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^-Universal Finit e Graph s 

Eric Rosen , Saharo n Shelah , an d Scott Weinstei n 

ABSTRACT. Thi s pape r investigate s th e clas s o f /c-universa l finite  graphs , a 
local analo g o f th e clas s o f universa l graphs , whic h arise s naturall y i n th e 
study o f finite  variabl e logics . Th e mai n result s o f the paper , whic h ar e due 
to Shelah , establis h tha t th e class o f /c-universa l graph s i s not definable b y an 
infinite disjunctio n o f first-order  existentia l sentence s wit h a  finite  numbe r o f 
variables an d that ther e exis t /c-universa l graph s wit h n o /c-extendible induce d 
subgraphs. 

1. Introductio n 

This pape r continue s the investigation o f the existential fragmen t o f L^ fro m 
the poin t o f vie w o f finit e mode l theor y initiate d i n [RW95 ] an d [Ros95] . I n 
particular, w e further stud y a n analog o f universal structures , namely , fc-universal 
structures, whic h aris e naturall y i n the context o f finite variabl e logics . Th e main 
results o f this paper , Theorem s 2. 1 and 2.4, which ar e due to Shelah , appl y tech -
niques from the theory of sparse random graphs as developed in [SS88] and [BS95 ] 
to answe r som e question s abou t /c-universa l structure s lef t ope n i n thes e earlie r 
works. I n orde r t o mak e th e curren t pape r mor e o r les s self-contained , w e recal l 
some notion s an d notations fro m th e papers cite d above , whic h ma y be consulte d 
for furthe r backgroun d an d references . 

We restric t ou r attentio n t o language s whic h contai n onl y relatio n symbols . 
We le t L k denot e th e fragment o f first-order logi c consistin g o f those formula s al l 
of whose variable s bot h fre e an d bound ar e among x\, ... ,#& , and similarly, L ^ 
is the A;-variable fragment o f the infinitar y languag e LQQ^.  W e let Lk(3) denot e the 
collection o f existential formula s o f Lfc, that is , those formula s obtaine d b y closing 
the set of atomic formula s an d negated atomi c formulas o f Lk unde r the operations 
of conjunction , disjunction , an d existentia l quantification , an d we let L^ ou;(3) b e 
the existentia l fragmen t o f L^. Th e fragments /\L k(3) an d \/  Lk(3) o f L ^ ( 3) 
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66 ERI C ROSEN , SAHARO N SHELAH , AN D SCOT T WEINSTEI N 

consist o f the countabl e conjunction s an d th e countabl e disjunction s o f formulas o f 
Lk(3) respectively . W e writ e qr(0 ) fo r th e quantifie r ran k o f th e formul a 0 , whic h 
is defined a s usual . 

DEFINITION 1.1 . Le t A  an d B  b e structure s o f the sam e relationa l signature . 
A<kB {A^ nB) (A^^B),  i f an d onl y if , fo r al l 6  E  Lk(3) (wit h qr(0 ) <  n)  (fo r 
all 6  € L5ou,(3)) , i f A  \=  ^  t h en B  \=  6. 

These relation s ma y b e usefull y characterize d i n term s o f th e followin g non -
alternating, loca l variants o f the Ehrenfeucht-Fraiss e game . Th e n-round,  3 fc-game 
from A  t o B  i s playe d betwee n tw o players , Spoile r an d Duplicator , wit h k  pair s 
of pebbles , (a i , /? i ) , . . . ,  (&k,l3k)-  Th e Spoile r begin s eac h roun d b y choosin g a 
pebble a * tha t ma y o r ma y no t b e i n pla y an d placin g i t o n a n elemen t o f A.  Th e 
Duplicator the n play s fa  ont o a n elemen t o f B.  Th e Spoile r win s th e gam e i f afte r 
any roun d m  <  n  th e functio n /  fro m A  t o £ , whic h send s th e elemen t pebble d 
by ai  t o th e elemen t pebble d b y fa  i s no t a  partia l isomorphism ; otherwise , th e 
Duplicator win s the game. Th e eternal  3^-gam e i s an infinite versio n of the n-roun d 
game i n whic h th e pla y continue s throug h a  sequenc e o f round s o f orde r typ e uo. 
The Spoile r win s the game , i f and onl y if , h e wins a t th e n th-round fo r som e n  € u 
as above ; otherwise , th e Duplicato r wins . Th e followin g propositio n provide s th e 
link betwee n th e 3 fc-game an d logica l definability . 

PROPOSITION 1. 2 ([KV90]) . 1 . For  all  structures A  and  B,  the  following 
conditions are  equivalent 

(a) A^ nB. 
(b) The  Duplicator  has  a  winning strategy  for the  n-round  3 k-game from 

A to  B. 
2. For  all  structures  A  and  J5 , the  following conditions  are  equivalent 

(a) A ^ B . 
(b) The  Duplicator  has  a  winning  strategy  for  the  eternal  3 k-game from 

A to  B. 
3. For  all  structures  A  and  finite  structures  B,  the  following  conditions  are 

equivalent 
(a) A ^ B . 
(b) A^ kB. 

In thi s paper , w e wil l focu s ou r attentio n o n th e clas s o f finite  simpl e graphs , 
that is , finite structures with one binary relation which is irreflexive an d symmetric . 
We wil l use the ter m grap h t o refe r t o suc h structures . I n general , w e le t A,  B, ... 
refer bot h t o graph s an d t o thei r underlyin g verte x set s an d w e le t |J4 | denot e th e 
cardinality o f A.  W e us e E  fo r th e edg e relatio n o f a  graph . Edges(A ) i s the edg e 
set o f the grap h A,  tha t is , Edges(^4) =  {{a , b} C A :  E(a,  b)}. 

2. fc-Universal  Graphs : Definabilit y an d Structur e 

We say that a  graph G  is k-universal, i f and only if, fo r al l graphs H,  H^ kG. B y 
Proposition 1.2 , thi s i s equivalen t t o G  satisfyin g ever y sentenc e o f L 1^ou)(3) whic h 
is satisfied b y some (possibl y infinite ) graph . W e say that a  graph G  is k-extendible, 
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^-UNIVERSAL FINIT E GRAPH S 67 

if and onl y if , fc < \G\  and fo r eac h 1  < /  <  fc 

G \=  Vxi ...Vx k-i3xk( /\  Xi^Xj^ 
l<i<j<k-l 

( f\  Xi^x k/\ / \ E(xi,x k)A f\  ^E(xi,x k))). 
l<i<k-l l<i<l  l<i<k 

It i s eas y t o verify , b y applyin g Propositio n 1.2 , tha t ever y fc-extendible  grap h i s 
fc-universal. Th e clas s o f fc-extendible  graph s play s a n importan t rol e i n th e stud y 
of 0  — 1  laws fo r certai n infinitar y logic s an d logic s with fixed  poin t operator s (se e 
[KV92]). Indeed , th e existenc e o f fc-universal finite  graph s follow s immediatel y 
from th e fac t tha t fo r ever y fc, the rando m grap h G  =  G(n,p)  wit h constan t edg e 
probability 0  <  p  <  1  is almos t surel y fc-extendible  (see , fo r example , [Bol79]) . 

Let U k b e th e clas s o f fc-universal  graphs an d le t 

Ek =  {9  < E L k(3) :  3G(G i s a  grap h an d G  f = 6)}. 

Note tha t fo r al l graphs G , G € Uh, i f and onl y if , G  | = /\  E k. Thus , Uk i s definabl e 
in f\L k{3) ove r th e clas s o f graphs . I n [RW95] , w e establishe d vi a a n explici t 
construction tha t fo r al l 2  <  fc,  U k i s no t definabl e i n V  Lk{3). Th e followin g 
theorem significantl y strengthen s thi s resul t fo r larg e enough fc; its proof involve s a 
probabilistic constructio n employin g technique s fro m th e theor y o f spars e rando m 
graphs. 

THEOREM 2.1 . For  all  fc > 7  and  k!  e  u,  U k is  not  definable  in  V  Lk> (3) over 
the class  of  graphs. 

We cal l a  clas s o f structure s C  finitely  based , i f an d onl y if , ther e i s a  finite 
set o f structure s {Ai , . . . ,  An} C  C  such tha t fo r ever y structur e B  £  C,A{  C  B 
for som e 1  <  i  <  n.  W e obtai n th e followin g resul t a s a  corollar y t o th e proo f o f 
Theorem 2.1. 

COROLLARY 2.2 . For  all  fc >  7 , 

1. U k is  not  finitely  based,  and 
2. the  class  of  fc -extendible graphs  is  not  finitely  based. 

In [RW95] , we observed tha t fo r al l fc, Uk i s decidable i n deterministic polyno -
mial time . Th e followin g theore m give s a  stronge r "descriptiv e complexity " result . 

THEOREM 2.3 . For  all  fc, Uk is  definable  in  least  fixed point  logic. 

It i s clea r tha t i f G  i s fc-extendible  an d G  C  H,  the n H  i s fc-universal.  Th e 
question naturall y arise s whethe r ther e ar e fc-universal  graph s whic h contai n n o 
fc-extendible subgraph . Th e followin g theore m answer s thi s questio n affirmatively . 

THEOREM 2.4 . For  each  fc > 4 , there  is  a  graph G such  that 

1. G  is  k-universal,  and 
2. \/H  C  G, H is  not  fc- extendible. 

The nex t theore m i s a  strengthenin g o f th e first  par t o f Corollar y 2.2 . Th e 
proof o f this theorem expands on the construction develope d t o prove Theorem 2.4 . 
We say a  grap h G  i s a  minimal  fc-universal  grap h jus t i n cas e G  i s fc-universal  and 
contains n o proper induce d subgrap h whic h i s fc-universal. 
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THEOREM 2.5 . For  all k >  6, there  is an infinite set  ofpairwise  L k-inequivalent 
minimal k-universal  graphs. 

We proceed t o prove the abov e results . Theore m 2. 1 is an immediat e corollar y 
of the followin g lemm a whic h i s due t o Shelah . 

LEMMA 2.6 . For  all  k  >  7  and  k f G  a; , there  is  a  graph N such  that 

1. N  is  k-extendible  and 
2. for  every  9  G Lk (3) , if  N  f = 9, then  there  is  a  structure M  such  that  M  | = 9 

and M  is  not  k-universal. 

We approach the proof of Lemma 2.6 through a sequence of sublemmas. W e first 
introduce som e graph-theoretic concept s which play a  central rol e in the argument . 

DEFINITION 2.7 . Le t A  b e a  finite  graph . 

1. W e say a  =  ( a i , . . . ,  an) i s a  t-witness  fo r A,  i f and onl y if , a  i s an injectiv e 
enumeration o f A  an d fo r eac h i  <  n, \{j  <  i :  E(aj,ai)}\ <  t. 

2. x*(^4 ) =  th e least t  such that ther e is a t-witness for A.  (x*(A)  i s the coloring 
number o f A.) 

3. K ~ =  { A : X * ( , 4 ) < t } . 
4. A  <f £ , i f an d onl y if,  A  C  B,B  e  K^°  an d ever y t-witnes s fo r A  ca n b e 

extended t o a  t-witnes s fo r B,  tha t is , if a  i s a t-witnes s fo r A,  the n ther e i s 
a b  such tha t ab  is a  t-witnes s fo r B . 

The colorin g numbe r wa s introduce d an d extensivel y studie d i n [EH66] . Th e 
following sublemm a state s a  fre e amalgamatio n propert y o f <f. 

DEFINITION 2.8 . Le t A  an d B  b e finite  graphs . 

1. A  i s compatible  with 5 , i f an d onl y if , th e subgrap h o f A  induce d by  Ad  B 
is identica l t o th e subgrap h o f B  induce d b y An  B. 

2. Suppos e A  i s compatible wit h B  an d le t C  b e the subgraph o f A  induce d b y 
An B.  Th e free  join  o f A  an d B  ove r C , denote d b y A  <£>c  B,  i s the grap h 
whose verte x se t i s A  U  B an d whos e edg e se t i s Edges (A) U  Edges (B). 

SUBLEMMA 2.9 . Suppose  A,Be  K^°,  A  is  compatible  with  B,  C  is  the  sub-
graph of  A  induced  by  An  B,  C  <f  A,  and  C  <f  B.  Then,  A® c B  G  Kf°, 
A <f  A  0 C J3 , and  B  <f  A  ® c B. 

PROOF. Th e sublemm a follow s immediatel y fro m th e definitions . • 

The nex t sublemm a establishe s a  lower bound o n x*(G)  whe n G  is ^-universal . 
For th e proo f o f th e sublemm a w e extend th e definitio n o f /c-universalit y t o appl y 
also t o tuples . W e als o introduc e a  refinemen t o f th e concep t tha t wil l b e use d 
in th e proo f o f Theore m 2 . A n m-tupl e a  =  ( a i , . . . , a m ) i s proper  if f fo r al l 
i <  j <  m,ai  7 ^ aj. Fo r al l model s A  an d B,  an d j-tuple s a  C  A,  b  C B,  w e writ e 
(^,a)^ fc(B,6)((^l,a)^ fc 'n(JB,6)) if f fo r al l formula s 9{x)  G  Lk(3) (wit h qr(9)  <  n) , 
with j  fre e variables , i f A  [ = 0[a], then 5  | = 0[6]. 

DEFINITION 2.10 . Fo r j  <  k,  a  proper j-tupl e a  C  A is k-universal  in  A  (k,n-
universal in  A)  if f for al l B, an d proper j-tuples b C B  suc h that th e partial functio n 
f(x) fro m A  t o B  tha t map s a ; t o bi  i s a  partia l isomorphism , (B,b)-< k(A1a) 
((B,b)^<k,n(A,a)). Th e ranA : of a  C  A  i s a ; i f i t i s /^-universal , an d th e greates t n 
such tha t i t i s /c , n-universal, otherwise . 
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fc-UNIVERSAL FINIT E G R A P H S 69 

SUBLEMMA 2.11 . If  x*(G)  <  2k 2 , then  G  is  not  k-universal. 

PROOF. Suppos e x*(G)  <  2 k~2, and , fo r reductio,  tha t G  i s /c-universal . Sup -
pose G  — {cii : i <  n), an d le t 

I —  { ( il 5 . . . ,i k) :  ix <  i 2 <  . . . <  i k <  n  an d (a ix,... ,a ik) i s /c—universa l i n G}. 

Since G  i s ^-universal , i t follow s tha t 7 ^ 0 . Le t ( i i , . . . ,  ifc) G  7  wit h ik  max -
imal. Le t w  —  {j  <  ik  :  E(aj,ai k)}, an d fo r eac h j  G  tc; , le t W j =  { Z :  Z  E 
{ 1 , . . . ,/ c - 1 } and E(a j,ail)}. Choos e / * G  { 1 , . .. ,  k -  1} . As |w | <  2 h~2, ther e i s 
w C { l , . . . , k - l } - {/* } suc h tha t fo r ever y j  G  w,u ^  ^  —  {/*} . 

Now, le t 7 7 be a  ^-extendibl e grap h wit h edg e relatio n E'.  Sinc e (a^ ,... ,  a;fc) 
is fc-universal  in G , w e may choos e b\ ,... ,  bk G  77 such tha t th e Duplicato r ha s a 
winning strateg y fo r th e 3 fc-game playe d fro m 7 7 to G  with th e j t h pai r o f pebble s 
placed o n bj  an d a^ . W e sho w that , i n fact , th e Spoile r ca n forc e a  wi n fro m thi s 
position, whic h yield s th e desire d contradiction . Th e Spoile r pick s u p th e pebbl e 
resting on bi*  and place s i t o n a  poin t b  G H —  {&i,.. . ,  bk} suc h tha t E f(b, bk)  an d 
E'(b, bi)  fo r each / G  u while -*E'(b, bt) for each / G { 1 , . .. ,  fc-l}-(wU{/*}).  I n order 
to successfully answe r the Spoiler' s move, the Duplicator mus t mov e the pebble now 
resting o n a^ + an d plac e i t o n a  poin t a m G  G suc h tha t £?(a m, a,ik) an d a m ^  ai fc. 
In order to achieve this, she must choose  am s o that eithe r ik  <  m  o r m  G  w. Bu t i n 
the firs t cas e w e woul d hav e tha t th e positio n (.. . ,  (6j, a^.) , . .. ,  (bk, Q>ik), (b,  am) : 
j ^  I*)  is a  winnin g positio n fo r th e Duplicato r i n th e B^-gam e fro m H  t o G.  Thi s 
implies tha t (.. . , a ^ , . . . ,ai k,am :  j  ^  /* ) i s fc-universal  i n A.  Bu t then , sinc e 
ik <  m,  w e hav e (.. . ,  i j , . .. ,ifc, m :  j ^  P ) G  7. But , thi s contradict s th e choic e 
of ik  t o b e maxima l wit h thi s property . Therefore , i t suffice s t o sho w tha t m  0  w. 
But thi s follow s immediatel y fro m th e fac t tha t m  <  ik  an d th e constructio n o f u. 
• 

The nex t sublemma s dea l with the theory of the random grap h G  =  G(n , n_ a ) , 
a a n irrational between 0 and 1 , as developed in [SS88] (se e also [BS95] for connec-
tions with mode l theory) . W e say a  property hold s almos t surel y (abbreviate d a.s. ) 
in G(n,n~a), i f and onl y if , it s probability approache s 1  as n  increases . Shela h an d 
Spencer showe d (se e [SS88] ) tha t fo r an y first-order  propert y 6  and an y irrationa l 
a betwee n 0  and 1 , either 8  holds a.s . i n G(n,n~ a) o r -i0  hold s a.s . i n G(n,n~ a). 
For eac h suc h a , w e le t T a =  {6  :  6  hold s a.s . i n G(n,n~ a)} an d w e le t K^  b e 
the se t o f finite  graph s eac h o f which i s embeddable i n ever y mode l o f T a. W e wil l 
suppress th e superscript s o n thes e notations , whe n n o confusio n i s likely t o result ; 
in general , w e will use notations whic h leav e reference t o a  particula r a  implicit , a s 
in th e followin g definition . 

DEFINITION 2.1 2 ([SS88]) . Le t G  and H  b e graphs wit h G  C  H,  an d le t a  b e 
a fixed  irrationa l betwee n 0  and 1 . 

1. (G , H) i s sparse,  i f and onl y if , |Edges(# ) -  Edges(G)|/ | # -  G\  <  I/a. 
2. (G , H) i s dense,  i f and onl y if , |Edges(tf ) -  Edges(G)|/ | # -  G\  >  1/a . 
3. G  < s H,  i f and onl y if , fo r ever y 7 , i f G  C  I  C  H,  the n (G , 7) i s sparse . 
4. G  <i  77 , if and onl y if , fo r ever y 7 , i f G  C  7  C  H,  the n (7,77 ) i s dense . 

We say G  i s sparse  (dense),  i f an d onl y if , (0 , G) i s sparse (dense) . 

Note tha t sinc e a  i s irrational ever y (G , 77) a s abov e i s either spars e o r dense . 

SUBLEMMA 2.13 . 7/ G G  TCx), then  0  <s G . 
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PROOF. Th e reade r ma y fin d a  proof o f this sublemm a i n [Spe90] . • 

SUBLEMMA 2.14 . If  a is  irrational and  l/(f c +  1) < a <  1, then 

1. Ko o C K k̂+1) and 

2. if  A <s B, then  A  <fk+1 B. 

PROOF. 1 . B y Sublemma 2.13 , i t suffice s t o show tha t i f 0 <s G, then G  E 
-^2fc+i- ^ ° s u P P o s e 0 <s G. We inductively defin e a  2k + 1-witness for G proceeding 
from th e top down. Sinc e G is sparse, |Edges(G)|/|G | <  /c + 1, from whic h it follows 
immediately tha t ther e is a point a  E G whose degre e is < 2/c -f 2. We let a = a|G | 
be th e las t elemen t o f our 2k  + 1-witness for G. Now, sinc e ®  <s G, G' = G — {a} 
is sparse, s o we may find an a' E G' whose degree (i n Gf) is < 2/c + 2 as before . We 
let a ' = 0|G|-i b e the nex t to last elemen t o f our 2k  + 1-witness for G. Proceedin g 
in thi s way , we may complet e th e constructio n o f a 2k + 1-witness for G. 

2. Suppos e A  <s B an d suppos e a  is &2k +  1-witness for A. Just a s above w e 
may inductivel y construc t a n enumeratio n b  of B — A so that ab  is a 2fc + 1-witness 
for B.  • 

The followin g closur e operato r play s an important rol e in the proo f of Lemma 
2.6. 

DEFINITION 2.15 . W e define for graphs G, H with G C  H and natural number s 
/, a closure operato r c l 'm(G, H) b y recursion on ra. 

1. cl z '°(G,#) =  G; 
2. cl ' ' m + 1(G,ff) =  U { S : B C J H r a n d |B | <  I and 5  ncl z 'm(G, # ) < ; £ } . 

We let cl''°°(G,ff) =  |J mea, c l ' 'm (G,#) . W e sa y tha t H  is J-smaH, i f and onl y if, 
there i s a G C H such tha t \G\  < I and cl''°°(G , H) -  tf. 

The followin g lemm a gives  the crucia l propert y of closures we will exploit -  fo r 
a fixed  /  there is almost surel y in G(n,n~a ) a  uniform boun d o n the cardinalit y o f 
the closur e of a set of size at most /. 

SUBLEMMA 2.16 . For  every  I  there  is  an I*  such that  a.s . for every A  C G( = 
G(n,n-a)), if\A\  <  Z, then |cl z'°°(A,G)| <  P. 

PROOF. Not e tha t i f B < x B'  an d B  C  C C £ ', then C  <{ B'.  I t follows tha t 
we may represen t c\ l'°°(A, G)  a s A U |J;<;* ^ wher e | ^ | < / and ( A U \Jj<:i Bj) n 
-Bi < i -B^ . Moreover, w e may suppose , withou t los s o f generality, tha t thi s las t 
extension i s strict, fo r otherwis e Bi  could be omitted fro m th e representation . Nex t 
we argue tha t ther e is an m (dependin g o n /) which a.s . uniforml y bound s z* , tha t 
is, ther e is an m such tha t 

(f) a.s . in G = G{n,n- a) fo r all A C  G,\A\ < /, there i s an z* < 
m suc h tha t c l '°°(A, G) ma y b e represented a s A U Ui<;* -Bi wher e 
|Bi| <  Z an d ( A U ( J ^- ^) n  Bi < t Bi. 

The sublemm a follow s immediatel y fro m this , fo r the n I*  = m • / is an a.s. unifor m 
boundon|clZ '°°(A,G)|. 

Let 

e = Min({(a •  |Edges(£ ) -  Edges(G)| ) -  (| B -  C\)  : 

BCG,\B\<l,AC\B ^BiAnBCCcB}). 
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It follow s fro m th e definitio n o f <i  tha t e  >  0 . Le t m  =  1  + l/e.  W e clai m tha t m 
satisfies conditio n (f) . Le t 

Wi = \A\J  \jBj\  -a-  l E d g e s ^ u U , ^ ^ ) ! -
j<i 

Then, b y hypothesis , w$  <  \A\  <  I.  Moreover , Wi+i  <  (wi  —  e).  T o se e this , 
let C  =  Bi  n  (A  U  \Jj<iBj))- T h e n > AnBi  C  C  C  Bi.  Hence , w i+x =  \{A  U 
\J3<1 B d) U  Bi\ -  a  •  |Edges((A U  \J3<1 Bj)  U  Bi)\ <  (\A  U  \JJ<Z B3\ +  |B < -  C| ) -
a •  ( l E d g e s ^ u U ^ ^ j )! +  (|Edges(J3i) | -  |Edges(C)|) ) <  (wi  -  e).  I t follows , b y 
induction, tha t Wi  < I  — i  •  e.  Therefore , i f i  >  l/e,  the n Wi  < 0 . So , by Sublemm a 
2.13, i f i*  >  m, the n cl''°°(A,G ) =  i U |Ji<; * Bi £  ^oo - Therefore , a.s . i*  <  m. • 

For the purposes o f the nex t sublemm a an d beyond , w e introduce th e followin g 
notational convention : w e write A<®  B  fo r A  <f  B,  whe n t  —  2 k~2 -  1 . 

SUBLEMMA 2.17 . If  a  is  irrational,  l/(f c +  l ) < a < l , f c > 7 and  fc + 1  < fc' 
then the  following condition  holds  a.s . in  G  =  G(n,n~ a). For  all  a i , . . . ,  a^ G  G, 
2/A =  cl fc , ,00({ai,... ,a fc/_i},G) an d S  =  cl fc' '°°({ai,... ,a*/},G) , tfien 

1. 5  G  Xo o and 
2. A< ® 5 . 

PROOF. 1 . Thi s i s an immediat e consequenc e o f the precedin g Sublemma . B y 
the first-order  0- 1 la w fo r G ( n , n _ a ) , give n an y fixed  boun d /* , a.s . fo r al l A  C  G, 
ii\A\ < /* , the n , 4 G #oo. 
2. Firs t observ e that ou r closure operator i s monotone i n C , hence A  C  B  an d also , 
by the definitio n o f the closur e operator , tha t fo r n o C  C  B,  C  %  A, |C | <  fc' do we 
have ADC  <i  C.  W e argue tha t A  <®  B as  follows. Suppos e a  = ( a i , . . . ,  a\A\) i s 
a 2 k~2 —  1-witnes s fo r A,  an d le t b  = (&i,.. . ,  b\B\) b e a  2k  +  1-witnes s fo r B.  Th e 
latter exist s b y Sublemm a 2.1 4 since B  G  ifoo- Now , fo r ever y b  G B —  A, |{a G  A  : 
£7(a,6)}| <  fc,  for otherwis e w e coul d find  a,  set  C  C  B,C  <£  A,\C\  =  k  +  2 , suc h 
that Ar\C  <iC.  Le t i u =  { z :  1 < i  <  |B | an d 6 ; £  .A} , and le t F  =  (6 ; :  i G  w) 
be th e restrictio n o f b  t o a n enumeratio n o f B  —  A.  B y hypothesis , k  >  7 , s o 
(2fc + 1 ) + fc < 2 /c~2 — 1 ; hence, we may conclud e tha t W  i s a  2 k~2 —  1-witness fo r 
B. m 

SUBLEMMA 2.18 . If0<a<  1/fc , then  G(n,n~ a)is a.s . k-extendible. 

PROOF. Th e reade r ma y find a  proo f o f thi s sublemm a i n [McA95] . • 

We are no w i n a  positio n t o procee d t o th e proo f o f Lemma 2.6 . 

PROOF O F LEMM A 2.6 . Le t fc >  7  and , withou t los s o f generality , le t k'  > 
k + 1. Fix a  t o b e a n irrationa l numbe r betwee n l/(f c +  1 ) and 1/k.  I t the n follow s 
from Sublemma s 2.1 7 an d 2.1 8 that ther e i s a finite  grap h N  suc h tha t 

(Nl) N  i s fc-extendible; 
(N2) fo r al l a i , . . . ,a fc/ GiV , i f A  =  cl fc ' ,00({ai,... ,a fc/_i},iV) an d 

B =  cl fc, '°°({ai,... ,a fc/}, TV), then B  G  Xoo an d A  <® B. 
To complete th e proo f w e must construc t fo r eac h 0  G Lk (3) , a  grap h M  suc h 

that M  i s no t fc-universal  an d i f A T |= 0 , the n M  \=  9. By  Sublemm a 2.1 1 an d 
Proposition 1.2 , i t suffice s t o construc t fo r eac h d  G  LJ  a grap h M  suc h tha t 
(Ml) x*(Af ) <  2*" 2, an d 
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(M2) th e Duplicator ha s a winning strateg y fo r the d-move 3 k -game fro m N  t o 
M. 

We proceed to construct a  structure M  that satisfie s condition s (Ml ) and (M2). 
We first  defin e chain s o f structures (Mi  :  i <  d  -h 1) and (Mij :  i <  d,j  <  j^), 
satisfying th e following conditions . 

1. I f A C  Mi, A <® B,B e  Koc,  an d B i s A^-small, the n fo r some j <  ji,A = 
Aij an d B and Bij ar e isomorphic ove r A. 

2. M 0 = 0. 
3. Fo r all i < d+ l,x*(Mi) <  2 k~2. 
4. Fo r each i  <  d, Miyo =  M{ and Miji =  M i+X. 
5. Fo r each j <  ji, ther e are Aij,Bij wit h 

(a) Bij  i s fc'-small; 
(b) B- tj e  K^ 
(c) Aij  C  M» ; 
(d) A ^ <®Bij] 
(e) Bj ^ is compatible wit h Mij  an d Ai}J- is the subgraph o f Mij induce d 

by BijHMij; 
(f) Mij+x  =  Mi,3®Aij Bij; 

By Sublemm a 2.16 , ther e ar e only finitely  man y AZ-smal l B  G  K^. Th e existence 
of chain s satisfyin g th e above condition s the n follow s immediatel y fro m th e fre e 
amalgamation propert y fo r <® stated i n Sublemma 2.9 . 

We no w le t M =  Md+i. I t follow s immediatel y fro m th e construction tha t M 
satisfies conditio n (Ml ) above. Thus , i t onl y remain s t o sho w tha t M  satisfie s 
condition (M2) . I n order t o do so, it suffice s t o verify th e following clai m whic h 
supplies a  winning strateg y fo r the Duplicator i n the d-move 3 k -game fro m N  t o 
M. 

Claim: Suppos e A  = {au... ,a k>} C  N,A' =  c\k>,00(A,N) an d / i s 
an embedding of A' (the subgraph of iV induced by A') into M^d+i)-i-
Then th e pebbl e positio n wit h a r o n ar and (3 r on / ( ar ) , fo r 1 < r < 
kr i s a winning positio n fo r the Duplicator i n the z-move 3 k -gam e 
from N  t o M. 

We procee d t o establish th e claim b y induction. Give n 1  < i  <  d , suppos e 
that A , Af, /, an d the pebble positio n ar e as described. I t suffice s t o sho w tha t 
given an y move b y the Spoiler , th e Duplicato r ca n respond wit h a  mov e int o 
M(d_|_i)_(i_i) whic h wil l allo w th e conditions o f the claim t o be preserved. Sup -
pose, withou t los s o f generality, tha t th e Spoiler move s a.^  ont o a  vertex a  € N. 
Let A"  =  cl fc , '°°({ai,... ,a fc/_i},Ar) an d let A!" = cl k^°°({au... ,a fc/_i,a},W). 
Then, b y condition (N2) , A f" € K^  an d A" <® A"'. Then , b y condition 5  on 
the constructio n o f our chains definin g M , there i s a B  C  M(d+i)-(i-\)  an d an 
isomorphism / ' fro m A'"  onto B  wit h / ' an d / havin g identica l restriction s to A". 
Therefore, th e conditions o f the claim wil l b e preserved, i f the Duplicator play s 
pebble 0k'  onto f'(a).  • 

P R O O F O F COROLLAR Y 2.2 . Le t k >  7. 1. Suppose , fo r reductio,  tha t U h is 
finitely base d with "basis " {.Ai,.. . ,  An}. Le t k' be the maximum of the cardinalitie s 
of th e Ai.  Then , ther e i s a  sentenc e o f L k (3 ) whic h define s U h, contradictin g 
Theorem 2.1 . 
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2. Suppos e for reductio that th e class of /^-extendible structures is finitely base d 
and choos e k'  a s above wit h respec t t o a "basis " fo r this class . A s in the proof of 
Lemma 2.6 , there is a ^-extendible grap h T V such tha t eac h Lk (3 ) sentence tru e in 
TV has a mode l whic h i s not ^-universa l an d hence no t /^-extendible . Thi s implie s 
that ever y submode l o f N o f size a t mos t k'  i s not /c-extendible , whic h yield s the 
desired contradiction . K 

PROOF O F THEORE M 2.3 . W e show that th e complement o f Uk i s definable in 
least fixed point logic , which is sufficient sinc e the language is closed under negation . 
In fact , i t is defined b y a purely universa l sentence . Th e main ide a is to show tha t 
for al l A, A qLU k iff either card(A)  <  k — 1  or for all proper k  —  1-tuples a  C A, a 
is not k,  ra-universal  fo r some ra  G  u>. Equivalently, ever y prope r k  — 1-tupl e has 
finite rank . Thi s follow s easil y fro m th e following sequenc e of observations. 

1. Fo r all A, A  i s fc-universal iff there i s a proper k  —  1-tuple a C A suc h tha t 
a is fc-universal in A. 

2. Fo r all A, an d every prope r k  — 1-tuple a  C A, a  is /c-universal i n A if f a is 
/c, m-universal i n A, for all ra G  co. 

3. Fo r ever y A  an d prope r k  —  1-tuple a,  i f a  ha s ran k ra +  1  in A , the n 
there is some set S C  { 1 , . . . ,  k — 1} and formula <p(xi, ... ,  xk) =  f\i <k

 x i ^ 
xk/\f\ieSE(xi,xk)Af\i(£S^E(xi,xk), suc h that fo r alia7 G  A, HA \=  (p(aa'), 
then Ho!  has rank <  ra. 

Observations 1  and 2 essentially follo w immediatel y fro m th e definitions. Ob -
servation 3  may be verified b y considering the /c-extendible models . 

The abov e condition s yiel d an easy inductiv e definitio n o f all the proper k  — 1-
tuples tha t ar e not /c-universal. Cal l a formula o f the form of tp above a  k-extension 
formula. Le t y?i,.. . ,<pt  be the set of A;-extension formulas . B y observation 3 , a 
proper k  —  1-tuple a  has rank 0  iff there i s some ^-extensio n formul a ip  such tha t 
there i s no o! such tha t A  f = ip(aa') m, and a  has rank <  ra +  1  iff ther e i s som e 
fc-extension formula ip  such tha t fo r all a7, if ̂ 4 . f= <p(aa'), the n aa'  has rank <  ra. 

We now show how to express thi s definitio n b y a least fixed  poin t formula . Le t 
0 (# i , . . . ,Xk-i)  b e the following formula : 

\J Xi  =Xj V  V Vx k(-^(ps(xxk) V  V R(x u... ,Xj-i,Xj+ u... ,x k))-
i<j<k—l s<t  j<k 

R appear s positivel y in the formula, s o that 9  defines an inductive operato r on each 
graph G , 9 G P 0» tha t map s k  —  1-ary relations P  t o k  —  1-ary relations 0 G ( P ) . 

Let 6 ^ =  e<?(0) , an d let 6 £ + 1 =  6 G ( 0 g ) . I f 6 £ + 1 =  Og , then 9 g i s a fixed 
point o f the operator. I n fact , i t i s the leas t fixed  point , whic h w e denote 6 g \ 
Observe tha t fo r all proper k  — 1-tuples a,ae 0 ^ + 1 — @G ^  ^e  ran k o f a is n. By 
the abov e observation , G  is /c-universa l if f 0^ =  A h~l. Therefore , th e followin g 
formula define s th e class of graphs tha t ar e not in Uk. 

Vxi. ..Xfc_ i \J  xi  =Xj  W x i ...Xk-iQ^ixi,...  ,Xfc_i ) 
i<j<k-l 

This complete s the proof. • 

P R O O F O F THEORE M 2.4 . Le t k  >  4. We construct G  as follows. Le t V  b e the 
set of binary sequences of length /c , that is , V is the set of 0,1-valued function s wit h 
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domain { 1 , . . . ,  k}. Fo r eac h 1  < i  <  k,  le t Vi  = V  x  {i}  an d le t U  =  Ui<i</c ^- ^ 
is the se t o f vertices o f the grap h G . Th e edg e relation E 1 of G is defined a s follows : 

E((f,i), {9,3))  — (i*  i  A  /(j) =  5 « ) . 

We proceed t o verif y tha t G  satisfie s th e condition s o f the theorem . 
First w e show that G  is ^-universal. Le t H  b e an arbitrar y graph . W e describe 

a winnin g strateg y fo r th e Duplicato r i n th e 3 fc-game fro m H  t o G . A t eac h roun d 
the Duplicator plays so as to pebble at mos t one element o f each Vi . We may suppos e 
without los s o f generalit y tha t al l k  pebble s ar e o n th e boar d a t roun d 5 , that th e 
Duplicator ha s played fa  o n a n elemen t o f V* , and tha t th e ma p fro m th e element s 
pebbled i n H  t o the correspondin g element s pebble d i n G is a partial isomorphism . 
Suppose th e Spoile r play s aj  ont o a n elemen t b  G H a t roun d s  + 1  and le t X  b e 
the se t o f i  suc h tha t ther e i s a n edg e betwee n b  and th e verte x o f H  pebble d b y 
ai. Le t (/; , i)  b e the verte x o f G pebbled b y fa  a t roun d s.  W e must sho w tha t th e 
Duplicator ma y pla y (3j  a t roun d s  + 1  onto a  verte x (# , j) G  Vj suc h tha t fo r al l 
1 < i < f c , 

% i ) , ( / i , i ) ) ^ i e x . 
It i s clear that (# , j) satisfie s thi s condition when g is defined a s follows: g(i)  =  fi(j), 
if i  G  X; g(i)  —  1 — fi(j),  \ii  £X.  Thi s complete s th e proo f tha t G  i s /c-universal . 

Let H  C  G , an d suppose , fo r reductio,  tha t i f i s /c-extendible . I t i s eas y t o 
verify tha t an y grap h H  i s ^-extendibl e if f fo r al l j-tuple s a  i n H , j  <  fc,  a  i s A:-
universal i n if . T o establis h th e contradiction , w e sho w tha t ther e ar e a\,a 2 G  if 
such tha t (ai,<22 ) i s no t fc-universal  i n G , whic h immediatel y implie s tha t (ai,a2 ) 
is no t fc-universal  i n H  either . 

The cardinalit y o f any /c-extendibl e grap h i s >  k  + 1 , so there i s an I  < k  suc h 
that H  contain s tw o vertices , (/i,Z) , (/2>0> m  ^ - Le t it / =  { j |  j ^  /  an d fi(j)  ^ 
f2(j)} an d le t w"  =  {j  \  j ^  I  and / ^ j ) =  f 2(j)}. Le t w  =  u/ , i f \w'\  <  \w'% 
and le t w  =  w" , otherwise . Observ e tha t |iu|<(f c —  l) /2 , whic h i s <  k  —  2 for al l 
/c >  4 . W e no w sho w tha t (/i,Z) , (/2>0 i s no t fc, |iu| +  1-universa l i n G . Suppos e 
that u ? = w f. Le t 0 (# i , . . . ,  #1^1+3) = 

/ \ Xi^XjA  / \ (E(xi,Xi ) A-iJ5(a;2,a;i) ) A  / \ E(x uXj). 
l<i<j<|H+3 3<2<M+ 3 3<i<j<M+ 3 

(Note tha t |i/; | -f 3  <  A: , since k  >  4. ) Observ e tha t fo r an y \w\  -f- 3-tupl e a  — 
( a i , . . . ,0^1+3 ) suc h tha t a\  —  (/i,Z) an d a 2 =  (/2>0 > ^  H 1 ^(^)- I f w e le t 

(^(xi,x2) =  =kr 3 . . .X |w | + 3 ^(x i , . . . ,0:1^1+3) , 

then i t follows tha t G  ^  <p((fi,l),  (/2,0) - Therefor e ((/i,Z) , ( /2 ,0) i s not fc, M +  1-
universal i n G . Th e argumen t fo r W  = w"  i s similar . • 

The abov e constructio n ma y b e extende d t o arbitrar y finite  relationa l signa -
tures. 

P R O O F O F THEORE M 2.5 . Le t k  >  6. Fo r al l n  >  4fc , we construc t graph s G n 

such that : 
1. G n i s ^-universal . 
2. Fo r al l H  C  G n , i f i f i s /c-universal , the n th e diamete r o f H  i s >  |_( ^ — 

l ) / 2 j / ( f c - l ) . 
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(Recall tha t th e diamete r o f a  grap h i s th e maximu m distanc e betwee n an y tw o 
vertices i f i t i s connected , an d u)  otherwise. I t i s an eas y exercis e t o sho w tha t fo r 
k >  3, every minima l fc-universal  graph i s connected.) Thi s immediatel y yield s th e 
fact tha t ther e are minimal ^-universa l model s of arbitarily larg e finite diameter . I t 
is easy to check that th e property o f having finite diamete r =  d  is expressible i n L s, 
which implie s tha t an y tw o graphs wit h differen t diameter s ar e L fc-inequivalent. 

The graph s G n ar e based o n a  modificatio n o f the constructio n fro m th e proo f 
of Theorem 3 . Le t V  b e the se t o f functions fro m th e interva l {—(k  — 2 ) , . .. ,  k — 2} 
into {0,1} . Fo r eac h ra,0 <  m  <  n  -  1 , le t V m =  {0,1 } x  V  x  {m} . Th e se t o f 
vertices o f G n i s [j^Vm-  Th e edg e relatio n o n G n i s define d a s follows . Fo r al l 
m,m', a  G  Vm,af G  Vm>, if m  =  vnl  or k  <  m -  m!  <  n-k(mod n) , then ->E(a,a'). 
If0<m-m'<k- \{mod  n) , and a  = (6 , /, m), a! = (6\  f,  ra'),  wit h 6,8'  G  {0,1} 
and / , / ' G  V,  the n E(a,a')  if f f(m  -  ra')  =  / ( ra ' -  ra).  (Here , subtractio n i s 
modulo n.)  Finally , i f ra  -  ra'  =  k  -  \{mod  ra),  the n E(a,a')  if f 6  =  1 . I n thi s 
case, eac h a  G  Vm i s eithe r adjacen t t o ever y verte x i n V m

f o r t o non e o f them . I f 
m' =  m  +  |_( n - 1)/2J , the n th e distanc e d(a,a f) >  [(n  -  l)/2\/(k  -  1) . Observ e 
also that fo r al l /  <  n  — 1, there i s an automorphism o f Gn takin g each Vm  to Vm+i> 
(All indices ar e modulo  n.) 

First w e show that G n i s ^-universal. Le t G'  b e an arbitary graph . I t suffice s t o 
prove tha t th e D  wins the 3 fc-game fro m G'  t o G n. B y a n argumen t simila r t o th e 
one given in the proof o f Theorem 3 , it i s easy to see that th e D  can play so that i n 
each round i  <  k,  sh e plays a  pebble on a  vertex i n V* . We now argue b y inductio n 
that i n eac h subsequen t roun d j  >  k,  sh e ca n maintai n th e followin g condition : 
there i s som e /  <  n  suc h tha t ther e i s exactly on e pebbl e o n eac h Vm,  fo r m  suc h 
that 0  <  m  —  I  < k  —  \{mod  n).  Th e basi s ste p i s already take n car e of . Suppos e 
that i n roun d j , th e D  ha s a  singl e pebbl e i n eac h verte x se t VJ,.. . ,  Vi+(k-i)' W e 
consider tw o cases . One , th e S  replays th e pebbl e a ; whos e pai r fa  i n G n i s on a n 
element o f V\ . I t i s easy to verif y tha t th e D  can respon d b y playing fa  o n a  verte x 
in Vi+k>  Observ e tha t th e D' s pebble s ar e now on VJ+i,.. . ,  Vi+k, as desired . Two , 
the S  replays an y othe r pebbl e a*/ , whos e pai r fa'  i s on som e elemen t o f Vy,I  ^  V. 
The D  ca n respon d b y replayin g th e pebbl e o n som e othe r elemen t o f Vi>.  Again, 
that thi s i s possible essentiall y follow s fro m th e proo f o f Theorem 3 . 

Next we argue that an y ^-universal H  C  Gn ha s diameter >  [(n-l)/2\/(k-l). 
In particular , i t i s sufficient t o prov e H  mus t contai n a  verte x fro m eac h V m,m < 
n —  1 . Le t A  b e an y fc-extendible  graph . Th e argumen t proceed s b y establishin g 
that, i n the 3 fc-game fro m A  t o H.  th e S  can eventually force the D to play a  pebbl e 
on a  vertex i n eac h V m f l H. I f V m H  H =  0 , fo r som e m , the n th e D  loses . 

In round s 1  through fc,  the S  play s o n a  fc-clique in A.  Fo r ever y fc-clique  i n 
Gn, an d henc e als o in if , ther e i s an m  <  n —  1  such tha t eac h V m', 0  <m'  —  m< 
k —  l(mod  n) , contain s exactl y on e elemen t fro m th e clique . Therefore , afte r k 
rounds, th e D  mus t hav e a  singl e pebbl e o n each of Vm,..., V m+(k-i), fo r som e m. 
It suffice s t o sho w tha t th e S  can forc e th e D  t o pla y s o tha t exactl y on e pebbl e 
occupies a  verte x i n eac h se t V m+i,. •  •  , Kn+fc, sinc e b y iteratin g thi s strategy , h e 
can forc e th e D  t o pla y ont o eac h V\ . 

To simplif y th e notation , w e assum e m  =  0  and tha t eac h pebbl e fa,0 <  i  < 
k -  1 , i s o n a  verte x i n V{.  Le t hi  =  ( ^ , / i , i ) , ^ G  {0,1}, /; G  V, b e th e elemen t 
pebbled b y fa.  I n round k  + 1 , the S  replays pebble a o an d place s i t o n a n elemen t 
a G  A  suc h tha t E(a,a\)  an d fo r i  G  {2, . . . ,  k -  1} , E(a,OLi)  if f (>i  =  0 . (Her e 
we abus e notatio n an d us e ctj  t o refe r als o t o th e elemen t o n whic h th e pebbl e i s 
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located.) Sinc e a o an d ot\  ar e no w adjacen t i n A,  th e D  ha s t o pla y (3Q  on som e 
element i n a  se t V/ , for ~(k  —  2)<l< k(mod  n) , s o that i t i s adjacent t o (3\. 

By th e conditio n tha t fo r i  £  {2 , . . . ,  k — 1} , E(a, a* ) if f 6i  =  0 , th e D  canno t 
play i n Vi , fo r —  (fc — 3 ) <  Z  <  0(mod  n).  I f th e D  play s th e pebbl e i n Vfc , the n 
the S  has succeeded . Suppos e tha t th e D  play s /3 0 on a n elemen t o f V_(fc_ 2). W e 
now claim tha t ther e i s no 3-clique i n G n [H]  each o f whose elements i s adjacent t o 
both /3/e- i an d /3Q.  This i s because (i)  th e only elements o f G n tha t ar e adjacen t t o 
vertices i n bot h V^.^-2)  an d Vk-i  ar e members o f either V b or Vi , and (ii)  ther e i s 
no 3-cliqu e i n V b U Vi. Thu s th e S  can forc e a  win i n 3  moves by replayin g pebble s 
a i , ai2 , #3 so that the y occup y a  3-clique eac h of whose elements ar e adjacen t t o ao 
and a/c_i . 

The remainin g cas e occur s whe n th e D  play s /? o o n a  verte x i n Vj , fo r 1  < 
j <  k  —  1 . Withou t los s o f generality , le t j  =  A : —  2 , an d le t 6 ' b e th e verte x 
now occupie d b y (3Q.  Le t u? ' =  {i  |  1  <  z  <  3  and E{bk-2,h)  if f E{b',bi)}  an d 
i//7 =  { i |  1 < i  <  3  and E(bk-2^i)  if f -•#(&' , &i)}. Agai n without los s of generality, 
suppose tha t \w'\  >  2  an d w f =  {1,2} . B y exploitin g th e fac t tha t /? o an d fik-2 
both occup y vertice s i n Vfc_2 , the S  can no w forc e th e D  to pla y # 2 onto V^ . 

The S  firs t place s 0: 2 o n a  verte x suc h tha t fo r al l j , 1  <  j  <  k  —  1, j ^  2 , 
E(a2,aj), an d -i£7(a2,ao) . I t i s eas y t o se e tha t th e D  mus t pu t # 2 o n eithe r V b 
or Vfc . I n th e firs t case , th e S  respond s b y playin g a i s o tha t fo r al l j , 2  <  j  < 
k —  1 , E(a\,aj)  an d -\E(ai,ao) - Th e D  no w lose s immediately . Th e onl y vertice s 
adjacent t o eac h (3j,2  <  j  <  k  —  1 , ar e element s o f V i o r V2 , but fo r eac h 6  G Vi 
or V2 , E(b,flk-2) if f E(b,(3o).  I n the secon d case , the S  then play s a 0 ont o a  verte x 
such tha t fo r al l j , 1  < j  <  k  —  1 , -E(a:o , OJJ). Thi s compel s th e D  t o pla y (3o  i n V2, 
so tha t ther e i s a  no w a  singl e pebbl e i n eac h Vi , . . . ,  Vfc, as desired . • 
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