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ABSTRACT. In two recent papers [9, 10] we answered a question raised in the
book by Eklof and Mekler (7, p. 455, Problem 12] under the set theoretical
hypothesis of $x, which holds in many models of set theory, respectively of
the special continuum hypothesis (CH). The objects are reflexive modules over
countable principal ideal domains R, which are not fields. Following H. Bass
[1] an R-module G is reflexive if the evaluation map o : G — G** is an iso-
morphism. Here G* = Hom (G, R) denotes the dual module of G. We proved
the existence of reflexive R-modules G of infinite rank with G % G @ R, which
provide (even essentially indecomposable) counter examples to the question
[7, p. 455]. Is CH a necessary condition to find ‘nasty’ reflexive modules?
In the last part of this paper we will show (assuming the existence of super-
compact cardinals) that large reflexive modules always have large summands.
So at least being essentially indecomposable needs an additional set theoretic
assumption. However the assumption need not be CH as shown in the first
part of this paper. We will use Martin’s axiom to find reflexive modules with
the above decomposition which are submodules of the Baer-Specker module
R¥.

1. Introduction

We will derive our results for abelian groups, but it is an easy exercise to
replace the ground ring Z by any countable principal ideal domain which is not
a field. Just notice that we could work with one prime only! For supercompact
cardinals we refer either to Jech [13] or to Kanamori [14]. If G is any abelian group
then G* = Hom (G, Z) denotes its dual group, and G is a dual if G & D* for some
abelian group D.
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Particular dual groups are the reflexive groups D, see Bass [1, p. 476]. Recall

that
oc=o0p:D— D (d— o(d))
with o(d) € D** and
o(d): D" — Z (p — p(d))

is the evaluation map and D is reflerive if the evaluation map op is an isomorphism.
Recent results about reflexive and dual abelian groups are discussed mn [7, 9, 10].

In the third section we will show that dual groups, in particular reflexive groups
may have large summands, hence can’t be essentially indecomposable without any
set-theoretic restrictions.

THEOREM 1.1. If k is a supercompact cardinal and H is a dual group of car-
dinality > &, then there is a direct summand H' of H with x < |H'| < & for any
cardinal x < K.

This theorem shows that generally we will encounter set theoretic restrictions
for finding natural classes of reflexive groups. As CH implies Martin’s axiom, our
main result (Theorem 1.2) below gives a new proof of the existence of reflexive
groups as in [10].

In order to prove a result in contrast to Theorem 1.1 we use scalar products on
the Baer-Specker group P. Recall that

P=z"

is the set of all elements
X = inei with z; € Z
1Ew

where e; € P is defined by the Kronecker symbol and addition is defined component-
wise. Throughout this paper we will adopt the convention in writing elements of
P as displayed in the last formula. The Baer-Specker group P has the subgroup S
of all elements x of finite support, that is z; = 0 for almost all ¢ € w. The crucial
subgroup for constructing reflexive groups is the Z-adic closure I of § in P. This
will be our target in Section 3. We will also show that the endomorphism ring of
such a reflexive abelian group can be Z modulo the ideal of all endomorphisms of
finite rank. We have the following

THEOREM 1.2. (ZFC + MA) There are two subgroups H; (i = 1,2) of the
Baer-Specker group P with the following properties:
(i) S € H; C. D are pure.

(il) H; is Ry-free and slender.

(iii) There is a natural bilinear form ® : Hy x Hy — Z induced by ®(e;,e;) =
i, (1,5 € w) which yields Hf = Hy and H5 = H; such that H, and Hj
are reflexive.

(iv) Hi®Z 2 H; fori=1,2.

(v) End H; = Z ® Fin H;.

Note that ¢ € Hf is induced by ® if there is h € Hy such that ¢ = ®( ,h).
The set Fin H; of all endomorphisms of H; with finite rank image is an ideal of the
endomorphism ring End H; and the last statement of the theorem means that this
ideal is a split extension in End H;.

Hence each H; is separable and essentially indecomposable, which means any
decomposition H; = C' @& E must have a summand E or C of finite rank. New
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algebraic and combinatorial methods and some old techniques from earlier papers
like [11] or [4] will be used to prove Theorem 1.2.

2. Reflexive groups of cardinality < 2% under Martin’s axiom

In this section we will now construct essentially indecomposable reflexive groups
under Martin’s axiom MA. This contrasts with the results in Section 3 concerning
the existence of arbitrarily large summands of reflexive groups larger than a super-
compact cardinal. As above let P = []..._e,Z be the Baer-Specker group of all
elements

new

P={x= inei : (2 € Z)}.
Ew
Here e; can be viewed as the element x = (z;;); with coefficients z;; = &;; the
Kronecker symbol. Hence

S=(ei:i€w)=@eiZ
1€w

is a subgroup of P of all elements x of finite support

x] ={i € w:z; #0}
and P/S is algebraically compact by an old result of Balcerzyk (see Fuchs [8]).
Obviously P/S is torsion-free or, equivalently, S is pure in P. Pure subgroups
X C P are denoted by X C, P. Moreover, let D be the Z-adic closure of S in
P, so D/S is the maximal divisible (torsion-free) subgroup of P/S which has size
2% If H is an abelian group, then Fin H denotes the ideal of all endomorphisms
o € End H with Imo of finite rank. The groups we want to construct will be
sandwiched between S and D.

We will use Martin’s axiom for o-centered sets, which is a (proper) consequence
of the well-known Martin’s axiom and equivalent to the combinatorial principle
P(2%0) (see below) as shown by Bell [2]. Recall that D C B is dense in the poset
B if for any p € P there exists d € D such that p < d. Martin’s axiom is based
on posets P with c.c.c. using that p,q € P are compatible if there is r € P with
{p,q} < r. Recall that F C B is bounded by r,say F <rif f<rforall fe F. A
set X C P is directed if all finite subsets of X are bounded in X and X is called
o-centered (or o-directed) if it is the countable union of directed subsets. Replacing
c.c.c. by ‘o-centered’ MA turns into Martin’s axiom for o-centered sets:

Let D be a collection of dense subsets D of the poset B. If |D| < 2% and (B, <)
is a o-centered poset then there is a D-generic subset G C B. Hence G is directed
and meets every D € D, i.e. GND # 0.

See [7, p. 164] for MA with c.c.c. Note that the main result in Bell [2] is that
Martin’s axiom for o-centered sets is equivalent to

The combinatorial principle P(2%0): If D is a collection of subsets of w such
that |D| < 280 and (| F is infinite for every finite F C D, then there is an infinite
B C w such that B\ D is finite for all D € D.

Martin’s axiom will help us to define a scalar product or bilinear form ¢ on
suitable pairs H = (H;, Hz) of pure subgroups H; of D. We begin with

®:S5 xS — Z with ®(e;, e;) = d;.
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Hence @ is the unique integer valued, bilinear form on S x S. By continuity it
extends uniquely to the non-degenerate, symmetric bilinear form

& :D x D — Z where Z is the Z-adic completion of Z.

We keep this map fixed throughout this section and also denote restrictions to pairs
of subgroups by ®. Note that Z is the cartesian product of the additive groups of
p-adic integers over all primes p and if

a= Zaiei €Dand b= Zbiei € D, then ®(a,b) = Zaibi
i€w 1€Ew 1Ew
is well-defined and symmetry ®(a,b) = ®(b, a) is obvious. Now we consider pairs
H = (Hi, H3) such that ® | (Hq, Hy) takes only values in Z. More precisely, let
H € B if and only if the following hold for j = 1,2:
(i) [H;] < 2%
(lll) o H1 X H2 — Z.

We now define a partial order on .

DEFINITION 2.1. IfH,H' € B then H C H' if and only if H; C H{ and Hy C
H}.

The next crucial lemma of this paper will show under MA that P is a rich
structure.

MAIN LEMMA 2.2. (ZFC + MA) Let H = (H1,H2) € B,b € P\ D and b™ €
H, forn € w. Then there isa =), a;e; € D such that for H{ = (H;,a). C D
and H' = (Hj, Hs) the following hold.
(i) HC H' € B and ®(a,b) € Z\ Z.
(i) (a) Either Y, ab'¢ H]
(b) or there is t € Z such that (b —te; : j € w) is a free direct summand
of finite rank.

Remark. By symmetry we obtain a dual result of the Main Lemma 2.2 with
a € H) and ®(b,a) € Z\ Z and (ii) accordingly. From a € D, it follows that
> icw aib’ € P is well-defined as a member of the Z-adic completion of P.

Proof. Let b =),  be; € P\D and H = (H;,Hy) € ‘P be given by
the lemma. Moreover we assume that condition (i7)(b) of the lemma does not
hold. This is to say that we must show (i:)(a) of the lemma. This implication will
follow at the end of the proof from density of the sets D3, and density will be a
consequence of the assumption just made.

We want to approximate a € H; by a forcing notion §, a partially ordered set,
used for application of MA. The elements p € § are triples

(MP, AP nP) with AP =(al : 1 <IP), MP ={m} = leaf’ X = inei € uP}
l<ip 1EW
subject to the following conditions

(i) uP is a finite subset of Hy,
(ii) P € w, af,m? € Z, and n? € N.
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We call IP the length of the finite sequence of integers AP and note that n|m means
n divides m in Z. In order to turn § into a partially ordered set let p < g for some
p, q € § if the following holds:

uP Cud, P <19, AP = A9 [P,
nPnd, and if IP <1 < 19 then nP|a],
if x = leel € uP then mI = mf =: Z zia} or equivalently Z zial = 0.

lew lip Ip<I<ie
If p,q € F, then let

p~q o (P=19,AP = A1 nP =n9)
and note that ~ is an equivalence relation on §. If p € §, then let
$p={q€F:9~p}

Surely § decomposes into countably many such uncountable equivalence classes §,.
We claim that each of them is directed. If g1, g2 € §p then n% = nP, APi = AP [Pi =
[P, hence ¢; = (M%, AP,nP), and if x = ), x;€; € u? Nu??, then

mi = Z zial' = E z;a? =m¥.
i<la i<lp
/ /7 ’ ’
If we define ¢’ € §F by u? = u? Uu?2, A7 = AP,19 =[P, n? = nP, then
’ ’ ’
M7 ={mi = Za:mf:xéuq } = M* UM,
i<lp

hence ¢ = (M 7 AP nP) is a member of ¥ and ¢;,q92 < ¢’. The claim is shown and
by definition

(2.1) (§, <) is a o-centered poset,
as required for applications of MA for o-centered sets.

In order to apply MA effectively we must define dense subsets of § which
describe ‘local properties’ of the desired ae D. If x =3, z;e; € Ho,m € N, |y €
w, then let

Dy ={peg:xcuP}, D} ={pe§:mn"},
Df’o={p€3:l0_<_l”},Dfn={p€S:Zblaf,=ém mod n”}

I<ip

S

and for d € Hy,t € Z and ng € N, let
D3tn, ={p € F:3Im €N (m|n?, nOZafbi —tZafei —d#0 mod mD)}.

i<IP i<IP

First note that we defined < 2®° subsets of § as required for MA. Next we want
to show that all these sets are dense in §. The first three cases are easy while the
remaining two cases need work. For D! with x = Ziew z;e; we take any p € §
and define g like p just by enlarging u? = wP U {x}, let mg = Y, ,, z;a] and
enlarge M9 = {mb :y = 3", vie; € uP} U {ml} as well, hence p < ¢ and D}
is dense in §. Similarly take any p < ¢ € § with m|n?, hence D?, is dense. For
D?O replace any AP by A? = (AP)"(0,...,0) with (0,...,0) a vector of [y zeros
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and let u? = u?, 19 = [P + 1y, n? = nP. In the fourth case we first notice that
b =73 be; € P\D by hypothesis, hence there is s’ € N such that the set

W ={k €w: by € Z\ s'Z} is infinite.
Suppose p € § contradicts the density of D2, for some m € N, hence
(2.2) there is no ¢ € D2 with p < q.

We write
uP ={ay,...ax_1} C Hy and let a; = Zajiei.

1€w
Also consider the k X w-matrix (s € w)
an a2 s a1s
azy az2 e azs
(G) =
Qg—-11 Qkg-12 ... Qk—-1,s
b1 by ... b,
as well as the (k — 1) x w-matrix
a1 ai2 cee ais
agy a29 e agg
H) =
akg-1,1 Qk-12 --. Ok—1;s

which is obtained by deleting the last row of bs’s of the matrix (G). We pick finite
subsets w of [IP,w) and consider the column vectors g¥ (I € w) of the first matrix
(G) and h? (I € w) of the second matrix (H) accordingly and claim that for all
finite

(2.3) wC[P,w)and d €Q [Y dihf =0 Y digf =0].
lew lew

The proof “<” is trivial. For “=”, suppose for contradiction that

> dihf =0but Y digf #0

lew lew
for some finite w C [IP,w) and d; € Q. Hence
(2.4) Zdlajl =0forj<kandv= Zdlbl # 0.

lew lew

Multiplying this homogeneous system of equations and the inequality by a large
enough natural number we may assume that

d; € nPZ for all | € w.

We now want to define ¢ > p with ¢ € D%, and distinguish two cases. If 3, <«pbial #
m then choose n? large enough such that n?|n? and }_,_,, ba? —m # 0 mod n?
and put u? = u?, MP = M9, AP = A% Then p < q and }_,_,, bia] # m mod n?

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



Sh:727

REFLEXIVE SUBGROUPS OF THE BAER-SPECKER GROUP 151

hence ¢ € D}, is a contradiction, see (2.2). If }°,_,, bial = m, then choose 19 >
sup (w U {I?}) and define ¢ such that
af(t) if telo,lp)
af(t) = d if lew
0 if le[lP,w)\w.
Set u? = uP? C H; and using (2.4) let n? be large enough such that n?|n? but v # 0
mod ni. It follows p < g and

Y baf=> bal+> bidi=m+v.
I<le l<ip lew

Hence ¢ € D%, is another contradiction, see (2.2). The linear dependence (2.3)
between the h}’s and g}’’s is shown. Now we want to use (2.3) to derive a final
contradiction for (2.2). For each finite w C w we have a Q-vector space V,, =
(h{J : | € w) of finite dimension < k. Hence there is an r € w and a finite
w* C [IP,w) such that A} (I € w*) is a maximal independent set and V- has
maximal dimension |w*| = r < k. If w* C w C [IP,w) for some finite w, then the
sub-matrix (H,) = (h?,! € w) of (H) has finite column rank r, hence row rank r
as well and there is a subset z C {1,...,k — 1} of size r such that
{aj I'w : j € z} is maximal independent.

By (2.3) b | w is a linear combination of the {a; [ w : j € z} and there are unique
elements ¢; € Q, | € z such that b [ w =}, cia [ w. If we increase w we have
the same coefficients by maximal independence. Hence

(2.5) bl[Pw) =) cal[Pw).
lez
We can choose m’ € N large enough such that m'c; € s’Z foralll € 2. If t € W is
large enough, then m/'|a;; for all [ € z. Using (2.5) we get
b, = anu €s'Z
lez
contradicting W. Hence D2 is dense in §.
In order to show density of the last collection of subsets, suppose there are
d € H,,t € Z and ng € N such that
(2.6) ngo is not dense in §.
Hence there is p € § such that
(2.7) no g € D}, satisfies p < g.

Let u? = {c' = 3, cie; : i <k} and [P < I < w. We want to consider extensions
p < q with 19 = and hence let

-1
Fr={(ye,...,01) €271 0 Y chy; = 0,4 < k}
j=tp

which is a non-trivial subgroup of the free group Z!~!» for any large enough {. Also
let

-1 -1
s(yipy -y Y1—1) = no(z afbi + Z y,-bi) - t(z ale; + Zyiei) —-d.

i<lp i=[P i<lP i=IP
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We claim that
(2.8) (yips-- - y1—1) € Fy = s(ywp, ..., y1—1) = 0 holds in D.

If s(yipy...,y1-1) # O for some (ys»,...,y1—-1) € Fj, then there is some m € N
such that

(2.9) s(yiey -+, yi—1) Z 0 mod mD.
We now define some g € § taking
=1ln?=n" - mul =uP,M7I={ml = inag ix € ul}
i<l
where
00— a? i <P

Clearly ¢ € § and also ¢ € Dgp, from (2.9), hence p £ ¢q from (2.7). On
the other hand Ei;},, cta = 0 from F; and definition of a] would imply p < ¢, a
contradiction which proves the claim (2.8).

If we let

gt = Zs?ej =ngb' — te; € D (P <i<w),
JEwW

then the implication of (2.8) can be written as

-1
§:m§=d+¢§:mmﬁﬂm§:£w.

i=lp i<lp i<ip
From (0,...,0) € F; follows
(210) no Z afbi =d+t Z a;€e;
i<ip i<ip

and from (yp,...,y-1) € F; also follows

-1
(2.11) > yist=0.

1=IlP
If we view s' = )7 . s%e; as an infinite row vector ([P < ¢ < I), then from the
matrix
1P I 1»
Pt ok
+1 + +
6 s ce Sy
-1 -1 -1
o s A

we have finite column vectors s, = (s, : P < i <) for any n € w. Let c' [ [IP,]) be
the restriction of ¢* viewed as an infinite column vector restricted to the coordinates
J such that [P < j <, then
(' I[P, 0) i< k)
denotes the vector space over Q generated by these finite column vectors. We claim
that
sp €(c'[[IP,1):i<k) forallné€w.
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Naturally £} C Z!-% C Q. If Fy = (F}) denotes the subspace of Q% generated
by F, then F; = (c' | [IP,]) : i < k) where orthogonality is defined naturally by

Ut={zecQ"Y: z.u=0 VueU}

for U C Q""" and the obvious scalar product = -u = 3., ;, Tiu;. From (2.11)

follows

F)=(sp:newt.

Using L again, we have
(Sp:new)ytt C(ct [ [IP,1): i < k)**
which is
(sn:mew)C(c[[IP0]):i<k)
as dim Q" is finite. This shows the claim.

Now let | be large enough such that (c* | [I?,!) : i < k) has maximal dimension
k' <k and let ¢t | [IP,1) (i < k') be a basis of this vector space. We now can write

sn =y e’ [ [7,0)

i<k’

with unique coefficients r?l € Q. By uniqueness these coeflicients are independent
of [ for any larger I, say that r = r?. In the system of equations

Sp = Zr?ci [P,0), (P <l<wné€w)
i<k’

we can also eliminate | and get

Sp = Zr?ci [P,w), n € w.

i<k’

From s’ and b/ =3 ble, we have that s}, = ngb, — t0;, = Y, r7*c}, for any
n > IP, hence (nob’ — te;) | [IP,w) € (¢’ | [IP,w) : i < k') and

U=(n0bj—tej: jEW).CD

has finite rank. Hence U is a free direct summand of D, see Fuchs [8]. If ny does
not divide t, then modulo n¢D the image of U is (te; + noD : j € w). and has
infinite rank, which is impossible. Hence ng|t and we rename tng ! by t. Using
purity, we get that U = (b’ — te; : j € w), is a free direct summand of D which
contradicts our assumption that condition (¢7)(b) does not hold. Hence Dygin, is
dense in § indeed, see (2.6).

We are ready to apply Martin’s axiom. There is a generic set G C § which meets
the dense subsets of § just constructed. We define a = Zie‘d a;e; such that a; = a?
for any p € G with ¢ < [P. Here we applied Dl30 and note that G is directed, hence
a is well-defined. Also a € D by D2,. Let H; = (H;,a), C D be the pure subgroup
of D generated by H{ = Hy + Za and H' = (H{, H3). Then clearly H C H' and we
claim that H' € P. It is enough to show (ii7) for *B. If c € H{ then c = ka+ e
for some k € Nje € H;. If y € H», then consider ®(c,y) = k®(a,y) + ®(e,y).
From density of Dy, and p € D] NG and the choice of a follows ®(a,y) = mb € Z
and therefore ®(c,y) € Z. The map ® extends to HY x H, — Z. If x € Hj
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then tx = h € H{ for some t € Nand if x = ), xe;, h =) .. h;e; then

tX =) ., trie; =Y ;. hie; and h; = tx; for all i € w. Hence
®(h,y) = 9(tx,y) thlyl = ( 221‘114z =t®(x,y) € tZNZ

€W 1EW

and by purity of Z C, Z also t®(x,y) € tZ and by torsion-freeness ®(x,y) € Z.
We have seen that H' € B. Next we claim that

(2.12) by definition of a and b we have z = ®(a,b) = Z ba; € Z \ Z.
€W
Note that a; — 0 in the Z-adic topology, hence b;a; — 0 and z € 7 is well-

defined. If z € Z and n € N then }_,_, bia; = z mod n for any large enough k,
which contradicts D|42|

Finally we show that ),
such that
(2.13) nY ab—ta-d=0.

1EW

i<k

a;b* ¢ Hj|. Otherwise there are t,n € Nand d € H;

Let p € GN D3,, from density of D3, and choose m from the definition of D},,,.

Hence
nZafbi —tZafei—deD\mD.
i<ip i<lp
On the other hand af = a; for all i < I from p € G and m|n? by p € D},
The set G is directed, hence mla; for all i > IP. Son}_,, a;b’ € m]D) as well as
th »a'e; € mD. The last displayed expression becomes n Yicoab —ta—-de
D \ mD which contradicts (2.13). The Main Lemma 2.2 is shown. O

From the proof of the Main Lemma 2.2 we have an immediate

COROLLARY 2.3. IfH = (Hy,H) € B, a € D with ®(a,y) € Z for ally € H,
and H| = (Hy,a), C D then (Hy, H2) € B, in particular ® : H{ x Hy, — Z.

In order to show Theorem 1.2 we want to use an ad hoc and preliminary
definition. Here we also use that ® is symmetric.

DEFINITION 2.4. A pair H = (Hy, Hy) of pure subgroups of D is a full pair if
the following holds.
(i) There is an increasing continuous chain H, = (Ha1, Hag) € P with a € 280
whose union is (Hy, Hz). R
(i) Ifbe P\D and d € {1,2}, there is a € Hq such that ®(a,b) € Z\ Z.
(i) If b € D, then for all d € {1,2} either b € Hy or for some a € H3_g we
have ®(a,b) € Z \ Z.
(iv) Ifd € {1,2} and b"™ € Hy, (n €w), thereisa=73_,
(a) either Y a;b* ¢ Hy
(b) or there is t € Z such that (b? —te; : j € w) is a free direct summand
of finite rank.

a;e; € Hy such that

Remark. As in the Main Lemma 2.2, the element ) a;b’ is a well-defined
member of the Z-adic closure P of P.
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LEMMA 2.5. (ZFC + MA) There is a full pair H = (H1, Hs).

Proof. Enumerate P\ D = {b, : a € 2%} D = {c, : a € 2%} and
D = {(b?)new : @ € 2%} with 28¢ repetitions such that any element appears 2°
times. We want to construct the PB-chain inductively and let (Hopi, Ho2) = (S5, 5).
By continuity we only have to define H,,,. Alternatively we switch between 1 and
2, say we are in case H,; and consider b,, ¢, and (b?)pe,,. By the Main Lemma
2.2 there is a, € D such that (H(a+1)1, H,s) € P where H( 1)1 =(Hy1,80)« CD

and ®(a,, ba) € Z\Z Moreover (b7 ), satisfies condition (i7) of the Main Lemma
2.2 for b® = b2, If ¢, € H(a+1 1» then let H( +12 = Haz and if c, ¢ HEa—}-l)l’

then by Main Lemma 2.2 there is d, € D such that ®(c,,ds) € Z\Z. We let
Héa-f—l = (Ha2,da)« C D and treat (H(, ) l’HEa+1 ) by a dual argument {case
2). Hence we get Hoy1 = (H{a+1)1, Hat1)2) € B. This finishes the construction

of H and Definition 2.4 is easily checked. a

LEMMA 2.6. If ¢ € HY for a full pair H = (H;, H2), then there is b € Hy with
Y= Q( ,b)

Remark A similar result holds for ¢ € H.

Proof. Let b; = ejo € Z for all j € w, and set b = 3. bje; € P. If
a € Hy C D, then write a =}, a;e; and by continuity ap = (3., aje;)¢ =
Y jcwti(ejp) =3, a;b; = ®(a,b). Hence ¢ = @(,b). If b € P\D, then by
Definition 2.4 there is x € H; with xp = ®(b,x) € Z \ Z contradicting ¢ € HT,
hence b € D. Similarly by Definition 2.4 (iii) we have b € H; and the lemma
follows. a

The pair H = (H,, Hs) in Lemma 2.6 satisfies conditions (i) and (ii¢) of The-
orem 1.2. Reflexivity follows easily as in [9] or [10] because the dual maps are
induced by scalar multiplication. As a subgroup of P, each H; is N;-free (see Fuchs
[8]). Slenderness can easily be checked and is left to the reader, hence (i) of The-
orem 1.2 follows. Condition (iv) can be derived using the arguments in [9] or [10].
The final condition {v) will follow immediately from our next Lemma, 2.7.

LemMmA 2.7. IfH = (Hy, Hy) is a full pair and o € End H,, then there is s € Z
such that 0 —sl € Fin H, where Fin Hy is the tdeal of End Hy of all endomorphisms
of finite rank.

Proof. If ejoc = b’, j € w, then using that H is a full pair, we find a =
Zi@ a;e; € H; such that Definition 2.4(iv) holds. By continuity,

b=aoc = (Z a;€;)0 = Zanbi € Hy

€W 1€w
which shows that we are in case (b) of Definition 2.4(iv). The subgroup U =
(b’ — te; : j € w) is a free direct summand of finite rank of D. However the image
of § = @iEw e;Z under 0 — t id is in U, hence S(c — ¢ id } has finite rank, and by
continuity the same holds for H;(o — t id ), this is to say that o —t1 € Fin H,. O
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3. Large reflexive groups

Let k be a fixed supercompact cardinal. Then there is a x-complete, fine
ultrafilter U over k such that the constant function

j:V—M=1lt(V,U) (x — j(x)) (j{(z)e = x for all a € )

is an elementary embedding of the universe V into the ultrapower M; for details
see Kanamori [14, pp. 471, 298-306, 37-56]. If p is a cardinal, then

9(p) ={x € V:|TC(z)| < p}

is the set of all sets in V' hereditarily < p where TC(z) denotes the transitive closure
of the set x.

THEOREM 3.1. If k is a supercompact cardinal and H is a dual group of cardi-
nality > K, then for any x < K there is a direct summand H' of H with x < |H'| <
K.

The following corollary is immediate.

COROLLARY 3.2. Fvery reflexive group of cardinality > k, with k supercom-
pact, has arbitrarily large summands < k.

Proof of Theorem 3.1: Let H = G* = Hom (G, Z) be as in the theorem. If
|G| = A1, |H| = )Xo, then let A > 2*17*2 and assume G = A\;, H = ), as sets and
X < k. If P = P(H(N) is the poset of all subsets of HH(A) of cardinality < x,
then by the above there is a k-complete (normal and fine) ultrafilter D on B with
elementary embedding

(H(A),e) < M :=Ult (B, D).
From H = G* each h € H gives rise to a homomorphism
&, ):G—Z
and ®: H® G — Z is a bilinear form. Moreover
®(h, )=0=h=0,

hence @ is not degenerate. Let € be the set of all N € 8 subject to the conditions

(i) G,H,® e N

(i) x+1C N

(iii) N is an elementary submodel of ($()), €).
(iv) If 7 = otp (N N A) is the order type of N N A, then (N, ¢) is isomorphic to

(5(7),€)), say by an isomorphism jy.

By supercompactness € € D, hence € # () and we can choose N € €. By Log’s
theorem ([14, p. 47, Theorem 5.2] the desired properties of $() carry over to N.
Now define

H =HNNand G'=GnNN.
Fromy+1CNePand x+1C A =G,A+1C A\ = H follows x +1 C H' and
x+1C G, hence

x <|H'|<rkand x < |G| <k
and by (i)

(3.1) H' C H, G’ C G are subgroups.
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Similarly, if ' = ® | H' & G’, then
. HoG —7Z
and from (i74) and " we have
H =G".
We are ready to use an old trick from functional analysis to show that H' is also a
summand of H. Let

G'* ={h€ H:®(h,G') =0} where ®(h,G') = {®(h,g) : g € G'}.

Clearly G’* C H, and consider any h € H' N G’*. We have ®(h,G') = 0 and from
h € H' follows that in the submodel N the following holds

N (Vz €GN — &(h,z) = 0).

' By (iii) we also have

(5(A),€) E (Vo € G — ®(h,z) = 0),
hence ®(h, ) =0 and h = 0 because ® is not degenerate. We conclude
H'NG* =0,G'"" CH.
In order to show
(3.2) H+G*=H

we consider any h € H = G* and let ¢ = ®(h, ) | G’ which belongs to G’*. From
(3.1) we find A’ € H' such that ®(h’, ) = ¢. If ¢’ € G’ we have

o(h—H,g')=2(h,g") - (K,g)=g'¢-g'¢=0,

hence h — k' € G'* and h € H' + G'*, and (3.2) follows. Altogether we see that
H’ is a summand of H of the right size. a

References

[1] H. Bass, Finitistic dimension and a homological generalization of semi-primary rings, Trans-
act. Amer. Math. Soc. 95, 466 — 488 (1960).
[2] M. G. Bell, On the combinatorial principle P(c), Fundamenta math. 114 (1981) 149 — 157.
[3] K. Devlin, S. Shelah, A weak version of ¢ which follows from 280 < 281, Israel J. Math. 6,
239 — 247 (1978).
[4] M. Dugas, J. Irvin, S. Khabbaz, Countable rings as endomorphism rings, Quart. J. Math.
Oxford (2) 39 (1988), 201-211.
[5] K. Eda, On Z-kernel groups, Archiv der Mathematik 41, 289 — 293 (1983).
[6] K. Eda, H. Ohta, On abelian groups of integer-valued continuous functions, their Z-dual and
Z-reflexivity, in Abelian Group Theory, pp. 241 — 257, Gordon and Breach, London 1986.
[7] P. Eklof, A. Mekler, Almost free modules, Set-theoretic methods, North-Holland, Amsterdam
1990.
[8] L. Fuchs, Infinite abelian groups - Volume 1,2 Academic Press, New York 1970, 1973.
[9] R. Gobel, S. Shelah, Some nasty reflexive groups, to appear in Mathematische Zeitschrift
[10] R. Gébel, S. Shelah, Decompositions of reflexive modules, to appear in Archiv der Mathematik
(11] R. Gobel, B. Wald, Martin’s axiom implies the existence of certain growth types, Mathema-
tische Zeitschrift 172 (1980), 107 — 121.

[12] R. Gobel, B. Wald, Separable torsion—free modules of small type, Houston Journal of Math.
16 (1990), 271 — 287.

[13] T. Jech, Set theory, Academic Press, New York 1978

[14] A. Kanamori, The higher infinite, Springer, Berlin 1994.

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



Sh:727

158 RUDIGER GOBEL AND SAHARON SHELAH

FACHBEREICH 6, MATHEMATIK UND INFORMATIK, UNIVERSITAT ESSEN, 45117 EsseEN, GER-
MANY
E-mail address: R.Goebel@QUni-Essen.De

DEPARTMENT OF MATHEMATICS, HEBREW UNIVERSITY, JERUSALEM, ISRAEL, AND RUTGERS
UNIVERSITY, NEWBRUNSWICK, NJ, U.S.A
E-mail address: Shelah@math.huji.ac.il

Licensed to AMS.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



