
R e m a r k s  on S q u a r e s .  

The c o m b i n a t o r i a l  p r inc ip l e  s q u a r e  ( and  s o m e  v a r i a n t s )  was i n t r o d u c e d  

by  J e n s e n  [J]. We have  b e e n  i n t e r e s t e d  in de r iv ing  weak  f o r m s  of it  f r o m  

ZFC, p lu s  pos s ib ly  r e s t r i c t i o n s  on c a r d i n a l  a r i t h m e t i c ,  see  [Sh 1], [Sh 2], 

Magidor  a n d  She l ah  [MS] a n d  A b r a h a m ,  S h e l a h  and  Solovay [ASS]. The m o d -  

e s t  r e m a r k s  a p p e a r i n g  h e r e  w e r e  f i r s t  i n t e n t e d  to  a p p e a r  in [ASS]. I t h a n k  

Shai  Ben-David  fo r  de l e t i ng  i n a c c u r a n c e s  he re .  

Conven t ion :  A will be a f ixed r e g u l a r  u n c o u n t a b l e  ca rd ina l ,  6 v a r y  on 

l i m i t  o rd ina l s .  

I. Definition" I) We call C = < C~: 6 E S> a square (or S-square) if: 

(i) S C h is a stationary set. 

(ii) :[or 6 E S, C~ is a closed unbounded subset of 6. 

(iii) if 7 is a limit point of C~, where (6 E S) then T • S and 

C 7 = C$ K~ 7. 

2) We say there is a diamond on ~ for X where ~ = < C~: 6 • S> 

is asquare, ifthere arc A& C 6for 6 • S such that for everyA CA: 

16 • S: C6 has order type ->X and for every limit point 7 of C~ [J 16], 

A A7=AT]. 

It may be interesting to note that we can find square sequences on some 

S from cardinality hypothesis only. 

2. Lernrna : I) Suppose k = ~+,/~<x = ~. Then we can find S~(I~ < ~) 

such that : 
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a) U s~:I~<x:cJ" a<xl. 
~-<~. 

b) for each  ~ </z,  t he re  is an  S~-square s equence  < C~ : i c S~> (so 

Ci C S t for each  i ,  0tin (Ci) < X)- 

2) Suppose k =/~+,/~ s ingular ,  (V9 </~)[9<x </z].  

Then we can  find S t (~ </~) such  t h a t  : 

a) U S ~ =  [6 <;k :  c f  i~<X, c f  ~ # c f  t~] - S * ( X ) .  (S*(k)- the  bad set, 
~<~ 

see [Sb 1]) and  cal led it S +. 

b) for eaeh  t < / z t h e r e  is a w e a k ( < x ) - s q u a r e s e q u e n c e < C ~ : i  c S t >  

c) i f S c S t ,  c f  6 < c f  l~ then  C~ (3 S+ C S t- 

d) if ~ E S +, cj' ~ > c f  /~ t h e n  t h e r e  are ~7 </~(7 < c f  /z), such  t h a t  

d" = c o, and cb n s +  u 
"x 

Proof  : i) By Engelking and Karlowicz [EK] t h e r e  are func t ions  

f t  :/~ -)/z form < 2~ such  t h a t  for any  d i s t inc t  i 7 < 2~() , <5~* <X) and }7 </z '  

for some (~</~, f%(t )  = ~, (for 7 < Y ' ) .  For each ~ < / ~ + l e t  < B {  : ~ < ~ >  be 

a list  of all subse t s  of 6 of power < X (possible as /~ =/~<x). Now define a 

f u n c t i o n  g¢ :/~+ -) ~, by g~(i) = f~(O.  

Now for  each  ~ </~ we define S~: 

(*) S¢ is the  se t  of l imi t  ordinals  ~ < / z  of cof ina l i ty  <X such  t h a t  

Be~¢(~) is a c losed u n b o u n d e d  subse t  of ~, m o r e o v e r  for each  a c c u m u l a t i o n  

point  ~, of B~¢(~), Be7¢(~) = ~ff¢(~) O ~'. 

Ctealy for every  ),,~ as in (*) 7£  S¢. So cond i t ion  b) is satisfied: 

<Bg(~) : ~ ~ S¢> exempl i fy  it. 

Why condi t ion  a) holds? If 6 < A, c f  5 < X, le t  C~ be a c losed u n b o u n d e d  

subse t  of i t  of ca rd ina l i t y  <X. Let for 7 c C~ U [6{, ~ < /z  be such  t h a t  

1 ~  = C~ f~T  (possible by the  choice  of <1~{ : ~ < /~>) .  So by the  choice  of 
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t he  f u n c t i o n s  f i ,  t h e r e  is ¢ < # s u c h  t h a t  for  e v e r y  7 C C~ kJ 16{,f7(¢) = ~7 

h e n c e  g¢(7) = 67" So eas i ly  6 c S¢. 

2) Lef t  to  t h e  r e a d e r  ( jus t  see  what  proof  of t h e  t h e o r e m  f r o m  [EK 

gives).  

2. Conclus ion:  If for  s impl i c i ty  G.C.H., X r e g u l a r ,  /~ > X',A >/~+ t h e n  

t h e r e  is a x - sq ua re  S wi th  d i a m o n d  on it. ( see  [ASS]) 

3. Ques t ion :  Let  X =/~+, # r egu la r ,  01~<n:c!  ~=~], and  a s s u m e  G.C.H. 

Is t h e r e  a /~ - squa re  wi th  d i a m o n d  on it. 

4. Lemma:  Let  X be r e g u l a r  u n c o u n t a b l e  ca rd ina l ,  R a se t  of r e g u l a r  

c a r d i n a l s  < X, s u c h  t h a t  ]RI < A, and (¥g  e R) ~ + <  k. Then  we c a n  find 

S~(g e R) such  t h a t  : 

a) S ,  is a s t a t i o n a r y  subse t s  of k. 

b) for  e v e r y 6 e  S,c, c f  6 = ~;. 

c) if ~ e S~r ~1 # g2 t h e n  S=~ K~ is no t  s t a t i o n a r y  in 6. 

Remark :  In (d) only  t h e  case  g2 < s t  is r e l e v a n t .  

P r o o f  : For  e v e r y  g choose  pairwise  d i s jo in t  s t a t i o n a r y  subse t s  

[S (g , i )  : i  < k ]  of 1 6 < k : c f  6 = g l ,  such  t h a t  g , i  < M i n  S(K;, i )  (ex is t s  by 

Solovay  [So]). Suppose  the  l e m m a  fails Now we def ine by i n d u c t i o n  on ~ < X, 

~6 S and < S~ " ,'c < m~, ,,c e_ R>, and 7(~,g) T~ such that 

(i) for c n R) (i.e. < 

(ii) 7~ # 7~¢ for  ¢ < ~ (when b o t h  a re  defined).  

(iii) if 9 < a < ~ l , ~ e R ,  a e R , ~ e S ~  t h e n  S~ R ~  is n o t  s t a t i o n a r y  in 

6. 

(iv) the  se t  T~ = I~ : 6 6U~S(m~,i)  : i  • 17~:  ¢<~, and  no  

S~ (~  e R ~ ~ )  is s t a t i o n a r y  in ~] is n o t  s t a t i o n a r y  a n d  so d i s jo in t  to  so me  

c lub  C~ of A. 
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T h e r e  is  n o  p r o b l e m  is t h e  d e f i n i t i o n :  for  e a c h  ~ we d e f i n e  7~, S $  by  

i n d u n c t i o n  o n  ~ E R.  If i t  i m p o s s i b l e  t o  c h o o s e  S$  t h e n  t h e  s e t  d e f i n e d  i n  (iv) 

fo r  ~ c a n n o t  be  s t a t i o n a r y  (as  t h e n  t h e  l e m m a ' s  c o n c l u s i o n  h o l d s  - r e m e m b e r  

*:,i < Min S ( ~ , i )  a n d  b y  F o d o u r  L e m m a  fo r  s o m e  9', S(~:,7) N T is  s t a t i o n a r y  

a n d  we c o u l d  h a v e  c h o o s e  SSt = S(*:t ,7) A T ,  T$ = 9', b u t  we h a v e  a s s u m e d  

t h i s  is i m p o s s i b l e .  

Now a s  ]RI  < h for  s o m e  xa ,  A = I~ < h : ~ t  = ~a]  h a s  pow e r  A, a n d  c h o o s e  
+ ~* B ~ A ,  IB] = ~ a  so IB] < k .  L e t B = | ~ : ~ < ~ + ~ a n d s o  = U ~ < h .  H e n c e  

t h e r e  i s 0 ,  < k  s u c h  t h a t  T qf ~T~, : ¢ < ~ * ] ,  a n d  t h e r e  i s & c S ( * : a , y )  n n 5~'. 
~ < ~  

-l- Work ing  c a r e f u l l y  w i t h  t h e  c h o i c e  of C ~" we see  t h a t  for  e a c h  ~ < ~a , 

+ p a i r w i s e  N ( U S~* ) is  s t a t i o n a y  i n  ~. So a n  o r d i n a l  of c o f i n a l i t y  ~= h a s  c a 
K:<£a 

d i s j o i n t  s t a t i o n a r y  s u b s e t s ,  c o n t r a d i c t i o n .  
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