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0. INTRODUCTION FOR NON-LOGICIANS

The first part of the introduction tries to explain the aim to a general mathemat-
ical audience, so may be skipped by a knowledgeable reader; naturally we should
start by explaining what is first order logic and a general (abstract) logic from a
model-theoretic perspective.

We may consider classes of rings and classes of groups but usually we do not
consider a class containing structures of both kinds. Formally a ring is a structure
(or model) M consistent with its universe, a set of elements called |M| (but we may
write a € M) and interpretations +*, x™ and 0™ of the binary function symbols
+, x and the individual constant symbol (= zero place function symbol) 0. We also
write "M for {(ag,...,an—1) : Gg,...,an—1 are elements of M}.

Generally we have a so-called vocabulary 7 consisting of relation symbols (=
predicates) and function symbol z, each with a given number of places (= arity).

For a ring M we consider many times the set of n-tuples satisfying some equa-
tions. Model theorists usually look at a wider class of such sets, which start with
the family {{a € "M : a satisfies an equation ¢} : n € N and ¢ an equation}
and close it under intersection of two (with the same n), complements inside the
relevant " (M) and projection (from "1 M to ™M). So a first order formula for the
vocabulary 7, = (g, ..., T,—1) is a scheme giving for a 7-structure M a subset
©(M) of "M as above. If n = 0, (M) € {{()},0}, then we call ¢ a sentence and
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say that M satisfies it, M = ¢ iff (M) # 0; let L(7) be the set of first order
sentences or formulas in the vocabulary 7; as we can add additional individual con-
stants, the difference is minor. We may consider sets definable with parameters,
ie. p(M,b)={a: M = ¢[a,b]}.

There is much to be said for first order logic; e.g. this family of subsets of "M
for n € N has better closure properties than the set “solutions of finitely many
equations”, i.e. varieties; however, we shall not say it here. But in first order logic
we cannot express, e.g. “a group G is locally finite, i.e. every finitely generated
subgroup is finite”. To express this we may allow: if pg(zo,...,Z,—1) is a formula
for k € N, then so is ¢(xo, ..., 2n—1) = A ¢r(xo,...,2k), i.e. (M) = {pr(M) :

k

Allowing this we get the logic Ly, x,; more generally,

Ho the logic Ly , is defined similarly but the formulas have the form ¢ =

o((x; 1 i<y)),y<k and we allow A ¢, (Z) for 5 < A and
a<f

(Ely07 s Yo - ')O¢<lg(’g)g0(‘fa g)7

where we allow a formula to have < k free variables; i.e. we consider
subsets of *M for o < k and allow intersection of < A (instead of two) and
projections “forgetting” < x variables .

Another strengthening of first order logic is allowing ¥(y) = (32N z¢(z,7)), i.e.
(M) = {b: for uncountably many a € M we have M |= p[b,a]}. There are many
other logics.

Now first order logic has many good properties, including (recall, the cardinality
of a set A is the number of elements, which may be infinite, and the cardinality of
a model is the number of its elements, i.e. the cardinality of its universe ||M]|)

B the downward LST (Léwenheim-Skolem-Tarski) property:
(a) if a sentence ¢ € L(7) has a model, i.e. M = 1, then it has a countable
model;
(b) if 7 is a vocabulary, M is a 7-model, A C | M|, |A|+|7|+Ro < X < ||M]],
then there is a 7-model N of cardinality A, a submodel of M such that
A C|N| and Thy(N) = Thy (M), where
o Thp(M)={y € L(7a) : ¢ asentence M |=}.

This (together with the upward LST property) means that first order logic does
not distinguish infinite cardinals.

Bo compactness: if T is a set of sentences in L(7) and every finite 7" C T has
a model, i.e. for some 7-model M we have p € T = M E ¢, then T has
a model.

The desirability of this should be obvious.

M3 interpolation: if 79 = 73 N 72 are vocabularies, 11 € L(71),v2 € L(m) and
1 F g, i.e. there is no model of 1)1 A —tbo, (equivalently if M is a (11 UTs)-
model and M |= 11, then M = v,), then there is ¢ € L(7p) such that
Y1 F @ and ¢ 1.
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First order logic satisfies interpolation: this is Craig’s theorem. Lindstrém set out
to show that first order logic is the natural choice, recalling there are many logics;
for this he has first to define a logic, essentially (see more in Definition [[L9))

H,; a logic .Z consists of the following;:
(a) a set of sentences £ (1) for any vocabulary 7; we can define formulas

o(zo,-..,2n—1) by adding to 7 individual constants;
(b) satisfaction relation ¢, i.e. M g ¢, where M a model, ¢ €
Z(tm);

(¢) natural properties such as preservation under isomorphisms and mono-
tonicity (i.e. 71 C 1 = Z (1) C Z(12)).

This seems too wide, so (see more in Definition [[12)):

Hs £ is a nice logic if the set of sentences .Z(7) has some natural closure
properties such as:

o if 11,12 € Z(7), then for some ¢ € £ (1) we have:
M = ¢ iff M =1y and M = ts.

There is a natural order on the class of logics:

He A < % iff for every vocabulary 7 and ¢n € Z1(7) there is ¥ € Z(7)
such that: if M is a 7-model, then M g, ¢y if M =g, o;

B, 4,.% are equivalent if 4 < .% and % < .4.
Now we can phrase (really just one of the versiond]] of )

X (Lindstrom theorem) The logic .Z is equivalent to L, first order logic when

(a) £ is a nice logic;
(b) & satisfies LST to Rg i.e. Hy(a);
(¢) & satisfies compactness; see Hs.

This indicates that the family of nice logics not equivalent to L is the union of:

o the infinitary ones, usually above Ly, x,;
e the somewhat compact, usually Ng-compact ones.

We here deal with the first.

Lindstrém’s theorem founded “abstract model theory”, where we have variables
over logics. In the seventies and eighties this area flourished but a reason for its
almost dying out is the lack of similar theorems for other logics, i.e. discovering (or
pointing out) “interesting” logics which can be characterized in a reasonable way.

The aim of this work is to present such an infinitary logic and prove that it has
some desirable properties. In particular it satisfies interpolation, which holds only
in a “few” cases. This solves some more specific old problems, and we hope it will
reopen the case of “abstract model theory”.

In more detail, we define the logic L. for any suitable cardinal x playing the role
of Ny in first order logic:

IE.g. compactness just for countable theorems, but then we have to add that the occurrence
number is Ng or just Ng; see Definition [[.T11
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B L. satisfies

(a) a downward LST; any sentence which has a model has one of cardi-
nality < k;

(b) if the vocabulary has cardinality < &, then the number of sentences is
K;

(¢) a weak substitute of compactness: well ordering is not definable;

(d) the LL-theory of a product of two 7-models M; x M depends just on
the LL-theories of M7 and Mo;

(e) interpolation; see Hs.

1. INTRODUCTION AND PRELIMINARIES

1(A). Aims. We feel that this is an important one among my works and will attract
little attention. Is this an oxymoron? We do not think so. See below.

The investigation of model-theoretic logics and soft model-theory started with
Lindstrom theorems and was a central topic of model theory in the seventies. Major
aims were to find characterization theorems, new important logics and non-trivial
implications. The achievements were to a large extent summed up in the handbook
of Barwise and Feferman [Be85], but then the subject became quite muted. There
were some external reasons: stability theory and theoretical computer science draw
people away, and there were also some incidental personal reasons. But probably
the profound reason was a disappointment. The impression was that there were
just too many examples and counterexamples but not enough deep results and,
particularly, too many logics and too few characterization theorems (saying a logic
L is the unique logic such that ...). Recall that Lindstrom characterized first order
logic, e.g., as the only “reasonable” logic satisfying compactness (for Ry sentences)
and the downward LST theorem (for one sentence, to Np), (but see §1(D) below).
Still there was some activity later, particularly of Vaananen.

Here we try to reopen the case. A property which remained mysterious was
interpolation; see Makowsky [Mak85] in the handbook. It was known that Ly, x,
has interpolation (Lopez-Escobar) but not Ly , when (A, k) # (Ro,Rg), (R1,Rg)
(Malitz). On L, g, see Dickman [Dic85]. However, the pair (L<oo w, Loo,0o) and even
(Lix+w, Laay+ »+) has interpolation, a puzzling result. This leads naturally to a
question: does this interpolation come from the existence of an intermediate logic
which has interpolation? See more on the history of those questions and on inter-
polation and related subjects, [Makg5].

Let us recall some old questions on which we do not advance here. Feferman
raises the question

Question 1.1. Is there an RNg-compact logic strenghtening L(32%*) with interpo-
lation.

Note the plethora of extensions of IL(32%1). For my taste preferable is

Question 1.2. 1) Is there a A-compact logic stronger than first order satisfying
interpolation, for any A?

2) Moreover, a fully compact one?

Of course, part (2) became a question only after fully compact logics > L were
discovered ([Sh:18§]).
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The introduction of [Be85] mentions the (then latest advance): some compact
logic strengthening first order logic satisfies the Beth definability theorem ([Sh:199]),
a puzzling result. Also the pair (L(Q§ ),L(aa)) of logics satisfies interpolation,
again a puzzling result. Those cases give hope of better results using related new
logics. Returning to infinitary logics, the following old problems are (and will be)

our main concern:

Problem 1.3. Is there a logic L satisfying interpolation such that Lo n, € L C
Leoo,<oo?

Problem 1.4. Assume k is strong limit singular of cofinality Ng. Is there a logic
L satisfying interpolation such that L+ x, € L C L+ .7

Later we have asked ourselves:

Problem 1.5. Is there, for an arbitrarily large cardinal &, a logic IL such that:

(a) L €L and has reasonable closure properties;

(b) L has the downward LST property in the sense that every sentence which
has a model N, has a model N of “small” cardinality; moreover, M C N;

(¢) L has interpolation;

(d) undefinability of well ordering (in a strong sense) which means: if M ex-

pands (£ (\), €) and M =, then for some N we have

(@) N =9,

(8) ord? is not well founded.
A posteriori we add

(7) |N| is the union of Ry, an internal set of bounded cardinality; i.e.
for some (a, : n < w),0, N |= “6 a cardinal such that |a,| < 6 and
MbeN)(V NE“beay);

n<w
(e) L C Ly for a suitable 6.
Problem 1.6. Is there a maximal such logic?
There is a feeling that Lindstrom’s theorem, EF-games and interpolation are
inherently connected; though I do not know of a formalization of it, the present
work gives evidence strengthening this feeling.

1(B). What is achieved. We feel that here we reasonably fulfill those old hopes
mentioned above, in the direction of non-compact logics (recall that by the Lind-
strom theorem, any (nice) logic stronger than first order logic fails downward LST
to Ng or fails RXp-compactness).

Assuming for transparency k = J,;, we find an interesting logic, L, such that:

®1 (A) Ll is a nice logic.

(B) It has a reasonable characterization: it is the maximal nice logic,
see Definitions [[L9] [LT2] such that (a, <) can be characterized up
to isomorphism by some 1), € L. for a < &, and it has occurrence
number < k, see Definition [[L.1T] and well ordering is not definable
in a strong way.

(C) Tt satisfies interpolation (see B3 above or Definition [14] below,
answering an old question on the existence of such a logic).

2For consequences of interpolation, see [Mak85].
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(D) Tt is between L2 = [J{Ly+ n, : A < &} and
LY, = U{Lx+ .+ : A < K}; see Hy above or Definition [[20 below.

(E) It has many of the good properties of L2 := L%, :
(a) downward LST, see B; above, specifically every ¢ € LL(7)

has a model of cardinality < x (see some variants in
Definition 2-T4] below);

(8) well ordering is not an expressibldd;
(v) addition of theories; see Theorem B.14}
(6)  product of (two) theories; see Theorem B.14
(F)  Alternative characterization: L} is a minimal nice logic . for which

e for any ordinal o < k we can characterize («, <) up to
isomorphism by some 1, € Z;
e we can characterize the class of (AU 2, A, €),
where &2 C [A]SF is an Ry-cover (and AN P = ()
for each 1 < k by some sentence from .2
(see Definition [3.0));
e % is A-closed; see Definition 3.3}
e % has occurrence number < k; see Definition [L11]

We do not have a generalization of the Feferman-Vaught theorem [F'V59] on general
operations and not even the Mostowski one, [Mos52], on reduced products, even
for the product of countably many models; see Theorem

Here in §2 we choose a definition of the logic closest to the way we arrive at it
and at the proof. For «, 0 < k we generalize the Ehrenfuecht-Fraisse game allowing
“rescheduling of debts”. This does not give an equivalence relation, so we close the
induced relation to an equivalence relation and a sentence; i.e. the class of models
of a sentence is the union of some such equivalence classes. Then we prove the basic
properties.

In §3 we deal with the deeper properties as promised in ®; above: non-definabil-
ity of well ordering, characterization and interpolation.

In §4 we show how close is our logic to L2 and deal with sums and products. We
intend to continue in [Sh:F1046], in particular concerning Problem [[.4]

More than once, lecturing on this, some in the audience “complain” that this
definition does not sound like a definition of logic. So in [Sh:F1046] we intend to
give a presentation close to the way logics are traditionally defined (we could have
done it for L, too) but our characterization theorem shows that we shall get the
same logic.

The logic L} from §1 is quite satisfactory: many of the good properties of L x,
and interpolation, and a characterization (parallel to the Lindstrom theorem). But
compared to L« n, we lose the upward LST.

Question 1.7. Letting x = J,, is there an L such that L;! <. < LY satisfying
interpolation and the upward LST theorem?
We intend to deal with this in [Sh:F1046].

3That is, if ¢ is a sentence and for every ordinal a for some M, M |= v and (PM, <M) is a
well ordering of order type > «, then for some model M of 1, (PM, <) is not a well ordering.
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1(C). Why characterizations? Note that characterization theorems are central
for several reasons:

a
b
c
d

®2 per se, uniqueness results are nice, of course;

~—

historically, the Lindstrom theorem has this form,;

-~ =

they prove that a logic is a natural logic;

(
(
(
(

~—

for a logic which lacks such a theorem we may well suspect that
e there are many relatives of similar good properties, without a
special reason to prefer one or another.

How good is a characterization theorem? Of course, it all depends on the properties
appearing in the characterization being natural and preferably well established.

The situation of having reasonable logics which we can strengthen while preserv-
ing their main positive properties but neither seeing a maximal one nor proving
such an extension does not exist has been prominent in the area, e.g., the most
well-established ones such as L(Q) = L(3=™) and also L+ y, .

Why here do we tend to look at strong limit cardinals, in particular, x = 3,7
Note that in a first order formula with a fixed finite vocabulary, with predicates
only (for transparency), the number of sentences of quantifier depth ¢ has order
of magnitude J,, iterated power of ¢ times. In infinitary logic, if we like that still
there is a sentence expressing the “quantifier depth < a theory”, we need x = J,..
A price is that for x singular, we lose full substitution, and moreover, full closure
under conjunctions of < x. This is resolved if we demand that « is a strong limit
regular, i.e. (strongly) inaccessible, that is fine, but the existence of such cardinals
is unprovable in ZFC.

1(D). Directions ignored here. We do not deal here with some other major
directions:

®3 (a) Ng-compact (nice logic);
(b) logics without negation and continuous logic;

(¢) almost isomorphism (and absolute logic).

We may look at model theory, essentially replacing “isomorphic” by “almost iso-
morphic”, that is, isomorphisms by potential isomorphisms, i.e. isomorphism in
some forcing extension. In [Sh:12] we have suggested reconsidering a major theme
in model theory, counting the number of isomorphism types. We call M, N almost-
isomorphic when M, N have (the same vocabulary and) the same L x,-theory,
equivalently isomorphic in some generic extension. For a theory T let L;;(\, T) be
{M/ =L, s M a model of T' of cardinality A}|. This behaves nicely: if 7" has
cardinality < A, is first order or just C Ly+ y,, then L (A, T)<A<p= ﬂai(u, T) <
]Iai(A, T) (on ﬂai(—, T) for Ng-stable T: see a work of Laskowski-Shelah in prepara-
tion). In [Sh:12] we also define “M is ai-rigid, ie. a #b € M = (M,a) #L.. ,,
(N, a)” and have the downward LST theorem for it. Later Nadel suggested further
to consider homomorphisms, in particular for abelian groups; see [EM02, Ch. IV,
§3, p. 487], more Gobel-Shelah [GbSh:880], Gobel-Herden-Shelah [GhbHeSh:948].
Barwise characterized the relevant logic, Lo x,, by absoluteness: (among logics
with satisfaction being absolute under forcing it is maximal).
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1(E). Can soft model theory be applied? What about applications of soft
model theory? There are some applications using compact logics. Concerning
1(D), 1(E) on other directions see [Be85]. See [Sh:384] on extending first order
logic by second order quantifiers restricted in some ways. Of course, the expressive
power of the logic depends on the restriction; see the examples below. In cofinality
logic, L( Ccf) with C a class of regular cardinals, we are allowed to say: the formula
o(z,y), possibly with parameters, defines a linear order with no last element of
cofinality from C, recalling that the cofinality of a linear oder I is the minimal
cardinality of an unbounded (equivalently cofinal) subset. If C is non-trivial, this
logic is a very interesting logic (e.g., fully compact), in particular showing what we
cannot prove, so full compactness is not sufficient to characterize first order logic.
But its expressive power is weak, so we do not expect it to have applications.

In [Sh:384] (where you can find something about the history of the topic) we
prove the compactness of the quantifier (that is, for first order logic extended by it)
Zeeab — I,(QeeaP) | quantifying over complete embeddings of one atomless Boolean
ring into another. Moreover, for this logic we prove completeness for a natural
set of axioms. Now consider the problem “can the automorphism groups of a 1-
homogeneouﬂ Boolean algebra be non—simple?”ﬁ Much is known about this group
and, in particular, that it is “almost” simple; see Rubin-Stépanek [Rv89]. Tt was
known that there may exist such Boolean Algebras, as by [Sh:bl, IV] in some generic
extension, all automorphisms of #?(w)/finite are trivial (i.e. induced by permuta-
tions 7 of Z such that {n € Z : n > 0 but m(n) < 0} is finite) and van Dowen notes
that the group of trivial automorphisms of 4?(w)/finite is not simple (as the sub-
group of the automorphisms induced by permutations of w is a normal subgroup)
and the quotient is isomorphic to (Z,+). Alternatively, Koppelberg [Kop85] has
directly constructed such Boolean Algebras of cardinality N; assuming (the more
natural assumption) CH. So by the completeness theorem (as the set of axioms is
absolute), as the relevant facts are expressible in L(Q?P), the existence is proved
in ZFC. Some may want to consider a direct proof. It almost certainly will give
more specific desirable information.

Another helpful quantifier is on branches of trees (see [Sh:72]). In Fuchs-Shelah
[FuSh:766] it is used to eliminate the use of diamonds, i.e. to prove in ZFC the
existence of valuation domains R such that there are R-modules which are universal
(i.e., the family of submodules is linearly ordered by inclusion) but not standard.
Note the obvious examples (which are called standard): R itself or appropriate
quotients. Actually the completeness theorem for this logic gives an absoluteness
result which is used.

We believe that quantifiers with completeness and compactness will be useful,
so it is worthwhile to find such quantifiers. Hopefully, we will see more in [Sh:800].

1(F). Preliminaries.

Notation 1.8. 1) 7 denotes a vocabulary, i.e. a set of predicates and function
symbols so that each P € 7 has arity,(P) < w places and each function symbol
F € 7 has arity,(F) < w places; of course, individual constants are zero-place

4A Boolean algebra B is 1-homogeneous if it is atomless and for every a, b € B\ {0}, we have
B = B | b (equivalently for a, b € B\ {Op, 15} for some automorphism f of B, f(a) =1b).

5That is, it has no normal subgroup which is neither the full group nor the one-element
subgroup.
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function symbols and we may write arity(P), arity(F) when 7 is clear from the
context.

1A) For a structure M let Tp; be the vocabulary of M; for a predicate P from
7ar, PM is the interpretation of P, so an arity, (P)-place relation on |M]|, the uni-
verse of M; similarly for a function symbol F' from 7 and in particular for an
individual constant ¢ from 7.

2) % denotes a logic; see Definition

3) Z, 9, Z denote sequences of variables (with no repetition). Usually Z = (z; :
i < a). so a = Lg(a) but even possibly Z = (x5 : s € S) and then we let £g(Z) = S.

4) We say that 7 is a relational vocabulary when it has no function symbol.

Recall
Definition 1.9. 1) A logic .% consists of

(a) function 7 — Z(7) giving a set of sentences ¢ (or formulas p(Z); see
Convention [T below) for any vocabulary 7; the function is a class function
that is a definition;

(b) E., satisfaction, i.e. the relation M ¢ ¢ for M a model, p € £ (1ar);

(¢) renaming: the function 7, depending on (71, 72, 7, .%), is a one-to-one func-
tion from .Z (1) onto .Z(72) when 7 is an isomorphism from the vocabulary
71 onto the vocabulary 7o (i.e. if P € 71 =, then n(P) € 72 is a predicate
and arity,, (P) = arity,, (7(P)) and similarly for ' € 71);

(d) if m is an isomorphism from the vocabulary 71 onto the vocabulary 7
and M; is a 7i-model and My = w(M;p) is naturally defined, then ¢ €
Z(n(M))= [My | ¢ & My = 7 (p)];

(e) (isomorphism): if My, My are isomorphic 7-models and ¢ € Z(7), then
My oo M g ¢;

(f) (monotonicity): if 71 C 7o, then Z (1) C Z(72) and for any mo-model Mo
and ¢ € Z(71) we have My |E ¢ & (Ma|11) E .

Convention 1.10. We define a formula ¢ = ¢(Z) in .Z(7) as a sentence in .Z (7 U
{c; 11 < Lg(Z)}) with ¢;(i < a) pairwise distinct individual constants not from 7
and if p(z) € Z(7) and a € Y@M, then M g o[a] means M+ =g o, where
M is the expansion of M by czMJr = q; for i < £g(Z); in fact, £g(Z) can be any
index set.
Definition 1.11. For a logic .Z, the occurrence number oc(.%) of .Z is the minimal
cardinal k (or co) such that .Z(7) = J{Z(7') : 7/ C 7 is of cardinality < s} for
any vocabulary 7.
Definition 1.12. We say that a logic £ is nice when:
(a) (o) Applying predicates: if P € 7 is an n-place predicate, then
P(zg,...,xn—1) € Z(7) is a formula of Z(7).
(8) Equality: ¢ = 1 € .Z(7); i.e. for any individual constants cg,c1 € T
there is p € Z(7) such that M |= ¢ iff c}f = M.
(7) Applyinﬁﬁ functions: for an n-place function symbol F' € 7,
xo = F(x1,...,2,-1) is a formula of Z (7).

6We may put together clauses (a)(c) and (a)(v) allowing P(oo(Z),...,0n—1(Z)),00 a term;
the choice is immaterial.
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(b) () .Z is closed under conjunction, i.e. for every ¢i,p2 € Z(7) there is
w3 € Z(7) such that for every 7-model M we have:
ME s iff M E ¢ and M = ps.

(8) £ is closed under existential quantifier, (), i.e. for any ¢ € Z(7U
{c}), ¢ an individual constant not in 7, there is ¢ € Z(7) such
that for any 7-model M we have M = ¢ iff M |= ¢ for some
(1 U {c})-expansion M+ of p.

(v) £ is closed under negation, i.e. for any ¢ € Z(7) there is ¥ € Z(7)
such that for any 7-model M, M (£ ¢ < M Eo 1.

(c) Restricting a sentence 1) to a predicate P,y |P € Z(7) when ¢ € Z(1),
where P € 7 is a unary predicate, and 7 is a relational vocabulary; see
Definition [[I5, Notation [[8(4).

(d) Weak substitution, that is, has substitution for weak schemes; see Defini-

tion [[.I7] below.

Remark 1.13. 1) Above we prefer (a)(vy) on using R/(og,...,0m—1), where each
op = 0¢(Z) is a term.
2) Below we can define the multi-sort version.

Definition 1.14. 1) A logic . satisfies interpolation when for any sentence 1, €
L(11),2 € L(12) and T = 71 N7, we have: if p1 F @9, i.e. for any (71 U 72)-model
M, M | ¢1 = M # ¢, then for some sentence ¢ € £(7) we have p; F ¢ and
Y.

2) The natural definition for multi-sort languages.

Definition 1.15. 1) We say that ¢ = [P, where ¢,9 € Z(7) or pedanticallyﬂ
¢ = P[P, where P is a unary predicate in the vocabulary 7 and 7 is of minimal
cardinality such that ¢ € Z(7) when:

for any 7-models M, M = (¢],P) iff PM is non-empty, closed under F™ for
every function symbol from 7 and M [PM |= 4; see below.

2) For a 7-model M and unary predicate P let N = M[PM be the 7-model with
universe PM | for n-place predicate Q € 7 we have QN = QM N"|N| and for n-place
function symbol F € 7, FN(a) =b< a c "|N|Abe N AFM(a) =b.

Definition 1.16. Let .Z be a logic.

0) at.e(7) is the set of atomic formulas ¢(Z) from Definition [[12(a); bse (1) =
{p,7¢: p € ate(r)}; we may omit £ if it is clear from the context.

1) Let ¢ Fg 1, where ¢,¢ € Z(7) mean that M = ¢ = M [ ¢ for any
7-model (this does not depend on 7 by Definition [[9).

2) We say that 9 is an (&, 7y, 72)-interpretation scheme when:

(a) Z is a logic.
(b T1, Ty are vocabularies.
(

)

c) U= (Up)(Z) : p(T) € atz(r)).

(d) 9 (’) is a formula in Z (1), so ¢ = P(xg,...,Tn-1),T = (xg: £ < n) or
cp—(xo—F(xl,...,:En)),x—<xg:€§n>.

7Of course [T is not uniquely determined. We may like to be more liberal in restricting a
model; in Notation [[8(1) allow FM to be a partial function for F, a function symbol from 7(M).
We may combine this with restriction (see Definition [[T5). Then we still have to demand PM #
(except if we go further and allow empty models). Note that M | “=F(a) = b” when FM (@) is
not well defined.
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2A) Above we say that the ((.Z}, 71, T2)-interpretation) scheme ¥ is simple when
o=z, has the form (¢ = z1). B
3) For ¥ as above we say that N = Ng[M] = M;[)] when

(a) |IN|=|M|/o=(xg,x1), which means that
o E) ={(a,b): M |= ¢(a,b)} is an equivalence relation on [M] or just
some non-empty subset;
o |[N|= {a/Egi ca € M and M | p_[a,a]}.
(b) N | pla] & M | 9,)lal for o(Z) € at(mz) and a € “~ M of length £g(z).

(Note: not for every such 9 and 7;-model M is Nj[Ms] well defined. We need that
¢—(—,—) defines an equivalence relation on |M;|, which is a congruence relation
for the m-relations and functions we define and, of course, the definition of the
functions gives a function, similarly below; but if 9 is simple this problem does not
arise.)

4) We say that the logic . satisfies full substitutiond when: if 7,7 are vo-
cabularies, U = (J,(2)(Z) : ¢(T) € aty(r2)) is a simple (&£, 11, 72)-interpretation
scheme, and 1y € £ (72), then there is 1) € £ (1) such that: if My = Nz[Ms], see
below, so My is a 7g-model for ¢ = 1,2, then My = ¢ < My = s.

5) We say that the logic .Z satisfies substitution when we require 9 to be simple.
Definition 1.17. 1) We say that 9 is a weak (., 71, 72)-scheme (but .& is imma-
terial so can be omitted) when :

(a) T, T2 are vocabularies.
(0) ¥ = (D) (2) : p(7) € at(r2)).
(¢) The formulas ¥,z are atomic (or the conjunction of two atomic for equal-

ity) formulas in which we substitute some variables by individual constants;
moreover:

(a) If ¢(Z) is equal to (xo = z1), so Lg(T) = 2, then Y,z = (w0 =
1 A Po(z) (20, Co(a))-

(8) If ¢(z) = P(z), so P € 15 is a predicate, then
o1 J(Z) = Quz)(Z,¢) where,
®>  Q,(z) Is a predicate from 7y,
o3 Cis a sequence of individual constants from 71,
e 0 arity,,(P) = Lg(z), arity~, (Qp) = Lg(x) + Lg(0).

(v) If o(Z) = (xo = F(x1,...,2n)), s0 F' € 15 is a function symbol, then
L3 7990(:?:) (f) is (J)o = HF(J)l, R ,J?n,EF)) or QF(J?(), ey Ty EF),

ey, o3 as above.

2) We say that .£ has weak substitution when .Z satisfies Definition [[LT6l(4), but
restricting ourselves to weak schemes.

Remark 1.18. 1) The meaning of Definition [LT7(1)(c)(7) is

(*)1 . ng(j)(i‘) = (J?():HF(JH,...,J)”,EF));
e Hp €7 is a function symbol of arity n + £g(cr);
e Cr is a sequence of individual constants

8We do not use full substitution, as for « singular, L2, L% are not closed under full substitution.
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or

(%)2 similarly using Qr(zo,...,Zn, Cr).

2) Why in Definition [[LT7(1)(c) do we need the “moreover”; i.e. why is the second
version stronger? As we demand the ¢,’s to be as in the end, it does not matter
whether we ask it or not. We could further demand that ¢, = (c,) for all ¢ € at(72).

3) In the “weak (£, 71, T2)-scheme” (hence in “weak substitution)” we may use
first order formulas (instead of atomic); that is, our results will not be affected by
this change in the definition.

4) Also, in the “weak (.Z,Ti,72)-scheme” we may add ¢, = (c4), for one c,,
and/or demand that 9 is simple. For the latter change in the proof of Theorem 3.4}
we have to say that “without loss of generality, all || M., || have cardinality > p
and in fact = p,”; for this we need a suitable version of LST, so have to add the

assumption “.Z satisfies the suitable version of LST”.

Definition 1.19. 1) For logics £, % let £ C % mean that: £ (7) C %(7)
for any vocabulary 7 and M =g, ¢ is equivalent to M [E¢, ¢ when ¢ € Z(7) and
M is a 7-model.

2) For logics .4, % let L4 < % or % is stronger than % mean that for
every 7 and ¢ € Z(7) there is ¥ € Z(7) such that ¢, are equivalent, i.e.
MEy ¢ M =g, ¢ for any 7-model M.

3) We say that the logics £, % are equivalent, £ = % when % < % and
L < L.

Definition 1.20. 1) The logic L,; g for & > 6 > Ny is defined like first order logic,
but Ly ¢(7) is the closure of the set of atomic formulas under —p, A, _, i, where
a < k and (Vxo,..., 2, .. .)ica where a < 05 a sentence is a formula with no free
variables and satisfaction is defined naturally.

1A) First order logic is L = Ly, x, -

2) Let Ly 9~(7) be the set of formulas ¢(Z) € Ly o(7) of quantifier depth < «
and similarly in the other cases.

3) Let L%n,ge = LH+,9+,L2K,<9 = U{]Logmég1 i k1 < K,01 < 0}; similarly
LY, <4 ., etc.

<k,<6,<77

4) Let L;l = ]LQK_VNO,]LQ = ]L(in,ov

5) We define the logic L ., by induction on the ordinal v such that L . (7)
is a set of cardinality < 3, (|7| + Rg), increasing with + as follows:

e for v = 0, the logic is the set of basic sentences;

e for v limit, it is (J{Leo,0,8(7) : B <~}
e for v = B+ 1, it is the set of sentences of the form (3z)A,_, »i(Z) or

its negation where £g(Z) < 6,¢;(Z) a formula from Lo g g(7) with o <
Ja(I7] + Ro).

Observation 1.21. If  is strong limit singular, then there is no logic .Z such
that:

(a) L' < 2 <12,
(b) & satisfies full substitution.
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Note that

Claim 1.22. 1) In Definition [L20 for & singular, L+ g < L. g C L+ g; i.e. every
sentence in L,+ () is equivalent to one in L, g (and L, g(7) € L+ o(7)), so it
seems pointless to allow x to be singular as was originally done. Still this is the
tradition and we use it.

2) If k is a regular cardinal, then the logics ]Lgﬂ and Lg&e are equal.

3) If kK = 3, then L(im,<ﬁ,<ﬁ = IL%KKK.

2. THE LoGIC L}
Our main definition is

Definition 2.1. For a vocabulary 7, 7-models M7, Ms, set I" formulas in the vocab-
ulary 7 in any logic (each with finitely many free variables if not said otherwise (see
Definition[23[(4)), cardinal # and ordinal o we define a game O = Or g o[M1, Ms] as
follows, and using (Mj,by), (Ma, by) with their natural meaning when Dom(b;) =
Dom(by).

(A) The moves are indexed by n < w (but every actual play is finite); just
before the n-th move we have a state s, = (AL, A2, hl h2, gn, Bn,n).

(B) s= (A, A2 h' B2, g,8,n) = (AL, A2 hl K2, gs, Bs,ns) is a state (or n-state
or (0, n)-state or (0, < w)-state) when:

8 < a, so an ordinal,

d) g is a partial one-to-one function from M; to M and let g} = g' =

gs = g and let g? :,92 = (g;)_lv

(e) Dom(g*) C Af for £ = 1,2,

(f) g preserves satisfaction of the formulas in " and their negation; i.e. for
o(z) € T and a € 9@ Dom(g) we have M, | ¢la] < Moy | ¢lg(a)];

(9) if a € Dom(g"), then h’(a) < n.

(C) We define the state s = sy = s by letting ng = 0, Al = 0 = AL, s =
a,hl =0 = h2, g, = 0; so really s depends only on « (but in general, this
may not be a state for our game as possibly for some sentence 1 € I" we
have M, ': 1/) < Mo ': _|’l/1)

(D) We say that a state t extends a state s when A% C Af{ h C h{ for £ = 1,2
and gs C gt, Bs > B¢, ns < ng; we say that t is a successor of s if in addition
ng = ng + 1.

(E) In the n-th move,

the anti-isomorphism player (AIS) chooses (541, tn, A},) such that:
tn € {1,2}, Bpy1 < Bn and Al C Al € [M,, |59,

the isomorphism player (ISO) chooses a state s,,+1 such that

e s,1 is a successor of s,

(a)
(b)
(c) ht is a function from A into w,
(d)

L — !/

° ASZH =A),

o A2~tn = A3~tn UDom(gd~'n)
Sn+1 Sn Sn+1

if a € AL\Ag, then hyr (@) >n+1
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e Dom(ggr ) ={a € Ay : hg»(a) < n+ 1}, so it includes Dom(gg" )
L BSV,H,l = 6n+1-
(F) o The play ends when one of the player has no legal moves (always occur
as B, < Bnp—1) and then this player loses; this may occur for n = 0.

e For a = 0 we stipulate that ISO wins iff s is a state.

Discussion 2.2. 1) This is a parallel to EF-games. Note that we like on the one
hand for the game to have < w moves, really each play has < w moves and deals
with sets of cardinality < # and on the other hand we do not like well ordering to
be definable, i.e. allow M; to be well ordered while M5 to be non-well ordered but
still the ISO player wins. We do this by “rescheduling our debts”, i.e. using the
hy,’s.
Definition 2.3. 1) Let 519,’(;0‘ be the class {(M7, M3) : My, My are 7-models and
in the game Or g [M1, M2] the ISO player has a winning strategy}, where I' is a
set of formulas in the vocabulary 7, each with finitely many free variables.

2) é}ly’g’a is the closure of é"lg”g,a to an equivalence relation (on the class of 7-
models).

3) Above we may replace ' by qf(7), which means that T' = the set at(r) or
bs(7) formulas in the vocabulary 7.

4) Above if we omit 7 we mean that 7 = 7p and if we omit I' we mean bs(7).
Abusing notation we may say that M;, My are 519”g~a—equivalent.

Fact 2.4. Assume Or g [M7, Ms] is well defined and M;, M are 7-models.

1) The game Or g, [M1, Mo] is a determined game and is without memory; i.e.
during a play, being a winning situation does not depend on the history, just on
the current state, also only M| are relevant.

2a) The relation (5’1979@ holds for (M7, Ms) when Mj, My are isomorphic 7-models.

2b) If My =2 My, My = My, then My &P, My & M{&F,  Mj.

2¢) @@19797 ., is reflexive and symmetric.

3) The relation gﬁe’a is an equivalence relation on the class of T-models.

4) If « is a limit ordinal, then M1<5519797aM2 iff[f<a= M1<5519797ﬁM2].

5) &g has < Jat1 (0] + ) equivalence classes.

6) If 7'1 Q T2,F1 g F2791 S 92 and (65} S (6] and Mlgf(‘);-;z a2M27 then

1
Ml(g)f(‘);r@l,alM2'

Proof. 1) Obvious.

2a) Let g« be an isomorphism from M; onto M. Now a winning strategy for
the player ISO in Orp g [Ma, Ms] is to preserve “gs, C g.”.

2b) Should be clear.

2c) Let us check.

Reflexivity:

Follows from part (2a) as M = M.

Symmetry:

Reading the definition carefully it should be clear.

3),4) Easy, too.

5) We prove by induction on « that there is an equivalence relation 5’1379& on
the class of 7(I')-models such that MlgF2,07aM2 = M1(5’1979yaM2 and (glg)m has
< Jat1(JT] + 8) equivalence classes. For o = 0, recall clause (F) of Definition 2]
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so easily M1£’19,97aM2 means that 'y = {¢ : My = pand ¢ € T', ¢ is a sentence} does
not depend on ¢; clearly 6&19797(1 is an equivalence relation with < 2Tl equivalence
classes and @@1“1,970, = @@19,9@; let 51“2,9,@ = 519797a. For « a limit ordinal use part (4)
and choose €7 , = (&7 5.5 : B < o}, recalling that Jo(|0[+6) = >-{Is(IT|+96) :
B8 < al.

Lastly, for a = 8 + 1 use the induction hypothesis and J,(|T| + ) = 2=sT1+0),
Alternatively use Lg+ g+ o; i.e. use the proof of Claim 2.8 when we replace J, (|T'|+
9) by :(‘FH_Q)-%—.

6) Easy. L

Definition 2.5. We define the logic L., as follows: a sentence ¢ € L<y(7) iff
the sentence is defined using (or by) a triple (qf(71),6, ) which means: 7, is a
sub-vocabulary of 7 of cardinality < # and a < 6% and for some sequence (M, :
a < af(*)) of i-models of length a(x) < 3,11(0) we have: M E o if M is
ggf(n),e’a—equivalent to M, for some o < a().

2) Let Ly = [{LL, : 0 < w}, so Ly, =LL,.

Remark 2.6. 1) The present definition of the logic in Definition is interesting
mainly for x a strong limit such that x = J. and it seems to me that it makes
the presentation transparent. Note that L1<9 is similar to the set of formulas of
quantifier depth < 7. -

2) Why? Just note that for vocabulary 7 of cardinality < 6,LL,(7) has cardi-
nality Jg+, and it helps to have arbitrary Boolean combinations of formulas of a
fixed quantifier depth [< 6F]. Note that if ¢(Z) € LL(7) has infinitely many free
variables, we cannot “close” it to a sentence.

3) We may instead define L1<’; by: ¢ € LL,(7) iff for some 7/ C 7 of cardinality
< 6 and some sequence (M; : i < i(*)) of 7"-models of cardinality < 2% and some
v < 0% we have: a 7-model M satisfies 1 iff Méaqlf(T'),e,»yMi for some 3.

Claim 2.7. 1) ILISQ is a nice logic; see Definition

2) The logic H‘1§9 has full substitution.

3) LL,(7) has cardinality < |7|® + Jg+ for any vocabulary 7.

4) If k = J,, then L} is a nice logic, L!(7) has cardinality x whenever 7 is a
vocabulary of cardinality < s and L1 (7) has cardinality |7| <%+ for any vocabulary
T.

5) In part (4), if « is regular, then the logic L. has full substitution.

6) If 0,0 < k and 7 is a vocabulary of cardinality < k, then for any set %
of @mqlf(ﬂﬁ’a—equivalence classes for some ¢ € LL(7) we have {M : M/é’qlf(T)ﬁ,a €
U} ={M : M a 7-model of ¢¥}.

Proof. 1), 2) Just check Definitions [[L9] [LI6(5) but still elaborate upon the
relatively more substantial Definitions [[12] [LT6(5).
Clause (a): Atomic formulas

Just note that if Mlg(?f(r),@,a
same 7T-atomic sentences.

M for a = 0 (any ), then M, M, satisfies the
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Clause (b)(a): Conjunction, (similarly Disjunction)

Just note that if y, is defined using (qf(7e),0¢, ) and if 7 = 71 U 1p,0 =
max{fy,02}, &« = max{ai,as}, then the equivalence relation é:lf(T)ﬁﬂ refines the
equivalence relation & af(re), 00000 for £ =1,2.
Clause (b)(8): Existential Quantifier

Assume ¢ € LL, (7 U {c}) is defined by the triple (qf(r U {c}),0, @) and ¢(x) is
the corresponding formula € ]L1 o(7) and Jzp(z) is the naturally defined sentence.

Now if My, My are &9 af(r).0,0-1-€quivalent T-models, then M = Jwp(x) iff M =
(3x)p(x) by the definition of the game. Hence this holds for “My, M, are &
equivalent 7-models”.
Clause (b)(7y): Negation

Obvious by the definition because for any vocabulary 7 of cardinality < 6 the
equivalence relation é&qlf(T)’ 9.o has < Jay1(0) equivalence classes by Fact Z4(5).

qf(1),0,0+1"

Clause (¢): Restricting to a unary predicate P

Easily follows if ¢ is defined using (qf(7),0,«) and without loss of generality
P € 7. Then so is ¥ [P
Clause (d): We prove more: Full substitution:

Assume we are given vocabularies 71,7, and consider substituting ¢p(zo, ...,
Tarity, (P)—1) € ILISQ(TO) for P € 15 treating F(xo, . .., Tarity(F)—1) = Tarity(F) aS an

(arity,, ) 11)-pPlace predicate. Let pp be defined by (qf (7t (P)) 9p ap) and let
ag = sup{ap : P € 12}
We are given ¢ € LL,(71) and we shall find ¢’ € LL,(7), which says that if we

substitute pp(zo,. .. dmyw(p)) instead of P(xo,...) in ¢ for every P € 11, we get
(up to equivalence) 1/1’. Let ¢ be defined by (qf(71),61,a1). Let ag = a1 + a9 and
then easily there is ¢’ as required defined by (qf(72), 01, as). o

Claim 2.8. 1) Let k = Jp+.
Lly <LY;ie. every formula of L, is equivalent to, hence can be looked at, as

a formula of ]Lg.
2) L_p < Li,.

Remark 2.9. For many purposes we identify them, i.e. say ]nge C LY; this gives
another reasonable version of subformulas.

Proof. 1) We first prove:

B If s is a state in the game Og¢(r),9,o[M1, Ma] and = fs, 7 = T(Mg) a; =
(al : e < g(x)) € 9+>(M1), then list Dom(gs) and a2 = (a2 : e < &(* ))

where a2 = gs(al) and M, = ¢[a1] & Ms | plas] for every ¢ = o((xe

£ <e(x )>) € L == Uccp Lz o+171))+,0+ (7), or just ¢ € L = Log g+ (T )

see Definition [[L205), then s is a winning state for the player ISO in the

game.

[Why? We prove this by induction on #. First, for 3 = 0 this is trivial as s
is a state. Second, for § limit, any choice of the AIS player includes an ordinal
v = Bn.+1 < B, so the ISO player may “pretend” that the given state s has
Bs = v+ 1 and use the induction hypothesis. Third, if 8 = v 4 1, let the AIS
player make his choice (8, +1,¢, 4). Now ISO has to extend g: adding some < 6
elements of M, to its domain, the elements in {a € Dom(g.) : h:(a) < ns+ 1} U A.
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Let b, list them. Let & = (v, : ¢ < &(*)) and let § = (y. : € < £g(b,)) and define
0(9,7) = NMe(9,7) € LY : M, | ¢[b,a,]}.

So M, | ¢«[b,a,]; hence M, = (37)¢«(7, a,) and hence by the assumption of H;
we have M3_, = “(39)p.(y,as_,)". Hence there is bs_, € Z~‘7(bL)(M3_L) such that
Ms;_, ': @*[bS—L7a3—L]'

Now the player ISO can make its move getting the state t, a successor of s such
that gy = gs U {(b},12) : ¢ < £g(7)), g¢ maps by to by and ny = ns + 1 and By = 7,
clearly possible. As the ordinal 3,1 chosen by the AIS is <« also t is as required
in H; but so, by the induction hypothesis also it is a winning state.]

Let

By &ro.0 = {(M1, M) : My, M, are T7-models satisfying the same sentences
from L} }.

Now we shall prove Hs and by Hs3(d) we are done.

Hs (a) é&rg.q is an equivalence relation with < (3,41(0 + |7])) equivalence
classes.

(b) &rp. is an equivalence relation included in {(M;, Ma) : My, My are
7-models such that the player ISO wins in Ogg(r),9,a [M1, Ma]}.

(¢) &r a0 refines the equivalence relation éaqlf(r)ﬂ,a'

(d) gqlf(T)ﬂﬂ has < 3,4+1(0 + |7])-equivalence classes.

[Why? Clause (a) follows from the number of such sentences being < 3, (6 + |7]);
clause (b) follows by Hy; clause (c) follows from (b) and the definitions of cf(?f(ﬂ 0.0

and g;f(q_))e_’a. Lastly, clause (d) follows from clauses (a) + (c).
2) Easy. oy

Remark 2.10. 1) The proof above may seem wasteful but for our purposes this is
immaterial.
2) We can do better as follows; i.e., another proof of Claim [Z8 runs as follows:
By induction on the formula. Without loss of generality we deal with a formula
OnN.4.0.o.r(); by induction on 8 < a we prove:

B, If n € [~1,w) and v(1),7(2) < 67,0 € "@N hy : y({) — w letting z =
(x; 11 < y(2));ue C v(¢) for £ = 1,2,g a one-to-one mapping from wu,
onto ug (so n = —1 = ~v(1),7(2) = 0), then for some formula ¢(z,Z) =

go?\f,(iﬂ,a,l“,hl,hglg,ﬁ(j) € L2 we have: for any model M of the vocabulary of

N and ¢ € WD) M and a € 9O M, letting

e AL — Rang(c), A2 — Rang(d),
® g, has domain {¢; : i € u} and g,(c;) = dg(;) for i € u,
b hfL(Cl) = dy, (l)v
the following are equivalent:
(1) Mk ol al,
(ii) (An, Bn,hl, h2,gn, B) is a winning position for the equivalence player

n —

in the game Oy g,o,r[(M, ), (NN, d)].
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Hy Similarly we have a formula goN 0,07 b/ ,/3( ,Z) expressing the situation
after the AIS player moves.

The proof is straightforward.

The Crucial Claim 2.11. We have M, =1 M,, for n < w and even M, = [a] <
M, E ¢¥[a] when:

(a) ¥(2) € LL,(7), a formula,

My <ryy oy Mny1, where 0 = o+,
MW = Un<w Mna

aet® (Mo),

T =1(M,) for n < w.

Remark 2.12. In fact the logic LY, ., ,. suffices; see Definition [20(2).

Proof. Without loss of generality, |7| < 6. We shall prove by induction on 8 < 6%
the following:

Hs s is a winning state for the ISO player in the game Og¢(7),g,a [Mn, M,,] when
for some k we have
(a) s is a state in this game,
b)) n<k<w,
(¢) B
(d
(

e

Rang(gs) C Mg,
if b € A2, then b € Mpz 1)

letting a' list Dom(gs) and @® be (gs(a}) : i < £g(a')) and A\g = J(0)
for every (%) € L/\,}r,ﬁ we have My, |: vla'] & M, E ola?].

—_ — — L o O

(f

The case s = S%, the initial state, suffices to prove the desired result.

First Case: 8 =0.
Trivial.

Second Case: B a limit ordinal.

If the AIS makes its move choosing (A, ¢, 81), the ISO player may pretend that
Bs = B + 1 and use the induction hypothesis. This is O.K. as f < f+ 1, as in
proving Claim 2.8
Third Case: g =~ + 1.

As in the proof of Claim Oo1m

We can sum up the easy properties but first we present two definitions.

Definition 2.13. 1) We say that N codes [N]=* when for some two-place predicate
R we have that {set(b, N) : b € N} is a cofinal subset of ([N]=*, C).

2) In this case for b € N let set(b, N) = setg(h,N) = {a : aRVb} and if R is
clear from the context we may omit it.

For our results it seems helpful to define some variants of “.% satisfies the down-
ward LST”.
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Definition 2.14. Let £ be a logic, 7o a vocabulary, ¥y € £ (79) a sentence with
7o of minimal cardinality or T C % (7y), i.e. a set of sentences with || minimal.

1) & satisfies LST%, when for every vocabulary 7 of cardinality < x and ¢ €
Z(1) we have LST, (¢); see below. If ¢« = 0, we may omit it.

If K = A1, we may write “\” instead “< x”. LST%, (¢)) means LST, ({¢}) and
similarly below and LST% (< #) means LST%  (T') when |T| < 6; the reader may
concentrate on the case k = A™.

2) For v = 0, let LST*, (T) mean: if T has a model N of cardinality > &, then
it has a model M of cardinality A for arbitrarily large cardinals A < k.

3) If « = 1, similarly but M C N (moreover we can demand A C M for a given
A € [N]<%).

4) For ¢ = 2, let LST", (T') mean: if N is a model of T' of cardinality > &, then
for arbitrarily large A < x we have that if N is an expansion of N and 7(NT) has
cardinality < A, then some M™* C N7 of cardinality A satisfying M = Mt |77 is a
model of T'.

5) For « = 3, as in t = 2, but we further assume that N* codes [N]=%; see
Definition and we further conclude that for some (d,, : n < w) € “(M™T) we
have |MT| = [{set(d,,, NT) : n < w}.

6) We define LSTZ}.(T') similarly but for a pregiven u < x we can demand that
|M|| = || M]|* and similarly LSTZ}..

Conclusion 2.15. Assume 6 < k = 2.

1) L, is a nice logic with full substitution; see Definition

2) L1 is a nice logic and if  is regular (equivalently strongly inaccessible), then
it has full substitution.

3) Lt <L <LY; in fact, Lot y, < LL, < La,, o+ (really Ll, < Lo, o+,6+
and even < Lo g+ g+ ).

4) L. satisfies the following versions of the downward LST:

)

(a) Every sentence 1) € L. which has a model has a model of cardinality < k.
(b) L} has LST . for ¢ < 3 (see Definition 214] above).

(¢) Forevery 1 € L} thereis 0 <  such that: if NV is a model of ¢ of cardinality

Aand p= p<? < Xorat least p =3, pn < A and (p,)<9 = p,, for
n < w, then some submodel M of N of cardinality p is a model of 1.

Proof. 1) By Claim 2717

2) Follows as LL, is C-increasing with 6 and the defintion of L} in Definition
2.5(2). -

3) We have LL, < Lg , ¢+ (and moreover L1, <Ln , g+ g+) by Claim 28 So
by the definition, L. < LY. Note that if M;, M, are (f(}f(T)VNO’a—equivalent, then
M ¢ & My | o for every ¢ € Lo+ i hence Lo+, < ]L1§9 and so by the
definitions, L' < L..

4) Clause (a) follows by part (3) and the parallel results on Ly+ g+ of Hanf (see,
e.g., [Dic85]). Clauses (b), (c) follow by Claim 2111 Uo1m

3. SERIOUS PROPERTIES OF L}
First we prove a strong form of non-definability of well ordering.

Claim 3.1. Let k = J,, so a strong limit cardinal.
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1) Property (d) of Problem holds.
2) Moreover, if (A), then (B), where 7 is a vocabulary to which the predicates
P, <, R (unary, binary, binary) belong and:

(A) (a) o €Lly(r) is defined using (qf(7),6, ),
() 0=,
(¢) 0=2as1(0),
(d) n=2°
(e) M =1,
(f) (PM, <M= (29)*, <),
(9) M is a 7-model satisfying:

{{a:aRMb} :be M} = [M]<H
or just the former family is cofinal in the latter family (both ordered
by inclusion).
(B) There are a 7-model N and a sequence (b, : n < w) such that:
(@) N )= V¥,
(B) (PN, <™) is not well ordered,
)
)

Q

(7) b, € N and N | (Vz)(zRb, — ©Rb,41),
(6) N = (vb) V [bRb,].

n<w

Proof. 1) Follows by 2) of the claim.

2) Without loss of generality, |M| is an ordinal, PM = (2#)* and <™ is the
usual order of the ordinals on |M|. By induction on n we choose a sequence
((Myys Brimys b)) =y < (2#)F) such that

B (@) Bny = Buqe:l<n) is a decreasing sequence of ordinals from pPM,
which are > v and by, 4 = (b, 4,0 : £ < n) is a sequence of members
of M.

(b) My, <Lo+ o+ M, || M, || = p and by, ~.¢, Brye € M, for £ <n
(recall p = 29).

(c) Forvy <72 <(2#)" we have (M, ,, Bnm ) Bnm) = (M e, Bn,w ) Bn,w)%
note that the isomorphism is unique as <™ is a well ordering and
necessarily the isomorphism maps by, 4, ¢ t0 by ~, ¢ and By 4, ¢ to
Brys e for £ < n.

(d) Ifn=m+1, then B B

(Z) Bn,'y Im = Bm,c and bn,'y Im = bm,( when ¢ = ﬂn,'y,mv

(Z’L) vaﬁn,'\/ﬂn —<L6+19+ Mn,’ya

(iii) a€ Mmpg, ..., = M = aRb, 4,

(iv) ifbe€ Mmpg, .., then {a: M =aRb} C{a: M = aRb, .}

For n = 0 just choose My~ = My <L M, | M|l = p (O.K. as u? = p, in fact

an overkill).

a+,0+

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



Sh:797

NICE INFINITARY LOGICS 415

For n = m + 1, choose M/ .. b _ such that:

m,yr Ym,y

By (i) Ifa€ My, then aRMb), .
(1)  Moreover if b € My, , then {a € M : M = aRb} C
{a€e M : M EaRb), .}
(”7’) Mm,"/ U {b’/ﬂL’Y} U {7} g M1/n,'y
(iv) My, ., <L M and ||My, || = p.

ot .,0+

The number of (M:n,memBm,7+175n,7+17%b;@,j)/ & is < 2%, so for some un-
bounded Yn g (2H>+a the models <(M,:n7,y, Mm,’y+17 Bm,'y—&-la bn,fy+1a e b;n,'y) e € Yn>
are pairwise isomorphic. - -
 Forany ¢ < (24", let ye= Min(Y\(C+ 1)), Mg = My, b = e~ (),
Br,c = Bmpe (V). Clearly (My,¢,bn¢, Bnc) i ¢ < (21)T) is as required.

Having carried the induction, it is easy to find models NV,, and elements ay, by for
¢ < n by induction on n < w such that:

s (a) (Np,ao,.-.,an-1,b0,...,bn_1) is isomorphic to (M ., By.n,byn)
for every v < (2#)*
(b) Npm <L N, if m < n.

ot+,6+

Now easily by Claim Il the model N = J,, N,, and the sequence b = (b, : n < w)
are as required in clause (B) with (a, : n < w) witnessing clause (5) of clause

(B). B

Conclusion 3.2. For k = 3, the logic L} satisfies:
SUDWO!  (strong undefinability of well ordering), which means:

If ¢ € LL(7),|7| < k and <, R are two place predicates from 7, then for every
large enough p1 < k for arbitrarily large enough pe < k we have:

® If A > po and A is a 7-expansion of (7 (), €, 1, 2, <) with < the order on
the ordinals and R® being €, that is € [#()\), then we can find B, a,, d,
(for n < w) such that

a) BEYeAEY,

b) BE “dyy1 < dp < po” forn <w,

¢) B E “an Capgq has cardinality < py”,

d) if e € B, then B |= “e € a,,” for some n.

We may add

(d)t ifeeBand B E “le|] < ui”, then B E “e C a,” for some n.

(
(
(
(

Remark 3.3. There are other variants. At the moment the distinction is not crucial.
Proof. By Claim 311 )

Theorem 3.4. First Characterization Theorem
We have £ < LL; i.e. every 1 € £ is equivalent to some ¢’ € L. (i.e. for any
vocabulary T,...) when:

B (a) k=3, hence is a strong limit uncountable cardinal,
(b) £ is a nice logic,
(¢) 7Y, the occurrence number of £, is < k,
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(d) L' <2, ie Lot y, <& for 0 <k or just
(d)=  for every ordinal oo < K, the model M, expanding (o, <) is
characterized up to isomorphism by some sentence from LL(1(M.,)),
so |T(My,)| < &,
(e) L satisfies SUDWOL.
Remark 3.5. 1) We could add the downward LST and restrict somewhat SUDWO,.

2) As L! satisfies the demands (by Conclusion 2I5) we can rephrase Theorem
B4l as: L is <-maximal such that (a)-(e) hold.

Proof. Assume toward a contradiction that ¢* € Z(7) is a sentence which is not
equivalent to any sentence of L1 (7). As the occurrence number of % is < k by clause
(c) of the assumption, without loss of generality the vocabulary 7 has cardinality
< T < k. Similarly by . being a logic, using clauses (c),(d) of Definition [[.9]
without loss of generality the symbols we add to 7 in (x)3(a) below do not belong
to 7. We shall derive another sentence 1** in a somewhat larger vocabulary, and
let (141, 2) be as in Definition B2 for ¢** and pq > 6. where 0. = |7| + Ro.
Let

(%)o (a) {P;:i<i(x)} list the predicates in 7.

(b) {H,:j < j(x)} list the function symbols in 7.

(¢) Let the vocabulary 7 be
o the set of predicates {P] : i <i(x)},
e the set of function symbols {H} : j < j(*)},
. arityTl(Pi’(*)) =2,
o arity, (P/) = arity,(P;) + 1 for i <i(x),
e arity, (H}) = arity, (H;) + 1 for j < j(%).

(d)  For a Ti-structure B and ¢ € B let N2 be the 7-model (if it exists)

such that

e it has universe {d: B | P, z( o(d,d)},
o (P)Ne :{a:<c>Aae( P))®} for i <i(x),j < j(*),

o HY (@)= (H)®((c) " a) for i < i(x).

For each o < K, let () = 6, = |a| + RN, so the equivalence relation & HE(r).6(c0)cx
is well defined, and has < Jy(,)+ equivalence classes, say (Na /&) af(r),0(a)a € <
Ea < :g(a)+(\7|)>.

By the definition of ]L1<9( ), which is < LL(7), for each such pair (o, €) there is a
sentence ¥, € nge(a)( 7), which defines N, /& af(r),0(a),a 80d moreover for every

u C &, the sentence Uy, = V{a. : € € u} belongs to L (7), i.e. up to equivalence.
Hence by our assumption toward a contradiction for some ((«) < &, there are

()1 (@) Ma, Na € Noga)/Eatr) 0(a) .0
(b) Nu E¥* but M, = —v*.
By the definition of & af(7),0(a),0 there is a sequence M, such that

(¥)2 (@) My = Mup: k <k(a)),so k(a) <w,
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(b) Ma,O = M,, M(y,k(a) = Naa
() Mok, Ma k41 are &gy o) oeduivalent for k < k(a),
(d) let Mg = My o) for k € (k(a),w).

Without loss of generality the universes of the models My (o < K,k < w) are
pairwise disjoint and 7 C %y, (|7]). For large enough A we have ((My ) : k <
k(o)) : a < k) € F(N) for every a < k and so A > k; let Ay = A(N) be a model
such that:

(x)4 (a) the vocabulary 7 of 2y is 1y U{<, E, R, Ry, F1, Fo} U{ce : @ < 6]},
with ¢, individual constants, F;, F5 unary function symbols,
<, E binary predicates,
(b)  the universe is JZ(N),

(¢) among the elements ) (o < 0,) will be , 0,07, p1, p2, 7,7 and

every symbol in 7 and o < 6, = cp+1 () = @; s0
AN) _ AN _
¢y =HR,eq 7 =0y, ete,

(d)  the functions wa + k — Mg i, and « — k(a) are Flgl()‘), F;l()‘)

respectively,
(e) <™ is the order on the ordinals,

(f) E*™ is an equivalence relation such that
the equivalence classes of E® are {|M, x| : o < k and k < w},

(9)(@) R ={(a,b):aecbe #(\) and b < 1},
B) Ry =elr (),

(h) ( i’(*))m()‘) ={(a,wa+k):k<w,a<rand a€ My},

(i) (PH*N ={a" (wa+k):a<k,ac PiM“”c and k < w} for ¢ < i(x),
)

(4

Hfl(’\) is an (arity, (H,) + 1)-place function satisfying

A/= ~ o Mok~ . .
H'(a " (wa+k)) = H; " (a) for j < j(*),a <k and k < w.

Let ¢** say:

(¥)5 (a) one first order sentence saying all relevant (set-theoretic) properties,
(
(

b)  description of T, 71,
) (Vo < K)(Mayo = 9* and M, k(a) E 9.

Why possible? For clauses (a),(b) as L1 <%, by clause (d) of the assumption or
just ensuring {a : a < c;} isomorphic to 8] if we just assume clause (d)~ of the
assumption and then the rest is said by a first order sentence. For clause (c) as the
logic has restriction and weak substitution (see clauses (c),(d) of Definition [[T2])
recalling that the logic is closed under the first order operations.
Now apply SUDWOL to v**, (Ux, u1, t12), and we get B, a,, d,(n < w) as there.
Now:

Cc

(x)¢ Without loss of generality, 7,71 are interpreted in 2B as 7,7 respectively;
similarly the individual constant c, for o < 6 is interpreted as cg()‘).
Hence if B |= “c is an ordinal < s and k(c) = Fs(c)”, then for k <

k(c),m < k(c) we have:
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(a) M2, defined naturally as N2y,
’ 1
predicates!),
(b) Mcq,%o = ¢ and Mfk(c) 7,
(¢) B E “in the game qu(f),e*,c[MSk, M3k+l] the ISO player wins”.
(x)s We fix a winning strategy sti for ISO in B’s sense in the game
qu(7)79*7d[Ndmi,kaNg,k+1]~

is a 7-model (i.e. no non-standard
(e;m)

Now for each k < k() by induction on n < w we choose s™* € 9B such that:

(¥)g (a) B “§™* = (sok,...,Snk) is an initial segment of a play of the game
aqf(f)ﬁ*,do [Md%;,kv Md“i,kJrl]”'
(b) B = “in this initial segment s™* the ISO player uses his
winning strategy st”.
(¢) The AIS player chooses:
(a) ifnis even, then ¢, =1 and A), ={e € B:eec M7 |,

that is, B = “P/ (e, Fi(do, k))” and B = “eRan”;

(B) ifnis odd, then 1, =2 and A}, ={e€ B:eec My ;. and
B ': “eRan}”;
(v)  the “ordinal’ fs, , = dp 1.

This can be done and g = {(a1,as): for some n we have B = “gn™"(a1) = a2’ };

it is an isomorphism from Md“f)’k onto Mﬁ,m- As this holds for every k < k(x) we
get that MC%O, Msz k(x) A€ isomorphic, so by (x)g(b) we get a contradiction. Uga

Definition 3.6. Let Oy r be the sentence (for R a binary predicate) such that
M = (IM|,RM) E ©gg iff 2 = {{a : aRMb} : b € M} is a (0,Rq)-cover of
Dom(P™M) which means: it is a family of subsets of Dom(R) = {a : aR™b for some
b € M} each of cardinalilty < # such that any u € [Dom(RM)]=? is included in the
union of countably many such sets.

Claim 3.7. 1) Oy r can be expressed by a sentence in L., ({R}).

2) In fact, if My, My are ggf({R}) o+ wiwir-€quivalent {R}-models, then M; =
O¢,r & M = Op R.

3) It M6, g oMz and @ > w +w + 1 and cf(0) > Vo, then [|[M;]| = [ M| or
[ML], [ M| > 6.

4) If Mlé)@qlf(_r)’e’aMQ and ||M;]] <6 and o > w+w+ 1, then My = M.

Proof. 1) By 2) of the claim.

2) Toward a contradiction, assume this fails; without loss of generality,
Mlé’(?f({R})vaJr’w*_w_HMg. By symmetry, without loss of generality, assume My =
O¢,r but My = =0y r. We simulate a play of the game Og¢({r}),0+ wrw+1 (M1, M2)
in which the ISO player uses a (fixed) winning strategy st.

Case 1: There is B, € [M;]=% not included in a countable union of sets from
{{a : aRM1b} : b € My}. Here Oys((Rr}),0,w+w+1[M1, M) suffices; we now simulate a
play in which the ISO player uses st.
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In the first move we let the AIS player choose fs, = w + w and choose ts, =
1, Al = B, € [M;]=%, see above. Let the ISO player (using st) complete the choice
of the state s; (which is a winning state itself, of course).

Let n(*) be minimal such that:

(*) B:={a € AL :h{ (a) <n(x) =7} is not included in a countable union of
sets from {{a : aRM1b} : b € B}.

By the case assumption, n(x) is well defined. In the following n(x)—2 moves, the AIS
player takes care that s, = w+n(x),..., s, ., =w+1 (and 15, = -+ = 15,,, = 1).
S0 gs,,., is a function whose domain includes {a € A} : hi (a) < n(*)}, hence
includes B. Now as My |= ©g r we can find ¢, € M, for n < w such that (Vb €
B) V,, 9sn., (D) RM>¢,, and AIS player takes care that s, ., = w and {c, : n <
w} < Agn(*)ﬂ‘
The rest should be clear.
Case 2: There is b, € M; such that B, = {a € M; : aR'b,} has cardinality > 6.
Here Ogg({r}),0+ w+1 suffices, and let B C B, be of cardinality 6F. We simulate
a play in which the AIS player takes care that S5, = w, s, = 1,4} = {b,} UB.
We let n, be minimal such that hl (b,) < n,—7and [{b € B : h} (b) <n,—T7} >
or.
The rest should be clear.
3), 4) Should be clear. O

Recall

Definition 3.8. 1) A logic .Z is A-closed when: for vocabularies 71 C 79 with
To\71 finite, and sentences 9,9 € L (1) if Ko ={MIn : M =y}, K1 ={MIn :
M = 9} are complementary classes of 71-models, then some ¢ € £(7) define K.

2) A logic £ is strongly A-closed when: for relational vocabularies 7 C 7
with 75\ finite, unary predicate P € m\7; and sentences ¢, € Z (1), if Koy :=
{(Mm)[PM . M = ¢ and PM # 0} and Ky := {(M|n)[PM : M | 9 and
PM £ ()} are complementary classes of 7i-models, then some ¢ € .Z(7;) define
K.

3) A logic .Z has dullness-elimination when: if 71, 79 are relational vocabularies,
i.e. with predicates only, 72 = 71 U{P}, P a unary predicate, 1y € Z(72) and for
every M = 15 we have Q € 71 = QM = QM |PM and PM +# (), then for some
Py € ZL(11) we have {M : M a 7i-model of ¢} = {(M|71)[PM : M a m-model of
Pa}.

4) We say that the logic .Z is A-closed in C for C a class of cardinals when: if in
part (1) we assume just that KoNKG, KoNKG are complementary in K& = {M : M
a 7-model of cardinality from C}, then for some ¢ € £ () for every 11-model M
of cardinality € C we have M = ¢ < M € K.

Claim 3.9. 1) The logic ]LISQ has dullness-elimination.

2) If 7 is empty, My, My are 7-models of cardinality > 6, then M;, My are
éaqlf(T) 9.o-equivalent for or < 6.

3) Also || M1]|, ||Mz]] > 6 and cf(8) = Np is O.K. in part 2) of Claim 3.0
Proof. 1) Easy (or use the sum theorem (see Theorem BI6]) and part 2) of Claim
9.9

2), 3) Easy. (W)
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Theorem 3.10. Second Characterization Theorem
Let k = J,.. Then L} is the minimal logic £ (up to equivalence) such that:

@ (a) £ is a nice logic,
(b) L;'<Z, te Lywn, <& forf <k,
(¢)
(d) &£ is A-closed,

(

e) .Z has dullness-elimination.

Oy, r is equivalent to some sentence in £ for 6 < k,

Remark 3.11. Putting together Theorems [3.4] [3.10] we get full characterization.

Proof. First L. satisfies clause (a) by Conclusion ZLI5(2), clause (b) by Conclusion
215(3), clause (c) by ClaimB77(1) and clause (d) by Theorem BI3]and Observation
B.I2(1) below, and lastly L. has dullness-elimination by Claim B9(1), so together
L} satisfies & of Theorem B0l Second, we shall assume that & satisfies & and
¢ € LL(7) and we shall find ¥/ € Z(7) equivalent to it (it will be 1 below). By
“ % satisfies weak substitution” without loss of generality 7 has predicates only.

We deal with and define naturally ¢!*] € LL(7), P a new unary predicate and
let 7/ = 7 U {P}, so ¢! says that (M |7)[PM satisfies 1.

Let 6, < k and let ¢ € LL(7) be defined using (qf(7), 0, @), so || < k. We let
0=21a11(0+|7]) and u =292, Let 7+ = 7 U {Ry, R}, arity(R;) = 3, arity(R) = 2
and R, Ry ¢ 7. For i = 0,1 let K, be the class of 77-models M such that:

B (@) (IM],RM) = ©,.q and PM £,

(b) {By:be M} is C-directed where By, = {a € M : aRMb}.

(¢) For each b € M the set {(ay,az) : (ai,az,b) € RM} is a well ordering
of By of order type < p.

(d) Ifby,by € M and By, C By, € PM| then
(M17)[Bp, <Lg+ o+ (M [7)]By,; in particular By, is
closed under ' for any function symbol F € 7.
(e) If b€ M, then for some ¢ we have B, = B, P C B. C PM,
(f) Ifbe M and B, C P, then (M|7)|By = ¢Fiff £ =1,
(9) If Qe r, then QM = QM [PM,

Now:

(¥)1 Clauses (b),(c),(d),(e),(g) of @, can be described by some ¢ € L(gu)+ r, (T1)-
[Why? Note clause (c), so obvious.]

(x)2 Clause (f) can be expressed by a sentence from £ (7).

[Why? Let (N, : a < 2#) list the 7-models with universe C u. For each b € M
such that B, C PM let g, be the unique one-to-one function from B; onto some
ordinal 7, < p such that

e if a;,as € By, then (ay,az2,b) € RM < gy(a) < gy(as).
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Hence for such a b there is a unique «p such that g, is an isomorphism from
(M7)[By onto Ng. For each a there is a formula 9o (z) € L+ x,(7as) such that
for every b € M we have M |= ,[b] iff b is as above and ap = .

So for every u C 2*,¢,(x) = ¢, Yal(x) belongs to Lo+ x,(7ar), hence is
equivalent to some ¥/ (z) € £ (7ar). Now (x)a should be clear.]

(x)s K is definable by some ¢, € Z(77) for £ =1,2.

[Why? By clause (b) of the assumption, some ¢’ € £ () is equivalent to ¢, where
¢ is from (x);. By clause (c) of the assumption some ¢” € Z(77) is equivalent
to ©g r. But by clause (a) of the assumption .# is a nice logic; hence (see clauses
(b)2, (b)s, (¢) of Definition [[LT2) there is a sentence ¢, € £ (71) equivalent to ¢,
from (x)2. By clause (b) of Definition [[LI2 there is ¢, € Z(71) equivalent to
O N N}, so we are done.]

(¥)4 For £ = 1,2 the classes {(M;[7)[PM+ : M, € K}, {(May|T)PM M,y €
Ky} are equal to {M : M a 7-model of },{M : M a 7-model of -1},
respectively.

By .Z being A-closed and having dullness-elimination (see clauses (d),(e) of the
theorem’s assumption) we are done. UsTn

‘We can note and recall

Observation 3.12. 1) If the logic .Z satisfies interpolation, then it is A-closed.

2) % is A-closed and has dullness-elimination iff # is strongly A-closed.

3) If £ satisfies interpolation with finitely many sorts (so the interpolant men-
tions only the common sorts), then . is strongly A-closed.

4) The logic .Z satisfies interpolation and dullness-elimination iff . satisfies
interpolation for finitely many sort models.

5) In Theorem we can replace clauses (d),(e) by

(d)" for every p < k,.Z is A-closed in {A: A = A\*}; see Definition B8
Proof. Should be clear. 31

Theorem 3.13. 1) For k = 1, the logic L! satisfies interpolation.
2) Also if € LL (1) where 0 < k, the vocabularies 1o C 71 have cardinality < 6

and 0 = Jgi, = 29, then we can find a sequence (g : a < (22)F) of members of
LL,o(70) such that:

(a) F1p — 1y for a < (29)7,
) if o =711 N7 and ¥ € nge(Tg) a sentence such that = ¢ — O, then
F g — 0 for some a < (29)*.

Proof. 1) This means that we should prove the existence of ¢ € LL(79) such that
F 1 — 9 and F 9 — ¥ when we assume:

B, (a) 71 N T = 70,
(b) by € LL(1y) for £ =1,2,
(C) = 1ﬁ1 — ¢2.
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Toward a contradiction we assume this fails. Without loss of generality, 7,(¢ < 3)
are vocabularies of cardinality < k.

Let 0, be such that 0, < k,0, > |r1| + |r2| and ¢, € LL, for £ = 1,2. For
each 0 € [0,,r) as LL /(7o) is closed under conjunction (and conjunctions) of < 6
formulas and negations, clearly

B, for every a < r we can choose M}, M2 such that

af(ro) ’lam-equivaulent7

)
)
c) M} [To,MGQ [Ty are &
)
)

and continue naturally as in the proof of Theorem B4
2) Similarly. 0313

Theorem 3.14. If k = J,,, then L. satisfies the addition and product theorems,
that is (all the models are T-models for a fized vocabulary 7; for the sum case we
assume T has no function symbols (in particular no individual constants or only
unary functions) and the relevant models have disjoint universes):

(a) sum: Thl[,i (My + M) = Thl[,i (M) + Tth (Ms), that is,

(a)" if Thyy (My) = Thyy (Ne) for £ = 1,2, then Thyy (My + M) = Thy (N +
Ny),

(b) product: Thyy (My x M) = Thyy (My) x Thy (Mz), that is,

(b)/ ’Lf ’I‘h]]_"lv (Mg) = Tth (Ng) fOT‘ /= 1,2, then Th]Li (M1 X Mg) = ’I‘h]]_"lv (Nl X
N2)7

(¢) moreover, we can replace Thy (N) by N/éaqlf(T)ﬂﬂ when 0 < Kk, < 0.

Proof. Tt suffices to prove clause (c). We prove it for products. For the sums this
is easier.

Clause (c) for products:
Clearly it suffices to prove:

B Assume M, = M{ x M} for . = 1,2 are 7-models and M} &}

af(7),0
¢=1,2. Then My &}, 5 Mo

M} for
R

So let (Mg : k < k({,1)) be such that Myo = M} My, = M? and
Mg,kg(ﬂ.(T)ﬁ’aMg’kH for k < k(). Let k(x) = max{k(1),k(2)} and let M, =
My oy if k() < k < E(x). As 5(%(7)79@ is reflexive, we still have Me,kéﬁ(T)ﬂMAkH
for £ =1,2 and k < k().

Letting My, = M j, X My, for k < k(*) we have to prove Mog;f(7)797aMk(*); by
the definition of é”qlf(T)’& it suffices to prove for each k < k(*) that

[

D Mk:@@(;)f(.,.)’g’aMkJrl-
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So we have to find a winning strategy for the ISO player for the game
Oat(r),0,a [ M Mi11]-
The ISO player restricts itself in the n-th move to (6, n)-states s,, for a play of
Oqt(r),0,a My, My 1] satisfying, for some pair (sp,1,8n,2), that for £ = 1,2,
[

(@) s, is a winning n-state for the game Og¢(r),0,0[Me,k, Meky1],
(b) AL = AL  x AL

Sn,1 Sn,2”
(¢) hs,((b,c)) = max{hy  (b),h3 ,(c)}.
The rest should be clear. Em

Remark 3.15. 1) Theorem B.I4|(a) applies to the monadic version, too.

2) Why x = 3,7 As for any 6 and o < 07 there is a sentence 9 € Lg+ and model
My, of 1 of cardinality 3, such that any other model N of ¢ can be embedded into
M.

3) For infinite addition, i.e. ) ; MY!, we have a problem: passing to éa(?f(ﬂﬂﬂ
we do not know how to uniformize k(s), of course: if k(s) is constant or bounded
there, then a parallel claim holds; still see Theorem below.

4) Even overcoming this obstacle, for infinite products we have a problem during
a play of Og¢(r),0,[M, N]. The point is about translating the h’s from here to there
and back. There may well be a difference between products (or reduced products)
and generalized products. Anyhow unlike part (2) this cannot be remedied using

ggfﬁ)ﬁ@ and we know that; see Theorem F.I0l

Theorem 3.16. 1) Assume, for simplicity, that T is a relational vocabulary and
(M! : s € 1) is a sequence of T-models with pairwise disjoint universes, for £ =1,2
and My = Y {M} :s € SH, My =>{M?:s€S}. If k =23, and M}, M? are
Ll -equivalent for s € S, then My, My are L} -equivalent.

2) Moreover for every 0, < k there are 0,8 < k such that for any set S and
sequence (M! : s € S) for £ € {1,2} of pairwise disjoint T-models we have: if
M}, M2 are Eugry0,5-equivalent for s € S, then the models My = Y {M} : s €
S}, My =3 {M2?:s €S} are Egpry g,q-equivalent.

3) In part 2) above if Msl’éi?f(T)ﬁ)aMf for every s € S, then Mléi?f(ﬂ’@ya

Proof. 1), 2) By the proof of Theorem 3.4
3) As in the proof of Theorem 141 318

M.

Remark 3.17. This proof indicates that there are better versions of the game for
which we can choose (9,8) = (0,«). However, it is not clear whether a more
complicated definition is worth the gain.

4. L. 18 STRONG

Our first aim is:

Question 4.1. How strong is L.}? Is it more like L ! or LY? E.g. upward LST?
Downward LST to which cardinals?

So far we have given an indication to its being similar to L !; however we shall
show below that for the LST, L} is closer to LY (see Claim[A38]) and fails the theorem
on the theory of an infinite product (which both L% L1 satisfy). But restricting
ourselves to cardinals A\ = \Xo > K, the situation for the downward LST is similar

to the one for L2: see below.
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Definition 4.2. For a relational vocabulary 7 and cardinal 6 of cofinality > Ry we
say that K is a (7,0, w)-class of structures when:

(a) K is a class of 7-models each of cardinality 6,
(b) K is closed under submodels of cardinality 6,
(¢) K is closed under isomorphism,

(d) K is closed under increasing union of w-chains.

2) For 7,0,K as above let ¥k € ]L?29)+ o+ (T) be a sentence such that for 7-models

M we have: M |= ¢k iff for any A C M of cardinality 6 there is h : A — w such
that for every large enough n, M[h=*{n} € K.

Example 4.3. Let K}° = {(A4, <) :<, is alinear order of A and for some sequence
(U, = < w) we have (U, <« |%,) = (0,<) and %, C U,41 and A = | J{%, :
n < w}.
Clatm 4.4. For 7,K as in Definition

1) The sentence ¢k belongs to Lae)+ o+ (1) indeed.

2) If 0 + |K/ = | = u, then moreover i € ]L2+’9+.

3) Moreover ¢k € LL,.

Proof. 1), 2) Obvious.
3) Easy. Oz
Claim 4.5. 1) If A > 29 then Oy g has a model of cardinality ) iff cov(), 67, 0F,Ry)

= \; see Remark .7 below (or [Sh:g] II]).
2)If A= ARo > 9®o  then Oy r has a model of cardinality A iff A = 2.

Proof. 1) Read the definitions.
2) Check. Oy

Complementary is

Claim 4.6. Assume (k = 3, and) A = cov(\,k,k,8y) and 7 is a vocabulary of
cardinality < A. For every 7-model M of cardinality > A there is N C M of
cardinality A such that N =1 M.

2) Assume A = cov(\,3,,3,,Ry) for every v < 0. If M is a 7-model, |7| < Jg+
and [[M|| > A, then there is N C M of cardinality A such that N =, M.

Proof. Similar to Conclusion 215(4)(c), but in w stages deal simultaneously with
A submodels in each stage. Urg

Remark 4.7. Recall that cov(\, p,0,0) = Min{|Z| : & C [A]<* and for every
u € [A]<? there are o < o and u; € & for i < a such that u C [J{u; : i < a}} for
A>p>0>o0.

Concerning the upward LST theorem, the logic L. fails it badly.

Claim 4.8. There is a sentence ¥ from ILlSNI such that: 1 has a model of cardinality
N A - (Ry)5¥.

Proof. Easy, recalling Claim [£.43). Urs

Discussion 4.9. We can phrase other relatives. Also it points to the restrictions
when we are looking for such logics with upward LST.
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Theorem 4.10. 1) For every 0 there are models (My, N, : n < w) with a fized
countable wvocabulary such that M,,N, are ngg-equivalent for n < w but

[T M., [I N, are not L., -equivalent.

N
n<w n<w <270
2) Moreover in Oge(ry a0 wi1l [I Mn, [T Nal] the AILS player has a winning
n<w n<w
strategy.

Proof. Let 7 = {¢,<} U{F, : n < w}, where F,, is a unary function, ¢ is an
individual constant and < is a binary relation.

For every o let M be the 7-model with universe 1+ a,cMa = 0, <Ma= {(i,§) :
i=0=jori<j<l4a}and F,iw"‘ is the identity when k = n and is constantly
0 otherwise.

Fixing 6 > 2% by Claim [B1] for some o = «(f) large enough for each n there
is a model N,, which is L -equivalent to M, but <™= [(|N,,|\{c""}) is not well
ordered; let M,, = M and (d,, . : k < w) be a <Nn-decreasing sequence of members
of N,, which are # ¢,

Let M = [] M,, and N = [[ N,. Forn € “wlet d, = (d, y(n) : 7 < w) €

n<w n<w
Il N, =N.
n<w
Now
® if A C “w is non-meagre or just not bounded in (“w, <JB<1), then there is
no partial isomorphism f from N into M with domain {d, : n € A}; i.e. f
should preserve all quantifier-free formulas.

This clearly suffices as if A = [J{A, : n < w}, then at least for one n, the set A is
non-meagre (or just unbounded in (“w, <jva)).

Why is ® true? Toward a contradiction assume that f is such a partial isomor-
phism. By the assumption for some n(*) < w the set {n(n(x)) : n € A} is infinite,
so choose 77 = (1, : k < w) such that

(%)o (Me(n(*)) : k < w) is strictly decreasing in Ny ().
Now:

()1 ifm(1) <m(2) <w, then for every n < w we have Ny, = “Fy, () (dn, 1, 2 (n(+)))
< Frs) (nnnay (n())”
[Why? If n = n(x), then F)% is the identity and this means Ny, f= “dy m(2) <

dy,,m(1)” which holds by the choice of (d, x : k < w) recalling (¥)o. If n <w An #

n(x), then Fé\(f’;) is constantly 0, so this means that N,, E “0 < 0”, which holds by

the choice of N,, (and <Ma), so we are done.]
(K)2 N E “Fuey(dn,, ) < Fue(dy,, o))" for m(1) <m(2) < w.
[Why? By (%); and the definition of products.]

Also:

(*)3 Ifm < w, then Nn(*) ': “c 7£ Fn(*)(dn(*),nm(n(*)))”; hence N ': “c 75
Foo(dy,)”.

(x)a Let vy = f(dp,). Then vy = (apn:n <w) € [[ M,.

n<w
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But f is a partial isomorphism, so by (%) + (*)3 + (%)4 we have

(*)5 M ': “Fn(*)(ym@)) < Fn(*)(Vm(l)) £ ¢ for m(l) < m(2) < w.

Hence for every n, M, = “Fy(.)(Vm(2)(n)) < Fu)(Vmay(n))” for m(1) < m(2) <
w. Also by the choice of F%:) we have n # n(x) = M, | “c = F,)(Vm@)(n))” but

M ': “c 7é Fn(*)(ym(l))”; hence Mn(*) ': “c 7é Fn(*)(l/m(l)(n(*)))”, i.e. I/m(l)(n(*))
# 0. Together (1, (n(x)) : m < w) is <Mn-decreasing in M,,)\{0}, a contradiction.
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