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Abstract. It is shown that there is a subalgebra of the measure algebra forcing
dominating reals. Also results are given about iterated forcing connected with
random reals.

Introduction

In this work we will give results connected with random reals. All these results were
discovered when the authors worked on building a model for K (measure) having
cofinality w (see [BJ 1]) where K (measure) is the minimal cardinality of a family
of measure zero sets covering the real line. That problem remains open.

In Sect. 1 we will show that under a certain assumption (Kj (category)=b),
there exists a subalgebra of the Random real algebra forcing dominating reals. We
don’t know if this is true under ZFC. Our construction is by induction on a
dominating family. The first stage is to build a name for the dominating real.

In Sect. 2 we will show that an w-interation adds a random real which appears
only in the limit if and only if there is an intermediate stage containing a perfect set
of random reals over the ground model. We will give incisive applications of this
last result by answering a question of J. Paulikowski and give more results about
finite support iteration and random reals.

The reader may ask what are the connections between Sects. 1 and 2. To supply
information we can say that the problems of adding dominating reals and adding
perfect sets of random reals are related by the following
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Theorem [BJ]. If there is a random real r over M and a dominating real over M[r]
then there is a perfect tree of random reals over M.

To get a dominating real from a perfect set of random reals is an open problem.

1 Adding a dominating real

In this section we will show that under CH, or MA (countable), there is a
subalgebra B of the measure algebra (Random real algebra) such that forcing with
B yields a real which eventually dominates every function from @ to w which is in
the ground model. We will assume CH; minor changes to this construction will
give a proof under M 4 (countable).

We will construct the algebra by induction on some fixed well order of w® of
order type ;. In stage 0 we will give an w-sequence of maximal antichains, that we
will use for the name of the dominating function. The main definition in this section
is

1.1 Definition. B is adequate for B=(B, ,:0€"w) :new), if
(a) B is a subalgebra of the algebra of the Borel sets.

(B ={BeB:uB)>0}; I={BeB :u(B)=0}).

(b) For every 5 in 2, [5] belongs to B.

(c) B, ,belongstoBforallnewand g€"®. B, 1 y19S By forallnew, e,
and keo.

(d) For each new, (B, ,:0€"w) is the maximal antichain of B, and for each

eew
Zk:.u(Bn+ 1,9‘(K))<M(Bn,g) '10-2 .

(e) For every X in B* and all ne w, we have

(@), » : there exists we["w] <™, XC |J B, (mod(l))

gew

or
(B)s. : there are infinitely many g €"w such that B, ,nXeB*.
(f) For every X in B*

{n<w:(x),,,} is finite.

(g) fXeB* and u(X)>1— ,u< U B, g) then for infinitely many g € "o the set
ge"w

(Xan,g)_ U{Bn+1,r] /] E’H—lw}
has positive measure.

1.2 Fact. {new:(x),, ,} is an initial segment of w. [J

The next stage is to introduce the main tool used in the construction. This isa
forcing notion which is essentially the Cohen real forcing.
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1.3 Definition.
(a) Let PFT, be the set of all tC"=2 satisfying:
@) ¢ vet
(i) if net then /} ‘(nlfet)
£<|n
(iii) if ne(tn">2) then (4" (0)et vy (1)t
(b) Set PFT=|PFT,

() AP,={(t,f):tePFT, and f:t—Q*u{0} and if yetn"2 then
f(11)=”A(tZ)et fn" () and f(< 3)+0}.

Let AP=|() AP,. Define a partial order on AP as follows: If (¢, f)e AP,

(t,fHeAP,, let GLNOSW, NHif ngr, t='n"22, fCf".
(d) For every Lebesgue measurable 4C“2, we define f,:°*2—-% by

falm)=pmAny)).

(e) If A=1im(T) (=all branches of the tree T) we will write f; for f,. If
(t, f)e AP, we say that A satisfies (¢, f) if for all net, f(n)<f4(n). Set

AP (A)={(t, /) AP, A satisfies (t, )}, AP(A)={) AP (A).

14 Fact. If p(A)+£0 and GCAP(A), and G is sufficiently generic, then
T=u{t:3(t, f)e G} is a perfect tree satisfying

(1) wlim Trnf)=F(y) for all ne T, where F=u{f:3(t, f)e G}. In particular,
ullim T)=F({ >) (by the Lebesgue density theorem),

(i) lim T< A (modulo a measure zero set).

(ii) Vyu(Anln)>0—plimTa[n])<p(Anly). O

_ The first stage of the proof is to show that we can find
B=(B, ,:0e"w) :new) satisfying the conditions on 1.1. This will be used to
construct the name for the dominating real.

L5 Lemma. Thereis B={B, ,:0€"w) :n<w) and B suchthat B is adequate for
B.

Proof. We define, by induction on n, B,, and {(B, ,:¢€"w) such that
(i) B, satisfies 1.1 (a), (b).
(i) <B,, ,:0€"w), for m<n, satisfies 1.1(c), (d), and (e).
(i) B,<B, ., and B, is generated by {[#]:ne*”2}U{B, ,:0e"w}.
(iv) If Xe B, , then —(x), ,. Let B={)B,.

The induction. n=0:B, is the algebra generated by {[5]:ne°>2}.
Fix {n;:i<w)=27%, be such that {i:n,=y}e[w]® for each ne2<°,
n+1:Itis clearly enough to define (B, ., ,: <w) foreach ¢ e"w. For this we
remark that

(XNB, , XeB }={XnB,, XeB,}.

w.lo.g. we assume that [#,]nB, ,e B, .
Let

AO = [nn]an,g ’
Co=[B,,]\4,-
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Let |
S;={(t, e AP(A): f({ D)< u(4,)- 107 &3
T.={(t. f)e AP(A): f({ D)< u(Cy)- 10~ *+3
Rk=SkX ’Ec

Over a model N, forcing with R, gives two positive sets, let them be 4,, C,. Now we
define the following forcing iteration (P;, Q;:i€ w), satisfying

b, “Qi=R; when A=A\ 4;, Ci=C\|C,

Clearly P, =R, J{ ’

Let P, =limP; Let N<<{H(N,,€, <) be countable and containing B, ,. Then
clearly P, eN.

Let G, be a generic filter for P, over N. Then we obtain a sequence
KA, C,) i< w), satisfying

(a) Foreach jk<w L

uANCY=0,

wA,nAY)=0 if j*k,
WCNC)=0 if j+k.
(b) gu(?i}) +§ﬂ(C_ )<u(B, )-1072.
(c) If [7]nB, ,eB* then there exists infinitely many k’s such that
wn1nA)>0 or wuIn)nCyH>0

(by genericity of G,.).
(1(,1) ,u([n]mB,,,g—u{Aquj:j<w})>O.
et _
Bn+ 1,‘(2k>=Aka

Bn+ 1,‘(2k+1>=6k'
Then (B4 g k<) satisfies the required conditions.
Fact. B=B, satisfies condition 1.1(g).
[Proof. Use (c), (d), and that for each #, {i:n=7;} is infinite.]

1.6 Lemma. Suppose that B is adequate for B= B, ,:¢€"0) :new), and assume
that 1= (u,:n<w) is such that u, € ["w] <X, and there is a Cohen real over a model

containing B and . Then there exists BC2°\|) () B,,, such that the Boolean
algebra generated by BU{B} is adequate for F?(w =
Proof. A=2°\) |J Ba. Set Q={{(t; f):i<k):kew and ((;, f;) € AP(4)) and
(fK >)<10_(?:f)))€})fu\nh’e give the following natural order to Q:
(e [N i<k =L@ 7)<k
if k! <k* and for each i<k® there is u; such that
dene2,

= anz2,

ft=£2
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(€Q, <) is essentially a finite support product of 4P(A). Since it is countable, it is
essentially a Cohen real forcing.) Now we define some Q-names: [Write members

of Q as (¢, f).] Let
T=u{t:(3¢ Ne Q) (H)=1)},

fi=o{/:EE Ne@ (=1}

Then the following fact holds in a generic extension:

(a) T, is a perfect tree

(b) film)=plim T;n[x])

(c) fi<w and new and geu, then

pimT,nB, }=0

(d) B=Jlim7; satisfies the requirements of the lemma.

Let B ble the Boolean algebra generated by Bu{B}.

We will show only (d). The rest is clear. The conditions 1.1 (a)—(c) are clear. We
need to show 1.1(d), 1.1(e), 1.1(f), and 1.1(g). Clearly 1.1 (d) follows from 1.1 (e).
Therefore we will show 1.1(), 1.1(f), and 1.1(g) for Xe®B'*. If X=X,
LX,u...uX, (a disjoint union) then it is enough to show 1.1 (¢)—(g) for each X,.

Therefore w.Lo.g. thereis Ye B ™" such that X e {YnB, Y\B}. Now Ye B*, thus Y
satisfies 1.1(e)—(g) and clearly

@y.u= s
We start by showing that if for infinitely many g,
wYNB, ,—u{U{(B;,:nein}:n<j<w})>0:
then for infinitely many g,
WX B, ,—u{U{(B;, ne’w} n<j<w})>0.

This is clear when X = YN B, using a density argument. We only recall that for
such ¢
wYnB, ,nA)>0.

Therefore we may assume X=Y—B. We will give a density argument. Let
Ltos fos -+ (ts fi)> € Q. Let ¢ be such that

H(B,, ) <min{g(An[n])— filn):net; i<k}

and
HYNB, ,—U{U{B, ,:ne'w} n<j<w}>0.

. €
Fix k(*) such that — <=
ix k(*) such tha i;%*)IO' <70 where

e=u(YnB, ,—U{U{B, ,:neln} n<j<w}.

[This implies u( U Ti> < %:I For k<iZk(*), let t,{< >}, =f{{ D} < % Now

12k
for
each i <k(*)we can find (s;, g;)€ AP such that s, 2¢,, 8,2 f;, {(s;, g): i <k(*)> € Q and if
T is a perfect tree satisfying for all yes;

ulim Tr[n1)=gn)
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then

limTrnB
M md < TMio k(*)lO
(The s; are obtained by taking a clopen approximation of B,, , with small error,
then deletmg all this from the t, by enlarging it to 5,.) Then we get that (5, 2) = (t, f)
and

6Dk (BranlinT) <

and thus
(5,2 -“u(XnB, ,—u{u{B; , ne'w} n<j<w}>0".
Claim. The condition 1.1 (g) holds.
[Proof. By using the above fact, the case not covered is when X = B— Y. But in this
case take Y and p and n such that
pl-“uB—Y)—U{(B, 106" 0} in<j<w}>0".

Then p is essentially a clopen set p such that u((f — Y)—U{(B,, ,+:0€"" 'w})>0.
The rest follows by a density argument. ]
Now we will use this in order to prove

By, 1 (,B)x,n .

To do this we will use the following

Claim. Let E be in B and assume that F = En A has positive measure. Then for
almost all new, there are infinitely many ¢ €"w such that FnB, , has positive
measure.

[Proof. LetC,= ) ( B,nand C= U C,. Let n be big enough. Let E,=FE\C,.

m<n g€tim

Then E,e®B* and wE,—F)<10~ w1 because E,—FC |) B ) Also E,

ge"w
satisfies the condition for (g) and so there are infinitely many ¢’s such that E,n B, ,
—U{B, ,+1:0€"" '@} has positive measure. We finish the proof by showing that
each one of these ¢ works: Let

Z=E0mBg,n_U{BQ n+1: Qen+l }

Z has positive measure by the choice of ¢. Z is disjoint from {J) |J B, , (because

k<n geuy

ZCE,). Zisdisjoint from |J B, ,(because ZC B, ,and we can choose ¢ ¢u,). Zis

¢€Un

disjoint from U B, for all k> n (because it is disjoint from U{B, ,:0€"" 'o}).

Therefore we conclude that Z is disjoint from C and it is a subset of E. Hence ZC E
—C=F, and so F has positive measure.

Claim. The condition 1.1 (e) holds.
[Proof. Let (t, f) e Q and k=Ig(%).

Case 1. (t, f)|—“X = YnB” for some YeB™*. Let n such that (B)y,, holds. Clearly
we may assume that YnA has positive measure. Then there are two cases

@ {o: i (YNnAnB, ,)>0} is finite.
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In this case we have (v), ,. By previous claim, this case holds only for finitely
many n. Therefore for almost all n we have

(i) {o: (YN ANB, ,)>0} is infinite.

Let ¢ be such that y(YnAnB, ,)>0} and u(B, ,) < =7 Thenfind (,, f;) € AP

10k+ 1
such that if T is any perfect tree satisfying “for all yet,

plim T T ]) = fi(n)”

then (B, ,41im(T)) < -——=5 Therefore (t, /)" (t;, f,) forces that

0k+50

H(B, ,NX)>3u(B, ,nY)>0.

Case 2.(t, f)|-“X = Y—B” for some Ye B ™. Like Case 1, we assume (B)y .. Pick ¢
such that

H(B,, ) <min{u(An[y]—fin):net; and i<k} =e¢.
Fix k(*) such that

M
s 107 < {gHByNY).

This will imply u U T) <1ou(B, ,nY).| Now for each i<k(*) we can find

(s, 2;)€ A such that 5; Atl, gAf, {(s;g):i<k(*)>eQ and if T is any perfect tree
satisfying for all nes;

plim Tr[n])=g{n)

then . €
wlimTnB, )< k_(;)ia

(We can get this condition by using a clopen approximation to B, .Y and then we
extend ¢; by deleting this clopen set.) Then clearly (5,2) = (%, f ) and

(5.8) - (YO B, NB)<

Therefore
JE— @ 2 7y
58 “mY—B)> i >07].

This finishes the proof of the lemma. [

1.7 Theorem (CH). There exists B, a subalgebra of the measure algebra, such that
VP=(3f Yge w®n V) (@nYm 2 n) (g(m) < f(m)).
Proof. Let {f;:i<w, be such that
(Vi<j<w,)@nVYmzn)(f{m)<f{m))

and (Vf € w”Jie w,) (InVm = n) (f(m) < f(m)). We will get B by transfinite induction
on w,.



Sh:358

136 H. Judah and S. Shelah

Stage 0: Let By, B be given by 1.5. Let (Bi:i<w) be an enumeration of
(B,,,:0€"®).

Stage a: Let B} = |} B;. By induction hypothesis B¥ is adequate for B. Let

f<a
u,={B,:i< fn)},

and let N be a countable model for ZFC* (a sufficiently rich part of set theory)
containing B, B, {u,:n<w), etc. Then by 1.6 (because N is countable) there is B,
such that

(i) u(Baan)Kg)(n) Bi) =0.

(ii) The algebra generated by B}u{B,} is adequate.
This finishes the construction. Let B=|)B,. Let [ be the following B-name

{Kn,i),Biyi<w,n<w}.
Then clearly
B, 5 f(m)=1".
By construction we have that
* B, “("n) (f(n) < f(n)”.
We will show that
0 kg YadnYm 2 n) (f(m) < fim))”.

Clearly that is enough.
If this claim is false then for almost all x <w; there exists

A,eB suchthat A, -@%n)(f(n)<f(n)
Let {4,,:i<w} be a maximal subset of B satisfying
HALNA)=0, i),
A =@ ([ S f ).
Claim. {4, i<} is a maximal antichain.

[Proof. If not there is A € B s.t. over A, B forces dominating reals, use then the fact
that A is isomorphic to the measure algebra.]
Let a>sup{a;:icw}.

Claim. 0]5"3%°n) (f(n) £ f(n))-
[Proof. If not there exist A€ B such that
Al (Ven) (L) <f(m)”.
Let i€ w such that u(4,,nA4)>0. Then
A NAIFGEf) =S n), a contradiction. ]
This claim contradicts (¥).

1.8 Remark. Clearly we can replace CH by b= K, (meager) = M A(countable).
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2 Adding random reals in w-stages

In this section we will give a characterization of the property of adding random
reals in limit stages of finite support iteration.

2.1 Theorem. Let Q= (P,,Q,:a<p) be a finite support iterated forcing satisfying
ccc. Let Py=1imQ. Then the following are equivalent:

() There exists ¢ a Pg-measure such that r is random over V and H—Pﬁ“ré VP,
a<p”. .
(i) There exists o< f and a perfect tree T in V, such that [ T] = {set of branches
of T} is a perfect tree of random reals over V.

Proof. (i)—(ii) Clearly it is enough to show the theorem when V= CH, because P is
the same, and has the same antichains, after the collapse with countable
conditions, of 2% to N¥;. Also these models have the same Borel measure zero sets.
Assuming CH, let {4,:a<w,) be a sequence of measure zero sets satisfying
() A, S 4y a=p<oy.
(i) For every measure zero set A in V there exists o <, such that ACA,. For
each o, let (T):n<w) be a sequence of positive perfect trees satisfying

2-UIL=4,.
By assumption !
O, re LT, foreach a<a;.

Again for each a <, there exist n,,r, such that

rulbs, e [TT
wlo.g f=o.
There exists i< w such that

{ozsup(r,) S i} e[0,]"
By c.c.c. there exists G,C P, generic over V s.t.

B={u:r,eG;}elw]*
Therefore if G, is generic over V and G, |i=G;, then

VIG,lF1lG,]e aQB [T-]

But r[G,]¢ V[G,] and

VIG] I=GQB [T]1+0
Therefore in V[G,]

N [T,] contains a perfect tree 7.

aeB
Because [B|=; we have that [T] is a perfect tree of random reals.

(i) — (i) is easy, remember that every new real defines a new branch in an old
perfect tree.

2.2 Corollary. The random real algebra cannot be the union of w-many algebras,
each one not adding random reals.
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2.3 Corollary. There exists two models MCN satisfying
(i) @reN) (r random over M)
(i) Nl=p{r:r random over M} =0.

Proof. Let M =L and let r be random over L. Let N=M([r] [c], when c is Cohen

over L[r]. It is enough to show that no new real in N is random over m. For this, by

applying 2.1 (remember that every w-iteration adds a Cohen real), it is enough to

show that in M[r] there is not a perfect tree of random reals over M. But thisis a -
well known result of Chichon (see [BJ 2]).

2.4 Remark. 2.3 answers a question Paulikowski. He also showed that if ¢ is
Cohen over V and r is random over V[c], then in V[c][r] there are Cohen reals
over V[rl.

2.5 Corollary. Let P,=lim<{P,,Q;:i<w) be a finite support iteration of ccc
partially ordered sets. Then the following are equivalent:

(i) There exists r a P,-name such that r is random over V¥, i< .

(i) For each i<, in V¥, the following holds

wU{A: u(A)=0A A V*})=0.

Proof. (i)— (ii). Let i < . By applying 2.2 there exists j > i and a perfect tree T'in V*/
such that all branches of T are random reals over V5. If y([T])=0 then r is not
random over V¥4, therefore

MLT]>0.
Then {) ([T]+¢q) is a measure one set of random reals over Vi,

LA

(ii)—> (i). Trivial.
2.6 Remark. In[JS] there are necessary and sufficient conditions to ensure that a
forcing P adds a measure one set of random reals.
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