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ABSTRACT
A strong negative answer is given to the old question of whether every dual
group is reflexive. Using ¢, a group A4 is constructed so that 4, A*, 4**, and
A*** are weakly ,-separable groups of cardinality w, and 4* is not isomor-
phic to A***,

0. Introduction

If G is an abelian group, let G* be the Z-dual group of G, i.e., G*=
Homy,(G, Z). There is a canonical homomorphism o: G — G**, given by
a(g)y) =y(g), if g€ G and y € G*. We say that G is torsionless if o is one-one,
and that G is reflexive if ¢ is an isomorphism. An old question, which goes back
at least as far as Reid [R], is whether or not every dual group is reflexive, i.e.,
whether or not for all abelian groups A, 4* is reflexive. (It is well known that
every A* is always torsionless, and that the answer to the question is no if we
allow 4 of measurable cardinality.) In this paper we shall give a strong negative
answer to this question assuming O,

Say that G is strongly-non-reflexive if G is not isomorphic to G** (by any
isomorphism). By induction on n Ew, define G*": G** = G; G*"+' = (G*")*.
(So, for example, G** = G***.) Say that G is weakly w,-separable if G is w,-free
(i.e., every countable subgroup is free), and every countable subset of G is
contained in a countable subgroup H such that G/H is w,-free. Say that G is
w,-separable if G is w,-free and every countable subset of G is contained in a
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countable subgroup H which is a direct summand of G. Our main result is the
following.

THEOREM (0,,). There are abelian groups A, (n €Ew) such that for all
nEw:

(1) A, is weakly w,-separable of cardinality w;;

(ii) A, is strongly-non-reflexive; in fact T(4,) # T(4A¥*),

(i) A¥ =4,

This theorem cannot be proved in ZFC. Indeed, it is a theorem of ZFC +
MA +CH (see [M]) that every weakly w,-separable group of cardinality
w, is w,-separable; however, if G is w,-separable, G* is not (because
(Z“® Hy*=7* ® H*, and Z“ is not weakly w,-separable). Moreover, by a
theorem of Huber [H; 5.5], MA + 7 CH implies that every w,-separable group
of cardinality w, is reflexive,

(By way of contrast, it should be noted that Mekler has shown that, assuming
Ou, there is a group A4 such that A* is w,-separable of cardinality w, and
strongly-non-reflexive — because 4*** is not even weakly w,-separable. Also,
Mekler and Shelah have shown, in ZFC, that there is a strongly-non-reflexive
dual group, and recently Mekler has constructed one of cardinality 2%.)

The history of the main theorem is rather complex. In early 1982, G. Sageev
and S. Shelah announced the construction, assuming ¢,,, of a group 4 such
that for all n €w, A*" is strongly-non-reflexive, and a manuscript [SaS] was
circulated. (The 4*" were not weakly w,-separable.) Later in 1982 Shelah wrote
a very brief sketch of a construction using a related method, which aimed at
stronger results [S]; he transmitted this sketch to Eklof and Mekler in 1985
while Eklof was giving a course at Simon Fraser University on the structure of
Hom. As part of that course Eklof presented, with the essential assistance of
Mekler, a proof of the above main theorem (restricted to n€{0, 1, 2, 3}),
based on the methods of [SaS] and S}, but worked out in detail, and employing
results of Chase (as in [EH]) to simplify the combinatorics. An important
aspect of that presentation was the identification of the inductive condition
(8), described in Section 1, which seems to be essential for the construction to
work, but which was not explicitly given in [S] or [SaS]. Later, Eklof and
Mekler completed the proof of the main theorem (constructing the 4, for all
n € w), using the additional condition (9).

At about the same time, in early 1985, Eda and Ohta announced the
construction, in ZFC, of a group 4 of cardinality 2% such that for all n Ew, A*"
is (weakly) non-reflexive. (See [EDO].)
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We assume that the reader has some familiarity with set-theoretic methods
in abelian group theory. See, for example, [E] for the definitions of stationary
sets and the invariant I'(4), and for a statement of ¢,,.

We have attempted to write the proof of the theorem so that it can be studied
at various levels of detail. The general plan of the construction is outlined in
Section 1. The actual construction is carried out in Section 3, with the help of
various auxiliary results which are isolated and proved in Section 2. At a first
reading the reader may wish to restrict himself to the construction of the 4, for
n =20, 1,2, 3. This is enough to obtain a weakly w,-separable dual group (4;)
which is not isomorphic to its weakly w,-separable double dual (4,); various
simplifications then occur, e.g., in the proof of Lemma 2.3.

1. Outline of the construction

We are going to define by induction on a < w, a directed system of countable
free groups

{Aun la< @} U {i8,: Aun— A5, |0 = <)}

for each n €Ew, such that 4,,,, is a subgroup of A¥,. In the end we will let
A, =1im{A4,, | @ < @,}. In order to prove the theorem we will need to do the
construction so that for all n €Ew:

(i) A, is weakly w,-separable;

(ii) form #n,I'4,,) # '(4,); and

(1ii) 4,4 =AF.

To achieve this we will impose a series of ten conditions on the stages of the
construction. We now list those conditions, preceding each by a brief explana-
tion of its purpose. (The conditions are required tohold foralla =8 =y <,
andalln€w.)

First, we require directed systems of pure embeddings:

(1) (a) i¢,:A4,,— Ay, is a pure embedding;
(b) 2, =i}, 0i,;
(c) ig, = the identity on 4, ,.

Second, in order to apply Chase’s results on dual bases (Lemma 2.1), we
require:

(2) (a) A,,1s a free group of rank w;
(b) A,,+:1 1s a pure dense subgroup of 4%,.
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Ify €G*, x €EG wedenote by (y, x) or (x, y), interchangeably, the result of
applying the function y to x. We want the maps i#, to be compatible with the
inclusion of 4, , ., in A%,

(3) forallx€A4,,, YE€Aum+1, (¥,X)={(,11(),i8,(x)).

In order to achieve (i), we want the A4, ,,, for a fixed n, to form an w,-filtration
such that all successor stages are w,-pure:

(4) (a) if y is a limit ordinal, then A4,, = lim{A,, | @ <7} and the i2,, are the
associated canonical injections; moreover 4, ,,,/il'(4,,) is divi-
sible or zero.

(b) if & is a successor ordinal, then 4, /i, (4,,) is free.

Fix a decomposition of lim(w,) as a disjoint union of stationary sets:

lim(w) =T Se1t [T U

k€w kz1

such that ¢,(S;) holds for all kEw. In order to achieve (ii), we impose a
condition which will insure that I'(4,) 2 U, only if n = k.

If a€E Uy, then A4, ,/i2F " (A,,) is
(3)

non-zero iff n =k + 2m for some m = 0.

There remains the achievement of (iii). For this we make use of ¢,,(S;) in
order to insure that 4, , , = 4*. At stage « €S, we shall consider the homomor-
phism 4, : A, ,, — Z given us by ¢,,(S;) — see Remark 2.7. If 4, does not belong
to A, 41, then we will desire to define 4, ., so as to “kill” 4,, i.e., h, does not
extend to a homomorphism: 4, — Z. At the same time, in order to be able
to define i2f 1, we must insure that each y €4, . ,( C A¥) does extend to an
element of 4}, . In order to achieve simultaneously these two objectives, we
will need to impose some closure conditions on the stages of the construction.

Consider first the canonical map g, _, : 4, -, — A¥, and suppose that /4, =
Gk 1(x) for some x €4, _,, and that h,&A,,.,. We cannot hope to kill 4,,
because we can always define its extension, A/, to A, by the rule: (h., y) =
(v, 21 (x)) forall yEA, ., (S A¥,\x-1). Thus, we require:
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(6) (a) A,,+, contains the image of 4,, under g, , (Where a,, is defined by:
(O, n(x), y)={(y,x) forall yEA, 1, X EA,,); 50 we can regard g,,
asamap: A, , = Aun+2

(b) gpnoif, =ik, 12°0u

For each n = 1, we also have a canonical map g, ,+: Aan+2—= A0 -1, Which
is a splitting of g, ,. Each A4, , for n = 1 must contain the image of 4, , .., under
Pan+2> Decause we cannot kill p, , , ,(y) while extending y €4, , .., to an element
of A%, , . For the sake of uniformity we also require a splitting p,, of g,,.

() (a) if n = 1, A,, contains the image of 4, , ., under p, , ., (Where p, , 1, 1s
defined by: (p,n4200), X) =(y, 0,,-1(x)) for all y€A,, ., xE
A, n-1); S0 we can regard p, , 2> as @ map: A, , + 2> Auns
(b) there is a homomorphism p,,: A4,,—A4,, such that p,,°0,,=the
identity on A4,;
(©) Ppn+2e Buir =18, 0ponsa

Now, if the 4, are not to be reflexive, g, , and p, , +, Will not be isomorphisms
(for sufficiently large «). Hence, the endomorphism a,, ° g, , 1, of 4, 4 is not
the identity. This endomorphism in turn induces a non-trivial idempotent
endomorphism 6 of A, ,,; if yEA, , . 3( € A¥,,) we cannot hope to kill 6(y)
while extending y to an element of 4%, .. Thus, we must require:

(8) (a) if n z 3, then 4, , contains the image of A, , under the endomorphism
6% of A¥,_, defined by: (60 (¥), X) = (¥, Gun_an—1(x)) for all
YyEAX _|, xEA,,_; so we can regard 69 as an endomorphism of
A

®)ifnz3,if, 00 =67 -if,.

The endomorphism 69 in turn induces an idempotent endomorphism
6) , of A¥,, under which 4, ,,, must be closed. Like falling dominos, one
closure condition leads to another:

(9) (a) if n = 4, then A4,, contains the image of A4,, under the endomor-
phisms 6Y) of A¥ _, for all t=1,...,n—3, where the 6Y) are
defined by induction on n: (69, (), x) = (¥, 8¢, M (x)) for all yE
A¥, 1, XEA,,_; so we can regard the 6%, as endomorphisms of 4, ,;

() ifnz4,if, 000 =0 oif, forallt=1,...,n—3.

We will conclude with one technical condition, but first we need a definition.
A model, B, is a sequence of groups B, (n € w) together with a map p, : B,— B,,
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satisfying the conditions (2), 6(a), 7(a), (b), 8(a) and 9(a) (when we replace A, ,
by B,, g,, by 6,: B, — B¥,,, etc.). For example, for a fixed a < w;, the groups
A, and map p, , that we construct will form a model, which we denote by 4,. If
B is another model, the direct sum A, @ B is defined to be the model C such
that for all n, C,=4,,® B,; we regard C,,, as a subgroup of Cf=
(4., ® B,)* by identifying the latter with 4%, © B¥ where the elements of
A¥, (resp. BY) are regarded as functions on A4,, ® B, which are zero on B,
(resp. A,,).

Now we are ready to state the final condition, which describes the successor
of successor stages of the construction. The conditions imposed will enable us
to carry out the construction at successor of limit stages. (An ordinal « is called
even (resp. odd) if a= A + 2n(a =4 + 2n + 1) for some 1 Elim(w,), n€Ew.)

(10) ify = a+ 1 where a is a successor ordinal, then there exists a model B,
such that 4, = A4, ® B,, and:
(a) if « 1s even, then there is an isomorphism y, : 4,— B,;
(b) if « is odd, then for every n = 2 there exists «,, €B,, — {0} such
that p,,(4,,) =0and forallt =0,...,n - 3, 6)(u,,) =0.

Now suppose we have constructed directed systems satisfying the above
conditions, where we have employed diamond as indicated. Let A4, =
lim{A4,,: «<w}, and let i, be the canonical injection: 4,, —~ A4,. Then by
(2)(b) and (3), 4, ., is naturally a subgroup of 4*. As we have already noted, (4)
and (5) imply, respectively, that (i) and (ii) hold, so it remains only to show that
A*¥ CA,,, for all nEw. Suppose not, i.e., there exists kEw and h EAF —
Ay 41 By 0,,(Si) (see Remark 2.7) there exists a stationary set £ C S, such that
forall «€E, h | A,, is the function, A, given us by ¢, (S) at stage «. Since 4,
was not killed, it must have been that h,E 4, = lim {4, : f <a}. Thus
there exists f <a such that A | A4,, belongs to if, ., (4441). By Fodor’s
Theorem [J; Thm. 22, p. 59] there exists S € w, such that for uncountably
many a€E, h ' A Eifsi1(Api+1). Since Agyy is countable, there exists
2€Ag, 4+, such that for uncountably many « €E, h | 4, = i§s+1(z). Hence,
clearly, h = if) +,(z), i.e., h €A, a contradiction.

This completes the outline of the construction. The construction will be
carried out in Section 3.

2. Auxiliary results

The reader is advised to read as far as Lemma 2.2, and then skip to Section 3,
returning here as needed in the course of reading Section 3.
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In the next lemma E and F are free groups of rank w such that E is a
subgroup of F*. We say that E is dense in F*, if it is dense in the a(F)-topology
on F* ie, for all x;,...,x,EF and all y € F* there exists z € E such that
(z,x;)=(y,x;) for i =1,..,n. The following is due to Chase (cf. §1 and
Theorem 3.2 of [C})).

2.1. LEMMA.

(a) E is dense in F* iff for every x € F such that {x) (the subgroup generated
x) is pure in F, there exists y €E such that (y, x) =1,

(b) E is pure in F* iff for every y €E such that {y) is pure in E, there exists
x €F such that (y,x) =1,

(c) E is a pure and dense subgroup of F* iff there exist dual bases of E and F,
i.e. bases {x;:i€Ew}and{y;:jEw} of F and E respectively such that for
alli,j, (y;, x;) = 0;. O

We shall also need the following elementary facts:

2.2. LEMMa,

(a) Let F be a subgroup of F’ such that F'/F is divisible. The inclusion
map 1. F— F’ induces a map 1*: (F')y* — F* which is one-one, i .e., every
element of F* has at most one extension to an element of (F’)*;

(b) Suppose F C F’ are subgroups of a torsion-free group G such that F is pure
in G and F'/F is divisible. Then F’ is pure in G.

PROOF.
(a) 1induces an exact sequence

0— Hom(F'/F, Z)~Hom(F’, Z) - Hom(F, Z).

By hypothesis, Hom{(F’/F,Z) = 0.
(b) There is a short exact sequence 0 — F'/F — G/F — G/F’— 0 which splits
because F’/F is divisible. Hence G/F’ is isomorphic to a subgroup of
G/F; but G/F is torsion-free by hypotheses; so F’ is pure in G. O

Now two result on models. Let B be a model (see before (10) in Section 1).
Denote by a, (resp. p, 5, 69) the map: B, — B, ., (resp.: B,.,— B,; B, — B,)
defined in condition 6(a) (resp. 7(a); 8(a) and 9(a)). Let 6,V be 6,_; ° p,.

Let T/, denote the set of all formal products %6 - . . 0% where each ¢ is
2z 0 and = n — 3; we shall call these products n-terms (we include the empty
product, ¢, which we identify with the identity function on B,). By definition
of a model, if b € B, and 7 is an n-term, then 7(b)€E B,. The next lemma will
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enable us to construct a model by induction on 7; it will guarantee that the
closure of B, under the n-terms will not require a change in the choice of B,, for
m < n. Let T, denote the set of all formal products 6{*8% - . . 6%} where now
teE{-1,0,1,...,n =3} IftET,, , where 7 =0{,6(,--- 6%, let "' =
g¢—...0u"VeT,.

2.3 LEMMA. Let n= 2. For every 1€T) ., there is a t€T,_, such that:
whenever B,, . . ., B, satisfy, as far as they are defined, the requirements for a
model, then for all bEB,, _,, p,+,7(0,_ (b)) = 1(b).

ProOOF. The proof is by inductionon n. Forn =2, T, ., = {(6")*: kEw};
clearly for T = (09)*, we can let # = ¢. Nowlet n > 2. If 1 €T, ,, we can write

— 0@ Q 0 0
7 =[0%,11.60 7, - - 6% T, [6%1],

where each 7,ET,,, is a formal product of 6} ,’s for ¢ > 0, and the brackets
indicate that the first and last ) ,’s may or may not appear. In order to avoid
unwieldy notation, we shall do a representative computation, assuming 7 =
7,609 ,1,. For all B,_,, yE€B,_, we have the following (where the numbers
above the equality sign indicate the conditions used):

(Pos1T0n—1(0), ¥y 2 (16, _,(b), 0,_ 1))

D (69,1110, (B), TiG,_1¥))

Q (126,-1(b), Gy 20,710, _V))-

By induction the latter equals
(130, -1(b), G 5T 2 (G,_1(b), T30, 1TI())

€ (b, 130,_,110)

®9)

<T’$(b)’ Oy -2ff(,V))

9 (eyb), £00))

®9)

= (1,7%b), y)

where if #]=60%),...0%,ET,_,, then &, =6%%V...0LIVET,_|. So let
% = fl‘[’é. D
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ReMARK. For example (for n = 5), we can compute:
i = 60,600,0%,0%,, then t = ¢;
ift=62%,60%,0%,0,, thent=46{,;
if t=6%,60,001,60,, thent=062,60";
ift=0%,60%,00,00,, thent=269,6M", 0}

(Fortunately, we do not need this remark, or the precise algorithm for
computing 1)

2.4 LEMMA. Thereis a model B such that for n = 2 there exists u, € B, such
that p,(u,)=0and forallt =0,...,n — 3, 09(u,)=0.

Proor. We shall define the B, by induction on 7 so that in addition, for all
nz2:B,=C, ®D,where C,is dense in B¥_,; 6,_.(B,_,) € C,; D, has rank
®; p.(D,)=0; and for all n=3 and t=0,...,n -3, 69(B, C C, and
69(D,) = 0. Let B,, B, C B¥be free groups of rank w such that B, is pure and
dense in B¥. Let g,: B,— B} be the canonical map and let C, = g,(B,). Let
S = {y;: i €I} be an uncountable pure-independent subset of B¥; we claim
that there exists y; €S such that C, + Zy, = C, ® Zy, and is pure in B¥.

Indeed, otherwise, by a counting argument there exist m, d €Z, i # j &€l and
b € C, such that m and d are relatively prime, and m divides both dy; + b and
dy; + b in B¥. But then m divides d(y; — y;), which contradicts the pure-
independence of S. By repeating the argument we can find a subgroup D, of B¥
of rank w such that C, + D, = C, ® D,and ispurein B¥. Let B, = C, ® D,, and
define p, to be zero on D,.

Now suppose B; has been defined for all i = n (for some n = 2) such that the
inductive conditions are satisfied and B,, ..., B, satisfy the conditions for a
model as far as they are defined. Let

Oy_1:B,_\—B¥, p,_,:B*¥*—B*, and 6%.,:B*—B* (fort=n-13)

be the maps defined in (6), (7), (8) and (9). Let C.,, be the closure in
B¥*=C*® D}ofg,_,(B,_;) under the 8%, ,, and let C, ,, be the pure closure
of C},, in B}. Note that Lemma 2.3 implies that p,, (C,+,) € B,-,. Mor-
eover, by Lemma 2.1, g, _ (B, _ /), and hence C,, ,, is dense in B*because B, is
pure in B¥_,. As in the case n = 1, we can, by a counting argument, find
D,,, C D¥of rank w such that C, ., + D,,.,=C,,, ® D, and it is pure in
BY. Let B,,,=C,.,®D,,,. Then p,,(D,,)=0 since D,,, C D¥ and
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O,_AB,_3)CC,. Also, for all t=1,...,n—2, and all y€D,,,, xXEB,,
(69%,(), x) = (y, 08¢~ "(x)) = 0 because 6%~ " (x)EC,; thus 6, (D, ) = 0.
Hence 6 (B,.;)=0{,(Cy+1) € Cyy. Finally, notice that p,,(B,.) =
Pnsi(Cus)) € B,y a

2.5 LeMMA. Let G be a countable free group such that G = U,¢,, G, where
foralln€ew G, CG,,y, and G, /G, is free; say G,.,= G, ® C,. For each
n€w let r,EZ be such that (n + r, divides r,,,. Also for each n € w let
{a,,;: i €1} be a countable set such that for alli €1, a, ;€ C, — {0}. Then there
is a countable free group G’ containing G such that

(i) forallnew, G'IG, s free,

(i) G’/G is divisible and non-zero;

(iil) there exist elements z,; of G’ (n €Ew, i €EI) which generate G’ over G and

satisfy:

(A) FnytZnsr,i = rn(zn.i - an,i)'
(We denote z,;, suggestively by 2=, (r;/r,)a;;.)

Proor. Notice that G = G,® @), C;. Let P =TI, C;. Let z,; be the
element of P given by:

0 ifj <n,
Zn,i (]) = i

Lg, ifjzn.
r’l
Let G’ be the subgroup of G, ® P generated by G U {z,,: nE€w, i €EI}. Then
clearly (iii) holds and consequently G’/G is divisible. Since the a,; are
non-zero, G’/G is non-zero. Moreover G’ is free because it is a countable

subgroup of an w,-free group; and G'/G, is free because it is isomorphic to a
countable subgroup of I1; , C;. (W]

2.6. CoroLLARY. Let G, G, a,; be as in 2.5. Suppose f€ G* such that for

all i, fla,;)=0 for almost all n€Ew. Then f has a unique extension to a
homomorphism f* . G'—Z.

Proor. Say f(a,;) =0 for n > m;. For a fixed i €1, let m = m, and define
f(z;))=0for k> m. Let

T'm

f,(zm,i) = f(am,i)’ fl(zm— l,i) =

S (Zmi) + fam-1,), ete.

Fn—1
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(using (A) in 2.5). 0

2.7 ReEMARK. Finally, in this section, we discuss the use of diamond. We
can assume without loss of generality that the 4, , are constructed so that the
underlying set of 4,, is wa. Now ¢, (S) gives us a set { X, : a €S, } such that
each X, is a subset of waXZ, and for every YCw XZ,
{a€S;: Y N(wa X Z)=X,)} is stationary in w,. (See [E, p. 21].) In our
construction, if we have defined the groups A4, , (n € w) for some a €S, let
h,: A, —Zbe X, if X, is a homomorphism; otherwise let A, = 0.

3. The construction

To begin the construction, let 4, , (n € w) be free groups of rank w satisfying
(2) such that the maps gy, : Ay, — Ao +2 are isomorphisms; let gy, ., be the
inverse of 6y,; and let 6§, = the identityon 4,,forn =3 +1¢,¢=0.

Now suppose that for some y >0 we have constructed 4,,, i£,, etc.,
satisfying (1)-(10) for all e = 8 <y, n €w. Our construction of the 4, ,, il ,,
etc. will divide into four cases.

Case I. yis alimit ordinal

In this case, let 4,5= Uy, 4;,. Let i}, be inclusion of 4 into 4,,. Now
suppose that 4, ,, i} , (8 <7) have been defined for all m < n for some n = 0,
such that

Ay =lim{dg,: B <7}

(Cf. 4(a).) For every f <y and y €4y, define i}, ,(y) EA¥, as follows: if
X€EA,, for some a <y,

(r,i8.(x)) ifasp,
(i},n-f-l(y)’ iz,n (X)) =

(i;‘,n+l(y)’ X) lfﬂ <a.
This is well-defined by (3). Let

Ay,n+1 = {i},n+l(y):ﬂ <7, yEAﬁ,n+l} (;':Ay‘,‘n

One can easily check, using Lemma 2.1, that all of the conditions (1)-(10) are
satisfied foralla =8 <y, n€w.

Case II. y =a+ 1, where «a is a successor ordinal
In this case, we must satisfy condition (10). If « is even, let B, be an
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isomorphic copy of the model 4, (see before (10) in Section 1). Let y, : 4,— B,
be an isomorphism. Define 4, to be 4, ® B,. For every n €w, let i%, be the
canonical injection of 4, , into (4,® B,), =A4,, ® B, ,.

If o is odd, we use Lemma 2.4: let B, be the model constructed in that
lemma; let A, = 4, ® B,; let u,, be any element of D, — {0}.

For future reference, observe that in both cases, by construction, if y €
Aun+1s then (y, b) = 0 for all b € B,. This will enable us to apply Corollary 2.6
in Cases IIl and IV,

Case 1II. y =a+ 1, where a € U, for some k = 1

In this case we must satisfy condition (5). Let 4, ,, = 4, ,, for m <k. Choose
a ladder, n, on a, i.e., a strictly increasing function 7: @ —a« such that
a = sup{n(n): n €Ew}. Moreover choose 7 such that, for all n, n(n) is odd. Let
Up = Uyimyx E Ayiny+ 14 (cf. condition (10)(b)). In an abuse of notation, let us
identify Ay (for f <a) with ig,(4,) C 4,,; with this identification A4, =
U rew Ay (cf. (4)(@)). Then by Lemma 2.5 — with |I| =1, G =4,
G, = Aymy> Ia = !, a, = u, — we can construct 4,,( = G’) such that there
exists {z,: nE€w} C 4,, which generate 4, , over 4,, such that (n + 1)z,,, =
z, — u, for all n € w; moreover 4, /A, is free for all n € w. We shall denote
z, by 272, (/nu,.

We must realize A4, , as a pure, dense subgroup of 4% _; ( ='A;'jk_ L) contain-
ing A,,. For any yE€4;, .\, (¥, u,) =0 if n(n)> B; hence by Corollary 2.6,
every y €A, +, has a unique extension, J’, to an element of 4. Now if zE€ 4, ;
and x €A4,,_, define (z, x) = (g,,_(xY, z). Clearly this mapping of 4,
into A¥,_, is a homomorphism which is the identity on 4,,. We must check
that it is one-one: suppose that z # 0; then there exists n € w such that n does
not divide z; but there exists a €A, such that n divides z — a; so n does not
divide a, and hence there exists x €4, _, such that n does not divide (4, x);
since n divides (z —a, x) we must have that (z, x) # 0. Notice also that,
under this identification, A4, is a pure subgroup of 4 _,, by Lemma 2.2(b);
and of course A, is dense in A4 _, since it includes 4,,. Notice also that
p,4(2,) = 0and 6{}(z,) = 0 for all n Ew and all ¢ = n — 3 by choice of the u,.

Now we must define the 4, ,, for m > k. Let

Apps1={V" 1 YE€Ay11} c A4k,

and let i?,,, be the canonical isomorphism: y —y’. Notice that for x €
A1 =App-1, Opp—1(x)= (0,4 (x)); hence g, Ay k=) € Ay 41, 50 (by
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2.1) A, 4+, is dense in A%, because 4, , is pure in A% _,. Moreover, it’s easy to
check, using 2.1(b), that 4, , ,, is pure in 4.

We can regard the elements of 4, ., as members of 4%, .. Let 4, ,, be the
closure under the 6 ,, of

Ay 2V { § ﬂ oi(w): n Ew}
j=nn!

(where  0;(4;) = iz 16420006 +14())). Notice that by Lemma 2.3,
Pyx+2Ayk42) = A, ;. Again, we can apply Lemma 2.5 to see that (4) holds. Now
by Corollary 2.6 each y €4, , ; extends uniquely to an element of 4%, , ,; 0, as
before, we can identify 4,,., with a pure, dense subgroup of 4% ,,. we
continue in this manner to define the A4, ,, for m = k + 3. In particular we have
forallm = k:

0 ifm=k+ 1 (mod2),

Ay,m/iz.m (Ay,m) = {
divisible and non-zero if m =k (mod 2).

This completes the construction in case III.

Before undertaking the last case,we need to introduce a more general notion
of a term. We shall use general symbols o,, p,, 6 for the functions in a model
B. For a fixed k, and for any m such that m =k (mod 2) we define T} ,, to be the
set of all formal products of the functions g;, p;, 6 which define a function
from B, to B,,; the elements of T, are called (k, m)-terms. (We include ¢ in
T x.) For example, the following is a (3,7)-term

Ty 1= 0{0,6{"095,6{7.

If a€A4, and 1E€T,, then there is an obvious definition of the element
7(a)E A, 4; for example, if a €4,

to(@) = (05 05 5051082 05 .68 )(a).
Notice that by 6(b), 7(c), 8(b), and 9(b), if B < & then 1(ij () = i}, (ro(a)).

Case IV. y=a+ 1, where a €S, for some kEw

In this case, ¢,(S;) gives us an element h,EA¥ (see Remark 2.7). If
h.€Aup 11, let 4,,, = A, ,, for all m Ew. Otherwise, choose a ladder 7: w — «
such that for all n €Ew, n(n) is an even successor ordinal.

Let {x;:i€w} be a basis of 4,, dual to a basis {y;: j€Ew)} of 4,4, (cf.
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Lemma 2.1(c)). Then {(h,, x;) # 0 for infinitely many { because otherwise
hy=Z2;(hy X;)y; EA,i +1- So there is a strictly increasing function f: w — @
such that for all n, (A, xq,)) # 0; let X, = xg,. Without loss of generality,
X € Ayimyic-

We now choose integers r, and elements a, €4, by induction on n €Ew. Let
{ . @ —Z be abijection. Let ry= 1. Suppose thatr,,...,r,, ao, ..., a,_; have
been chosen. If n = 0, let g, = {(0). If n = 1 consider the following system of n
equations in n — | unknowns, 4, ..., i,

i1 =T — (hya;)) fori=1,...,n—1,
riy = r(§(n) — (hy, ap)).

This system has at most one solution in Z. If it has none, letr, ., = (n + 1)r,,
and let g, = X, — v,, where

v, = Wn(n)(xn)e Bn(n),k‘

(See 10(a) for ¥y(n.)

If the system has a solution, let g, be the value of y, in this solution. Then
either

(1) gn — (hoy Xy —v,) #0
or

(i) g, — (hey 2%, —v,) #0
since (A, X,) # 0. If case (i) holds, let a, = X, — v,; otherwise let a, = 2%, —
v,; then choose r, ., so that (n + 1)r, divides r,,,, and r,,, does not divide
Toldn — (B Gy ))-

Now let

z=3 2a,
j=nTly
We claim that if {z,: n€Ew} C 4,,, then A, does not extend to 4,,. (In a
harmiess abuse of notation, we are pretending that the i§ ,, are inclusion maps)
Indeed, for the possible value, {(n), of (A, z,) we have chosen a, and r, ., so
that ¢h,, z, . ,) is not defined.

Fix m such that m =k (mod 2), and foreach 1 €T} ,,, let a, . = 1(a,). Apply
Lemma 2.5 with G =4, G, =Aymm, and {a,,;:i€I}={a,,:TET,,}.
The lemma is applicable because, for a fixed n, all the a,, lie in the same
complementary summand of G, in G, , ;; namely, in case (i) (respectively case
(ii)) the a, . lie in the summand generated by (W — ,,(W): w €EG, } (respecti-
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vely, by {2w — y,,(w): w € G, }) plus a complementary summand of A,y 4 1 m
in A, 4 1,m- SO we obtain a group 4, ,, generated over A4, ,, by the elements
{t(z,):n€Ew, 1ET, ,, } where

t(z) = 3 L 1(a).
j=nly
Then 4, /A, is divisible and for all 8 <a, 4, ,/A4y,, is free. Notice that, by
construction, the 4, ,’s are closed under the 6),’s, 6, ,,’s, p,.’S.
Next, we must show that every y €4, ,, ,, extends (uniquely) to a homomor-
phism y’ on 4, ,,. It suffices to show that for all terms T €T, ,,, (¥, 7(q;)) =0
for almost all j, because then we can define

<y9 T(Zn)) = 2 r_] (ya T(aj)>
J=ntp
(cf. Corollary 2.6). Now g; is either x; — v; or 2X; — v;, and by the construction
in case I, (y, 7(v;)) = O for almost all j, so the problem is to show that

(*) (¥, 1(x;)) =0 for almost all j.

The proof of (x) is by induction on the length of 7, simultaneously for all m =k
(mod 2). If the length of 7is 0, then T = ¢ and 7(X;) = X;; then (x) follows from
the choice of the X; as members of a dual basis. If the length of 7 is greater than
0, the proof divides into 3 cases; it is here that we use — as we must — our
closure conditions (6)-(9).

Case A. 1=0,,_,1, forsome 1'€T,, _,
Then (y, 1(X))) = (Pom+1(¥), T'(X;)) =0, for almost all j by induction
because g, , + 1|(V)E A, »—,. (Here we use condition (7).)

Case B. 1=p, ., 7, forsome €T, >
Then

(y’ T(x—j)) = <aa,m+l(y)a aa,mpa,m+21/(xj)) = (eg?r)n+3(aa,m+l(y)), T’('x-j)> = 0

for almost all j, by induction because 6%, , 3(0, m+ (V) EAym+ 3. (Here we use
conditions (6) and (8).)

Case C. 1=09,7, forsomet =0, €T,
Then (y, ©(x;)) = (04 2,(»), (%)) =0 for almost all j, by induction
because 6%}, (y)EA, m+ .- (Here we use condition (9).)
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This completes the proof of (x). Hence, as in Case III, we can define 4, , 1
for every m =k (mod 2) so that i%,, ., is in isomorphism: y —’. Also, as in
Case II, we can realize each 4, , as a pure, dense subgroup of 4%, _;.

This completes the construction, and therefore completes the proof of the
theorem. O
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