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MORE ON PROPER FORCING
SAHARON SHELAH

§1. A counterexample and preservation of “proper + X”.

1.1. THEOREM. Suppose V satisfies 2™° = N, 2™ = N,, and for some A € w,,
every B € w( belongs to L[ 4].

Then we can define a countable support iteration Q = (P, Q;:i < B such that the
following conditions hold.:

a) Each Q; is proper and ||-p; “Q; has power X,”.

b) Each Q, is D-complete for some simple R ,-completeness system.

c) Forcing with P, = Lim Q adds reals.

PrOOF. We shall define Q; by induction on i so that conditions a) and b)
are satisfied, and C; is a Q;-name of a closed unbounded subset of w,. Let
(f¥:&<w,yeL[A] be a list of all functions f which are from ¢ to d for
some J < w,, and let h:w, > w,, h e L[A], be defined by h(x) = Min{f:§ > a
and Ly[A] = “Ja| = Ry}

Suppose we have defined Q; for every j < i; then P, is defined, is proper (as each
Q,,j < i,is proper, and by III 3.2) and has a dense subset of power ¥, (by 111 4.1).!
Let G; = P. be generic so clearly there is B € w, such that in V[G;] every subset of
w, belongs to L[ A, B]. The following now follows:

Fact. In V[G], every countable N <(H(N,), € A, B) is isomorphic to
Lg[A N 6,B n 6] for some B < h(8), where 6 = 6(N) = w; N N.

We shall assume also that V[G;] has the same reals as V (otherwise we already
have an example).

We now define, by induction on « < w,a set T, such that the following conditions
are satisfied:

i) Each feT, is the characteristic function of a closed subset of some
successor ordinal ff < &, i.e., Dom f = §,and f ~'({1})is a closed subset of fand is
included in the set of limit points of (};<; C; N w,.

i) If feT,,y+1<Domf then f [(y + 1)e T,,and even [ [(y + 1) e T for
y+1<f<a

i) If fe T,,Dom f = f, f <y < a,yasuccessor, then f' = f U Oy, € T, 1€,
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Dom f' =1y, and

U VA U R A
f(l)—{O, p<i<y.

iv) If f,ge T,, (i) # g(i), then f~1({1}) ~ g~ ({1}) — iis finite.

v) If fe T,,y = Dom f,7 + 1 < aand the order type of f~* ({1}) has the form
E4+2then f'=fu {{y1)}eT, '

vi) If fe T,,0 + 1 = Dom f, 6 limit,and f(i) = 1forarbitrarily largei < §, then
Min{¢: f | 6 = f}} is larger than Min{¢:6 < & e C;} (forj < ).

vii) If § < ais limit, § a limit point of ﬂj<,~Cj,§* < wy,and fe T,n Ly A nd],
then thereisg € T,,6 + 1| = Dom g, such that forevery # € L,;,[4 n 6,B N ] (an
open dense subset of T; N Ls[A ~ 8] (ordered by inclusion)), for some y < & we
haveglyeFandg[d¢ {ff: ¢ <& }and f =g [Dom f

viii) For fe T, if f(d)= 1,0 < f, and f(B) = 1, then for every j < i, for some
y < B, the characteristic function of C; restricted to 6 is f*; and if 4, f [ 6 and f
satisfy this then f (0 + 1) U 0544 5V g 541, belongs to Ty 4.

Case A. ¢ is limit,or o =y + 1, y limit. Let T, = { J;<, Tyor T, = | J4<, T}

Case B.a < w. Let T, = {f: f a function from § < « to {0,1}}.

CaseC.a=f+3>w. Let T,=T,,u{fDomf=8+2,f1(B+1)eTy,,,
provided that viii) is satisfied}.

CaseD.o = & + 2,4 limit, d € ();<; C;. This is the main case. Let { f ¥:e < w} bea
listof Ty N Ls[A n 3], each appearing X, times, and {.%,: ¢ < w} be a list of all open
dense subsets of T; N L;[4 n 8] which belong to L,;[A4 N d,Bnd] and {f €
T, Li[A 6], f & fF} for & < h(d). We now define, by induction on n < @, an
ordinal o, < ¢ and a finite set F, = {f € T; n L;[A n 6]: 2, = Dom f} such that:

*) (Vfe F)3g € F,. (f < g)and
(Vf;gEFn)(fran—l ;é gn f“n—1 qf-l({l})ng_l({l}) = an—l)'
Subcase a. If n =0mod3 then a,,, =0a,+ 1 and F, = {f U {{a,,00}: <2,
feFE}andif n =0, then F, = ¥ and «, = 0.
Subcase . 1f n = 1mod 3, thena, ., = o, + L F,,; = F,if [Dom f¥_,,; > a,0r
(ge FXSf&-1)3 € 9)]; otherwise

Foo={fu Otanans 'S € F}u {f(n—l)/B W 0,4, p: B = Dom f(n—1)/3}-

Subcase 7. If n=2mod3, (n—2)/3 =m? +k, k <2m, then every feF,,,
belongs to .%. Note that we have to take care of (*); hence let F, = {f1:e < |F,|},
and define «} and g7 by induction on e:af = a,; if «f is defined, chose g%, /% U
Oany S 9ge € %, and a;,; =Domg;. Now let a,,;, =af, and F, ., =
{g: o O[a;‘+ 1/8n + 1):6 < IF;II}

Note that only in Case D, Subcase 7, do we have a free choice, and we eliminate it
by choosing the first candidate for F, ,, by the canonical well-ordering of L[A]. So
we have finished defining the F,’s and we let

Ty =Tyu{f:Dom f =6 + 1 and either f = " U0, ;. ,,, Where
S €T,y =Domf’, or (Yn>k)[f a,eF,] for some k < o,
f(8) = 1iff6 = sup f~({1})}.
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Itis easy to check that T, , is as required. (Case ff in the definition of F, enables us
to satisfy demand vii).)

Case E.a =0+ 2,dlimit, 0 ¢ ();<;C. Let T, =T, u {f:Dom f =3 + 1,(3g e
T;)f 1((6 + 1) — Dom g) is zero}.

So we have defined T, for o < w,, and let @, € V{G,] be anl T, ordered by
inctusion (really we should have written T?, §,, etc.); and it is easy to see that Q; is
as required (in a) and b)).

So 0 = (P,Q;:i < w?) is defined, and it is easy to see that we can replace (in
V[G]) B by Ci = {(C;:j < iy.Let G < P, be generic, and C; the interpretation of
C,. Let f; be the characteristic function of C;, and C = ﬂi<wz Ci, {2:{ <} an
enumeration of C (in increasing order). We shall suppose that forcing by P,. does
not add reals, and shall deduce that { f;:i < w?) € V, which is clearly false, as
o, “Co ¢ V™

By the assumption the {f; | a5:i < w?) belong to ¥, and we shall show how to
compute ¢ f; [ o,:i < w*) for every {, by induction; as the computation is done in V
we get the desired contradiction, More formalistically, there is a function F in V such
that

il i < 0> = F((fs Tagti < o),
So suppose {f; [ i < w?) is given, and let, for i < ?,
Bi=MinC; — (o, + 1), & =Min{é: fila, = f¥}.

By demand i) in the definition of the T%'s, C; < ()<, C;. So clearly ; < f;, and
B; € C;for j < i. Also by demand vi) on the T.’s, §; < &;for j < i,and by demand viii)
on the T,’s, £; < f; for j < i. We can conclude that Sup{ f;:i < wn} = Sup{¢;:i <
on}; but from {(f;lo:i < w?) we can compute y, = Sup{¢;:i < wn}. As ;€ C;
for j <i, y,€C; when j <wn, and clearly y, <y,.,, we have y = U,,<wy,,e
()j<w? C;- By the definition of the a’s, 7 = o, ;. As we know T? " L,[A], and we
know {y,:n < @} < Cy; f, | 6 is uniquely determined (by demand iv)). Similarly we
continue to reconstruct f; | y by induction on i, thus finishing the proof.

1.2. REMARKS. (1) We could weaken the demands on V (in 1.1) to V &= CH,
provided that we also waive the requirement |-, “|Q;) = ¥,”. For this it suffices to
start with a forcing which makes those demands true, and such a forcing notion
exists by Jensen and Solovay [2].

(2) The w? in 1.1 is best possible.

(3) Alternatively, we can weaken the demand on V to: CH and
(*) There is a sequence { f;:0 < wy, 8 limit), f; a function from & to 4,

such that for every f:w, — o, for a closed unbounded set of é < w,,

(Fo < O)VP) [ < B < - f(B) < fs(B)]-

For this we need some forcing like our P, preserving CH + (*), which seems to be a
demand on V, and we must make some changes in the proof

(4) We can improve 1.1 in the following way. Let ¢ be a countable limit ordinal
such that (Vo < ¢) (% + o < &) (equivalently ¢ has the form w” (ordinal exponen-
tiation)). Then we can construct a CS iteration Q = (P, Q;:i < we) such that:

a)’ Each Q; is a-proper for o < ¢ and [-p, “Q; has power X,”.

b)’ Each Q; is D-complete for some simple N;-completeness system.

¢)' Forcing with P, = Lim Q adds reals.
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We again assume G; & P, generic is given; hence {C;:j < i), and by induction on a
we define T%, so that in the definition of T, we use A and (C; n «:j < i) only (and
the list { f¥: £ < w,} € L[ A]), so that a variant of i)—viii) holds. The changes are:

ivy If f,g € T., f(i) # g(i), then f ' ({1}) ~n g~ ({1}) — i has order-type < &.

vii)’ In addition to vii), if {6,:{ < {*) is an increasing sequence of limit points of
Ni<i Cj» Ol < €Ly, [A NOs1)y f€ ToyN Ls[AL fu€ Tpyy for m<ow
and m* < w,{* < ¢, then thereis g€ Ty, ,, f g, Domg = {* + 1, such that the
following conditions hold:

(¢) For every .# € L,;[A N d,Bn 3] (an open dense subset of T5n Ls[A ]
(ordered by inclusion)), for some y < d,g [y € £, where 6 € {0,:( < {*}.

(B) Foreverym < w, g~ '({1}) n f . '({1}) — {6, { <{*} is a bounded subset of
Ops.

() For every m < m*, ¢~ '({1}) ~ £ '({1}) — {6,:{ < {*} < Dom .

In the proof of Case D, we use the canonical well-ordering of H(X )" on our
assignments (for the existence of g € TS, ,,Domg = § + 1), and construct a witness,
preserving and using vii)'.

1.3. THEOREM. (1) Suppose (D, R) is a smooth strong covering model, Q = { B, Q;:
i < &) a countable support iteration of proper forcing notion (or at least P,/ P, is
proper for B < a < 0, B nonlimit) and each P, is (D, R)-preserving for i < 6. Then
Lim Q is (D, R)-preserving. (See V1, §1, for definitions, and V1, §2, for applications.)

(2) Suppose P*QeN,, P, Q are proper and P*Q is w®-bounding:
Ny < Ny < (H(%), €) (4 big enough), Ny € N, | N,|| < N,,and p € Pis(N,, P)-generic
fore=0,1and q e N, is a P-name of a member of Q,(p,q) is (Ny, Q)-generic and for
some F for every predense ¥ < P, ¥ € N,, F(F) € F N N, is predense above p (in P)
and F(#) is finite.

Then there is ' such that (p,q) < (p,q'), (p.q') is (N, P * Q)-generic and for some
Sfunction F’, for every predense & < P*Q, ¥ € Ny, F(#) is predense above (p,q') (in
P*Q)and F(S) is finite.

Proor. (1) The proof is very similar to the proof of V1.1.6, so we mention only the
changes. Instead of choosing (N,:e < w) € SQS)(4), we just choose N, < (H(4), €)
such that (x,:n < w), {(P,,Q.e < w), f, {ghie <n<w) and {t,,,m<n<w)
belong to it. We now replace a), b) by

a) pln<r"ris(N,,P)generic.

b) For some T, € D, r" |- “f, e Lim T,” and x,,RT,, T, < T, ,.

Toward the end we know that some ¢t € # N N, (not # N Nga, ,.) belongs to the
generic subset of P,, and welet .# N N, = {1,:0 < k < w}.

Then, later, 7,,, does not necessarily belong to N;; in (*), ¢ is also

n

(M [G,],Q,[G,])-generic.

(2) The proof is essentially included in the proof of (1).

Note that N, has a list {(t,:e < w) of the P * Q-names of ordinals, and thereis a
Sequence <qe:e < (l)> (E Nl)’ “—P “qe € Q and q < q. < de+ 1” and (p’ qe) ”_ “Te = ae”
for some P-name o, (of an ordinal) from N,.

REMARK. We can replace proper by semi-proper as in Chapter X.

§2. Intermediate forcing. In §1 we showed that just excluding the forcing notions
like the one from Example V.5.1 (by demanding D-completeness for a simple 2-
completeness system) is not enough to ensure that the iterated forcing does not add
reals. In VIIL, §4, on the other hand, we have quite weak restrictions on each Q;
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ensuring Lim{P,, Q;:i < «) does not add reals. However, here we shall represent
forcing notions which fall in between (and the corresponding consistency problems).

2.1. ProBLEM. Let f5: 6 — o for any limit § < w,.Is there f:w, — w, such that for
every 6 < w,, for arbitrarily large a < 6, f(a) < f(2)?

2.2. DerINITION. For any sequence f = (f3:d < ), f:6 > 8,let Py ={g: ga
function from some a < w, into w,, such that for every é < «, for arbitrarily large
B < 0, f5(B) < g(P)}; ordered by inclusion.

2.3. ProBLEM. Let C;< 0 be a subset of 6, for § < w,. Is there a closed
unbounded C < w, such that for no §, C; € C? Consider in particular the cases
when we restrict ourselves to

a) C; has order-type w, d = Sup C; ,

b); C; has order-type &, 6 = Sup C, (£ limit),

¢) C; has order-type <4, 6 = Sup C;,

d) C; = ¢ mod Ds, Dyafilteron 6,6 = Sup G5, D = (D5 : 6 < w, ).

2.4. DeFINITION, For C = (C;: 6 < w,), C S w, let P} = {f: f a function from
some a < w, to {0,1},and forno é < ais Gy = f ~'({1})}.

2.5. PrROBLEM. Let C; be an unbounded subset of 4, for § < w;. Is there a closed
unbounded C € w, such that for every 4, C n C;is a bounded subset of , when we
restrict ourselves as in 2.3?

2.6. DerFINITION. For a sequence C = (C;:6 < w, ), C; an unbounded subset of
d, let PZ={g:g a function from some a < w, to w,, so for every & <a,
Sup[C, n g~ ({1})] < 6.

2.7. CLaM. P, P} and PZ (when one of the Cases A~D from 1.1 holds) are
proper and D-complete for some simple X,-completeness system.

CoNCLUDING REMARK. We shall later conclude that a positive answer is consistent
with ZFC + GCH. The point is that though the corresponding forcing notions
are not a-proper for many a < w,, still a reasonable weakening holds, i.e. for
suitable (N;: i<d) and pe Nyn P there is a g =>p such that g [, “{i:
N;[G] nord = N; nord} is large”.
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