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For an ultrafilter D on a cardinal s, we wonder for which pair (61, 62) of regular cardinals,
we have: for any (01 + 02)T-saturated dense linear order J, J/D has a cut of cofinality
(61,02). We deal mainly with the case 61,62 > 2.
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1. Introduction

Let D be an ultrafilter on a cardinal x. We consider the class €' (D) consisting
of pairs (61,02), where (6;,63) is the cofinality of a cut in J*/D and J is some
(equivalently any) (01 + 02)T-saturated dense linear order. The works [9-11] of
Malliaris and Shelah have started the study of this class for the case 6, + 6 < 2%.
In this paper, we continue these works; in particular, we will concentrate on the
case, where 61 + 05 is above 27. As the results of the paper show, the study of
the class €52+ (D) is very different from the case <o~ (D), and it is related to the
universe of set theory, we discuss in it. So, most of our results are proved under
some set theoretic assumptions, like the existence of large cardinals or the validity
of some combinatorial principles, or are considered in suitable generic extensions of
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the universe. We also prove some results about the depth and depth™ of Boolean
algebras, which continue the works of Garti-Shelah [2-5] and Shelah [14].
In particular, we prove the following:

e Suppose k1 > Xy and D is a k1-complete (but not ﬁf—complete) ultrafilter on ko
and (01,02) € € (D). Then 61,02 > k1 (Theorem 2.2).

e Suppose that D is an ultrafilter on k, k < p < A, 0, where p is a strongly compact
cardinal and A, 6 are regular. Then (X, 0) ¢ %(D) (Theorem 2.5).

e Suppose that D is an ultrafilter on x and 6, A are regular cardinals such that
0" < A. Then (A, 0) ¢ €(D) (Theorem 2.7).

e Assume V = L, and suppose that D is a uniform ultrafilter on some cardinal .
Then €' (D) is a proper class (Corollary 3.1).

e If in V, there is a class of supercompact cardinals, then for some class forcing
P, in V¥ we have: for any infinite cardinal s, and any ultrafilter D on &, if
()\1, /\2) S %(D), then A\; + g < 92" (Theorem 52)

It follows from our results that the study of the class € (D) is closely related to
large cardinals, and combinatorial principles like square and diamond; so that in
the presence of large cardinals, the class €’ (D) is small, while it is a proper class in
all known core models like L.

We now give some of the main definitions that appear in the paper.

Definition 1.1. A linear order J is 7T-saturated, if for every subset A of J of size
< 7 and every type I' in the language of J with parameters from A, if I is finitely
satisfiable, then I' is realized by some element of J.

If J is 7T-saturated and if A and B are subsets of .J of size < 7 such that a <; b
for all a € A and b € B, then it is easily seen that there are s1, ss and s3 € J such
that for alla € A and b € B, s1 <ja <j s3 <j b <; s3. To see this, consider
the types Th = {x <y a:a€ A}, To ={a<;2<;b:a € Aandb e B} and
I's = {b <;j « : b € B}. They are easily seen to be finitely satisfiable, and hence
by the saturation of J, they are realized by some s1, s9 and ss3, respectively. Then
s1, 82 and sg are as required.

Definition 1.2. Let J be a linear order, and Cy,Cy C J.

(a) (C1,C%)isapre-cutof Jif C; <; Cq (ie. forall s; € Cy and s9 € Ca, 51 < $2),
and there is no t € J such that C7 <;t <; Cs.

(b) (C1,C%) is a cut of J, if it is a pre-cut of J and J = Cy U Cs.

(¢) For a pre-cut (Cy,Cy) of J, let cf(Cy, Ca) = (61, 602), where
e 01 is the cofinality of Cy,60; = cf(Ch),
e 0, is the initiality (or downward cofinality) of Ca, 82 = dcf(Ch).

(d) Suppose (Cy,Cs) is a pre-cut of J and cf(Cy,Cq) = (61, 62).

e 5 witnesses cf(Cy) =01, if § = (s4 : @ < 07) is <;-increasing and unbounded
in Ol.
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o ¢ witnesses dcf(Ca) = 62, if t = (tg : § < 02) is < -decreasing and for any
t € (' there exists 8 < 03 such that tg < t.

o (5,t) witnesses cf (Cy, Cy) = (61, 02), if 5 witnesses c¢f(C) = 01 and ¢ witnesses
def(Ca) = 5.

Definition 1.3. Suppose D is an ultrafilter on a cardinal x. Then:

(a) €(D) = {(61,02) : (01,02) = cf(Cy,C2) for some cut (C1,Cs) of J¥/D, where
J is some (equivalently any) (61 + 62)"-saturated dense linear order}.

(b) %ZA(D) = {(91792) € %(D) 101+ 6y > )\}

(C) %SA(D) = {(91792) € %(D) 101+ 65 < )\}

Remark 1.1. Suppose D is an ultrafilter on a cardinal .

(a) €(D) is symmetric, i.e. (01,62) € € (D) < (62,01) € €(D), for all regular
cardinals 01, 05.

(b) There are (61, 02)-cuts with 6; € {0,1}, but they do not arise in our work,
because if a AT-saturated dense linear order has a (1, 62)-cut and 6; € {0,1},
then 02 > A.

(¢) By ultrafilter, we always mean a non-principal ultrafilter.

We also use the following combinatorial principles that are valid in known core
models, and will use them to show that the class ¢'(D) can be large.

Definition 1.4. Assume k is a regular uncountable cardinal and S C k is station-
ary. The diamond principle Qg is the assertion “there exists a sequence (s, : o € S)
such that each s, is a subset of o and for any X C &, the set {a € S: X Na = s,}
is stationary in k”.

The following is a version of square principle that will be used through this
paper.

Definition 1.5. (a) A set S C & has a square, if x is a regular uncountable cardinal
and there exists a set ST C x and a sequence C = (C, : a € ST) such that:

(o) S\ST in a non-stationary subset of &,
(8) Cy is aclub of «,
(7)) BEC,=p€ ST and Cs =C, N},
(0) otp(Cy) < a.

We may assume C, = 0, for o ¢ ST.

(b) Given a club subset C' of a limit ordinal «, let nacc(C) be the set of non-
accumulation points of C| i.e. nacc(C) = {8 € C : sup(C' N G) < B}.

For a forcing notion P, p < ¢ means that p gives more information than g, or
p is stronger than g. The forcing notion used in this paper is the Cohen forcing
described below.
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Definition 1.6. Assume 6 is a regular cardinal and I is a set with |[I| > 6. The
Cohen forcing for adding |I|-many Cohen subsets of 6, indexed by I, denoted
Add(0,1), consists of partial functions p : I — {0, 1} of size less than 6, ordered by
reverse inclusion.

The forcing notion Add(f,I) is -closed and satisfies (2<%)F-c.c., hence if
2<% — @, then it preserves all cardinals.

2. On ¢ (D) Being Small

In this section, we consider the cases, where € (D) is small, by showing that €' (D)
may not contain some pairs (6, 0), for some suitable regular cardinals 6, o. In par-
ticular, we show that if D is an ultrafilter on x and p > & is strongly compact, then
€ (D) is a set (in fact €(D) C pu X p).

The following lemma will be useful in some of our arguments. It says instead of
a saturated dense linear order, we can work with its completion.

Lemma 2.1. Assume J, is a AT -saturated dense linear order, J is its completion
and D is an ultrafilter on k. Then:

(a) If a cut of J¥/D has both cofinalities < X\, then this cut is not filled in J*/D.
(b) If (Cy,C2) is a cut of J¥/D of cofinality (61, 02), where 01,02 are infinite, then
it is induced by a cut of JF/D.

Proof. (a) Suppose (C1,C3) is a cut of JF/D of cofinality (6, 0), where 0,0 < )\,
and let (fo/D : o < 0),{g3/D : f < o)) witness it. Assume the cut is filled in
J®/D by some h € J*. Then for all @« < 0,8 < 0, fo <p h <p g, and hence
Aapg={i <rk: folt) <sj h(i) <j gs(i)} € D. For i < k set
Iy ={fa(t) <s. z <4, 98(4) : (o, 3) € 0 x 0 such that i € A, g}.

I'; is easily seen to be finitely satisfiable in J, hence also in J,, so it is realized by
some h. (i) € J.. Then h, € J¥/D, and for all & < 0,8 < o, we have f, <p h. <p
9, a contradiction.

(b) Follows easily from the fact that J, is dense in J. O

Theorem 2.1. Suppose k is a measurable cardinal, and let D be a k-complete
ultrafilter on k. Then:

(a) C<x(D) = 0.
(b) (0,0) ¢ €(D), where § < k.

Proof. (a) Follows from [10, Claim 9.1],* and (b) is [10, Claim 10.3]. O
We now give a generalization of Theorem 2.1.

2In [10, Claim 9.1], it is proved that (6, 0) ¢ ¢ (D) when 0,0 < kor§ =0 = k. Thecase § < 0 =k
can be proved similarly.
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Theorem 2.2. Suppose k1 > Ng and D is a k1-complete (but not fff-complete;
hence k1 is a measurable cardinal) ultrafilter on ko and (61,02) € €(D). Then
91, Oy > K.

Remark 2.1. If k; = Ry, then (Rg, lcf(Ng, D)) € €(D), and lcf(Rg, D) may be Ny,
where lcf(Rg, D) denotes the lower cofinality.P

Proof. Toward contradiction, assume that 01, 02 are regular, 6; < k1 and (61,603) €
€ (D) (recall that €' (D) is symmetric, so we can assume w.l.o.g. that 6; < k). Let
X = kg + 01 + 05, let J, be a AT-saturated dense linear order, and suppose that
(fa/D : a < 01),(g93/D : B < 03)) witnesses (01,02) € € (D), where f,,g3 € JF2.
Let f/D = (foa/D :a < 01), g/D = (gs/D : 3 < 62) and let J be the completion
of J.. By Lemma 2.1, (f, ) also witnesses a cut of J*2/D.

Let x be a large enough regular cardinal such that f,g € H(x), and consider
the structure Ay = (H(x),€) and let Ay = A72/D. Also let j : 2y — Ay be the
canonical elementary embedding. Clearly j is identity on H(x1) and crit(j) = k;.

Claim 2.1. There exists s € Ao such that:

(a) Ay = “s is a function from j(61) into j(J,)”,
(b) A = “s(a) = fo/D” for every a < 6.

Proof. Define h : ko — %A1 by

h(&) = (fa(§) : a < 01).

Let s = h/D € 2,. We show that s is as required. First, note that s = j(h)(k1). It
is clear that

s = j(h)(k1) = (j(falk1) s a < j(61)).

But for oo < 61, we have j(f)a(k1) = j(f)j(a) (K1) = j(fa)(k1) = fo/D. The result
follows immediately. O

So, we have the following.

Claim 2.2. There exist s € Uy and k., such that:

(a) Ao E “s is a function with domain K.”,
(b) Ky s j(61) if 61 < k1 and the least upper bound of {j(a) : @ < 61} if 61 = ka,
(c) s = “s(a) = fo/D” for every o < 5.

Fix s as in Claim 2.2.

bSee [12, Chapter VI] for the definition of 1cf(Rg, D) and more information about it.
“In fact, it is easily seen that k. = 01.
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Claim 2.3. If Ay C %y, [A2] < Aandb € Ay = Ao |= “b € j(J.) and s(a) <j(s.) 0"
for all o < 01, then for some by € j(J), we have

bEAQ and Oé<91:>9[2':“fa/D <j(J) b, SJ(J) b”.

Proof. Let b, € j(J) be such that Ay |= “b, is the <j(;y-least upper bound of
s(a), 0 < 617. Note that such a b, exists as As =“j(J) is a complete dense linear
order” and s € 2y. It is easily seen that for b € As and a < 61, we have s ¢
fa/D <j(1) bs <) 0. O

Let Ay = {g3/D : B < 62}. As 65 < X, and for § < 03,93/D € j(J.), so we
can apply Claim 2.6 to find some b, € j(J) such that for all @ < 61,5 < 03, ¢
fa/D <j(y) bs <j(s) 93/D”. Let h € J* be such that b, = h/D. Then

a<b,8<02=U2 = “fo/D <y h/D <5y 9541/ D <jc5) 98/ D"

It follows that the cut (f,g) is filled in J*/D, which is in contradiction with
Lemma 2.1(a). The theorem follows.

The next theorem is implicit in [10, Theorem 11.3]. We give a proof for com-
pleteness.

Theorem 2.3. Suppose D is an ultrafilter on k and 0 > k is weakly compact. Then

(0,0) ¢ €(D).

Proof. Suppose not. Let J be a 6T -saturated dense linear order and suppose
{(fa/D : o < 0),{ga/D : a < 0)) witnesses (0,0) € € (D). For « < 3 < 6, we
have

Appg={i <k: foli) <y f8(i) <;g5(i) <;s ga(i)} € D.

Define d : [0]> — D by d(a, 3) = Aa . Since 2% < 6 and 6 is weakly compact, we
can find X € [0]% and A. € D such that for all « < 3 in X, A, 3 = A.. For i € A,
consider the type

Ty ={fall) <jx<jgali): € X}.

Claim 2.4. T'; is finitely satisfiable in J.

Proof. Let ag < --- < «, be in X. Then

oo (i) <7 -+ < fa, (1) <7 Gan (1) <7 -+ <J Gao (0)-
So, it suffices to pick some element in (fa, (7), ga, (1))s, which is possible as J is

dense. 0

As J is 0T -saturated, there is h(i) € J realizing [';. So k(i) is defined in this way
for every i € A,. Let h: A, — J be the resulting function. Extend A to a function
in J®. Then

Vie A,Vae X, fai)<jh(i)<jga(i)=VaeX, fo<ph<pDga-
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Since X is unbounded in #, we have Va < 0, f, <p h <p ¢a, and we get a
contradiction.

We may note that the use of the partition relation # — (#)? in the above proof is
optimal in the following sense: If 8 is strongly inaccessible but not weakly compact,
then 0 — (6, a)? for every a < 6, yet, this is not enough for excluding the pair
(0,0), as proved in Lemma 3.1(b).

The next theorem generalizes the above result.

Theorem 2.4. Suppose that D is an ultrafilter on k, k < p < X\, 0, where p is a
supercompact cardinal and \,0 are reqular. Then (\,0) ¢ € (D).

Proof. Suppose not. Let J be a (X + 0)T-saturated dense linear order, J C Ord,
and let (fo/D : o < A),(g94/D : v < #)) witness a pre-cut in J*/D, which is a
pre-cut in J/D, for each linear order J, D J.

Let f/D = (fo/D : o < A) and §/D = (g,/D : v < 6). Let n = (A +0),U be
a normal measure on P,(n) and let j : V' — M ~ Ult(V,U) be the corresponding
elementary embedding. So, we have crit(j) = p and M" C M. It follows that
j(k) =k and j(D) = D.

Note that j[J] is also a (A+6)T-saturated dense linear order and for f €
J55(f) = Jlf] € j[J)", as | f| = k < n = crit(j). It follows that:

(0)1 “W(fa)/D < N),(j(gy)/D : v < 0)) witnesses a pre-cut in j[J]*/D, which
is also a pre-cut in J¥/D, for each linear order J,. 2 j[J]".

Also, as j is an elementary embedding, the following hold in M:

(x)2 “j(J) is a j((A+6)")-saturated dense linear order, j(J) 2 j[J], and

((fa/D:a<jN),{j(g)y/D :v < j(0)) witnesses a pre-cut in j(J)~/D".
On the other hand M" C M, so the sequences (j(fo)/D : a < A) and (j(g~)/D :
v < 6) are in M, and by (*)1, the following holds in M:

(¥)s “Qi(fa)/D:a < A),{jlgy)/D :~ < @) witnesses a pre-cut in j(J)*/D”.

We now derive a contradiction from (x

Assume that 0 > \. Note that sup{j(
sup{j(y) : v < 0} < 6 < j(#). Consider j(
and v < 0

)2 and (*)3
iy < 0} < j(0), so pick ¢ such that
i

7)
f)s € j(J)*. Then by (x)s, for all & < A

J(fa) = 3(f)jta) <0 3(F)s <D §(9)j(7) = J(g)-

This contradicts (x)s. The theorem follows. m|

In fact, we can weaken the above assumptions, as shown in the next theorem.
We have given the above proof, as it appears in later sections of the paper, where
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the methods of the proof of Theorem 2.5 are not applicable (see Theorem 5.1 and
Claim 5.19).

Theorem 2.5. Suppose that D is an ultrafilter on k, Kk < p < \, 0, where p is a
strongly compact cardinal and X\, 0 are regular. Then (\,0) ¢ € (D).

Proof. Suppose not. Let J be a (A + 6)T-saturated dense linear order, and let
(fa/D : a < A),{gy/D : v < 0)) witness (\,0) € €(D). For aq < az < A and
Y1 < y2 < 6 set

AO&1,O¢27’Y1,’YQ = {Z <K: fal(Z) <J faz(l) <J g’Yz(Z) <J g’Yl (Z)} € ‘D
Let E be a p-complete uniform fine ultrafilter on A x 6, such that
(,v) eAxO={(a,7) erxxb:a<a,y<7}€E.

We can find such ultrafilter F, as the cardinals A, 6 are regular > p and p is
a strongly compact cardinal. As E is p-complete and |D| = 2® < pu, for each
(o, 7) € A x 0, there exists a unique set A, , € D, such that

Xoy={(@y)erAxb:a<a,v<7 Avany =Aan} €EEL.
For i < k consider the type
Iy ={fali) <s 2z <5gy(i) : « < Xand v < 0 are such that i € A, ,}.
Claim 2.5. T'; is finitely satisfiable in J.
Proof. Suppose ai,...,0n < A\y1,...,7 < O and @ € Ag, 5y N - N Aay -

Choose a > aq,...,ap, and v > 71,...,7, such that for all 1 <1 <n, Ay 0y =
Aq, .~ Then

Fau(i) <5 Fali) <7 94(0) <7 g2 (0).
So, it suffices to take some = € (fo (), g4(7)) . O
It follows that T'; is realized by some h(i). As usual, extend h to a function on .
Then
Vi <k, V(a,7) € Ax0(i € Ay = fali) <g h(1) <5 g,(7)).
Thus for a < A,y < 0,
fa <p h<p g,

and we get a contradiction.

v

of order type p and some B C X of order type v,d [ A x B is constant.

Definition 2.1 ([1]). (§) — (“);’1 means: if d : K X A — p, then for some A4 C k

Theorem 2.6. Suppose (2‘) — (g‘);’:, and D is an ultrafilter on k. Then (X, 0) ¢
€ (D).
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Proof. Suppose not. Let J be some (A + )" -saturated dense linear order and let
(fa/D : o < X),(93/D : B < 0) witness (\,0) € (D), where fo,g3 € J*. For
a <\ [ <0 set

Aag ={i <5+ fali) <s gs(i)} € D,

Define d : A x § — D by d(a, 8) = A, g. By our assumption, there are A € [\,
B € [0]? and A, € D such that for all « € A, 3 € B, A, 3 = A,. For i € A, set

Iy ={fai) <sx <5930 :a€ A3 e B}

I; is easily seen to be finitely satisfiable, and hence it is realized by some h(i).
Extend h to a function in J*.

Claim 2.6. For alla < X, 3<0,fo <p h<p gs.

Proof. Let a < A\, 3 < 6. Choose o* € A, 3* € B such that o < o™, 8 < 8*. Then
{i < 5t far(i) <5 hG) <s g3-()} = A, € D

80 fo <D far <D h <p gs+ <D 98- O

We get a contradiction, and the theorem follows.

Theorem 2.7. Suppose that D is an ultrafilter on k and 0, X are reqular cardinals
such that 8" < A. Then (X\,0) ¢ € (D).

Proof. Suppose not. Let J, be a A*-saturated dense linear order and suppose that
(C1,C) is a cut of J¥/D with cofinality (A,6). Also, let J be the completion of
Ji. Let (fa/D :a < A),(gy/D : v < 0)) witness cf(Cy,Ca) = (X, ), where fq,g, €
JE, a < A\ v < 0. By AT-saturation of J, and the remarks after Definition 1.1, we
can find s_o0, S100 € Ji such that for all a < A,y < 6 and i < k&,

S—oo <J. fa(i)vg'y(i) <J, S+4oc-
Let I = {g,() 1 v <0,i < K} U{S_x0, 5400} Then [I|" = (04 k)" = 6" < X and
g~y € I” for all v < 0.
Claim 2.7. There is 3, < X such that for all g € I" and 3 € [Bx, \):

® g<p fs< 9<pD fs.,
e fs<pg<e fs. <pg

Proof. Suppose not. So, we can find an increasing sequence (¢ : { < A) of ordinals
< A and a sequence (ge : £ < ) of elements of I" such that for all £ < A, fs, <p

9¢ <D fpeir-
It follows that for £ < ¢ < A, ge # g¢, hence |I]" > A, a contradiction. O
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Fix 0, as above. We define a function g. € J" as follows: Let ¢ < k. Consider
the set

L={tel: fu) <.t}
We have s, € I; and I; is bounded from below, so as J is complete,
g« (1) = the <j-greatest lower bound of I;
is well-defined, so g, € J". It is clear that for all i < &, f3, (i) <; ¢.(7) so
f8. <D gx. (%)

We show that for all @ < A,y < 0, fo <p g« <p g, which will give us the
desired contradiction.

Claim 2.8. For all o < A, fo, <D G-

Proof. Since (f,/D : a < A) is increasing, we may suppose that « € [Bi, ).
Suppose on the contrary that g. <p f,. So
u={i<k:9.(4) <s fa(i)} € D.

For i € w,g.(i) <5 fa(i), so by our definition of g.(i), we can find ¢(i) €
[9+(7), fa(?))s. NI. For i € k\u set g(i) = Stoo. Then g € I* and ¢« <p g <p fa-
By (%), f8, <p g <D fo which is in contradiction with Claim 2.7. |

Claim 2.9. For all v < 0,9. <p g,-

Proof. Fix any ordinal v < 6. Since fz, <p g~, we have

w={i<r: f5.() <5 g,(i)} € D.

Hence for i € u, g(7) € I; and it follows that g.(i) <7, g+(¢). S0 g« <p g-. m|

Since g« #p fao for every a < X (as (fo/D : a < A) is increasing) and g+ #p g
for every v < 6 (by a similar argument), we have Va < AV~vy < 0, fo <p g+« <bD ¢,
and we get a contradiction. The theorem follows.

Recall that the singular cardinals hypothesis (SCH) says that if 2°1(%) < k. then
kF) = kTt follows from SCH that if § < X are regular cardinals and A > 2%, then
0" < X (see [6, Theorem 5.22]). The following corollary follows from Theorem 2.7.

Corollary 2.1. (a) (GCH) Suppose that D is an ultrafilter on x and 0 < X are
reqular cardinals such that X > k*. If (\,0) € €(D), then A = 0.

(b) (SCH) Suppose that D is an ultrafilter on x and 6 < X\ are regular cardinals
such that X > 2%. If (\,0) € €(D), then A =6.

The next corollary follows from Theorems 2.5 and 2.7.

Corollary 2.2. Suppose that D is an ultrafilter on k, u > K is strongly compact
and (0,0) € € (D). Then 0,0 < p, in particular € (D) is a set.
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Theorem 2.8. Suppose D is an ultrafilter on k, k < A = cf()), and suppose that
()35 holds for § = 27,8 < Ro, 7 < w, where:

: If e : [N? — 0, then there are u C 0,|u| < 1+ 0 and S € [\]* such that if
a < B are in S, then for somen < 1+7n and 9 < 11 < --+ < v, we have
Yo = &y Yn = ﬁ and fO’I" I < n7c{7l7’7l+1} € u.

(x)3

EY

Then (\,\) ¢ €(D).

Remark 2.2 ([14], Remark 2.3). If k < p < XA = cf(A), (Va < N)|a|® < X and
1 is a strongly compact cardinal, then the following holds:

If ¢ : [\]> — K, then there are 4,7 < x and S € [A]* such that for all @ < 3 in S,
there is o < v < (3 such that c¢{«,v} =i and ¢{v, 5} = J.

Hence (*)ii holds.

The following example shows that we cannot remove the assumption (Va <
A|a|® < A from Remark 2.2.

Example 2.1. Suppose that:

(a) A=cf(N) > p>0=cf(p),

(b) A = (\; : i < ) is an increasing unbounded sequence of regular cardinals in
(0, 1),

(¢) D is an ultrafilter on 6,

(d) A=tcf(J[;-9 Ais <), as witnessed? by the scale f = (fo : v < ).
c: [A\]?> = D is defined such that for o < 3 <\, fo [ c{a, B} < f5 | c{e, B}

Then for every U € [A]* and every finite u C D there are some o < 3 in U such
that forno a =y <1 < -+ <7y, =0 do we have l < n = c{v,v41} € u.

To see this, suppose that the claim fails. Pick £ € (\{A : A € u}. Then for
all @ < B in U, we can find a = 7 < 11 < -+ < 7, = [ such that | < n =
Ay v41} € ue But then € € N{e{vi, 141} : 1 <n}, and hence

fa(€) = fr0(8) < fu(§) <+ < [y, (§) < f5,.(8) = [5(E)

Thus the sequence (f,(£) : £ € U) is a strictly increasing sequence of ordinals in
Ae. But A\¢ < XA = |U|, and we get a contradiction.

Proof (of Theorem 2.8). Suppose not. Let J be a AT-saturated dense linear
order, and let (fo/D : a < A),(9a/D : a < A) witness (A\,\) € €(D). For

4By [13], if A = pT, then there exist a sequence X as in (b) and an ultrafilter D on 6, such that
D contains all co-bounded subsets of 6 and A = tcf([]; 4 M\i, <p)-
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a <7y < Aset
Aoy ={i < r: fali) <5 f1(2) <7 97(1) <7 ga(i)} € D.
Define ¢ : [\]> — D by

c{a7 /Y} = AOQ’Y'

By (*)i:;, we can find a finite set « C D and a set S € [\]* such that if « < 3
are in S, then for some n < 1+ nand a =y < -+ < 7y, =0, we have [ < n =
Ay, 441 € u. Since u is finite, A = Nu belongs to D. It follows immediately that for
a< fin S and i € A, we have

fali) <u f5(i) <s 95(i) < ga(). (%)

For i € A set
Ty ={fa(i) <jx <y gali): €S}

By (%), I'; is finitely satisfiable, so it is realized by some h(i) € J. Then h € J*",
and for all @ < A, fo, <p h <p ga, and we get a contradiction. O

3. On ¢ (D) Being Large

In this section, we show that under some extra set theoretic assumptions, €' (D)
can be large. In particular, we show that if V' = L, then (D) can be a proper
class. The following is proved in [10].

Theorem 3.1 ([10] Claim 10.1). Suppose k is a measurable cardinal, and D is
a normal measure on . Then (kT, k) € €(D).

We can use the method of the proof of Theorem 2.2, to remove the normality
assumption from the above theorem. More precisely, we have the following.

Theorem 3.2. Suppose k is a measurable cardinal, and D is a uniform k-complete
ultrafilter on k. Then (v, k™) € €(D).

We now state and prove the main result of this section.

Theorem 3.3. Suppose that:

(a) D is a uniform ultrafilter on k,
(b) We have 2" < A = cf()),
(¢) The sequence C = (Cy : av < \) satisfies
(@) Coq Ca,
(6) lim(a) = sup(Cy) = a,
(v) B€Ca=Cg=Canp,
)

(0) If a is a successor ordinal, then either Cy, is empty, or has a last element.
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(d) S={6<X:0tp(Cs) = k,0 ¢ Uy Ca} is a stationary subset® of A,
(e) There exists a sequence {(as,&s) : 6 € S) such that:

) We have as C nacc(Cs),

(a

(8) otp(as) = &,

() & <27,

(6) For every h : X — 2%, there is some § € S such that h [ as is constantly &s.
(

Then (A, ) € €(D).

Proof. Let J be a AT-saturated dense linear order. We shall choose the functions
fasga € J¥, a0 < X such that {(fo/D : o < A),{ga/D : @ < A)) witnesses a cut
of J%/D of cofinality (A, \). More specifically we shall choose the functions fu, ga
such that:

(a) Vi < 5, fali) <7 gali).
(b) for B < a <A, fﬁ<Dfa<Dga<Dgﬁa

(c) if a« ¢ S and g € Cy, then Vi < &, f3(i) <j fa(i) <5 ga(i) <s gs(i),
(d) if 6 € S, and (s : i < k) enumerates a5 in increasing order, then

Vi < £, f5(i) = fo,, (1) and  g5(1) = fas . (D)
We do the construction by induction on a < A.
Case 1. o = 0: Let fo, g0 € J* be such that for all i < k, fo(i) < go(7).

Case 2. a =y +1 is a successor ordinal: By our assumption ((fe : £ <), (ge : & <
) is defined. We define fy, go-

e Subcase 2.1. C, = 0: Then as J is AT-saturated dense linear order, we can
choose fo, ga € J* such that:

(o) for alli < &, f1(1) <j fal(i) <7 9a(t) <s gy(1).

It is easily seen that (a)—(c) are satisfied, and (d) is vacuous.
e Subcase 2.2. C, has a last element §: Then we take f,,go € J* as above with
the additional property:

(B) for alli <k, fs(i) <y fa(i) <J ga(i) <j g5(7).

Again it is easily seen that (a)—(c) are satisfied, and (d) is vacuous.
Case 3. « is a limit ordinal o« ¢ S: We take fo, go € J" such that:

(a) Vi< ﬁmfa(i) <J ga(i)a
(6) fOI‘ﬂ<Oé,f[3 <D fa <D 9o <D 98,
(7) it B € Ca, then Vi <k, f5(i) < fa(i) < ga(i) < ga(0)-

°Note that S is necessarily non-reflecting.
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For 7 < k, consider the type

Ty ={fs(i) <y <sy<ygp(i): B €Ca}.

By clause (c) and using the induction hypothesis, I'; is finitely satisfiable, so it is
realized by some f, (i) <7 ga(i). Clearly (a)-(c) are satisfied and there is nothing
to do with (d).

Case 4. 6 € S: Then we define f5,¢9s as in (d), so (d) holds. We must show that
(a)—(c) are also satisfied. Since (c) is vacuous in this case, it suffices to consider (a)
and (b). For (a), we have for any i < &,

f5(i) = fas (1) <7 fasia (1) = 95(0)

by (c), and the fact that as; < asi1 are in as C Cs, s0 as; € Ca,,,, and hence
asi ¢S, so (c) applies.

We check (b). So suppose that § < 4. Since § = sup;_, 5,5, we can find j <
such that 3 < as ;. Then fg <p fa;; <D gas, <D g and hence

u="{i<r:fg(i) <J fas, (i) <7 Gas, (i) <7 gp(i)} € D.
Since D is uniform, [j,x) € D, so uN[j, k) € D. We show that
i€un[j,r) = fp(i) <s f5(i) <7 g5(i) <s gp(7).
So let i € N [f, k). Then
o f5(1) = fas(0) 20 fas,; (1) > f5(i),

o fé(z) <J 95(07 by (a)7
hd 95(i) = fOé(S,'H»l (Z) <J Gasiza (Z) <J Yas (Z) <J gﬂ(i)'

This completes our construction. We show that (fo/D : o < A),(9a/D : a <
A) witnesses a cut of J®/D. Suppose not. So there is f. € J" such that for all
a < A fa <p fv <D ga. Let (A¢ : £ < 2%) be an enumeration of D, and define
h:X— 2" by

ha) =€ & Ae = {i <r: fali) <5 fu(i) <J ga(i)}.

By our assumption, there is § € S such that h [ as is constantly &s. This means that
for all j < K, h(ws,;) = &5, ie.

A&s = {7’ <K: foca,j (7’) <J f*(z) <J Yas (Z)}
Then for all i € Ag,,
95(1) = fos 1a (1) <7 f2(0)
and hence g5 <p f«, a contradiction. It follows that (A, \) € € (D), and the theorem

follows. O

In the next lemma, we produce models in which the assumptions in Theorem 3.3
are satisfied.
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Lemma 3.1. (a) Assume GCH. Then there is a cardinal preserving generic exten-
sion of V in which there are C, S and {(as,&s) : 6 € S) as above.

(b) If we have a square for X\, where X is a successor cardinal or a limil but not
weakly compact cardinal, then we can manipulate to have (c)—(d). In particular,
the above hypotheses are valid, if V = L and A\ > k™ is not weakly compact.

Proof. (a) We force C,S and ((as,&5) : 6 € S) by initial segments. So, let P be
the set of all conditions of the form

p=(7.¢5,((as,&) : 0 € s))
such that

(1) 7 <A,
(2) c= (ca a < 7), where

(3) s={0 <71:o0tp(cs) =kK,0 ¢ Ua<T Cat-
(4) The sequence ((as,&s) : 0 € s) satisfies:

(a) as C nacc(cs),
(b) otp(as) =,
(c) & < 2%
Given p € P, we denote it by p = (77,7, sP, ((a},&5) : 6 € sP)). For p,q € P, the
order relation p < ¢ is defined in the natural way, i.e. we require
(1) =71,
(2) & = 79,
(3) s9=sPNT1Y,
(4) ((af,&5) : 0 € s7) = ((af, &F) : 0 € 7).
The forcing notion P is easily seen to be A-distributive and AT-c.c., hence, it

preserves all cardinals and cofinalities. Let G be P-generic over V, and define

C={(Cy:a<)),S and ((as,&) : 6 € S) by
Co =cb, for some (and hence all) p € G with 77 > «,
S = U sP,
peG

(as,&5) = (a8,&5), for some (and hence all) p € G with 77 > «,

We show that C' = (Cy : a < \), S and ((as,&s5) : 6 € S) are as required. It
suffices to show that S is stationary and that if h : A — 2", then there is some
0 € S such that h [ as is constantly &s.
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S is a stationary subset of A: Assume p € P and p IF*D is a club subset of A”.
Let 0 > X be large enough regular and let < be a well-ordering of H(6). Assume
M < (H(#),€,<) is such that M contains all relevant information, in particular
P.p,C,....€ M, M| < A\, <"M C M and § = M N X is an ordinal with c¢f(d) = «.

By recursion, we can define a decreasing sequence (p, : @ < k) of conditions in
P such that

Po =P,

For each o < k,po € M,

(TP~ : @ < k) is a normal sequence cofinal in §,
Pat1 [F“C' N (TP TPat1) £ 07,

If we define ¢ by 77 = § + 2, so that

— q [0 = NycpPa (the greatest lower bound of p,’s, a < k),

— ¢§ = Ug<,, e, where ¢ = ¢ for some (and hence any) a with § < 7=,
- c§+1 = {4},

then ¢ € P.

Then ¢ IF*6 € C'N S, and we are done.

Clause (e)—(d) of Theorem 3.3 holds: suppose h : A — 2" and let i be a name
for it. Also, let p € P forces “h : A — 2% is a function”. Define a decreasing chain
(P = @@ < A) of conditions in P such that

® Po =D,
® Datil“h [TP27, say pat1 IF“h [ TP = a.”,
e For limit ordinal a, p, = /\B<a Dg-

As A > 2% we can find a < A\, ¢ < 2% and b C a, of order-type k such that
Pat+1 IFh [b = ide [ b7, where id¢ is the constant function taking value £ every-
where.

As above, we can extend py41 to some condition g such that 79 = § + 2 for some
d € S such that (af,&f) = (b,€) and b C nacc(ci). Then ¢ IF“6 € S and h [as is
constantly &5, where as C nacc(cs) has order type k7. We are done.

(b) As X has a square, we can find a set 7 C X and a sequence D = (D,, : o € T
such that:

e M\\T in a non-stationary subset of A,
e D, is aclub of a,

e 3eDy=peT and Dg =D, N},
o otp(Dy) < o

We assume T' contains only limit ordinals and for o ¢ T, we set D, = 0. As \T
is non-stationary, we can find a club D C T. We now use the sequence D to define
a new sequence C' = (C, : o < \) such that C satisfies clause (¢) of Theorem 3.3
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and further

seD& () =r=15¢ ] Ca

a<A

It is clear that S = {0 < A : otp(Cs) = K,0 & oy Ca} 2 DN Cf(k), hence, it is
stationary. The second part follows from results of Jensen. We are done. O

Corollary 3.1. (V = L) Suppose D is a uniform ultrafilter on some cardinal k.
Then € (D) is a proper class.

Proof. Assume V = L. Let A > 2" be a successor cardinal. By Lemma 3.1(b), we
can find a sequence C' = (C, : @ < \) which satisfies clause (¢) of Theorem 3.3
and such that the set S = {6 < A : otp(Cs) = k,0 ¢ U,y Ca} is stationary in A.
Also, we can apply (g to find a sequence {(as,&s) : § € S) satisfying clause (e) of
Theorem 3.3. It follows from Theorem 3.3 that (A, A) € € (D). Thus

€ (D) 2 {(A\A) : A > 2" is a successor cardinal}

and hence €' (D) is a proper class. O

4. More on % (D) Being Small: Consistency Results
Lemma 4.1. Suppose that:

(a) o,k,u, A and T are such that:

(o) 0 <k =cf(k) <p < X=ct(N) are infinite cardinals,
B) T: AX A= o0,
(7) a< A= o< <A,

(b) We have U, 11, & such that:

a) U C Sgn is stationary, where Sgn ={a < A:cf(a) > Kk},
U — o,

acv=T1(a,fBue) =Ti(a).
Then:

(¢) There are a club E of X and 7o : UNE — o such that if v € [U]<" and sup(v) <
0 e UNE, then for some [ € (sup(v),d) we have o € v = 7(av, §) = 11 () and

T(8,0) = 12(9).

Proof. For every v € [U]<" set

Jy = {w C p : there is no i € w such that (Vo € v)7(«, By:) = 71(a)}.
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Jy is clearly a x-complete ideal on p and p ¢ J, by (b)(e) (and in fact J, has a
maximal element). Let

E = {6 < X :¢ is a limit ordinal, and for every bounded subset v
of 0 of cardinality less than , we have U{3,,:i < u} C d}.

Clearly FE is a club of .

Claim 4.1. For every § € Sén N E, there is an ordinal & < o such that if v1 €
[UNS<%, then for some v we have:

(a) v1 Cv e UN <",
(b) {i <p:7(Bpi,d)=EFeJf.

Proof. Suppose not. Then for each £ < o, we can find some ve € [ N 6]<" such
that if ve C v € [UN<", then we, = {i < p : 7(Bv;,0) = & € Jy. Let
v = ¢, ve. Then v € YN 6] and for all § < 0, we o € Jy, s0 by K-completeness
of Ju, w =, we,w € Ju. Clearly w = p, so p € J,, which contradicts (b)(e). O

For 6 € UNE, let 12(0) be the least £ as in Claim 4.1. We show that E and 75 are
as required. So let v € [U]<" and suppose that sup(v) < d € ENU. By Claim 4.1,
there is u such that v Cu € [UN <" and w = {i < p: 7(Bui,0) = 72(8)} € J,I.
Since w ¢ Jy, there exists ¢ € w such that for all & € u, (v, Bu:) = T1(«). So it
suffices to take 8 = By.;.

Before we continue, let us recall from Theorem 2.8 the principle (*)ii, which
says if ¢ : [\]2 — o, then there are u C o, |u| < 3 and S € [A]* such that if a < 3
are in 9, then for some n < 3 and vy < -+ < 7, we have 79 = «, 7, = 3 and for
I <n,c{v,v41} € u.

Lemma 4.2. Suppose that o,k and X are infinite cardinals such that o < k =
cf(k) < p < XA =cf(N) and suppose that for each 7 : A X A — o there are U, 71 and
@ such that (a) and (b) of Lemma 4.1 hold. Then (*)ii holds.

Proof. Fix 7, and let U, 7, and & witness (a) and (b) of Lemma 4.1 hold. Let E
and 72 be as in the conclusion of Lemma 4.1. Since ran(m;) C o < A, for some
& < o, the set

Si={aclUNE:m(a) =6}
is a stationary subset \. So again as ran(my) C o < A, for some & < o, the set
52 = {Oé S Sl : TQ(O[) = 52}

is a stationary subset of S;. Thus Ss is of size . We show that u = {&1,&} and
Sy witness (*)ii So suppose that a < [ are in S;. By (c) of Lemma 4.1 (taking
v ={a} and § = ), we can find some v € (a, §) such that 7(a,v) = 11 (a) = &
and 7(v, 8) = 12(8) = &. Thus 7(«a,v), 7(7, 8) € u, as required. m|
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Theorem 4.1. Suppose that:

(@) p<k<x=cf(x) and x = x~",
(B) > x is a supercompact cardinal,
(v) Q@ = Add(x, p) is the Cohen forcing for adding p-many new Cohen subsets

of X,
(6) A=cf(\) > p and o < X = |a|<X < \.

Then the following hold in V©:

(a) If T : A X X — p, then for some U, and & clauses (a) and (b) of Lemma 4.1
hold,

(b) (%32,

Proof. Note that (b) follows from (a) and Lemma 4.2, so it suffices to prove (a).
Let 7 be a Q-name for 7, and suppose for simplicity that 1g IF 7 : A x A — p.
Let D be a normal measure on I = P,(\), and let j : V — M ~ Ult(V, D) be the
corresponding ultrapower embedding so that p = crit(j),j(x) > A and M* C M.
The following claim is trivial using the fact that Q satisfies the o™ -c.c., where
o =2°X, O

Claim 4.2. For any o < 3 < A, there are (Ga.,Ca,p) such that:

(a) Ga.p = (qa,p.e : € < 0) is a mazimal antichain of Q,
(b) Ca,p = (Cape: & <o), where cqpe < K,
(C) qa,B,¢ [ L(O&,ﬂ) = Cqo,3,&-

For u € I set B(u) = B, = sup(u) < A. By Solovay [15], there exists A € D such
that for all u,v € A, if B(u) = B(v), then v = v. Let A3 = {u € A: 9, = otp(u)
is a regular cardinal such that a < 9, = |a|<¥ < 9, and § = sup(uNJ) &
cf(6) = rt = 6 € u}.

Claim 4.3. A; € D.
Proof. By (6), A = otp(j[A]) is a regular cardinal, and for all o < A, |a|<X < .

Now suppose that § = sup(j[A\]Nd) and cf(6) = xT. Then clearly § = j(«) for some
a < A, and hence ¢ € j[A]. It follows that j[A] € j(A1), and hence A; € D. |

For u € A; set v, = {0 < sup(u) : cf(§) = k* and § = sup(u N J)}. Then by
definiton of Aj, v, is an unbounded subset of u, v, € {6 € u : c¢f(6) = kT } and v,
is a stationary subset of sup(u).

Claim 4.4. There are Ay and U such that:

(a) A2 €D and AQ - Al,
(b)) UCT X andu € Ay = v, =UNu,
(c) U C{d < A:cf(8) =k} is a stationary subset of .
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Proof. Set
U={5<X:cf(d) =rT and sup(j[\ N5(5)) =3(5)}.
U is clearly a stationary subset of A, consisting of ordinals of cofinality x*. Let
Ay ={ue A v, =UNu}.
It suffices to show that As € D. We have
v = {0 < sup(j[A]) : cf(6) = kT and sup(j[A] N ) =6}
= {j(0) : 6 <\, cf(8) = k™ and sup(j[\] N j(9)) = j(6)}
= jl]
=JjU) N jAL
This implies j[A] € j(Az), or equivalently Ay € D, as required. |

Fix a < XA and £ < 0. By p-completeness of D and xk < pu, we can find some

Ca,¢ < k& such that
Ax(a, &) ={u € Ay : a € wand ¢, gu)¢ = Cac} € D.

Let A(a,&) = {u € Az(, &) : uNp € p and dom(qa, gu),e) Nu < u}, where < is
the Magidor relation (see [8]) on I defined by u < w iff u C w and otp(u) < w N p.
Since the forcing conditions have size < x and y < p, we can easily conclude that
Ao, &) € D.

Define F': A(a,§) — I by F(u) = qq,8(u),e [ u. As D is normal, it follows from
[8] that there exist B(a,&) and gq,¢ such that:

B(a, &) C A, €),

B(a, &) € D,

qa,¢ € Q7

For all u € B(a,§), Go,B(u),e U= qae-

So, varying &, it follows from the p-completeness of D that

B(a) = [ B(e,¢) € D.
§<x
Set

B={ucl:acu=ucB(a)}.

By normality of D, B € D.
Now for each v € [U]<", we choose u, ¢ by induction on < o such that:

® u,¢ € B,
v C Uyg,
o { < (= Upg C Uy, and U{dom(qaﬁ(uv)s))e) POE Uy, € <Ot C Uy

For v € [U]<" and £ < o let
Bue = 6(”1},5)
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and define
a={(Bue:ve U E<a).
Let G be Q-generic over V. Define 7, : U — k, 71 € V[G], by

T1(®) = ca,e, where { < o is the least ordinal such that g, ¢ € G.

Claim 4.5. 71(«) is well-defined.

Proof. Let v € B be such that o € u. Then (gog(u),¢ : € < 0) is a maximal
antichain of @Q, so for some unique §, < 7, qq g(u),c, € G- Since qo gu).c. < ot
we have ga¢, € G. It follows that {{ < 0 : gae € G} # 0, and hence (o) is
well-defined. O

The following claim completes the proof of the theorem.

Claim 4.6. In V[G], U, 7,71 and & are as required in (a) and (b) of Lemma 4.1.

Proof. It suffices to prove (b)(e). So let v € [U]<". Clearly v € V. Let ¢ € G. We
find ¢* < ¢ and i < ¢ such that

¢ Facv= (o, Bui) = 1i(),

~

where T s T1 are Q-names for 7, 71 respectively. Let o = ¢. As the forcing is y-closed,
and y > S K, there exist ¢1 < qo and (£(a) : a € v) € V such that for each o € v,

q1 - éa =min{{ <o :¢a¢ € G} =¢{(a),
where G is the canonical Q-name for the generic filter G. Again as Q is y-closed
and x > k, we can find g2 < g1 such that for each o € v
q2 I Ao g(a) S G

Since the forcing is separative, g2 < gq ¢(o) for all & € v. Since |[dom(go)| < x < p,
we can find ¢ < o such that

J{dom(ga, s, 6) s a € v, & <o}

is disjoint from dom(g2)\ [J{dom(qq ¢(a)) : @ € v}. Let

¢ =qU U{qaﬁu,ma) ta € vt

If ¢* is not a well-defined function, then we can find some ¢ < p and o € v such
that both of g2(0) and g4 g, , ¢(a)(0) are defined and are not equal. By our choice of
i, q2(0) = qp.¢(3)(0), for some € v. But then g, ¢(a) and gg ¢(3) are incompatible,
which is in contradiction with g2 < qq ¢(a), 43,¢(8)- S0 ¢ is well-defined.
It follows that ¢* € Q. Let a € v. We show that
q" I T( Boi) = T1(@).

~
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We have
Gafui60) IF (0 Boi) = Caspyib@) = Cablun.)él0) = Cagla)-
On the other hand,
@ I 71(0) = cagla-
So as ¢* < q2,4a,B, :.£(a)>
q" Ik (e, Bui) = Cae(a) = Q(O‘)'

The claim follows.
This completes the proof of Theorem 4.1. |

Corollary 4.1. Assume u is a supercompact cardinal and 0 = (2%)% < p. Then
for some (2<%)*-c.c., O-closed forcing notion Q of size u, the following hold in V©:

(a) 29 = p.

(c) If D is an ultrafilter on k,A\ = cf(A) > p and (Va < N)|a|<? < A, then
(M A) & 4(D).

Proof. Let Q = Add(6, ). Then (a) is clear, (b) follows from Theorem 4.1, and
(c) follows from (b) and Theorem 2.8. O

We now give an application of Theorem 4.1 in depth and depth™ of Boolean
algebras, which continues the works in [2-5] and [14]. Recall that if B is a Boolean
algebra, then its depth and depth™ are defined as follows:

Depth(B) = sup{f: there exists a f-increasing sequence in B}.

Depth™ (B) = sup{#*: there exists a f-increasing sequence in B}.
Corollary 4.2. Assume p is a supercompact cardinal, 0 = (2F)" < p and X\ =
cf(N) > p. Then for some (2<%)T-c.c., O-closed forcing notion Q of size u, the
following holds in V2 If D is an ultrafilter on k, (B; : i < k) is a sequence of

Boolean algebras satisfying i < k& = Depth® (B;) < X\ and B = [[,_,. B;/D, then
Depth™ (B) < A.

<K

Proof. Let Q = Add(0,u), and let G be Q-generic over V. We work in VI]G].
Suppose that D is an ultrafilter on x, (B; : i < k) is a sequence of Boolean algebras
such that for i < & Depth™(B;) < X and let B = [[._,. B;/D. We show that
Depth™ (B) < \.

Suppose not. So, we can find an increasing sequence (a, : a < A) of elements
of B. Let us write aq = (a : 4 < k)/D for every o < . For a < 8 < A\, a0 <m ag,
and hence

<K

Aapg={i<rk:af <g, a’} € D.
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Define ¢ : [A\]> — D by c(a, 3) = Aq 3. By Theorem 4.1, (*)i%h holds in VI[G], so
we can find an unbounded subset S of A\, and Ay, A1 € D such that if & < § are in
S, then for some oo < v < 3, we have A, , = Ag and A, 3 = Ay. Let A= Ay N Ay,
and fix some i, € A. Then for all & < 3 in S, af <g,, af*. So (af : a € 5)

is an increasing sequence in B;,, hence Depth™ (B;,) > AT, which contradicts the
assumption Depth™ (B;,) < \. |

The next theorem can be proved as in Theorem 4.1 and Corollaries 4.1 and 4.2.

Theorem 4.2. Suppose that:

(a) k< x=cf(x) and x = x*"
(B) p > x is a weakly compact cardinal,
(v) Q@ = Add(x, p) is the Cohen forcing for adding p-many new Cohen subsets

of x.-
Then in VQ the following hold:

(a) If D is an ultrafilter on k, then (u,pn) ¢ € (D).

(b) (+)22.

(¢) If D is an ultrafilter on k, (B; : i < k) is a sequence of Boolean algebras
satisfying i < x = Depth™ (B;) < y and B = [[,_,. Bi/D, then Depth™ (B) < p.

<K

5. A Global Consistency Result

In this section, we prove the consistency of “if (A, A2) € €(D), where D is an
ultrafilter on x, then A\; + Ay < 2277,

Lemma 5.1. Suppose that:

(o) k<0 =cf(h),

(B) A1, X2 are regular cardinals and Ay + Ay > 2<9,

(v) Q = Add(0,U;),l = 1,2, where Uy C Uy are two sets of ordinals (hence
Q1 <Q),

(8) fl=(fL :a < \),l=1,2 where f' is a Q;-name for a function from k
I .

(e) kg, %, where
(X): L is a linear order, D is an ultrafilter on r and (f!

a (A1, A2)-pre-cut in I"‘/D which is a pre-cut in
order J21I.

Then fl,1=1,2 and I are also Qz-names, and I-g, “YX.

/D, f?/D) represents
J"/D for each linear

Proof. Let Q = Q2/Q;. Then clearly Q@ = Add(6,Uz\U1), so we can assume with-
out loss of generality that U; = (), so that Q; is the trivial forcing notion and
V=7,
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So I, fL,D € V are objects and not names. Also without loss of generality
A1 > 2<% hence by Theorem 2.16, Ay > 2<%, Set U = Uy = Us\U;. We can also
assume that the linear order I mentioned in “*X” is a complete linear order whose
set of elements is in V.

Toward contradiction assume that Wq, “X”. So, we can find ¢, € Q2 and Qq-
names .J and h such that:

(04) qx € Q27
(B) g« IF “J is a linear order such that J 2 I7,
( ) q* H_ ((Q 6 ili”?

)

wel

~
(6) g« Ik “fi <p h <p f2, for every an < A, a0 < Ap”.

Case 1. (Va < A\)|a|® < A1z For each oo < Ay choose (¢a, Ay ) such that:
(*): () ga < s,

(b) Ay € D, Ay C &,
(c) go Ik “if i € Aq, then fL(1) < g h(i)". ]

~

Claim 5.1. There are S,U,,p. and A, such that:

(a) S C Ay is unbounded,

(b) If o # B are from S, then dom(q,) Ndom(gg) = U,
(¢) a €S = qo U = ps,

(d) e S= A, = A..

Proof. By the assumption on A; and the A-system lemma, we can find 57, U, such
that S € Ay is unbounded, and for all o # 3 from S, dom(g,) N dom(gg) = U..
Since [Uy| < 0, and Ay > 2" = |{q € Q2 : dom(q) = U, }|, we can find an unbounded
S C S1, pe € Q2 and A, € D such that the conditions of the claim are satisfied by
them. |

For i < k, let I} = {fL(i) : « € S} C I. By enlarging [ if necessary, we can
assume without loss of generality that |I| > A1 (in V). Define g € I by

g(i) = the < -least upper bound of I7.
Claim 5.2. If a < Ay, then fl <p g.
Proof. Let 3 € 5,8 > «. Then fo, <p fs <p 9. O
Claim 5.3. If a < Ay, then g <p f2.
Proof. Let 3 € (a,X2) and let B = {i < & : g(i) >r f3(i)}. If B ¢ D, then

9 <p f; <p f? and we are done. So suppose that B € D. For each i € B, there
is t; € I such that f;(z) <1 t;i. So there is o; € S such that ¢t; = f1 (i). Let
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qg = UH{ps; : ¢ € B}. By Claim 5.1, g is a well-defined function and so ¢ € Q.
Further i € B = ¢ < p,, and by Claim 5.1

Po I “Av = {j < r: f5,(7) <q B}
So A, N B € D, and
i€ AiNB=qlk“f5(i) < g ti = fr,(i) < g h(i)’

gq

hence ¢ IF f5 <p b7, and we get a contradiction. O

It follows that g € V is such that for all a; < A1 and as < As, fél <p 9<p féz
and we get a contradiction.

Case 2. The general case: We now show how to remove the extra assumption
(Va < A\p)|al® < A\; from the above proof. Let 0 = 2<%, Then 0 = 0<% = 0", as 0
is regular. Let ((¢a, Aa) : & < A1) be as in (x).

Claim 5.4. There is u. C U, |u| < o such that if u. C u € U= and o < Ap,
then for some 8 € [, A1), we have dom(gg) Nu C ..

Proof. Suppose not. We define (ug, B¢), by induction on £ < 6, such that:

)
)
v) Be < A1,
) (Bc : ¢ <€) is increasing and continuous,
) If&=C+1and o € [B,)), then dom(pa) Nue € uc.

Case 1. £ = 0: Let (ug, B¢) = (0,0).

Case 2. { is a limit ordinal: Let ue = J; ¢ uc, and B¢ = U, ¢ B¢c. Then [ug| < o
and e < A1 as [{] < 0 =cf(0) < A\ = cf(\).

Case 3. £ = ( + 1 is a successor ordinal: By our assumption, there are u, o such
that ue C u € U=, a < Ay and for all B € [a, A1), dom(gg) Nu € uc. Set ug = u
and (¢ = max{f; +1,a+ 1}.

Now set 3 = U£<9 Be. Then § < A as Ay = cf(A1) > fand forall{ < 6, 5 < A.
Also € < 6 = dom(gg) Nuer1 € ue. As (ug : £ < 6) is C-increasing, it follows that
|dom(gg)| > 0, which is a contradiction. |

Fix u, as in Claim 5.4.

Claim 5.5. There are p., S, Ay such that:

(8) dom(p.)\dom(gs) C us,
() S C A1 is unbounded in A,
(

0) If a« € S, then Ay, = Ay and qo | (dom(gs) Uuy) = py,

(Oé) P« € Q27p* < x5
)
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(6) IfuCU,|ul <o and a < Ay, then there is 3 such that o < § € S and dom(qg)
is disjoint from u\dom(p,).

Proof. Let ((pe, Be) : £ < &) list {(p, B) € Q2 x D : p < g, and dom(p)\dom(g,)
us}. As |us] < o, and members of Q2 are functions into {0,1}, clearly |&.]
0<% x 2" = g, so w.l.o.g & < 0. Let

IA 1N

Se ={a <A : Ay = B¢ and ¢, [ (dom(gs) Uuy) = pe}t.

So (Se = € < &) is a partition of A;. If for some &, (p¢, S¢, Be) is as required on
(ps«, S, Ay), we are done. Suppose otherwise. Clearly, for each £ < &, one of the
following occurs:

e S¢ is bounded in A;. Then let ag = sup(Se) + 1 and ue = 0,

e S¢ is unbounded in A;, then clause (€) must fail. Let ue, ag witness the failure
of (e).

Let u = Ug ¢, ue Uus and o = sup{ag : § < &} + 1 Then uw C U, Ju[ < o and

a < A1. By Claim 5.5, there is § € (o, A1) such that dom(gz) Nu C u.. Pick £ < &,

such that pe = gg [ (dom(g«) U us) and Be = Ag. So o < B € S¢ and hence S¢ is
unbounded in A;. But then a¢ < 8 € S and

dom(gs) N (ug\dom(pe)) = 0

which is in contradiction with our choice of u¢, ae. The claim follows. O

Fix p., S and A, as above. For i < k, let J; be the set of all ¢ € I such that if
u CU,|ul <o and a < Aq, then there is 3 such that:

(xx): (a) t < fé(z),
(b) a<pes,
(¢) dom(gg) is disjoint from u\dom(p.).

We also assume w.l.o.g that I is of cardinality > A; and we define g € I by

g(7) = the <;-least upper bound of J;.

Claim 5.6. If a < Ay, then fl <pg.

Proof. Let B = {i < r:g(i) <; f1(i)}. If B ¢ D, we get the desired conclusion,
so assume that B € D. So for every i € B, f1(i) ¢ J;, hence there are u; C U of
size < o and «; < A; such that there is no 3 as requested in (*x), for t = f1(i).
Let u = J;cpwi and a, = (J{o : i € B} Ua. The u is a subset of U of size < o,
and by Claim 5.6 we can find  such that a. < 8 € S and dom(gg) is disjoint
from u\dom(p.). Now a < an. < f3, hence f; <p f3, hence C = {i < r : fi(i) <1
f5(1)} € D. Hence BN C € D, in particular BN C # 0. Let i € BN C. Then:

(a) fa(i) <1 f5(i), as i€ C,
(B) fi(i) ¢ Ji asi€ B,
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(7) @ < v € S and dom(g,) Nu C dom(p,) = fL(i) <; fl(i), as u; witnesses
fali) & Ji.
In particular, as § satisfies (), we have f}(i) <7 f4(i). But this is in contradic-
tion with («). O

Claim 5.7. If a < g, then g <p f2.

Proof. Let B = {i < k: f2(i) <7 g(i)}. If B ¢ D we are done, so assume toward
contradiction that B € D. First, note that for i € B, f2(i) € J;. To see this, suppose
u C U is of size < o and a < A\j. As i € B, f2(i) <; g(i), so by the definition of
g, we can find t' € J; with f2(i) <; t'. Let 3 witness t’ € J; with respect to u and
a. Then f2(i) <; t' <; f4(i) and both (b) and (c) of (+) are satisfied for this (.
Thus 3 witnesses () with respect to t = f2(i). It follows that f2(i) € J;.

Let p1 € Q2 and C' C D be such that p; < p. and p; H—C:{i</~€:Q(i) <z

2.1(1) <g f2(i)}. Clearly C € D.
We define §; by induction on i € B such that:

(o) a< f; €8,

(B) f3(i) <1 f5,(i),

(7) dom(gz,) N (U{dom(gs,) : j € B i} Udom(py)) C dom(p.).

Case 1. i = min(B): Let 3; be the least element of S above a such that f2(i) <;
féq, (7). Such f; exists by definition of g.

Case 2. 1 > min(B): Suppose (; for j € BN are defined. Let u = (J{dom(gpg,) :
j € BNi}Udom(py). Then u CU and |u| < g, so by definition of J; and g, we can
find 3 € S such that 8 > U,cpn; 855 fa(i) <1 f5(i), and dom(gp) is disjoint from
u\dom(p). Set 3; = .

Let ¢ = U{gp, : i € B} Up1. By (v), ¢ is a well-defined function, so ¢ € Qa.
Clearly ¢ < p1, and ¢ < gg,, for i € B.

As p; € S, Ag, = A. € D (by Claim 5.6(0)), hence A, "N BNC € D. Let
i€ A, N BNC. Then:

() qlF “h(i) < g f2,1(i) <g f2(i)”,as ¢ < prand i€ C,
(€) f2(i) <1 f5,(i), by (B) above,
() qlF“f3,(i) <g h(i)", as ¢ < pp, and i € A, = Ag,.

It follows that

q - “f5,(1) < g h(i) <g f2() <g £5,0)

which is a contradiction. O
Claim 5.8. If a1 < A1 and o < A, then fél <p g <p f(%z.

Proof. We have f! <p fi .1 <pg,and g<p f2 ., <p f2,, so we are done. [
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Thus g € V is such that for all a1 < A1 and as < Ag, fél <p g <pD f§2 and we
get a contradiction. Lemma 5.1 follows.

Theorem 5.1. Assume k < 0 = < < u and p is a supercompact cardinal. Let
Q = Add(0, i). Then in VO, we have 2° = 1, 0<% = 0 > k and for every ultrafilter
D on &, if (A1, A2) € € (D), then A\ + A2 < pu.

Proof. Let G be Q-generic over V. Toward contradiction assume that in V[G],
there are ultrafilter D on k and regular cardinals A1, Ay such that A\; + Ay > p and
(M, A2) € €(D). Assume w.l.o.g that Ay > A;. Let A = A\ + Ao, and let I be a
AT-saturated dense linear order and let (f'/D, f2/D) witness a pre-cut of I"*/D of
cofinality (A1, A2), where f'/D = (f!/D : a < \;),l = 1,2. We may assume that
the set of elements of I is |I], so that it belongs to V. It follows that I* C V, and
flev.

Claim 5.9. We can assume that D € V.

Proof. Let n < p be such that D € V[G N Add(6,n)]. Then V[G] is a generic
extension of V]G NAdd(0,n)] by Add(0, p\n), and Add(0, x\n) ~ Add(0, 1). So by
replacing V' by V|G N Add(6,n)], if necessary, we can assume that D € V. O

By our assumption, we have IFg “K”, where

(X): “I is alinear order, D is an ultrafilter on x and (f!, f?) represents a (A1, Az)-
pre-cut in [*/D which is a pre-cut in J*/D for each linear order J 2 I”
and I, f',1 = 1,2 represent Q-names for I, f!,1 = 1,2 respectively.

Let T V' — M be an elementray embedding, witnessing the A-supercompactness
of p, so that crit(j) = u, M» C M and {j(a) : @ < A2} is bounded in j(\). Clearly
Jj is the identity on H(u), hence j(k) = &, j(0) = 0 and j(D) = D.

Let Q1 = Q and Q2 = j(Q). Then M E “Q2 = Add(6,j(1))”, hence V = “Qq =
Add(6,7(p))”. It follows from Lemma 5.1 that I, 9%, and hence

M =ik, 9% (+)

On the other hand, since

V Elrg, %
and since j is an elementary embedding, we have
M = “lFq, “j0H)7, (%)
where

(j0X)): “j(I) is a linear order, D is an ultrafilter on x and (j(il)/D, Ji(f?)/D)

~

represents a (7(A1),J(A2))-pre-cut in j(I)"/D which is a pre-cut in J*/D
for each linear order J D j(I)”. ~

~
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Assume for example A\; > A2 and pick ¢ such that sup{j(a) :a < M} <d <
J(A1). Then kg, “j(f1)s € j(1)" and for any o < Ay and v < g, by (xx), it is
forced by Qg that

3 @) = 3 s <0 3(F s <0 3(F2i0 = 3(F2(0).
By elementarity, we can find h such that for all & < A\; and v < Ag, it is forced that
(@) <ph<p [*()
which contradicts (X).

We now give a global version of Theorem 5.1. For this, we need the following
generalization of Lemma 5.1.

Lemma 5.2. Suppose that:

() Vo E Kk <0 =cf(d),

(B) Vo & A1, A2 are reqular cardinals and \; + Ay > 259,

(7) P € Vy is a O-c.c. forcing notion of size < o = 2<°,

) i =1y,

(e) Q= Add(0,U;)v,,, 1 = 1,2, where Uy C Uz (hence Q1 < Qz in Vp),

Q) Ri=PxQ;l=1,2 (hence Ry <Ry in Vp),

() fl={fLa<X\),l=1,2, where f! is an R;-name for a function from k to I.

(9) ﬁRl “%”, where Y4 is as in Lemm;5.1, but the names are Ry-names (and hence
Ro-names) here.

Then IFr, “H”.

Proof. We repeat the proof of Lemma 5.1, with some changes. We usually work in
Vi = VF, but sometimes go back to Vy. W.l.o.g. I € V; is a complete linear order,
whose set of elements is in Vj. Also without loss of generality A; > 2<%, hence by
Theorem 2.7, Ay > 2<% We assume for simplicity that /; = (), so that Q; is the
trivial forcing notion (see also the proof of Lemma 5.1). Set U = Us\Uy = Us.

Since Qs is f-closed and 6 > r, we have (in V%) I* C Vi, and D, f € V; (for
1=1,2,a<\).

Toward contradiction assume that g, “%’. So (working in V;) we can find
¢+ € Q2 and Qg-names J and h such that:

(O[) qx € QQa

() g« - “J is a linear order such that J 2 I”,

(,Y) qx H_ “,}\l_/ c ,{H’77

(6) g« Ik “fi <p h <p f3, for every o < A, 0 < Ag”.

For each v < A\ choose (¢n, An) such that:

(*): () ga < g,
(b) Aq € D, A, C &,
(¢) qalF “if i € Aq, then fL(i) < g h(i)".
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Claim 5.10. W.l.o.g, (qo : v < A1) € V.

Proof. For each @ < A1, we have g, € Q2 € Vp. It follows that (g, : @ < A1) is a
sequence of elements of Vy. Since A\; = cf(\;) > |P|*, there exists S € Vj such that
S is an unbounded subset of A; and such that (g, : @ € S) € V). Rearranging this
sequence, we get (gq : @ < A1) € V. O

Claim 5.11. (In Vi) There is u. C U,|u.| < o such that if u. C u € [U]=° and
a < A1, then for some 8 € [a, A1), we have dom(gz) Nu C w..

Proof. Suppose not. Thus for any u C [U]=?, we can find u C v/ € [U]=° and
o/ < Ay such that there is no § € [o/, A1) with dom(gg) N v C u. Note that the
ordinal o/ can be taken to be larger than any given ordinal, so in fact, for any
u C [U])=7 and any a < A, there are u C v’ € [U]=7 and a < o/ < A; such that
there is no 8 € [/, A1) with dom(gg) Nu' C w.

So in Vp, there are p € P and P-names Iy, F'> such that p |- “if u € [uj=e
and a < Ai, then u C Fi(u,a) € [U]=7, Fa(u,a) € (a, A1) and there is no 3 €
[F'2(u, ), A1) such that dom(gg) N F'1(u,a) Cu”.

As P has 6-c.c., 0 < o and A\ = cf(Ay) > 0, there are functions G1,G2 € Vp
such that:

(@) plF “f u € U]=° and @ < A1, then Fi(u,a) € Gi(u,a) and a < Fa(u,a) <
GQ(U7O[)”7
(B) Gi(u,a) € (U)=7)Y, and Ga(u, ) € [a, Ar).

We define (ug¢, B¢), by induction on £ < 6, such that:

(7) ue € (U]=2)",
(0) (uc: ¢ <) is C-increasing and continuous,

)

(6) Bf < >\17
)
)

Case 1. £ = 0: Let (ug, fe) = (0,0).

Case 2. { is a limit ordinal: Let ue = J; ¢ uc, and B¢ = Uy ¢ B¢c. Then |ug| < o
and f¢ < Ay as [§] < 0 =cf(f) < A\ = cf(A).

Case 3. { = (+1 is a successor ordinal: By the choice of p, p I- “u¢ C F'y (uc, Be) €
U)=7, Fa(uc, Bc) € (Be, A1) and there is no € [Fa(uc, 5¢), A1) such that dom(gg)n
Ealue, Be) € ue”

Let ug = G1(uc, B¢) and fe = Ga(uc, fc) + 1. Then by (),

pIF “u¢ € ug and there is no a € [f¢, A1) such that dom(gq) Nue C uc”.

As all parameters in the above formula are from the ground model and the sentence
is absolute, it follows that for no a € [B¢, A1), dom(ga) Nue C ue.
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Now set 3 = U§<9 Be. Then 5 < A as Ay = cf(A1) > G and forall{ < 6, 5 < Ay
Also £ < 0 = dom(gg) Nuer1 € ue. As (ug : £ < 0) is C-increasing, it follows that
|dom(gg)| > 6, which is a contradiction. |

The next claim is the same as Claim 5.5.
Claim 5.12. (In Vi) There are p, S, A, such that:

(a) JES Q27P* < G,

(8) dom(p.)\dom(q.) € u,

(v) S C A1 is unbounded in A,

(0) If a« € S, then A, = Ay and g, | (dom(g.) U us) = pa,

(6) Ifu CU,|u| <o and a < A1, then there is 3 such that « < 8 € S and dom(ga)
is disjoint from u\dom(py).

Fix p,, S and A, as above. For i < k let J; be the set of all ¢ € I such that if
uCU,|ul <o and o < A, then there is 8 such that:

(ex): (a) t <1 f5(i),
(b) a< g es,
(c¢) dom(gp) is disjoint from w\dom(p.).

Claim 5.13. (J; :i < k) € V7.

Proof. For each i < k, J; € V1, so as the forcing Qg is O-closed and 6 > k, (J; : i <
k) € V1. m|

We also assume w.l.o.g. that I is of cardinality > A; and we define g €I" by
g(i) = the <j-least upper bound of J;.
As g is defined using the sequence (J; : i < k), it follows from Claim 5.13 that:

Claim 5.14. g € V;.

The next claim can be proved as in Claim 5.6.
Claim 5.15. If a < A1, then fé <pg.

Claim 5.16. If a < Ay, then g <p f2.

Proof. The proof is the same as the proof of Claim 5.7. We just need to choose ;
to be minimal so that the condition ¢ defined there is in Vy and hence ¢ € Q2. O

It follows that.

Claim 5.17. If a; < A1 and as < Ao, then fél <p g<p f§2.

Thus g € V4 is such that for all o1 < Ay and ap < Ao, fL <p g <p f2, and we
get a contradiction. Lemma 5.2 follows.
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Theorem 5.2. If in V, there is a class of supercompact cardinals, then for some
class forcing P, in VT we have: for any infinite cardinal k, and any ultrafilter D on
#, if (A1, A2) € €(D), then A\ + g < 22"

Proof. By a preliminary forcing (see [7]), we can assume that the following hold
in V, for some proper class C' of cardinals:

() Each k € C' is a supercompact cardinal,
(8) No limit point of C is an inaccessible cardinal,
(v) x € C = & is Laver indestructible,

)

(0) ke C=2F=xrT.

We choose cardinals k;,7 € Ord, by induction on ¢ as follows:
Case 1. 7= 0: Let kg = Ny,
Case 2. ¢ is a limit ordinal: Let k; = Uj<i Kj,

Case 3.1 = j + 1 is a successor ordinal, kj is Ng or a supercompact cardinal: Let
Ri = Ii;r,

Case 4. ¢t = j + 1 is a successor ordinal and case 3 does not hold: Let k; be the
minimal element of C' above r;.

Note that by (8), s, is a singular cardinal iff i is a limit ordinal.

Let Q; be Add(k;, kit1), if K, is regular, and the trivial forcing otherwise. Let
Q be the Easton support product of (Q; : i € Ord), and let Q.; and Qs; be
defined similarly for (Q; : i < j) and (Q; : ¢ > j), respectively. By standard forcing
arguments we have.

Claim 5.18. Let G be Q-generic over V, and for each ordinal i set G, = GNQ«;
and Gs; = GNQ~;. Then:

(a) V and V[G] have the same cardinals,
(b) If X < Ky, then P(N)VIC] = p(\)VIG<il]
(¢) If w; is regqular in V, then |Q<;| < ki, and in V[G], k5™ = ki and 2% = ki1,

2

In V[G], let k be an infinite cardinal and let D be an ultrafilter on . Let i be
the least ordinal such that x < k;. Then ¢« = j + 1 is a successor ordinal, and we
have 22" = 22" = 2% — ;. so it suffices to prove the following:

Claim 5.19. (In V[G]) ()\17 )\2) S (f(D) =AM+ A< Kit1-

Proof. Write Q = Q<;4+1 X Qs;. The forcing Q~; is k;41-directed closed, so by
(7), Ki+1 remains supercompact in V[Gs;]. Let Vy = V[Gs;]. Note that:

(d) Q’L = QVO and Q<i = (Q<i)Vo7

(e) Vo E Q. is ki-c.c. of size < k;.
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The rest of the argument is essentially the same as the proof of Theorem 5.1,
using Lemma 5.2 instead of Lemma 5.1. So toward contradiction assume that in
VIG], (M1, A2) € €(D) is such that A\; + o > k1. Let I be a (A1 + \2) T-saturated
dense linear order and let (f!/D, f?)/D witness a pre-cut of I*/D of cofinality
(A1, X2), where f'/D = (f!/D : a < \)),l = 1,2. We may assume that the set of
elements of I is in V. From now on, we work in Vj. Set P = Q.; and p = K;41.

We also suppose that II—]},((’XQi X7 where
(Z): I is a linear order, D is an ultrafilter on x and (f'/D, f?/D) represents a

(A1, A2)-pre-cut in I*/D which is also a pre-cut in J* /D for each linear order
J 2 I”

and [, ft e Vp,1 = 1,2 represent P x Q;-names for I, fﬂl = 1,2 respectively (over
Vo).

Let A = A1 + Ay so that A > p is regular. Let 5 : Vj — My be an elementary
embedding witnessing the A-supercompactness of p; so that crit(j) = p,j(u) > A

and M(f‘ C M.
Since
Vo ElFpxq, %7,
and since j is an elementary embedding and j(IP) = P, we have
Mo Elbpx i) “108)7, (*)
where

(j0Z): j(I) is a linear order, D is an ultrafilter on % and (j(f')/D, j(f?)/D)

represents a (j(A1),7(\2))-pre-cut in J(I)"/D which is also a pre-cut in
J*/ D for each linear order J 2 j(I)”. ~

On the other hand, it follows from Lemma 5.2 that IFp, j@,) “X”, and hence

i

Moy Elrpy i,y 0. (%)
From (*) and (x%), we can get the required contradiction as in the proof of Theo-
rem 5.1. The claim follows. O

Theorem 5.2 follows.
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