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A Combinatorial Principle Equivalent to the
Existence of Non-free Whitehead Groups

PAUL C. EKLOF AND SAHARON SHELAH

ABSTRACT. As a consequence of identifying the principle described in the
title, we prove that for any uncountable cardinal A, if there is a A-free
Whitehead group of cardinality A which is not free, then there are many
“nice” Whitehead groups of cardinality A which are not free.

1. Introduction

Throughout, “group” will mean abelian group; in particular, “free group” will
mean free abelian group.

Two problems which have been shown to be undecidable in ZFC (ordinary
set theory) for some uncountable \ are the following:

e Is there a group of cardinality A which is A-free (that is, every subgroup
of cardinality < X is free), but is not free?

e Is there a Whitehead group G (that is, Ext(G,Z) = 0) of cardinality A
which is not free?

(See [6] for the first, [7] for the second; also [2] is a general reference for unex-
plained terminology and further information.)

The second author has shown that the first problem is equivalent to a problem
in pure combinatorial set theory (involving the important notion of a A-system;
see Theorem 3.) This not only makes it easier to prove independence results (as
in [6]), but also allows one to prove (in ZFC!) group-theoretic results such as:

(W) if there is a A-free group of cardinality A which is not free,
then there is a strongly A-free group of cardinality A which is
not free.
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(See [10] or [2, Chap. VII].) A group G is said to be strongly A-free if every
subset of G of cardinality < A is contained in a free subgroup H of cardinality
< X such that G/H is A-free. One reason for interest in this class of groups
is that they are precisely the groups which are equivalent to a free group with
respect to the infinitary language Loy (see [1]).
There is no known way to prove (37) except to go through the combinatorial
equivalent.
As for the second problem, the second author has shown that for A = Ny,
there is a combinatorial characterization of the problem:
there is a non-free Whitehead group of cardinality X; if and only
if there is a ladder system on a stationary subset of X; which
satisfies 2-uniformization.
(See the Appendix to this paper; a knowledge of the undefined terminology in
this characterization is not needed for the body of this paper.) Again, there are
group-theoretic consequences which are provable in ZFC:

(VW) if there is a non-free Whitehead group of cardinality Ny,
then there is a strongly N;-free, non-free Whitehead group of
cardinality N;j.

(See [2, §XIL.3]. It is consistent with ZFC that there are Whitehead groups of
cardinality ®¥; which are not strongly R;-free.)

Our aim in this paper is to generalize (\7v) to cardinals A > X; by combining
the two methods used to prove (v7) and (77). Since the existence of a non-free
Whitehead group G of cardinality R; implies that for every uncountable cardinal
A there exist non-free Whitehead groups of cardinality A (e.g. the direct sum of
A copies of G — which is not A-free), the appropriate hypothesis to consider is:

o there is a A-free Whitehead group of cardinality A which is not free.

By the Singular Compactness Theorem (see [8]), A must be regular. It can be
proved consistent that there are uncountable A > X; such that the hypothesis
holds. (See [4] or [11].) In particular, for many A (for example, A = R, 11, n € w)
it can be proved consistent with ZFC that X is the smallest cardinality of a non-
free Whitehead group; hence there is a A-free Whitehead group of cardinality A
which is not free. (See [4].)

Our main theorem is then:

THEOREM 1. If there is a A-free Whitehead group of cardinality A which is not
free, then there are 2* different strongly \-free Whitehead groups of cardinality
A

Our proof will proceed in three steps. First, assuming the hypothesis — call
it (A) — of the Theorem, we will prove
(B) there is a combinatorial object, consisting of a A-system
with a type of uniformization property.
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Second, we will show that the combinatorial property (B) can be improved to a
stronger combinatorial property (B+), which includes the “reshuffling property”.
Finally, we prove that (B+) implies

(A+): the existence of many strongly A-free Whitehead groups.

Note that we have found, in (B) or (B+), a combinatorial property which is
equivalent to the existence of a non-free A-free Whitehead group of cardinality
A, answering an open problem in [2, p. 453]. Certainly this combinatorial
characterization is more complicated than the one for groups of cardinality N;
cited above. This is not unexpected; indeed the criterion for the existence of
A-free groups in Theorem 3 implies that the solution to the open problem is
inevitably going to involve the notion of a A-system. A good reason for asserting
the interest of the solution is that it makes possible the proof of Theorem 1.

In an Appendix we provide a simpler proof than the previously published
one of the fact that the existence of a non-free Whitehead group of cardinality
N; implies the existence of a ladder system on a stationary subset of X; which
satisfies 2-uniformization.

We thank Michael O’Leary for his careful reading of and comments on this

paper.

2. Preliminaries

The following notion, of a A-set, may be regarded as a generalization of the
notion of a stationary set.

DEFINITION 2. (1) The set of all functions
n:n={0,...,n—1} > A

(n € w) is denoted <“\; the domain of n is denoted £(n) and called the length of
1, we identify n with the sequence

(77(0)777(1)7 s 777(77' - 1)>

Define a partial ordering on <“X by: n1 < 12 if and only if m is a restriction of
n2. This makes <“\ into a tree. For any n = (ap,...,qn—1) € <\, n ~ (B)
denotes the sequence (g, ... ,an—1,8). If S is a subtree of <“\, an element n of
S is called a final node of S if no n ~ (B) belongs to S. Denote the set of final
nodes of S by Sy.

(2) A X-set is a subtree S of <“\ together with a cardinal A, for every n € S
such that /\é = A, and:

(a) for allm € S, 1 is a final node of S if and only if A, = Ry;

() if n € S\ Sy, then n ~ (B) € S implies B € Ay, Ay(s) < Ay and
E,={B< X:n~(B) € S} is stationary in \,,.
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(3) A A-system is a \-set together with a set B, for each n € S such that
By =0, and for allmp € S\ Sy

(a) for all B € E,,, )\,,,\w) < |B77’*(ﬂ>| < /\7,;

(b) {By~3y: B € Ep} is a continuous chain of sets, i.e. if 3 < 8 are in
E,, then By~3y € Bp~), and if o is a limit point of E,, then By =
U{Bn,\(m: B<o,BE€ En},'

(4) For any A-system A = (S, Ay, B,:n € S), and anyn € S, let B, =
U{Bpim: m < £(n)}. Say that a family S = {s¢: ¢ € S¢} of countable sets is
based on A if S is indezed by Sy and for every ¢ € Sy, s¢ C Be.

(5) A family S = {s; : i € I} is said to be free if it has a transversal, that is,
a one-one function T : I — US such that for alli € I, T(i) € s;. We say S is
Mree if every subset of S of cardinality < \ has a transversal.

It can be proved that a family S which is based on a A-system is not free.
(See [2, Lemma VII.3.6].)

The following theorem now gives combinatorial equivalents to the existence
of a A-free group of cardinality A which is not free. (See [10] or [2, §VIL3].)

THEOREM 3. For any uncountable cardinal )\, the following are equivalent:

(i) there is a A-free group of cardinality A which is not free;
(ii) there is a family S of countable sets such that S has cardinality A and
s A-free but not free;
(iii) there is a family S of countable sets such that S has cardinality )\, is
A-free, and is based on a \-system.

DEFINITION 4. A subtree S of <“X is said to have height n if all the final
nodes of S have length n. A A-set or A-system is said to have height n if its
associated subtree S has height n.

A )X-set of height 1 is essentially just a stationary subset of A\. Not every
A-set has a height, but the following lemma implies that every A-set contains one
which has a height. It is a generalization, and a consequence, of the fact that if
a stationary set F is the union of subsets E, (n € w), then for some n, E, is
stationary (cf. [2, Exer. 2, p. 238]).

LEMMA 5. If (S,\, : 7 € S) is a A-set, and Sy = U, S7, let S* = {n €
S:m < 7 for some T € S}}. Then for some n, (S", Ay : n € S™) contains a
A-set.

If A= (S,)\,, B, :n € 8S) is a A-system of height n, and S = {s¢ : ( € Sy} is
a family of countable sets based on A, let s’g =scNBek for 1 <k < n.

The following is useful in carrying out an induction on A-systems.
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DEFINITION 6. Given a A-system A = (S, \,;, By: n € S) and a node 1 of S,
let S" = {v € §: n < v}. We will denote by A" the \,-system which is naturally
isomorphic to (S",\,, B,,: v € S") where By =0 and B, = B, if v #1.

(That is, we replace the initial node, 7, of S” by 0, and translate the other
nodes accordingly.)

If § = {s¢: ¢ € S¢} is a family of countable sets based on A and ¢ € S}’, let
s¢ = U{s’é: k> £(n)}. Let S" = {s: ¢ € S}}; it is a family of countable sets
based on A".

In order to construct a (strongly) A-free group from a family of countable sets
based on a A-system, we need that the family have an additional property:

DEFINITION 7. A family S of countable sets based on a A-system A is said
to have the reshuffling property if for every @ < A and every subset I of Sy
such that |I| < A, there is a well-ordering < of I such that for every T, (€ I,
8¢ \ U, <,¢ Sv s infinite, and 7(0) < a < ((0) implies that T <; .

It can be shown (in fact it is part of the proof of the theorem) that the three
equivalent conditions in Theorem 3 are equivalent to:
(iv) there is a family S of countable sets such that S has cardinal-
ity A, is A-free, is based on a A-system, and has the reshuffling
property.

Finally, for future reference, we observe the following simple fact:

LEMMA 8. Suppose that for some integers r > 0, and d*,, and some primes
dm ({ <7, m€Ew), H is the abelian group on the generators {z; : j € w} modulo
the relations

AmZm+r+1 = Zm+r + Z dfnzl
<r
for allm € w. Then H is not free.

Conversely, if C is a torsion-free abelian group of rank r + 1 which is not free
but is such that every subgroup of rank < r is free, then C contains a subgroup
H which is given by generators and relations as above.

PROOF. Let H be as described in the first part. If H is free, then H is
finitely generated, since it clearly has rank < r + 1. Let L be the subgroup of
H generated by (the images of) z, ..., z.—1. By comparing coefficients of linear
combinations in the free group on {z; : j € w}, one can easily verify that L is a
pure subgroup of H, and that H/L is a rank one group which is not free (because
zr + L is non-zero and divisible by gog; - - - - - ¢ for all m € w) and hence not
finitely-generated. But this is impossible if H is free.

Conversely, let C be as stated, and let L be a pure subgroup of rank r. Then
L is free (say with basis 2o, ..., 2r—1) and C/L is a non-free torsion-free group of
rank 1. Thus C/L contains a subgroup with a non-zero element z, + L such that
either: 2, + L is divisible by all powers of p for some prime p (in which case we
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let g, = p for all m); or z. + L is divisible by infinitely many primes (in which
case we let {gm : m € w} be an infinite set of primes dividing z,). It is then easy
to see that H exists as desired. O

3. (A) implies (B)

THEOREM 9. For any regular uncountable cardinal X, if

(A) there is a Whitehead group of cardinality A which is \-free but not free,
then

(B) there exist integers n > 0 and r > 0, and:

(i) a A-system A = (S, \,, B, : n € 8S) of height n;

(ii) one-one functions cp’(“ (€€ Sf, 1 <k<n) wih dom(go’f) = w;
(iii) primes g¢,m (€ € Sf, m € w); and
(iv) integers d"”m eSS, mew, <)

such that
(a) if we define s¢ = Uyp_, rge(go’z), then S = {s¢ : ¢ € S}
is a A-free family of countable sets based on A; in particular,
rge(w¥) C Bepks

and
(b) for any functions c¢ : w — Z (¢ € Sy), there is a function
[ :US — Z such that for all { € Sy there are integers ac ;
(j € w) such that for allm € w,

n
c¢(m) = g¢,m@¢mtr+1 — Q¢ mtr — Zdé,ma’(,l - E f(solf(m))-
<r k=1

PROOF. We shall refer to the data in (B), which satisfies (a) and (b), as
a A-system with data for the Whitehead problem or more briefly a Whitehead
A-system. Given a Whitehead group G of cardinality A which is A-free but not
free, we begin by defining a A-system and a family of countable sets based on the
A-system following the procedure given in [2, VII.3.4]; we review that procedure
here.

Choose a A-filtration of G, that is, write G as the union of a continuous chain

G=J B.
a<A
of pure subgroups of cardinality < X such that if G/B, is not A-free, then
B,+1/B, is not free. Since G is not free,

Ep = {a < X: By isnot A-purein G}

is stationary in A. For each a € Ejy, let A, (< A) be minimal such that By41/Ba
has a subgroup of cardinality A, which is not free; A\, is regular by the Singular
Compactness Theorem (see [8] or [2, IV.3.5]). If A\, is countable, then let (o)
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be a final node of the tree; otherwise choose G, C B,41 of cardinality A, such
that

Ha = (Ga + Ba)/Ba

is not free. Then H, is A\,-free, and we can choose a A,-filtration of G,

Ga= |J Bas
B<Aa
such that for all 3, (Ba,g + Ba)/Bq is pure in Hy, and if (B, g + By )/Bq is not
Ao-pure in H,, then

(Ba,ﬁ-H + Ba/Ba)/(Ba,ﬂ + Bo/Ba) & (Baﬁ+1 + Ba)/(Ba,ﬁ + Ba)
is not free. Since H, is not free,
E,={B<Aa: Bap+ Ba/By is not A\,-pure in H,}

is stationary in A,. For each 3 € E,, choose Ao 3 (< Ao) minimal such that
there is a subgroup G g of B, g+1 of cardinality A, g so that

Hyp = (Ga,p + Ba,g + Ba)/(Ba,s + Ba)

is not free. If A\, g is countable, let (a, 8) be a final node; otherwise choose a
Aq,g-filtration of G4 g. Continue in this way along each branch until a final node
is reached.

As we have just done, we will use, when convenient, the notation G, g instead
of G(4,p), etc.; thus for example we will write G, s instead of Gp~(s)-

In this way we obtain a A-system A = (S,)\,, B, : n € S) where for each
¢€ Sy, there is a countable subgroup G¢ of G such that

Gc + (Bc)/(Be)

is not free. We can assume that for each n € S\ Sy and each 6 € E,,

By s5+1+ (By) = Gps + By s + (By).

We can also assume that for all { € Sf, G¢ has been chosen so that G¢ +
(B¢)/{(B¢) has finite rank r¢ + 1 for some r¢ such that every subgroup of rank
< r¢ is free. By restricting to a sub-A-set, we can assume that there is an r
such that r¢ +1 = r + 1 for all { € Sy and that there is an n such that A has
height n (cf. Lemma 5). Moreover, we can assume (easing the purity condition,
if necessary) that G; + (B¢)/(B¢) is as described in Lemma 8, that is, it is
generated modulo (B) by the cosets of elements z¢,; which satisfy precisely the
relations which are consequences of relations

4, mZ¢mtr+1 = Z¢mr + ngmz(f
<r
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(modulo (B¢)) for some primes q¢m and integers df .. Fix g¢m € (B¢) such
that in G

A, mZ¢,m+r+1 = 2 m+r + Z d‘é,mzc,l + 9¢,m-
<r

There is a countable subset t; of B¢ such that G¢ N (By) is contained in the
subgroup generated by t;. Let s¢ = t; X w. Then it is proved in [2, VIL.3.7]
that {s¢: ( € Sy} is M-free and based on the A-system (S, A, B, : n € S) where
B, = B, x w.

Let s{ = s¢ N By, and let vf : w — sf enumerate s§ without repetition. We
can write each g¢  as a sum > p_; gf’m where gf,m € B, Now define

wé(m) = <V§(m)!g§,m> € By, % Bepx.

Then s¢ = Ur-1 rge(go’g) is based on the A\-system (S, ), By : n € S) where
By = By, x By,. Moreover {s; : ( € Sy} is a A-free family because of the choice
of the first coordinate of <p'£ (m). Thus we have defined the data in (B) such that
(a) holds. It remains to verify (b). So let ¢, : w — Z ({ € Sf) be given. We are
going to define a short exact sequence

0—Z—>M5G—0

and then use a splitting of 7 to define the function f:|JS — Z.

We will use the lexicographical ordering, <;, on S defined as follows: 17, <¢ 72
if and only if either 7 is a restriction of 7 or 71 (i) < 72(2) for the least 7 such that
m (i) # n2(é). Note that if ;1 <g m2, then (B,,) C (B,,). The lexicographical
ordering is a well-ordering of S, so there is an order-preserving bijection 0 : 7 —
(S, <) for some ordinal 7. If for each ¢ < 7 we let A, = (Bjy(,)), then G =
Uo<+ Ay represents G as the union of a chain of subgroups. However, we must
exercise caution since, as we will see, this chain is not necessarily continuous.

The kernel of m will be generated by an element e € M. We will define 7 to
be the union of a chain of homomorphisms 7, : M, — A, — 0 with kernel Ze.
The 7, will be defined by induction on o. At the same time, we will also define,
as we go along, a chain of set functions ¢, : A, — M, such that 7,0y, =idga,.
Let 7 be the zero homomorphism : Ze — Ay = {0}.

Suppose that 7, and 1, have been defined for all p < o for some o < T;
say 6(c) = n where n=(v,6) for some v € S, 6 € E,. Suppose first that o is
a limit ordinal. Let 7/ : M/ — U,<,A, be the direct limit of the 7, (p < o)
and let ¢, be the direct limit of the v,. In particular, M = l_iLn{Mp :p<o}
If UpcoA, = Ao, then we can let 7, = m, and 9, = 9,; this will happen, for
example, if 6 is a limit point of E,,.

But it may be that § has an immediate predecessor §; € E,. (Since o is a
limit ordinal, it follows that 7 is not a final node of S.) Then

Up<aAp = U'y</\u,61 BV,51,‘7 + BV,51 + (BV> = BV,61+1 + (BV}
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Notice that U,<,A, will be a proper subgroup of A, if §; +1 < § (ie. if
60+1 ¢ E,). We can extend 7, to m, : M, — A, because the inclusion
of UpcsA, into A, induces a surjection of Ext(A,,Z) onto Ext(U,<,A,,Z).
Finally, extend v/, to ¢, in any way such that 7, o ¢, is the identity on A,.

Now let us consider the case when o = p + 1 is a successor ordinal. Recall
that 6(c) = (v, 6). There are two subcases. In the first, § is the least element of
E,, 50 6(p) = v and A, = (B,), A, = B, s + (B,). In this subcase, we extend
T, to T, using the surjectivity of Ext(A,,Z) — Ext(A.,Z).

In the second and last subcase, § has an immediate predecessor 6, in E, ; then
6(p) =(v,61), a final node of S. Let ¢ denote (v,8;); then B, 5,11 + (B¢)/(B¢)
is as described in Lemma 8, that is, it is generated modulo (B¢) by the cosets of
elements z¢ ; which satisfy the relations

n
(1) 4¢,mZ¢,m4r+1 = 2¢,m4r + de,mzc,e + ng,m
<r k=1

in G for some primes g¢ m, integers dl,m and elements g('fym € B¢ It is at
this point that we use the function ¢;. Define M to be generated over M, by
elements zé’j modulo the relations

n
(2) (I(,mzé,m+r+1 = zé,m+r + Z‘df*,mzé,e + Z ¢p(9§,m) +c¢(m)e
<r k=1

and define

7, M}, — By + (B)
to be the homomorphism extending 7, which takes z; ; to z¢,;. One can verify
that 7/, is well-defined and has kernel Ze. Extend 1, to 4/, in any way such that
wl o). is the identity. We extend 7/, to 7, : M, — A, = (B<,,,5)) by using the
surjectivity of Ext(A,,Z) — Ext(B, s,+1 + (B¢), Z); finally we extend 1.

This completes the definition of 7 : M — G and of the set map ¢ : G —
M (= the direct limit of the 1,). Since G is a Whitehead group, there is a
homomorphism p: G — M such that 7o p is the identity on G. In order to define
f, consider an element x of US; z is an ordered pair equal to <p’g (m) (possibly
for many different (¢, k,m)). If g is the second coordinate of z, let f(z) be the
unique integer such that

¥(g) — p(g) = f(x)e.
Also for any (€ Sy and j € w define a¢ ; such that
25 = Plzcz) = ag je.

Then applying p to the equation (1) and subtracting the result from equation
(2), we obtain

q(m‘;(zé,m;+r+1 - p(ZC,m+r+nl)) = (zlé,m+r - p(z(,m+r))+
Yocr em (20 = P(2¢0)) + ko1 (W96 ) — P(9E 1)) + cc(m)e
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from which, comparing coefficients in Ze, we get

n
9emA¢mirl = @mir + Y A mace+ Y F(9E(m)) + cc(m).
<r k=1

4. (B) implies (B+)

Now we are going to move from one combinatorial property, (B), to a stronger
one, (B+), which will allow us to construct Whitehead groups that are strongly
A-free. Recall that in section 2 we defined the reshuffling property (Definition
7.

THEOREM 10. Suppose that for some reqular uncountable cardinal A, there is
a Whitehead A\-system. Then the following also holds:
(B+) there ezist integers n > 0 and r > 0, and:

(i) a A-system A = (S,\,, B, :n € S) of height n ;

(ii) one-one functions p§ (¢ € Sf, 1 < k < n) with dom(pf) = w;
(iii) primes g¢.m (C € Sy, m € w);
(iv) integers dé’m eSS, mew, <)

satisfying (a) and (b) as in (B), with the additional properties:

o S ={s,:n€ Sf} has the reshuffling property; and
o for all { € Sy and k,i € w, rge(p}) Nrge(pf) =0 if i # k.

PROOF. We shall refer to the data in (B+), with the given properties, as a
strong Whitehead A-system.

Suppose that A" = (S, \;, By, : n € §'), go’(k,qé,m, and d’{m is a Whitehead
A-system (as in (B)); in particular, &' = {s¢ : € S}} is a family of countable
sets based on A’ , where s, = |J;_, rge(cp’c'“). In [2, §VIL.3A] is contained a
proof that if there exists a family &’ of countable sets based on a A-system A’
which is A-free, then there is a family S of countable sets based on a A-system A
which has the reshuffling property. Our task is to examine the proof and show
how the transformations carried out in the proof can be done in such a way that
the additional data and properties given in (B) — namely the existence of the
functions go’g , primes g¢ ,, and integers d‘é’m satisfying (b) — continue to hold.
The transformations in question change the given &’ and A’ into S and A which
are beautiful, that is, they satisfy the following six properties:

(i) for n, v € S, if BN B, # 0, then there are 7 € S and «, 3 so that
n=7~{a)and v =7 ~ (B);
(i) for ¢, v € Sy and k, i € w, if sf N5}, # O then k =i, £(¢) = n = £(v) for
some n and for all j # k — 1, ¢(j) = v(j);
LNote that this corrects an error in [2]. A list of errata for (2] is available from the first
author.
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(iii) for each k and ¢, s’é is infinite and has a tree structure; that is, for each
¢ there is an enumeration tgc, t’fc, ... of s’g so that for all v, ( € Sy and
n € w, if ti,, € sk, then th¢ € s;

(iv) S is A-free;

(v) for all a € Ep, A/® and §¢*) are beautiful; and

(vi) one of the following three possibilities holds:

(a) every v € Eg has cofinality w and there is an increasing sequence of
ordinals {7,: n € w} approaching -y such that for all { € Sy if ((0) =«
then s¢ = {{Yn,t): n € w} for some t,’s; moreover, these enumerations
of the s} satisfy the tree property of (iii);

(b) there is an uncountable cardinal x and an integer m > 0 so that
for all v € Ejp the cofinality of v is k and for all ( € Sy, A¢tm =
k; moreover, for each v € Ey there is a strictly increasing continuous
sequence {7,: p < K} cofinal in 7 such that for all { € Sy if {(0) = v
then 32 = {Y¢(m)} x X¢ for some X¢;

(c) each v € Ey is a regular cardinal and A,y = 7; moreover, for every
¢ € S5, sg = {¢(1)} x X for some X¢.

By [2, Thm. VIL.3A.6], if S and A are beautiful, then S has the reshuffling
property. Thus it is enough to show that we can transform &’ and A’ into a
beautiful S and A and at the same time preserve the additional structure of (B).

Let us begin with property (i). We do not change S’ (the tree), but for every
7 € §'\ S5 and a € E}, we replace B , with B} , x {7}. Define

pf(m) = (pfF(m),¢ Tk —1) € Bey x {C Tk — 1}

The definitions of the rest of the data are unchanged. Then (B)(b) continues
to hold since given the c¢, define f by f(pf(m)) = f'(¢{F(m)), where f’ is the
function associated with the original data (and the same c;). The function f is
well-defined because if <p’<‘1 (mq ) = tpé; (mz2), then Lp'c’i (my) = <p2’; (mg2). Note that
property (i) implies that rge(p}) N rge(cp’g) =0ifi#k.

Property (ii) of the definition of beautiful is handled similarly.

To obtain property (iii), we do not change S’, but for all 7 € S’ we replace
B; with <“B, the set of all finite sequences of elements of B;. Enumerate s{*
as {zf; : j € w}. If F(m) =zf; , define
of(m) = (zf,; 1 < jm) € <“Bly.

Given c¢ (¢ € Sy), define f(cp’g(m)) = f (<p’<'°(m)), where f’ is the function
associated with the original data (and the same c¢). Again, f is well-defined.

So we can suppose that A’ = (S, X\, B; :n € ') and &' = {s; : ( € S}}
satisfy also properties (i), (ii) and (iii). The proof of [2, Thm. VIL.3A.5] shows
that one can define A and S which are beautiful and such that
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there is a one-one order-preserving map 1 of S into S’ such that

forallne S, \, = ’\:P(n); and for each ¢ € Sy, there is a level-

preserving bijection 0 : s¢ — Sip(c) such that for all {,v € Sy,

if T € 550y, Y € 53,y and T # y, then 0,;—1(.7:) # 0,1 (y).2

Observe that n €Sy if and only if ¥(n) € S} since A, = ’\:b(n)' We use

the functions 9 and 6; to define the additional data in (B): let g¢ mm = q:b(C),m
and d¢ ,, = () s moreover, define pE(m) = Bgl(go;[’f(o(m)). Given ¢ for
¢ € Sy, define C:P(C) = c¢ and let ¢, be arbitrary for v € S \ ¥[S]. Then since
the original data satisfy (B), f' : US’ — Z and a;,; (v € S}, j € w) exist.
Let f(pg(m)) = f'(¢fy(m)); the (contrapositive of the) final hypothesis on 6
implies that f is well-defined. Let a¢m = a:b((),m‘ Then for each ¢ € Sy, the
equation

— 4 k
04(Q)m () merr+1 = V@) mir T D Dy mPcr e+ Y I (©lhie) (M) +€ye) (m)
<r k=1

is the desired equation

n
Gema¢miril = Agmir + O e mace+ Y F(pf(m)) +cc(m).
<r k=1

5. (B+) IMPLIES (A+)

THEOREM 11. Let X be a regular uncountable cardinal such that (B+) holds,
i.e., there is a strong Whitehead \-system. Then
(A+) there are 2* strongly A-free Whitehead groups of cardinality .

PROOF. Given a strong Whitehead A-system (S, \,, B, : n € S) together
with cp’g, q¢,m dé’m, we use them to define a group G in terms of generators and
relations. Our group G will be the group F/K where F is the free abelian group
with basis

(3) UsSufzc;:¢esSs,jew}
and K is the subgroup of F' generated by the elements w¢ m =

(4) mZCmirtl — Zmir — O de mzce — O k(M)

<r k=1
for all m € w, and { € Sy. Let us see first that G is a Whitehead group.
(For this we need only (B).) It suffices to show that every group homomorphism
) : K — 7 extends to a homomorphism from F to Z. (See, for example, [2,
p.8].) Given v, define c¢(m) = Y(w¢m) for all m € w, and ¢ € Sy. Then by

2Note that this is a clarification and correction of the first paragraph of the proof of [2,
Thm. VIL3A.5, p. 213]. Also, in the third paragraph of that proof, ¥ should be y~1.
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(B)(b), there are integers a¢ ; (¢ € Sf, j € w) and a function f : |JS — Z such
that for all ( € Sy and m € w,

(5) (M) = gemcmirts = Ggmir — 3 45 mace — Y fpE(m)).

£ <r k=1
Define 6 : F — Z by setting [ |JS = f and 6(z¢ ;) = a¢,;. We just need to
check that 6 extends 9. But for all { € Sy and m € w, we have

0(we,m) = 9¢,mA¢,mtr+1 — Q¢ mtr — Z dﬁ,mac,e - Z f (@f(m))
<r k=1

by the definitions of 6 and of w¢ m. Thus 8(w¢ m) = cc(m) = Y(we,m), by (5).

Next let us show that G is not free. (Here again, we need only (B).) The
proof is essentially the same as that of Lemma VII.3.9 of [2, pp. 205f], but we
will give a somewhat different version of the proof here. The proof proceeds by
induction on n where n is the height of our A-system. For each a < A, let G, be
the subgroup of G generated by

{z¢j: C € 5£,¢(0) <o, j € w}U| J{s¢ : ¢ € §£,¢(0) < a}.

It suffices to prove that for all o in a stationary subset of A\, Go41/G, is not
free (cf. [2, IV.1.7]). In fact, we will show that Go+1/G4 is not free when a is
a limit point of Eg and belongs to C N Ey, where C is the cub

{a < X : whenever pg(m) € U{Bg) : 8 < a} then 30 € S;
with 0(0) < o and @g(m) € rge(pg)}- :

We begin with the case n = 1. Then for all @ € C N Ey such that « is a
limit point of Eg, Go+1/G. is non-free because it is as described in the first part
of Lemma 8 (with generators {2(,),; : 7 € w}), since for all m € w, <p%a>(m) €
By = U{Bg) : B < a} by the definition of a A-system (because « is a limit
point of Ep) and hence <p%a) (m) € G, since a € C.

Now suppose n > 1 and the result is proved for n — 1. Again, let « € C N Ey
such that o is a limit point of Ey. Again we have that p¢(m) € G, for all m € w
when ¢(0) = a. We will consider the A(q)-system A{*). (See Definition 6.) Note
that A{® has height n — 1, and the group Go11/G4 is defined as in (3) and (4)
relative to this A,y-system. Hence by induction Go+1/Go is not free.

Finally, we will use the reshuffling property given by (B+) to prove that G
is strongly A-free. As in the proof of [2, VIL.3.11], we will prove that for all
a € AU{-1} and all 8> a, Gg/Go+1 is free. Let I = {¢ € Sf: ¢(0) < B}, and
let <7 be the well-ordering given by the reshuffling property for I and a. Let s¥
denote rge(cp’cc). We claim that there is a basis Zg,, of Gg/Gq+1 consisting of
the cosets of the members of the following two sets:

{z¢,j : @ < ¢(0) < B, and either j < r or
3k st @G- ) & Ulst v <1 )
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and
{pk(m) : @5(m) ¢ U(s5 : v </ ¢} and
3 < klpi(m) ¢ U{s, - v <1 (3}

To see that the elements of Z3 , generate Gg/Gq+1, we proceed by induction
with respect to <; to show that the coset of every z¢ ; (((0) < 8,7 € w) and the
coset of every element of s¢ (¢(0) < 3) is a linear combination of the elements of
23,4 Since s¢ \U{s, : v <; (} is infinite, for each j € w such that z¢ ; + Gat1 ¢
Z3.q, there is t > j such that z¢; + Go41 belongs to Z3,. Without loss of
generality, t = j + 1. Then

n

Y .

25 = cirzct— 3 déi_rzce— Y QEG—7)
&<r k=1

by (4). By induction each cp’z (j —7) 4+ Gq41 is a linear combination of members
of 25, (because pf(j — 1) € U{sk : v < ¢} since z¢ ; + Gat1 ¢ Zp,a); hence
2¢,j + Gat1 belongs to the subgroup generated by the members of Zg 4.

For each mn, i € w, if p}(m) € U{sk : v <; ¢}, then by induction ¢ (m)+Ga1
is a linear combination of elements of Zﬁ)a. Otherwise, ¢ (m) + Go+1 belongs
to Zg,q unless ¢ is minimal such that ¢f(m) ¢ (s} : v <; ¢}. But in the latter
case,

n
Z wf(m) = Q¢,m2¢{,m+r+1 ~ Z,m+r — de,mzc,é
k=1 <r
s0 its coset is a linear combination of elements of Z3 o; thus since ¢ (m)+Gay1 €
Zg, for all k # i, pz(m) + Gat1 belongs to the subgroup generated by the
elements of Zg ,. This completes the proof that Z3 , is a generating set. To see
that the elements of Z3 , are independent, compare coefficients in F.

To construct not just one but 2* different strongly \-free Whitehead groups,
we use a standard trick: write Ep as the disjoint union [],_, X, of A stationary
sets; then for every non-empty subset W of A, do the construction above for
the generalized A\-system A = (Sw,A¢, B¢ : ¢ € Sw) with Eg = [[ . Xo, ie.,
where Sy = {( € §:¢(0) € [[,ew Xo}- O

6. Appendix: Non-free Whitehead implies 2-uniformization

A ladder system on a stationary subset E of w; is an indexed family of
functions {n, : @ € E} such that each 7, : w — a is strictly increasing and
sup(rge(na)) = a. If {p, : @ € I} is an indexed family of functions each with
domain w, we say that it has the 2-uniformization property provided that for
every family of functions ¢, : w — 2 = {0,1} (a € I), there exists a function
H such that for all a € I, H(pq(n)) is defined and equals cq(n) for all but
finitely many n. It is not hard, given a ladder system on E which has the 2-
uniformization property, to construct, explicitly (by generators and relations), a
non-free Whitehead group. (See [2, Prop. XII.3.6].) It is more difficult to go the
other way: starting with an arbitrary non-free Whitehead group of cardinality
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X; to show that there exists a ladder system on a stationary subset of w; which
has the 2-uniformization property. This was left to the reader in the original
paper by the second author [9, Thm. 3.9, p. 277]. The only published proof
is a rather complicated one in [2, §XII.3]; so considering the importance of this
result, it seems to us worthwhile to give another proof which is conceptually and
technically simpler than that one. The proof given here resembles the original
proof found by the second author, which was also the basis of the proofs in [3]
and in this paper.
Our goal is to prove the following.

THEOREM 12. If there is a non-free Whitehead group A of cardinality N,
then there is a ladder system {n, : « € E} on a stationary set E which has the
2-uniformization property.

We begin with an observation. It is sufficient to show that the hypothesis of
Theorem 12 implies that there is a family {¢, : @ € E} of functions which has
the 2-uniformization property and is based on an ws -filtration, that is, indexed by
a stationary subset F of w; and such that there is a continuous ascending chain
{B, : v € w} of countable sets such that for all @ € E, ¢, : w — B,. (Note that
what we are talking about, in the language of the preceding sections, is a family
of countable sets based on an X;-system.) Indeed, by a suitable coding we can
assume that B, = « and if the range of ¢, is not cofinal in a, we can choose a
ladder 7}, on a, replace @, (n) by (pa(n),n,(n)), and re-code, to obtain a ladder
system on E N C, (for some cub C) which has the 2-uniformization property.

From now on, let A denote a non-free Whitehead group of cardinality ¥;.
Then we can write A as the union, A = U,«,, A4,, of a continuous chain of
countable free subgroups; since A is not free, we can assume that there is a
stationary subset E of w;(consisting of limit ordinals) such that for all « € E
An+1/Aq is not free. By Pontryagin’s Criterion we can assume without loss of
generality that A,.1/A, is of finite rank and, in fact, that every subgroup of
Ayi1/Aq of smaller rank is free. Since

(x) whenever E = Upe, En,, at least one of the E, is stationary

(cf. [2, Cor. 11.4.5]) we can also assume that all of the Ay41/As (for a € E)
have the same rank 7 + 1 (r > 0). In order to make clear the ideas involved in
the proof of the Theorem, we will give the proof first in the special case when
r =0, i.e., Aqt1/Aq is a rank one non-free group when a € E, and then describe
how to handle the extension to the general case. In fact this special case divides
into two subcases: using (*) and replacing A, 41 by a subgroup if necessary, we
can assume that either

(i) for all @ € E, Aqt1/Aq has a type all of whose entries are 0’s or 1’s [and
there are infinitely many 1’s]; or

(ii) there is a prime p such that for all a € E, the type of A,.1/A, is
(0,0,...0,00,0,...) where the oo occurs in the pth place.
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(See [5, pp. 107ff].) We next give the easy combinatorial lemmas needed for the
first, and simplest, subcase.

LEMMA 13. Suppose Y and Y’ are finite subsets of an abelian group G such
that |Y|? < |Y'|. Then there exists b € Y’ such thatY and b+Y are disjoint.
[Hereb+Y ={b+y:yeY}]

PROOF. Choose be Y'\{z —y:z,yeY}. O

LEMMA 14. For any positive integer p > 1 there are integers ap and a; and
a function F, : Z/pZ — 2 = {0,1} such that for all m € Z with (2|m| +1)? < p,
F,(m+ag+pZ) = ¢, for £=0,1.

PROOF. Let ag = 0 and let a; = b as in Lemma 13, where G = Z/pZ = Y’ and
Y = {m+pZ: (2/m|+1)? < p}. Then since Y = ap+Y and a; +Y are disjoint,
we can define F),. (Note that F}, is a set function, not a homomorphism.) O

PROOF OF THEOREM 12 (in special subcase (i)): For all o € E there is an
infinite set P, of primes such that

Agt1/Aq {% € Q : n is a product of distinct primes from P,}.

Then if Py = {pa,n : 1 € w}, Ant1 is generated over A, by a subset {ya,n : 1 €
w} satisfying the relations (and only the relations)

(1) PonYan+l = Ya,0 ~ Gan

for some gon € Ay We define ¢o(n) = (Pa,nsga,n). Then {po : @ € E} is
based on an w;-filtration, in fact on the chain {Z x A, : @ < w1 }.

Given functions ¢, : w — 2, we are going to define a homomorphism 7 : A’ —
A with kernel Ze and then use the splitting p : A — A’ to define the uniformizing
function H.

We define 7, : A, — A, inductively along with a set function ¢,: 4, — A,
such that m, o1, = 14,. The crucial case is when 7, and ¥, have been defined
and a € E. (When a ¢ E we can use the fact that Ext(Aq+1,Z) — Ext(Aq, Z) is
onto.) We define A, , by generators {y,, ,, : n € w} over A, satisfying relations

(1) pa,nyéx,n+1 = ytlx,O — Yo (ga,n) + age

where ay is as in Lemma 14 for p = pa,», and £ = ¢4 (n).

In the end we let # = U,m, : A = U, A}, — A and ¥ = U,9,. Then since
A is a Whitehead group, there exists a homomorphism p such that mop =14.
For any g € A, ¥(g) — p(g) € ker(mw) = Ze; we will abuse notation and identify
¥(g) — p(g) with the unique integer k such that ¥(g) — p(g) = ke. For any
w € Ugeprge(ga), if w = (p, g), let H(w) = F,(4(g) — p(g) + pZ).
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Note that w may equal po(n) (= (Pa,n,ga,n)) for many pairs (a,n). To see
that this definition of H works, fix @ € E. For any n € w, applying p to equation
(1) and subtracting from equation (t1), we have

Pa,n(y:x,n+l = p(Yans1)) = yla,o = P(Ya,0) = (Wa(ga,n) — P(ga,n)) + ae

s0 that ¥q(ga,n) — P(ga,n) is congruent to yg, o — P(Ya,0) + @z mod pa,n. Then if
n is large enough, (2| ¥}, o — A(Ya,0)| + 1)? < Pa,n s0 by choice of F,,, , and ay,

H(pa(n)) = Fpa,n (Y (ga,n) - P(ga,n) + pa,nZ) =
Foo.n (y&,o = P(Ya,0) + a¢ + Pa,nZ) = £ = ca(n).
This completes the proof in the first special subcase.
For the purposes of the second special subcase we need another combinatorial
lemma.

LEMMA 15. Fiz a positive integer p > 1. Define a strictly increasing sequence
of positive integers t; inductively, as follows. Let to = 0. Ift;_1 has been defined
for some i > 1, let t; = t;_1 + d; where d; is the least positive integer such that
(2pt-1 +1)2p%i-1 < p%. Then for every i > 1 there exists a function

F;:Z/p"Z — 2
and integers at € {0,....p — 1} (ti.1 < n < t;,€ = 0,1) such that whenever
Imo| < pt-* and a; € {0, ...,p — 1} for j < t;_1, then for £=0,1

t;—1

Fi(mo+ Y plaj+ ) pla,+p"Z) =¢.

j<ti— n=t;_1

PROOF. We apply Lemma 13 to the sets Y = {mo + 3., ;.  pla; +p“Z :
|mo| < pti-1, a; € {0, ...,p — 1}} (which has cardinality < (2p*-* + 1)p*i-*) and
Y = {Z:f;tl,-_l p T, +p4Z : x, € {0,...,p — 1}} (which has cardinality p%), to
get b € Y'. Then choose a® = 0 for all n, and a}, so that Et‘_l

nee._, p"al =band
define F; as in Lemma 14. O

PROOF OF THEOREM 12 (in special subcase (ii)): For all o € E
Apt1/An & {—73 € Q: n is a power of p}

Then Aq4; is generated over A, by a subset {y,n, : n € w} satisfying the
relations (and only the relations)

(1.) PYa,n+1 = Ya,n — Ga,n

for some gon € Aa. Let @o(m) = (ga,j : J < tmt1) for all m € w. Given
functions ¢, : w — 2, we define 7, : A, — A, with kernel Ze inductively along
with a set function 4,: A, — A], such that m, o4, = 14,. The crucial case
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is when 7, and v, have been defined and o € E. Then we define A;, , by
generators {y, , : n € w} over A, satisfying relations

(1) PYant1 = Yo = Yalga,n) + atMe

where £(n) is taken to be co(2 — 1) when ¢;_; < n < t;. In the end we let
m=Uym, : A =U,A, - Aand ¢y = U,y,. Then since A is a Whitehead group,
there exists a homomorphism p such that mop =14. For any w € Uyeprge(¢a),
fw=(gj:j <t),let Hw) = Fi(3, o, p"(¥(gn) — p(gn)) +p"*Z). To see that
this works, fix a € E and for ¢ > 1, consider w; = ¢q(i — 1) = (go,; : j < ).
From the equations (f), for n < t; we obtain that

ptiya,ti = Ya,0 — E pnga,n
n<t;

If we apply p to this and subtract from the corresponding equation derived from
(1) we obtain that 3°_, p™(¥(gan) — P(ga,n)) is congruent to

W0 — PWa0)) + D pat™
n<t;

mod p*. So if |y}, g — p(Ya,0)| < p'-* , then by our choice of F; and the af™ for

ti—1 < n<t;, H(w;) equals cy(i — 1).
This completes the proof of Theorem 12 when r = 0.

PROOF OF THEOREM 12 (in the general case): In the general case without
loss of generality we have either

(i) for all @ € E, Ay+1/Aq has a free subgroup L, /A, of rank r such that
Ant1/Ly has a type all of whose entries are 0’s or 1’s [and there are
infinitely many 1’s|; or

(ii) there is a prime p such that for all « € E, Ay+1/Aq has a free subgroup
Lo /A, of rank r such that the type of Ay+1/Ls is (0,0,...0,00,0,...)
where the oo occurs in the pth place.

In other words, Ay+1 is generated by A, and a subset {zqk : k =1,...,7}U
{Ya,n : n € w} modulo (only) the relations in A, plus relations:

(i) (T) Pan¥Ya,n+1 = Ya,0 + E;___l Ha,k (n)zayk — Ga,n for some fa,mily of dis-
tinct primes po , and pa x(n) € Z , gan € Aa; or

(i) (1) PYant1 = Yayn + D peq Mak(P)Zak — Ga,n for some pqo x(n) € Z and
Jan € Ag for each n € w.

For use in (the harder) subcase (ii), define a strictly increasing sequence of
positive integers ¢; inductively, as follows. Let ¢ = 0. If ¢;_; has been defined
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for some ¢ > 1, let t; = t;_1 + d; where d; is the least positive integer such that
(2pti_1 + 1)21‘+2p2ti_1 < pdi-

Then we have the following generalization of Lemma 15. (Note that when r =0
the sequence p is empty.)

LEMMA 16. Fiz p > 1 and r > 0. For every sequence of functions p =
(U1, e p1r), where pg : w — Z and every i > 1 there erists a function

F,,:Z/p"Z — 2

and integers afw €{0,...,p—1} (tic1 < n < t;,f =0,1) such that F;, and
af;,u depend only on pu [ t; (= (p1 | tiy..., ur [ t;)) and are such that whenever
Mo, ...,y are integers with my| < p*-* for all k < r and a; € {0,...,p — 1} for
j <ti_1, then

ti—1

Fiu(mo+ > (O P+ Y plaj+ Y pal, +p42) =2

k=1 j<t; J<ti—1 n=t;_1

PROOF. We apply Lemma 13 with G = Z/p"Z,

Y = {mo + 3%y (Cjce, P () + 35y, Pay + DML
Img| < p* , for all k <r, a; € {0,...,p—1}}

and
ti—1

Y' ={ E p"xn +pHZ: 2, €{0,...,p—1}}.

n=t;_1
and proceed as in the proof of Lemma 15. O
Similarly we have the following generalization of Lemma 14 for use in subcase

().

LEMMA 17. Givenp > 1 andr > 0, and a sequence of integers p = (1, ..., tr),
let t, be mazimal such that (2t, + 1)2"*2 < p. Then there ezists a function

F,,:Z/pZ — 2

and integers afw € {0,...,p— 1} (¢ = 0,1) such that whenever my,...,m, are
integers such that |my| < t, for all k <r, then

,
F, u(mo+ Z Hemy + af;,” +pZ) = 4.
k=1

O
Now define the function ¢, with domain w by letting

(i) pa(m) = ((tak(m) : k=1,..,7),Pa,m, Ga,m); OF
(1) a(m) = ((Hak(n)  k=1,...7) gan : N < tmi1)-
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Given functions ¢, : w— 2, we define 7, : A, — A, inductively along with
a set function 9,: A, — A, such that 7, o ¢, = 14,. The crucial case is when
7o and 1), have been defined and a € E. Then we define A}, ; by generators
{zor 1 k=1,..,7}U{y, , : n € w} over A, satisfying relations

(i) (i) Pa,ny;,n+1 = y:x,O + Z:;=1 “a,k(n)zzll,k - 'wa(ga,n) + af;qm,ye§ or
.o T
(ii) (1) py::x,n-f-l = y:xn + D k=1 Hak (n)z;’k — Ya(gon) + aﬁ,n,ue

where af,a’m . (respectively, at . ,) is as in Lemma 17 (respectively, Lemma 16)

for £ = cn(n) (respectively, £ = co(i — 1) if t;_; <n < t; ) (and the appropriate
prime or primes are used).

In the end we use a splitting p of 7 = U, 7, : A’ = U, A], — A to define H(w)
as follows:

() i w = (k= 1,7) P, ), let H(w) = Fyu((g) — plg) + p2); or
(ii) ifw=((ue(n):k=1,...,7),9n : n < t;), let Hw) =
Fi (3t PM(¥(9n) — p(9n)) + PHZ).

Then we check as before that this definition works. O
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