1.9 Claim: If in 1.8 in addi t ion:  

(iv) H ¢ is a h o m o m o r p h i s m  f r o m  G~ into G( 4. 

(v) H i o Hi + is t h e  i d e n t i t y  (on G~ ~7) 

(vi) H / :  H¢o h d for < j < 7 

Then  no ' (_~ )  : n* (B). 

P r o o f  : We define a f u n c t i o n  H + with  d o m a i n  

Gr (~) :H+(a)  = <H+(aid)  :i <- J < T>. By (vi) H+(a)  is a lways  in Gr(_~). Clear ly  

H oH + is the identity on Or(/]), so let Ic4:¢ <no*(]])] be pairwise non ~dT 

e q u i v a l e n t  m e m b e r s  of Gs(]~), and  l e t  a ¢ : H + ( c  ~) e Or (_~ .  So H ( a  ~) = c  ¢. 

F r o m  t h e  proof  of 1.8 we know tha t :  a{ e Gs (_,d) b e c a u s e  c¢ • Gs (/39), and  for  

$1<¢<no*(d'~-at~,a ¢ a re  non  ~ / e q u i v a l e n t  ( b e c a u s e  ct, c I a r e  non  ~K 

equ iva l en t ) .  So no "(_,d) >-no'(dS') h e n c e  we f inish  (by 1.8). 

I.I0 Claim: For a 7-system of abelian groups. 

i) GT(_~) here is the same as Or(_~) from [Sh 5], Definition 3.4 (except 

that here we do not put the group structure. 

2) Fact (_~ here is the same (set) as Fact (_~ from [Sh 5] Definition 3.5. 

3) For a,b • Gr (_,4), a~Ab, iff (in [Sh 5] notation), a--b e Yact(_~. 

4) Gs(_~ here is the same as Gs(_/~ from [Sh 5] Definition 3.7(i). 

5) r~o*(_~) here is the same as the eardinality of E'(_~ (from [Sh 5] 

Definition 3.7(2)). 

P r o o f  : Straightforward. 
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1.11 C o n c l u s i o n :  F o r  e v e r y  r e g u l a r  ~ > ~0 a n d / z ,  f o r  s o m e  ~ - s y s t e m ,  J4, 

IIAII ~ t~ ~, and no*(j4) = la,, 

l a g  C l a i m  " S u p p o s e  J 4  is  a 7 - s y s t e m ,  7 l i m i t  a n d  f o r  g = 1,2 

a~ : < ~;:~ -< j < ~> belongs to ~ (~. 

S u p p o s e  f u r t h e r  S C 7 is u n b o u n d e d  in  T a n d  a~t~ • = a~e,j w h e n  i , j  e S. T h e n  

a ~ ~ a% 

P r o o f :  F o r  e v e r y  ig < 7,~ = 1,2, a g ~ ( f l+ l )  e F a c t ( A ~  ( f l ÷ l ) )  h e n c e  t h e r e  

is g~ =<g{~:i <18> 6 ~ .SGd such that ag-,,, : (h%-~](g~'~) - l )  g~ '~  w h e n  

i ~ j - - - - - f l .  F o r a < y l e t v ( a )  = M C n h S : a < < - ~ e S l .  

We want to find gi 6 G( 4 (i  < T) such that a~j = hi,j(gj)-lail,] gt. 

Now f o r  g = 1,2, if i - e ( i )  --< j 

h d ( ~ ) ( h d ~ ) , / ~ f . ~ ) ) - '  e e = a ~(i),~(j) )a<~(i) 

(%(i).(j)) <~(i) 

[ a p p l y  t w i c e  D e f i n i t i o n  1.2 f i r s t  f o r  i , e ( / )  , j s t a n d i n g  fo r  a,fl,~, a n d  s e c o n d  f o r  

~ ( i ) . e ( j )  s t a n d i n g  f o r  a,fl,~]. 

Now if i --< j _ a ( i ) ,  a p p l y i n g  tw ice  t h i s  e q u a t i o n  ( r e m e m b e r i n g  
2 2 . 

cL~(i),~{j ) = a~(t),~(j )) .  

((a<~(~) <.<~) ) = 

= h.t , j t(a. j[~.(j))  -1 a ~ z ( j ) )  -1 a,ilj ( ( ( z i l z ( i ) ) - I  = i ~ ( i ) )  

This  s u g g e s t s  to  s h o w  t h a t  < ( a , i ~ ( / ) ) - I  a ~ , ( i ) : i  < ~ >  e x e m p l i f y  a l ~ A a  a as  

r e q u i r e d .  The  m i s s i n g  c a s e  is i < j  < y  j < a ( i ) ;  so a ( i )  = e ( j )  a n d  so we 

s h o u l d  p r o v e  a.~. = h<j((aj le( j ) ' - la  2 ,-1 a , r l -  , ,-1 a ~ ( t ) )  
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This is e q u i v a l e n t  to  h i , j ( a ~ 0 . ) )  a~i  (ai,~(~))- '  = 

h~,f(ajl,~(j)) ~1,] (a  1 ~-t Applying twice  t he  e q u a t i o n  f r o m  Def in i t ion  1.2 i,~(~) J . 
t h i s  is e q u i v a l e n t  to  2 z )-1 ~ 1 / a 1 ~-1 As ~(i)  = ~( j )  we a~,~(f)(a~,~(~) = ~,~(j) t  ~,~(i)J - 

finish. 

§2 On T- s y s t e m s  of a u t o m o r p h i s m s  

For  t h i s  s e c t i o n  we m a k e  t h e  a s s u m p t i o n .  

2.1 A s s u m p t i o n :  M is an  L-mode l ,  Pi c L m o n a d i c  p r e d i c a t e ,  P~(i  < y) 

a r e  pa i rw i se  d i s jo in t  a n d  IM[ = U±% ~, For  s u c h  M l e t  M [a] = M r U P ~  fo r  
i <7 ¢"ca 

a < y .  

2.2 Def in i t ion  : 1) Let  K M be the  c lass  of L - m o d e l s  N s u c h  t h a t  

N =  u P i N a n d N [ ~ ] = N r  u P N  is i s o m o r p h i c  t o M  [a] for e v e r y  fl < y .  
/<7 ¢<i~ 

3) Let  Ga ~ be t h e  g r o u p  of a u t o m o r p h i s m s  of M [a]. 

3) Let  h~M,j (for  i - - j  < y) be t he  following f u n c t i o n  wi th  d o m a i n  

cy: h (g) = g r 

4) Le t  A = ~ 4  ~ = ( G M = . h ~ j : a  < y , i  < j  < y ) .  (i.e. as long as tlg is con-  

s t a n t  we c a n  o m i t  M). 

2.3 Fact: i) h~,~. is a homomorphism from Gy into G~. 

2) AM is a T - s y s t e m .  

P r o o f  " I m m e d i a t e .  

2.4 Defini t ion:  t )  We cal l  g = ( g i j : i < j  < y )  a represen ta t ion  of 

N c K M i f  t h e r e  a r e  i s o m o r p h i s m  f¢  f r o m  M r u P ~  o n t o  N r u P i  N ( for  i < 7) 

s u c h  t h a t  g i d  = ( f 7 1  r N (a)) o f~.  

2) Fo r  g, f¢  (i < 7) as above  we say  t h a t  ( f ¢  :i < y )  e x e m p l i f y  g be ing  a 

r e p r e s e n t a t i o n  of N. 

2.5 Fac t :  E v e r y  N e K M h a s  a r e p r e s e n t a t i o n .  
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P r o o f  : By t h e  de f in i t ion  of K M (def in i t ion.  2.2(1)) t h e r e  a r e  f i  as  

r e q u i r e d .  

2.6 Fact: If g is a r e p r e s e n t a t i o n  of N (N e K M) t h e n  g e Or (_$). 

P r o o f :  Le t  <f~:i  < 7> e x e m p l i f y  g e or(_~]) is a r e p r e s e n t a t i o n  of M. 

For  e a c h  i <- j ,  as fj.  is an  i s o m o r p h i s m  f r o m  M[]] o n t o  N[i] c l e a r l y  f ~  is a n  

i s o m o r p h i s m  f r o m  N D'] on to  M [~], h e n c e  f j -~  t N b] is an  i s o m o r p h i s m  f r o m  N [~] 

on to  / [~]  c l e a r l y  ( f ~  t N[t]) o f~ is an  i s o m o r p h i s m  f r o m  M [~] on to  M [i] so i t  

b e longs  to @ So g~,j e G~. 

Eas i ly  gi,~ is t h e  u n i t  of G~. 

We c a n  now c h e c k  t h a t  for  i ~ j <_ fl < a, g*,t~ = h~M,a'(gJ,tJ) ° g~J ; r e m e m b e r -  

ing t h e  de f in i t ion  of h .~. th i s  m e a n s  t h a t  %,3 

(f~-ltN[~]) o f ~ = ( ( f ~ l  rN[j]) o f j )  r M[i]) o ( f j - l tg[~])  o f ,  

o r  e q u i v a l e n t  by, for  e v e r y  x e M [q, 

which  is obvious .  

2.7 Fac t :  Le t  gO be  a r e p r e s e n t a t i o n  of N(eKM). Then  g e Gr(_~) is a lso  a 

r e p r e s e n t a t i o n  of N iff  g ~ gO 

P r o o f :  F i r s t  s u p p o s e  t h a t  gO m.Ag, and  t e t  <k~ : i  < 7 >  e 17 a t  ~ e x e m -  

= h M  - 1  0 pl i fy  t h i s  (see  Defini t ion.  1.2). So g~j ~j(kj)  g~,jki ( for  i ~ j < - - 7 ) .  Let  

< f i  :i < Y> e x e m p l i f y  gO be ing  a r e p r e s e n t a t i o n  of N (see  Defini t ion.  2.4(2)).  

So g,,O = ( f j - l tNI i ] )  o f i  , a n d  we g e t  

- -  M g~j  - h / , j (k j )  -1 o ( f j - l tN[ i ] )  o f~ o k~ = 
( / j r / t q  o h ~ . ( k j ) ) - I  o ( A  ° k~) 

[Note t h a t  (y~.r/[~]) -1 = ./'71rN[q]; we w o u l d  l ike to  show t h a t  < :~ok~ : i  < r >  

e x e m p l i f y  g~,j is a r e p r e s e n t a t i o n  of N. Clear ly  f~ok~ is an  i s o m o r p h i s m  f r o m  

M[q on to  N[q. The above  e q u a l i t y  will be  t h e  on ly  m i s s i n g  i n f o r m a t i o n  pro-  

v ided  t h a t  we sha l l  show t h a t  
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which  is easy. 

fjrMtqohi,j(k,j) = (fjokj) r M[ i] 

Second suppose g E Gr(_~) is a representation of N and we shall prove 

that g H A gO 

Let <f~:i < 7> exemplify go being a representation of N and <f¢:i < 7> 
exemplify g being a representation of N (see Definition. 2.4(2)). So 

a.% = (ffrN %-  o f £ ,  

g~;../ = (fjrN[/])  - t  ° f i  

(for i - j < 7)- Let /Q ~ . f f - l f o  (for i < 7). As f i , f °  are  i somorph i sm f rom M [i] 

on to  N [i] c lear ly  /c~ is an a u t o m o r p h i s r n  of M [i], i.e. it  belongs to Gfl. Now 

f O  = f i /c  i hence  

gOj = ( f  ?rMt i ] ) - ,o f  O = ( ( f  j okj)rM[~])-I o (f~. o h i )  = 

= (/c'~rM[q) -1 ° ( f j r M [ ~ ] )  -1  ° f i  ° k~ = 

(/cjrM[~]) -1 o g~j  o k~ 

But  easi ly  k i t  M [~] = hMj(k~), so </c~:i < T> exempl i fy  g m~4go. 

F a c t  2 . 8 :  Suppose the  mode ls  N1,N 3 c K ~ has  r e p r e s e n t a t i o n s  g ig2  

respec t ive ly ,  t h e n  N 1 ~ N 2 iff gl ~Ag2. 

P r o o f  " Let <ff~:i < 7> exempl i fy  "g~ is a r e p r e s e n t a t i o n  of N~" for 

£ = 1,2. So gi ,5 = ( f f r M [ ~ ] )  - , °  f ~  for g = 1,2, i - -  j < 7. 

Firs t  a s s u m e  N1,N 2 are i somorphic ,  and  le t  H be an  i s o m o r p h i s m  f rom N t 

on to  N 2. For  each  i < 7 ,  H t N }  ~] is an i s o m o r p h i s m  f rom N~ ~] onto  N~ ~], 

h e n c e  k~ ~s( f~) - l (HrN[~l ) f i l  is an i s o m o r p h i s m  f rom M [~] onto  M [i], i.e. 

k i • G~. So for eve ry  i , f ~  2 = (HrN~] )o  f ~ ' o  k~ -1, and  let  H~ ~fH r N} ~] (so for 

i < j ,H~  = H i  rN[  i)] ). Now for  i __ j < y .  

g{.~- = ( f / r  MIni)-1 o f ~  = 

= (/-/j o f / o / c 7 1 r M [ ~ ' ] ) - I  o (He o f l o / c C 1 )  = 

= (I-4 ° ( . f j  l t M [ q )  ° ( k j r M [ q ) - l )  -1  ° ( ~  ° f l o  k ; 1 )  = 
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= (]cirM[i]) o (filrM[il) -1 o ]:~i - 1  o ~1 i o f i  1 o k ~  1 -~ 

= (kirM[i]) o (fjlrM[i])-I o f i  I o ki  -1 = (kirM[/]) o gili o&i -2 

So (  r':i < exemplify g' d 

Second,  a s s u m e  gl  ~,Ag2 and le t  th i s  be exempl i f ied  by ( /c~-I : i  < T>- 

Define 

H/ = f ~ o  ~i ° (A1) -1 

tt is easy  to c h e c k  t h a t  H i is an i s o m o r p h i s m  f rom N~/] for  i < 7 and  

H~ = Hj  r M[i], for  i < j < 7- So L/Iti  is an i s o m o r p h i s m  f rom N 1 on to  N2. 
i < 7  

2.9 L e m m a  : If g is a r e p r e s e n t a t i o n  of N e K M t h e n  g c Gs ( ~ .  

P r o o f  : Suppose  no t  so for  s o m e  f l < 7 ,  g r y ¢  Fact (_ ,d t7)  so 

g r 7 , ~ e / : i  <--j < ~> are  n o t  ~-(_~ra)-equivalent. Apply 2.8 to M [~] i n s t ead  M 

(and  g r f l ,~e(#: i  < j  < f l > ,  N[~],M[~]), and  ge t  t h a t  N[I~],M [/~] are  no t  iso- 

m o r p h i c  c o n t r a d i c t i n g  N e K ~. 

2.10 L e m m a  : Every  g e Gs (_~ r e p r e s e n t s  s o m e  N c K ~. 

P r o o f  : We define by i nduc t i on  j 

(a) an  L -mode l  N i,  s u c h  t h a t  N i TM [i] and N i C N i for i -~ j . 

(b) an i s o m o r p h i s m  f i  f rom M[i] o n t o  Nj, s u c h  t h a t  for  i<-- j,, 

g/,j = ( f  irMb]) ° f';" 

For  j = 0, j s u c c e s s o r  t h e r e  is no p rob lem.  For  j l imi t  u N /  is i s o m o r p h i c  to 
/<j 

L/M [/] = Mr L / P ~  by 2.8, and  mul t ip l i ed  by s o m e  /c c Aut  (M r U P/) it will be 
i<i i<i ~<i 
as requ i red .  

2.11. Conclus ion:  The n u m b e r s  of n o n - i s o m o r p h i c  N e K M is equal  to 

I cs C,4J /~  .,4 I. 

P r o o f  : By 2.5-2.10. 

2.12 Lemrna : If t he  following cond i t i ons  hold, t h e n  eve ry  N c K ~ is 

L ,  ~-equivalent  to M. 
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a) Ev e ry  f u n c t i o n  F of M are  1-place, a m d  for  x E M[i], F~M(x) c M [i]. 

b) for  any  r e l a t i o n  R of M for  some n < ~0 and  i < 7: 

c) i f  i <3' <7,  g c G~, g° a par t ia l  a u t o m o r p h i s m  of M[J],Dom (g*) 

c losed  u n d e r  t he  f u n c t i o n  of M, and  g Y g" is a p a r t i a l  a u t o m o r p h i s m  of M 

a n d  Dom ( g °) is in ~-, (see below) then  g (J g ° an  be e x t e n d e d  to  an a u t o m o r -  

ph i sm of M [j]. 

d) j~. is a f ami ly  of subse t s  of M,[i < 3' --------> A C 4 ' ]  ~" c losed  u n d e r  f ini te  

unions ,  and  [A CM, IAI < X ----> A e U ~ ' ] -  
i<7 

P ro o f :  Easy. 

§3 C o n s t r u c t i n g  t h e  model .  

3 . 1  M a i n  T h e o r e m  : Suppose  

(i) ~ = c f  (h) < h and  (Vk~ < h)(/~ <* < ~). 

(ii) ~ is a g - sys t em,  and  t G~N] < ~, for  i < g. 

Then t h e r e  is a mode l  M (with r e l a t i o n s  and  f u n c t i o n s  of f in i te ly  

m a n y  p laces  only) of c a r d i n a l i t y / t  such  t h a t  no (M) = no ° (]~. 

3.1A Remarks :  W.l.o.g. M = ( ]Mt ,R  M) for  so me  two- p lace  r e l a t i o n  R. 

(see  [Sh 5], 1.4) 

Nota t ion :  For  A c M, l e t  cl/a(A ) be t he  c l o su re  of A u n d e r  the  f u n c t i o n s  

of M. 

P r o o f :  By 1.12 w.l.o.g, for  3' < g l imit ,  h f j + l  is o n t o  G~, and  if x c G~ g, 

x # e ~ t h e n  for  some  i < j ,  h~ j ( x )  ~ e~. By 1.12 w.l.o.g. G6 e is t r iv ia l  (=le6el). 

Le t  L = [P~,F~,j, : i < j < gl Y IR~:i < gl, P~(i < g) m o n a d i e  p r e d i c a t e s ,  F~,j 

one  p lace  f u n c t i o n  symbols ,  R, t h r e e  p lace  p r e d i c a t e .  Let  A =  ~ /~, 

x J "  = ~,~ < ~,. x, > ((32. ~'7 ÷ I G~I) ' )  ÷5 We shall  now def ine  by i n d u c t i o n  on 
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(s) (~) 
otherwise 

H~,(~ ~ M d = 

(B) (2) 

(s) (s) 

(s) (4) 

(S) (5) 
(on Of) and 

(c) (1) 

(c) (s) 

(c) (s) 

(c) (5) 

(c) (6) 
uA~ ep~). 

~<~ 

j < ~, Mj,@,Hj,Hj +, p{ ({ < j) such that" 

(A) (1) Mj is an L-model ,  

(A) (2) My is t he  dis joint  un ion  of pM~(i < j )  and P~J = (Ai ,~  +2) when 

i < j , P ~ J  = ¢ w h e n ~ > i _ > j  

(A) (3) /~a,~ is a 1-place func t ion  f rom P~ '  in to  P~ '  (and no t  def ined oth-  

ermse) for  a < B < g- 

(A) (4) for a n y / ~  R~ Mj is a ( t h r ee  place)  r e la t ion  on P~J, 

(A) (5) for  i < j ,  M{ = Mj t ( u P ~  M~). 
e<i 

Gj is t he  g roup  of a u t o m o r p h i s m  of Mj if j is a s u c c e s s o r  ordinal ,  

Gj = Ilc c Aut(Mj): for some  a e G F for e v e r y  i < j ,  

A<j (a ) l ,  (see below on /q j )  

Hj is a h o m o m o r p h i s m  f rom Gj onto  GF, 

f o r i  < j ,  k e Gj, h.~-(Hj(k)) =H{(k tM~), 

G] has  ca rd ina l i t y  <_ X~ e. 

H ~  is a h o m o m o r p h i s m  f rom G~ into Gj, Hjo Hf ~ is t he  identity 
for  i < j ,a e Gj, //]~(a) r M i : H+(h~j(a)). 

p~ is a fami ly  of s u b s e t s  of (Aj,A~ e) (when i < j ) .  

if A e p~, i < a < j ,  t h e n  ClM(A ) (3 (A., h+2) e pg .  

e v e r y  g e Gj+ 1 m a p s  any  A e /9~ to a m e m b e r  of/9~, 

]9~ is c losed  u n d e r  un ion  of --- g, (i.e if A( e ]9~ for 6 < ¢---< ~ t hen  

(C) (7) eve ry  s u b s e t  of (Aj,A~ 2) of power  ---- ]]Mt ]l is i nc luded  in some  
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m e m b e r  of/29~. 

(D) (1) F o r  i < j  l e t  Q ~ = I A  cM3.: fo r  a<i, (Xa,Xa+2) c A  a n d  f o r  

a c [ i , j ) ,  A (3 (~ta,lt+a 2) e p ~  a n d  A = clM,(A)l. 

(D) (2) I f i  < j ,  ko,lC 1 c G3. , A c Q~, ko,k 1 a r e  e q u a l  on  ( LJPMa j )  N A t hen  

(/c o t A) U (k ~ r U P~J ) c a n  be  e x t e n d e d  to  a n  a u t o m o r p h i s m / c  of Mj. 

Moreover, if a c @ b~3.(~) - Hi(~, r i~) then we can demand Hj(/c) = a. 

Clearly it suffices to carry the construction by induction, as then 

M ~! U Mj is as required by the previous Lemmas (i.e. by 2.12 every N c K M is 

L ® > - e q u i v a l e n t  to  i t  ( a n d  c l e a r l y  IN ~®,x M ~ N c KM] ) so  

no (~k) = IN /~ -  : N c KM]. B u t  2.1 1 t h i s  n u m b e r  is  e q u a l  t o  

n o * ( M ) =  ]Gs(~k) /~$g  I w h e r e  ~ = ~ i  ( see  D e f i n i t i o n  2.2(4)) .  By 1.9 t h i s  

n u m b e r  is no " ( ~ .  B u t  ~ w a s  c h o s e n  so t h a t  i t  is t*.) 

C a s e I : j  = 0 .  

N o t h i n g  to do. 

Case  H: j is  l i m i t .  

In  t h i s  c a s e  l e t  M3. = U Mi, a n d  t h e r e  is  no  p r o b l e m  to  c h e c k  all t h e  e o n d i -  
i<3. 

t i ons .  No te  t h a t  in  (D)(2) we c a n  e a s i l y  p r o v e  t h e  s e c o n d  s e n t e n c e .  

C a s e  11I: j + 1 ( a s s u m i n g  we h a v e  d e f i n e d  fo r  j ) .  

We s h a l l  d e f i n e  b y  i n d u c t i o n  on ~ < ~ 2 .  , a g r o u p  Gj,~ , an  o r d i n a l  a (~) ,  a n  

a c t i o n  of t h e  g r o u p  Gj,~ on  Mj L/ (A j , a (~ )  and//3. ,~,P~,~,F~,j ,R~ s u c h  t h a t  

(i) f o r  ¢ < ~, G3.,¢ is  a s u b g r o u p  of G3.,~ a n d  t h e  a c t i o n  of g c G3.,~ on  

M3. U (~j ,a({"))  is e x t e n d e d  too ,  a n d  fo r  k c Gj,~, k r Mj c @. 

(ii) a (~ )  c (~j+l ~ 2 )  a n d  a (~)  is i n c r e a s i n g  a n d  c o n t i n u o u s .  
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(iii) for 6 l imi t  Gj,~ = LJ Gj, t 
¢<~ 

(iv) Ht, t is a h o m o m o r p h i s m  f rom Ga.,l on to  Ga~ 

(v) F~,y is a one-place  func t ion  f rom (Af,tt(6)) in to  P f J  inc reas ing  and 

c o n t i n u o u s  in 6. 

(vi) ]9~, t is a f ami ly  of subse t s  

A [*] ~ ' lF~ ,y (x ) : a  < j , z  e AleO~ for each A • ]9~,~ 

6 and  

of (A i ,a (6))  such t h a t  

i < j .  

(vii) if A e ]9~,~, g 6 @.,t t h e n  g (A) e ]9~, t 

(viii) ]9~, f is c losed u n d e r  un ion  of - ~ m e m b e r s  and it is i nc reas ing  with 

if c f  6 > ~ t h e n  P~,t = (J ]9~,¢. 
¢<~ 

(ix) we can choose for eve ry  a(~) an  inc reas ing  sequence  B~(v < kj +) 

s u c h  t h a t  (kf ,a(6))  = [9 B~, and  B} has  c a r d i n a l i t y  -- A i .  We shah g u a r a n t e e  
E<A; 

that for any 6< k~ +, ~ < A~,i <j and A 6 Q4 for some 61, ~< 61 <A~ 2, and 

(x) if k0,k l e  GL, t ,A e Q~ k0,k 1 are equal  on A, a e GF+ 1 , 

h ~ + l ( a ) = t t j ( k l r M i )  then (korA)U(lclrMj)  can  be e x t e n d e d  in some 

%,¢(6 -- C < ~?2) to ~, H~,d~) = =. 

(xi) .N f is a t h r e e  place r e l a t ion  on (Aj,a(6)), inc reas ing  with  6, bu t  for 

¢ < t, R¢ = Rt r (xj,a(¢)).  

(xii) each  g e Gj, t p rese rves  R i and  Fa~ J .  

(xiii) if c f  6 = kj +, t h e n  R ( a ( 6 ) - , - )  define on (Aj,a(6)) a wel l -order ing [so 

i f  g e Gj,¢,~ > 6, g maps  (kj ,a(~))  on i tself  then, g r (hi,a(6)) is d e t e r m i n e d  by 
g (a(6))]. 

(xiv) no a # fl e (A/,a(6)) rea l ize  the  same  quant i f ie r s  free,  Rf - type  over 

(Aj,A~). (So t o g e t h e r  with (xiii) we have a s t r i c t  con t ro l  over  the  a u t o mo r -  

ph i sm of Mj+I). 
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There is no problem to carry the induction on ~ hence on j, hence to 

finish the proof of 3. I. 

REFERENCES 

[c] C.C. Chang, Some r e m a r k s  on the  model  t h e o r y  of in f in i ta ry  languages: ,  pp. 36-63 in: 

7he S y n t a x  and  S e m a n t i c s  of  In f in i ta ry  Languages ,  Lec ture  Notes i n  Mathemat ics ,  

72, ed., J. ]3arwise, Springer ,  1968. 

[HS]H.L. Hit]er, and S. Shelah,  "Singular  cohomotogy  in L",  Israel  Journal  o f  Mathemat ics ,  

vol. 28 (1977), pp. 313-319. 

[NS]M. Nadel and J. Stavi, " L~x-equiva lence ,  i s o m o r p h i s m  and po ten t ia l  i s o m o r p h i s m  ," 

T r a n s a e t i c ~  o f  fhe A m e r i c a n  Ma t hem a t i ca l  Society,  vol. 236  (1978)., pp,  51-74. 

[P] E.A. Palyut in ,  "Number  of models  in L~,~ 1 t heo r i e s  III," pp. 443-456 in Algebra ILogika,  

vol. 16, no. 4. (1977): English t r ans l a t i on  in Algebra and  Logic, voL 16, no. 4 (1977), pp. 

299-309. 

[S] D. Scott ,  "Logic with d e n u m e r a b l y  long fo rmulas  and finite s t r ings  of quant i f ie rs ,"  pp. 

329-341 in The Theory o f  Models, North Holland, 1965. 

[Shl] 
S. Shelah,  "On the  n u m b e r  of non - i somorph ic  models  of card ina l i ty  }k,L~ A- 

equivalent to a fixed model",  Notre Dame J. o f  Tbrmal  Logic 22 (1981), 5-i0. 

[Sh2] 

. . . . . . .  , "On the  n u m b e r  of non- i somorph ic  mode l s  of power A --:~A to a mode l  of power 

A, when A is weakly compac t , "  Notre Dame J. o f  Fs'rmal Logic, 23 (1982), 21-26. 

[Sh3] 

. . . . . . . .  , "The c o n s i s t e n c y  of Ext( G,Z) = ~" Israel  Journal  o f  Mathemat ics ,  39 (1981), 

283-288. 

[Sn4] 

........ , "A pair of non-isomorphic ~,A, Models of Power A. for ~k singular with }k ¢~ = }k". 

Notre ~rr~e Z of Formal Logic, 25 (1984), 97-104, 

[Sh5] 
........ , "On the possible number no (M) - the numbers of non isomorphic models 

L~,k-equivalent of power A for A singular, Notre Dame J. Formal Logic, in press. 

Sh:228


