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ABSTRACT

Under various set-theoretic hypotheses we construct families of maximal
possible size of almost free abelian groups which are pairwise almost disjoint,
i.e. there is no non-free subgroup embeddable in two of them. We show that
quotient-equivalent groups cannot be almost disjoint, but we show how to
construct maximal size families of quotient-equivalent groups of cardinality N,,
which are mutually non-embeddable.

Introduction

In this paper we construct large families of abelian groups which are all
“close” to being free groups and yet are pairwise non-isomorphic in some strong
sense. The strongest sense of non-isomorphic which we consider is that of almost
disjointness, i.e. the property of having no non-free subgroups in common.
(Precise definitions are given below.) It is possible to construct maximal size
families of almost disjoint groups all with the same I'-invariant, which is an
equivalence class of stationary sets (Section 1). If we also require the members of
the family to be quotient-equivalent then the family cannot have more than one
member (Section 2), but still there are maximal size families of strongly w)-free
groups of cardinality », whose members are quotient-equivalent and non-
isomorphic in a somewhat weaker — but still very strong — sense than almost
disjointness (Section 3).
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We say that a subgroup B of an abelian group A is small if |[B|<|A|, and
call A almost free if every small subgroup of A is free. By a theorem of Shelah,
an almost free group of singular cardinality is free (cf. [3; chap. 5}). So from now
we consider only groups A of regular uncountable cardinality.

We shall deal with almost free groups A which have the stronger property of
being strongly almost free, i.e. A is almost free and every small subgroup of A is
contained in a small subgroup B such that A/B is almost free. We say that two
almost free groups A and A’ are almost disjoint if whenever H is embeddable as
a subgroup of both A and A’, then H is free. (For short we say that A and A’
“have no non-free subgroup in common’’). Obviously almost disjoint groups are
non-isomorphic in a very strong way.

There is a natural invariant which can be associated with an almost free group
A, namely a certain equivalence class, I'(A), of subsets of | A |. (Here two subsets
of | A | are equivalent if they coincide on a closed unbounded subset of | A |; for
more details see Section 0.) A is free if and only if I'(A) = the class of &; but
there are 2° possibilities for the invariant of a non-free almost free group of
cardinality «.

It is not hard to construct pairwise almost disjoint strongly almost free groups
of cardinality « by taking them to have almost disjoint I-invariants (see 0.7 and
0.8), but in section 1 we are concerned with the more difficult problem of
constructing families of size 2° of strongly almost free groups of cardinality « all
of which have the same invariant I" yet any two of which are almost disjoint. For
k =N, (n € w) we obtain this result as a theorem of ZFC (Theorem 1.1). In
order to obtain such results for cardinals > 8., we invoke additional set theoretic
hypotheses, viz. GCH and V =L (Theorems 1.7 and 1.8). In particular,
Theorem 1.8 gives, under the assumption V = L, a complete characterization for
all regular k of the classes of E C k which can be realized as I'(A) for some
strongly almost free A of cardinality « (answering a question in [9)], which gave
the characterization for successor x).

The method used in section 1 to obtain almost disjoint groups A and B of
cardinality « is to construct them as the union of continuous chains, {A, : v < «},
{B, : v < k} respectively, of free groups such that for all », A,.:4A, and B,.,/B,
are almost disjoint. In section 2 we show that this is the only possible method: if
A and B are such that there is a stationary set of v such that A,.,/A, and
B,.\/B, are not almost disjoint then A and B are not almost disjoint. In
particular, if A and B are quotient-equivalent (i.e. for all v, A,../A, = B,.,/B.)
then they are not almost disjoint. However in section 3 we construct, for every
possible non-free quotient-equivalence class, families of size 2“ of strongly
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w-free groups of cardinality w, which are mutually non-embeddable and
pairwise almost disjoint for pure subgroups, i.e. they have no non-free pure
subgroup in common.

0. Preliminaries

Here we collect together some definitions, conventions and simple lemmas
that are required for what follows. The reader may wish to skip this section and
consult it only as needed. We refer the reader to [3], chapters 1 and 2 for further
details.

0.1. Let k be an uncountable cardinal. A group A is k-free if every subgroup
of cardinality < « is free; it is strongly k-free if it is «-free and in addition every
subset of A of cardinality < « is contained in a subgroup B of cardinality < «
such that A/B is k-free. A is called almost free if A is | A |-free and strongly
almost free if it is strongly | A |-free.

For k = w, we define: A is w-free iff A is strongly w-free iff A is torsion-free.

0.2. A smooth chain of groups is a sequence {A, : u < a} such that: (1) for all
u<v<a, A, is a subgroup of A,; and (2) for all limit ordinals p <a,
A, =U,. A, If|A| =« a k-filtration of A is a smooth chain of subgroups of
A indexed by k whose union is A, such that every member of the chain has
cardinality < «. If |A|=k we shall, for convenience, also assume that any
r-filtration of A we consider is strictly increasing. If |A |= « and we write
A=U,.,A, we mean that {A, |v <k} is a «-filtration of A. If |A|=x, «
regular, and A is strongly «-free, then it has a x-filtration {A, | » < k} such that
for all v <k, A/A,., is k-free; from now on, we demand of any «-filtration of a
strongly x-free group that it have this additional property.

0.3. If « is a limit ordinal of uncountable cofinality, a subset C C « is called a
cub (closed unbounded) set in « if sup C =k and for all X C C, if sup X <k,
then sup X € C. For example, lim(x), the set of limit ordinals, is a cub in «.
Define D(x) to be the set of equivalence classes of subsets of x under the
equivalence relation of equality on a cub (i.e. if E; and E; are subsets of «, E;
and E, are equivalent iff there is a cub C such that E;N C = E,NC). The
equivalence class of E C « is denoted E. D(«) is a Bg)ecf)lean algebra under the
ordering induced by inclusion, with smallest element 0 = (J, and largest element
1Zk=¢ (C any cub). We say E C « is stationary (in ) if E#0, and E is thin
otherwise. If o is a limit ordinal of cofinality w, E C o is stationary in o iff E
contains a terminal segment of o.
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0.4. Let « be a regular uncountable cardinal. If A is almost free of cardinality
k, and A =U,_,A, is a «-filtration of A, define I'.(A)=E where E =
{v|AJA, is not k-free} ={v|3u > v(A,./A, is not free)}. Then I, is a well-
defined function from k-free groups of cardinality k to D(k) and I'.(A) =0 iff
A is free (cf. [3; lemma 2.1}). In fact we shall always write T instead of T, since,
in context, there will be no ambiguity. Thus if E € D(k), ' (E) is the class of all
Kk-free groups A of cardinality « satisfying I'(A)= E.

0.5. Let « be a regular uncountable cardinal. Two subsets X and Y of x (or
two elements E,, E. of D(k)) are called almost disjoint if X N'Y is not
stationary in x (resp. E; N E, = 0). Two functions f,g : k — A are almost disjoint
if {v |f(v) = g(v)} is not stationary in «. In general, questions about the maximal
size of a family of pairwise almost disjoint sets or functions are not decidable in
ZFC (cf. [7; §35]). However we have the following well-known results.

0.6 LEMMA. Let « be a regular uncountable cardinal and let E be a stationary
subset of k contained in lim (k).

(i) E is the disjoint union of « stationary sets.

(i) Assume O, (E). Then there is a family of size 2" of pairwise almost disjoint
subsets of E.

(iii) Assume OU(E). Then there is a x-Kurepa tree on E, ie. a family
{f: fi < k '} of pairwise almost disjoint functions: E — k™ s.t. for all i < «* and all
vEE, fiv)E|v]

Proor. For (i) see e.g. [7; thm. 85]. For (ii), suppose {S, : v € E} is a diamond
sequence (see e.g. [3; p. 21]). Then for every subset X Ck, let Ex =
{rEE:XNv=_8} Itis easy to check that the Ex form the desired family.

(iii) Suppose {{P}:0<y <|v|}:v € E} is given by OX(E), i.e. for all v EE,
0<y<|v|, PYCv and for all X C«, there is a cubC C  such that for all
vEENC XNvE{P;:0<y<|v|}. Then for every subset X C k, for v € E
define fx(v)= vy if X N v = P7and fx(v) =0 if there is no such y. Then if X# Y
—say a €(X ~ Y)— there is a cub C such that if v € CN E, then X Ny and
YNv are both in {Pl:0<y<|v[}. But then fx(¥)=fv(v) implies
vE(E-C)U{v EE v =a}so fx and fy agree only on a thin set. 0

We conclude with a simply observation of how one can use almost disjoint sets
to produce almost disjoint groups.

0.7 LeMMA. Let A, B, A’ be almost free groups of the same regular uncount-
able cardinality.
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(i) If B is a subgroup of A, then I'(B)CI'(A).
(it) If I'(A) and I'(A') are almost disjoint then A and A’ are almost disjoint.

Proof. (i) Given a «-filtration A =U,. A, define a «-filtration of B by
B,=BnNA,. If B,/B, is not free, then A,/A, is not free since B,/B. is
isomorphic to a subgroup of A, /A.. Hence {v [B/Bu is not k-free} C {v {A/Ay is
not k-free}.

(ii) If B is embeddable in both A and A’, then by (i) ['(B)CTI'(A) and
I'(B) CI'(A"). Thus by hypothesis I'(B) =0, so B is free. |

In section 2 we show that for A strongly «-free of cardinality «, every
E CI'(A) is realizable as I'(B) for some subgroup B of A (Corollary 2.3).

An immediate consequence of 0.7 (ii), 0.6 (ii) and the methods of [2] is the
following.

0.8 CoroLLARY. Assume V = L. If k is a regular uncountable cardinal which
is not weakly compact, there are 2" pairwise almost disjoint strongly almost free
groups of cardinality k. O

This result will be improved in the next section (cf. Theorem L.8).

1. Constructing almost disjoint groups

In this section we shall show how to construct the maximal number of pairwise
almost disjoint groups with the same value of I'. The first result, for groups of
cardinality N, (n € w), is a theorem of ZFC. For the later results we need to
assume some extra set theoretic hypothesis just to insure that non-free almost
free groups exist for cardinals > N,,. Theorems 1.5-1.7 deal with cardinals <R,:
and assume only GCH. Theorem 1.8 (which does not depend on 1.5-1.7)
assumes V = L and deals with arbitrarily large cardinals.

1.1 TuEOREM. For every n € w and every E € D(w,) with E#Q there exist
2°» pairwise almost disjoint strongly w,-free groups in I''(E).

Before giving the proof we give two elementary lemmas, the first of which
provides the initial step of the inductive construction, and the second of which
provides the combinatorial fact which is the key to the inductive step. (2

denotes the direct sum of « copies of Z.)

1.2 LEMMA. There exists a family {H,:i <2™} of 2" countable torsion-free
groups such that for all i# j, H @Z“’ and H;HZ* are almost disjoint.
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Proor. Let {S, ’l< 2"} be a family of subsets of w such that for all i# j,
S N S; is finite. For each i << 2™ let H, be the rank one torsion-free group of type

t, :(k;,ki,)

where k,=1if n €S, and k, =0 otherwise (cf. [5; 85]). Now let F =Z"’ and
suppose A is embeddable in both H(BF and H,F for some i#j If
¢,:H— H BF and m : H P F— F are the canonical injection and projection,
respectively (I =i or j). then e, (AP m(A)=A =¢,' (A)Dm(A). Let u be
a non-zero element of e,'(A); then under the preceding isomorphisms u is
carried to an element of the form v + w where v Ee,'(A), w € 7,(A). Assume
the type of u (in e;'(A)) is not equivalent to (0,0.---,0,- - -); then we must have
w =0 and type of u = type of v (in e, ' (A)). But this is impossible since S, N S; is
finite. We conclude that e’ (A), and hence A, is free. d

The following is a standard result (cf. [7; p. 431]).

1.3 LEMMA. Let n € w. There is a family {f. ‘a < 2%} of pairwise almost
disjoint functions: w,..—2"; in fact, if a # B 0 < w.., such that for all v > o,

fa (W) # fo ().

ProOF. Enumerate the subsets of w,. of power = w, as a sequence {Y,:i <
2}, For every X C w.. define a function f«:w..,—>2" by: fx(v)=1i, where
Y, = XNv lf X,# X, choose o € (X, — X:) U(X.— X); then fy,(v) # fx.(v) if
v > o. Since a subset of w,., of cardinality = w, is thin, this family is almost
disjoint in the sense of ().5. O

Finally, before proving the theorem we recall a definition and a theorem due
to P. Hill {6]. For each n € » Hill defined a class of groups %,. The class %,
consists of all countable torsion-free groups. If %, has been defined, then
G E #,.,iff G =U,.,G, (smooth) where u = w,., and for all v < u, G, is free
and G,../G. € %, Hill proved that every element of %, is w,-free. Mekler [9]
showed how to construct elements of %, which are strongly w,-free.

PrOOF OF 1.1. We shall prove by induction on n € w that there are 2*
strongly w,-free elements of F,, {H, :i < 2} with the property that if i# j, then
H PZ and H,PHZ“~ are almost disjoint. The initial case, n =0, is Lemma
1.2, so assume the result is true for n (with the family {H; : i <2} as above) and
we shall prove it for n + 1. Let E € D (w,,)—{0}. We shall assume E consists of
limit ordinals. Let {f. ’a <20} be a family of almost disjoint functions as in
Lemma 1.3. For each a <2*' we shall define by transfinite induction a
continuous chain {A{”: v < w...} of free groups of cardinality w, such that
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A= Uz, A% is strongly .. -free and [(A ) = E. (Here *(a)’ is an index,
and does not denote direct sum of « copies.)

Suppose that A’ has been constructed for all g < v. If v is a limit ordinal, let
AC=U,_,A® Ifrv=r+land 7 E, let A = A“"PF, where F is the free
group of rank w,; if 7 € E choose A%’ D A such that

AVIAY =H,

and moreover such that if 4 < 7 and u & E then A{”/A " is free; this is possible
by lemma 5.5 of [9]. Clearly, by construction, A’ is strongly w,.,-free and
I(A“)=E so it remains only to observe that if a# B then A“@F and
A®DF are almost disjoint, where F = Z“+",

Let F=U.,.,,. F. be an w,.fitration of F by direct summands; define
AC=AYDF, A® = ACDF,. This defines w,, -filtrations of A“’PF and
A®DF respectively. Now suppose, in order to obtain a contradiction, that
there are embeddings ¢, : B—> A“"DF, ¢ : B— A®’ P F and suppose B is not
free. Let B = U, . B, be an w,. filtration; then S =
in B} is a stationary subset of w,., (cf. [3; lemma 2.1 (2)]). There is a cub C in
wa+r such that for all pwE€C, ¢u(B.)=¢.(BYNAY and ¢s(B,)=
ds(B)YN A®’. Choose 7 € C NS such that f,(7)# fs(7). Let u € C such that
@ > 7 and B, /B, is not free. By choice of C, for i =a or B, ¢ induces an
embedding

“{y| B, is not w,.-pue

B./B,—APIAW.
But
ALIAD = (AAD)DADIAL,
since AV/AY), is free (1 +1 & E). So we have embeddings of B,/B, into
H; @ Z“’ and into H ., DZ*’, which is impossible since f, (1) # fs (7). ]

The methods of 1.1 combined with those of [9] yield:

1.4 THEOREM. Suppose that for some « there are 2%« strongly w., -free groups of
cardinality w,, {H; | <2}, such that for i # j, H, 2~ and H, D Z“' are almost
disjoint. Then for every n € w — {0} and every stationary E C{o € lim (wy+.):cf
(0)Z w.}, there are 2°=+ pairwise almost disjoint strongly w...-free groups in

' (E). O

In particular, we shall show that, assuming GCH, the hypothesis of Theorem
1.4 holds for &« = wn +1 for all n € w. We make use of the following result of
Shelah.
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If for all B < «, we have B8 + A < a, we shall say that Aw divides a. Suppose
A={a, :p<w,v<wn}Ca, where a,, <a,, if v<u orv=p and p <vy; we
say A* C A is big if there is a cub C C w,, and a function f: C— o such that

*={a,:p=fv), vEC}

1.5 TueoremM (Shelah [11]). Assume GCH and let A =N, for some fixed
n € w-—{0}

(1) There is a stationary S C A" such that either:

(@) Sissparse in A” (i.e. for all limit ordinals o <A™, S N o is not stationary in
o) and consists of elements of uncountable cofinality; or

(b) S ={a<A";cf (@) # w and Aw divides a}, and there are sets {A, :a € S}
such that: the order type of A. is w cf (a); and for all v <A~ there is
{A%(v):a €Ev NS} where each A% (v) is a big subset of A., and for a < f in
vNS, A()NAL(Y) =

(2) If Sis as in (1), then for every E C S, there is a strongly almost free group H
of cardinality A* such that I'(H)=E.

ProoF. The result is proved in [11]; the only point in (1) needing additional
comment is the assertion about the cofinality of elements of S. We assume
knowledge of the details of the proof in [11]; there are two cases. In the first case,
if S*(A™) is stationary, then by 19(3) of [11] there is an E C S*(A") such that
either S'=FE or §’'=F(E) is sparse and stationary; but by 14 of [11], if
vES*(A ) thencf (v)Z w), so v € F(S*(A")) implies ¢f (v) = w,. In the second
case, if $*(A ") is not stationary, then (1) (b) follows immediately from 24 of [11].

As for (2), the proof is by induction on n using the fact that if (2) holds for all
m < n then for every regular k <N.. there is an almost free non-free group of
cardinality x (by thm. 2.2 of [2]). In Case 1 (a) the construction is well-known (cf.
thm. 3.3 of [2]). The idea of using the properties of S in 1 (b) to construct almost
free groups is due to Shelah. O

1.6 THEOREM. Assume GCH and let k = R, for some n € @ —{0}. Then
there is a family {H, f i < 2"} of strongly almost free groups of cardinality « such
that for all i# j, I'(H,) and I'(H;) are almost disjoint and hence — by Lemma 0.7
— H.DZ™ and H,HZ™ are almost disjoint.

ProoF. Note first that for the S of 1.5 (1) &%+ (S) holds by Conclusion 32 of
[11]. Hence there is a family {E, : i <2} of 2" pairwise almost disjoint subsets of
S (cf. Lemma 0.6 (i1)). The result follows immediately from 1.5 (2). |

Theorems 1.4 and 1.6 immediately yield the following.
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1.7 THEOREM. Assume GCH. Then for every regular k < N.: there is a family
of 2* pairwise almost disjoint strong almost free groups of cardinality . 0

REMARKS. (1) By Theorem 1.4 it is clear that for kK = wunim t Ew, m =2, we
can choose the family in 1.7 to belong to I''(E) for any given E C
{o €M (Wuns+m):cf (0) = w.n}. For « = @, the situation is less clear, but it
seems that an extension of the methods of [11] will allow one to construct a
family as in 1.7 belonging to I (S) for some S C .

(2) Using a large cardinal assumption, Magidor and Shelah [10] have con-
structed a model of ZFC + GCH in which every K,:,;-free group is N,,z..-free.

For any stationary subset E of A let E'={o <A :E N o is stationary in o}
Thus E is sparse iff E'=0.

1.8 THEOREM. Assume V = L. Let A be a regular uncountable cardinal and E
a stationary subset of A. Let W={v <A: cf (v) is weakly compact} and
R ={v < X :vis a regular cardinal).

(1) If X is a successor cardinal, A =", then I (E)# D iff ENW=0 iff
['(E) contains a family of 2" pairwise almost disjoint strongly almost free groups.

(@) If A is an inaccessible cardinal which is not weakly compact then
I'(EYAQ fFENW=0 and E'NR =0 iff T "'(E) contains a family of 2"
pairwise almost disjoint strongly almost free groups.

ReMARK. The first equivalence in (1) and the necessity of the condition in (2)
are proved in [9].

PrOOF. The proof is by induction on A. We shall construct families {A, :i <
2} which are pairwise almost disjoint in the strong sense that if i # j then for any
free group F of cardinality A, A;@F and A, F are almost disjoint. In the
proof we shall always mean this strong sense when we say two groups are almost
disjoint. (In fact, we shall see in section 2, Corollary 2.4, that this notion is not
really stronger.)

Theorem 1.1 gives us the initial steps of the induction.

(1) Suppose first that A = k*. By inductive hypothesis, if « is regular and not
weakly compact, there is a family {By’:0 <« '} of pairwise almost disjoint
strongly almost free groups of cardinality «. Thus for every regular cardinal
p = k which is not weakly compact there is a family {C%: 0 < «} of pairwise
almost disjoint strongly almost free groups which are of cardinality = p and = .
(Let {C%:0 < «} be the union of the families {By’:0 < p"} where p =p =«
and g is regular and not weakly compact.) Now by 0. E =II,=. E, where each
E, is sparse and » € E, implies cf (v) = cf (y) (cf. [9] or [3; lemma 6.9]). We may
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suppose E N W =J. By Lemma 0.6 (iii) we have for each y a A -Kurepa tree on
E, ie. a family {fI:E,—« ] i < A7} of pairwise almost disjoint functions. For
each y =k, i <A" define by induction a smooth chain {A}":v < k7} of free
groups of cardinality x such that A}"/A} is free if v& E, ; and if v € E, and cf
(v)=p and o = fI(v),

ATLAY=CE.

(This is possible since cf (v) = p is not weakly compact and C*% is p-free: cf. [9;
theorem 2.15].) Let A =U,.,A"and A' =@ A". Then as in the proof of
1.1 we can verify that for i#j, A' and A’ are almost disjoint. Moreover
rAY=U,E, =E

(2) Suppose now that A is inaccessible and not weakly compact and E'N R =
0, EN W =0. Since the infinite cardinals form a cub in A we may assume that
every member of E is an infinite cardinal: Consider first the following two cases.

Case 2a. E consists only of regular cardinals. Now every singular cardinal is
a limit of singular ordinals so E' C R ; but then since E'NR =0, we have E' =0,
i.e. E is sparse. Let {f,:E— A | i < A7} be a A-Kurepa tree as in Lemma 0.6 (iii).
For each k € E let {B%:0 < «"} be as in (1). Define by induction a smooth
chain of free groups {A.: v < A}such that |A}|=|v+w|;if v& E, ALJA s free
forall u >v;and if vEE

ALalAL= B,
Define A' =, Al Thenif i#Zj, A" and A’ are almost disjoint.

Case 2b. E consists only of singular cardinals. We make use of the following
version of [1, for a regular cardinal A (cf. [1]):

(*) for every singular limit ordinal « < A there is a cub C, in a of order type
< a such that whenever B is a limit point of C,, then B is a singular limit
ordinal and C; = C, N B.

Now for every y = A let E, ={a € E: order type of C, = y}. Then just as in
lemma 6.9 of [3] we can prove that E,C R, and since by hypothesis E'N' R =0
we have E,=0, i.e. E, is sparse. Thus E =II,<, E,. Then for a A-Kurepa tree
{fI:E,—A:i<A7} construct A" as in (1). Then we define A' =P, A"
filtered by A.=@®{A}":v < a,y < a}. Noticing that « € E, implies a >y we
can check that I'(A ') = UE, = E. Finally as before we check that if i# j, A" and
A’ are almost disjoint. This completes Case 2b.

If E is an arbitrary stationary set of cardinals we can write E = E, [IE, where
E, ={a € E:a is regular} and E, = {a € E : a is singular}. Taking direct sums
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of the families constructed in the above two cases for E, and E, respectively we
obtain the desired family for E.

Finally, for the converse implication, if I'"'(E)# &, then E N W =0 by [9;
thm. 1.13]; and E’' N R =0by[9; thm. 1.15]. O

2. Quotient-equivalent groups

The method of constructing almost disjoint groups used in the first section is to
construct A = U,_, A, and B= U,_,B, so that for “almost all” v, A,../A,
and B,../B, are almost disjoint. We shall see (Theorem 2.1) that this is the only
way of constructing almost disjoint groups. In particular quotient-equivalent
groups cannot be almost disjoint.

If A and B are strongly almost free of cardinality x we say they are
quotient-equivalent if they have «-filtrations A = U.-.A,, B=U,..B, such
that for all » €, A,../A,= B,../B,, or, equivalently, if for any «-filtrations
A=U,..A, B=U,. B, there is a cub C such that for all »€C,
A,u/A, P F=B,./B, DF, for some free group F of cardinality <«. The
logical significance of quotient-equivalence is discussed in [4], and the construc-
tion of non-isomorphic quotient-equivalent groups is discussed in [4] and [3;
chap. 11].

It is clear that if A and B are quotient-equivalent then I'(A)=I'(B).

It may be helpful to study the proofs in this section first for the simpler case
that A,./A,= Q®={m/2" € Q:m,n € Z} whenever A,../A, is not free.

2.1 THEOREM. Let A and A’ be strongly x-free groups of regular uncountable
cardinality k with k-filtrations A =\U .. A,, A" =U,_. A/ such that there is a
stationary E C « such that for all v €EE, A,.i[A, and Al./A, are not almost
disjoint. Then A and A' are not almost disjoint.

PROOF. We may assume that for all v < k, A,.2/A,+ and A..,/A..; are free
of rank = | A,,,| =| A,.|. For each v € E choose a non-free group B, which is
embeddable in both A,.,/A, and A}, /A .. Without loss of generality we may
regard B, as a subgroup of both A,.,/A, and A,.//A..

We shall define by induction on » < k subgroups H, C A,, H,C A, and maps
f. : H,— H, satisfying for all v

(1) f. is an isomorphism and for all u <, H, CH, and f, [H,‘ =f.;

() if v € E the natural map 6, : H,../H, = A,../A, maps H.../H, onto B,
with kernel a torsion subgroup of H,.,/H,; and similarly for §': H,../H,— B, C
ALalAL;
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Q) if v Elim(x), forall x EA,, x’ €A, d EZ, there exist h€EH,, h" €EH,

such that f,(h)=h'and d |(x —h)in A, and d |(x'~ h")in A/, (where d |y in G
means g € G s.t. dg =y).
Suppose that in fact we can carry out this construction for all » < k. Then let
H=U,_ H, H=U,_ H,and f=U,_..f. Clearly (by (1)) H (resp H') is a
subgroup of A (resp. A’y and f: H— H' is an isomorphism. Moreover H is not
free since for » € E, H,../H, is not free (by (2)). (In fact note that there is a cub
C C«k such that for veC, HNA,=H, and HNA,=H,; for vEENC,
H,.,/H,=B, and H,.,/H,= B,.)

Therefore it remains to describe the construction of H,, H' and f,, which will
be done by induction, starting with Ho=0, H;=0, fo=0. Suppose that the
construction has been carried out for all v < o; we consider four cases.

Case 1: o is a limit of limit ordinals.

Let H,=U,_ H, H,=U,_,H., f, = U,_.f. then clearly (1)-(3) hold. (In
particular (3) holds because for every x € A,, x' € A, there exists v € lim(x),
v <o such that x EA,, x’ € A])

Case 2: o=v+1, vEE.

By hypothesis there is a sequence y = (i )i<a (resp. ¥' = (y9)i< ) of elements of
A, (resp. AJ.,) independent over A, (resp. A'), a cardinal A < « and for each
@ <A aterm t,(?), a non-zero integer d, and elements x, € A, (resp. x.E A})
such that B, = B,.,/A, (resp. = B/..//A) where
Bo= <AV U {MX);X‘*:M EA}>(resp. B, = <ALU{t )X, T E)\}>).

d. d,
(A term 1(D) is an expression 2., U, where 0 = (v:)i<. is a sequence of variable
symbols and n; EZ and n, =0 for aimost all i)

By (3) for each u € A there exists h, € H,, h.€ H, such that f,(h.)=h,,

d,|(x, —h,)in A, and d, [(x.—h.) in Al. Now define

H,., =<Hy U {M(%_—h&;p EA}>QA,+1

"

and

o =<Hy u{ﬂldﬂﬂzp E/\}>gA,’H.

m

It follows from the independence of the j and §' over A, and A respectively

and the fact that f,(h.)=h, that there is a well-defined isomorphism
forr:H,oy— H .,y extending f, and satisfying

o)) )b

"
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It is easy to see that (1)~(3) hold.

Case 3: o=v+m+1, v Elim(x), where m >0 if v EE.

Letp =|A,.i|=|Alii|. Then A,smii/Avsm and A4t/ AlL are free of rank
p. Choose sets {b; 1 i < p}{b’, :i < p})of elements of A,.m+: (r€SP. A,srms1) Wwhose
cosets mod A,.. (resp. Aj..) form a basis of A,imii/Avim (Alsma/Avim).
Choose a one-to-one correspondence ®,.:p—A,., X A/, X(Z—{0}). For
each i <p, if ®(i)=(x,x,,d;), let hy =db; + x;, and h:=db;+ x}. Then the h;
(resp. ki) form a linearly independent set over H, .., (resp. H/.,,) and we define

Hp+m+1 = <Hv+m U {h, : l < P}>, Hv,+m+1 = <Hv’+m U {hi: l < P}>

and extend f..m tO f.im+ by sending h; to hi.

Case 4: o=v+w, vELim(k).

Let H, = U e Hoom Ho=U . co Hlm, fo= U .cof,+m Then clearly (1) and
(2) hold and the construction in Case 3 insures that (3) holds as well. O

As an immediate consequence of the proof we obtain

2.2 THEOREM. Suppose A and A’ are strongly almost free groups of cardinality
K which are non-free and quotient-equivalent. Then there is a strongly almost free
group H of cardinality k which is embeddable in both A and A’ and quotient-
equivalent to both of them (and hence not free). O

We also obtain the following corollary:

2.3 CorOLLARY. If A is strongly k-free of cardinality k and E CT(A), then
there is a subgroup B of A with T(B) = E. O

This should be compared with lemma 1.3 of [8] which, for A and E as above,
constructs an epimorphism C— A with T(C)=E.

2.4 CorOLLARY. If A and B are strongly almost free of cardinality x and
almost disjoint, then they are almost disjoint in the strong sense (see proof of
Theorem 1.8) that if F is the free group of rank x, then A @ F and B@F are
almost disjoint.

PROOF. Suppose that A and B are strongly k-free of cardinality « and
almost disjoint. Choose k-filtrations A = U, ., A, and B = U, .. B, so that for
all ¥ <k, |A,+i]=|B.+| and if F’ is the free group of rank |A,.,| then
A /A, @F =A, /A, and B, /B, QF =B, .,/B,.

Now to obtain a contradiction, assume that, if F is the free group of rank x,
A@F and B@F are not almost disjoint. Let F=U,_,F, be a «-filtration
such that for all », F, is a direct summand of F and |F,.,|=|A..|. Then
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APF=U,.,A, OF and BQF =U,..B.@F, are k-filtrations, so by as-
sumption there is a stationary set E of v such that A,../A, @F,../F, and
B,./B, P F,.,/F. are not almost disjoint (cf. proof of 0.7). But then since
A A DF./F =A,./A, and B,.,/B, D F../F, = B,.,/B,, Theorem 2.1 im-
plies that A and B are not almost disjoint, a contradiction. O

ReMark. Infact, A @F and B G F are almost disjoint for any free group F,
since if A G F and B G F are not almost disjoint we can find a subgroup F; of F
of rank x such that A PF, and BPF, are not almost disjoint.

3. Almost disjointness for pure subgroups

If A and A’ are strongly x-free groups of cardinality «, call them almost
disjoint for pure subgroups if whenever there are pure embeddings 6 : H— A,
0':H— A’ [so 6(H) (resp. 6'(H)) is a pure subgroup of A (resp. A')] then H is
free.

Although quotient-equivalent groups cannot be almost disjoint, they can be
almost disjoint for pure subgroups. In fact, we shall construct large families of
quotient-equivalent groups of cardinality N, which are pairwise almost disjoint
for pure subgroups and also mutually non-embeddable.

For simplicity we begin with the following special case. We consider strongly
w:-free groups A with an w,-filtration A = U,.,, A, such that for some fixed
stationary E C lim(w;), we have for all v < w,:

(*) if v&E, AJA, is wi-free, and if v €E, A,.,/JA, = QY
where QP =Z[3]={m/2" €0 :m,n € Z}.

DEeFINITIONS.  If ¢ and ¢ are functions: @ »> w write ¢ < if Vr Z0 3N, =0
Vnz=N, ¢(n+r)si(n).

We let < denote the lexocographical ordering on elements of “2, i.e. if 7,
€2, n<{ iff An such that n |n =§)n and n(n)=0, {(n)=1.

Let ¢y denote the element of “2 given by {,(0)=1, {o(n) =0 for all n > 0.
Notice that if n €“2 such that n(0)=1, then {, = 7.

3.1 LemMMA. For each 1 €°2 we can define a non-decreasing unbounded
function ¢, :w— w such that for all , { €2, if 5 <{ then ¢, < ¢,. Moreover
given any non-decreasing unbounded function 6 : @ — w we can choose the family
so that ¢, = 0.

Proor. Choose a family of non-decreasing unbounded functions g, :w—> o
(n €“2) with the property that if n <{ then 3N such that for all n = N,
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g,(2n) = g, (n); and, moreover, such that g, (n) = n for all n. (If the existence of
such a family is not clear to the reader, see Lemma 3.4 where we describe the
construction in a more general setting.) Then define ¢, by: ¢, (n) = 6(g,(n)) for
all n. Given 5 < ¢ and given r =0, choose N = r so that g,(2n)= g,(n) for all
n=N.Thenforn =N, ¢, (n +1)= $,(2n) = 6(g,2n))=6(g:(n))=¢.(n). O

3.2 LEMMA. Suppose that A =, A,, and A'=U,_,, A, are strongly
w;-free groups with filtrations satisfying (x). Suppose that for every 6 € E there
is a strictly increasing sequence {p(n):n € w} approaching 8, elements ys €
Asii— As, Y5E Asii— Al and functions ¢s i w — o, ¢5:w—> w such that: ¢s <
b5 or d5< sy and for all v <8,

() foralln € w, 2" divides ys (resp. y}i) modulo A, (resp. A’)
iff v> p(¢s(n)) (resp. v > p(di(n))).

Then A and A’ are almost disjoint for pure subgroups.

PROOF. Suppose §: H— A and 6': H— A’ are pure embeddings. Note that
H is strongly w,-free; let H=U,.,, H, be an o,-filtration of H s.t. for all v,
H/H,., is o,-free. There is a cub C C w; such that forall v € C, 6(H)N A, =
6(H,), '(H)NA,=0'(H,), and A, + 0(H) (resp. A,+ 6'(H)) is a pure sub-
group of A (resp. A').

It suffices to prove that for all 8 € C* (the set of limit points of C), Hs../H; is
free. So assume, to obtain a contradiction, that for some § + C* N E, H;..,/H; is
not free. Without loss of generality, ¢s < ¢5.

Let G =0""(As.). Since A'/A5. is k-free, Hs/(Hs N G) is free, so
(Hs+: N G)/ Hs = (6'(Hs1)) N As1)/As must be non-free. Hence there exists
z € Hs,, such that 6'(z)+ A= ys;+ A5 Then there is a t E€Z such that
0(z)+ A; = m2'y; + A, for some m relatively prime to 2. Let r = max{— 1,0},
and let N be such that n = N implies ¢ (n + r + 1) = ¢ 5(n). There are arbitrarily
large v such that » € C N § and there is an n = N such that p(¢s(n +r)) <v =
p(¢s(n +r+1)) and hence v = p(¢s(n))). For such an n, », we have by (1) that
(i) 2"*""" divides y; modulo A,: but (i) 2"*' does not divide y; modulo A .. We
shall obtain a contradiction by showing that for arbitrarily large v € C N 4, (i)
implies that 2"*" divides z mod H, and (ii) implies 2" "' does not divide z mod H..
Part (ii) is clear since v € C implies 6'(H,) C A,. As for (i), say 6(z) = m2'y; + u
where u € A, and choose v large enough so that u € A,. By hypothesis and
since r = — t, 2""" divides 2'ys mod A, so there exists w € A;.1, X € A, such that
2"*'w = m2'y; + x. But for some w € H;.,, and h € H;, 2""'w = z + h. Thus 2*"*
divides x — u — 6(h) in A. Since A, + 6(H) is a pure subgroup of A, there exists
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hE€H, and vEA, such that 2""'v =x—u—6(h). Thus 2""'(w—v)=
m2'ys + u+ 6(h)=0(z + h) so by the purity of 6(H)in A, w — v € §(H). Thus
2"*' divides z in Hs,, modulo H,. O

3.3 THEOREM. For every 0# E € D(w,) there is a family of 2* w:-separable
w\-free groups {A,:i <2} in I""(E) such that if i# ], A, and A, satisfy (*)
(hence are quotient-equivalent), A, is not embeddable in A;, and A, and A, are
almost disjoint for pure subgroups. Moreover given any group A in T''(E)
satisfying (*) we can choose the family so that A,= A.

PrOOF. Let{d., :m € “2} be the family of functions constructed in Lemma 3.1
with @ =the identity. Let {f,:w,— Y|i <2“} be a family of pairwise almost
disjoint functions with codomain Y = the set of all » €“2 such that n(0)=1;
clearly | Y|=2"% so the family exists by Lemma 1.3, and, moreover, we may
assume that f, is the constant function . Write E as a disjoint union of
stationary sets: E = H,m,,lE,L (cf. 0.6(1)). Let {S, : i <2“} be a family of subsets
of w; such that for all i# j, S, is not contained in S, Define {,= {. and if
nEY—{}, let % be the element of “2—Y such that 7(0)=0 and
# | —{0} = 1| @ — {0}. Notice that if n € Y ~{{}, then 4 < {u<7.

Now define f; : E—“2 as follows. Fix » € E;say » € E, and f,(v) = 1. Define

n ifu€s,
filv)=
”f] lf/..ngz

Clearly for i# j, f, and f; are almost disjoint, since f, and f; are almost disjoint.
Moreover if u € S, — S;, then ¢y.) < ¢y, for almost all v EE,, (i.e. forall v EE,
except those in the non-stationary set of v such that fi(v)=f,(v) = (o).
Given A satisfying () choose for each 6 €E, ys € As+1— A, and for all
n € w, let p°(n)=the least u <& such that 2"*' divides y; modulo A,.,; this
defines a non-decreasing sequence whose limit is 6.
For each i €2* —{0} we shall define A, as a certain subgroup of

DZ@QXV@@QYS

S3EE

where v ranges over the ordinals < w,. Given n € w, i €2°1—{0}, and § € E, let
x{i,8,n) be x, where u = p° (dssy(n)). Then for all 7 € w,, define A, to be the
subgroup of D generated by {x,:v <7}U{y;:6 € EN 7} and

)’5“A 2ix<i58’j>
=02n+1
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for all SEENT, n€Ew. Let A, =U,., A, One may check that: A, is
w-separable with T(A,)=E; if 7 E, A,, is w,-pure in A,; and if 8 €E,
AisalAis= QP (cf. [3; p. 99] and [9; pp. 1213-1215]).

Notice that if i €2 and 6 € E, then for all n € w, 2""' divides y; modulo A,
in A, iff 7> p®(¢ye)(n)). (In particular this holds for i =0, with A,= A, and
Ao, = A, since for all n, fo(8) = o, SO Pys(n)=n.) Thus Lemma 3.2 implies
that for all i#j, A, and A; are almost disjoint for pure subgroups (since by
construction there is a cub C such that for all § € E N C, either ¢y, < ¢ys) OF
vice versa).

We must prove that for i # j, A; is not embeddable in A;. So suppose, to obtain
a contradiction, that there is an embedding 6:A; — A,. Then there is a cub C
such that for r € C, 8(Ai.)=60(A)NA;,.Let n €S, — S, andlet s EE, N C*.
Let 1 =f,(8), { =f,(8); then n < { Now for some t=0, 0(2°y;)=2'my, +a
where (2,m)=1and a € A,, for some o < 8. Let r = max{t — 5,0} and choose N
so that n = N implies ¢, (n +r +1)= ¢,(n). Now since § € C* it is the limit of a
strictly increasing sequence {7, : n € w} of elements of C. Choose n Z N so that
there is an m such that

PP (Bn(n+1)<Tw =p° ($o(n +r+1)

and a € A,... Then by construction, 2"**' divides y; modulo A,, . Therefore,
since 7., €C, 2" divides (2°ys) modulo A,. so 277" divides 2'ys
modulo A, ; thus 2" divides ys modulo A,, since r=t-s. But 7,=
p° (Pn(n +r+1))=p°(¢:(n))so by construction 2" does not divide y, modulo
A;..., a contradiction. O

Now we want to extend Theorem 3.3 to arbitrary quotient-equivalence classes.
We begin with a generalization of Lemma 3.1.

3.4 LEMMA. Given a strictly increasing function ®:w— w, there exists a
family of non-decreasing unbounded functions ¢, : @ = w(n €*2) such that for
all 0, €2, if 7 <{ then there exists N such that for all n = N, ¢, (P(n)) =
¢.(n). Moreover, given any non-decreasing unbounded 0 : w — w we can choose
the family so that ¢, = 6.

PrROOF. We shall define a family of strictly increasing functions k,:0 —> o
(m €*2) such that:

(a) if » < 3N such that for all n = N, k,(n)= P(k,(n)). Suppose for the
moment that we can do this. Then define g, : @ — o as follows. Let g, = identity.
For n# &, for any n €E w, if k,(m)=n <k,(m +1), then
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k&)(m + 1) if SV“< n,
gn(n)=
ky(m)  if 1< do.

Then one may easily check, using (a), that if n < there exists N such that for
n =N, g,(P(n)) = g.(n). Hence if we let ¢, = 60g,, we have the desired family
of functions.

Thus it remains only to construct the functions k,. We shall define k,(m) by
induction on m so that the following additional property is satisfied:

b) {n ‘kn(m): n € “2} is a finite family of functions such that for all x, ¢, if
0k, (m —1) = | k,(m — 1) then k,(m + 1) = k,(m +1).

Define k,(0) =0 for all 7. Suppose that k, (m) has been defined for all m and
that n, <:--<m, represent all the elements of {n |k,,(m):n € “2}. Now by
induction on j = r define k, (m + 1): let k,(m +1) = k, (m)+ 1; and for j > [ let
k,(m +1)=®(k, (m+1)). Then for every ¢, let k,(m+1)=k,(m+1) if
14 l k:(m)=m, |k, (m). It is then easy to check that (b) holds for m + 1. Moreover
(a) holds, since if n < ¢ and we choose N such that n|N — 1< {|N — 1 then for
alln = N, n|k,(n — 1)< {|k.(n —1),s0 by construction k, (n) = ®(k,(n)). O

3.5 THEOREM. For every non-free strongly w,-free A of cardinality w,, there is
a family {A; :i <21} of strongly w,-free groups of cardinality w, such that for all i,
A, is quotient-equivalent to A and for all i# j, A, and A, are almost disjoint for
pure subgroups and A, cannot be embedded in A,. Moreover we can choose the
family so that A= A.

ProoF. Without loss of generality A = U, ., A, where E ={6 Ew,: A; is
not w,-pure in A} ={8 € w,: Asi/As is not free} Clim(w:), and for v& E,
A, .1/A, has infinite rank. For each § € E, choose {y?‘ i<a}C As. for some
@ = a’® = o such that the y? are independent mod A, and A;.\/As ={y!:i <
a}+ As),/As. (Call this group G;; it is a countable non-free torsion-free group;
by an abuse of language we write y® for y/+ A; € G;.) Now fix § € E and write
y® ={yi:i <a}. We claim that we can choose terms t, and integers d, =2
(depending on 8 but we omit all superscript 8°s) such that:

(1) Gs =y U{t(y)/du:n € w}),

(2) for all n, . () d.E(t:(§)/d. i <n)+(F),

(3) if {f,:L,—L,|r €} is an enumeration of all isomorphisms between a
pure finite-rank non-free subgroup L, of G; and a subgroup L’ of G;, then there
is a family {D, Ir € w} of pairwise disjoint infinite subsets of @ such that for all
r€w, L. 2{t.(y)/d.:n €D,}.

Write {2k : k € w} as a disjoint union of infinite subsets D,. We shall define ¢,
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and d. by induction on n. If n =2k + 1 we choose t,, d. so that, in the end, (1)
will hold. Notice that G;/{(y) is not finitely-generated so we can do this while
satisfying (2). if n =2k and n € D,, choose t., d, so that t.(y)/d. € L}; we can
do this while satisfying (2) because L is of finite rank but not finitely generated.
For each § € E choose a non-decreasing sequence {p°(n): n € w} with limit 8.
Continuing to hold & fixed, for cach rEw let o,:w0— D, be a strictly
increasing enumeration of D, For each r&€w let ¢, :D,—w be a strictly
increasing function such that for all n €D, f,'(L(F)d.)EW(GF)d:i=
gr.(n)) + (y). Finally, define ®:w — w as follows: if n € D,, n = 5,(z), then

®(n) = max (¢ (o, (z +1)),P(n —- 1)+ 1);

it n2U,D, ®(n)=d(n-1)+1.

Now let {¢, l n € “2} be the family of functions given by 3.4 for this ¢ and for
6 = identity. (In fact we have such a family for each §; if necessary for clarity, we
write ¢° instead of ¢,, ®° instead of @, etc.). Let f,: E—>“2 (i €2*) be as in the
proof of 3.3.

Then for every i <2 we can construct a group A; quotient-equivalent to A
such that for all § € E there are elements y ={y?, [ <a’}C Ais+i such that
Gs=(y+ As),JAis = Ais/Ais, and for all n, d, divides t,(y) mod A,, iff
7> p’(dr&(n)). (See Lemma 3.6 following.)

We claim that for i# j, A, and A; are almost disjoint for pure subgroups. To
obtain a contradiction, suppose that 6; (resp. 6;) embeds a non-free H as a pure
subgroup of A; (resp. A;). Let C be as in the proof of 3.2 and let
8 € C*NE such that H,../H; is not free. let ¢ = dfw), ¢s=diw. By
construction and without loss of generality we may assume that there exists N
such that for all n = N, ¢:(®(n)) = ¢5(n). By means of the identification of G
with (y + A,5),/Ais and with (y + A;5),/A,5, 6. and 6; induce an isomorphism
f,:L,— L’ between non-free finite rank pure subgroups of Gs. We can pick
arbitrary large v € C*N 8 and z € D, such that if n =0,(z), we have n = N
and s s

p* (s (U (0, (2)) < v = p” (s (¥ (a0 (z T 1))
By construction and the definition of ¢,, d, divides 71 (t.(3)) in A mod A,,.
But, since v = p’(ds (s (0. (z + 1)) = p° (d5 (P(n))) = p°(¢s (n)), dn does not
divide 1,(§) in Ajs+; mod A,,. By choosing a sufficiently large v we obtain a
contradiction from this as in the proof of 3.2.

The proof that A; does not embed in A; is similar.

Note that we can, in fact, construct the family {A, i <2“}sothat A= A. To
do this, we impose an additional condition on the ¢, and d,, viz.
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def
(4) p°(n)= least w such that d3|%.(7°) mod A,., defines a non-decreasing
function of n.
Then we use this function p® in the above construction of the A.. O

All that remains is to sketch the proof of the following lemma which justifies
the construction in the proof of 3.5.

3.6 LEMMA. Given A; = U, A, Gs, 1.(3) and d, as in (1) and (2) of 3.5,
and given a non-decreasing function 1w — 8 with range cofinal in 8, such that for
all n, Ayeyeil Ay is free, then there is a countable free group As., D A; containing
I < a} independent over A; such that As., is the pure closure of

elements y = {y,
(y)+ As and:
(1) Gs= Asa/As
(i) for all v<§, Asii/A,. is free; and
(ii) for all n € w and all T+ <4, d, divides t.(¥) mod A, iff > yi(n).

SKETCH OF PROOF. We shall define A;.,, as a subgroup of D =
As@@,q()y, by defining by induction elements a, € Ayuya — Ay and

setting
Az = <A3,{tLQ¢%;at'Z ne w} U {§}> CD.

n

We must choose the a, so that the rule

n y I y)— n
) b0, b)es gy, ey + A

defines an isomorphism 6 of Gs; onto A;.i/As Suppose a, chosen for i <n.
Choose  x, € Aymy1 such that x, + Ayw) generates a direct summand of
Aymy1/ Ay independent mod A, from {a, : i < n). Let k # 0 be minimal such

that
Kt—:i—(z)e<%ﬂzi<n>+(y)(g05).
By hypothesis (2) of the proof of 3.5, k > 1 and by minimality k divides d..
If

kt_:i(z)z » Ci%@(mod(f)),

then, by induction, (d./k)2;<.c:a:/d; is a well-defined element of A, ), 50 we can
let

dn i
a, =?(2 c,-z+x,.>.

i<n
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Then it is easy to check that

k( f,.! —Zd’ - an) = 2 C[W(mod(f) + A.p(n+1))

n <<n

so 0 is well-defined by (*). Also, since k > 1 the choice of x, insures that d, does
not divide 1, ()7) mod A.p(n). ]
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