
On n o r m a l  i d e a l s  a n d  B o o l e a n  Algebras  

In  [Sh 1] 3.1 we prove :  If ~ i s  a Boo lean  a l g e b r a  of power  ~+,~ = ~<~, and  

B sa t i s f i e s  t he  z - c h a i n  c o n d i t i o n  t h e n  B -  Iol  is the  u n i o n  of ~ u l t r a f i l t e r s  

( why no t  " B  of p o w e r  Jk++"? see  [Sh 3] m a i n l y  2.4, p.245). We h e r e  r e p l a c e  

" z - c h a i n  c o n d i t i o n "  by a w e a k e r  c o n d i t i o n  we i n t r o d u c e  h e r e  (~-SD, (see  

Def ini t ion 1), which  says  t h a t  for  a l m o s t  all ~ c B of power  ~, B <o B (for  

t h e  r i g h t  i n t e r p r e t a t i o n  of a l m o s t ) .  

The  o t h e r  t h e o r e m  (6) is t h a t  L ~° < 2 I~' i m p l i e s  D~,  ( the  c lub  f i l te r  on  ~1), 

c a n n o t  be  I~ a- d e n s e .  We t h e n  o b s e r v e  we c a n n o t  i m p r o v e  t h i s  to  

[2~°< L~°~---------> ~{)~, n o t  l~2-sa tura ted  ] as  by F o r m a n  Magidor  She lah  [FMS], a 

u n i v e r s e  V, V ~ " ~ I  is l~2-sa tura ted  u n d e r s t r u c t i b l y  u n d e r  c.c.c,  fo rc ing"  was 

o b t a i n e d  a n d  d i scus s  t h e  l a rge  c a r d i n a l  needed .  For  p rov ing  T h e o r e m  6 we 

use  n o r m a l  f i l te rs  c o n n e c t e d  with  v a r i a n t s  of t h e  weak  d i a m o n d s  (see  Devlin 

S h e l a h  [DS], She l ah  [Sh 2]) a n d  p r o v e  a m o r e  g e n e r a l  s u c h  t h e o r e m .  Com-  

p a r e  wi th  a r e c e n t  r e s u l t  of Woodin: f r o m  ADR + " ~  r e g u l a r "  he  ge t s  t h e  con -  

s i s t e n c y  of "~)~, + X is ~t l-dense" for  s o m e  s t a t i o n a r y  X c co 1. The c o n c e p t i o n  

of th i s  work  is c lo se ly  c o n n e c t e d  wi th  F o r m a n  Magidor  a n d  She l ah  [FMS], and  

a lso  She l ah  and  Woodin [SW], and  [Sh 5]; i t  was done  s u b s e q u e n t l y  to  m o s t  of 

[FMS]. 

N o t a t i o n :  p ( k )  = [A: A ~ ;k], i t  is a Boo lean  a l g e b r a  and  we s o m e t i m e s  

say  /k i n s t e a d  of /O()k). B d e n o t e s  a Boo lean  a lgebra ;  t h e  f i l t e r  E C B gen-  

e r a t e d  is < E > ~ = ~ x  c B :  t h e r e  a r e  rt  < w ,  x 1 c E . . . . .  x n ~ E s u c h  t h a t  

C1 x ¢ -  x ] ,  i t  is p r o p e r  if 0 ¢ < E > ~  ; an  u l t r a f i l t e r  is a m a x i m a l  p r o p e r  
i = 1  

f i l ter .  Le t  B ,  <0 Be m e a n s  ~ ,  is a s u b a l g e b r a  of B2, and  e v e r y  m a x i m a l  

a n t i e h a i n  of Bt  is a m a x i m a l  a n t i e h a i n  of Ba, o r  wha t  is equ iva l en t :  fo r  
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e v e r y  x c ~2,x # 0 t h e r e  is Y ¢ ~1,~/ ¢ 0 s u c h  t h a t  (V 

z e / ] l ) [ 0 < z - < y  -~x  ( 3 z  # 0 ] .  Le t  ~ 1 < ° ' ~ 2  m e a n s  t h a t  ~1 is s u b a l g e b r a  

of ~2 and  Ix c ~ z :  I~/ ¢ I y ~ : y  (%x = 0 {  is d e n s e  in ~ l l  is d e n s e  below no 

z ~ , z  # O .  

For a regular h >I~ 0 let J~ be the filter (on ~(R)) generated by the 

closed unbounded subsets of R. For I an ideal of ~let /~/I be the quo- 

tient algebra, similarly we define ~/~ J~ a (proper) filter on ~. 

I Definition : Let ~ be a Boolean algebra of cardinality ~;+, ~-- L) ~a, 

~a increasing continuous, each ~a of cardinality -< ~. We say ~is ~-SD if 

Ic~: if c f  a = c f  ~ t h e n  ~ a  <°/]1 be long  to  ~)~.. We s a y  ]7 is a l m o s t  ~-SD if 

l a : c f  a = c f  1 c a n d i d  <°~ l  # ¢ m 0 d  ~)~,. We say  ~ i s  a l m o s t  ~ - W S D i f f o r  

s o m e  s t a t i o n a r y  S c_ t a  c f  ot = c f  ~], for  e v e r y  

i < j , [ i  E S , j  E S ~--->~t <°° ¢r~j]. We say  f_]is ~-WSD if we c a n  c h o o s e  an  S 

above  s u c h  t h a t  S LJ ~ot : c f  a ~ c f  rc I c ~)A- 

1A R e m a r k :  1) We can  def ine  n a t u r a l l y  g-SD, g-WSD for  f~of  e a r d i n a l i t y  

> ~+, see  t he  p roof  of T h e o r e m  2 and  Cla im 3. 

2) if g = ~:<~, ~ sa t i s f i es  t h e  z - c h a i n  cond i t ion ,  Qr~ h a s  c a r d i a l i t y  g÷ t h e n  

JY is ~-SD. 

2. T h e o r e m  : If ~ is ~c-SD, ~ = ~ < ~  t h e n  ~ -  tOI is t he  un ion  of ~, 

u l t r a  f i l ters .  

P r o o f  : Let  ~ =  U ~a ,  ~ t  i n c r e a s i n g  c o n t i n u o u s ,  ~ t  of c a r d i n a l i t y  
I I < K ;  + 

As ~c = ~<~, and  as  we c a n  r e p l a c e  ~ by  a n y  e x t e n s i o n  sa t i s fy ing  the  

s a m e  cond i t ions ,  w.l.o.g. ~ i s  c losed  u n d e r  u n i o n s  of < ~ e l e m e n t s .  

Le t  S = l i  < ~;÷: i = O, i is a s u c c e s s o r  o rd ina l  or  t is a l im i t  o rd ina l  wi th  

co f ina l i t y  ~t- 

By r e n a m i n g  the  ~ t  we c a n  a s s u m e ;  
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(a )  if i e S t h e n  ~'i <o ~ '  a n d  ~ i  is ( < ~ ) - c o m p t e t e ,  i.e. if a < ~, a T e ~ 

fo r  9 ' < a ,  t h e n  U a 7 e ~  (where  U aT is t a k e n  in ~)- 
7 ,a  7<a  

Let  X=(2~¢)  + and  w.l.o.g. ~ e H(x ). Now for  e a c h  y e f f ,  y # 0  we 

def ine  by  i n d u c t i o n  on  n < ~, a n  e l e m e n t a r y  s u b m o d e l  hru n of (H(x),e) s u c h  

that : 

(ii) /~n has eardinality < Ic but/~n (~ ~; is an ordinal. 

(iii) Ar~n < N~n+ I and Ar~n e Ar~n+1 (remember Ar~n • H(X)). 

]Now for every z,y 6~,y # 0, natural numbern and ordinal a• S N/~n 

we define 

Let  y e ~ , m  < ~ we def ine  by i n d u c t i o n  on n , m  ~ n  4 ~  a s e t  ~ ' m  of 

t e r m s  T = "r(t): 

k 
~ y  +l,m = tGan( I'~ T~,y)  " aES'N/~n,  k < e~ and fo r  IZ = I . . . . .  k ,  T~ £ ]~y'm I 

2=1 

2A F a c t :  For  T(t) • ~ ' m  and z • / ~ m ,  T (z )  is def ine  n a t u r a l l y  and  i t  

b e l o n g s  to N~n, a n d i f  T( t )  = Gna-l( " ' "  ) t h e n  T(z)  • ~a .  

2B Fac t ;  1) For  a n y y  • ~ , m  <--n < ~ ,  z •N~n N ~ , Z  # 0  and  T• ]9~y  'm 

t h e  e l e m e n t  T(z )  is n o t  zero.  

2) i f m < - - n , k  < ~, Te( t )  •]9~V'ra a n d  for  g < k ,  ze  eAmm n ~ ,  z~ # 0, a n d  

N ze # O t h e n  N re(ze) #0 .  
~ <Ic £ <k 

P r o o f  ; C lea r ly  1) follows f r o m  2). We p r o v e  2) by  i n d u c t i o n  on n .  

When n = m ,  n e c e s s a r i l y  T¢(t)  = t and  t h e r e  is no p r o b l e m .  
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When n > m,  l e t  Tg(t) = G n-1  ( N Tg, i ( t ) ,y )  (where  ag • N~n_ 1 n s )  so ag 
i<i(g) 

T~,~(t) e ~ y - l , r a  Le t  zg,~ = T~,~(Z~), SO Zg,i • N~y -1, (by F a c t  2A) and  by  t h e  

i n d u c t i o n  h y p o t h e s i s  on n ,  z ~!  N zg,~ ¢ 0 a n d  c l e a r l y  z e N~n_ ~ N B. 
i<i(~) 

~<~ 

Clear]y  Gna~ -~ ( z , y )  --< G n-~ =~ ( N T~I,~(zcz),y ) for  e a c h  C. So i t  su f f ices  to  p rove  

t h a t  n G ~  -I ( z , y ) .  W.l.o.g. a 0 > a~> • - - >a~_1, and we def ine by i n d u c t i o n  on 
~<~ 

IZ < }c, an  e l e m e n t  s~ of ~ n / ~ y  -~ as  follows: 

a) s 0 =z, 

(b)s~+ 1 e ~=~ N Ar~-I is such that; 

(vb e E ~ ) [ 0  < b _< s~+,  ~ b N sa  ~ 0] 

We can find such s~+ I 6 ~=e as ~ae <°/~, and we can choose it in A~v-I as s~,~x~ 

and <]~a'a < ~+> belong to ]V~ -I, and A~ -I is an elementary submodel of 

(H(x),c). 

Y 
We c a n  p rove  t h a t  w h e n i - < j  < k ,  (Vb 6 ~ a j ) [ 0  < b ~ s j  -* b N ('% s£ # 0]. 

£=i 
This is done  by i n d u c t i o n  on j ;  when  j = i  th i s  is t r ivial .  When j > i ,  l e t  

b •$~aj,  0 < b <--sy, by the  cho ice  of s 1, b N s j - 1  ~ 0 ,  so 0 < b  N s y - 1  < s j  

and  c l e a r l y  b (5 sy-1 e[5'aj_,, so by t he  i n d u c t i o n  h y p o t h e s i s  on j ,  
j-1 j 

(b N s j _ l ) n  N s £ # O b u t b  <_sy s o b  n N sfl # o .  
~=i £=i 

H e n c e  N s~ ~ 0, and  also (when O ~ i < It) t h a t  (Y 

b e ] ~ a t ) [ 0 < b _ < s j  -, b N s i  # 0 ] ,  now f o r i  = 0 s ~  = z,  h e n c e  by  de f in i t ion  of 

G n-1 ( z , y ) ,  so we have  GanZl (z ,y ), c l e a r l y s j - < G ~  - l ( z , y ) .  So 0 ~ N s~_< N ae 
£<~ ~<~ 

p roved  t h e  i n d u c t i o n  s tep  for  n > m ,  h e n c e  Fac t  2B: 

2 C F a c t ; I f a  • U A~n, a • S, y • / 3 ,  y ~ 0 , ~ ) a n u l t r a f i l t e r o n B a ,  and  

F =  ~T(y) : T e ~ , m f o r s o m e m _ n  < ~ ]  a n d F N ] 3 = c ~ )  
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t h e n  ~ U IF (~ Ba+i~)  g e n e r a t e s  a p r o p e r  f i l te r .  

P r o o f  : I m m e d i a t e ,  b e c a u s e  " 

2D F a c t :  When  m - < n  < ~,  I ~ ( y )  : ~ e f )~  'r~l C I T ( y )  " y  e ]9~ '°l ,  

P r o o f :  Th i s  c a n  be  p r o v e d  b y  i n d u c t i o n  on  n :  f o r  n = rn  > 0 c h o o s e  

a o > . . . > a m _  ~ in  S C~ N~ s u c h  t h a t  y edfa._~ a n d  de f i ne  T ¢ e  ]9~y,0 b y  i n d u e -  

t i on  on £ --< rn-  T O = T~, T¢+ 1 = G ~ ( T g , y ) ;  t h e  o t h e r  e a s e s  a r e  t r i v i a l .  

C o n t i n u a t i o n  o f  the p r o o f  o f  T h e o r e m  2: 

Le t  E y b e  a n y  u l t r a f i l t e r  of ~ C~ ( U N~y) w h i c h  i n c l u d e s  I T ( y )  : v e ]9~y 'm 

f o r  s o m e  m -< n < ~] ;  b y  F a c t  2 B , 2 D  i t  is  p r o p e r .  The  r e s t  of t h e  p r o o f  is  a s  in  

[Sh  1] 3.1. By  E n g e l k i n g  a n d  K a r l o w i e z  [EK] t h e r e  a r e  f u n c t i o n s  f ~ "  ~ -* ~ ( fo r  

< ~+) s u c h  t h a t  f o r  e v e r y  d i s t i n c t  ~(18 < fl0 < ~) a n d  7p < ~ (18 < t80) f o r  

s o m e  e < ~ , / k  f l ( e )  = y~. Le t  g/~ : ~+ -* ~ be  d e f i n e d  by: g~(~)  = f ~(/~). 

Let B~+, be generated by ~ U ~YJ " fl < ~I (and w.l.o.g. ~0 = ~O, II, and 

w.l.o.g. <<yJ,~,fl> :~<~+,fl<~> belongs to every Ar~). Let <Y~ :7<7> 

list all subsets of IY~ " fl < m] of eardinality < m. We define by induction on 

< ~+ for each fl < ~ an ultrafilter ~J of ~ such that: 

(A) ~)~ i s  i n c r e a s i n g  c o n t i n u o u s  in ~. 

(B) if ~ U ¥¢~(~) generates a proper filter then ~)~ U Y~(~) C ~)~+1 

Clearly this can be done and each ~ = D~ ~ is a (proper) ultrafilter of ]3. 

Now if y eB, y ~ 0 then for each ~eS I~ ( U Ar~) 
<~ 

(F_~ FI |Y~  " a  <K;~) U ( %  N B t )  g e n e r a t e s  E~ N B t + l ,  [ a s  ]Yt U ~Y~ : ~x <*;{ 

g e n e r a t e s  ~ + , ,  ~ e Ar~, lY$ " fl < ~t 6 Arch, a n d  ~ a  e ~ f o r  e v e r y  n s u c h  

t h a t a  6_A~n], so t h e r e  is fl < m s u c h t h a t  f o r  e v e r y ~  6 U ]V~n , g~(~)  =T~ ,  a n d  
~% < a )  

by Fact eC, Ey 

3 Claim; i) In Theorem 2 we can replace ~+ by 3 z (its proof is written so 

that the changes are minimal, but the set ly~ :fl < m] should still have 
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c a r d i n a l i t y  ~, 

2) In T h e o r e m  2 (and  Cla im 3(1)) we r e a l l y  g e t  t h a t  for  e v e r y  Y c ~ of 

c a r d i n a l i t y  < ~ wh ich  g e n e r a t e s  a p r o p e r  f i l ter ,  for  s o m e  fl < ~, Y c D a (def ine  

NnY,~y ,m for  any  s u c h  Y, now F a c t  2A, 2B h a v e  t h e  s a m e  proof ,  and  F a c t  2C 

s h o u l d  be  mod i f i ed  by  h a v i n g F =  l~ (y )  : y  c Y, ~ c ] f ~ ' m  m ~ n  <~0{. 

4. R e m a r k :  We c a n  go b e y o n d  2 ~, see  [Sh 4], L e m m a  4. 

5. O b s e r v a t i o n :  S u p p o s e  X >B0 is r e g u l a r ,  2 x = X +, I a n  idea l  on 

X, ]3 = p ( X ) I I .  Suppose ~ =  LJ ~i, ~i  increasing continuous. ~i  of power 

- X. Suppose  f u r t h e r  S~  = I~ < X+ : c f  ~ = X, ~ <o ~ is s t a t i o n a r y .  Then s o m e  

fo r c ing  n o t i o n  Q of p o w e r  X +, f o r c i ng  by it  does  n o t  add  new s u b s e t s  of X, (so 

all r e l e v a n t  p r o p e r t i e s  of I, a r e  p r e s e r v e d ) ,  a n d  in V Q, Sg  U I~ < X+ : c f  $ < A] 

c o n t a i n s  a c lo sed  u n b o u n d e d  set .  

This h e l p  us  to  show t h e  c o n s i s t e n c y  of "]')(k)/I is t h e  u n i o n  of X 

u l t r a f i l t e r s "  for  a s u i t a b l e  idea l  I .  

P r o o f  : The welt  known Q = ~f • f and  i n c r e a s i n g  c o n t i n u o u s  f u n c t i o n  

f r o m  s o m e a + l  < A  + t o k + ,  [ f l - < a  a n d  c f ( a )  = k ~ f ( a )  e S]~]~. 

6. T h e o r e m  : If 2N°< 2 ~t t h e n  D~t  is no t  Nl-dense  (which  m e a n s  t h e  

Boo lean  a l g e b r a  ]9(~01)/D~t is n o t  t~l-dense. ) 

This will follow f r o m  Conc lus ion  14. 

7. Def in i t ion  ; A Boo lean  a l g e b r a  ~ is A-dense if t h e r e  is B C ~,  ]/7 ] -- X 

which  is d e n s e  i.e., ( ¥ x  c B) [x  # 0 ~ (3y c B) (0  < y ~ x)] .  

Note  in t h i s  c o n n e c t i o n  the  fol lowing two o b s e r v a t i o n s .  

8. O b s e r v a t i o n :  By [FMS] we c a n  ob ta in  a u n i v e r s e  of s e t  t h e o r y  [ s t a r t -  

ing with  a m o d e l  of ZFC + '~ is s u p e r c o m p a c t ' )  in which  ~ ) ~  is 1~2-saturated 

a n d  th i s  is p r e s e r v e d  by  fo rc ing  sa t i s fy ing  t h e  I~l-chain cond i t ion ,  so if we add  

e.g. =~1 C o h e n  rea ls ,  s t i l l  ~ 1  is Ma-sa tura te  bu t  2 ~° = =~1 < =al+l = 2~.  
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We may be interested in using smaller large cardinals: 

8A. Observation: i) It is consistent with ZFC that 2 M° < ~ but ~)~ is I~ 2- 

saturated if we assume the consistency of ZFC + "m is a suitable hypermeasur- 

able as in [SW]." 

2) If in V, ~ is a normal filter on ah, and ~ is M2-saturated. 

Q is the forcing of adding A-Cohen reals, theft in VQ; 

a) ~J = }A e V q :A C ~i and (HB •D) 17 ~A] is M2-saturated normal 

f i l t e r  [ so  D =(D~, )  V ---------> D '  = ( ~ , )  v~]. 

b) (h :~°) Im= (A + t%) I% ( the second term is computed in V). 

c) (2t%) v* = (A + t~1) ~ ( the second term is computed in V.) 

Proof : i) By 2), starting with a universe of set theory in which ~ is 

I~2-saturated, from Shelah and Woodin [SW] . 

Note that if in V, :~+i(~) > :~(~)+a ~ is supercompact, and P a forcing 

notion of cardinality m, such that in V P, m :: I~2,~ M2-saturated; choose in (2) 

A = ~ , ( ~ ) ,  t h e n  in vP*Q,('~o) +a < 2 M~. 

2) S t r a i g h t f o r w a r d .  

Suppose Q =If :f a finite function from k to IO, l]{, and q 6 Q, 

q II-Q " < s ;= < is a eounterexample; Let for a < ~2, SO = 16 < ~I: 

there is q', q -- q' • Q, q' I[-" ~ e S "I, and for ~ • S ° choose q~' 6 Q, q - q~, 

q~' I[-" 5 •S", (so <<q~ "6•S°>" a <~2> is in V) Clearly 
N a 

S ° # ~ mod ~ hence for each a < ~2 for some ]c a < tu, 

S' a = I$ • S ° " Dora q~' has cardinality k,,{ # #m0d ~ hence for some k , 

ff = I a < ~2 : k= < k] has eardinality I~ 2. Let m be a natural number such 

t h a t  m ~ (3)~,,. 

As ~)  is ~ 2 - s a t u r a t e d  t h e r e  a r e  d i s t i n c t  a 1 . . . . .  a m c W s u e  t h a t  

S ~! ~ SI # ~ mod D. For every ~ 6 S for some distinct a~ 

iZ=l 

Sh:237a



254 

£ (1),(~ (2) e }1 . . . . .  m I, q~'~(t),q~(~) are  comp a t i b l e .  H e n c e  t h e r e  a re  d i s t i n c t  

~(I),~(2) e I1 . . . . .  m ]  s u c h  t h a t  /6 e a h : 6 • S, and  qa~(~)q2a~) are  c o m p a t i -  

ble~ ~ ¢ m o d ~  Now it  is easy  to show t h a t  fo r  s o m e  q' ,q C q ' e  Q, 

q' I~- 16 • S "  q;~(') U q~(~) • GQ~ # mad ~contradiotion. 

R e m a r k :  The inacces s ib l e  f n e e d e d  in 8A(8) is I~ : ~ s t r o n g l y  i nacces s i -  

ble with Pra(~){ is stationary is not in the weak compactness ideal) "~)(,,, is 
indestructible by I~:-c.c. forcing big hyperinaccessible like in" 

9. Observation: If ~) is a normal filter on a regular /~ > I~0,2~ =/~+ then 

the following are equivalent: 

(a) ~ is/~-dense. 

(b) there are normal filters ~. (i </~), D c ~., and 

[A # C m o d  D----->A e U ~ ' ] .  

(c) for  e v e r y  At C ;k, A t # !b rood ~ for  i </~+, there is S ~ i~ +,ISI =/~+, 

s u c h  t h a t  for  any  d i s t i nc t  i ( a ) e  S (a <A)  t h e  d iagonal  i n t e r s e c t i o n  of 

Ai(a)(a <A) (i.e. 1 7 < A : T e  (~ At(a) I ) i s  # ! b r n 0 d ~ .  
a <  T 

P r o o f :  (a) ----> (b). Suppose t & / D :  ~ < ~]  is a dense subset  of p ( X ) / ~  

Let  ( f o r i  </~), ~ .  ~ f~)+A~ = I X c A :  X L )  (A-At) E D ] ,  t h e n  t h e  ~ . ' s  e x e m-  

pl ify t h a t  (b) holds.  

(b) --------> (c): Let  ~ . ( i  < ~) exempl i fy  ( b ) ,  and  l e t  At ~ !~ , A t # 0 m o d ~  for  

i </~+. For  e ach  i </~+ for  some  T(i)</~+, At e ~ ( , ) .  So for  some  T 

S = ~i " 7 ( i )  = 71 has  power /~  +. Clear ly  17(i) " i e S I is as r e q u i r e d .  

(c) -----> (a): Assume (a) fails. Let  IA C / ~ : A  # ¢ rood 2~){ be l i s t ed  as 

|A a : a < ~+].  As for  ~ < ~+ IA= : a < ~t c a n n o t  e x e m p l i f y  " D  i s /~ -dense"  t h e r e  

is a(~) </~+ su ch  t h a t  for  no a < ~, A=(t) C A a rood D. By (c) t h e r e  is S c ~+ of 

c a r d i n a l i t y  /~+ such  t h a t  for  any  a ¢ e  S (¢ </~+), IT < A : 7 e At(a,) for  e v e r y  

i < 71#  ¢ rood ~). Le t  for  ¢ </~+, 17¢ be t h e  d iagonal  i n t e r s e c t i o n  of 

|Aa(~) : ~ < {J. Note  t h a t  B¢ is n o t  un ique ly  d e t e r m i n e d  as  a se t  (i t  d e p e n d s  on 
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t h e  e n u m e r a t i o n  of ¢) b u t  rood ~ ( a n d  e v e n  mod ~ )  it is u n i q u e l y  d e t e r -  

m i n e d .  C l e a r l y  ~1 < {"2 ~ B¢~ ~ J9¢~ mod ~t  Now n e c e s s a r i l y  fo r  s o m e  {~(*) f o r  

e v e r y  {" -> {'(*) ( b u t  </~+) ,  Be = /7¢( . )  mod ~ as  o t h e r w i s e  t h e r e  is  a n  i n c r e a s -  

ing  s e q u e n c e  ~( i )  f o r  i < / z  +, s u c h  t h a t  /?¢(~+~) # B¢(i) rnod ~[~ so 

~B¢(~+I) -- B¢(~) : i </z+{ show ~)is not/z+-saturated and clearly contradict (c) 

which we are assuming. 

Now as  Be( . )  # ~brn0d ~ fo r  s o m e  7 (* )  </~+,  Be(.)  =AT(. ) C h o o s e  

1 6 < / ~ + , f l  > 7 ( * ) , f l  > { ' ( * ) .  So by  t h e  c h o i c e  of {'(*) Bp+ i = B ¢ ( . ) m 0 d ~ ) b u t  

b y  t h e  c h o i c e  of B~+ 1, B#+ 1 ~ A~(a) mod D h e n c e  Be( . )  C At(#) rood ~) b u t  

/?¢(.) = AT(. ) so  AT(. ) C A t ( a ) r o o d  ~[~ B u t  r e m e m b e r  t h e  c h o i c e  of ~(fl), as  

16 > 7 ( * )  i t  i m p l i e s  AT(. ) ~ AI(e) rood ~ C o n t r a d i c t i o n .  

10. De f in i t i on :  1) Fo r  a r e g u l a r  u n c o u n t a b l e  • a n d / ~  < 2 ~ l e t  

(a)  Dora  (A,/~) = I f  : f a f u n c t i o n  wi th  d o m a i n  ~ > a - IA] f o r  s o m e  ord i -  

n a l  a < k , f  (17) </~ ,  for" ~? c ok a - IA], w h e r e  A is t h e  e m p t y  s e q u e n c e .  

(b) Dorn +(A,/~) = I f  : f a f u n c t i o n  f r o m  ~>~ - IA] t o / ~ ] .  

(c)  :[,eL I~,~ b e  t h e  s e t  of A ~ h s u c h  t h a t  : 

f o r  s o m e  f u n c t i o n  F f r o m  Dora  (k,/~) t o  10,1{, fo r  e v e r y  h : A -, [0, l ]  t h e r e  is  

jr E Dora +(A,/~) s u c h t h a t  f o r s o m e  C c~Z)A (V~5 c A  N C) [h(cS) = F ( f  [~)]. 

2) F o r  A,/~ as  a b o v e  a n d  f u n c t i o n  F f r o m  D o m  (A,/~) t o  IO, l{ l e t  I~,~ be  

t h e  s e t  of A ~ k s u c h  that,; fo r  e v e r y B C A ,  t h e r e  i s f  c D o m  (k,/2) s u c h  t h a t  

f o r  s o m e  C c ~ x  

( v a c c ) [ a c B  f f . f  Y ( y  r a) = t] 

3) F o r  k,/~, F as  a b o v e  l e t  J~i~ b e  t h e  n o r m a l  i d e a l  o n  h w h i c h  [ ~  g e n -  

e r a t e s ,  

R e m a r k :  This  is  c l o s e  by  r e l a t e d  w i th  t h e  w e a k  d i a m o n d ,  s e e  Dev l in  a n d  

S h e l a h  [SDJ a n d  S h e l a h  [Sh  , Ch. XIV, §1]. 

11. L e m m a  : 1) Ix, ~ is a n o r m a l  idea l  on  k ( b u t  i t  m a y  b e  p (A) )  a n d  we 

c o u l d  h a v e  in  t h e  d e f i n i t i o n  of D o m  (A,~) r e p l a c e  ~ > a by  a , 
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2 )  If  g < A, 3 x = 3 O', /z : / z  <x < 3 x, /~ < k+x (i.e. /z < bla+ x w h e r e  k = Ila) (o r  

e v e n  a w e a k e r  r e s t r i c t i o n )  t h e n  ~ ¢ I~,~. 

3) I ~  C J~ , .  C Ix,m a n d  I~,.~ = U I t~ , .  : F a f u n c t i o n  f r o m  D o m  (h,tt)  t o  

10,ill. 

4) F o r  e v e r y  f u n c t i o n  F :  D o m  (X, /z )+  10,1], t h e r e  is a f u n e t i o n  

F ° : D o m  ()t/z) -~ I0,1t  s u c h  t h a t  

+ t ;  = = + f . .  

5) F o r  a n y  f u n c t i o n  F : D o m  (X,/z) -* to, I t ,  f o r  e v e r y  c e ~ , / t  - c • I ~ a .  

P r o o f  : P a r t  1) is s t r a i g h t f o r w a r d .  For  2) see  [Sh 2 ,  Ch. XIV §1]. Now (3), 

(5) a r e  t r i v i a l  a n d  fo r  (4), n o t e  t h a t  in  Def in i t i on  10(2) we d e m a n d  (V 

e C)[6 • B ~ F ( /  ~ 5) =1]  a n d  n o t  j u s t  (V 

a e c n A) [a  c B ~ - >  F ( f  ra)  = 1]. 

12. L e m m a  : S u p p o s e  )k is r e g u l a r  a n d  u n c o u n t a b l e , / z  < 2 x, a n d  ;k ¢ Ix, ~. 

T h e n  fo r  n o / w  is jF,~ /~-dense ,  k + - s a t u r a t e d .  

P r o o f  : S u p p o s e  F is a c o u n t e r e x a m p t e  a n d  le t  | A ~ / ] ~ .  : i  < / z  I be  a 

d e n s e  s u b s e t  of ] : ) ( k ) / J ~ .  We now de f ine  a f u n c t i o n  H f r o m  

D o m  (~.,/z) = U I f  : f a f u n c t i o n  f r o m  s o m e  ~>5 - Ih l  i n t o / ~  w h e r e  5 < ~'l to  

~0,11. 

S u p p o s e  ~ < A is l imi t ,  f : (~>& - Ih l )  -+/z, f o r  v E ~>~ le t  f v  be  t h e  f u n c -  

t i on  f r o m  ~ > ~ - [ h i  to  | 0 , 1 |  de f ined  by  f ~ 0 7 ) =  f (v^~7)  . We de f ine  H ( f )  by  

c a s e s :  

C a s e  I: Fo r  s o m e  a,lff < &, F ( f  <0,a,•>) = 1 . 

T h e n  we l e t  H ( f ) ,  be F ( f  <l,a,p>) f o r  t h e  m i n i m a l  s u c h  a,fl ( l e x i c o g r a p h i -  

cal ly) .  

C a s e  II: Not  Case  1, b u t  fo r  s o m e  a < 6, ~ e A<2,a >. 

T h e n  H ( f  ) = f ( < 3 , a > )  f o r  t h e  m i n i m a l  s u c h  a.  
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Case lie Not Case I nor II. 

Then H(f ) : O. 

If f : ~ > a  -- {Ai ~ / z ,  a n o t  l i m i t ,  l e t  H ( f )  = O. 

Now we g e t  c o n t r a d i c t i o n  b y  F a c t  12A b e l o w  ( a s  k ¢ Ix, m [;.,~ i s  n o r m a l  a n d  

'</ sx,~,). Jx,~ c 

12A Fact :  h c I ~ .  

L e t  B C h a n d  we s h a l l  f i nd  f c D o m  +(A,;z) s u c h  t h a t  fo r  s o m e  C c ~X, (V 

e C)[~5 c B iff H(I r 6) = 1]. 

L e t  D ~ tA~ • i </~{ b e  a m a x i m a l  s u b s e t  s a t i s f y i n g :  

(a) for every  a # b c ]9 a C~ b c 7xF. (i.e. D i s  j r , _  disjoint.)  

(b)  f o r  e v e r y  a c ]9, a ~ B rnod  dxr, l ,  o r  a n 8 : ¢ ~ 0 d  ] { . .  

As F is a counterexample,  ] 9 ( X ) / J ~  is A+-saturated hence IP l  -< x, so le t  

/9= IA{(:) : a < a(*)i, a(*) ~ h. We shall assume a(*) = h (the other case is 

easier). Let B* be the diagonal union of the A{(a) i.e. I~ < A : 16 c <J A{(a) {, so 

clearly a 0~fA-B* c dF,;~. For each a <X let a1+a be Ai(a)-13 if 

Ai(a) ~ B m 0 d  J~,v. a n d  Ai(a) ( ]  B if At(a) A B = ~bm0d  dx,v~.r So i n  a n y  c a s e  

F F (for fl < A) s u c h  that a a E d-A,t~ , s o  t h e r e  a r e  s e t s  a a ,  ~ c [x,; . ,  
F a a  = 17 < }' " 7 C U aa,l+t~]. As aa,  ~ c [x,t~ t h e r e  a r e  f u n c t i o n s  f °a,t~,f ~, ~ f r o m  

#<7 
o>A -- IA] t o / . ,  s u c h  t h a t  f o r  s o m e  C=,e c ~ :  

(Va c Ca,l#)[~ c aa ,  # N B ~ F ( f l , #  I" a) = 1] 

(v<~ c c,..p)[ef c ,~, , ,a < - >  F ( f ° ~  r ~) = t] 

Now we c a n  d e f i n e  f * • (~>A -- IA~) -~/z 

/ ' ( < O , a , # >  "0) = o ^ f a,/t (r/) 

f ' ( < l , a , f l > )  = f ~ , a  (v )  
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f ' ( < 2 , a > )  =1 if 5 e Ai(=), 

f * ( < 3 , a > )  = 1 if 5 < 2~(a) c 1~ rnod Ix,;~ 

f *  ( ~? ) = 0 other%vise. 

I t  is e a s y  to  c h e c k  t h a t  I~ : H ( f ' t  ~) = i ~ 6 e B] b e l o n g  to  ~ .  As B was  

H but H any subset of A this shows k 6 Ix, ~ I~,~ C 7A, ~, ;k ~ fA.~, contradiction. 

13. Conclusion: Suppose k is regular uncountable and A ff fx,~ (see 

1 I(i)). Then ~ is not N-dense, A+-saturated. 

Proof: As ~X is A+-saturated, and I~,~ a normal ideal on A, it is known 

that for every appropriate F, for some Y(F) C A Y(F) # ~b rood ~ and JAF,~ 

= IA c A: (Y(F)-A) (3 (A-Y(F)) e ~1 and so 0rAFt, is /l-dense k+-saturated 

too contradicting 12. 

14. Conclusion: If k = ~+,2 A > 2 ~, N = N <;~ < Min~2x,k+kl < 2;~ then 

cannot be )k+-saturated, N-dense. 

Proof : By 13 and 11(2) (so we could get a little more). 
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