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ABSTRACT. W e prove that fo r an y superatomic Boolea n Algebr a o f cardinalit y 
> ^ 4 ther e i s a n automorphis m movin g uncountabl y man y atoms . Similarl y 
for large r cardinals . Eac h o f thes e result s ar e essentiall y bes t possible . 

Annotated Conten t 

§0 Introductio n 

§1 Superatomi c Boolea n algebra s hav e nontrivia l automorphism s 

[We prove tha t i f B  i s a  superatomi c Boolea n Algebra , the n i t ha s a  quit e 
nontrivial automorphism ; specifically , i f B is of cardinalit y >  ^ (c r ) , the n B 
has a n automorphis m movin g >  a  atoms . W e the n discus s ho w muc h w e 
can weake n th e superatomicit y assumptions. ] 

§2 Constructin g counterexample s 

[Under som e assumptions , w e construc t example s o f superatomi c Boolea n 
Algebras fo r whic h ever y automorphis m move s fe w atoms. ] 

§3 Sufficien t condition s fo r th e constructio n assumption s 

[We dea l wit h th e assumption s o f th e constructio n i n § 2 deducing tha t i n 
many cases , eve n usually , th e boun d i n § 1 is essentially bes t possible. ] 

§4 O n Independenc e 

[We show e.g . tha t ^ ( a ) consistentl y ca n b e improved. ] 
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108 SAHARO N SHELA H 

§0 Introductio n 

We show tha t an y superatomic Boolea n Algebr a has an automorphism movin g 
uncountably man y atoms if it is large enough, reall y >  ^4; similarly replacin g K Q by 
0; (an automorphism move s an atom i f its image i s not itself). W e then sho w tha t 
those result s ar e essentially bes t possible . O f course, w e can express thos e result s 
in topologica l terms . Se e [M] and [Ml] on Boolean Algebra . 
Rubin an d Koppleberg [RuKoOl ] hav e proved : i f <0>A + + 2 A =  A + + , then ther e is 
a superatomi c Boolea n Algebr a B  of cardinality A + + with A  atoms an d exactly A+ 

automorphisms answerin g a  question 80 of Monk [M2] , i.e. in a preliminary versio n 
asking for a consistent example . 
By [S h 641, §1] , provably i n ZFC, there i s a superatomic Boolea n Algebr a B  such 
that |Aut(B) | <  |End(B) | answerin g questio n 9 6 of Monk [M2 , p.291] . 
By [S h 641, §2] , provably i n ZFC, ther e i s a superatomic Boolea n Algebr a B  such 
that |Aut(B) | <  |B| , answering Proble m 8 0 of [M2 , p.291] . I n fact , i f // i s stron g 
limit, / i > cf(/i ) =  K o and A = Min{ A :  2A > 2 M}, then ther e i s a Boolean Algebr a 
B wit h 2 ^ atoms, 2 A elements an d every automorphis m o f B moves <  \i  atom s so 
|Aut(B)| < 2 ^ < 2 \ 

Notation 

0.1 DEFINITION . 1 ) For a Boolea n Algebr a B , its operatio n ar e denoted b y 
xny,xUy,x —  y,—x and 0B is its zero. Le t us define the ideal id a(B) b y induction: 

ido(B) =  {0} 

id/3(B) =  {x\  U  . . . U xn :  n <  uo  and X£  G B for £ = 1 , . . . , n suc h tha t fo r 
some a  <  P and for each £  G { 1 , . . . , n}  th e element xe/id a(B) i s an ato m 
of M/id a(B) o r xe G  id a(B)}. 

Hence for limit 6  we have 

id,(B) = ( J id^(B) . 

Letidoo(B) = U id a(B). 
a 

2 ) F o r x G idoo(B) , let rk(x,B) =  Mm{a  :  x e  id a + i (B)} . 
3) B is superatomic i f B = idoo(B ) an d dp(B) i s the ordinal a  suc h tha t B/id a(B) 
is a  finite  Boolea n Algebr a (s o B = id a + i (B)) . 
4) For a Boolean Algebr a B and x G  B, let B \  x be B restricted to {y G  B : y <B x}; 
clearly B  \  x i s a Boolean Algebra . 
5) Defin e b y induction o n n = 1 , 2 , . . . : 

3 1 ( < ^ ) =  2<^ = ^ 2 " 

nn+1(<#) =  2^(<*) 
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MOVING ATOM S 109 

§1 Superatomi c Boolea n Algebra s hav e nontrivia l automorphism s 

1.1 THEOREM . Assume 

(a) 1  i s a  superatomic  Boolean  Algebra  with  no  automorphism  moving  >  0 
atoms; that  is,  if  TT  is  an  automorphism  ofM  then 
{x :  x G  atom(M)  and  TT(X)  ^ x}  is  a  set  of  cardinality  <  0 

(b) 0  regular  uncountable. 

Then |B | < 3 4 (< 0) , so  if  6  = a+  then  |B | < n 4(cr). 

REMARK. I f |B | is close to H 4(< #) , the proo f say s much o n the structur e o f B. 

PROOF. Le t B  b e th e Boolea n algebr a satisfyin g claus e (a ) an d le t fi  b e th e 
number o f atom s o f B. Withou t los s o f generalit y 

lEli B  i s a  Boolea n Algebr a o f subset s o f fi  an d it s atom s ar e th e singleton s 
{a}, a  <  fi;  soM \=  a  — 6  = c  iff a\b  =  c. 

Let /  = : [n] <e H  B =  {x  G  B :  \x\ <  6>}, clearly /  i s an idea l o f B and le t 
Y = : {x  :  x G  B  and x/I  i s an ato m o f B/I}. 
We shal l prov e (afte r som e preliminar y things ) that : 

K2 i f x  G  Y the n |x | <  3 2 (< 0) , i.e . 2^1 

We shal l sa y tha t a  se t a  C  JJL  i s B-autonomous i f (\fy  G  I)(y H  a G  B); i n thi s case 
we let B  r  a = B fi 2P{a)\  this notatio n i s compatible wit h 0.1(4) . 
Clearly 

0 i th e famil y o f B-autonomou s subset s o f \±.  i s a  Boolea n rin g an d eve n a 
Boolean algebr a o f subset s o f /i  (i.e . close d unde r a  n  b,  a U  6, a\b) an d 
include I  an d eve n B 

02 f° r a  B-autonomou s se t a, B f  a  =  {x  G  B :  x  C  a } i s a  Boolea n rin g o f 
subsets o f a  which includ e {{a}  :  a G  a}. 

Also 

if ao , ai ar e B-autonomou s subset s o f /x , x G  Y, ao C  x , a\ C  x  an d B  f  ao = 
B f  ai ove r B  \  {a\  D  02) =  B  fi ^ ( a i H  02), the n ther e i s a n automorphis m 
ft of B such that ft maps ao to a i ,ai t o ao and a  G  fi\ao\ai = > ft({a}) =  {a} . 

[Why? Le t g  be a n isomorphis m fro m B  \  ao onto B  \  ai ove r B  \  (ao H ai); 
now w e defin e a  permutatio n ft  o f atom(B ) =  {{a } :  a <  /i} ; let a E a o = > 
ft({a}) =  a({a}),ft(a({a}) ) =  {a}  an d a  G  u\ao\ai = > ft({ce}) =  {a} , b y 
the demand s o n g  clearly ft  i s a  wel l define d permutatio n o f atom(B) . No w 
ft can b e naturall y extende d t o a n automorphis m ft  o f «^(// ) a s a  Boolea n 
Algebra, i t i s o f orde r two . W e hav e t o chec k tha t ft  map s B  ont o itself ; 
even int o itsel f suffic e (becaus e o f "orde r two") . Clearl y h(x)  =  x  an d 
ft r  (B r  (/J>\x)) i s the identity . S o i t i s enough t o chec k that : ft  \  (B \  x) i s 
an automorphism o f B \  x. Bu t In  ( B f  x) i s a maximal idea l of the Boolea n 
Algebra B  \  x (a s x G  V) henc e i t i s enough to check tha t ft  maps In  ( B \  x) 
into itself . A s b  G J  n ( B f  x) = > 6 = (6\a 0 \ai) U  (6 n a 0 H  ax) U  (b n a0 \a i) U 
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110 SAHARON SHELA H 

(b fi ai\ao), an d al l fou r ar e i n / ; clearl y i t i s enough t o chec k th e followin g 
statements: b  G I k  b  C x\a 0\ai =>  h(b)  G  /, an d £<2kbeIkbC 
x f l ai\ai-z =>  h(b)  G  I an d lastl y b  e I  &  b  C a 0 D  ax ^  h(b)  G  L Th e 
second implicatio n hold s b y the choic e of g, the firs t a s h(b)  =  b  in this cas e 
and th e las t on e a s h  \  {{»} :  ot G ao H a±} is the identit y s o again ft(b) =  6. ] 

(8)4 i f b C /i , |6| < 2< ^ then fo r some B-autonomous se t c  we have b C c  C /i , |c| < 
2<*. 
[Why? Fin d c  satisfying 6  C c  C /i, |c| <  2 <6? such that (V y G [c]<0)[(3^)(?/ C 
z e  I)  -^  (3z  C  c)( y C  2 : G /)], jus t clos e 0  time s recallin g 0  i s regular . 
Now i f y  G  I  the n |y | <  9  henc e y  O c G  [c] <<9 s o ther e i s z  suc h tha t 
y H c C  z  e  I  &  z C c ; henc e yp\c  =  yr)zel.  Thi s prove s tha t c  i s 
B-autonomous a s required. ] 

Now we return t o th e promise d Kl 2. 

P R O O F O F Kl2. Towar d contradictio n assum e x  G  Y an d \x\  >  3 2 (< 0) ; le t 
oti G  x  fo r i  <  Q 2 ( < #)) + b e pairwis e distinct , le t ai  b e a  B-autonomou s se t 
of cardinalit y <  2 <e suc h tha t {ai+ £ :  e  <  2 <e} C  a * (exists 1 b y 04) , an d 
without los s o f generalit y a^ C  x  (jus t us e a ^ D  x, i t i s a s require d b y ®i) . Fo r 
some clu b C  o f (H 2(< #)) + , w e hav e i  <  j  G  C = > a ^ (1 {aj+e :  ^ 
hence K  j  G  C 4 > |aj\ a*l >  2 <e. No w J  n  .3*(a* ) ha s cardinalit y <  |a;| <6? <  2 <e 

(as #  i s regular ) henc e B  \  cti has cardinalit y <  2 <e. Henc e ther e ar e a  stationar y 
S C{5  <  p 2 ( < 0)) + :  cf(<J) =  (2 <e)+} an d a * suc h tha t ie  S  k  j  G  S k  i^ 
j = > a^ D <2j = a * (th e A-syste m lemma) . Als o th e numbe r o f isomorphis m type s 
of ( B \  di,  {a})a € a* i s a t mos t <  3 2 (< 9)  henc e fo r som e i  <  j  fro m C  P i S w e 
have M  \  cii  = B  \  ctj  over B  fa* , bu t \aj\cii\  >  2 <e >  9  hence b y (8) 3 there i s a n 
automorphism h  o f B which move s >  2 <e atoms , contradiction . 
Next 

^3 \Y/I\  <2 3(<9). 
[Why? I f not , w e ca n fin d X ; G  Y  fo r i  <  (2s(<  0))+  suc h tha t i  ^ 
j =4 > Xi/I ^  Xj/7 . A s \xi\  <  3 2 (< 0 ) b y IEI2 , by th e A-syste m lemm a fo r 
some unbounde d A  C  Qs( < 0)) + th e se t (x ^ :  i G  A) i s a  A-syste m henc e 
without los s o f generality (xi  :  i G  A) ar e pairwise disjoin t (b y substruction ; 
not reall y needed just clearer) . A s B \  Xi is a Boolean Algebra of cardinalit y 
< 2 2(< 9)  (a s in^(xi)  i s a maximal idea l of B \  x{ an d In^(xi)  C  [#»]< * 
and |xi | <  3 2 (< 0 ) b y Kl 2) ther e ar e a t mos t ^ls( <d) isomorphis m type s o f 
B \  X{.  S o fo r som e i  ^  j  i n A  w e hav e B  \  x\  =  B  f  x^ , s o a s i n th e 
proof o f ®3 there i s an automorphis m h  of B mapping X f to Xj , x ^ to x\  an d 
/i f  (B \  (1 B — x^ — Xj)) i s the identit y henc e h  move s >  |X^\XJ | >  9  atom s 
because xi  ^  x 7- mod /. ] 

Choose a  se t {x a :  a  <  a*  <  ^ ( < 9)}  o f representative s o f Y/I  an d le t x * = 

( J x a , s o x* C  /1 , |x*| <  3 3 (< 6>) . 
a<a* 
Define J  -  { a G  B  :  a n x* =  0} . 

^4 J C L 
[Why? I f not , ther e i s x  G  J\I suc h tha t x/I  i s a n ato m o f B/ J s o x / J G 

we ca n us e als o { a ^ £ :  £ <  6} 
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MOVING ATOM S 111 

{xa/I :  a  <  a*},  s o fo r som e a,x/I  =  x a/I henc e | x \x a | <  9  henc e 
\x fi xa\ =  9  hence x  n  x* ^ 0  hence x  ^  J , a  contradiction. ] 

Define a n equivalenc e relatio n < f o n B  :  y\<§y2  iff 2/ 1 H x* —  ^ H x *. Clearl y < ? 
has <  2' x*l equivalenc e classe s an d 2^* ' <  3 4 (< 0) ; als o y\£y2  — * V\\V2  £  J,  i n 
fact y  1^1/2 <-> (2/1A2/ 2 £  J" ) ( see ^ ' s definition) . Choos e a  se t o f representative s 
{y1 :  7 <  7* } fo r < ? so |7* | <  3 4 (< 9)  an d le t B * b e th e subalgebr a o f B  whic h 
{2/7 :  7  <  7* } generates . S o |B* | <  3 4 (< 9)  and , bein g superatomic , th e numbe r 
of ultrafilter s o f B* is also <  3 4 (< 0) . Nex t B  i s generated b y J  U  B* a s fo r y  G  B 
there i s 7  suc h tha t y£'y 1 an d ?/ 7 G  B*, y  —  y1 G  J, y7 —  y G  J henc e y  G  (J U  B*). 
For D  a n ultrafilte r o f B * le t Z D =  {a  <  \i :  (\fy G  B*)(a ey  <^y  e  D)}. 
Clearly 

IEI5 fo r ever y a  G  /i\x* ther e i s a  uniqu e ultrafilte r D  =  D[a]  o n B * suc h tha t 
a G  ZJJ  (and th e numbe r o f such ultrafilter s i s <  H 4(< 9)). 

Now 

K6 ^<2 A(<9). 
[Why? Assum e tha t not . B y (g) 4 for eac h i  <  JJL  we can find a  B-autonomou s 
di such tha t \a,i\  <  2 <e an d [z,z- f 2 <0) C  a^; le t a ^ =  {/̂ , £ :  e <  Si}  wit h /3 iiS 

increasing with e.  Clearl y fo r som e unbounded A  C  (3 4(< #) ) + fo r al l i  G  A 
the followin g doe s no t depen d o n i  :  Ei and D[A,e ] f° r £  < ^  (us e KI5) , an d 
{u G  [^]<^ :  {/?i,e :  i G  w} G / }, and fo r C  < 2 <e, £  = e(i,  C ) =  th e uniqu e e 
such that Pi^ £ =  i  + ( an d withou t los s o f generalit y for j  <  i  in  A,  dj  C\[i,  i  + 
2<e) =  0 . B y th e A-syste m lemm a withou t los s o f generalit y for som e a * 
we have: fo r i  <  j i n A,  ai  P ) aj =  a* . S o by (g> i the se t a * i s B-autonomou s 
and als o cii\a*  i s so we can us e cii\a* , s o without los s o f generalit y for i  ^  j 
in A , cii n ^  =  0  and a s |x* | <  3 4 (< 9)  clearl y withou t los s o f generalit y i G 
A => ai f l x* = 0 . S o for i  ^  j  in  A  ther e i s a  permutatio n g  of orde r tw o of 
\i interchangin g a^a^  tha t i s g{Pi, £) =  p jte,g(Pjl£) =  ft, £ an d g{{0})  =  / ? 
for / ? G  fi\ai\aj.  Clearl y g  can b e extended t o a n automorphis m g  o f &(/JL) 

and #  [  B* i s th e identit y (th e proo f i s lik e tha t proo f o f (8) 3 using " B i s 
generated b y J u l * " ) . S o we get a  contradiction. ] 

So \J\  <  \[fi]< e\ = fjL <e < P 4 ( < 9)) <e =  3 4 (< 9)  an d |B* | <  \M/S\  <  3 4 (< 9)  s o 
as B i s generated b y J  U  B* togethe r w e ge t th e desire d conclusion . Di. i 

1.2 DISCUSSION . 1 ) W e ca n weake n th e assumptio n " B i s superatomic " t o 
"B/JT<0[B] i s superatomic" , where : fo r a  Boolea n Algebr a B  an d infinit e cardina l 
9 w e defin e 7<^[B ] =  {x  G  B :  B  \  x  ha s (algebraic ) densit y <  9}  (se e a  littl e i n 
[Sh 397 , §1]) . Fo r B  superatomi c thi s i s th e /  i n th e proo f o f 1. 1 o n suc h Boolea n 
Algebras. 
[We can choos e a  maxima l se t Z  o f pairwis e disjoin t element s o f {x  G  B :  x ^  OB : 
and 7r( B \  x)  <  9},  no w withou t los s o f generalit y B i s a  Boolea n subalgebr a o f 
«^(/i) suc h tha t x  G  Z = > x G  [/J]<0, an d continu e a s i n th e proo f o f 1.1. ] 
2) Wha t i f w e jus t assum e "B//<6>[B ] i s atomic" ? On e poin t i n th e proo f ma y 
fail: th e numbe r o f ultrafilter s o f B * i s no t necessaril y <  |B* | <  3 4 (< 9)  bu t 
is <  2l B*l <  2 2 m <  3 5(<*), s o w e shoul d replac e n 4 (< 9)  b y H 5(< 9)  i n th e 
conclusion. 
3) W e may abov e thin k o f replacing u 7r(B f  x), algebrai c density , i s <  6"  b y "d( B f 
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112 SAHARON SHELA H 

x), topologica l density , i s <  0 " (recallin g tha t an y Boolea n Algebr a B ' ca n be 
embedded int o a  Boolean subalgebr a o f ^(d(B' ) ) . 

1.3 DISCUSSION . 1 ) We can adap t 2. 1 from § 2 below t o thi s case , i.e . sho w 
that ^ ( < 6)  canno t b e improve d i n general . E.g . le t {d^  \ Q < \  —  2M) be an 
independent famil y o f subsets o f \i (s o any finite  Boolea n combinatio n o f them i s 
infinite) an d let B* be the Boolean subalgebr a o f <^(/i) generate d b y {da :  a <  A = 
2^} U {{i} :  i <  / / } . W e let A' = 2 A, let {c * : 7 <  A' } be an independent famil y of 
subsets o f A and let X* —  M  X a U  {x* :  7 < A'} . We ignore si 1 (an d omit claus e 

(k) o f the assumption) an d among th e generators o f B, clause (i) , (ii) remains and 

(iiiy c ^ = {x  G  X: fo r some a  G  d  ̂we have x  e  X a}U {x * : ( G c * , 7 € [/i , A7)}. 

2) W e may consider replacin g automorphis m b y monomorphisms. Th e problem i s 
only i n the proof o f 2.1, " / map s J\  int o J i " doe s no t seem to follow . 

§2 Const ruct in g counterexample s 

We woul d lik e t o sho w tha t th e boun d fro m § 1 is essentiall y bes t possible . 
The constructio n (i n 2.1) is closely relate d t o the proof i n §1 , but we need variou s 
assumptions. S o i n particula r n  her e correspond s t o sup{| B \  a\  :  a  G  Y} < 
^ ( < 0)  there, \i  here correspond s t o \Y\  <  ^3(< 9)  there, A ' here correspond s t o 
|atom(B)| <  Hi(< 6) there. W e shall dea l wit h the m later . 

2.1 LEMMA . Assume 

(a) 0  < K,  < n <  A' < A and 0 = c f (0) >  Ni 

(b) there  is  an  si C  [/x] K° almost  disjoint  (i.e.  A  ^  B  G  si =>  \A  fl B\ <  H0) 
such that  (W l G [fi]e)(3B G  si)(B C * A) and  \si\ =  /x 

(c) B  = (B a : a <  /x > 

(d) B a z s a superatomic  Boolean  Algebra  with  <  n  atoms  such  that  any  auto-
morphism of  Ba moves  <  6  atoms  and  \B a\ <  A ; moreover  if  C\,C2  G I a 

(see below)  and f is  an isomorphism from  B a f  (1 — c\) onto  B a \  (1 — c<i) 
then 0  > \{x  G  atom(M a) :  x <B a ci o r / (x) ^ x}| 

(e) J a =  {b  G B a :  |{x G atom(BQ) :  2 <  b}\  < 0} is  a maximal ideal  of  Ma 

(/) there  is  an  infinite  set  {a n :  n <  to} of  pairwise distinct  atoms  ofM a such 
that for  every  a  G Ia the  set {n <  uo :  an <  a} is  a finite 

(g) if  a  7 ^ j3 then for  no  aa G  iQ , a^ G  Ip do  we have 

BQ r( lB a - « * ) = % \(l B0-ap) 

(h) B * is a  superatomic Boolean  Algebra 

(i) B * has \i atoms 

(j) B * has A elements 2 

2if ther e i s a tree £F  with <  / i nodes an d >  A  branches ( = maxima l linearl y ordere d subsets ) 
then suc h B * exist s 
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MOVING ATOM S 113 

(k) if  \'  >  [i  then  we  have  x , srf1 satisfying: 
(1) (a)  &/'  C  [A']^ 0 2 5 a  MAD  family  of  cardinality  \  su °h that:  if  TT  is 

a partial 3 permutation  of  \',  Dom(n)  —  \'\Z\, Rang{ir)  =  \'\Z 2 where 
Z =  Z ±UZ2 e  [\'} <e satisfying  A  G  srf' =>  \(A/\K"(A))\Z\  <  H 0, then 
7r has  support  {a  <  X f :  7r(a) ^  a}  of  cardinality  <  0 

(2) (/? ) for  some  ideal  I*  of  B * containing  zdi(B* ) the  Boolean  algebra 
B * / / * is  isomorphic  to  {a  C  x  '•  a  is  finite or  co-finite};  so  x  <  |B* | =  A 
follows. 

Then we  can  find  B  such  that: 

(a) B  is  a  superatomic  Boolean  Algebra 

(/?) B  has  A 7 atoms  and  A  elements 

(7) every  automorphism  #  o / B moves  <  0  atoms;  i.e. 
\{x G  a tom(B ) :  g(x) ^  x}\  <  0. 

P R O O F . Withou t los s o f generalit y B * i s a  Boolea n Algebr a o f subset s o f fi 
with {{a}  :a<  fi}  bein g th e atom s o f B* . I f A ' =  fi  le t ^ ' =  0 , x =  0 , /* =  B* . 

Without los s o f generalit y M a i s a  subalgebr a o f &(X Q) an d th e se t o f atom s 
of M a i s {{x}  :  x G  Xa}. Withou t los s o f generalit y a  ^  f3  => Xa n  Xp  —  0 an d le t 
X =  U{X a :a  <  fj,}. 

If A ' =  p  le t F * =  0  and i f A 7 >  // , le t F * C  B * be such tha t \Y * |  =  x  an d {y/J * : 
y G  F*} i s th e se t o f atom s o f B*/7 * wit h n o repetitions ; withou t los s o f generalit y 

Klo fo r ever y y  G  F * fo r som e a,?/ / id a(B*) i s a n a to m o f B*/ id a (B*) an d 
(Vz)[z < B* 2 / -> ( * e  id a(B*) =  *  G  /* ) ] . 

[Why i s thi s possible ? Fo r eac h y  G  B*\J * le t a  =  a(y)  =:  Min{rk£ * (y -
x) :  x  G  /* } an d choos e x®  exemplifyin g it , s o (y  —  Xy)/ida(W) i s th e unio n o f 
finitely man y atom s o f B*/ id a (B*) , sa y 7/1/id a ( B * ) , . . . , yn / i d a ( B * ) wher e n  >  1 
and withou t los s o f generality yi <© * y.  S o { y i , . . . , y n } canno t b e al l i n / * an d 
there canno t b e tw o yi  G  B*\7*, s o ther e i s a  uniqu e £  — £(*) suc h tha t yt  tf.  j * ^ }et 
x* =  ( 1 —  ?/£(*)) U  Xy. No w { y -  Xy  :  y G  F*} i s a s required. ] 

Let Y  b e suc h tha t F  C  B* , (y/  id rk(yjB*)0$*) :  y G  F) lis t wit h n o repetition s 
{y/ id rk(y,B*) • ' y/idrk(y,B*)(®*) a n ato m o f B*/id r k ( y ) 1*)(B*) an d rk(y,B* ) >  0 } an d 
let D y b e th e ultrafilte r o n B * generate d b y {y}  U  { 1 -  x  :  x  G  B*,rk(x,B* ) < 
rk(y,B*)} fo r eac h i / G 7 . Withou t los s o f generalit y F * C  F . Als o a s W/I* 

is isomorphi c t o th e Boolea n Algebr a o f finite,  co-finit e subset s o f x  clearl y y  G 
Y\Y* = > {? / G  F* :  ?/ -  y  G  id r k (y ; B*)(B*)} i s finite  s o withou t los s o f generalit y i s 
empty fo r y  G  F \ F* (singleto n fo r y  —  F* o f course) , not e tha t i f A ' >  fi  the n F * 
is o f cardinalit y \£#'\  an d withou t los s o f generalit y | F \ F * | =  A . 

Let g  b e a  one-to-on e functio n fro m / i ont o X  an d fo r A  G  ^  (fro m claus e 
(b)) le t {7A,/ c •  k  <  u)}  lis t A  withou t repetition . Le t g*  :  JJL  — • y u b e ^ ( 7 ) = 
the uniqu e a  <  fj,  suc h tha t #(7 ) G  X a . Fo r eac h A  G  «e/ , choos e i f possibl e 
an infinit e u  =  UA  C  a ; suc h tha t (^*(7A,fc ) :  A : G ti ) i s wit h n o repetit ion s an d 
(g*{lA,k) '• k  e  u)  converg e t o som e D y,y =  y A £Y;  tha t is , (V z G  B*)(z e  D y ^+ 
^o >  {A : : g*{jA,k) 4-  z}\. Not e tha t th e onl y cas e u  i s no t wel l defined , i s whe n th e 

3 i . e . 7 r i s on e t o on e suc h t h a t Dom(7r ) C  A  a nd Rang(7r ) C  A 
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set {#*(7A,/C ) :  k e  u}  is  finite.  Why ? A s i n th e justificatio n o f lEl o above, i.e . b y 
the propertie s o f superatomic Boolea n Algebras . Assum e no w (justifie d i n the end ) 

K3i w e have (a[A\  :  A G ^ ,^ wel l defined ) suc h that : 

(1) (i)  a[A]  <  \i  an d a[A]  G  y A 

(2) (ii)  (VzeY)[a[A]  ez^zeD VA] an d 

(3) (Hi)  a[Ax]  =  a[A 2] = > Ax =  A 2. 

For a  <  fji  le t a a b e {#(7,4,/c ) '  k  G  uA} if  A  e  g/,  a[A]  =  a  an d UA  is wel l defined , 
and 0  otherwise . Towar d definin g ou r Boolea n Algebr a le t {x * :  7  G  [/x , A')} b e 
pairwise distinc t element s no t i n X.  Le t gtf"  =  {{fi  +  i :  i e  A}  :  A G  £#'} s o i t i s 
a maxima l almos t disjoin t famil y o f countabl e subset s o f [/x , A'), a s i n claus e (k ) o f 
the assumptio n s o i f / x = A ' then j * " ' =  0  = ^ ' , V  -  / x = 0 , (A' - /x)* ° =  0  = |V* | 
and i f A ' >  / / the n \s/"\  =  \srf'\  =  \  =  1̂ * 1 s o le t (d y :  y e  Y*}  lis t <s/ " with n o 
repetitions. 

Now w e defin e ou r Boolea n Algebr a B . I t i s th e Boolea n Algebr a o f subset s 
of X * =  X  U  {#* :  7 G  [/x, A')} generate d b y th e followin g (recal l tha t a a ma y b e 
empty) (recall tha t X  =  L){X a :  a <  /i}): 

1̂ 2(2) th e set s { a G  Ba :  |a| <  9}U {aUa a :  a e  B a , |a | >  # } when a  <  / / 

(iz) {x; } f o r 7 G [/x,A' ) 

(m) th e set s c y (fo r y  G  F) wher e 

cy = : { x £ l :fo r som e a < / i w e hav e x  G  Xa &  {a}  <B * ?y}U 

{x* :  7 G  [/i, A') an d y  G  F * an d 7  G  d y } . 

Note tha t 

®o W X a P i ap.Xp f i aa ha s a t mos t on e elemen t whe n a  ^  (5 

(ii) X a D  AT^ is 0  (excep t whe n a  —  /?) , 

(m) a a n  0 3 i s finite  (whe n a  7 ^ /3) by ^ / bein g MA D 

(u;) (X a Ua Q)f l (X # U  a^) i s finite  fo r a  ^  / ? < / 1 which hold s b y clause s (i ) + 
(ii) +  (in ) 

(v) if  a <  /i  and y  G F, the n the set (X aUaa)\cy i s finite or the set (X aUaa)r\cy 

is finite. 
[Why? A s a[A]  —  a,  A  G  si implie s tha t (g*(~fA,k)  :  k <  cu)  converg e t o yA 
and eithe r y  G  D VA o r 1 B* - y  G  A,A.] 

Clearly 

(8)1 B  i s a  subalgebr a o f «^(X*) , includin g al l th e singleton s henc e i s atomic ; 
has A ' atoms an d A  elements. 
[Why? Th e leas t trivia l i s x G  X =  |^ J X a = > {#} G B, bu t i f x G  Xa , the n 

{x} i s a n ato m o f Ba henc e b y ® o belongs t o B. ] 

02 for a  <  /i , w e hav e a  G  Ba &  |a | <  #  = > a  G  B &  B  \  a  =  M a \  a  bu t 
a G  B a =>  B a f  a i s superatomic s o {a  G  B a :  |a| <  # } C idoo(B) . 
[Why? Fo r th e first  implicatio n w e shoul d chec k tha t ever y on e o f th e 
generators o f B liste d i n Kb(i) , (ii), (Hi)  above satisfies: it s intersection wit h 
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a belon g t o B Q \  a. Fo r ^ ( n ) thi s i s trivial , fo r ^ ( i ) us e <g>o(i)  —  (iv)  an d 
for ^ ( m ) us e 0o(^) . Th e res t follows. ] 

03 fo r a  <  \i  the se t 1 + = : { a G  B :  a C  X a U  aQ an d |a | <  # } satisfie s 
(1) {%)  i t i s equal t o {a  U 6 : a G B a &  |a | <  0  and 6  C a a i s finite } 

(2) (ii)  i t i s a  maximal idea l o f B  \  (Xa U  a a) 
[Why? Easy . Th e main point concern s (XaUaa)r\(XpUap)  satisfyin g claus e 
(i) whe n i t ha s cardinalit y <  9  this hold s b y <S>o(iv)  an d (X a U  aa) D  cy ha s 
cardinality <  6  or (X a U  aa)\cy ha s cardinalit y <  0  which hold s b y ®o(v).] 

04 a < / i = > I a U a Q G idoo(B ) 
[Why? Firs t X a U  aa G  B b y claus e (i ) o f IEI 2 above, secon d i f X a U  aa £ 
idoo(B) the n b y 0 2 fo r som e ordina l £  we have [a  G M a &  \a\  < 0  => a  G 
id^(B)], henc e b y 0 3 abov e (X a U  aa) i s a n ato m o f B/id^(B ) fo r £  larg e 

enough, henc e X a U  aa belon g t o id^ +i(B), contradiction. ] 

05 fo r a  <  /i, B f  (Xa U  aa) =M a henc e i f a  <  j3 <  UJ  the n fo r n o c a suc h tha t 
ca G  Ba , c a < B X a U  aa , |c a | <  0  and c/ 3 G B,c^ < B Xp U  a ,̂ |c^ | <  0  d o 
we have B  f  (Xa U  aa \ c a ) =  B  [  (X^ U  a p\cp). 
[Why? B y clause s (f ) +  (e ) o f the assumption , th e firs t phras e holds . Th e 
"hence" follow s b y claus e (g ) o f the assumption. ] 

Let J i b e th e idea l o f B generate d b y |^ J J + U  {x* :  7 G  [/x, A')}. 

06(i) J x C  idoo(B ) 

(ii) Ji  C  [X*] <6> i s a  (proper ) ideal . 
[Why? Fo r claus e (i) , note tha t idoo(B ) i s an idea l o f B an d th e generator s 
of J\  ar e i n i t b y 0 4 (fo r X a U  aa tha t i s for th e member s o f /+) an d b y th e 
{#*} being atomi c (fo r 7  G  [/i, A')). Claus e (ii ) i s obvious. ] 

We shal l prov e tha t 

07 B / J i i s isomorphic t o a  homomorphi c imag e o f B*. 

Toward provin g 0 7 le t S  =  {x * :  7 G  [/1, A')} and defin e a  function / i as follows: it s 
domain i s {c y :  y G y } U  {Xa U a Q : a < / i } an d h(c y) —  y , h(Xa U  aa) =  {a} , so / i 
is intoB*. No w 

(*)o (X a U  aa)/Ji i s an ato m o f B / J i 
[why? b y 0 3.] 

(*)i {b/Ji  •  b  G Dom(/i) } i s a  subse t o f B / J i whic h generate s i t 
[why? se e the definition s o f B  an d o f J\  an d b y 03. ] 

(*)2 i f n i <  n  <  u;,mi  <  m  <  co,yo,  • • . ,yn-i G  F i s wit h n o repetition s an d 
ao , . . • , am - i <  \i  i s with n o repetitions , then : 

n—1 m— 1 

in B, r i = : p | c ^ f l Q  (A" a, U aa J -  ( J c y, U  ( J (X ae ( J aa J belong s 
£<ni £<m\  £=ni  £=m\ 

to J i if f 
n — 1 77 1 — 1 

in B*,r 2 = : p | ye  n p | {a^ } - ( J y * U ( J {a* } i s empty . 
£<n1 £<m 1 £=n x £=m\ 

[Why? First , assum e tha t th e secon d statemen t hold s (i.e . r 2 =  0 ) the n b y 
n - l 

the choic e o f the c y's triviall y r[  —\  j ] (c ye\S) C\  [j X ae —  M  (c Vi\S) U 
£<ni k m ! £=n i 
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U X ^ =  \jiX0 :  B * H  {« } <  r 2} =  0  bu t (r{An ) C  5  U  | J a ai an d 

aae e  [X*] <e (bu t a a£ £  B , i f a Q, ^  0 ) an d r { -  0 , s o r x C  5  mo d [X*] <6\ 
Now assume n  D  S i s infinite, henc e A 7 > \i.  S o {J z :  z G  Y*} is a MA D 

family o f subsets o f A'\/i , i n fact i s «0"'. Henc e {{x * :  7 G  4} :  z G  7* } i s a 
MAD family o f subsets o f S =  {x * :  7 G  [//, A')} . S o necessarily fo r some z  G 
Y"* w e have rin5Tl{x* :  7 G  d2} is infinite. A s rinSTl{x* :  7 G  4 } C  c^ fo r 
£ < ni,  an d idi(B*/Ji ) i s a maximal idea l and the choice of Y, Y* necessaril y 
?/£ =  z,  henc e ?/ o —  z>ni =  1 - Similarl y £  G  [̂ 1,712 ) =>  ye  ^  z  henc e 
^G [ni,n ) ^yeny 0 =  y £nze id rk(^B*)(B*) = > |{x; :  J  e d z} D  Cye\ <  N 0. 

Hence clearl y £  G [ni, n) = > yi £  D z bu t 2/ 0 £  ^ 2 a n d ^  <  I 1 => { a} 4-  Dz 

(as z  G  Y!) henc e B * ( = "T 2 > 0" , contradictio n t o ou r presen t assumption , 
so necessarily T\  D 5 i s finite. 

Hence T I — I) (X a£ U aa J =  r i PiS is finite hence G  J\ an d als o for eac h 
£<m1 

£< m i , these t r in (X a ,Ua a J i s ( r iAT{)n (X a ,Ua £ ) C  (  (J a f c )n (X^Ua a J 

which i s necessarily countabl e bu t als o belongs t o B  henc e belongs t o / + C 
J\ s o together T\  G  J\. S o really r 2 —  0  => ri G  J i. 
Second, i f th e secon d statemen t fail s tha t is , r 2 ^  0 , the n fo r som e (5  < 
/i, B* | = {/? } <  T2 , but the n Xp  C  r{ an d a s abov e T I U 5 D  Xp mo d J i bu t 
S n  X# =  0 , so X/5 C n mo d Ji ; no w X # ^  J i (a s |X# | >  0  by claus e (e ) of 
the assumptions ) henc e T\  £  J 1. S o we have prove d (*)2- ] 

As B* is superatomic an d th e choic e o f {{a}  :  a <  /i } U Y ( a se t o f representation s 
of {y/id a(B*) :  a, y  satisfie s B * £ id a(B*) an d 2//id a(B*) a n ato m o f B*/id a(B*)}) 
clearly b y (*) 2 th e statemen t 0 7 follows , i n fac t h  induce s a n isomorphis m h  fro m 
B / J Q ont o B* . Bu t B * is superatomic an d J o C  id oc(B) b y 06( 0 henc e 

08 B  i s superatomic . 

Now a s {{a}  :  a <  /1}  are th e atom s o f B * clearl y {X a U  aa/ J\  :  a <  /JL}  are th e 
atoms o f B / Ji (h  i s an isomorphis m fro m B/J o ont o B*) an d a s J o C  [X*] <^ whil e 
| I a U a Q . | >  (9 , clearly 

0 9 J ! - B n [ x * ] < ^ . 

For th e res t o f th e proo f le t /  G  AUT(B ) an d towar d contradictio n w e assum e 
sup(/) =  {x  e  atom(B ) :  f(x) ^  x}  ha s cardinalit y >  6. 
Recall tha t J\  —  {a  G  B  :  \a\  <  6}  an d {{x}  :  x  G  X*}  ar e th e atom s o f B 
so necessaril y /  map s J\  ont o itself . Not e tha t {(X a U  aa)/J\ :  a  <  fi}  lis t th e 
atoms o f B / J i b y 0 6 +  ®7 - Assum e / ( X a U  aa ) / J i =  (X ^ U  ap)/Ji,a 7 ^ /?; le t 
ci =  (A a U  aa ) —  f~ 1(X(3 U  a#) an d c 2 =  (X@  U  a )̂ —  / ( X a U  aa ) , s o bot h bein g 
the differenc e o f two member s o f B  ar e i n B  an d c\  <  X a U  aa, c 2 <  Xp  U  ap an d 
of cours e c\,c 2 G  J\  henc e |ci | <  6  an d |c2 1 <  0.  No w c i <  X a U  aa , |ci | <  0 
implies c\  G  Ĵ " so c\ P\Xa G  Ja an d Ci\X a i s finite;  similarly c 2P\Xp G  Ip, c2\Xp i s 
finite. Clearl y /  \  (B \  (Xa U  aa —  c\))  i s an isomorphis m fro m B  f  (Xa Ua Q —  c\) 
onto B  f  (X/ 5 Ufl/3 —  C2) , contradictin g 0 5 b y th e "moreover " par t o f th e claus e 
(d) o f th e assumptio n o f Lemm a 2.1 . Henc e th e automorphis m whic h /  induce d 
on B*/JT I map s eac h ato m t o itsel f henc e i s th e identity . Als o fo r a  <  \i  w e hav e 
(Xa U  aa)Af(Xa Ua Q) G  Ji, tha t is , ha s cardinalit y <  0.  S o 
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IEI3 fo r eac h a  <  // , lettin g c ^ = : ((X a U  aa) —  f~ 1(Xa U  aa ) ) G  J\  an d c ^ = : 
(XQ U  aa) —  f(Xa U  aa) G  J w e hav e /  f  (BQ \  ( 1 — c j j ) i s a n isomorphis m 
from B  f  ( X a U a a - c^ ) ont o B  \  (A" a U a a - c 2

a) 

hence 
K4 Z a = : { x :  x a n ato m o f B Q an d x  < K Q c ^ V  / ( x) 7 ^ x} ha s cardinalit y <  0 

by claus e (d ) o f th e assumption s o n M a. Le t v  = : {a  <  \i  :  fo r som e x  G  X a w e 
have f({x})  7 ^ {x}}. Assum e (towar d contradiction ) fo r th e tim e bein g 

K5 v  ha s cardinalit y >  cf(0) . 

For a  G  i > choose x a G  X a suc h tha t f({x a}) 7 ^ {x a} an d possibl y shrinkin g v 
without los s o f generalit y a,/ 3 G  v  =>  {xa} 7 ^ /({x/3}) . Le t g'  :  v  -+  /A  + 1  be 
such tha t / ( { x a } ) C  X g/(a) wher e w e stipulat e X^  =  S.  Applyin g th e abov e t o 
f^1 w e coul d hav e chose n {xi,a t^t) b y inductio n o n i <  cf(# ) suc h tha t a t G 
v,f({xi}) ^  {xi},Xi  G  XaiJ({xt}) C  X 1% an d 0^,7 * £  {0^,7 ? :  J  <  *} \{M} > a n d 

let v  =  {c ^ :  i <  cf(0) } withou t los s o f generalit y either g'  i s one-to-one int o \i  o r g' 
is constantl y /x . No w b y claus e (b ) o f th e assumptio n withou t los s o f generalit y fo r 
some A  G  srf  w e hav e A  C  {x a :  a  G  i;}] . S o a[A\  <  \i  i s wel l define d an d 
{x G  Xa [ A ] U  aa[A] :  / ( {x}) < B X a[A] U  aa [ A ] } doe s no t belon g t o J+ [A]; s o b y K 3 

(applied t o a  =  a  [A] an d th e propertie s o f d ^ , , ^ , ) a n eas y contradiction . 
We ca n conclud e tha t -iE3 5 henc e v  ha s cardinalit y <  cf(0 ) henc e |{ x G  X :  / ( x) 7 ^ 
x } | <  0 . I f / x = A ' w e ar e don e s o assum e LL  <  X. 

Now S  =  {x ; :  7 G  [/x , V)} =  X * \ X C  X * satisfies : 

® 9 ( a ) (V b G B ) ( bn 5  infinit e = > 1  <  r k ( b / J i , B / J i ) ) an d 

(/3) i f S'  satisfie s th e propert y o f S  i n claus e (a ) , the n |S" \S | <  0 
[Why? Claus e (a)  i s prove d b y inspectin g th e definitio n o f B . A s fo r claus e 
(/3), i f \S'\S\  >  0  a s S"\ S C  X  clearl y the n ther e i s A  G  ,* / suc h tha t 
{g(i) :  z G A} C * S"\S . Firs t i f a  = : a[A]  i s wel l define d the n X a U  aa G  B , 
rk((X Q U  a a ) ) / J i , B / J i ) =  0  <  1  bu t ( X a U  a a) D  5 ' 2  a a i s infinite ; 
contradiction. Secon d i f a  [A] i s no t wel l define d the n fo r som e a  <  \i  w e 
have {g(i)  :  i <E  A}  C\  Xa i s infinit e an d w e ge t a  simila r contradiction. ] 

Hence fo r n  =  1 , - 1 th e se t 5] ? = : { x ; :  7  G  [/1 , A') an d f n({x^}) C  X  ha s 

cardinality <  0 . Le t 5 * =  S7 1 U  S i . 

Also fo r ever y y  G  F * lettin g 7  =  rk(xy,B* ) w e hav e c yAf(cy) G  J i , (jus t 
recall tha t th e automorphis m tha t /  induce d o n B / J i i s th e identity , an d recal l 
tha t [d  C  S  &  d  G  J i = > d  i s finite  b y 06] , henc e th e symmetri c differenc e o f 
{{x;} :  7 G  dy}\S*f an d { /{x ; } :  7 € d y}\S} i s finite. 
As srf"  =  {d y :  ? / G  y * } i s a  MA D famil y o f subset s o f \'\LL  a s i n claus e (k)(a) 
of th e assumption , th e se t { 7 G  [/x , A7) :  / ({x*} ) 7 ^ {x*} } i s o f cardinalit y <  0;  s o 
seemingly w e ar e done . 

Not exactly : w e hav e assume d Kli . 
To eliminat e thi s extr a assumptio n w e mak e som e mino r changes . Firs t withou t 

loss o f generalit y B * i s a  Boolea n Algebr a o f subset s o f {a  :  a <  \i  even } wit h th e 
singletons bein g it s atoms . Second , fo r A  G  ^ /, i f possibl e w e choos e u  —  UA a s fol -
lows, a s w e ca n replac e u A b y an y infinit e subset , withou t los s o f generalit y [claus e 
(c) i s possibl e a s i n th e justificatio n o f K1 Q above] : 
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118 SAHARON SHELA H 

(a) i f case (a)  occur s i n (b)  below the n 
(9*{jA,k) :  k G  u) i s with n o repetition s 

(b) eithe r (a)  o r (/? ) wher e 
(1) (a)  g*(7A,k)  i s odd for every k  G  u 

(2) (/? ) P*(7A,/C ) i s even fo r every k  G  u 

(c) i f case (/? ) occurs in clause (6) , then ther e i s a unique y  = yA eY  suc h tha t 
({0*(7A,fc)} -keu)  converg e to A,A . 

Note 

(*) i f uA i s not wel l define d the n fo r som e finit e t u C / i w e hav e 

{9(1 A,k) '  k<uj} C  ( J X a . 

Now we choose (a[A\  :  A £  £/,UA  wel l defined )  such that : 

(**) (a[A]  : A e  £/,UA  wel l defined ) i s with n o repetitions, eac h a[A]  is an odd 
ordinal <  / i and if possible i t list s al l of them . 

Clearly withou t los s of generality B*/idi(B*) i s nontrivia l henc e Y  ^  0  so choose 
y* G  Y. No w we define a  function g  from B * into ^ ( / i ) a s follows : 

g(x) =  {a <  fj, :a  is even an d G  x o r a  =  a  [A] hence odd, 

A G £/, ^A a nd UA  are well defined an d x  HI/A £  id rk(2M,B*)(®*) °-I 

a i s odd but ^  {&[A]  :  A G ^ , UA  an d y^ ar e well defined} and 

xC\y* i  id rk(y%B)(B*)}. 

Easily g  is a homomorphis m fro m B * into <^(/x ) a s B* is superatomic. Le t B** be 
the Boolea n Algebr a o f subset s o f fi  generate d b y Rang(# ) U  {(a) :  a <  /1}. Now 
we just replac e B* by B** C 9>{\i).  D 2.i 

2.2 Discussion : 
Why d o w e us e MA D familie s si  C  [/x] H° an d no t C  [^] Hl? I f w e us e th e 

latter, w e have to take mor e car e abou t superatomicit y a s the intersections o f such 
members ma y otherwise contradic t superatomicity . 

§3 Sufficien t condition s fo r t h e construct ion ' s assumption s 

Here we shall sho w tha t th e assumption s o f 2.1 are reasonable. No w in 3.2 we 
shall reduc e th e clause (k ) of 2.1 to Pr(A',0 ) wher e P r formalize s claus e (b ) there . 
In 3.3 , 3.5 we give sufficien t condition s fo r Pr(// , a). I n fact , i t i s clear tha t (hig h 
enough) i t i s not eas y t o fai l it . I n 3.10 we give a  sufficien t conditio n fo r a  stron g 
version o f clauses (e ) - (f ) o f 2.1 (an d earlier dea l wit h th e conditions appearin g i n 
it). S o at leas t fo r som e cardinal s 0  the statement "no t having th e assumptions of 
2.1" wit h 6  = a + (fo r simplicity ) K  =  ^ (c r ) , / ! = 33(a ) and A  such (h ) +  (i ) +  (j ) 
of 2. 1 holds ha s large consistenc y strength . 
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3.1 DEFINITION . 1 ) Pr(x,/i , 0) mean s tha t \i  >  0  for som e srf  we have: 

(a) ^  C  [/i]*° 

(6) J ^ is almos t disjoint , i.e . A  ^  5  G   ̂=̂ > | A n B\  <  K 0 

(c) | ^ | =  x 

(d) ( V 5 G [ ^ f ) ( 3 i G ^ ) [ A C * 5 ] . 

2) I f we omit x  w e mea n "som e x " • 
3) W e cal l g/  C  [A] K° saturate d i f fo r ever y A  G  [A]K° no t almos t contained 4 i n a 
finite unio n o f member s o f <g/ , almost contain s a  membe r o f srf. 

3.2 Fact : 1 ) Claus e (b ) o f the assumptio n o f 2. 1 i s equivalent t o Pr(/z,/i , cf(0)). 
2) Clause (k)(a ) o f the assumptio n o f 2.1 follows fro m Pr(x' , A',0) &  x  =  x ' + 2H°. 
3) I f ^  C  [/x] N° i s almos t disjoin t an d i s saturated the n P r ( | ^ | , fi,  Hi). 
4) I f / / =  /i* ° >  0  then Pr(/x , 0) =  Pr(/i , /i, 0) an d \  ^  »  =>  ^  P r ( x , M, #)• 
5) I f 0  < fii <  ii2 an d Pr(/x 2,0) the n Pr(>i , 0). 

PROOF. 1 ) Rea d th e tw o statements . 
2) Le t ^  C  [A']* ° exemplif y Pr(x' , A7, 0). Fo r eac h A  G   ̂w e can find  (£ A,c :  ( < 
2Ho) suc h that : 

(*)(z) B AX G  [A]*° 

(ii) £  7^ £ => BA£ H  £ A , £ i s finite 

(m) i f 7 r is a  partia l one-to-on e functio n fro m A  t o A  such tha t x  G  Dom(7r ) — > 
x ^  TT(X)  then fo r som e (  <  2H° w e have a  G  5^,̂  = > a £  Dom(7r ) V 7r(a) ^ 

[Why? Firs t find  (B' AX :  C < 2*° ) satisfyin g (i) , (ii) , le t (TT C :  C < 2*° ) lis t th e TT' S 

from (iii ) an d choos e BA,C,  £  [B'AA^°  ^°  sa ^isfy claus e (iii ) fo r TT^. 

Lastly, le t &/'  b e an y MA D famil y o f subset s o f A  extendin g {BA,C  :  A £  g/  an d 
C<2*°}. ] 
Having foun d (B A£ :  C < 2 N°) w e le t srf'  =  {B A,<; :  A G  ^ an d C  < 2 K°}, i t ha s 
cardinality | ^ ; | - f 2 H° =  x ' +  2 K° an d i s a s require d i n claus e (k)(a)  o f 2.1. 
3), 4) , 5 ) Easy . n 3 .2 

3.3 CLAIM . 1)  Assume 

(a) n n <  /sn+i <  K  < fin <  / in + i <fiforn<uj 

(b) K  = Y,Kn,V  =  J2  Mnand ma x pcf{« n :  n <  u; } > / / 

(c) K,  strong limit  and  2 K >  / i+ 

(d) (/i n :  n  <  oj)  satisfies  the  requirements  from  [Sh  513,  §i / or  at  least  the 
conclusion, i.e. 
(1) O  f or every  A  >  / i /or som e n we  have: if  a  C ife g n  A\/x anr f |a | <  / i 

taera 5?ip pc/Ain_compiete(a) <  A . 

4 "A i s almos t containe d i n B'\  i.e . A C * B mean s tha t A\B  i s finite. 
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Then for  every  A  > n: 

0A.K we  can  find {A a :  a <  a*} such  that 

(1) (a ) each  A a has  the  form  (A a^n :  n <  UJ)  , it  belongs  to  1  I [X] 1^71 and 

for each  a  we  have  (A ajn :  n <  cu) pairwise disjoint 

(2) (/? ) if  a  ^  (3,  then  A a,Ap are  almost  disjoint  which  means  that  f  G 

[ ] 4», n &  / ' S  [ J A 0tn = * |Rang( /) n  R a n g ( / ' ) | <  H0 

n<uj 

(3) (7 ) if  A  G  I T [\} Kn then  for  some  a  <  a*  and  one  to  one  function 

n<uo 
hi,h2 G  ^UJ we  have  K  = lim(\A aMM n  A aM{n)\ :  n <  UJ). 

2) If  K  =  K 0, Kn =  1 , /in <  / i n+i <  11  —  T,{fi£ :  £ < UJ}  <  2 K° and  0  of  (1),  then  the 
conclusion of  (1)  holds. 
3) We  can  conclude  in  (1)  that:  there  is  srf  C [A]^° 7 an  almost  disjoint  family  such 
that (V B G [A]")(34 e  */)(A  C  B ). 

PROOF. B y [S h 460], [S h 668, §3] (even more ) 

3.4 R E M A R K . 1 ) Are the hypotheses o f 3.3(1 ) reasonable ? 
la) Assum e tha t K  i s stron g limi t o f cofinalit y K o <  K  and 2 K >  ft +a;. W e le t 
/j,n =  ^ + 1 + n . Ther e i s a  sequenc e R  =  (K U :  n  <  UJ)  a s i n claus e (a) , (b) , (c ) of 
3.3(1); suc h R  exist s (b y [Sh:g , Ch.IX,§5] , an d i t i s har d no t t o satisf y claus e (d ) 
(see [S h 513]) . 
lb ) Claus e (c) , i.e. K  strong limit , i s needed jus t t o s tar t th e induction . 
2) Similarl y fo r 3.3(2) . 

We quot e Goldster n Juda h an d Shela h [GJS h 399 ] which implie s 3.5(1 ) an d (2). 

3.5 C L A I M . 1)  Assume  CH  +  SCH  +  (V/i)(cf(/x ) =  tt 0 &  2 N° <  /u  -• D ^ ) . 
Then there  is  a  saturated  MAD  family  srf\  C  [A] H° for  every  uncountable  A  (of 
cardinality A K°). 

P R O O F . 1 ) This i s the main resul t o f Goldstern, Juda h an d Shelah [GJS h 399] . 

3.6 D E F I N I T I O N . Le t ji>6. 

1) Le t 5?Q  b e the clas s o f a  =  (a n :  n <  UJ)  such tha t \a n\ <  6,  an C  a n + i , [ci(0)  = 
^0 =>  \0"n\ <  0}  a nd 6  =  li m s u pn | a n + i \ a n | . Le t S^e^  =:  {a  :  a =  (a n :  n <  UJ)  G 
ye a n d a n G  [LI]- 6}. 

3) Fo r a  G  ^ le t set(a ) =  {w  :  |w | =  H o and u > C I ) a n an d n  <  C J => \w  D 
n<cu 

an\ | J ae\ < tt 0}-

4) Fo r a, 6 G 5?Q le t a  < * 6 mean se t (a) 5  se t (6). 
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MOVING ATOM S 12 1 

5) W e sa y a,b  £  S?e  ar e compatibl e i f (3c  £  S^e)^  < * c  &  b  <*  c  &  l ) c n C 
n 

\\ann\\bn] (i f cf(0 ) =  K o <  0 , thi s i s equivalent t o "  I) a n n M & n " ha s cardinalit y 
n n  n<uj  n 

0). 

3.7 D E F I N I T I O N . 1 ) Fo r 0  <  fi  le t M e^ b e 

^e^ ther e i s =5̂ * C S^e^  suc h that : 
(1) (a ) fo r ever y a  £  S^e^  ther e i s b  £ y*  compatibl e wit h a 

(2) (6 ) i f a  ^  b  £ <¥*  then set(a)f l set(6 ) =  0 . 

2) Fo r 0  <  /i , le t E ' ^ mean : 

E^ i f « y C  S# )M ha s cardinalit y <  \i  the n w e ca n fin d y*  C  ^ ^ suc h tha t : 

(1) (a ) fo r ever y a  £  5^  ther e i s b  £ y*  suc h tha t b  < a 

(2) (6 ) fo r ever y b  £ y*  ther e i s a  £  y  suc h tha t b  < a 

(3) (c ) (  set (b) :  5 £ y*)  ar e pairwis e disjoint . 

3) W e ma y replac e \i  b y a  se t A  (bu t obviousl y ^e,A  i s equivalen t t o ^e,\A\  an d 
^ > A t o K I 0 ) | A | ) . 

3.8 F A C T . 1 ) Assum e 0  >  cf(0 ) =  K 0 i s stron g limit , 0  =  £ { 0 n :  n <  uj},0 n < 

0 n + i an d b  £ S^o^-  The n w e ca n find  srf  C  J/ ^ suc h that : 

(a) i f a  E  srf  the n (Vn)(zlm)(a n C 5 m ) (s o a  <  b) 

(b) i f a  E  srf  the n | a n | =  0 n moreove r o tp (a n ) =  0 n an d a n + i i s an en d extensio n 
of a n 

(c) i f a  E  £ / the n (a n :  n <  a; ) i s increasin g 

(d) a 1 ^  a 2 the n s e t ^ n set(a 2) =  0 

(e) i f c  £  S^e  i s compatibl e wit h b  then i t i s compatibl e wit h a  fo r som e a  £  srf. 

2) I f (V a <  0 n)(\a\a <  6 n =  cf(0 n)) an d < a i s a  wel l orderin g o f U{b n :  n <  uo)  fo r 
OL <  a y the n w e ca n strengthe n (b)  t o 

(6)+ fo r a  <  a  an d a  £  g/  an d n  <  a; , o tp(6 n , < a \  b n) =  0 n an d i f a  <  K o the n 
6 n + i i s a  < a - e n d extensio n o f b n. 

3) a , 5 E  C5^, A ar e incompatibl e if f M  a n H I ) 6 n ha s cardinalit y <  0  (cf(0 ) =  H 0 < 
n<cu n<to 

0 suffice) . 

4) (a ) M e,» implie s E ^ . 

(6) E ^ i s equivalen t o f IKl ^ if  fi  =  fi e. 

P R O O F . A S i n 3. 9 below . 
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122 SAHARON SHELA H 

3.9 CLAIM . Assume  9  is  strong  limit,  9  > cf(9)  =  Ho. 
1) fie  (0 , 2°] then  M f

e^ from  3.7  holds. 

2) Also  if6<fji<  {2 e)+2° then  lEI^ . 
3) If  2°  <  /i and  (VA)(2 * < A  < fi,  c/(A ) =  H 0 -> A* 0 =  A + + D A) then  H ' M . 

PROOF. 1 ) Straight , a s \^e^\  =  yP  =  2 ^ w e ca n find  (a a :  a  <  2°)  listin g 
^,/x- No w we choose 7(a) , 5" b y inductio n o n a  <  2e suc h tha t 

(a) b«  e y e^ 

(6) (3  < a  = > set (^ ) n  set(6 a) =  0 

(c) c a <  a^ a ) 

(d) 7(a ) =  Min{ 7 :  a7 incompatibl e wit h b$  for ever y / ? < a}. 

Arriving t o a  choose  7(a ) b y claus e (d) , w e note tha t (5  < 7(a) =>  c  ̂—  Mftn ^ 
n 

1 ) 6 ^ has cardinality <  # , hence we can find  b a,£ <  a7 ^ fo r e  <2 e wit h (set(6 Qj£) : 
n _  _ 

£ <  2 61) pairwis e disjoint . S o fo r al l bu t <  9  + \a\  o f th e £  <  2 e,ba =  b a,£ i s a s 
needed. 
2) Afte r readin g [S h 460] this i s easy and anyho w i n subsequent wor k w e give fulle r 
answers. 
3) A s in [GJSh399] . n 3 .9 

3.10 CLAIM . 1)  Assume 

^0,«,M ^  i s s ^ron9 limit,  H 0 =  cf(0)  <  9  and  9  <  K  < 2 2 ,/ i =  2 K and  IKl ^ f/ror a 
5.7) holds  so  fj,  = // Ho. 

Then some  B  =  (B Q \  a  <  ji)  satisfies  clauses  (c)  -  (g)  of  2.1;  in  fact  M a is  a 
subalgebra of  £?{K)  with  2  levels  and  id <00(Ma) is  included  in  [^] <^1 hence  M a C 
{a C  K:  a  countable  or  co-count  able}. 
2) As  above  except  that  instead  "6  strong limit,  cf{9)  — Ho<9vwe demand  2 9 = 
9*° >  2 H° &  9  >  cf(9)  =  H 0 or  9  =  K 0+ "there  is  no  infinite  MAD  family 
s& C [UJ]^°  of cardinality  <  the  continuum". 

P R O O F . 1 ) Le t 9  = ] T 9 n,9n <  6>n+i <  9. 
n<cj 

Fact: Lettin g a * =  (9 n :  n <  CJ) , i.e . a * =  9 n w e can find  i 5, =  (fy a :  / <  3 , a <  2°) 
such that : 

(0 te,a  £  se t (a*) ha s orde r typ e UJ 

(ii) fo r som e on e t o on e onto ir  : 2° x  2 ^ — * 2° we write ̂ 2,a,/ 3 for t2,n(a,(3) 

(Hi) i f (£1 , a i ) ^  (^2 , ^2) the n t^ l ja i n  ^ 2 , a 2 *
s finite 

(u>) i f a G  5?B,K
 a nd M  a n C  0 then fo r som e a  <  2°  we have [/ ? < 2 61 => ̂ 2,a,/3 £ 

set(a)] 
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(v) i f a,  6 G  S^S.K an d \\  a n U  \\  b n C  0  and set(a)f l se t (5) =  0  and ft : 

\) a n ^  [\  b n is one to one and maps a n ont o b n then fo r some a , to, a £ 

set(a),tijQ! G  set(6) an d ft maps to, a into a  co-infinite subse t o f t\^a. 

PROOF O F TH E FACT . Straight . 

Construction: Le t ^* =  {a 7 :  7 <  7* } exemplify l E ^ s o |7* | < K°,  without 
loss o f generality a  G  ^* &  n  <  w => (otp(an) &  a n + i i s an end extensio n 
of a n); (b y 3.8, i.e. b y replacing a 7 b y a suitabl e famil y C  { 6 : 6 < a 7}). Le t 
{X7 :  7 < ft} be a sequence o f subsets o f 2° suc h tha t 7 1 ^ 7 2 => |X7 l \X 7 2 | =  2°; 
let (Y } : j <  /i) be a sequence of subsets of ft such tha t ji  ^  J2  => | ^ ' i \ 2̂ 1 =  ̂ > le t 

g1 b e a one to one mapping fro m 6  into I ) a 7 mappin g # n onto a 7, and lastly let 
n<u; 

tj,a =  ^ ( ^ «) = { ^ ( 0 •  C e ti t*} fo r e < 3, a <  7+ hence ^ a / 3 =  ^ ( ^ a ? / 3 ) . Le t 
*3,a,/3 = {^( £) :  e G  *2,a,/ 3 and |t2,a,/3 n e\ is even}. 
For j  <  /i, let <£^ be the following famil y o f subsets o f ft 

*2U>*i,a w h e n 7 < 7 * , a < 2 ^ 

^,14-/3 w h e n 1<l*iPiX^a<2 6 

*3,a,i+/? w h e n 7 < 7 * i i 8 e X 7 , a < 2 * 

^2,a,o when 7  < 7*7  ̂<  2* , 7 ^ Y? and 

*3,a,o whe n 7  G^-. 

Clearly 

O x £ ' ^ *" G ^ = > |*' n *"| < K 0 = |t'|. 

Let £^ + be a maximal almos t disjoin t famil y o f countable subset s o f ft extending 
srfj. Le t Ij b e the Boolean rin g o f subsets o f ft generated b y srf^~ U  {{e} \  e < K} 
and B j be the Boolean algebr a of subsets o f ft generated b y Ij. Now 

0 2 i f zo, ii <  /x and 60,61 £ [ft] 6* and ft is a one to one mapping fro m 6 Q onto 61 
such tha t a  G  Dom(ft ) = > ft(a) 7^ a, the n fo r some £ ° G ^i^t1 € ^^ w e 
have: t°  C* &0, t

1 C* b\ and ft maps t°  int o a  co-infinite subse t o f t1 

[why? fo r some 70 < ft the set bo  H  I ) a 70 hav e cardinalit y # , so without 

loss o f generality bo  C M  a 70 an d similarly fo r some 7 1 < ft without los s 
n<uj 

of generalit y 6 1 C M  a 71. Fo r £ — 0,1 let bj G  [0]̂  be such tha t <? 7£ map s 
n<u; 

6^ ont o hi.  No w withou t los s of generality 6Q~ D 6J~ = 0  or 6Q ~ = 6̂ ~ (recal l 
we hav e t o preserve "f t i s from 6 Q ont o 61" , too!). If  b$  P\b±  =  0  then by 
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clause (v)  o f th e fac t som e tQ° ao G  £^0 C  srf^  an d t^^x  ^  ^ 1 £  ^ t w * n ^ e 

as require d i n th e conclusio n o f 02 - S o assum e b$  =  b±  , le t 6 J =  { a G  b^ : 
/i o  g7 o (a ) 7 ^ g7 l ( a ) } . I f 6 Q ha s cardinalit y 0 , w e ge t th e desire d conclusio n 
(in ©2 ) a s above , s o assum e |6Q | <  0  hence withou t los s o f generalit y 6 Q =  0 . 
Also i f 7 0 7 ^ 71 the n \X lQ\X11\ =  2°  henc e w e ca n fin d a  no n zer o ordina l 
[3 G X 7 o \ X 7 l an d b y claus e (ii ) o f th e fac t w e ca n find  a n ordina l a  <  2 9 

such tha t (V/ ? <  2 e)[t^a a  C  b$]  henc e w e ca n us e £ 3 a ^ , t%a g-  S o w e hav e 
to assum e 7 0 =  7 1 bu t the n g l0 =  g lx s o h  \  {bo\b^)  i s th e identity , a 
contradiction.] 

O 3 i f io  ^  ii  <  /J*  and5 Z  G  [K] <K an d h  i s a  on e t o on e functio n fro m K\Z 

onto K\Z  the n fo r som e t°  G  ^+ satisfyin g t°  C * Dom(/i ) an d t 1 G  £^+ w e 
have: /i"(*° ) C * t 1 an d t^h^t 0) i s infinite . 
[Why? Le t Z i =  {a  G  Dom(/i ) :  fe(a)  ^  a } , s o b y 0 2 w e kno w |Zi | <  0 . 
We kno w tha t Yi 0\YZl ha s cardinalit y // , henc e fo r som e 7  G  1^ 0\1^1 w e 
have se t (a 7 ) D  [Z  U  Z^0 =  0 . S o tj a0 G  M 0 C  ^ + an d ^, Q,o G  ^  C 
^ + , s o £ 3 a 0  i s a  co-infinit e subse t o f t^  a  0 ? t\ a  0  C * K\Z\ZQ  an d h  map s 
tJa0\Z\Z0 t o itsel f a  co-infinit e subse t o f t 2 a 0 . ] 

Clearly (B ^ :  j <  fi)  i s a s require d s o w e ar e done . 
2) Simila r proof . EI3.1 0 

3.11 C O N C L U S I O N . 1 ) Under th e assumptio n K#^ ; / i o f 3.10, le t A * = Ded +(/u) = 
Min{A: ther e i s n o tre e wit h <  \i  node s an d >  A  branches (equivalently , a  linea r 

order o f cardinalit y A  and densit y <  \i).  The n fo r an y A  satisfying / 1 <  A  <  A* , 
there i s a  superatomi c Boolea n Algebr a o f cardinalit y A  and \i  atom s wit h n o au -
tomorphism movin g >  0  atoms . 
2) Assume : 0  i s uncountabl e stron g limi t o f cofinalit y ^0 , ppjbd(# ) =  2 e (se e [Sh:g , 

Ch.IX,§5] wh y thi s i s reasonable ) an d K,  = (2 e)+a <  2 2\a <  (2^ ) + ,/ i =  2 K an d 
/i <  A  <  Ded + ( / i ) , e.g . A  =  2 X fo r \  =  M i n { x :  2 X >  /x} . The n ther e i s a 
superatomic Boolea n Algebr a o f cardinalit y A  and \i  atoms , wit h n o automorphis m 
moving >  6  atoms . 

3) I n par t (2 ) w e ca n replac e K  =  (2 6>)+Q: b y n  =  2 2 ,  i f som e ver y wea k pc f 
hypothesis (whos e negatio n i s no t know n t o b e consisten t an d als o o f §4) , e.g . 

(*) i f a  i s a  countabl e se t o f regula r cardina l the n pc f (a) i s countabl e (o r jus t 

< Nn(*)) -

P R O O F . 1 ) We , o f course , us e Lemm a 2. 1 wit h 6> + her e standin g fo r 6  there , 
so w e hav e t o sho w tha t th e assumption s ther e holds . 
Clause (a ) o f 2. 1 hold s trivially . 
Clause (b ) o f 2. 1 follow s fro m E M (ever y (V A G  [/x]*)(3 £ 6  s/)(B  C  A))  rathe r 
than jus t (\/A  G  [/j] e ) . Ther e i s a  sequenc e (B a :  a <  /j)  satisfyin g clause s (c ) -  (g ) 
of 2. 1 b y 3.10 . Ther e i s a  Boolea n Algebr a B * satisfyin g clause s (/z) , (z) , (j) o f 2. 1 
because A  < A* , s o ther e i s a  tre e 3  wit h / 1 nodes an d >  A  branches, le t ^  b e a 
set o f A  branches o f 2?  an d le t B  b e th e Boolea n Algebr a o f subset s o f 3  generate d 

5by a  littl e mor e car e i n indexing , Z  G  [M] <A^ i s O.K . an d w e ca n choos e 7  suc h tha t 

[ J a 7 , n C  K\Z\ZQ 
n 
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by {a  :  a C  T , a  i s linearl y ordere d b y < T an d x  G  a &  y  <T  X  = > y  G  a an d a  i s 
bounded o n a  G  3^}. 

Lastly, claus e (k ) o f 2. 1 hol d vacuousl y a s w e choos e X'  =  fi.  CI3. n 

3.12 C L A I M , ,4ss?zra e 

(a) P r ( 3 3 ^ i ) 

(6) A * =  Min{\':  there  is  a  tree  with  ^ 3 models  of  >  A ' branches} 

(c) D 3 < A < A * . 

Then there  is  a  superatomic  Boolean  Algebra  with  A  elements  ^ 3 atoms  and  no 

automorphisms moving  uncountably  many  atoms. 

P R O O F . Th e mai n ne w poin t i s tha t w e ca n prov e a  paralle l o f 3.1 0 notin g tha t 
as P r p 3 , H :) hold s als o P r p 2 , Ni ) holds . D 3 . i 2 

3.13 R E M A R K . 1 ) S o clearl y i n man y model s o f ZF C w e ge t tha t th e boun d i s 
1.1 canno t b e improved . 
2) Th e questio n i s whethe r inductivel y w e ca n ge t fo r man y 0' s th e paralle l o f 3.10 . 
3) W e ca n unde r wea k assumption s ad d A',/ i <  A ' <  (A')** 0 <  A  and deman d tha t 
the Boolea n algebr a ha s / / atoms . Fo r thi s w e nee d t o chec k conditio n (k)(a).  W e 
probably ca n omi t th e deman d "(A')^ 0 <  A " i n th e generalizatio n o f 3.1 1 indicate d 
above, fo r thi s w e jus t nee d t o weake n " ^ i s MAD " i n 2.1 . 

3.14 C L A I M . 1)  Let  A  >  H$.  A  sufficient  condition  for  the  existence  of  a 
saturated MAD  family  srf  C  [A] H° is 

EEA,# letting  i.e.  6  =  Min{\stf\  :  srf  C  [CJ] HO is  an  infinite  MAD  family,  then  for 
every fi  satisfying  2 H° <  \i  <  A K° we  have  -i(a) M,0 and  K o <  c r =  cf(a)  < 
0 => • -"(6)^^ where 

(1) (a)ij,,o  there  is  a  set  b  C  Reg  D  /i\2^° of  cardinality  <  0  such  that 
Ub/[b}<H° is  11-directed,  moreover,  for  no  sequence  b  = (bi  :  i <  0),  each 
bx C  Reg  n  /i\2 H° finite and  c  C  U{bi  :  i <  0}  &  max  pcf(c)  <  \i  => 
Ni >  \{i<0:b zCc}\ 

(2) (b)^e  M  is regular,  S  C  {S  <  /J,  : cf(S)  =  cf{9)}  is  stationary,  A  = 
(A6 :  5 G  5 ), A5 C  A 7 o^(i4 5) =  0 , 52 J=  52 =>  ^ H  AA2 finite. 

2) Similarly  concerning  M f
e 

P R O O F . A s i n [S h 668] . 
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§4 O n independenc e 

In th e boun d 134(a) , the las t exponentiatio n wa s reall y sa(fi)  wher e 

4.1 DEFINITION . 1 ) sa+(/x) =  sup{|B| + :  B is a  superatomic Boolea n Algebr a 
with fi  atoms} . 

2) sa([i)  —  sup{|B| :  B is a  superatomi c Boolea n Algebr a wit h / x atoms}. 
3) sa+(/j,,6)  =  sup{|B | + :  B is a  superatomi c Boolea n subalgebr a o f &(n)  extend -
ing {a  C  ii  :  a finit e o r cofinite } suc h tha t a  G  B => \a\ < 9  V |/i\a | <  9}. 
4) sa(^O)  =  sup{|B | :  B is a s i n (3)} . 
5) sa*(e)  =  Min{ A :  cf(A) >  9  and i f fi  <  A  then sa+(/z , 9) <  A}. 

That is , by th e proof  o f Theorem 1. 1 

4.2 CLAIM . If  B  is  a  superatomic  Boolean  Algebra  with  no  automorphism 
moving >  9  atoms,  9  =  cf(6)  >  H o then  |B | <  s a + p 3 ( < 9)),  moreover  |B | < 
sa+p2(sa*(0))). 

4.3 Discussion : No w consistently sa(Ni ) <  2 H l , as [Sh 620, 8.1] show the consistenc y 
of a  considerably stronge r statement . I t prove s that e.g . i f we start wit h V  f = GCH 
and P  is adding N Wl Cohe n real s then i n Vp , (2 H° =  N Wl <  2 Hl =  Nu, 1+i and ) amon g 
any K ^ + i member s o f ^( t^ i ) ther e ar e N ^ + i whic h for m a n independen t family , 
i.e. an y finit e nontrivia l Boolea n combinatio n o f them i s nonempty, i n othe r word s 
"&(u)i) ha s N ^ + i-free precalibe r i n Monk' s questio n definition" . (No t surprisin g 
this i s the sam e mode l fo r "n o tre e wit h H i node s ha s 2** 1 branches" i n [Bl]) . 
So th e boun d 134(0 ) i s no t alway s th e righ t one s thoug h thi s need s us e o f mor e 
complicated functions . 
We have no t looke d a t th e question : doe s the us e of sa*(9)  i n clai m 4. 2 real l help ? 

4.4 CLAIM . Assume 

(a) T  =  T< T <  / x = cf(/i ) <  X 

(b) cf(x ) =  fi  and  (V a <  x){\ a\^ <  X) o>nd  (V a <  / i ) ( |a | < T <  (i) 

(c) Q  is  a  forcing notion  of  cardinality  <  \  suc h that  in  V Q :  fi  is  a  regular 
cardinal and  (V a G  [x] <M)(36)[a C  b  G ([x] <M)v] 

(d) F  = { / :  / a  partial function  from  x  to  {0, 1} of  cardinality  <  T } order  by 
inclusion (that  is,  adding  a  x Y -Cohen). 

Then in  V ^ x P we  have:  (2 T =  2< " -  X , 2 " =  X M = (* M)V and)  sa{v)  =  x <^> 
moreover the  Boolean  Algebra  «^(/i ) feas  x+-free precaliber. 

PROOF. Wor k in VQ , lik e [S h 620, 8.1], not usin g " P is a-complete" whic h ma y 
fail i n V Q . D 4.4 

On th e othe r han d 

4.5 CLAIM . Assume  A  = (A n :  n <  to)  satisfies  A n+i =  Min{\  :  2X >  2 A n}. 
Then for  infinitely  many  n  's for some  ji n G  [An, An+i) we  have sa(/j,n) =  2 Mn =  2 An 

(in fact  sa +{fin) =  (2^ n)+ =  (2 A n)+ except  possibly  when  cf(2 Xn) <  2 Xn~1). 
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PROOF. B y [S h 430 , 3.4 ] w e have fo r infinitel y man y n' s \i n G  [An,An+i) an d 
for ever y regula r \  <  2 An =  2 fln, a  tre e wit h <  /x n+i nodes , A n level s an d >  x 
An-branches. 

• 4 . 5 

4.6 Conclusion : 1 ) Assum e 0  i s stron g limit , 0  >  ef(# ) =  K o an d Pr(2 2 ,0)  an d 
A< sa+Qz(6)).  The n 

(*)#,A ther e i s a  superatomic Boolea n Algebr a withou t an y automorphis m movin g 
> 0  atoms suc h tha t B  has cardinalit y A  (and ha s ^3(0)  atoms 6). 

2) Assum e P r p 2 , N i ) an d A  <  s a + p 3 ) . The n (*)o,\  holds . 

PROOF. 1 ) Us e 3.1 0 an d 2.1 . 

2) Simila r onl y replac e 3.1 0 b y a  paralle l claim . D^ g 
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