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SAHARON SHELAH*

Annotated Contents

Introduction: We review the old axioms, the theorems on λ singular and
two examples.

Section 1 A general theorem on lifting incompactness: Continuing [6], we
give additional axioms axiomatizing "free amalgamation", and prove with them
transfer theorems of the form: "if there is a λ-free not λ+-free pair A/B,
\A\=λ then there is a μ-free not μ+-free pair A'/B\ \Af\ = μ".

Section 2 Particular incompactness theorems: We apply Section 1 for some
examples, and show an almost equivalence between a colouring number problem
of graphs and a combinatorial problem 7C(λ, ό) [existence of pairwise disjoint
end segments of branches of a tree].

Section 3 Canonical counterexamples for PT(λ, κ+): We define a λ-set
for λ an uncountable regular cardinal, which is a kind of (<ω)-dimensional
stationary set. Using this we analyze counterexamples to PT(λ, κ+). As a
consequence we prove:

If PΓ(λ, Kj) fails, then there are countable AΊ(i < λ) such that {At:
/ < λ} has no transversal but for every α < λ w e can find ft(/ < /(*)) a — {ft:
/ < /(*)} and Aβ; — LMfy ^s infinite.

Section 4 Some investigation of PT: We prove PT(k, κ+) = PT(λ, κ++)
and characterize the λ for which PΓ(λ, λ).
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196 SAHARON SHELAH

Section 5 λ-freeness of Λbelian groups: We prove that, if enough axioms
are satisfied, then incompactness in λ implies PT(λ, κ+) fails. We then prove
that PΓ(λ, Ki) is equivalent to "every λ-free Abelian group is λ+-free" and to
"every strongly λ-free Abelian group is λ+-free".

We finish with some concluding remarks on further research.

Introduction

Context: U is a fixed set (we shall deal with subsets of it) and F a family of pairs
of subsets of it. We write A/B ELFOX say "A/B is free" or "A is free over B"
when (A, B) G F9 x will be a fixed cardinal.

Axiom II A/B is free ifAU B/B is free; A/A is free.

Axiom III If A /B, B/C are free then A /C is free.

Axiom IV If Aι(i < λ) is increasing, for i < λ Ai/\jAj U B is free then

\jAi/Bisfree.
i<\

Definition 0.1 We say "for the χ-majority of Xg A, P(X)" if there is an
algebra 21 with universe A and χ functions such that any X c A closed under
those functions satisfies P. We can replace X c A by X E 9(A) or X G
9<λ(A); alternatively we say {XQ A: 9(A)} is a χ-majority.

Axiom VI If A is free over BU C then for the χ-majority of X c A U B U
C,AΠ X/(B ί)X)UC is free.

Axiom VII If A is free over B, then for the χ-majority of X <Ξ A U B,
A/(AΠX)U Bis free.

Definition 0.2 A/B is κ-free if for the χ-majority of X C A U B, if \X\ <
K then A Π X/B is free.

Definition 0.3 E^(A) is the filter on 9*K(A) generated by the sets Gn{F) =df

ί U A : At c A, \Ai\ < κ9 F((Aj: j < />) c Ai+1) where Fr.
 K>[9<K(A)] ->

L /<JC J

(P<κ(A) (we use K regular >K 0 ).

Theorem 0.4 (Shelah) Suppose \A\ = λ, λ is singular, λ = ^ λ/> \*
/<c/λ

increasing continuous. Then A/B is free iff A/B is λ-free iff for every i {XE

9^λ+(A): X/B free} Φ φ modE^t (A).

Remark: The theorem was proved with more axioms (/*, V) in [6], The author
then eliminated /* and this is presented in [1]. Later (see [7]) the author found
a simpler proof; and both new parts avoid Axiom V. In Hodges [3] this is
presented (and more is proved) in a different, but equivalent axiomatic
treatment.

Here we wonder what occurs for regular λ. The following examples show
that there may be very different behaviors, hence it is reasonable to demand
more in proving equivalence.
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INCOMPACTNESS IN REGULAR CARDINALS 197

Example 0.5 Let U be the disjoint union of P U Q, R Q P x Q, and call A/B
free if there is a one-to-one function g Dom g = Q Π (A - B), (gx)Rx and
Rang(g) c= A — B. This easily satisfies the axioms (but note A' <Ξ A and A/φ
free 4 A'/φ is free). Let χ = Xo.

Let λ be any cardinal, and suppose UA = {#,: / < λ+} #, E P & i < λ,
dj R aj when / < λ < j < λ+. Then A/φ is not free. Is it λ+-free? Yes, iff
the Chang conjecture fails for (λ, λ + ) , i.e. if for the K0-majority of X E
β><λ(A)\XΠ {α, : / < λ}| = \X\. We can let S c \+ - λ be stationary, Aj = {«/:
/ < λ+}, PΠA = {ai+ι: / < λ+} U {a0} α, R aj *> (j limit, / not, / < j, jeS).
Then the Chang conjecture has to be strengthened by reflecting that S is
stationary in an appropriate sense.

You may prefer examples which are varieties.

Example 0.6 We define a variety; with function F, G, H (1-place, 1-place,
2-place respectively) and the equation

(i)F(//((*,jO)=F(x)

(iϊ) G(H(x, y)) = y

(w)H(H(y,x)9z)=H(y9z).

For P, Q, R, A, λ as in the previous example let M be the free algebra
generated freely by {*,: i < λ+} U {yitJ : i < λ < j < λ+} subject only to the
(equation of the variety and) relations:

(*) F(yu) = Xh O(yifj) = xj, yUj = H(yifΎ, xj).

Let λ + λ < α < λ+, {βr. i < λ} = (λ, α), Ma the subalgebra, generated by
{Xii i < a} U {yifj: i < λ < j < a}. Ma is free: it is freely generated by
Y = {yiβr i < λ ) Clearly Y generates Ma as yiS = H(yitβ.9 xβ), xt = F(yitβi)

Xβ. = G(yitβi). By the automorphism we can construct, we should consider only
the equations between elements of M α . Then translating the equation in (*) to
the members of Y we get

F(yu) = Xi =* F(H(yitβi, xj)) = Xi =» F(y^) = xs

(the second arrow is by the axiom (i). The result is the definition of JC, in terms

ofy.)

O(yu) = xj => G(H(yuβn G(yu))) = G(yu) => G(yu) = G(yu)

ytj = H{yiβn xj) * H(yitβl9 G(yu)) = H(H(yUβι9 G(y^y))9 G(yu))

which holds by equation (ii), (iii) resp.

Similarly, if the Chang Conjecture for λ + holds, M is λ+-free.
But for every δ, λ < δ < λ+, M/Ma is not free.

Conclusion Compactness for Abelian groups is not equivalent to compact-
ness for any variety (even χ = Ko).

Historical remark: Sections 1 and 2 were written up together with [6] (in the
Spring of 1975) for dealing with the spectrum {λ: there is a λ-free not λ+-free
A}. The aim was to prove that for a wide class, few spectrums are possible. In
1981 we returned to the subject, and wrote a proof that the transversals for
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198 SAHARON SHELAH

families of countable sets and the variety of Abelian groups have the same
spectrum, (as claimed in [6], although we have had to withdraw the similar claim
on the variety of groups). There was a gap in the proof (essentially, indistinc-
tion between (B) and (D) in 3.8) which was corrected later.

We are grateful to Alan Mekler for industriously refereeing the paper and
for providing the followed specific aid: (A) Originally the dichotomy in 2.8 was
carried later, so the nodes of λ-sets were of two kinds; this harms the readability
of the proof, and after his suggestion was removed. (B) The proof of 5.2 was
marred by jumps and misprints, and Mekler wrote a proof which adds the
assumption that freeness is witnessed by bases (and the exchange principle
holds). This differs from the author's proof in its proof of Fact C (also, Fact
B was replaced by a simpler construction). The proof is included in an appen-
dix by his kind permission. (C) He also suggested writing the equations in the
proof of 5.3(1) so as to apply also to groups.

For consistency results (on compactness in regular cardinals (e.g., in
Kω2+1)) see [4] where also, e.g., "G.C.H. => -ιPΓ(Kω i, KO" hold.

/ A general theorem on lifting incompactness Continuing [6] we shall in this
section give additional axioms axiomatizing "free amalgamation" and prove
with, and then transfer, theorems of the form "if there is a λ-free not λ+-free
pair A/B, \A\ = λ, then there is a μ-free not μ-free pair A'/B'9 \A'\ = μ".

We shall work in the context of [6], Section 1, but here F will contain not
only pairs but also triples {A, B, C), and we shall say "A is free over B/C"
rather than {A, B, C) E F. The meaning for e.g. groups is that the equations
holding among elements of A U C and of B U C generate the equations holding
among elements of A U B U C. (Reading [6], Section 1, pp. 324-326, is recom-
mended.) The axioms for {A, B, C) GFare motivated by "the group generated
by A U A U B U C is the free product of the groups generated by A U C and
B U C over C" or the properties of nonforking.

We shall have also a fixed cardinal χ3, χι < χ3 < χ2, and assume the
following axioms as well as the axioms (conventions and assumptions) of [6],
Section 1 (mostly listed in Section 0 for x = χx U an algebra on U with χ0

operations):

Axiom I** If A/B is free, A* c A, then A*/B is free.

Axiom VIII A is free over B/C iffAUCis free over B U C/C.

Axiom Villa A is free over B/B.

Axiom IX Commutativity: If A is free over B/C, then B is free over A/C.

Axiom X Transitivity: If A\ is free over B/C and A2 is free over B/Ax U
C, then A{UA2 is free over B/C.

Axiom XI Monotonicity: If A is free over B/C, A' QA, B' QB, then A'
is free over B/Bf U C.

Axiom XII Continuity: If Bj(i < a) is increasing, A free over B/C for

every i < a, then A is free over [J Bi/C.
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INCOMPACTNESS IN REGULAR CARDINALS 199

Axiom XIII Existence: If \A\ + \B\ + \C\ < χ3, then for some partial
isomorphism f ofU, Domf= cl{A U C) andf is the identity over C andf(A)
is free over B/C {partial isomorphism means it preserves the operators and
relations of U).

Axiom XHIa Iff is a partial isomorphism, \Domf\ < χ and \B\ < x, then
for some partial isomorphism g,fQgB^ Dom f

Axiom XIV Let A be free over B/C then:
{I) A is free over C iff A is free over BU C.
(2) If A U B/C is free, then A/C is also free.

Axiom XV Invariance: Partial isomorphism preserves freeness of pairs and
triples.

Axiom XVI Hereditarity: IfA,B,C(Ξ N, (A, B, C) G F then {A Π N,
BΠN,CΠN)eF.

Remark: (1) The only properties of partial isomorphism we need are their use,
in Axiom XIII and Axiom XV, the fact that an increasing union of partial
isomorphism is a partial isomorphism, and their closeness under compositions.
(2) Some times in the text, Axiom I* should be replaced by Axiom I**.

Lemma 1.1 Suppose {T, <) is a tree {i.e., for each x G T {y G T: y < x)
is well ordered, of order-type h{x), the height of x in T). Assume that for x,
y<ΞT,x<y=*C<^Bx^By,\C\+Σ \BX\ < χ3. Then:

XGT

{1) For any well ordering <* of T extending < we can find partial isomor-
phisms gx{x G T), Dom gx = Bx such that Ax = gx{Bx) satisfy

(*) Ax is free over (J Ay/\jAy U C, and [x < y => gx c gy].
y<*x I y<x

(2) // (1)(*) is satisfied then Ax is free over \jAy/\jAy U C.
x&y I y<x

(3) // (1) (*) is satisfied, T,^T and (Vx) (Vy) (x G T, A y < x -»y G T,) (for

I = 1 , 2 ) , then \J Ax is free over \J AJ U AXUC.
XGT\ XGT2 IX€LT\(ΛT2

(4) IfBx/\J ByUC is free then AX/\J AyUC is free.
I y<x I y<x

(5) //(1)(*) is satisfied and Ax/\jAyUC is free {for every x) then \JAJC

is free. ' y<x xeT '

(6) If (1)(*) is satisfied Ax c Ax and for any y < x, A* is free over [JAX/
z<y I

\JA*UC, then:
z<y i

(A) for any x, A* is free over \J Ay [J Ay U C.
x &y I y<x

(B) For any x, Ax is free over (J Ay/Ax U | J Ay U C.
x^y I y<x

Proof: (1) Just defined gx by induction on x in the order <*, using Axioms XIII
and XHIa.
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200 SAHARON SHELAH

(2) Prove by induction on z E T(x <* z), in the order <* that Ax is free
over

V{Ay:xiky,y<*z}/\J AyUC .
/ y<x

For z = x it follows by (l)(*) above. For z limit by Axiom XII. So let z
be the successor (by <*) of z\. If x ̂  £i there is nothing to prove, so assume
x £ Z\, and let A0 = U ^ : x £ j , j> < Zi}, so by the induction hypothesis

(AX9 A°9 \J AyUC) GF. By assumption AZχ is free over \J Ay/\J Ay U
\ y<x I y<*z I y<z\

C, hence over A0 U Aj \J AyU C (by Axiom XI) and clearly | J Ay^A0
I y<z\ y<z\

(as y < Z\ -+ x ̂  y). So by Axiom XI, Azι is free over 4̂ ° U Ax/A ° U C, hence
over ^4x//l° U C. So by Axiom IX Axis free over AZί/A°UC. So by Axiom X

(Ax, U AyU C, Ao, AZι stand for B, C, A{, A2, respectively) Ax is free over
y<z\ I

A°UAZι/\J AyKJG.
I y<χ

Adding to <* a last element oo, we finish.
(3) Easy using (2) and repeating the argument. We prove by induction on

z G TU {oo} that Tu {Tx Π T2) U {t E T2: t <* z} satisfy the conclusion (for
limit z use Axiom XII, for successor z use part 2) and Axioms IX, X, and XI.

(4) By Axiom XV it is immediate.

(5) It suffices to prove that Ax (J Ay U C is free by Axiom IV. By
/ y<*x

part (3) Ax is free over [J Ay/\jAy U C, so by Axiom XIV(l) we get our
y<*x I y<x

conclusion. /
(6) (A) For any x E T by part (2) Ax is free over \JAy/\jAy U C,

xsy I y<x

hence by Axiom XI also A * is free over (J Ay (J Ay U C. By Axioms IX and
y£x I y<x

X A* is free over \jAy/\JA

y U C. So by Axiom X Λ£ is free over \}At

y<x I y<x xSy I

\JA;UC (using Axiom IX).
y<x

(B) Easy by (6)(A), (2), and Axiom XII.

Definition 1.2 Let / C(λ, δ) hold if there is a set S of elements of a tree Γ,
each of height δ, such that

( i ) | S | = λ .
(2) there is no/: S-• Tsuch that/(5 ) < s (for each 5 E S) and for no s Φ t E S
does /(0 </(s ) < ί (such an/is called a pressing-down function).
(3) But for every S' 9 S, \S'\ < λ, there is a pressing down function/: S' -> Γ.

Remark: It is easy to check that by [6], Section 2, δ < λ, / C(λ, δ) implies λ is
regular.
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INCOMPACTNESS IN REGULAR CARDINALS 201

Remark 1: W.l.o.g. each t G T — S has height < δ, and for some s E: S, t < s.

Remark 2: The properties Qn(λ) are defined for two purposes: first, to help to
prove incompactness cases; second in the hope of proving that when enough
axioms are satisfied, {n: Qn(£0) holds} determines the incompactness spectrum.

Definition 1.3 B satisfies Q0(λ) if there is an A, \A\ = λ such that A/B is
λ-free but is not free (in the sense of [6], Definition 1.1(1)!).

Definition 1.41

(1) B satisfies Qn(δ, λ) (0 < n < ω) if there are A, (/ < δ) and C/(2 < / < n)
exemplifying it. They exemplify it if:

(i) Aj is increasing, Ao = 0 , C/£ Aδ and for limit j < δ, Aj = \J Ah

and for s o m e l c 4 \χ\ = λ, Aδ c cl(B UX).
n

(ii) Aδ is not free over \J AjU \J CtU B.
j<δ 1=2

(in) for 0 < / < y < δ, u c w = { / : , . . . , « } , 2 < / : < « + 1.

(α) ^ Π f | Q i s free over [Ai D f] Cή U B (for empty set v
leu \ lew / \

Π Q = £/, and for it = /i + 1, {A:,..., n] = 0 ) .
/ev /

(/3) Aj (Ί Π Q / U Π Π C,) U (/I, (Ί f] c) U β is free.
leu / \ /€» / \ leu I

(iv) for u £ w = {A:,..., n}, 2 < A: < «:
(α) / I J O Π C , is free over ( U 4 n f | C , ) u B .

(β) AδΠ Π C//(i4δ n Π C , ) u f U 4 n Π Q | U ί i s free.
leu I \ lew I \a<δ leu /

(v) If 0 < i<j < δ , w e w c {2,...,/i}, 2 < A: < « + 1, w = wU {/; k<

/ < «} then: n 11 \
(α) ^ y Π f l Q ί s free over A Π f| Q/ U/ Π f| Q) U 5 and, if

/€« l=k I \ iew I

w Φ0

(β) AδΠ Π Qis free over U ^ Π f ) <w/(U A* Π f| Q ) UA
/Gw α<δ /=A: / \α<δ /Gw /

(2) If δ = λ > χo we write Qn{\) instead of Qn(λ, λ).

Claim 1.5

(1) If B satisfies Qn(δ9 λ), 0 < m < n, then B satisfies Qm(δ, λ). In fact the
same Afs and Cfs exemplify it.
(2) Ifcfb = cfδ' then B satisfies Qn(δ9 λ) iff B satisfies Qn(δ\ λ ) .
Proof: Easy.

Theorem 1.6 Suppose B satisfies Qn+\(δ, K), and μ > δ + κ + χ 1 , χ 3 >
μ + \B\ and μ is regular. If I C(μ, δ) then B satisfies Qn(μ).

Proof: Let (A,: i < δ), <Q: 2 < / < n + 1> exemplify the satisfaction of
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202 SAHARON SHELAH

Qn+ι(δ, K) by B. Let 5 = {ff : / < μ} £ Γ exemplify the holding of / C(μ, δ), and
assume s E T — S implies that for some t E 5, s < t, hence h(s) < δ; so
\T\ = μ. For each t E T of height λ(ί) = α let Bt = Ah^; so we can apply
Lemma 1.1 and get partial isomorphisms gt(t E T) satisfying the condition (*)
there (for any extension of < to a well-ordering). In particular

(a) t < s implies gs extend gs

(β) Dom gs = Ah{s)

(7) gί(Aδ) is free over U{gs(Aδ): tSs,s<Ξ T}/\J gt(Ah(t)) U B.
I s<t

Let us define:

1-4;= U gt(Aδ)tes
2. forj <μA] = U{gt(Aδ Π C π + 1 ): / = th i<j) if n > 0; and Λ/ = 0 if

A7 = 0

3. f o r 2 < / < π , C/= U ft(i4δΠC/).

We shall prove that 04/: j < μ>, <C/: 2 < / < /ι> exemplify βπ(μ) for ̂  (if
n =0, A'μ only is used). Let us check the conditions when n > 0.

Condition (i): Trivial.

/

n

(J v4/ U U C/ U 5 is free, and we shall get a

contradiction. Checking the definitions of Aj, C\ we see that our hypothesis
/ Λ+l \

means that | J gt(Aδ) is free over (J gΛAδ Π (J Q) U B. As μ > |δ| + K,

clearly μ > \Aδ\, and so as μ > χi we get by [6], Lemma 1.2, that for some
closed unbounded subset W of μ, for any / < j E W (or / E PF, y = δ),

U ftβM«) is free over U ftβ(^λ) U U ftU« Π U Q u *-
oί<j a<i teS \ 1=2 I

Let Ti = {t EL T\ t < sa for some a < /}; then clearly for some /, j E: W
there is α, / < a <j such that t < ta-+tETi (otherwise 5, Γwill not exemplify

IC(μ,δ)). By Lemma 1.1(3) ftβ(^) is free over (J ft.Mδ)/Uft^δ)UA
aφβ<μ I β<i

By using Axiom XI twice, gta(Aδ) is free over \J gtJAδ)/\gt [Aδ Π
aΦβ<μ / L \

U Q ) 1 U [ U gt(Aδ Π U C/)l U U ^(^δ) U B, that is, over
/=2 /J Lα*0<μ \ /=2 /J β<i

U gtβ(Aχ)/\J gtβUδ n U Q ) U U ^Mδ) u B.
aΦβ<μ I β<μ \ 1=2 I β<i

As gta(Aδ)9 IJ gtβ(Aδ) generate together A'μ, necessarily by Axiom
aΦβ<μ

I n+ι \
XIV(2) gta(Aδ) is free over IJ gt[Aδ Π U Q U (J ^ ( ^ δ ) U 5. But by

β<μ P \ /=2 / /3<ϊ

(Ύ) gta(Aδ) is free over | J gt(Aδ)/\J gt(Ah(t)) U ̂ , hence by Axiom XI
aφβ<μ I t<ta
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INCOMPACTNESS IN REGULAR CARDINALS 203

gta(Aδ) is free over U gtβ(Aδ)/\J gt(Am) U gto\Aδ Π (j Cή U B9 hence
aΦβ<μ I t<ta \ 1=2 I

by Axiom XI gta(Aδ) is free over \J gt[Aδ Π | J C,j U U gtβ(Aδ)/
aΦβ<μ P \ 1=2 I β<i I

U ft(Λh{t)) U gtUδ Π U Cή U B. So by Axiom XIV(2) gtJAδ) is free
t<ta \ 1=2 I

over IJ gt(AhU)) U^ α L4 δ Π \J Q Ufi, a contradiction by Axiom XV.
ί<ί α \ 1=2 /

Condition (Hi): Assume w c w = {t,..., «}, 2 < t < Λ + 1, 0 < / <y < δ and

we should prove that Aj Π f] Cfis free over [A; Π Π Q ) U B. This means,
/GM \ lew /

wheny<δ, that | J gΛAδΓ\ f] Cή is free over (J gta[Aδn f) Cή U B,
a<j \ /GM(*) / a<i \ /Gvv(*) /

where u(*) = u U {n + 1} and w(*) = w U {AZ + 1}.
By Definition 1.4 (v)(α), for every t G T (letting w(*), w(*), ^ + 1 stand for

u, w, k respectively) gt[AHt) Π Π Cή is free over gt(Am)/\J gs\Ah(s) Π
\ ieu(*) I I s<t \

n c) u 5.
A similar result holds for w(*). Hence by Lemma 1.1(6), (3), and Defini-

tion 1.2(iii) the conclusion follows.
We are left with the case j = δ, but we can prove it similarly, this time

w(*) = u, w(*) = w U{n + 1}, and we use (v)(α) from Definition 1.2 again.

Condition (iv): The proof is similar to the previous one.

Condition (v): Let us concentrate on the case (v)(α), j = μ; so let u <Ξ w c
{2,..., n}9 2 < k < n + 1, w = u U {/: A: < / < «} and / < μ; we should prove

m I

that î n f l C/ is free over A\ U f) C\ A\ Π f| C\. This means that
/Gw l=k I lew

U g/i^δ Γl Π Q) is free over (J g / (ylδ Π f) Q ) / U ^f^δ Π f| Q Π
i8<μ \ leu / β<i \ l=k II β<i \ lew

Cn+ι) U 5. By Lemma 1.1(6) (J gtβ\Aδ Π f) Cι Π CΛ + 1) is free over

U gtβUδ n Π Q j / U ^/i^δ n f l Q n cΛ + 1) u B.
β<i \ ι=k II β<i \ lew I

By 1.1(6) also \JgtβUs Π Π θ ) is free over \Jgtβ(Aδ)/\J gt(Aδ Π
β<μ \ leu I β<i I β<μ \

Π C/Πcjui.
/G« /

Hence it is free over U gt(Aδ Π f ) Q ) / U gtβUδ Π f| Q Π CΛ+1) U ^.

By Axiom X our conclusion follows.
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The other cases are similar.
So we are left with the case n — 0. The nonfreeness of Λ'μ/B was proved,

in fact, when we proved Condition (ii). Let us prove that Λ/B is μ-free, where
A = Aμ; so let {A, B} <Ξ TV, \\TVfl < μ, and so μ = \A| E N> hence we can assume
that (Ail i < δ>, Γ, S9 <g,: ί E Γ> all belong to TV. We can also assume that
TV Π δ is an unbounded subset of δ (otherwise the proof is trivial). Let T* =
T Π TV, 5* = S Π TV, A* = A Π TV (for / E TV), and A* = A Π TV. Clearly

Λ* = U &M«), and gs(Af) is free over | J gi(A£it))/\J gt(A*h{t)) U £

/es* tes*
(by Axiom XVI.) As S, T exemplify / C(λ, δ) we can find/: S* -• T so that for
no 5 ^ / G S* does /(s) < f(t) < s9 and as TV Π δ is unbounded in δ, we can
assume/: 5* -• T*. Let T+ = {t G T*: for no 5 E 5 is/(^) < t < s} ^ T* - S*
and Λ,+ (ί G Γ+) be gs(Aζ) if ^ =/(^) and gt(Am) otherwise. It is not hard to

check that for each t G T+

9 Af is free over U{Af: t s s E T+}/U {A+:

sGT+,s<t}ΌB and Af/u {A?: s e T+9 s < ή \J B is free. Hence A* =

U ^,+is free.

Definition 1.7 Let S λ hold if λ is regular cardinals, and for some R c λ,
/? is stationary but for no δ < λ, is R Π δ stationary. Let S^ hold if the above
condition holds for some R <Ξ {a < λ: c/α = K}.

Lemma 1.8

(l)If\isa successor cardinal (or even not Mahlo), then Sλ holds iff 5κ

λ holds
for some /c.
(2) IfS£ holds then I C(λ, K) holds provided that (Vμ < λ) μ<κ < λ.
(3) J/λ fe regw/αr, S^+ Λo/ώ.

Proo/: (1) Because if R C λ is stationary, then R = \J Rκ where Z?κ = {a E /?:

cfa = fc}, and as λ is successor, this is a union of <λ sets, so at least one Rκ

is stationary. As the demands in Definition 1.7 are satisfied by any stationary
subset of R, we finish. In general c/(δ) is a regressive function on R, hence is
constant on a stationary subset of R.

(2) Let the tree T consist of all sequences of length <κ of ordinals <λ;
ordered by "being an initial segment". For each a E R (R exemplifying 5κ

λ)
let ta be an increasing sequence of ordinals of length K whose limit is α, and
S= {ta: a€R}. The proof that S, ΓU S exemplify / C(λ, K) appears in [6].

(3)LetR = {a<λ+:cfa = λ}.

Theorem 1.9 Let χ3 > λ > χ, χ3 > \B\, λ fc strongly inaccessible, and R
exemplify Sλ

9 and aGR implies that B satisfy Qn+ι(cfa9 μ) for some μ < a.
Then B satisfies QΛ(λ).

Proof: We leave this to the reader.

Remark: For many particular cases, we can demand only "λ is inaccessible"
(e.g., Abelian groups).
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2 Particular incompactness theorems Each part is a continuation of the
corresponding part in [6], Section 2.

Transversals This time we expand U by two one-place relations V, S, and
one-place functions /}(/ < χi) so that x E V'-> fix) = *> a n ( i * E S => x =
{./}(*): / < Xi}. Let W J , C ) G F if cl(A UC)Π d ( £ U C) = cl C. Clearly
Axioms VIII through XVI hold; more exactly, we can extend (u, V, S) so that
they hold (this is needed for Axiom XIV, and is done as in the construction of
universal homogeneous models).

Lemma 2.1

(1) The satisfaction of Qπ(λ) by B does not depend on B
(2) Q0(λ) implies <2i(λ)
(3) <2i(δ, χo) holds for δ < χ \ and Qo(xo+) holds
(4) Theorem 1.8 holds for any inaccessible λ.

Proof: Left to the reader.

Conclusion 2.2 Ifχ0 = Kα, tfκ?rt Qo(X<*+«) holds. VQQ(\)ΛS£ then Q0(μ),
and Qo(λ+); and ifλ>χo,Scλ exemplify Sλ, and for each a G 5, Qo(cfa,
cfa + χo) Λo/cte, ^ert <2o(λ) /zo/flfc.

Proof: By Lemmas 1.6 and 2.1(2).

Colouring Numbers Let C4, 5, C> E F if no a E A - C, b G B - C are
connected. Clearly, extending our graph, Axioms VIΠ-XVI hold (using a 'uni-
versal homogeneous graph').

Lemma 2.3

(1) The satisfaction of Qn(λ) by B does not depend on B.
(2) Qo(xo+)> βi(xo) holds.
(2)lfS£fxoiλ>Xo,thenQo(\).

Proof: Easy.

Free Algebras For a fixed set Γ of identities, by a suitable choice of U,
clearly (where (A9 B, C) E F iff cl(A U B U C) is the Γ-free product
of c/G4 U C) and cl(B U C) over c/(C), χ0 = Ko + |Γ|):

Lemma 2.4

(1) Axioms VIII, IX9 X, XII, XV, XVI hold and also XIV(l).
(2) If the variety (= the class of algebras satisfying Γ) has the amalgamation
property, then Axioms XI and XIII hold.
(3) Axiom /* implies Axiom XIV(2), but seemingly not vice versa.
(4) If Axioms /*, XI, XIII hold then Q0(λ) implies Qdλ), for λ > |Γ| + Ko

tfttj 5 provided that

(*) // Λ is # homorphism from A{ onto Ao, Bo £ Ao, Bγ = h~ι(B0) then:
Aχ/Bι is free iff Ao/Bo is free.

(5) For Abelian groups, <2i(K0) holds, and also (*) of (4).
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(6) When the hypothesis of (4) holds, incompactness in λ ( > | P | + K) implies
incompactness in λ + {this is due to Eklof [2] for Λbelian groups).

Remark: Mekler [5] showed that Q\{\) and 5χ implies Qι(κ), Q0(κ) for the
variety of groups.

Proof: (1), (2), (3) The reader should be able to check them.

(4) Looking at Definition 1.4, clearly Q\(λ) means:

(*) there are Aj(i < λ), increasing, continuous for δ < λ, Ao = 0 such that

Aj/Ai is free for / <y < λ but Aλ/{J Aj is not free; and \Aλ\ = λ.

Let B be given and A exemplifies "B satisfies <2o(λ), i.e., A/B is λ-free
but not free, \A\ = λ". Let the set of elements of A be {at: i < λ}. Let B* be
the algebra generated Γ-freely by B U {*,: / < λ} with the equations holding
inB.

Let h be that following homorphism from B* onto cl(A U B): h(b) = b
for b E B and Λ(*/) = #/ for / < λ (it is well known that there is a unique such
homorphism). Let

A? ={y:ye cl(B U {xa: a < /}), h(y) e B}
A} = cl(BU {xa: a<i}) .

By [6] there is a closed unbounded subset C of λ, such that for / G C, {#α:
α < /} = cl{aa: a < /} is free over B, so by (*) for / E C, Aj/Af is free. By the
definition Af/B and Aj/A} are free for / <,/ < λ.

By Axiom III clearly ,4χΛ4z

p U 5 is free for / < λ; hence, by Axiom I*,
Af/Af U 5 is free for / <y < λ. Now let Λ, be 0 for / = 0, A? for 0 < / < λ,
A} for / = λ. By the above clearly Aj/Ai U 5 is free for / < j < λ. (For
ι = 0 use Axiom II and freeness of Aχ/B.) Also At is increasing, continuous

for δ < λ, and Ao = 0. Also ^ λ / U AtUB = A^/Af* is not free by (*). The
/ l<λ

last point is that there is X c >4λ, |AΓ| = λ, >lλ c c/(fi U X), i.e. Jf = {*,-:
i < λ } .

(5) For Abelian groups: Let Gω be generated freely by B U {*/: / < ω} and

\Xω - Σ Plχι)/Pn+l> a n d l e t ^ be the subgroup generated by B U {*/: / < n}
\ ι=o II
(where p is any prime natural number).

The proof of (*) is just the classical theory of kernels, normal subgroups,
and homorphisms.
Conclusion 2.5 // (*) of 2.4(4) holds B satisfies Qo{\) and if I C(μ, λ)
holds then B satisfies Qo(μ).

Proof: By Lemma 2.4(4), and Theorem 1.6.

Theorem 2.6 The following properties of the pair of regular cardinals
λ > K listed below satisfy:

(A) # (B) => (C) o (D) and //(*) then (B) <* (D)

where: (*) for every μ<λ and χ < K, the inequality μx < λ holds.
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The properties are:
(A) / C(λ, K)

(B) One of the following holds:
(a) there is a {partial) ordering o/λ, such that (λ, <*) is a tree of

height K + 1, < * c <, ^ c λ /5 stationary, and a G W implies
a = U {β: j8 < * α} and for every a < λ, PF Π λ /zαs # pressing
down function.

(β) There is an order <* o/λ = μ+, μ singular, cf μ = K, such that
(λ, <*) isa tree of height K + 1, <* ^ <, μ< a < μ+ implies the
height of a is K, and for every a < λ, a Π {μ, μ+) has a pressing-
down function and (Vδ E W) [cf. δ = K] .

(C) ΓΛere /s # gra/?/z G with λ nodes, which has colouring number >κ,
but every G' g G, |G'| < λ, has colouring number < K (see, e.g., [6],
Definition 3.2f p. 336).

(D) One of the following holds:
(a) there is a stationary set W c {α < λ: c/α = AC}, αm/ ̂ to Sα c «,

U S α = α, of order type κfor each a<ΞW, such that (v/S) [|3 G
5α implies β odd], and for each y <λthe graph {(/?, α): |8 G Sα,
α G F , α < ) } (ίA/s /5 /Λ̂  5e/ of edges) has colouring number <κ;

(β) λ = μ+; cf μ - K, and there are sets Sa 9 μ (a < λ) of order-type
K such that for each y < λ the graph GΎ = {(β, a): β < μ <
a < y, β G Sα} has colouring number <κ.

Proo/:
(A) => (5): Let the tree Γand S c Γ exemplify /C(λ, /c) (see Definition

1.2). W.l.o.g. (V*(Ξ T7)(3jG5) x < y hence |Γ | = |S| + K = λ.
Let T= {ar. i < λ} and w.l.o.g. Γ M , < aj implies / <y. Let R = {i < λ:

Li Φ 0} where L, = {j: j > /, (Vx) [ Γ M < β ; = * x G K : α < / } ] } .
Ca.se /. For some / < λ, |L/| = λ.
First note that λ = |/|+—otherwise there is L Q Lh \i\ < \L\ < λ, so there is a
pressing down function/on {ay. j E L), and {{x: f(aj) <x< aj}: j G L) is a
family of \L\ pairwise disjoint nonempty subsets of {aa: a < /}. So |/| > K,
hence w.l.o.g. /a cardinal, which we call μ. Now replacing 5 by {a,: μ < / <
μ+ = λ} we can easily get (β) of (B) by identifying / and at.
Case ii. Not (i) but R is stationary.
W.l.o.g. / G R => / G L, . As not case (i) C = {δ < λ: ό limit and / < δ => 5w/?
L/ < δ} is a closed unbounded subset of λ. lϊ i G R Π C, choose γ G L, , then
{or. Γ |= αα < aΎ} is necessarily a subset of i (as 7 G L, ) and is unbounded
below / (by C's definition) hence cf i = K. NOW we can easily get (a) of (B).
Case Hi. Not (i) and not (ii).
We can show that S has a pressing down function (let C G λ b e closed un-
bounded disjoint from R,CU {0} = {α,: / < λ}, α, increasing and define/ f [α, ,
α, +i] for each /). (B) =* (A) is left to the reader.

(A) => (C): Let Γ = (Γ, <), 5 exemplify /C(λ, ̂ c), and w.l.o.g. |Γ | = λ.
We define a graph G: its set of vertices is T, and E(G) = {{b,c): Tϊb<c).

Fact G has colouring number >κ.

If not there is a well ordering < * of T such that \{b: b <* c, (b, c) G
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E(G)}\ < K for every c. As K is regular, for some ba, T |= ba < a and
(Vc)(Γ t=Z^<c<tf=>α<*c). Now for every b \ {a G S: ba = b}\ < K (other-
wise \{c: (c, b) G E(G), c <* b} Ώ {a G S: ba = b} has power >κ).

We define on S a graph: au a2 are connected if {c: baι-< c < a\) Π {c:
ba2< c < a2} Φ 0, and {St: t G /} are the components. Clearly in this graph
each node has valency <κ, hence \St\ < K. Let St = {a : i < it < K} and we define
a pressing down/on St, by defining/(α/) by induction on /, such that bat <τ

f{aj) <τa\, {c: f(aj) < c < aj} for j < / are pairwise disjoint. This/contradicts
the choice of T, S.

Fact For each L c T, \L\ < λ, G t L has colouring number </c.

W.l.o.g. x<yΛyGL=>x£;L (true as K < λ).
We know that there is a pressing down function /: L Π S -• Γ as in

Definition 1.2(3). Let f o r f l G l Π S , ^ = {cG Γ: /(</) < c < α}, for / < K,
Ki={beT: bis of level /} - U{Ka: a G L Π 5}. We define < * on L such that:

for / <y < /c, (V* G ϋΓ/)(V7 G ΛΓy)(jc <* y),
for / < K, (VJC G ΛΓ/XV̂  G Utfβ)(* < * ^ ) ,
for a G L Π S, (Ka, <*) has order type K.

This is possible and is enough.

(C) Φ> (D): Similar to the proof of (A) & (B).

(D) => (B) if (*) holds: We can prove that (D) (a) => (B) (a), and φ )
(iS) => (5) (jS). (For the latter we can weaken (*).) As the proofs are similar, let
us prove the first. Let T= {η: η a sequence of ordinal <λ of length <κ} U {ηδ:
δ G W) where ηδ is a sequence of length K enumerating Sδ. The order is an
initial segment and S = {ηδ: η G W}.

By (*) for α < λ, TΠ (κ~a) has power <λ. The rest is easy.

3 Canonical counterexamples for PT(λ, κ+) It is clear that the /C(λ, ω)
(and the related notions, see Theorem 2.6) are in a sense a degenerate case, e.g.
(see [1]), it is consistent for them that "K2-free implies free". PΓ(λ, K^ seems
more complicated and may be a representative case of a class of problems.
We analyze a possible counterexample of PT(λ, Kj) and get a kind of n-
dimensional /C(λ, Ko) example. We can fix the n and get intermediate notions.
If we agree in 3.8 to weaken (B)Pii by replacing condition (/) by (/)' "for
η ΦvGSf, uη, uv, are equal or disjoint and {v: uη = uv} is countable for every
17" the proof becomes much shorter, but does not seem sufficient to construct
a λ- free non-λ+-free Abelian group for example.

Our main tools are λ-sets which are in a sense (<K0)-dimensional station-
ary sets. This analysis makes explicit the feeling that there is an intimate
connection between λ-free non-λ+-free A (for transversals and specific sets).
What about PT(k, κ + ) κ> Ko? By 3.6 we can get a canonical counterexample
but cannot prove 3.8 and the parallel to 3.7 is problematic. Even if we assume
G.C.H., in the case λ(η, S) = μ+, μ singular of cofinality <κ, we cannot get
a tree. We can get reasonable canonical form if in the definition of free for
PT(λ, K) we replace "having a one-to-one choice function" by "having a κ-to-
one choice function" (which has the same spectrum of incompactness).
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With G.C.H. (and/or no Mahlo cardinals) we can demand more on the
canonical counterexamples.

Definition 3.1

(1) For a regular uncountable cardinal λ(>K0) we call 5 a λ-set if:
(a) S is a set of strictly decreasing sequences of ordinals <λ.
(b) S is closed under initial segments and is nonempty.
(c) For η G S if W(η, S) =df {/: η ~ </> G S} is nonempty then it is a

stationary subset of λ(η, S) =dfSup W(η, S) and λ(η, S) is a regular
uncountable cardinal. Also λ(< >, 5) = λ.

(2) For a λ-set S, let Sf (= set of final elements of S) be {rj G S: (V/) 77 ~
</> ί 5} and S, (= set of initial elements of S) be S - 5/ so (Sy = {r/ G 5: λ(η,
S)=0}) .

We sometimes allow λ = 0. Then the only λ-set is {<)}.
(3) For λ-sets S\ S2 we say Sι < S2 (Sι a sub-λ-set of S2) if S ι c S2 and
λ(η, Sι) = λ(η, S2) for every η G S1 (so S/ = S1 Π S/2). Clearly < is transitive.

Notation: In this section S will be used to denote λ-sets.

Claim 3.2
(1) If S is a λ-set, λ(iy, 5) > κfor every η G 5/ (holds always for K = Ko) «̂rf
G /5 a function from Sf to K then for some Sx < S G is constant on S).
(2) If S is a λ-set, η G Sh then S[η] = {v: η ~ v G S} is a λ(η, S)-set, and
λ(v,S[r>])=λ(η~v,S).
(3) If S is a λ-set, K a regular cardinal (Vη G S) (λ(η, S) Φ K) and G is a
function from S to K then for some Sx < S and y < K for every η G S1,
G(η) < 7.
(4) If λ > Ko is regular, WQλ stationary, forδeW Sδ is a λδ-set for some
λδ < δ or Sδ = {<)} then S = {<)} U {<δ> ~η: ηGSδ δeW}, is a λ-set,
λ((δ)~η,S)=λ(η,Sδ).
(5) If Sis a λ-set, F a function with domain S - {< >}, F(η ~ (a)) < 1 + a then
F is essentially constant for some Sι < S which means F\ {η G s': l(η) = m} is
constant for each m.
(6) For any λ-set S there is a λ-set Sι < S such that

(a) all η G Sf has the same length k
(b) for each I < k either

(i) every η(l) (η G S/} is an inaccessible cardinal, or
(ii) every η(l) (η G Sf) is a singular limit ordinal,

(c) for each I <k, either
(i) λ(t?t(/+ 1), S) =η(l) for every ηeSf or

(ii) λ(η f (/ + 1), S) = λtι for every η G Sf (for a fixed λι

s

+ι)
(d) The truth value of "cfη(l) = λ(η \m, S)" is the same for all η G Sf

(for constant I, m).

Proof: (2), (4) Easy.
(1) By induction on λ: for each (a) G S there is (by the induction

hypothesis) Sa < Sι<a>] such that G fS/ is constant and let its value be γ(α).
As JF(< >, S) is a stationary subset of λ = λ(< >, S) and by a hypothesis λ > K,
there is 7* < α such that W= {a G W({), S): 7(0;) = 7*} is a stationary subset
of λ. Now
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Sι = {<>}U {<α> ~v:aeW,v<ΞSa}

is as required.
(3), (5) A similar proof.
(6) Use (1), (5).

Claim 3.3 Suppose P is a family of sets which exemplify the failure of
PT(λ9 κ + ) (where λ > K). Then there is a set λ-set S and function F with
domain S/Such that

(a) For each η E Sf, F(η) is a subfamily ofP of power <κ.
(b) For η E Sh λ(η, S) > K.

(c) Let for η e ω > (λ + 1), F°(η) = U {F(τ):τ <lx η,τE Sf}, where <lx is the
lexicographic order, Fι(η) = U{F°(τ): η < r E Sf} and F2(η) = U{A: A E
F°(η~(λ))}-U {A:AeF°(η)}.

Note that for η E S, F°(η ~ <λ>) = F°(η) UFι(η).

(d) For η E Sf, Fι(η)/F°(η) is not free.

For η E Si9 F
ι(η)/F°(η) is \(η9 S)-free not free (see the Introduction) and

F\η)\ = λ(η9 S) (this follows as \{τ: η < r E 5}|) = λ(η, 5)).
(e)Ifη~ (a) E S then a is a limit ordinal, cfa < λ (η ̂  <α), S) + K < \a\ and
if β < λ(η, S) is an inaccessible cardinal (>K0) then β Π W(η, S), is not a
stationary subset of β.
(f) Ifη * (a) < v E Sf, cfa > K then for some k η ~ (a) < v \ k and \(υ \k,
S)=cfa.

Proof: This is proved by induction on λ for a somewhat wider context: P/Q is
λ-free not free, \P — Q\ = λ > K and the only change in (a)-(f) is that Q is
included in F0(η). As λ > K, λ is uncountable and λ is regular by the main
theorem of [6]. Let P = [JPa9 Pa increasing, continuous and \Pa\ < λ. We

know that W — {a < λ: P/Pa U Q is not λ-free} is stationary (otherwise P/Q
is free, a contradiction). If Wo = {μ < λ: μ an inaccessible cardinal, W (Λ μ is
stationary} is a stationary subset of λ, then for some μ E Wo Pμ/Q is not free,
a contradiction. So by renaming the Pa's, w.l.o.g. WQ = 0 . W.l.o.g. for
a e W; Pa+ι/Pa U Q is not free, and P/Pa U Q is | P α + 1 - Pα|-free. Now
I-PQH-II ^ |-Pα| + *; otherwise | P α | + K < \Pa+\\ < λ so by [6], 1.3 for some
Pf, Pa^P' C P, P/P' U Q is λ-free, \P'\ < | P α | + /c, hence P/Pa is λ-free, a
contradiction. Hence w.l.o.g. for some closed unbounded set C of a < λ,
P α + 1 | < \Pa\ < |α|. If ^ = {a E ϊF: P α + i - Pa has power </c} is stationary

we let 5 = {<)} U {<α>; α E Wx},F({a)) = Pa+ι - Pa for a E »Ί, and it is
easy to see that we have got (a)-(d). We shall prove later that JV* =df {δ E Wγ:
cf δ > K} is not stationary, thus finishing. Then we shall μse t = tδ = φ, Sj =
{ < > } / δ « » = ^ + i - ^ f o r δ E W\.

Let λα = \Pa+\ — Pa\, so λα is a regular cardinal or is <κ. If ^ is not
stationary W2 = {a E WΠ C: a £ Wx, a. a limit ordinal} is stationary. Apply
the induction hypothesis with λα, Pa+ι - Pa, P α U g standing for λ, P, Q and
get Sa, Fa. If we then let:

S= {<>}U {<α> ~η:a<Ξ W2, η E 5 α and a > K}
F((a)-η)=F<*(η)foτηeS?
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it is easy to check that S, F satisfies (a)-(d).
Now for each δ G W2 we apply Claim 3.2(1) so that for some SδΛ < S\ for all
η G Sj ' 1 {</, />: / < /(r/), / < 2 and [λ(iy Γ/, 5 δ) = c/δ iff / = 0]} U {</, /(iy)>:
/ < 2, [/ = 0 iff cfδ < K]} is the same ίδ (notice that there are <K 0 possible /'s).
Also for some t W3 = {δ G W2: tδ = ή is stationary.

If (3/)[(0, 0 G t] necessarily λδ > cfδ for δ G PF3 and so

5 1 = { < ) } U { < δ ) ^ r 7 : 7 ? G S δ ' 1 , δ G ^3}

satisfy all the requirements of Claim 3.3. So suppose (V/)[<0, /) $. t\. Now if
W\ is stationary we will let SδΛ = {()}, W4= W*\ otherwise let W4 = W3, Sδ>\
S, F as above. Clearly for every δ G W4, η G S}Λ the set UFδ(η) has power
</c, but cf δ > K (as <0, l(η)) £ tδ = t). Hence, letting δ = U{y(γ, δ):
7 < c/δ}t/(δ,7) < δ) for some yδ(η) < cfδ [UFδ(η)] Π ΌPδ c U P y ( 7 δ ( ϊ ? ) , δ ) . By
Claim 3.2(3) for some 5 δ ' 2 < 5 5 ' 1 , and some γ δ < cfδ, (VTJ G 5j'2) γδ(r/) < γ δ .
By Fodor's lemma for some 7* < λ

Ws = {δeWΛ:j(yδ9δ)=y*}

is stationary.
Let g be a one-to-one function from Ŵ 5 onto {δ < λ: c/δ = Ko}, and

define Pα* = PΊ U U{P δ + 1 : δ G W5> g(δ) < α}. We could have used the P*9s
instead of the Pa to get the result.

Definition 3.4
(1) A λ-system is (Bη: η G Sc) where:

(a) S is a λ-set, and we let Sc =df {η ~ </>: η G 8h i < λ(η, S)}
(b) Bη~<0 Q Bη~φ when η G S,, / < y are <\(η, S)
(c) If δ is a limit ordinal <λ(τj, 5) then 5 , Λ < δ > = U { ^ < , >: / < δ}
(d) \Bη~a>\ <Mη,S) fori<λ(η,δ).

(2) The λ-system (Bη: η G 5C) is called disjoint if the sets {£^< λ ( τ 7 > i S ) >: η G 5Z}
(see (3) below) are pairwise disjoint.

(3) We let Sm = S - { < > } , Bη~(Mv,S)> =dfB*η =df U{Bη~ω: i < \(η, S)} for

V G S/.

Claim 3.5 Suppose λ /s a regular uncountable cardinal, (Bη: η G Sc) a
λ-sγstem, and for η G S/Sη Q | J Bη\^+i). Then {sη: η G 5/} tos ΛO /m«5-
υersal. ί<l(η)

Proof: Suppose g is a one-to-one function Dom g = Sf and g(τ?) G ̂ . We prove

by induction on η G 5 that (3f G 5/)(r; < v Λ ^(υ) G ( J 5 7 7 r ( / + 1 ) ) (the

induction means: prove for η if we know it for every η\ η ̂  η' G S). In the
induction step we use Fodor's Lemma.

Claim 3.6 Suppose PT(λ, κ + ) fail. Then there is a disjoint λ-system (Bη:
η G Sc) and sets s^iη G Sfi I < l(η))9 and Cδ(δ < λ limit) such that

(a) S satisfies the conclusion of Claims 3.2(6), 3.3(e), and 3.3(/).

(b)^c^r(/+i),0< 1̂1 </c.

(c) For every I c Sf, |/ | < λ, M J si: η G / Λ6f5 « transversal. Moreover, for
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every p G Sh 1^ {v:p<v G Sf], \I\ < λ(p, S) the family \ \J s^ηenhas
a transversal. w>/o>) J

(d) Ifsι

η(Λs™ Φ 0 then I = m, p =dfη\l = v\l and η\[l + l,k) = υ\[l+ 1, it)
w/zere k = l(η) and λ(η \i, S) = λ(v\i, S) when I + 1 < / < k and either
\(η \l + 1, S) = η(l), λ(v \I + 1, S) = v(l) are both inaccessible cardinals or
λ(η\(l+l),S)=λ(v\(l+l),S).
(e) Cη~<δ> is a closed unbounded subset of δ, Cη~<δ> = {f(τ/, δ, /): / < c/δ},
ξ(η, δ, /) increasing with i and if δ is an inaccessible cardinal then 0 =

<V<ό> n w(η, s).
(f)Ifl<m<k = l(η), η G Sf9 cf[η(l)] = \(η \ m9 S) then sι

η c BηHι+l) -
Bη\ι~<D where I •= l{y\\U yU), η{m))\ i.e., f is the η(mYs member of CηW+ϊ).
Moreover if sι

η(Λsι

vΦ0, η Φ v then ζ(η\l, r?(/), η(m)) = ζ(v\l, v(l), v(m)).
(g)IfKl(η) η<ΞSf, cf[η(l)] < K then for no f < η(l) is s^ c BηU~<n.
(h) For some well ordering <* of B* (η G S, ) if η ^ </> < v G Sy, ^e«
[ c / / > K => 5y ( r ? ) Ms* orrf^r />/?e AC] ^Azrf [ c / / < Ac => 5 ί(γ?) Λα s* orrfer />/?e AC X
(c/ |5/(r7) I) ]. (This is not really used.)

Proof: Straightforward and in the most important case see 3.7's proof.

Claim 3.7 Suppose in Claim 3.6 that K = Ko. Then we can add

(ϊ)for η G Si9 B* has the structure of a tree with ω levels (e.g., is a family of
finite sequences, closed under initial segments except that < > $. B*), and η <
v E Sf implies sfiη) is a branch (of order type <ω) (a branch is a maximal
linearly ordered subset), and for m < I, and k < ω, the k9th element of s™,
together with v \ I determine the k-th element of sι

υ.

Remark: In the proof we get that each sι

υ has order type ω.

Proof: Let, for η G Sc, Cη = the family of nonempty finite sequences from Bη.
We assume w.l.o.g. that for η Φ v G Sh Cη^φ Π Cυ~φ = 0 for / < λ(η, S),
j < λ(v, S). It is clear that (Cη: η G Sc> is a disjoint λ-system (|C^</>| <
λ(η, S) as λ(η, S) is uncountable). Let sι

η = {a(η, I, /): / < ω}, and let tι

η =
{(a(η, I, i): i < m): 0 < m < ω}.

Now (Cη: ηGSc), tι

η(η G 5/, /< l(η)) are as required in 3.6 (with Cη, t[
replacing Bη, s^ respectively). The least trivial is (c). Suppose /<Ξ Sf, \I\ < λ, so

j U ^ : V ̂  ^ has a transversal, so there is a one-to-one g, Dom g = I,

g(v) £ U 5 ^ Let g(η) = a(η, h(η), f(η)). Now we define a function g*:

Dom g* = I, g*(η) = (a(η, h(η), i): 0 < i <f(η)). Clearly g* is one-to-one,

g*We U^

For (h) use lexicographic order. It is also obvious that (i) holds, except
possibly the last phrase; but the correction needed is small so we finish.

Claim 3.8 Suppose (Bη: ηGSc), sfa e Sf, I < l(η)) are as in Claims 3.6,
3.7; we can omit 3.6(h)).

Then for any p G S, , m = l(p), and I c {η e Sf: p^η} the following are
equivalent:
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(A)p 7 . The family \\jsι

η\ η E / has a transversal.
Kl>m )

(B)p,/ There are a well ordering <* of 1 and {uη: η G 1} such that

(i) forη <* v (both in / ) , uv Π ( (Js ι

η j = 0 .
\/<w /

(ii) For et>ery 77 G I for some /, m < I < l(η), uη is an end-segment
ofsι

η.
(iii) If ξ < Min{η(m): η E /} /s given, we can demand that each

uη(η E /) w disjoint to Bp^(^.
(C)pJ. There is no λ(p, S H e ί 5* swc/z fAαf ηSS/^p^ηEl.
(D) p j . Suppose ξ < Min{η(m): η E /}, ίΛere are ̂ (r? E /) wΛere

(i) ί/*e wη are pair wise disjoint
(ii) Wη /51 a« end segment of some sι

η m < / < /(r/)
(iii) uη is disjoint to Bp^<o.

We first prove

Claim 3.9 For every λ-set S and p G Sh Rp =df {I g Sf: for every η E /,
P*ζ η, and (C)pj holds} is an £rcomplete ideal.

Proof: Trivially / c /, J GRP implies IG Rp. Suppose In E Rp for π < ω but
^ — U 4 ί ^ > a n d l e t S* exemplify / ̂  £ p ; i.e., let it exemplify the failure of

(C)pj. Define g: Sf -^ ω by g(η) = Min{n: η E In}. (By the choice of S', g is well
defined.) By 3.2(1) g is constant on some λ-set S** < S*, contradicting InGRp.

Proof of 3.8: The proof is by downward induction on /(p). Arriving at p
(letting /, / be fixed), first note that by Claim 3.5, ~^(C)pj => -*(Ά)pj hence
U)p,/=> (C)pJ. Also (5)p,/=> (v4)P)/is clear: each ^ is not empty, (by (B)pJ

(ii)) let g(η) E w,, (for r? E / ) , then by (£) p,/ (i) g is one-to-one, thus finishing.
We shall prove (C)Pf/=> (£>)Pf/and ( D ) P f / ^ (Λ)P f /.

PART α: (C) P f / => (D) p > / . Let /δ = {r? E /: p Λ <δ) ^ r?} for δ < λ(p, 5).

Fact 3.8A It suffices to prove that for some J ^ I the following holds:

(i)/or every δ < λ(p, 5), (C) p ^ < δ > > / ( 5 _ / /70W5.

(ii) Φ)p,/.

Proof: Let < < : r? E J) exemplify (D)pJ and let Jx = {η E /: w* c p̂*} so for
η E (7 Π /δ — Jι) u* is an end-segment of some sι

η, m < I < l(η). Clearly
(u*: η E / Π Iδ — Jλ) exemplify (D)p~<δ>fjn/δ_j1 holds. By the induction
hypothesis this implies (C)p^<δ>5yΠ/δ-7i But by 3.8 A(i) (C)p/v<δ>)/δ_y, holds, so
by 3.9 we conclude that (C) p ^ < δ > s / δ _/ 1 holds, hence (Z)) p^< δ > > / δ_ J l holds, hence
some (Uηi η E /δ — J\) exemplify this. Now define for η E /.

Γ < i f i ? e / !
uη = l

[u% ifηeiδ-Juδe W(p,S)

I remember / = [J Iδ).
\ δ /
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Clearly (uη: η G /> exemplify (fi)Pf/ (i), (ii), (iii).

Fact 3.8B Let (D)pJ be defined like {D)pJ omitting (iii). Then it is enough
to prove φ ) p * 7; in fact for every / ς { ^ S / : p ^ } , (D)pJ => (D)pJ.

Proof: By 3.8A, it is enough to prove for δ G W(p, S) that ( C ) p ^ < δ > ) 7 holds
when J= {η: p ~ <δ>< TJ G /, s™ has no end segment disjoint to # p ^ α > } . This
holds by conditions (e) (f) of 3.6 and (f) of 3.3.

Let us define W - {δ G W(p9 S): the condition (A)p~<δ>Jδ fail} where if
p ^ (δ) G Sf, (A)psκ<δ)jδ fails means 7δ ^ 0 . By the induction hypothesis for
δ G W there is a λ(p ~ <δ>, S)-set 5 δ such that (Vrj G Sj) [p ~ <δ> ~ r? G 7δ]. If
Ĥ  is a stationary subset of λ(p, 5) then by Claim 3.2(4), {< >} U {<δ> ~ η:
η G S/, δ G W} is a λ(ρ, S)-set, contradicting (C) P f / . Hence we conclude that
there is a closed unbounded subset C of λ(p, S) disjoint to W. By Fact 3.8A we
can ignore {η G /: η(m) £ W). As w.l.o.g. p ^ <0) φ. W, we can assume
0 = Min C and clearly it suffices to prove that:

(*) If δ0 < δ! are successive members of C, then we can choose {uη: η G /*}
as required, such that uη Π Bp~<δo) = 0 where /* = {η G /: δ0 < η{m) < bx}.

By Fact 3.8B we can forget the requirement uη Π Bp~(δQ> = 0 .
So we have reduced our task to proving (D)pJ when | / | < λ (p, S), let

δ{ = Sup η(m). By condition (c) (of Claim 3.6) there is a one-to-one function g,

Dom g = I, g(η) G U ^ . For each δ < δx let Jδ = \η G /: g(iy) G U ^ >
/>W ί />A77

η{m) = δ . So, condition C*4)p~<δ>,./δ holds (as g ί / δ exemplify), hence by the

induction hypothesis (C) p ^ < δ > > J δ holds. Let / = / - U {Jδ: δ 0 < δ < δx}. By
Fact 3.8A it suffices to prove (D)p,j.

Case I: l(η) = m + 1 for every η G 5/.
In this case U { ^ : m < / < /(r/)} = 5^w, and necessarily cfδ = Ko for δ G

ί^(p, 5) (essentially as 5"^<δ> is unbounded below δ; more exactly, for ζ < δ,
5^ < δ > Π 5 p ^ < δ > is finite) [see (e) of 3.6]. Let u* = {x G £p*: Λ: G ^ m , x>g(η)}
(>-in the tree order of Bp). On 7we define a graph: ^ , η2 G / a r e connected
if u*v u*2 are not disjoint. Clearly the valency of every η is <K 0 (as for every
r/2 connected to η g(ry2) G 5 ^ and s™ is countable). Now we look at each
component; we can shrink somewhat the u* to make them pairwise disjoint (by
ordering them in length ω and shrinking by induction) provided that η Φ v =>
s™ Φ s™9 but as s£l<δ> is "unbounded below δ" this holds.

Case II: Not Case I and all δ G W(p, S) are singular ordinals.
In this case for some K, (Vδ G W(ρ, S)) (cfδ = /c) and hence (see (3.6(a)

and through it 3.3(f), 3.2(6)) for some n > m for every η G Sfi \(η \n, S) = K.
We define on / a graph:

τ?i> V2 ̂  7 are connected ifη\\n = η2ϊn or if wη* Π ŵ *2 ^ 0
(u* is defined as in Case I).

As in Case I the valency of every η G /is <κ. So let (Ka: α < α*) be a list
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of the components of the graph. For each a let {ηa^: f < f(α) < K} list
{η\n:ηEKa}.

Now by conditions (e), (f) of 3.6 clearly,

Fact For every α < α*, f < f(α), the following set is bounded (below K):

\i < K: there are vu ηa^ ~ </> < υx E / and v2, V ^ < vi Ξ #« ̂ wc/z

that u*x Πu*2Φθ\.

We can conclude:

Fact For every δ, (C)p~< δ > > L hold when L = {ηGJ: p~ <δ> ^ η, and for
some a, f, ξ, i; τyα'r ^ E # α Λ α * ^ 6 ί α , ujΠuZ Φ0 and ξ < ft.

By Fact 3.8A it suffices to prove (D)PtJ-L, however <«*: η G J - L) are as
required:

Case //// Not I nor II.
So every δ G W (̂p, 5) is necessarily an inaccessible cardinal so for

δ < λ(p, S) which is not inaccessible, δ Π W(p, S) is not stationary and by
condition 3.3(e) (and 3.6(a)) also for no inaccessible δ < λ(p, S) is δ Π FF(p, S)
a stationary subset of δ. However (really we can get disjoint end segments in our
case):

Fact 3.8C

(1) Observation: If W is a set of ordinals, each of cofinality >K0 and for no
δ is δ Π W a stationary subset ofb then we can find <cδ*: δ E W) such that: each
cδ* is a closed unbounded subset of δ (for δ E W) and the cδ's are pairwise
disjoint,
(2) Moreover if for δ E Wcδ is a closed unbounded subset ofδ disjoint to W,
then we can find pairwise disjoint end-segments (and even omit the demand
δ E ^ = > c / δ > K 0 ) .
[This can be proved by induction on sup W].

Applying this to W = {η(m): η E J}2 we let, for δ E W\ Jδ = {η E Sf:
η E /, p Λ <δ> < r; and τ?(m + 1) ̂  cδ*}. Clearly (C)p~<δ)fJδ holds, hence by
3.8A it suffices to prove (C)p,y where /* = / - U{/δ: δ E ^ ' } . But {«*:
ιy E /*} are as required: w*, Π w*2 = 0 if ^(/w) Φ η2(m) as c* l ( m ) Π c*2(m) = 0
by condition (e) of 3.6, and u*r Π u*2 — 0 if r\\(m) = η2(m) by condition (d)
of 3.6.

PART jS: (D)pj => (B)pj. For notational simplicity we omit condition (iii) of
(B)pj. The proof is by cases.

Case I: p ~ </> E 5/ for / E JΓ(p, S). Easy.

C 5̂ e 77: Every δ E WΓ(p, S) is a singular ordinal.
In this case for some regular κ9 [δ E W(p, S) => c/δ = /c] and h € Sj-*

ς/ΐi?(π)] = K]. (Note that if η ~ <δ) E 5/ then cf δ = Ko). Let <w*: ^ E />
exemplify (D)pJ, u* an end-segment of 5^(r/). For a < κ9 i E W(p, 5) let
Λα = W' h(y) * 1(P), i? G /, p Λ </> < ?̂} U {τ;: p Λ </> < ly, η(n) < a}.
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By Claim 3.9 (apply to p ̂  </>) and the induction hypothesis (B)P~ay,jiya

holds, and let u"(η E Jif0() <*a (a well ordering of Jia) exemplify it. Let
Jot— U Λ« a n c * < « be t h e w e ^ ordering of Ja defined by:

/G W(p,S)

η < * V iff (3/) [η E JitOt AVG Jit(X Λ η <*a v] V (3/ < y) [?y G 7/,α Λ f E /y> J .

(Note that the 7/>α are pair wise disjoint for distinct Γs and a fixed α, this also
explains the notation u" instead u^a.) Clearly <*, u%(η E Ja) exemplify
(B)PiJa. We now define by induction on ξ, a subset L% of / such that:

(a) Lξ is increasing continuous, ULξ = /.
(b)L o = 0 , \Lz+l - Lz\ <: K.

(c) if ιy G L$+i - L^ vG /, and uκ

v Γ\\\}sιΛ Φ0 then i; E L, + 1 .
\ / /

(d) if η E L ξ + 1 - Lξ, v G I, η\n = v\n then t; E L^+ 1. / \
(e) if η E L^+ι - L ξ , α < K, V E 7α, η E 7α and M« Π I | J ^ ) ̂  0

then veLξ+ι. \ ι '

We give now a partial information on the uη9 <* we shall construct:
uη E {Uηi a = K or a < /c, 77 E Ja} and if ry E Z,£, f ί L ξ (so v E L r + 1 - L f for
some Γ > ξ) then 77 < * v. This guarantees (ii) of (B)pJ and also (i) of (BpJ)
except possibly when for some ξ,η, vG Lξ+Ϊ - L^.So we can restrict ourselves
to a fixed L^+ϊ — L%.

Now the set {η{m): η E Lξ+ι - Lξ} has power <κ, so let it be {/r: f <
f(*) ^ }̂ We can define by induction on f < f(*) an ordinal cer < κ9 such that
(remembering the second phrase in 3.6(f)):

(*) if 7 < f, p ~ <ι» < iy G S/, iy(/ι) > α r , p
 Λ <7> ^ v E 57, then s™ is

disjoint to ^ ( p ) .

Now we define uη: ifη(m) = /}, I/(Λ) > a^Ah(η) = m then ŵ  = w* and //
?7(m) = /r, [T7(Λ) < α r vΛ(ί |) ^ m] then ŵ  = w^r. As for the order if η Φ v E
L^+1 - Lξ, ιf0 = ry(m), /r, = ry(m), then

[ ft) = f 1 Λ !/„ C 5,m Λ Uυ £ ̂ m "> V < * 17 ]
[fo = fi Λ Ŵ  % s™ Λ «„ £ s? -• ry < * t; s ry <* r ^]
[fo = fl A Ŵ  C 5f Λ Wy C ̂  -> ry <* V = η <lχ V].

We leave the checking to the reader.

Case III: Every δ E W(p, S) is an inaccessible cardinal. Easy.

Now we have got:

Theorem 3.10 For every λ > Ko the following are equivalent.

(A) PT(\, Xx) fail.
(B) There is a family of countable sets {5,-: i < λ}, which does not have a
transversal but for every I <Ξ λ of power <λ there is a well ordering <*, such
that for / E /

ίi2U{ίy :ye/,y< ϊ] .
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In fact Si = \Js , \s \ = Ko, and for every /there is <* (as above) such that
L ten

(V/ G /)(3/ < n)[sj Π(U{sj: j G /, j <* /}) is finite.

4 Some investigation of PT

Lemma 4.1 For λ > K, PT(λ, K) is equivalent to PΓ(λ, κ+) provided that

PT(κ, K) fail.

Remark: On PT(κ, K) see next lemmas.

Proof: Any counterexample to PT(λ, K) is a counterexample to PT(λ, κ+). So
assume PΓ(λ, κ+) fail. So there are 5, (Bη: η G Sc>, sι

η as in 3.6. Let sι

η =
{a(η, /, /): / < K} (as | ^ | = K by 3.6(h)).

Define t^ = {(a(Vi /, /), α(iy, /, j)): j < /}. B'v = Bv x Bv (for T? G S / S

/ < /(τ;), / < K and for ̂  G S c). It is easy to check that (B'η: η G Sc) is a disjoint
λ-system.

As PT(κ, K) fail let {̂ 4,: / < α} be a family of subsets of K which has no
transversal, Ai\ < K, but for each a < K {Aji i < a} has a transversal, and let
Ga be such a transversal.

Now we define a family which is a counterexample to PΓ(λ, K). It is J51 =
{A,/. 7? G S/, / < K} where

Dηti= U 4 u ( W χ A )

(we assume w.l.o.g. that every tι

ηth {v} X At are disjoint). Let us check.

First requirement: E is a family of λ sets each of power <κ.
This is obvious (note that \tι

ηj\ < |/| < K).

Second requirement: E has no transversal.
Suppose g is a one-to-one function, Dom g = Sfx κ9 g((η, i)) G A?,/?^)

where Λ(r/) < l(η). For each r; for some / = iη g((η, />) ^ {t/} x /!/ [otherwise
letting g((η, />) = {η^fη^ifη is a transversal of {Λ: i < ̂ }] Hence /(η) =df

g((η, iη)) belong to | J tι

ηt. However, as noted above {B'η: η G Sc) is a

λ-system and *£, e BηHί+ι). Clearly/is a transversal of \{J tl Λ ( } : 7y G SΛ

w J
contradicting 3.5.
Third requirement: If / c Sf x /c, | / | < λ then {D^ : <ry, /> G /} has a
transversal.

W.l.o.g. / = / x K, J c 5/. By the choice of the <£,: η G 5C>, ^(77 G S/,
/ < l(η)) there is a one-to-one function g, Dom g = /, g(η) G U ^ » a n ( ^ l e t

/
g(η) =a{η, m{η),j(η)). We now define a function/, D o m / = / , / ( < r / , />) is:
<α(r], m(r]), /), a(η, m(η),j(η)) iϊ j(η) < i and (η, GJ(η)(Aj)) otherwise.

The checking is straightforward.

Lemma 4.2 PT(κ, K) iff K = KO or K is an uncountable inaccessible cardinal
such that
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(*)κ for every stationary subset W of K for some inaccessible cardinal
μ< K WΠ μ is a stationary subset of μ (so κιs a Mahlo (inaccessible) cardinal).

Proof: PΓ(K 0 , Ko) is well known. Let K > Ko, (*)* hold, and suppose At <Ξ K,
\AJ\ < K satisfies: \{AJ: i < K} has no transversal but every {A^. i < a} has
transversal for oc < K. Clearly {δ < K: (VJ < δ) A, <Ξ δ} is closed unbounded.
Then W = {δ < K: for some β; δ < β < K and {A^. δ<i<β} has no transversal,
with range disjoint to δ} has to be stationary. Clearly C = {δ < K: for / < δ
Ai c δ and for δλ G δ Π W there is β, δ{ < β < δ such that {Ay. δx<j< β] has
no transversal with range disjoint to δ/} is closed unbounded in μ. (*)κ provides
us with a μ E C such that {A^ i < μ}, has no transversal, contradiction.

If K is singular or a successor cardinal PT(κ, K) easily fails. [For κ = μ+ use
{a: μ < a < κ}9 and for K = X) κh K > μ = cf K, /C/ < K, /C/ increasing, continuous

κ0 = 0 use {{α}: α < /c, α ^ {/c/. / < μ}} U {{a: κt < a < κi+ϊ}: i < μ}:
U{/c,:/<μ}].

If K is inaccessible but (*)κ fails, let W exemplify this, and w.l.o.g. Wbt
a set of limit cardinals, and E = {μ: μ G W} exemplify PT(κ, K). [AS W is
stationary it has no transversal. Now prove by induction on / < K that for
j < i, {μ: j < μ < /'} has a transversal with range disjoint toy.]

Lemma 4.3 Suppose K is an uncountable inaccessible cardinal such that (*)κ

(from 4.2) holds. Then for λ > K PT(\ K) iff(Vμ < K) PT(\ μ).

Proof: A counterexample to PT(λ, μ), (μ< K) is a counterexample to PT(λ, K).
If we have a counterexample P to PT(λ, K), use 3.3. By 4.2 \F°(η)\ < K for
η G Sf and λ(η, S) Φ K for η G S, . Now by 3.2 (and 3.5) get a counterexample
to PΓ(λ, μ) for some μ < K.

5 Abelian groups

Let M b e (H(x)y 6, £/) for some large enough regular *.

Axiom XVII

(*)IfN<M,A, BEN then A Π TV is free over B/B Π N. (By Axiom XI,
w.l.o.g. BQA.)
(b) IfBQA,N<M,AiBeNA -B^NthenA ON is free over B/B ΠN.
(c) //B c A, N < M, A, B G TV ύwtf yl/jB fe K0-/ree ίΛβΛ yl Π ΛΓ fc free over
B/B Π M

Axiom XVIII IfN <M,A,BeN,AQN then A/B is free iff A/B Π Â
is free iff A/B' is free for any B\ B Π N^ B' c £.

Claim 5.1

(1) For Abelian group Axiom XVII (a) w1 satisfied.
(2) v4rt>> variety satisfies Axiom XVII (c).
(3) Axiom XVII (a) implies Axiom XVII (c), α/so Axiom XVII (a) implies
Axiom XVII (b).

Theorem 5.2 ^ w m e ̂ x/om /**, ̂ F / / (a) (tf^tf II-XVI). If there is a
λ-free not \+-freepair and χ0, χi < K, ίΛe« PT(λ, κ+) holds.
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Notation: For a sequence η = (a0,..., oίm-\) of ordinals, m > 0 let η+ =

< α 0 , . . . , αw-2> <Xm-\ + O

Proof: So let A/B be λ-free not free, \Λ\ = λ, w.l.o.g. λ > K. By [6] λ is regular.
Now like 3.3:

A. Fact There is a \-set S and sets BVi Aη for η E S, v E Sc such that

(a) (Bη: η E Sc) is a λ-sγstem.
(b) For η E S, λ(ιj, 5) > /c.

(c) We to £< > = B, A{ > = Λ, we stipulate B<}+ = A \J B; now Bv, Aη Q A

(for v<ESC9η<Ξ S), λ(η, S) + K = \Aη\ + K, Aη = Bη

+ - Bη = Bv-<Mv,S)> for
ilGS).

(d) For η E Sh Aj\J BηU is \(η, S)-free not free and for η E SfAη/\J BηU
//</(r/) //</(!?)

is not free.

(e) If η ^ (a) E S //*£« α /5 « limit ordinal.

Notation: For η E 5 B* = ( J 5^/.

By Axiom XVII (a), XIV (1) w.l.o.g. \B\ < λ.
Let r; E Sf, Dη be a subset of B* of power </c such that Aη is free over

B*/Dη (exists by Axiom XVII (a)). Let D* = Dη Π A. We shall prove that
E = {D* x K: η E 5/} exemplifies the failure of PT(λ, κ+) thus finishing the
proof.

Clearly it is a family of λ sets each of power <κ. By 3.5 E has no

transversal (as (Bη x K: η E Sc> is a λ-system, £>* x K C ( J ^ r / x K . So it

suffices to prove that if α < λ then Ea = {D* x κ\ η E 5/ Π ω > α } has a
transversal.

B. Fact For #«y cardinals μ and set V of power <κ and cardinal χ 5"wcΛ ^ α ί
μ, F G / / ( χ ) . Le/ R = {η: η a decreasing sequence of ordinals <μ such that
η(m) < K => m + 1 = Z(τy)}. W^ Cί?« rfβ//Λ^ Λf^(iy E /?, ry(/(r/) - 1) > 0) 5wc/z that

(\)Mη<(H(χ), E ) , VQMηand(yi< \\Mη\\)[i E M,], η E Af?.
(2) Lei /^ = IM^I, then η is final in R iff μη < κ; απί/ μη = Mm{|^(/)| + K:

/</(*/)}.
(3) For 7? E Rj - {<>}, τ?+ E /? and Mη+ = U{Af^</>: i < /*„}; i/iy ^ <δ> E /?,
δ α //miϊ ordinal, then Mη~<δ> = ( jM ? 7 ^ < / > ^ΰf (/> ~ </>, ry ^ O') E # , / <y,

/<δ
thenM^φ <Mη~a>.
(4) F o r / < l(η), ηGR MηU E Mη.

(5) Stipulating M<μ> = {JMm, M^ < 0 > = M< > = 0 , M,+ - ( J MηU:

r; E i?/ /51 a partition of M<μ>.

(The proof of their existence is by induction on μ, and then we define by
induction on β < μ, Mβ+U and (M<β)~η: (β) ^ηG R) such that a E M < α + 1 > . )

We stipulate for nonfinal η E R, Mη^<μ > = Mη+, M< > = 0 , M< >+ =

)3<μ
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We use Fact B for χ large enough (and regular) V — {A, B] U {(Aη, Bη,
B*9 Dη: ηGSc), S, Aa} and μ = \Aa\ and get (Mη: η E R) as above.

Notation: Rt = {η E R: (lβ)η ~ </3> 6 R}, Rf = R - Λ, .

By Fact B(5) for each η E S/ Π ω > α there is a unique v = vηGRf such that
77 E My+ — | J Afyf/. So in order to prove that Ea has a transversal it is

enough to prove for each η E S/Π ω > α .

or equivalently

(•) D , 2 f l U U { M ^ : / < / ( t ; , ) }

[because D* E Mυ+ (as ( i)^: f E Sf) E Afv+), and so the power of

(/?; x K) Π ( M ^ - U Mvηt)

is K, and for such v E 5/ there are at most K such η's].

C. Fact L ^ ijGS/Π ω>a, v = υψ k < /(f).

Then 4̂ is free over B* U ( \jMvU Π A)/DV. We prove this by induction
\ i<A: / /

on A:.

For A: = 0: this means that Aη is free over B*/Dη (as we have stipulated
M< > = 0 ) and this holds by the choice of Dη.

For k > 0: Let /(£) be maximal such that η \l{k) E Mυ\k and let δ be the
minimal ordinal in Mυ\k which is >η(l(k)).

As η \l(k) E M ^ and S E K, clearly λ(iy Γ/(A:), 5) E Myr^. So by the
choice of l{k) and δ

(i)η(l(k))<δ<λ(η\l(k),S).

It is also clear that (as VcMvlk < (H(χ), E) and A, B, (B*: p E S) E

(ii) ^4, 5 and B*nik)~<δ> belong to M r̂̂ -

By (4) of Fact B

(Hi) for pGR, U (MβUΓιA) belong to Λfp.

By (ii) and (iii) (with v \k standing for p)

(iv) B*U{k)~w U ( U M ^r/ Π ̂ ) belong to Mvlk.

As A E M^^, by Axiom XVIIa with B*U(k)^<δ> U U M ^ / Π ^ ,
V \i<k I

Ay Mυ\k standing for B, A, ^respectively)
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(v) the triple [Mvlk ΠA, B*tm^<δ> U ( | J MvU Π A), Mυtk Π (\* r / ( ^ < δ > U
\ \/<A: / \

(UAί^n^jj is free.

By the choice of δ, and as the function h: BηU{k)^<6) -• δ h(b) — Min{i:
b E BηU{k)~υ)} is definable in Mvtk:

(Vl) 5*t ( r ? ) xs < δ > Π Mυ\k = ^(r?r/(ry))^<ί?(/(A:))> Π Myf£.

But η \l(η) ~ (η(l{k))) = η \ (l(k) + 1), SO

(vϋ) (Mvtk n A, B;m)~<δ> u ( \JMVU n A), Mvlk n ( ^ ( / W + D U ( U
\ \i<k I \ \i<k

MVUΠA))\ is free.

Now by monotonicity Axiom XI (and as 5 r 7 r ( / ( A r ) +i ) g Bv\ι(k)~<δ} by (i))

(viϋ) /My^ni4, B;m)~<δ> u ( j j M ^ n A ^ * r ( W + 1 ) u ( l jM, r / n^j\
is free.

But B*HlikHl) c 5η* g 5 ; U ̂ η g B*Hi{k^<δ> so by monotonicity (Axiom
XI)

(ix) (λfyUc Π A, B; U Λ,, β ; U ( U MυU Π ̂ j \ is free.

By Axiom VIII

(x) MvtkΠA is free over AJB; U(\JMVUΠA).

I \i<k I

By the symmetry Axiom IX

(xi) Aη is free over Mvtk Π AIB* U ί | J MυU Π Λ .

By the induction hypothesis

(xii) Aη is free over B* U ( | J M^, Π A)/DΨ

\ i<k If

By (xi), (xii) and the transitivity axiom (Axiom X) (as Dη 9 β*) (and two
uses of commutativity)

(xiii) Aη is free over BηU (\J MυU Π A)/DV.
\i<k II

So we have carried the induction, thus proving fact C.

D. Fact AJ (B U U (Mυ\m Π A)) fe /ra? /or α ^ ijGS/Π ω > α and

I \ m<l(υ) I
veR.

But Aa G M r̂m, AJB is free, M y r w G Mv\(m+i) hence we can prove by
induction on m that AJB U | J (M^/ Π A) is free (for m = 0 this means AJB
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is free, for m -f 1 use Axiom VII (see the Introduction). So Aa/B U (J
w</(ι;)

(Mvtm ΠA) is free.

Now by Axiom I** as ̂  c ̂ 4α, ̂ / i ? U (J (M u t m Π ̂ 4) is free, so we
have proved Fact D. w - / ( ί ; )

Assume now that (*) fails, i.e., η G S> Π ω > α , v = vη D η ̂  B U (J
m</(t )

(Myrm Π ^4) and we shall get a contradiction, thus finishing the proof of
Theorem 5.2. As Dη^BU (J ( M y f , n ^ ) c 5 ; U | J (MυfmΠA)9 by

m<l(v) m</(f)

Fact C and Axiom XI ,4^ is free over
# ; U U ( M ^ Π i ) / β U U (MvlmΠA) .

So by Fact D and Axiom XIV (1) Aη/B* U | J (Mvlm Π A) is free. By
m</(f)

Fact C and Axiom XI Aη is free over B* U (J (Mu Γ w Π Λ)/B* hence by
m<l(υ)

Axiom XIV (1) we get Aη/B* is free contradicting (d) of Fact A.

Lemma 5.3

(1) If PT(λ, Kj) fail there is a λ-free not free Abelian group of power λ.
(2) Moreover we can get a strongly λ-free not free Abelian group and group of
power λ.
Proof: (1) By 3.10 there is a λ-system (Bη: η G Sc) and sη c (J ^ f / such

that for / c Sβ \I\ < λ there is a well ordering < such that sη — U {v f < * ?/}
is infinite. Let ^ = {a(η, /): / < ω}. We define an Abelian group G: it is

generated freely by \xr: r e (J Bυ U {y%: η E S/, « < ω} subject only to the
relations ^ υ )

yη" = Xa(η,n) + 2yη"
+l .

In order to prove that G is not free, let, for η G Sc, Gη be the subgroup of
G generated by {xr: r G Ό{v G 5, t; </Λ. r/} U {̂ p

m: p E Sf9 p </Λ. iy}. (So G< > is
trivial, G<λ> = G.) We now prove by induction on η G S (which is a well-
founded tree) that Gη*/Gη is not free. No problem arises.

Lastly we have to prove for a < λ that G<a> is free, so let <* be a well
ordering of {η G Sf: η(0) < α}, for each η uη = sη - U{sv: v < * η} is infinite.
Let Λ, = {xr: resη}U {y%: n < ω}.

We prove by induction oni jG/ that for v < * r?, (J Aτ/ [J Aη\s free.
τ<*ί7 / r<*f

A trivial case is 17 an immediate successor of v which is clear.
(2) Similar proofs.

Conclusion 5.4 There is a λ-free not λ+-free Abelian group iff PΓ(λ, KO
fail iff there is a strongly λ-free not λ+-free Abelian group.

Concluding Remarks:

(1) The proofs in Section 3 suggest dealing with ICn(λ, ω) where

Sh:161



INCOMPACTNESS IN REGULAR CARDINALS 223

Definition Let ICn(λ, δ) hold if there is a set S of ^-tuples s — (s0,...,
£„_!>, s> an element of a tree Γ of height δ such that

(a) \S\ = λ
(b) There are no functions f: S^>T and g: S-^> n such that / ( < 5 0 , . . . , sn-1)) <
sg«s0,...,sn-θ) (for each/t-tuple from S) and {x e T: f((sθ9... ,sn-λ)) <x<
Sg((s0,...,sn-O)} (for (s0,.. .,£„-!> G 5) are pairwise disjoint.

(2) For any S* c 5, |S*| < λ there are such f, g.

Note: (a) We can replace δ by δ = < δ 0 , . . . , δΛ_!>, (so 57 has height δ7); (b) we
can treat ICn(λ9 δ) in the context of the Introduction and prove compactness
for singular cardinalities. It is natural to conjecture that under the hypothesis
of 5.2, there is an a* < ω such that some A (or some Λ/B) is λ-free not λ+-free
iff for some n < a*, ICn(λ, ω) holds. However if we look carefully at the
analysis in Section 3, we see that for some / < ω we may demand that the
sι

η(η G Sf) are pairwise disjoint or equal; so really we can replace sι

η by a point
(e.g., if (Vμ < \(η f/, S)) [μN° < λ(η \/, S)]). This suggests a finer division
(using 3.6 of course to uniformize) and calls for re-examining Section 1 and
5.2 to make them meet; i.e., we will have few quite simple combinatorial
properties so that the set S = {λ: there is a λ-free not λ+-free A} is deter-
mined by them; i.e., if λ0 is in S then for some such property Pr, Pr(λ0) Λ
( v λ ) ( P r ( λ ) - + λ e S ) .

(3) What about the variety of groups? If we have a λ-free not λ+-free group,
we can repeat the analysis in Sections 5 and 3. We can prove PT(λ, K^ fail if
for every η ~ <δ> G Sh c/δ = λ(η ~ <δ>, S).

Appendix (by A. Mekler)

Theorem The following are equivalent:

(A) There is a family A of countable sets so that: \A\ = λ; A does not have a
transversal; and every subfamily of cardinality <λ has a transversal. (We
abbreviate this property as -iPΓ(λ).)
(B) There is a family A exemplifying -iPΓ(λ) such that if Be A and \B\<\
then B has a large transversal. Here B has a large transversal if there exists a
family of pairwise disjoint infinite sets {b*: b G B} such that b* ̂  b.
(C) There is a λ-free abelian group of cardinality λ which is not free.

Proof: By [6] any of (A), (B), and (C) imply that λ is regular. Before proving
(A) =* (B) in general we will consider a special case.

Proposition 1 Suppose A = {aa: a G E} exemplifies PT(λ) where E is a
stationary subset ofλ and each aa £Ξ a. Then (B) holds.

Proof: Note that Fodor's lemma implies A does not have a transversal without
loss of generality. We can assume \aa\ = ω for all a. For each a G E let
Ba = <ωa and let pa be some enumeration of aa. Define ta = {pa \n: n < ω}.
Let C = {ta: a G E}. Since for a a limit point of E, Ba = \jBβ9 Fodor's
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lemma again implies C does not have a transversal. It remains to see that if
/ c \ and |/| < λ then {ta: a G /} has a large transversal.

Let g be a transversal for {aa: a El}. We can write / = [JIa (continuous)

so that for all a: Io = 0; |/α + 1\/α | < ω; and for all / G Ia and j G / if g(aj) G #/
then α7 G /α. Fix α and for each i G / α +i\/ α choose t* so that {t*: i G /α+1\/α}
forms a large transversal for {/,: / G /α+i\/α} and if pt \ n G tf then for some
k < n g(cti) =Pi(k). It remains to see if, / Ψj9 t* Π t* = 0. By the construction
we can assume there is a so that / G / α + i\/ α and j £ Aa+λ. Since g(aj) ί α, ,
/,* Π <ωύrl = 0. [Note: we didn't have to assume that aa's were pairwise disjoint.
This remark shows the method applies to indexed families.]

The generalization of a stationary subset of λ which we will use is a
λ-system.

Definition A λ-sγstem is labeled subtree <S, Bη, λη: η G S) of < ωλ satis-
fying:

(1) λ = λ<>
(2) for all η G S, λη is regular
(3) η G Sf (the terminal nodes of S) iff λη = ω
(4) suppose η is not terminal then

(a) E = {i: η ~ </> G S} is stationary in λ̂
(b) for all / G E, λη~<iy c |£„,.</> | < λ,
(c) if i<je E, then ΛηΛ<l > c Bη~u>

(d) ifjGE andy is a limit point of ii, then £η/χy> = UBη~φ(i<j, iG E).

To simplify notation we let 2?̂  denote UBη\ι(l < /(^)).

Proposition 2 Suppose (S, Bη9 λn: η G S) is a λ-system B( > = 0 α/7ί/ {ŝ :
r/ G 5/} w a family of countable sets so that for η G Sfsη^:Bη. Then {sη: η G
Sf} does not have a transversal.

Proof: Assume g is a transversal. We will find an infinite branch through S.
Fodor's lemma implies {/ < λ: there is η G Sf(η(0) = i) and g(sn) G Bo>} is
nonstationary. Pick some </0> G S so that for all η G Sf if η(0) = i0 then
#(5^) $. #</0>. Repeating this argument we can find ix so that: </0, /i> G *S; for
all η G 5/if η(0) = i0 and η(\) = i\ then g(sη) G B<io>UB<iojι>. Continuing we

get an infinite path through S and hence an infinite descending sequence of
cardinals.

Proposition 3 Suppose <S, Bη, \η: η G S) and {sη: η G Sf} are as above.
Further suppose {sη: η G Sf} witnesses ->PT(λ). Then there is {tη: η G Sf}
witnessing (B) and a λ-system (S9 Cη9λn: η G S) such that C< > = 0 and for all
ηGSftη^Cη.

Proof: ifηGS let Cη = <ωBη. Now we can assume for all η G Sf and 0 < / <

l(η) that \Sη Π Bηu\ = ω. Letp ι : ω-• BηU enumerate Sη Π BηU. Let tη = {pι\n:
I < η and n < ω}. The verification that this definition works is similar to the
proof of Proposition 1.

Remark: If we wished to we could require that there be some k < ω such that
ηG Sf iff l(η) =k.
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Definition Suppose A is a family of countable sets and B is a set. Then A/B
is free if there is a transversal g of A so that for all a G A g(a) £ B. Similarly
define λ-free.

Note that [6] applies to this concept. So if A/B is λ-free, not free and
\A\ = λ, then λ is regular. Also suppose A/B is λ-free and \A\ = λ and λ is
regular >ω. Let A - [jAa (continuous) where \Aa\ < λ. Then A/B is not

free iff {a: A\Aa/B U Ba is not λ-free} is stationary where Ba = UAa.

Proposition 4 Suppose -iPΓ(λ) holds. There is <S, Bη9 λη: η G S) and
{sη: η G Sf} satisfying the hypotheses of Proposition 2.

Proof: Let ,4 exemplify -.PΓ(λ). We will define <S, Bηi ληi Aη: η G S)
inductively so that: <S, 5^, λ :̂ r; G 5) is a λ-system; for all T/ G 5 | ^ | + ω =
λ ;̂ for all η Aη/Bη is \Aη\-free but not free; if η, η ~ </>, η ~ (j) G S and
/ * y then Aη 3 Λ^/) and Aη~u> Π Arυ'> = 0. Let A{ > = ,4, B{ > = 0 and
λ< > = λ. In general suppose Bη9 Aη and λ, have been defined and λ̂  > ω. Write
Aη = UAj(i < \η) (continuous) so that for all /, \At\ < λη; Ai+ι\Ai/Bη U Bt is
always \AM\Ai\-ixf& andjree iff A\Ai/Bη U Bt is λ^-free. Here Bt = LL4,. Let
η ~ </) G S iff Λ / + 1\Λ /J?η

 u Bi is not free. In which case let Bη~o> = B{ and
Aη^(iy = Ai+ι\Aj. Suppose η G Sf and let sv = UAη Π Bη

View {5̂ : ^ G S/} as an indexed family (i.e., we view sη as different from
sη9 if η Φ η' even if they are equal as sets). We now show {sη: η G S/} is λ-free.
Suppose Id S/and |/| < λ. Let g be a transversal for U ^ For each η G S/

,4,/i^ is not free. Hence there isaG Aη so that g(α) G S,. By the construction
ifηφη' (eSf) Aη Π >l v = 0. So if we let f(sη) = g(a) for some a G Aη so that
g(#) G 5,, then/is a transversal for {sη: η /}.

There is one final difficulty. It is possible for sv = sη> for some η Φ η'. We
can assume λ > ω{, since the result is true for ωx. By the above paragraph for
any countable set s\{η: s = sη}\ < ω. So we can modify B<io> by adding ω new
elements and using them to distinguish equal sη. Here /0 the least / so that
</> G S.

(B) => (C). Rather than using (B) we will use the somewhat stronger
conclusion to Proposition 3, which is provable from (B) or (A). So assume
<S, Bηi \η: η G S) is a λ-system, {sη: η G S/} is such that every subset of cardi-
nality <λ has a large transversal; and for all η G Sfsv c j?^. Let ^ : ω -> sv be
an enumeration of sη. Let >1 be the Abelian group generated by B = U ^

r/GS

and {a%: n < ω, η G S/} subject to the relations 2α^+1 = ^ - tη{n) (n < ω,
η G 5/). This group can be realized as a free product with amalgamation of the
group freely generated by B and the groups freely generated {a%: n < ω}
(η G Sf) where for all η G 5/the subgroup (tη(n): n < ω) is identified with the
subgroup << - 2 < + 1 : rt < ω> via tη(n) -• < - 2a^+ι (cf. ([4] 3.6) for a similar
construction).

To show A is λ-free we will use the following simple proposition.

Proposition 5 Suppose {an: n < ω} freely generates a group and bn = an-
2an+{ (n < ω). // / g ω fa infinite, then {bn: n £ 1} U {an: n e 1} freely
generates (an: n < ω).
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Proof: Suppose m G I. Then ({bn: n £ /, n < m} U {an: n G I, n < m}) =
(aθ9..., tfm>. By the Hopfian property of Abelian groups if m elements gener-
ate a free Abelian group of rank ra, they freely generate it.

Suppose that C <Ξ A is a subgroup of cardinality < λ . Choose I ^ Sf so
that |/ | < λ and C is contained in the subgroup D generated by B and {#":
η G /}. Let {s *: 17 G /} be a large transversal for {sη: η G /}. It is not hard
to show (cf. [4] 3.6) that D is freely generated by | J {a%: tη(n) G s*} U

(Λy,4
Suppose now that A is free. For / < λ define At to be the group generated

by ΌBη{η(0) < i) U {a": n < ω, τ?(0) < /'}. Since {/': Ai+l/Ai is free} is a cub,
we can choose /0 so that </0> G S and z0 is the limit of {/ < /0: </> G 5}. Suppose
</0) = η G Sf. Since 2?</o> = | J Bo> g Λ/o, α° is infinitely divisible by 2 mod

/</o
AiQ. Since #° ^ Aio, this is a contradiction. Continuing we can choose an
infinite path through S. This is a contradiction, so A is not free.

Remark: This construction works equally well to construct a λ-free group G of
cardinality λ. This group cannot be free, since G/G' is not free (Gf is the
commutator subgroup).

(C) => (A): Suppose A is a λ-free Abelian group, \A\ = λ and A is not
free. We will define a labeled tree <5, Bη, Aηλn: η G S) so that: <5, 5^, λΛ:
77 G S) is a λ-system; for all η G S, Bη and ̂  are subgroups of A; for all η,
λη = \Aη\; for all 77, ̂ / i ? ^ is |>l,|-free but not free. (Recall A/B is free if
(A U B)/(B) is free as an Abelian group.) Let A( > = A, B( > = <0>, and
λ< > = λ. In general suppose Bη, Aη and λ^ have been defined and λ^ > ω. Write
Aη = UAi(i < λη) (continuous) so that for all /: \Aι\ < λη; Ai+X/Bη U A\ is
always |v4/+1Λ4/|-free and is free iff Aη/Bη U Aj is λ^-free. Let η ^ </) G S if
Ai+ι/Bη U Aj is not free. In which case let Bη^φ = Aι and choose v4r?̂ </ > <Ξ ^4/+1

so that Aη~(iy/Bη U^4/ is l^^^^lfree but not free. We can choose the Aη and
Bη to be subgroups. Note: if η,τ G S/and 17 < r (lexicographically) then (Aη U
^ > c <5r>.

For η G Sf choose 5̂  g Bη so that ^4^ Π (Bη) g (.s^). Let tη = sη X ω. By
Proposition 2 {/fl: JJ £ S/j does not have a transversal. We now need to show
for any / g Sy if |/ | < λ then {tη: η G 1} has a transversal. To simplify
notation for η G S/let Cη - (Bη) and Dη = (Cη U Aη). By a previous remark
{Eη = Dη\Cv: η G Sf} is a pairwise disjoint family of sets. Now pick F a free
subgroup of A so that for all η G I Dη <Ξ F. Choose X a free basis for F.

Now we introduce some ad hoc terminology and note a few facts. If
Y g X say 7/ depends on y if ϋ^ Π (C^ U Γ> =£ 0. Otherwise η is independent

of r.

Fact A Suppose for some J^Sf and YQX each η G J is independent of
Y. IfY'^X is countable then \{η G J: η depends onY\JY'}\< ω.

Proof: In fact, if a G < T) then there is at most one η G J such that there exists

έ?i G £ ; , Ci G C^ and Z?i G < r > so that eγ=a + Cι + bx. Assume for r G /

τΦη there exist e2 G ET, c2 G Cτ and b2G (Y) so that e2 = a + c2 + b2. We
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can suppose T < η. So Dτ^ Cη. By subtracting we have ex — (e2 + cx — c2) +
{b\ — b2). So η is not independent of Y.

Fact B Suppose Ya(a < β) is an increasing sequence of subsets of X. If for
all a < β and η G / c Sf η is independent of Ya, then for all η G J, η is
independent of (J Ya.

a<β

Using these two facts we can write X — \^JXa so that: Xo = 0; for
a<β

all a, \Xa+ι\Xa\ = ω; if η depends on Xa then sη c= (Xa)-

Claim Ifη is independent of Xa then sη £ (Xa)

Proof (of Claim): First Aη + (Xa)/(Xa) c F/<^α>. So >!„ + (Xa)/(Xa) is
free. Now Aη Π <^> = >!„ Π C,, = i4, Π <C, U Xa) ^ Aη Π (sη U Xa). So
yl, + (5, U Xa)/(sη U Xα) = Aη/Aη Π <5,) is not free.

If sη c <^ a) then |/1?\<Λr

α> x ω| = ω. Now we pick a transversal for
{ :̂ η G /} by induction on a < β. For each a < β choose a transversal ga for
{/,,: η depends on Xa+i and is independent of Xa} so that for all such η,
gα(^) ί <^α) x ω Then [Jga is the desired transversal.

a<β

Corollary If there is a λ-free Abelian group of cardinality λ which is not
free, then there is a λ-free group of cardinality λ which is not free.

Remark: The proof that (C) =» (A) can be given an axiomatic treatment.

Axiom XVII If \A | < ω /Λέw /or all B there is a countable B' Q B so that
A is free over B/B''.

Axiom XVIII (Existence of a free basis) If A is free there is X <Ξ A and <)
a closure operation on X: i.e., for all Y c χ9 y c <y> = (7 <Z> (Z α//mYe
5wfe^/ y ) , .s wcΛ /Aflr/:

(a) (X) = A
(b) for all Y^X,A/Y is free
(c) suppose B, C ^ A, Y ^ X and B is free over Y/C, then B is free over
(Y)/C.

Such an X is called a basis for A.

Theorem (Axioms I**, XVII, XVIII). If there is a λ-free nonfree A of cardi-
nality λ, then PT(λ).

Proof: The proof follows the proof above that (C) =* (^4). Define <S, Bη9 Aη,
λv: η G S) as above. For η G Sf choose a countable sη c Bη so that Aη is free
over Bη/sη. As before we let tη = sη x ω and show: if / c 5/ and |/ | < λ then
{tη:ηG 1} has a transversal. Pick F g , 4 free so that FΏ. Bη for all η G /. Let
^ be a basis for F. For η G 5/ define 17 depends on y (for y c ^ ) if ^ ^ is not
free over Y/Bη. We now must prove Fact A.

Proof (Fact A): Suppose not. So there is / ' c j such that: for all η G J ' iy
depends on y U yx; and the order type of J' is ωλ. By Axiom XVII and
monotonicity there is a countable J" c / ' so that (J (yl̂  U Bη) U y is free

ηEJ'
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over Y'/\J (Aη U Bη) U Y. Pick r so that for all η E /", τ > η. Since

BT ^_Aη U Bη for all η G J\ Aτ is_free over r / £ τ U Y. So Λτ is free over Y U
7V5 r U Y. But v4r is free over Bτ U Y/i?τ. So by transitivity Λτ is free over

ru Y'/BT.

To finish the proof we need

Claim For all η E Sf and Y^Xifη is independent of Y then sη% (Y).

Proof: By I** and XVIII Aη/Y is free. Also Aη is free over <r>/r. Hence
(XIV), A/{ Y) is free. As Aη is free over Bη/sη and Aη is free over Y/Bη, Aη is
free over Y/sn (transitivity). So by XVIII Aη is free over (Y)/sη. By Axiom
XIV Aη/Bη is free iff Aη/sη is free iff Aη/(Y) U sη is free. But Aη/Bη is not
free. Hence neither is Aη/(Y) U sη. So 5η £ <Γ>.

NOTES

1. The reader is advised to skip the proof of 1.6 and maybe the content of Defini-
tion 1.4. This certainly will have no effect on reading Sections 3, 4, and 5.

2. Remember \W'\ < |/ | < λ(p, S).
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