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Remarks on Squares.

The combinatorial principle square {and some variants) was introduced
by Jensen [J]. We have been interested in deriving weak forms of it from
ZFC, plus possibly restrictions on cardinal arithmetic, see [Sh 1], [Sh 2],
Magidor and Shelah [MS] and Abraham, Shelah and Solovay [ASS}. The mod-
est remarks appearing here were first intented to appear in [ASS]. I thank

Shai Ben-David for deleting inaccurances here.

Convention: A will be a fixed regular uncountable cardinal, § vary on

limit ordinals.
1. Definition : 1) We call C = < Cs:6¢ S> a square {or S-square) if:
(i) § € A is a stationary set.
(ii) for 6 € S, Cy is a closed unbounded subset of 6.

(iii) if 9 is a limit point of Cs where (6 €.5) then y€ S and
Cy=Csn 7

2) We say there is a diamond on C for x where C = < Cg: 6 € S>
is a square, if there are Ag ¢ 6 for § € § such that for every 4 C A:

{6 € S: Cs has order type = y and for every limit point ¥ of Cs 1 {6},

ANny=A43

It may be interesting to note that we can find square sequences on some

S from cardinality hypothesis only.

2. Lemma : 1) Suppose A =pu* u<X=u. Then we can find S (¢ < u)
such that :
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a) U Sg={0<A:cf 6<xi
E<p

b) for each ¢ < u, there is an Sg-square sequence <Ci 1€ S£> (so
C; € S¢for each i, otp (C;) < x).
2) Suppose A = ut*, u singular, (VO < w)[9<X < uj.

Then we can find S (¢ < p) such that :

a)U Se=6<Ah:cf §<x.cf §#cf up—S"(A). (S'(A)the bad set,
£<p
see [Sh 1]) and called it S*.

b) for each ¢ < wthere is a weak { < x)-square sequence < CE: i€ S£>
c)if 6 € Sgcf 6 <cf uthen C§f N S*c S,

d) if §€ S* cf 6>cf p then there are & <uly <cf u), such that
Cs* = Cf . and CP NSt U Sy,
7

Proof : 1) By Engelking and Karlowicz [EK] there are functions
fi 14 = pfor i <2 such that for any distinct 7, < 2¥(y < ¥' <x) and &, < u,
for some ¢ <p, f;(¢) = ¢, (for y <77). For each 6 < p* let <Bg CE< p,> be
a list of all subsets of 6 of power < x {possible as u = u<X). Now define a
function gg:u* » u, by gi) = f;({).

Now for each ¢ < p we define S¢

(*) S¢ is the set of limit ordinals 6 < u of cofinality < x such that

Bg‘st(,,) is a closed unbounded subset of 8, moreover for each accumulation

point 7 of Bf‘(a), Bls) = Bgag(é) nr

Clealy for every 7,0 as in (*) 7€ S; So condition b) is satisfied:
<B§6«:{5) 18 € S<> exemplify it.

Why condition a) holds? 1If 6§ <A, cf 8 <x, let Cs be a closed unbounded
subset of it of cardinality <x. Let for y € Cs U {83, &, <u be such that
Bl = Cs M 7 (possible by the choice of <BZ CE< u>). So by the choice of
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the functions f;, there is ¢ < u such that for every y € C5 U {6}.F,({) =&,
hence g.(7)= &, So easily 6 € 5.

2) Left to the reader (just see what proof of the theorem from [EK

gives).

2. Conclusion: If for simplicity G.C.H., x regular, u > x" A > ut* then
there is a x-square S with diamond on it. (see [ASS])

3. Question: Let A =pu* u regular, <>{6<A:cf s=u) a@nd assume G.C.H.

Is there a pu-square with diamond on it.

4. Lemmma: Let A be regular uncountable cardinal, £ a set of regular
cardinals <A, such that |R| <A, and (Vk € R) «* <A Then we can find
Sl € R) such that :

a) S, is a stationary subsets of A.

b) forevery § € S5, ¢f 8 =«.

c)if 8 € S, k1 # k3 then S, N6 is not stationary in 4.
Remark: In (d) only the case k3 < &, is relevant.

Proof : For every x choose pairwise disjoint stationary subsets
{S(ki) i <A} of {§<A:cf & =x}, such that «,i < Min S(x,i) (exists by
Solovay [So]). Suppose the lemma fails Now we define by induction on £ <A,
k¢€ S and (st k< K¢ K€ R>, and y(£,c) 7§ such that

(i) S§ ¢ S(k,7§) forx e ke N E)(ie k<Kgpk€ER
(ii) 7§ # y¢ for ¢ < € (when both are defined).

(iii) if 9<0<ksp k€ R, o€ R6€SE then S§ N 6 is not stationary in
4 ¢

(iv) the set Ty={6:8eyliS{kgi):i ¢ {75‘: ¢<€l, and no
Sflke R N “E) is stationary in &} is not stationary and so disjoint to some
club C¢ of A
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There is no problem is the definition: for each £ we define 7§, S§ by
indunction on & € E. 1f it impossible to choose S§ then the set defined in (iv)
for ¥ cannot be stationary {as then the lemma’s conclusion holds - remember
xi < Min S{k.i) and by Fodour Lemma for some 7y, S{k,y) T is stationary
and we could have choose Sff = S(kg7) NT. 7&=7. but we have assumed

this is impossible.

Now as |R| < A for some «,, A = {£ <A : k¢ = k,] has power A, and choose
BCA,|B|=«k}so|B| <A Let B=1{f, :e<k*}andso ¢ =& <A Hence
-4

thereis y <A suchthaty & {7§, :¢ < ¢}, and thereis 6 € S(ke.7) N N cée.

e<xg

Working carefully with the choice of c¥ we see that for each & <xF

Sn{uy Sf' ) is stationay in 8. So an ordinal of cofinality &, has &7 pairwise
k<K,

disjoint stationary subsets, contradiction.
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