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REMARKS ON ¥,-CWH NOT
CWH FIRST COUNTABLE SPACES

SAHARON SHELAH

Abstract. CWH,CW N stand for coliectionwise Hausdorff and collectionwise nor-
mal respectively. We analyze the statement “there is a A ~ CW H not CW H first
countable (Hausdorff topological) space”. We prove the existence of such a space
under various conditions, show its equivalence to: there is a \-CW N not CW N first
countable space and give an equivalent set theoretic statement; the nicest version
we can obtain is in 4.8.

80 INTRODUCTION

This paper is concerned with several “almost, but not quite”-type questions for
first countable Hausdorff spaces, e.g.:

(1) Is there an Nj-metrizable but not metrizable such space?
(2) Is there such space which is 8;-CW H but not CWH?
(3) Similarly for CWN.

We feel that these questions are of considerable interest, especially the first one
which is somewhat of a classical problem in set-theoretic topology.

Generalizations to A > ®; are considered, and the analogy with CWN is ex-
plored. Here, CW H stands for collectionwise Hausdorff, and CW N for collection-
wise normal. For the purposes of this paper, a space is always a first countable
Hausdorff space.

Note that A-metrizable = A\-CWH.

Our motivation is to prove that, to a certain degree, the above three questions are
equivalent. Note that in the class of Moore spaces, the equivalence of metrizability
and CWN is well known (see [F184]).

We give below a suinmary of some of the results.

1991 Mathematics Subject Classification. 54A25, 54A35, 54D20.
I would like to thank Alice Leonhardt for the beautiful typing.
My thanks also go to Franklin Tall for showing me the problem in 1992, to the participants of the

seminar in Jerusalem in July '92 and Fall 93 for their remarks, and to Mirna Dzamonja for many
corrections and writing up the first part of the introduction.

© 1996 American Mathematical Society

103

Licensed to AMS.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/publications/ebooks/terms



Sh:E9

104 SAHARON SHELAH

In the first section it is shown that instances of non trivial cardinal arithmetic
(for example =SCH) imply examples for (1). For this we note that for singular
A of countable cofinality, a A-metrizable not metrizable space can be constructed
from the assumption that there are A* functions 5, € “X such that for 3 < At
there are pairwise disjoint end segments for (n, : @ < 3).

The strength of this assumption is discussed, for example if it were to fail for
all relevant ), then for every singular u we would have pp(u) = pt. This in turn
has many implications, like that {*({6 < u* : cf(6) # cf(u)}) holds for u singular
strong limit.

Also in the first section is a construction the method of which is going to play a
major role in the rest of the paper. We wish to construct an ¥;-CW H not CWH
space from the existence of a strong limit A of uncountable cofinality with 2* = A+.
We succeed to obtain “not CW H” at this stage, but we need something more to
prove the “N;-CWH”.

Spaces which are X;-CW H but not CW H are further discussed in §2. It is proved
that MA + —-CH implies the existence of an N;-metrizable but not metrizable space.
Consideration is given to a combinatorial property INCW H(}), defined in 2.4. If
one can show that there is an A > R; such that INCW H()) holds, then the original
problem (1) is solved. It is further shown that INCW H () implies the existence of
an (< A\)-CW H but not A-CW H space, and more. The proof uses the construction
mentioned in the discussion of the first section. Further variants of INCW H())
are introduced.

Discussion of the variants of freeness continues in the third section. It is shown
that the version introduced earlier, INCW H()\) can be further weakened, to a
property called INCW H*()), to obtain a principle equivalent to the existence of
a space X with A points which is (< A)-CW H, but not A-CW H.

Having thus hopefully convinced the reader that freeness has a lot to do with the
original problem, we give a detailed discussion of the general concept of freeness and
its connection to topological properties we discussed earlier. This is the subject of
the fourth section. The method of constructing topological spaces introduced in the
first section is further explored now. Some equivalences are given and in particular,
the CW N-spaces enter the arena. Freely stated, Theorem 4.8 shows that basically,
the existence of a space which is (A\)-CW H, *CW N respectively, but not -CWH,
*CW N respectively are equivalent, and in addition equivalent to the existence of
a (< A)-free not free family of functions with domains countable sets of ordinals
and range C w. (The theorem gives in fact more but does not distinguish A, A if
/\?0 — /\;‘u‘)

In the fifth section of the paper, we continue the investigation of variants of
freeness.

The author had a flawed proof of the existence of spaces as above in ZFC, for
some A > Wi, in June of 1992; still we decided that there is some interest in the
correct part and some additions.

Further work on the variants of freeness, as well as their connection with metriz-
ability, is in preparation.
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We shall deal mainly with first countable topological spaces.
All spaces will be Hausdorfl.

0.1 Definition. 1) A space X is metrizable if the topology on X is induced by a

metric.

2) A space X is (< A)-metrizable if for each Y C X such that |Y| < A, the induced

topology on Y is metrizable. Let y-metrizable mean (< u*)-metrizable.

3) A space X is CW H (collectionwise Hausdorff) if for every subspace Y on which

the induced topology is discrete (i.e. every subset is open) there is a sequence

(uy : y € Y) of pairwise disjoint open subsets of X, such that for every y € Y we

have y € u,,.

4) A space X is (< A\)-CWH if for every Y C X of cardinality < A, Y (with the

induced topology) is CWH.

p— CWH means (< pt) - CWH.

5) A space X is CWN (collectionwise normal) if: whenever (Y; : i < a) is a

sequence of pairwise disjoint subsets of X, and each Y; is clopen in X | (U Y;),
j<a

then we can find pairwise disjoint open (U; : i < @) in X such that ¥; C U;.

6) A space is (< \)—* CWN if every subspace with < A points is CWN (we use

the * because another notion is: there is a bound @ < A such that all relevant

subspaces are of size < a).

p—*CWN means (< ut) —* CWN.

0.2 Question. (ZFC) 1) Are there N;-metrizable not metrizable (first countable
Hausdorff topological) spaces?
2) Are there Xy — CWH not CW H first countable spaces‘?
We shall also consider analogous questions with X; replaced by any A > Ro.
Note: A-metrizable = A\ — CW H. Also, metrizable = CWN = CWH.

0.3 Observation. Assume X is a space with character y < ) (i.e. every point
has a neighborhood basis of cardinality < x).
Then:

(a) X is \—CWH iff for every subset Y of cardinality < A on which the induced
topology is discrete there is a sequence (u, : y € Y') of pairwise disjoint open
subsets of X such that y € u,.

(b) In (a), for any fixed y < p < A, we can restrict ourselves (on both sides) to
discrete subsets of cardinality p.

Proof. (a) The implication < is immediate. For the implication = assume that
Y C X,|Y] < XAand X | Y is the discrete topology. Let (UY : i < i¥ < x) be a
neighborhood basis in X for y € Y’; choose for yLy2 €Y andi; <V ,is <V a
point z[y!,y?,11, 2] which is in L{iyll AU, if this intersection is non-empty. By the
assumption X [ Y; is CWH, where

Y =Y U {z[yl, 92 i1,02): yt € Y,y2 €Y iy <V’ iy <i¥'}.

(b) Follows from the proof of (a). Oo.3
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81 ANALYSIS OF “N; — CHW BUT NOT CHW?”

1.1 Lemma. 1) Assume

(*)a ef(A) = Rg < A, o € “X for @ < A*, and for each 3 < A\*, we can find
pairwise disjoint end segments for (1, : @ < 3)
(e.g. 3hg : B — w such that

a1 <az <PBAk>hg(ar) ANk > hg(az) = 1, [k # Ny [ K).

Then 1) the space “> AU {ns : @ < At} with the topology given below is

(a) first countable and Hausdorff
(B) A — CWH, even \-metrizable
(7) not A\t —CHW.

The topology is the obvious one: each n € “> ) is isolated, and for each a < A™,
the neighborhood basis of N is {{Na [ €: k < ¢ <w}: k < w}.
2) Hence, the space is not metrizable but is \-metrizable.

Proof. Straightforward. Ui

1.2 Conclusion. 1) If the answer to 0.2(1) or 0.2(2) is “no”, then (%), of 1.1 is
not true for any M.
2) If (%) of 1.1 fails for all A, then

(*) cf(A) =Ro < A= pp(A) = A*

(by [Sh:355],1.5A).

3) If 2)’s conclusion holds, then for every A singular we have pp(A\) = A*. (By
[Sh:371},1.10 or [Sh:371],1.10A(6) or [Sh:355],2.4(1)), hence for every pair 6 < p
we have cf([u)<?,C) = cov(p,6%,0%,2) < ut (by [Sh:400],1.8), in fact

if  cf(p)>0

n
Cf([ﬂlso,§)={“+ if  cf(p)<0.

4) If 3)’s conclusion holds then:
(*¥)  if X is singular strong limit then

(a) 22 = A*F
hence

(b) 0%, where Sy = {6 < At : cf(8) # cf(N)}, and O% means that
there is a (Ps : § € S) satisfying P, C [a]*, |Pa| = A such that

(VX € A*)(3 club 0)[ A\ (Xné)e Pg]
6esSNC

((b) holds by [Sh:108]; sec there on earlier work of Gregory).
Note that clearly 0% & 51 C §= OF,.
(5) Not only pp(A) > At and A > Rg = ¢f()) implies (x), (from 1.11); but assume
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we have (A, : n < ¢f(A) = Rg), Z’\" =X A = cf(An), tef(IIA,/J2%) = A¥ as
exemplified by f = (fa : @ < A*) such that

® if Ng < ¢f(8) € £k < A, then there is a closed unbounded A C § and
ng < cf(A) for @ € A such that ny,ng < n < cf(A\) = fo(n) < fa(n).

Then using & we get (), of 1.1, so we get a k — CW H, k-metrizable first countable
space which is not metrizable nor CW H (so not A*-metrizable and not \* —CW H).
In fact A > cf(A) = R, cf ([N}, C) > At is sufficient too (see [Sh:355],§6).

1.3 Construction. Assume XA = J,, (or just A is a strong limit, ¢f(A) # No),
2% = At and S is a stationary subset of At such that

S C {6 < At :cf(8) = No and A? divides 6}.

We shall build a space with the set of points {4, ys : @ < A*}. Each z, will be
isolated in X and each y, will have a countable neighborhood basis in X. We shall
have {#q,n : n < w} as a neighborhood base of y, with %, decreasing in n and
Ua,n = {Ya}U{zs : fa(B) > n} where f, is a function from A+ to w which we shall
define below.
Note that each y, is isolated in the space restricted to {yo : @ < AT}
The only thing left is to define f, for a < A™.
We set fo(8) = 0 except in some specified cases. For the space to be Hausdorff it
is enough to have: '

for a < f there is an m = m(a, 8) < w such that

S(3Nfo(y) 2 m & fs(y) > m]. We shall make a stronger condition:

(*)o a<B= FMN|[fa(r) 21 & fa(7) > 1].

Remember that, as remarked in 1.2(4), it is reasonable to assume

()1 ¢s holdssince 2* = At and ¢f()X) > No (or by the proof of 1.2 for arbitrarily
large u < A, (%), of 1.1 holds). So there is a (g, : @ € S) with g, : @ — w,
such that

(Vg € M w)(@F*™a € S)(ga = g | @).

Now, if the space is CW H then there is a g : At — w such that (ug,4(a) : @ < AT)
are pairwise disjoint. '

We define by induction on @ a limit < A* the value of f;() for ¢, 7 < a. Denote
& = fi | a and denote the sequence (ff : i < a) by f*, soif i < a, then f* is
a sequence in “w and f{ is an initial segment of ff when a < 3. Usually we just
give value zero to f;(j).

If @ = w, or « is limit there are no problems.
If cf(@) > No, and f° is defined, we define f*+* by letting all the new values be
equal to zero. If @ € S, and g, looks as a candidate for g, i.e. (u® 1< @)

1,94 (1)
are pairwise disjoint, where uf, =: {z5: 8 < a & fi(B) > k}, and if for some m
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it happens that otp({3 < a : go(8) = m}) = a, then choose for the minimal such
m=mg

(a) B3 < B2y, <a=|]B2
(b) ga(B2) =m i

and define fo+¥ (extending f*) by

fat(a+n)=n

and
fgf“’(a—i—n):m-fl

(other values of f**“ are zero). If g, fails the conditions above or if a ¢ S but
cf(a) = Rg, choose mq = —1, B2 satisfying conditions (a) above and extend f* as
just described.

So, if g, satisfies all the conditions above, we cannot extend g, to a g which is as
required (for CW H) and defined on \* : if g(a) = k we get

Zotkt18 € (Uaks1 N uﬂ;:+18,g(.(ﬂ§+18))‘

So the space is not CW H (hence not metrizable). For simplicity, we can request
that 8% ¢ U [v, v + w). Hence, (*)o holds, so the space is Hausdorff.

v€S
Suppose the space is not X — CW H. So for some U € [\t]™

X 1 {zoya - @ €U}

is not CWH.
So without loss of generality if

aeSNU
then
a+n €U and
By €U.
So

® for every g : U — w (candidate to give the separation),
we get: for some a € SNU, (3%n) g(83) < Mg

O
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1.4 Comments. (0) Unfortunately, we have not proved “X is 8, —CWH”.

(1) The space constructed in 1.3 has neighborhood bases consisting of countable
sets, like the ones considered in the earlier consistency results from [JShS:320].
However, above a superrcompact pp is trivial, no such phenomenon arrises here.
(2) But lFpevy(x,,2+) “X is not Xy —CW H” may fail unless we put more restrictions
on the §g. See (3).

(3) If we build X as above, let P = Levy(®;, A*) and there is a P-name g such that

IFp “g : At — w witnesses that X is CWH”,
then X is Xy — CWH.
[Why? given a Y € [A*]*1, we can find (p; : 4 < w,) increasing in P such that
/\ V pi IF “g(a) = something”].
€Y i
(4) It is well known that if A = ¢f(A) > Rp and S C {6 < XA : ¢f(6) = Ro} is
stationary not reflecting, then there is a (< A\) — CWH not CW H space. A space
like this can be constructed in a fashion similar to that of 1.3. Namely, we can
choose for each § € S an increasing sequence (a : n < w) which converges to é.
We require ol ¢ S, say ol a successor ordinal. We define

if éeSandf=0d}
otherwise.

r0.0={7

We set X = {ys:6 € S} U {z3: B € A} set z3 isolated and let

usn ={ys}U{zp: <6 & f(B,8) > n} be a neighborhood base for ys(n < w).
To see that X is not CWH, do as above, and to see it is (< A\) — CWH, use

induction on a@ < A. since S is not reflecting, at & € S we can choose a cofinal

sequence which avoids S, and apply the induction hypothesis.

1.5 Definition. We say that the space X is A\ — WCW H if for any discrete set of
A points, some subset of cardinality A can be separated by disjoint open sets.
XisWCWH if X is |[X|-WCWH.

1.5A Remark. By a theorem of Foreman and Laver for first countable spaces we
have the consistency of: ®; — WCWH = ¥, — WCWH.

Namely in [FoLa88], starting with a huge embedding j : V — M with critical
point k£ and j(k) = A, the following is obtained:

There is a forcing notion P * R such that P is k-c.c.,|P| = &, V[Gp] F “k =w;”,

R € V[Gp] is A-c.c., of cardinality A and (< )-closed and V[Gp*n}] E A =w”.
In addition, there is a regular embedding h : (P * R) — jP with h(p) = p for all
p € P and the master. condition property holds for h, jP, P * R. Finally, if G is
(PP * R)-generic, then in V[G], jP/h"(G) is k-centered.

The consistency of 8y — WCWH = Ry — WCWH for first countable spaces
clearly follows from the above result of [FoLa88]. For the convenience of the reader
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we include the following easy Claim 1.5B which shows this implication. In fact,
M. Foreman informs us that from other results in [FoLa88], the implication is even
easier.

1.5B Claim. Suppose X is a first countable topological space and | X| = k%, while
Yo C X is a discrete subspace of X, with |Yo| = s*. If P is a k-centered forcing
notion such that

IFp “There isaY C Yy with |Y| = |X| and Y is separated in X",

then
inV, thereisaY CYy,|Y|=|Yo| and Y is separated in X.

Proof. Without loss of generality, the set of points of Yy is x*, and we denote
A = kt. We may fix a set {z : 7 < A} of P-names such that

IFp “{z : v < A} is separated C X and has cardinality A”.

We can also assume that there are no repetitions among the z., and that z., > v.
Suppose that in V, the neighborhood bases for points in Y; are given by

((up :n <w):y€Yoy).

n(v)
So, without loss of generality {uz, :7 < A} are pairwise disjoint, in VP,

Now, let P = U P; where each P; is directed.
i<K
For each @ < A, there is a condition p, forcing a value to z,,n(a) say Ba,m(a).
So, there is an i(*) < k such that A = {a : ps € P;(,)} is unbounded in \.
Therefore, {8 : @ € A} is separated by

{ufﬁ':fa) ta € A}

(So, having that any two members of P; are compatible, or that out of any A
elements of P there are A pairwise compatible, i.e. P is A-Knaster, suffices). 0; 5.5

On the other hand, e.g.

1.6 Claim. There is a first countable Hausdorff space X which is (2%)* -WCWH
but is not WCWH.

Proof. Let A = D An, AN < Angr. Let (o 1 o < A*), 74 € “A, @ < B and
n<w

Na <gtd N3-

We define the topological space X on “>AU {5y : @ < At} asin 1.1.

Proof that X is not A* = WCWH: if U € A\, (14 : @ € U) cannot

be separated as [{n, [ €: ¢ <w,a € U}| < A
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Ifue [/\+](2R0)+, without loss of generality otp(i) = (28)*; set U = {a¢ : ( <
(2%0)*}. Now for some Y € [(2%)+]2")* and n, (N | [n,w) : ¢ €Y) is strictly
increasing (not just modulo J* but in every coordinate (see [Sh:111] or [Sh:355],
81, also [Sh:355],86; see also [Sh:400],§5, [Sh:430], §6)). Ohe

1.7 Remark. We can prove other Claims similar to 1.6 (see the references above).

82 ON NOoT CWH, ¥ — CWH SPACES

2.1 Definition. For an ordinal 7 let us define

(%)} thereisan S C {6 < v:cf(6) = No} and, for & € S, a sequence (8] : n < w)
strictly increasing with limit 6, and a ms < w,
such that (Vg € "w)(36 € S)(3%°n)[g(B8) < ms).

2.2 Claim. (1) If the answer to 0.2 is no (or much less), then for some v < wa,
(%)} holds.

(2) If MA+ —CH, then y < 2% = =(*)}.

(3) Without loss of generality, in ()}, each 8% is a successor ordinal.

Proof. 1) By the proof of 1.3 and 1.2. take v = otp(u), where u is like at the end
of 1.3.

(2) Check. Use the natural forcing {p : p is a finite function from + to w} with p < ¢
iff pC g & (¥6)(§ € SN Dom(p) — (¥n)[B; € Dom(q)\Dom(p) — q(B;) > n}).
(3) Check. Oa.2

2.2A Conclusion. If MA + -CH then the answer to 0.2 is yes. In fact, there is
an R;-metrizable (hence X;-CWH) not CWH (hence not metrizable) first countable
space.

Proof. By 2.2(1) and 2.2(2).
2.3 Claim. If ()} for some v < wa, then (¥)}, .

Proof. Choose v* < w; minimal such that (x)}.. Clearly v* > w;.

If v* = w; we are done. Sc assume v* > wi, and we shall get a contradiction.
We fix an § C v* and ms, (85 : n < w) for § € S, which exemplify (x)}.. Note that
for every v < 4* there is a g, € "w such that:

® if 6 € SN~ then {n: g,(85) < ms} is finite.

Case 1. y*=v+1landy ¢ S.
Extend g4 by {(v,0)}.
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Case 2. y*=v+1landy€S.
Define g € " w:

ifBe€v,B¢{Bl:n<w) then g(B) = g(B)
8=~ then g(8) = 0
if 8 = 8] then g(8) = Max{g,(8),n +8,m. +8}.

So g gives a contradiction.

Case 3. cf(v*) = No.
Let v* = U Yny Yo = 0, Yo < Yn+1, and each vy, 4, is a successor of a successor

n<w
ordinal.

Let g = U{gy, .1 | [Yn)Yn+1) : n < w} - it gives a contradiction.

Case 4. cf(7*) = wy.

Let (v; : ¢ < w;) be increasing continuous with limit 4*, 40 = 0, ;41 a successor
of a successor ordinal.
Let S* =: {v;: v € S (so i is a limit ordinal)}.

Subcase A. 7*, (< ) :n <w>:y € §*), (my : v € §*) do not exemplify (x)>..
So some g* € 7 w shows this. Define g by:

if B € [7i,7i+1) then g(B) = Max{gy,,,(8),g"(8)}

So g gives a contradiction.

Subcase B. (< ] :n<w>:vy € S*), (my: 7 € S5*) exemplify (x)1..
If S* is not stationary, then we get a contradiction as in case 3, noting that in this

case we can without loss of generality assume /\'yi ¢ S*. Therefore we may note

i
that S* is stationary, even though this will not be used in the rest of the proof. Let
y* = U a; with a; countable increasing continuous, such that ap = @,

i<wiy
aiﬂ{'yj:j<w1}={'yj:j<i},ai§'y,-and'yjGa,-/\jES*=>/\ﬁ;’j € a;.
n
Fori € S* let u; =: {n < w: B € a;}.
Note

® if i € §* and j < i, then {n € u; : B} € a;} is finite, as it is included in
{n <w:BY <v;}. [Why? Remember a; C v;].

Let S** = {1 € §* : u; is infinite and 7 is a limit ordinal}. So we already know

® for every g € ¥ w, for some i € S*, for infinitely many
n < w we have g(4)) < m.,.
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We claim

@t for every g € ¥ w for some i € S§**, for infinitely many n € u; we have
g(By) L may,.

Otherwise, for some g* € ¥ w this fails and we define g:

let B € ai1\a; (there is one and only one such i),
then g(8) = Max{g*(8), m+, + 8,m, 11 +8}

As g gives a contradiction to @, clearly &% holds.

Now let h be a one to one function from w; onto 4* such that for i limit, h maps
{j : < i} onto q;. ‘
Let for i € S**, {j® : n < w} enumerate {j < 7 : h(j) € {BF : n € u;}}, and
m} =m.,, fori e S5*.
Now (< ji :n < w>:i € 8*), (m! :i € §**) exemplify that v* could have been
chosen to be = wq, as required. Oas

We define the combinatorial property we actually use

2.4 Definition. 1) INCWH()\) = INCW H()\) means:

X is regular > R¢ and for some stationary S C {6 < A: cf(é) = Rp} we have
(ms, < B8 :n <w >:8 € S) such that:
ms<w, B <Pl <6= U B2, each B2 is a successor and:

n<w

A

(a) for every g € “w, for some § € S, for infinitely many n we have

9(B3) < ms.
(b)s for every U C A, |U| < A, for some g € “w, for every § € SNU, for
every n < w large enough, g(8%) > ms.

2) We can replace m; by (m, : n < w), requesting g(85) < m? in (a) and g(83) >
mg in (b)x. In this way we obtain an apparently weaker property, which we call
INCWH2()\).

For other versions of the principle, as well as the connections between the various
versions, see §3.

2.4A Discussion. 1) If INCW H()), then there is a space (as in 1.3) which is
Hausdorff first countable with A points, not metrizable, not even CW H, but every
subspace of smaller cardinality is metrizable. So, the notation, “INCWH” is
derived from “incompactness for CWH”, where incompactness is understood in
the model-theorethic sense.

2) So if we prove (3 > R ) INCW H()) we have solved the original problem 0.2.
3) (b)x means that we require |I/] < k. Note that (b)x, holds trivially and that
Bk & (B = B

More formally
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2.5 Claim. If INCWH()) then SINCWH()) (even exemplified by a (< A)-
metrizable space), where:

2.6 Definition. SINCW H()) means that there is a first countable T-space X
with X points which is (< A\) — CWH (i.e. for every discrete subset of cardinality
< A we can choose pairwise disjoint open neighborhoods separating the subspace)
but not A — CWH.

Proof of 2.5. Assuming INCW H(\) we build a space X witnessing SINCW H(\).
The points of X are yo (@ < A) and 24,3 (8 < @ < X) with z, g isolated and yq
which have neighborhood bases (u4,, : 1 < w):

if a€S  wan={Ya}VU{Za,s: for some k > n we have § = 37}

fags Yo = {Ya} U {60 :a < 6 € S, for some k we have
a=fE, and k < ms}.

Here, S is a fixed stationary C {6 < A : ¢f(8) = Ro} which exemplifies INCW H()),
together with (ms, (8% :n <w):6 € S).

Checking of “X not CWH”

Let Y = {yo : @ < A}.
Note that X [ Y is a discrete subspace of X. Note that {usn : n < w} is the
neighborhood basis of y,. Suppose that there is (uq g(a) : @ < A), a sequence of
pairwise disjoint sets, for some g € *w. As Uq,g(a) N U g3) = B for a # B(< A)
clearly for o € S and § = B we get k > g(a) = g(8) > m, (since otherwise
Ta,3 € Ugyg(a) N UB(3)) Why? Zap € Uq,g(a) 85 k > g(a) and x4, € ug g(p) a3

9(B) < my).
So g contradicts (a) of INCW H().

Checking of “X is (< A\) - CWH"

Let Z C X,|Z| < Aand X | Z isdiscrete. Let Zg = {zap: B <a < A}NZ,Z, =
{ya :@ € N\S}NZ, Zo ={yo : @« € S} N Z, s0 (Z1,Z,, Z3) is a partition of Z. Let
U={a€S:y, € Z3},s0 || <A and U C A hence by the assumption, there is a
go € Yw asin (b)y.

We define u,, a neighborhood of z for z € Z (remembering Z is discrete):
if z=2qp € Zo,u, = {Za,3}
if 2=yo € Z1,8: = Uq,n(a) Where
n(a) = Min{n:n > g(a)+ 8 and ua,, N Zo = 0}
if 2 = ys € Z2,u, = us n(5) where
n(6) = Min{n : n > ms + 8 and us,, N Zp = 0}.
Now check that {u, : z € Z} separates the points of Z. Os 5

Note that 2.5 also follows from 3.6 + 3.8 below.
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2.7 Claim. Assume X and (ms, (B :n <w) : § € S) are as in 2.4, but we require
A just to be an ordinal, and weaken (b)) to

(b)x for every U C A, [U| < &, for some g € Yw
for every § € SN U, for every n large enough g(35) > ms.

Then if X\ satisfies this weakened version of INCW H, then for some regular u,
k < p < X\ we have INCW H(p).

Proof. If we allow p in the definition of INCW H(p) to be an ordinal: straightfor-
ward (and suffices for our main interest). Namely, we choose a U such that

(@) UC A
(B) there is no g € *w such that for every § € SN for every n large enough

9(B%) > ms,
() under (@) + (B) the order type of U is minimal.

Clearly otp(U) < A and otp(U) > k. By the same proof as 2.3, otp(/) is a regular
cardinal, we call it z and with the a;’s as in the proof of 2.3, we get INCW H ().
Oa.7

2.8 Conclusion. If A = cf(A) > Ro and {(scr.cr(5)=n,}> then for some regular
uncountable A’ < A (but not necessarily A’ > R,;!), we have INCW H(X').

Proof. By the proof of 1.3 there is a sequence (ms, (8% : n < w) : § € S) exemplify-
ing (a) of 2.4, with S = {6 < A :cf(6) = Ro}. We know that (b)x, holds. Now use
2.7.

2.9 Observation. If S; C Sy C {6 < A :cf(8) = Ro}, (ms, (B :n <w):6€ Sp)
witness INCW H()), then we can find a {(mj}, (7% :n <w):68 € Sy) witnessing
INCWH()).

Proof. By [Sh:351], proof of 4.4(2) we can find (15 : § € S2\S1) such that:

75 is an increasing w-sequence of successor ordinals with limit § such that

75, (n1) = N5, (n2) = ny =n2 & 15, [ 71 = s, [ na.

Now we define m2, 32° for § € Sa,n < w: if § € Sy then m% = ms, $2° = 23 and
if 6 € S5\ S; then ms = 3, B2% = 2n5(n) + 1.
Now check. Oo.9

2.10 Remark. We can replace in our discussion Rg as the character of the spaces
under consideration by 6. Towards this we define a family of spaces.
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2.11 Definition. X € 7} if X is a Hausdorff space with each point z having a
neighborhood basis {4, : @ < a*} such that:

(a) £=0and a* <O or

(b) £=1,a* <0 and (u, 4 : @ < a*) is decreasing, or

(c) £=2,a* =6, and (ug o : @ < a*) is decreasing.

If £ = 2, we may omit it.

2.12 Definition. We define also the principles

INCWH(),8) = INCWH(),0) and INCW H?(),8) as in 2.4 (with w replaced
by 6).

E.g. INCW H?(\,0) means that there are S and (¢f :i < 8),(80 :i< @) forb€ S
such that:

(A)(E) SC{b6< A:cf(6) =26}
(i¢) B! is a successor ordinal (this is not a serious obstracle, we in fact want

B ¢S)
(1) i<j< 0,6 €S=>p) <Pl <é
i<8
(v) e <8
(B)(3) for every g € %6 for some § € S we have 8 = sup{i < 6: g(8°) < &f
(43) for X € [A]<* there is ¢ € 8 such that for every § € SN X we have
6 > sup{i : g(87) < €£}.

2.13 Claim.
(@) if X >cf(A) =86, pp()) > At (or the parallel of 1.2(5)), then

® thereisan X € T¢, |X| = AY, X is A\ = CWH, X has a discrete
subspace of size At, but for some X' C X, |X'| = ), c(X') = X (so
lel(X")] > X) (this is a strong form of X is not \* — CWH).

(B) if A > cf(A) =0, X is a strong limit and 2* = \*, then: INCW H(),8) for
some X' = cf(N) € [6F,\F].

Proof. Similar to the above, replacing ®¢ with 6. Os.13

83 VARIANTS OF FREENESS

3.1 Definition. 1) INCwh(\) = INCwh'()) is defined as in 2.4 except that
(B% : n < w) is not required to be increasing with limit &, just [n # m = 85 # 85,].
2) INCwh?()) is defined as in (1) but we use (mé : n € w) rather than a single
ms. (Compare 2.4(2).)
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3.2 Claim. 0) INCWHY()\) = INCwh®()\), INCWH()\) = INCW H?()),
INCwh(\) = INCwh?()).
1) INCwh?(b) (where
b= Min{|F|: f C “w and for no g € “w do we have for every f € F that
f<*g}.
As usual, f <* g means that {n : f(n) > g(n)} is finite).
2) Assume A < 2% and for a < ), f, is a partial function from w to w, Dom(fy)
is infinite and U C A & [U| < A= (3f € “w) /\ fa <* f but for no
acU
fe“w, N\ fa<*f, then INCwh?()).
a<A
3) It does not matter in 3.1 if we demand “B, is a successor ordinal”.

Proof. 0) Check.
1) By 2).
2), 3) Check. ' Os.2

3.2A Questions.

1) Are there examples like in 2.6 for X singular e.e., does SINCW H () hold for
A singular?
2) Suppose that in 3.2(2) we allow for each «a a filter F,, on Dom(f,) generated by
Ro sets and we require /\ {B € Dom(fa): fa(B) < f(B)} € Fy; is this equivalent

aelU
to INCwh?(\)?

3.3 Claim. Assume INCwh?*(k), A > k and ) isregular, S C {§ < A : cf(8) = No}
is stationary and ¢ g holds.

Then (1) there is a ((m¢, 8 : n < w) : 6§ € S) as in 2.4(2), but only (a) and (b)«
hold.

2) For some regular X' € [, \], we have INCW H%(X').

3) We can replace INCwh*()\'), INCWH?(X') by INCwh!'()\), INCWH(X)

respectively.

Proof. Now (2) follows from (1) as in 2.7 and we leave (3) to the reader. The proof
of 3.3(1) is like the construction of 1.3 with one twist. Let A : A —  be such that for
every < k, the set h™1({¢}) has cardinality X. Let ((m$,*85 :n <w):( € S*)
witness INCwh?(k).

Let (g5 : 6 € S) witness (s i.e. g5 € °w and for every g € *w for stationarily
many 6§ € S we have gs =g [ 6.
For each 6 € S we define a function g; € *w:

g95(¢) = Min{m : for arbitrarily large @ < § we have : m = gs(a) and

h(a) = C}, if defined.
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If for some ¢ < &, g3(¢) is not defined (i.e. there is no such m) - we do nothing.
If g} € "w is defined we know that for some ((6) € S*,
| (3n)(g; (D) < mi®).
(Such a ((6) exists by the choice of ((m§,*85 :n <w): (€ 5*)). We fix such a é.
Now, choose 78 such that:

(a) 78 < 8,h(78) = *B5®, gs(+8) = gz (*B5®)
(b) 6= |J 75 and 75 <81

n<w
(78 : n < w) exist by the definition of g}.
We claim <(mf,(5),'yf, m<w):6€8 > witness the conclusion. Looking at Defini-

tion 2.4, we see that the preliminary properties hold. Ordinals ¢ are not necessarily
successors, but this does not matter by 3.2(3).
We have to prove clause (a) of 2.4, we well as (), of 2.7.

Proof of (a). Let g € *w. For each ¢ < &, the set {& < A : h(a) = ¢} has cardinality
A, so

g*(¢) = Min{m : (Fa)[h(a) = ¢ A g(a) = m]}
is well defined. Let

A=:{(¢(,m): (3a < N)[g(a) =m A h(a) =] and ¢ < k,m < w}.
Then

E=: {6 < A for every ({,m) € A, for unboundedly many a <

we have g(a) = m, h(a) = ¢, and for every
(¢, m) € (k x w)\A, we have

6> supfa < A:g(a) = g*(C) A hla) = <}}

is a club of A.
For stationarily many 6 € S, gs C g so thereissuchad € ENS.
Now check: g; = g* (g9; was defined earlier). The rest is also easy to check.

Proof of (b). i.e. (< k)-freeness. Let U C A, |U| < k, hence V = {h(a): a € U} is
a subset of k of cardinality < k, so by the choice of (m$,*8% : n < w,§ € S*) there
isa f*:V — w exemplifying (b), for (m$,*B : n < w,é € S*).

Choose f : U — w by f(a) = f*(h(a)), now f exemplifies (b), for

<(m$,(6),7ﬁ n<w):8€ S>. Os.3
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3.4 Conclusion. (3X > p)INCW H*()) is equivalent to (3X > u)INCwh()) (for
£=1,2).

3.5 Definition. 1) INCW H3(\) means: there are S C A and f : A x A\ = w such
that: IF we define the spaces as before, i.e.

- the points of X = Xy s are yq, Za,8, (@ < B < A)

- each z, g is isolated

- the sets

Yayn = {Ya} U{Za,s : f(@,8) 2 n, < B,a ¢ S,8€S}
U{zpa: f(B,@) 2n,B< B¢ S,a €S}

for n < w is a neighborhood base at y,, THEN:

(a) a<B< N UagnNugm# 0= 2a g EUgnNugm >LESAaES
(b) for every @ < 8 < ) for some n we have: ug ., Nugn = 0,

and

(c) the space X is not CWH but is (< A) - CWH.
Note that (a) follows directly from the definition of uqa,ns’s.

2) INCW H*()\) means: there is a symmetric two-place function f from A x A to
F =: {v:v CwXuw is finite, and (n,m) € v,n’ <n,m' <m = (n',m’) € v} which
is not free (i.e. for any g : A — w for some a < 3 we have (g(a),9(8)) € f(a,B)),
but is A-free (i.e. for every A C A, |A| < A, thereisag: A —» w withnosucha < 3
which are from A).

The point is that (and also see 3.7)
3.6 Claim. 1) INCWH!(\) = INCWH?*()\) = INCWH3(\) = INCWH*()).

Proof. 1) INCWH()\) = INCW H?()) is obvious from the definition.
INCWH?()\) = INCW H3()) follows from the proof of 3.7 below.
Suppose that X is defined as in the definition of INCW H3()), using some
f*: A x XA > w and S which exemplify INCW H3()).

We define f: A x A — F by:

if #<a< ), then:

f(a,B) = f(B,a), and
f(B’a) = {(nvm') D Uan N UG M 94 0}

To check that f is as required we simply use the fact that X is (< \) — CWH but
not CWH. Us.6
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3.7 Claim. SINCWH(\) & INCWH4()).

Proof =. Let the space X exemplify SINCWH()A). Let {yo : @ < A} C X
exemplify “X not A\—CW H?" i.e. it is discrete not separated and a # = yo # Y3.

Let uon 2 %a,nt1,{%a,n : » < w} be a neighborhood basis of y,. Now for
each a,n, 8, m choose if possible o n,g,m € %a,n Nugm- Let f(a,B) = {(n,m) :
Zon,p,m is defined}. This f exemplifies INCW H*()) (remember in the definition
of freeness, in 3.5(2), we consider only a < ).

< We define the space X with the points yq,Zq, (@ < 8 < A) in which each z4
is isolated and the neighborhood basis for y, is given by (for n € w)

Uon = {Ya} U{Zap : @ < B and 3Im > n((n,m) € f(o, B))}
U{zs,o : B < a and Im > n((m,n) € f(a, B)}.

Here, f is the function which exemplifies INCW H*4()\). We show that X is (< A\)—
CWH and not CWH. Suppose that X is CW H and that u, ¢(o)(a € A) exemplify
this. Let @ < B be such that (g(a), g(8)) € f(a, B). Then Za,5 € Ug g(a) N Ug,¢(8)»
contradiction. On the other hand, if A C A and |A| < A, let g : A — w be such that
for no a < § from A, do we have (g(a),g(8)) € f(a,3). Then for a < B € A, we
have Ug,g(a) n Ug g(8) = . Os.7

We finish this section by the following
3.8 Claim. In 2.5 we can weaken INCW H'()\) to INCW H?()).

Proof. Suppose that ((m%, 8] : n < w): 6 € S) exemplify INCW H?()) and define
the space X as in 2.5, except that the neighborhood basis for y, when o ¢ S is
given by (for n < w)

Ua,n = {Ya} U {25, :@ < 6 € S and for some k

we have a = 8¢ and n Smfl}.

O3

Comment. The INCW H¢()) are not so artificial: SINCW H()) is equivalent to
INCWH4()).

§4 GENERAL SET THEORETIC SPECTRUM OF FREENESS

4.0 Definition. For A > cf()\) = 6 let (), mean: thereis a {n, : a < At} C %)
which is A-free in the sense of 1.1(1)(*)x: for any « for some g € %a, ({ns(i) : i €
[9(B),0)} : B < a) are pairwise disjoint and for simplicity we require 74, (1) =
Mo ((2) = G =C
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4.1 Definition. We define various versions of the spectrum of freeness.
1) For 6 a regular cardinal and o > 1 (if 0 = 1 we omit it) let:

SPy = {/\ : there is a family H such that :

(a) every h € H is a partial function from ordinals to 6
(b) h € H = |Dom(h)| =6
(c)every H' C H of cardinality < ) is o-free which means that
it can be represented as a union U H; where i(*) < 1+ g,
i<i(x)
and each Hj is free. For H; to be free means that there
is a g, a function from ordinals to 8 such that
(Vh)(3¢ < 6)[h € H; — (Vo € Dom(h)[h(a) < g(a) V h(a) < ¢]

(d) H is not o-free, |H| = A}

2)

SPdg , = {) : there is an H satisfying (a)-(d) above and
(e) each h € H is one to one}.

3)

SPwg, = { A : there is a family H such that :

(a) if (h,@) € H then h is a function from ordinals to

(b) if (h,u) € H, then @ = (u : € < 6) is a decreasing sequence
of subsets of Dom(h)

(c) every pair (H',Z'), with Z’' C ordinals,
|Z'| < X and H' C H of cardinality < X is o-free, which means
H' x Z' can be represented as U H] x Z; where i(x*) < 1+o0

i<i(x)

and each (H}, Z]) is free. This means that there are functions
g, f with g : H! — 0 and f from ordinals to
such that for every (h,u) € H], for some ¢ < 6 for every
a € u¢cN Z;N Dom(h) we have h(a) < max{f(a),g(h,u)}.

(d)(H, A) is not o-free,|H| = A}

The reader can restrict himself to the case ¢ = 1 (also in Definition 4.2(3)).
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4.1A Observation. 0) In Definition 4.1(1), if each h € H converges to 8 (i.e.
V¢ < Bl{a : h(a) < (}| < 8), in clause (c) of 4.1(1) we can just demand (Vh)[h €
H' — 6> |{a: h(a) > gla)}]].
1) In Definition 4.1(1) without loss of generality U Dom(h) C X and in 4.1(3)
heH
without loss of generality U Dom(h) C A. Also, without loss of generality
(h,a)eH
Dom(g) = A.
2) Note 6t NSPy =0
[why? if H = {h¢:{ < ¢* <6}, let U Dom(h¢) = {ai : i < 6}, and let
¢

9(ai) = sup{h¢(ai) : ¢ <1, @i € Dom(h¢)}.

This g exemplifies that H is free.] This also follows from 4.1(B1) and 4.2(2).

3) SPy N [0+,2% # 0 [this follows from 4.1A(4) below (and 4.3(1))].
4) We let

b[f] = Min{|F|:F C %6, and for no g € ?0 do we have
(Vfe F)3¢<0)(f11(6,60)<glI¢0)}

if 0 < 6% then clearly b[0] € SPy ;.
5) In Definition 4.1(3) without loss of generality for (h, %) € H, we have ﬂ ue = 0.
<6

Also without loss of generality, for (h, @) € H we have

u¢ = {a € Dom(h) : h(a) > ¢} (we say: @ is standard for h).

6) Suppose that H is as in 4.1(3) and [(h,3) € H = |ug] < A = cf(N)] or

sup{|uo| : (h,2) € H} < A; and assume that for every (h,4) € H we know that @

is standard. Then clause (c) means:

For every H' C H with |H'| < A, there are sets H] for ¢ < i(¥) < 1 + ¢ such that

H = U H and for each 7 < i(*), there is a function f; from ordinals to § with
1<1(*)

the following property.

For every (h,u) € H;

3¢ < 03¢ < OVa € ug[h(a) < max{(,g:(a)}].

7) Note also that we can without loss of generality assume that
z’c |J Dom(h), for 4.1(3)c).
(h,u)eH’
8) We usually restrict our attention to the case 0 < 8%. Actually, the main interest
isino =1.
On the other hand, for ¢ < 8, every H which satisfies (a) and (b) of Definition
4.1(1) is o-free iff it is free.
[Why? If H is free than it is definitely o-free. If H = |J H; for some i(x) < 1+0,
1<3(*)
and H; is free as exemplified by g;, then

gq_ffsup{gi 11 < i(*)}
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is a function from ordinals to # which exemplifies H is free.]

4.1B Notation. For a C 6 x 0: we say that a is pie if

(&1,6) # (C2,&2) € a= ~(G1,6) < ({2, &) coordinatewise.
Pie(0 x 8) = {a : a C 6 x 8 and a is pie (hence finite)}
Cl(a) = {(¢,€) € (0 x 8) : (3z € a)(z < (¢, &) coordinatewise}, for a C 6 x 6.

4.2 Definition. 1) For 8 a regular cardinal and o > 1 (if 0 = 1 we omit it) let:

5Q¢,c = {/\ : there is a family H such that :

(a) every h € H is a partial function defined on
the ordinals
(b) h € H = |Dom(h)| =6, Rang(h) C Pie(8 x 6)
(c) every H' C H of cardinality < X is o-free which means that

it can be represented as a union U H; where
1<i(*)
i(*x) <1+ o, and each H] is free. For H] to be free
means that there is a g, a function from ordinals to 6 such that

(VR)(3¢ < 6)[h € H; — (Ya € Dom(h)){(9(e), () € Cl(h(a))]

(d) H is not o-free, |H| = A}.
2)

SQdy s = {/\ : there is an H satisfying (a)-(d) above and
(e) each h € H is simple, which means: there is an
enumeration Dom(h) = {a¢ : { < 8} with no repetitions,
such that for each ¢ < 8 for some 8;,v, < 6 we have

Cl(h(a¢)) = {(61, ) : (1, ¢) £ (Beyve)} and
(7¢ : ¢ < 6) is strictly increasing and

U B < ’Yc}~

£<¢

Note that (¢1,¢2) £ (B¢,7Y¢) means that either {; > B¢ or (o > .
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3)

SQuwg,, = {A : there is a family H such that :

(a) if (h,u) € H then h is a function from ordinals to Pie(8 x 6)
(b) if (h,u) € H, then @ = (u, : € < ) is a decreasing sequence
of subsets of Dom(h)
(c) every pair (H',Z'), with Z' C ordinals,
|Z'| < X and H' C H of cardinality < X is o-free, which means
H x Z can be represented as U H] x Z; where i(x) <1+ 0
i<i(+)
and each (H}, Z}) is free. This means that there are functions
g, f with g : H! — 6 and f from ordinals to 6
such that for every (h,u) € Hj, for some { < 6 for every
z € u¢ N Z; N Dom(h) we have
(9(h), £(2)) € Cl(h(2))
(d) (H, \) is not o-free, |H| = A

(€) (h,a) € H = ﬂ%:m},

e<8

4.2(A) Remark. 1) In 4.2(3)c), we can assume that Z' C U Dom(h).
heH!
2) As in 4.1, we consider normally only the case o < %.
3) SPzg, can be understood as a particular case of SQzg,,, where Rang(h) is
restricted to {(¢,¢) : ¢ < 6}. Here, z € {w,d} or z is omitted.

4.2B Fact. 1) A € SPy , implies that A € SQg,»
A € SPdy , implies that A € SQdy,, and .

A € SPwy , implies that A € SQwg,q.

2) A € SQdy,, implies that A € SPy ;.

Proof. 1) If H exemplifies that A € SPy,, let H® = {h® : h € H}, where for
h € H, h® is a function with domain Dom(h) and

h®(a) = {(h(e), h(@))}.

Similarly for SPdy ..
If H exemplifies that A € SQwg o, let H® = {(h®,4): (h,u) € H}.
2) See §5, Remark 5.8.
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4.2C Notation. For a function h from a subset of ordinals to Pie(d x 8), we say
that h converges to 8, if

(VB < 8)(3a)(Vy € Dom(h)\a)
[(e1,€2) € h(7) = €1 > B and &2 > f].

4.2D Observation. 0) In Definition 4.2(1), if each h € H converges to 8, in clause

(c) of 4.2(1) we can just demand

(Vh)[h € H' — 6 > |{a : 3(e1,€2) € h(a)er > g(@) V ez > g(a)]}].

1) In Definition 4.2(1) without loss of generality U Dom(h) C X and in 4.2(3)

heH

without loss of generality U Dom(h) C A Also, without loss of generality,
(h,2)€H

Dom(g) = A

2) Note 6t N SQy =0

(why? if H = {h¢ : ¢ < ¢* < 6}, |J Dom(h¢) = {oi : i < 6}, let g(a;) =

¢
sup{max{h¢(a;)1, h¢(ai)2 : {(<i, a; € Dom(h;) and h¢(ai)=(h¢(ai)1, he(ai)2)}}]
3) SQen[6+,2°%) # 0 [this follows from 4.1A(3) and 4.2B(1)]. Actually, b[f] € SQs.
4) In 4.2(3)c), if jug| < A = cf()) for (h,u) € H, we obtain the following property.
For every H' C H of cardinality < A, there are sets H] for ¢ < i(¥) < 1+ o, such
that there are functions {g; : ¢ < i(x)},g; : H] — 0 satisfying: if (h,u) € H}, then
(3¢ < 6)(3E < O)(Va € u¢)[(gi(a), &) € Cl(h(a)].

4.3 Claim. 1) If there is an H as in (a), (b) of 4.1(1) which is (< p) — o-free not
A — o-free then there is a X' € [u, \]|N SPy . Similarly for Definitions 4.1(2), 4.1(3)
(see also Claim 4.3A).

2) If ppr(ey(A) > At, XA > ¢f(A) = 0 (or just (x)x of 4.0) and

A > o then SPpy N[AY, M) #£ 0.1

Proof. 1) Straightforward.
2) Let {ny : @ < At} C %) be A-free, without loss of generality
({na(¢) : @ < A*} : { < ) are pairwise disjoint and let

H= {h :for some @ < A% and a C A*,otp(a) = 6, Dom(h) = a,

h is strictly increasing and for 3 € a

h(B) = supfe : nale) = m(e)}}.

Now H is not free: if g : A* — 6, then for some £* < 0, A = {a < At : g(a) =€*}
is of cardinality A*. Choose by induction on ¢ < At an ordinal a; < At increasing
with ¢ such that

1T'(9) refers to the class of §-complete ideals on 8 which D Jgd. ppr is pp taken only over the

ideals in T
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U{Rang(na) : @ € Anafyi\at} = [ J{Rang(na) : a € A\ag}.

Next choose a € A\aj and B¢ € AN [af,af,,) for ( < 8 such that ng, ) =
Na(¢) (note that the existence of such f¢ follows from the definition of a7 and
the assumption { # & = 1a(¢) # ns(¢) for {, £ < 6 and @, B < A*) and let
a={B:¢(<0}, hed h(Bc) = sup{e: nale) = ng (e)} > (,s0 h € H. As
B¢ € A, g(B¢) = e* =constant, so if £ < 8, {8 € Dom(h): h(B) > g(B),£} includes
{B¢ : €,€* < ¢ < 0}, which is a contradiction.

On the other hand, H is A*-free. For suppose H' C H, |[H'| < A. For h € H’
choose a,, ay, witnessing h € H. Then b = |J{{an}Uas : h € H'} is a subset of A* of
cardinality < A, hence we can find (¢, : @ € b) such that (Rang(na | [€a,0)) : @ € b)
is a sequence of pairwise disjoint subsets of A\. Let us define a g : A* — 8 such that
a€b=>g(a)=¢cq. Nowif h € H' let ap = {f¢ : ( < 0} (increasing with (), so

h(B¢) = sup{e : 9, (€) = s (€)}

so h(B¢) < max{ea,,ep } = max{g(an),g(6)}-
So choose £ = g(ay,) and we get the desired conclusion.
To finish we use part (1). 043

4.3A Claim. 1) If there is an H as in (a), (b) of 4.2(1) which is (< p) — o-free
not A\ — o-free then there is a X' € [u, \]| N SQq,,. Similarly for 4.2(2), 4.2(3).

2) If pprey(A) > A*, A > cf(A) = 8 (or just (x)x of 4.0) and X > o then SQp N
X, A% # 0.

Proof. 1) Straightforward.
2) This follows from 4.3(2) and 4.1B(1). 0434

4.4 Claim. 1) The following implications hold for any A:
(a) = (b)) & () & (c) & ()" = (d),

where
(@) A€ SQx,
(b) There is a (< A\)-CWH not \-CWH first countable space.
(b)* There is a space like in (b), which is in addition (< A)-metrizable.
(¢) Thereisa (< X)—*CWN not *CWN first countable space with A points.
(c)t There is a space like in (c), which is in addition (< \)-metrizable.
(d) X € SQuy,.
2) A€ SQdgo = A€ SQps = A € SQug,s = [\ A NSQdy,, # 0 for o < 6%,
3)A€SPy, = A€ SPwg, = [A\N]NSPdy, #0 foro < 6F.
4) We can replace Wo, “first countable Hausdorff topological spaces” by 8,7y re-
spectively (of course, A > 6).

Proof. 1),4)
(a) implies (b), (b)*, (c), (c)*.
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So assume H exemplifies that A € SQy; without loss of generality Dom(h) C A for
h € H. We can use the space

X={yi:i<A}U{zn:h€ H}U{zp;:h € H and i € Dom(h)},
and for ¢ < 6 let
u¢lzn] = {zn} U {zn,i : 1 € Dom(h),((,¢) ¢ CE(h(i))},

uclyi] = {3:} U {zn,i : h € H,i € Dom(h),(¢,¢) ¢ CE(h(i))}
and zj; is isolated.

Suppose H' C H, |H'| < A and let
XH={yi:i<A}U{zn:h€ H'}U{zn,;: h € H,i € Dom(h)}.
Let g : A — 6 be such that for every h € H', for some ([h] < 6 we have

i € Dom(h) = (g(?),¢[h]) € Cl(h(i)).
Let us choose for t € X[H'] a neighborhood v;:

if t=ah; then ve = {xni}
if t=w then vy = ugi)[yi
if t= Zh then vy = ’ll.([h][zh].

Now

(Vg 11 < A)(vsy, 1 h € H') (v, i< \Mh€Handani ¢ (Jvy; U | va)
F<A heH'

is a partition of X[H'] to pairwise disjoint open sets. In each basic open set there

is at most one point which is not isolated, and if so it has a neighborhood base

consisting of a decreasing sequence of (open) sets of length 6.

This suffices to show that X is (< A)-metrizable when @ = Rg and as required

generally (for 4)).

[Why? Suppose X’ C X and X = |J U;, where each U; is open, U; for @ < i(x)
1<i(*)

are pairwise disjoint and for every ¢ < i(*) at most one z; € U; is not isolated,

and z; has a countable neighborhood base. If i < i(x) and z; € U; is non-isolated,

let {uf : n < w} be a neighborhood for z;, and without los of generality we have

ul,, Cul CU;forn <w. Forz € X’ let i(*) be the i < i(+) such that z € U,.

Now define

1 if  i(z) #iy)
d(z,y) =<0 if =y
Min{l/n:z,y € u}} if z # y but i(z) = i(y)
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and check.]

As for showing that X is not CW H (hence not metrizable and not CW N), note
that {y; : 1 <A} U{zn : h € H} is a discrete subspace.
If it is separated, we have a sequence of pairwise disjoint neighborhoods:

(ugiy[yi] 1 < X) (ugnylzn] : h € H).
But H is not free (in the sense of Definition 4.2(1)) and we get a contradiction.

(b)Yt = (b).
Trivial.

(b) = (B)*.

Let X exemplify clause (b), so without loss of generality |X| = A. Let Y be
a discrete subspace of cardinality A which cannot be separated. Let X* be the
topology on the set of points of X generated by basic open sets of X and {{z} :
z € X\Y}.

Now X+ is not A — CWH (Y still exemplifies it). But X% is (< A)-metrizable
as:

If Z C X,|Z| < A, then we can find a sequence (u, : z € ZNY) of pairwise
disjoint open sets, and in X [ u,, every point is isolated except z, which has a
neighborhood basis of cardinality Ro, and every z € Z \ U u, is isolated.

Z€EZNY
As noted above, this is enough.

‘ ) = (o)t

Trivial (as (< A)-metrizable = (< A\) =* CWN).
Q= (c)
Trivial.
(=)
If X,(Y; : i< a) exemplify clause (c) in (1) with (uc(y) : {( < ) a decreasing

neighborhood basis of y, we can get another example X' to the third clause, as

follows.
We are, without loss of generality, assuming that |X| = A\. Now we define a topo-
logical space X':

X' = U Y;u {Iy’z,(,g forsomei# j<a,y€Y;,
i<a

2 € Yy ucly] Nuele] # 0}

with the neighborhood bases for y,z € U Y; given by

i<a
u[t] = {t} U {%,:,c,c [Ty ce €X', and:

t=y/\s§(ort=zA£5§}
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and each z, ;¢ is isolated; note that for ¢ € U Y, (u,[t] : € < 6) is decreasing
i<a

with intersection {t}, so X' € Ty is a Hausdorff space.

Clearly YV =: U Y; is discrete. Assume that (u;,[y] : y € Y) is a sequence of

i<a
pairwise disjoint open sets. Then let

Us = J{ew vl : y € Yi)-

So in X, U; is an open set (as a union of open sets),

Yi C Ui as y € ug(y)[y)-

Therefore, there are %, j such that

U;NU; # 0 and clearly

i#j & UinU; # 0= 3y € Y 3z € Yj(ueqy)[y] Nue()[2] # 0)
= Ty z.e(y),e(z) 1S well defined
= in X' we have that u;,[y] N ug(,)[2] # 0.

This is a contradiction.

So we conclude that Y cannot be separated in X’, so X' is not A\— CWH.

Next, assume that Z C X',|Z| < A\, s0in X,(Y;NZ:i< a,Y;NZ # B) can be
separated, say by (U; : i < a,Y; N Z # ). So for y € Y N Z, there is an &(y), such
that u( [y] C Ui (the isolated points in X' N Z\Y can be taken care of easily so
we ignore them).

Now, if y # 2 € Y N Z then:

(4) if (3i)(y, z € Vi) then u \[y] Nul,[z] = 0.

(i) Hy € Yi,z € Yj,i # j, and ug [yl Nuy (2] # 0,
then z, , (y),¢(z) €xists, so
0 # ue(y)ly) Nue)[2] € Us N U; which is a contradiction.

That X' is (< A)-metrizable now follows as in (b) = (b)*.

c) = (d).

Assume that X is a first countable (< A) — *CW N not A — *CW N-space, without

loss of generality with the set of points X, so there is a sequence (Y; : ¢ < A) of

pairwise disjoint subsets of X such that Y; # 0, Y; is clopen in X [ ( U Y;) and
F<A

(Y; : 4 < \) cannot be separated. For y € Y =: U Y; let aly] = (ucly] : ¢ < 6) be

i<
a neighborhood basis of the topology for y, and without loss of generality ¢ < { <
0 = ucfy] C uely]. Let
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H= {(h, @) : for some ¢ < X and for some y € Yj,

(h,u) = (hy,u,), which means :

Dom(h) = | J ¥5,ClA(2)) = {(¢,€) € 6 x 8 : ucly] Nug[2] = 0}
J#i

and @ is (u¢(y) N Dom(h): (< 0)}

Note that h(z) is uniquely determined by C¢(h(z)) (since we know that u(z) is a
pie). Now we check that H exemplifies SQuwy, i.e. the clauses in 4.2(3). Clauses
(a), (b) are immediate.

As for clause (c), let H' C H,|H'| < A, and, without loss of generality, let Z’' C
U{Dom(h) : (h,a) € H} with |Z'| < A. Let

Y={y:ye€ U Y;, and y € Z' or (hy,u,) € H'},
i<A

so |Y’| < A; we can find

X' C X,|X'| £|Y'|+6 < X such that Y’ C X', and for every y,z € Y’ and
¢ <0,§£ <0, wehave uclyl Nuglz] # 0 = uclyl Nuelz] N X' # 0. As | X'| < X we
know that X' (ie. X [ X')is CWN, and (Y; N X' : 4 < a) is a discrete sequence
of closed sets in X’ hence there is a function g: Y’ — @ such that

(x)ifi<j<A\yeY' nY,zeY' NYj, then
Ug(y) (Y] N ug(z)[2] = O (intersecting with X' is immaterial).

Hence by the choice of g

(#x) ifi#£7j(G<Aj<A,yeY' nY;, zeY' nY;
then (g(y), 9(2)) € Cl(hy(2)).
This is enough.

We are left with proving that H is not free, so suppose f,g:Y — 6 satisfies

Q@ foreveryyeY,
for every z € Dom(h,) we have (g(y), f(2)) € Ct(hy(2)),

so without loss of generality f = g.
For i < X let

U; = U{“g(y)[?l] (y €Y}

So U;, being the union of open sets is open.
Ifi<j,y€Y;,z€Y; then

uy(y)[y] n ug(:)[zl #0= (9(y),9(2)) € Cg(hy(z))
= (9(v), f(2)) = (9(¥), 9(2)) € Cl(hy(2)).
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Contradiction, by the choice of f and g.
S0 ug(y)[y] Nug(z)[2] =0, as y € Y;, 2 € Y; were arbitrary, U; N U; = 0.
We conclude that (Y; : 4 < A) can be separated, which is a contradiction.
2) We prove each implication
(A) A€ SQdss = X € SQpe = A € SQug,,. Obvious.
(B) A € SQugp,, = SQdp,s N[A,N°] # 0 when o < 6.

Now without loss of generality o € {1,6} and the reader can think of 0 = 1 only.
Assume that H exemplifies A € SQwg ;. By the definition,
(h,z) € H= u¢ C Dom(h) & ﬂ u¢ = 0. Let for each (h,@) € H,

£<0

Hi o = { f : f is a function from ordinals to Pie(6 x 8) and

for some set v, Dom(f) = v C Dom(h), |v]| =4,
but ¢ < 6 = |v\u¢| < 6, and

(Vo € v)[Cl(f(a)) 2 Ct(h(a))], and f is simple}

and H* = U{H{, ,, : (h,5) € H}.
It is easy to check that H* satisfies clauses (a) and (b) from 4.2(1) and (e) of 4.2(2)
and |H*| € [\ \9).

As for clause (c) of 4.2(1), let H' C H*, |H'| < A\, let H' = {f; : j < j(%)},

3(¥) < A, and for every j < j(*),f; € H,, 5, for some (h;,4;) € H. So v; =:
Dom( f;) is as in the definition of Hp,. a5 Define H" = {(hj,%;): j < j(»)},Y =

U vj. Now H” is a subset of H of cardinality < A\, Y C Ord and |Y| < . As
3<3(*)
H exemplifies A € SQuwy,,, we can find a (g; : 1 < i(x)), i(x) < 1+ 0, g; € *0 and
((H,Y;) :4 <i(x)) such that H" xY = |J H} xY; and for every (h;,u;) € H"

1<i(*)

for some i = i(j) < i(*) we have

(3¢ < 6)(3¢ < 0)(Va € uj ¢ NYi)[(gi(a), &) € Clh;(a))].

Here @; = (uj¢ : ( < 0). Let H; =: {f; : i(j) =1}
Now (g; : 1 < i(x)), ((H;,Yi) : 4 < i(x)) are O.K. for H’, too, as C¢(f;(a)) 2
Cl(hj(a)) and |vj\uic| < 6.

We are left with clause (d) of 4.2(1), so assume i(*) < 1+ 0 and g; € 29, H}, Y;
for 7 < i(*) exemplify H* is o-free. Let

H; =: {(h, @) : ~(3 < 0)(3¢ < 8)(Va € uc NY;)[(gi(e), €) € Cl(h(a))]}.

By the choice of H wehave Hx A # |J H;xY, but the inclusion D is obviously
: i<i(x)
true. So there is a pair ((h,2),a*) € H x A\ |J H; xY;. Let (a; : i < i(x)) be

1<i(*)
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a partition of 6 to unbounded subsets, and we choose by induction on ¢ < 6, an
ordinal a¢ € u¢ and Y < 6 such that if { € a; then a¢ € Y; if possible and

T €6\ »[U(g.(m UTe) + 1}
£<¢

and (gi(ac), T¢) ¢ Cl(h(ac)).
Lastly we define a function f, Dom(f) = {a¢ :({ < 6} and f(a¢) is such that

Cl(f(ag)) ={(m,72) :m < 0,72 <0, and (71,72) £ (9i(a¢), T¢)}

Let v=:{ac:{(<8},s0 f€ H{, ) € H*. Hence for some j < i the pair (f,a*)
belongs to (H;,Y;). This contradicts ((h,a),a*) ¢ (H},Y;).

(3) Asin (2), A€ SPdg,; = A € SPy,, = X € SPws, is obvious.

We need to prove that A € SPwg s = SPdg, N[\ A?] # 0 when o < 6+.

The proof if similar to that of (2). We start with H exemplifying that A € SPwy,,.
We assume that for each (h, @) € H, @ is standard. So for (h,u) € H, we define

Hf, q) = {f : f is a function from ordinals (i.e. from \) to § and fis1—1,

and for some set v, Dom(f) = v C Dom(h),
we have that |v] =6, but

¢ < 8= |v\uc] <0, while (Va € v)f(a) < h(a)}.
Let H* = U{H(*h'ﬁ) : (h,@) € H}.
Checking that this H* is as required is similar to (2). For example, to see 4.1(1)d),

with ¢ = 1 suppose that g exemplifies that H* is free. By the choice of H, there is
an (h,u) € H such that

=(3¢ < 6)(3¢ < O)(Va € ug)[h(a) < Max{g(a),£}].

We choose by induction on ¢ < 8, an ordinal a; € u¢NY and Y. € 6 such that

T¢ €6\ [U(!}(Te) UTYe) + 1]

£<¢

and
h(a¢) > Max{g(a¢), T¢}

Then we let f(a¢) be such that

flag) £ Max{g(ag), ¢}
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but

flag) ¢ {flag) : £ < ¢}
(4) Included in the proof of (1). Oq.q

4.5 Claim. Assume )\ € SPy,, p is a strong limit with cf(u) > 6, and 2* = p+ >

A
Then there is a k € [\, pt], a regular cardinal such that k € SPZ » Where

4.6 Definition. 1) x € SP, means that & is regular > 6 and we can find an

S C {6 < k:cf(8) = 0} stationary, 1= (ns : 6 € S), h = (hs : § € S), such that

(a) ms is a strictly increasing sequence of ordinals
of length 6 with limit 6
(b) hs : Rang(ns) — 6 is strictly increasing
(c) H=1{hs:6 € S}is (< k)-o- free not o-free (in 4.1’s sense).
2) k € SP;, if in the above we add:
(d) 1 is tree like, i.e. ns5,(€1) = ns,(€2) = €1 =€2 & ms, | €1 =15, [ €2.

3) ke S’P‘gf"7 if in part (1) we replace (b) by
(b)" hs : Rang (ns) — 6 is constant.

Remark. 1) The assumption “u* = 2#” (in 4.5) is very reasonable because of
4.3(2) (and 4.3A(3) from the topological point of view).
2) Basically the proof of 3.3(2) is a way of getting nicer examples of incompactness.

Proof of 4.5. Use Q(s<u+:cs(5)=0} and imitate the proof of 3.3(2) (noting that if A
fails g then for some a C Dom(h), |a| = h, h | a is strictly increasing and h | a
fails g). |:|4‘5

4.6A Observation. 1) SP;,U Cc SP‘;fa CSPy,.

2) If (hs,ms : 6 € S), k satisfies the preliminary requirements and clauses (a), (b)
of Definition 4.6 and H is (< ki )-free, k1 > 8 then for some p € [k, &), p € SP;.
3) Similarly for SFy,.

Proof. (1) is trivial. For (2) and (3), do like in 2.3. Os64

4.6.B Conclusion. For A > 6 = ¢f(6),x = 3, > A, the following are equivalent:

(A) for some p € [\, x), u € SPy
(B) for some p € [\, x), u € SP}.

Proof. By 4.6A(1), (B) = (A), as for (A) = (B), let p = 3, ,0+), if pp(p) > p*
use 4.3(2) and if pp(u) = p* use 4.5. O46.8
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4.7 Claim. Assume 6 = <%,
Let (hs,ns : 6§ € S) exemplify A\ € SP; (even omitting “ns converge to 8,7 strictly
increasing”). Then any 8% -complete forcing preserves the non-freeness of {hs : § €

s}.

Proof. Instead of the domain of the functions hs being a subset of A, we can assume
that it s T =: {9s [ ( : § € S and { < 8 is a successor ordinal} we can by
(d) of 4.6(2) (identify #s(¢) with 55 | ( + 1), so Dom(hs) = {ns | { : ( <
6 is a successor ordinal }). Suppose @ is a 8+ -complete forcing notion, p € Q and
plF “g : T — 6 exemplifies {hs : 6 € S} is free ”. We now define by induction on

€g(n) < 0 a sequence (py,eq: : t € Ty) for n € T such that:

(@) T, C %24, is closed under initial segments
(B) tase Ty = Pt <Q Pnys v
(7) if t € T, either A\ t" < (>€T,or A\ t"<(>¢T,
(<8 (<8
(6) if t € 929, £g(t) is a limit ordinal and (V¢ < €g(t))(t | ¢ € Ty), then
teT,,
() f vanthen T, CT,and t € T, = (Pyt,69t) = (Puts€ut)
(¢) if £g(n) is a limit ordinal then
T,={t:te U T, or €g(t) is a limit ordinal and (Vs)[s <t = s € U T.1}.
van van
(n) assume n = v” < a > and s is a <-maximal element of T, then:
(a) if {¢ <0 :pns Ko “g(n) # ("} is bounded in 8

then s is a -maximal element of T,,.
(b) if A={¢{ <8:p,, ¥ “g(n) # ("} is unbounded in 8, then for every

¢ <0, s” < (> is amaximal member of T, and p,~<¢> forces a value
€s~<¢> > Cg(n) to g(n).

We can carry this definition.

(x) if 6 € S then for some ( = (s < 8 and t = ts € Ty, ¢ we have: t is a
<maximal member of T,¢ for every £ € ((,0).

[why? otherwise we can construct a ¢t € %6 such that (Vs)[s<at = s € U Tosrel,
£<0

t(¢) > £ and for unboundedly many £ < 8, for some s” < { > <t we have 3" <

¢ >€ Tos1e+1)\Tns1¢ and e5-<¢> > hs(ns [ (£ + 1))

Now {p,s : ¥<ams,8<t,s € T,} has an upper bound in @, say p*. Then p* forces

for g(n [ (£ + 1)) a value > hg(n [ (£ + 1)),&; this is a contradiction to

p Ik “g exemplifies the freeness of {hs : 6§ € S}”].

For t € >0 and ¢ < 0 we define S; ¢ = {6 € S : (,t can serve as (s,t5 from (*)}.
Clearly {hs : & € Si} is free, hence {hs : § € S} is (2<?)*-free. Now as 2<% =4,
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clearly we can have S = U Sc and {hs : 6 € S¢} is free. Define h : T — 6 by

¢<o
h(n) = sup{h¢(n) : { < £g(n)}. This h shows {hs : § € S} is free. Contradiction.
047

Remark. We now sum up our results; for simplicity we speak on the case 8 = ¥,
o=1

4.8 Theorem. Assume A < p and (Vx < p)[x™X < p) (possibly p = o). Then
the following are equivalent:

(A) There is a first countable Hausdorff space X such that:

(a) X is (< \)-CWH
(b) X is not \-CWH
(c) X has < p points.

(A)t There is a space X like in (B), and in addition
(a)* X is (< A)-metrizable.

(B) There is a first countable Hausdorff space X such that:

(a) X is(<A)-* CWN
(b) X is not \—* CWN
(c¢) X has < p points.

(B)* There is an X like in (C), and in addition,
(a)t X is (< \)-metrizable.

(C) thereis a family H of functions, each with domain a countable set of ordinals
and range C w such that:

(a) H is (< A)-free
(b) H is not free
(c) |H|<p.
(C)* asin (D) and
(d) U{Dom(h):he H} =X €[\ pn)

(e) each h is one to one.
(C)’ [A) M) n SPR() # 0
(C) [\ 1) N SPwy, # 0

(CY" [\, u) N SPdy, # 0
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(D) thereis a H = (hg,< Ug,n : 0 < w >: @ € v) wWith ugnt1 C Ua,n C v and
each h, is a function from ordinals to Pie(Rg x Ng) defined on u, o such
that:

(a) H is not free in the sense of SQw
(b) forv' € [v]<*, H [ ' is free in the sense of SQuw
(c) |vl <p.

(D)’ [Aw /‘) n SQNO 96 0

(D)" [A> /-l') n SQwRo ;é )

(D)Y" [A )N SQdy, # 0

4.8A Theorem. In 4.8 if (V& < pu)(3g+ (k) < p) (really (Ve < p)(3u, (k) < p) is
O.K., then we can add

(E) for some regular k € [\, u) we have INCW H?(k)
(EY XeSP{

Proof of 4.8 and {.8A. By 4.4(1) (the (b) & (b)* & (c) & (¢)* part) we know the
equivalence of (A), (4)*, (B) (B)*.

By 4.3(1) and 4.1 (C) & (C)".

By 4.4(3) we have (C)' = (C)" = (C)".

By 4.3A(1) and 4.2 (D) & (D)'.

By 4.4(2) (D) = (D)" = (D)".

By 4.2B(2) (D)" = (C)'".

By 4.2B(1) (CY = (D), (C)" = (D)", (C)" = (D)".

Together we get the equivalence of (C), (D), (C)', (D), (C)',(D)",(C)",(D)".

By 4.4(1), i.e. (a) = (b) = (d) we have (D) = (A) = (D)", so by the last
sentence and the first paragraph we have finished the proof of 4.8. For 4.8A use
4.6B. O4s

4.9 Fact. Let A = cf()\) > 6 = ¢f(0). The following statements, (A) and (B), are
equivalent:

(A) = (A)re There is H = | J H, such that:
i<A
(@) H; is increasing continuous
(B) H; is a family of functions h to 6, Dom(h) is a set of 8 ordinals, h is one to
one
() each H; is free, but H is not free, in the sense of SP.
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(B) = (B),\’o. Let X = X9 =: 20

F=Fg=: {f : f a partial function from X to 6,|Dom f| =6 and
(V*i < A)(V*n € Dom(f))[f(n) < n(9)]

and f is one to one }

Then there is no G : X — w such that

f € F=(v'ne Dom(f))[f(n) < Gn).

Proof. (A) = (B).

Let H, H; (i < A) exemplify (A), let A =|J{Dom(h) : h € H},andlet g; : A — 6
exemplify “H; is free”.

We define an equivalence relation E on A : aEf & /\ gi(a) = gi(B). If for some
i<A

h € H and a, the set (a/FE) N Dom(h) has cardinality 6, choose i < A such that

h € H;, and g; cannot satisfly the requirement. Hence |(a/E) N Dom(h)| < 6 for

all @ and h.

Let h® be a function with domain Dom(h), h®(a) = sup{h(B) : 8 € a/E}, for
allh € H. Now H' =: {h® : h € H}, H! =: {h® : h € H!} exemplify (A) too. So
without loss of generality F is the equality on A.

Next for each a € A let 7, € *6(= X) be defined by 7,(i) = gi(a), so a # 8 =
Na # Mg. For h € H let Dom(h) = {an¢ : {( < 8} be an enumeration such that
(h(e}, () : ¢ < 0) is increasing and not eventually constant. For h € H let

Pr={a C8:(h(a} ) : ¢ € a) is strictly increasing}
and let the function f, be defined by:

Dom(fn) = {nay. : ¢ <0} and fr(nay, () = h(anc)-

Now

(*) he HANa€Pr=> frla€F.

[Why? Let ¢(*) = Min{i : h € H;} (well defined as H = U H;), so i € [i(x), )
i<A

implies h <* (9; [ Dom(h)). So for some {(*) < 8, for every ¢ € [((*),8) we have
h(anc) < gi(ane), but fr(na,, ) = h(ang) and gi(anc) = Na,, (4) so: for every
i < X large enough for all but < § members = 7,, , of
Dom(fa), fa(m) = h(an¢) < gi(an,c) = 1ay, (i) = n(7) as required].

So assume G is a function from X to w such that

(xx) f € F = (V*n € Dom(f))[f(n) < G(n)]
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and we should get a contradiction. Let us define g € 48 by g(a) = G(na). So
for h € H assume b = {¢ < 6 : h(an¢) > G(Nay, ()} is unbounded, so there is
a Cb,a € Py So we have fr, [ a € F hence by (%) + (**) for some ((x) < 6,
C€[H),0Na= falna. ) < Gy )- But fa(na,, ) = h(anc), and glan) =

G(Nay, () s0
C€[¢(*),0)Na= h(anc) < glanc).

So g shows that H is free, contradiction. We have proved (B).

(B)=> (A)
The demand A = U Dom(h) C Ord is immaterial, so let A = X and

heH
H = F) 4. Lastly for i < A let g; : A — 8 be given by g:(n) = (i), and

H;, = {f € F: for every j € [i,\) we have (V*n € Dom(f))[f(n) < n(i}.
O4.0

4.10 Conclusion. INCW H(X) implies (B),,¢ of Fact 4.9 implies

Gu)A < n<2* & INCWH ().

4.11 Remark. It is well known that

(*) if there is a real valued measure m on P())
G(f) = Min{n: m(f~1({n}) > 0},
then G contradicts (B)x x,-

Also, it is consistent that SPy, C (2%°)*. This follows from the consistency of
the PMEA (Product Measure Extension Axiom) and Fact 4.9.
The consistency of PMEA is due to Kunen. See [F184] for an exposition.
§5 MORE ON FREENESS

5.1 Definition. For ¢ € {0, 1,2, 3,4} and regular cardinal § we define

SP,f,a = {/\ : there is a family H such that:

(a) every h € H is a partial function
from ordinals to

(b)h € H = |Dom(h)| =46

(c) every H' C H of cardinality < A

is free in the sense of Pf’o

(d) H is not {ree in the sense of Poﬂy,,},
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where H' is o-free in the sense of Py, if H' = (J H] for some i(*) <1+ o, and
1<i(*)
each H! is free in the sense of Pg‘, which means:
(0) if £ =0, there is a function g from ordinals to 6 such that

(VR)(3E < O)[h € H! = (Ya € Dom(h)[h(a) < g(e)V h(a) < ).

(So SP), = SPy,).
(1) if £ =1, there is a function g from ordinals to 6, such that

(Vh)[h € H, = |{a: h(a) > gla)}] < 0]
(2) if £ =2, there is a g like in (1), and
(Yh)[h € H] = h one to one].
(3) if £ = 3, there is a g like in (1), and
(Vh)[h € H] = h is constant function)].
(4) if € =4, there is a g like in (1), and
(Vh)[h € H! = h is constant or h is one to one].

If 0 = 1, we omit it from the notation.

5.2 Claim. If\ € SP},, then [\,\A+2°]NSP;  #0. (Here 0 < 6%).
Proof. We divide the proof into two cases.

Case 1 0 = 1. Let H exemplify A € SP;. Let

H® d=f{h | A:h € H& A € [Dom(h))’
& (h | A is constant or

h | A is one to one)}.

So
() |H®| <A +2°.
(B) Let H' C H® with |H'| < A. Hence
H’:{hj[Ajij(j‘()\}

for some H” = {h; : j < j*} C H and A; € [Dom(h;))’, for j < j*.
Hence H"” is free in the sense of P}. Let g exemplify this. Hence for
every h; € H”, we have

[{a: hj(a) > g(a) & @ € Dom(h;)}| < 6.

In particular, g exemplifies that H' is free in the sense of Py.
() Assume that H® is free in the sense of P;.

Before we proceed, an easy observation.
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Subclaim (A). If h is a function from ordinals to 6, then at least one of the
following holds:

(i) there is a subset A of Dom(h) such that h [ A is a constant.
(ii) there is a subset A of Dom(h) such that h [ A is one to one.

[Why? If not (i), then |Rang(h)| = 6, by the regularity of 6.]
Assume that g exemplifies that H® is free in the sense of P,. For every h € H®

let
By ={a € A: h(a) > g(a)}.

If |By| = 0 let A C By, be such that |A| = 6, h [ A is one to one or constant, but

hl A€ H® and A h | A(a) > g(a), contradiction. So h € H = |By| < 0 as
a€A

required.

Case 2 0 =6+,

Let H exemplify A € SP},,. For h € H, let Dom(h) = {a} : ( < 6} be an
increasing enumeration.

As before we define

H® d=f{h lA:h € H& A € [Dom(h))’

& (h [ A is constant or

h | A is one to one)}.

It is easily seen that
(a) |[H®| <2°+ )
(b) H® is (< A) — 6*-free in the sense of P,

Fact (B). H® is not 6*-free in the sense of Py
Proof of Fact (B). Suppose otherwise, so without loss of generality H® = U HP?,
and each HY is free in the sense of P;. Let this be witnessed by g;. <
without loss of generality, Dom(g;) = |J Dom(h), as |H| = .
Also without loss of generality, her

i<j<0=> N 9i(8) < g:(4)-
ﬂe’ %}H Dom(h)

[Why? Since we can replace (g; : ¢ < 8) by (g} : 1 < 0) defined by

9:(B) = sup[{g;(B) +1:j <i} U{g:(B)}]]

Let
) def

Hi={he H:(3<0)¢>¢= ha}) < gi(ad)]},
for i < 6.
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Hence, each H; is free in the sense of Po‘, so it suffices to show that H = |J H,.

i<h
So suppose h € H\ |J Hi. Let
i<o

A; dzef{a’c' (< Q&h(aé‘) > gi(a’c‘)},

for i < 6. So, as h ¢ \J Hi, for every i < 6 we have |4;| = 8. Also, by the choice
i<0
of (gi : i < 6), we have
i<j<9=>A,'2Aj.

Hence, we can find a set A € [Dom(h)]? such that for all 1 < 6 we have |4\ 4;| <
6. There is a subset B C A such that |[B| =6 and h | B € H®. Hence h | B € H;
for some ¢ < 6. But [{a € B : h(a) < gi(a)}| < 6, in contradiction with the choice
of Gi.

This finishes the proof of the second case. Since, as remarked in 4.1A, the o-
freeness for o < 0 is equivalent to 1-freeness, we have finished the proof. Os.2

5.3 Observation. 1) For o0 > 6%, we have SP}, = 0.
[Why? Suppose A € SP‘fﬂy for some o > 6%, and this is exemplified by a family

H. Let

H; c!éf{h € H : h is constantly ¢ on its domain}.

Hence H = |J H;.
i<
But each H; is free in the sense of Py, as exemplified by g; =1+ 1.
2) For o > 6, for every A we have A € SP;, iff A € SP; .
[Why? Certainly SP;, C SP; . Suppose H exemplifies that A € SPj ,. Let

H®%h € H: his one to one}.

Then by (1) we know |[H®| = X\ and H® is not o-free in the sense of P;. However,
each H' C H® is o-free in the sense of P;, so H® exemplifies that A € SF7 .
3) Observation 4.1A(0) now means that SP,;”(7 is the same as SPdp .

5.4 Claim.

(1) A€ SP} = XeSF;,

(2) A€ SP,,?,, =)A€ SP,},U

3) A€ SP,;‘,,, => A€ SP‘}Y‘,
Proof. (1)-(3) Obvious from the definition. Os.4
5.5 Claim. A€ SP}, & X ¢ SP,;{U VA€ Snga.

Proof. < Follows from the definition.
= Let H exemplify A € SP, and let

H! cl—gf{h € H : h is one to one} and
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H2%(h € Hh is a constant}.

So both H', H? are (< A) — o-free in the sense of P}.
If one of H!, H? is not A — o-free in the sense of Py, we are done. Otherwise let
H¢= |J Hffor €€ {1,2} and ir(*) < 1 + o such that Hf is free in the sense of
i<ig(*)
P}, as exemplified by gf.
Ifo=11let g be

def
g0(a) = Max{gs(a), g3(a)}..
It exemplifies H is free.
If ¢ > 1 without loss of generality o = 8% and let i(x) = i1(x) + i2(*)
b= {H} i i<iy(x)

H? (oif i€ [ia(%),81(%) +ia(*))

g i i<a®
FEVRE i€ [in(),in() +ia(%).

Then H = |J H,; and each H; is free, as exemplified by g;. Os.5
1<i(*)
5.6 Claim. X € SP3 = [\, \] N SPZ # 0.
Proof.

Let H exemplify A € SPZ, and let for € < 6,
H,“{h € H: his constantly ¢}.

Let Dom(h) = {aé‘ : ( < 6} be an enumeration with no repetitions, for h € H,
and let
Aot he H& ¢ <0}

We define
Gq—if{(ﬂ, h) :h = (h¢; ¢ € W) for some W = W55 € [6]° we have
(i) hee Hofor Ce W
(i)) VCEW [B€ fac i€ € ((,0))]
(iii) (Min{e : okt = B} : ¢ € W) is strictly increasing}.
For each (B, h) € G, we define a function f(s,r) such that
Dom(fw,,-l)) = Rang(l_l) = {h( : ( € W(G,E)L and

fis,n)(h¢) = the unique € such that g = ale.

Let F & {f 55 : (B,}) € G}.
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Remark. Our aim is to use F to exemplify that [\, \°] N SP? # §. However, if
f € F, then the domain of f is not a set of ordinals, but a subset of H. This does
not matter, as |H| = \.

Fact (a). Each f; ) is one to one, in fact f(45)(h¢) is strictly increasing in (.
[Why? Suppose (1 < (2 € W4 ;). By the last clause in the definition of G, we

know that fg,5)(h¢,) < fig ) (hes)

Fact (b). F is not free in the sense of Py.

Proof of Fact (b). Suppose otherwise, and let g witness this. We define g® on
U{Dom(h) : h € H} by

9®(8) sup{e(h) : he H& B € {al : ¢ € (g(h),0)}}.

Subfact 1. g®(8) < 6.
[Why? Otherwise we can find for some 8 € Dom(g®), a sequence (h; : ¢ < 6)
in H such that

e(hf) > C& B € {af® : € € (g(h), 0)).

By thinning out, we can find a sequence {h¢ : { € W) for some W € [6)?, such
that for { € W we have

e(he) = C& B € {ag* - € € (g(he),0)).

Hence (8, h) q-gf(h¢ :( € W)) € G, and so f(z 1) € F. However, for every ( € W we
have f(57y(h¢) > g(h¢), in contradiction with the choice of g.]

Subfact 2. For h € H, for every { < 8 large enough, we have g@(a?) > h(aé‘)

(=e(h)).
[Why? Suppose ¢ > g(h), hence

af € {af : £ € (9(n),0)},
SO
g®(a¢) = e(h) = h(af),

by the definition of ¢g® ]
Hence we proved Fact (b). Oe)

Fact (c). Fis (< A)-free in the sense of Py.

Proof of Fact (c). Let F' C I' with |F'| < X. Let F' = {f(, 5,y 1 ¢ <i(x) <A}.
Now let
H € he : ¢ € W(Bi, hi) &i < i(*)}.

Hence H' € [H|<* (as A > ). Let g® be a function which exemplifies that H' is
free in the sense of P§. We claim that g below shows that F” is free.
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For h € H we let Dom(h) = {a’c‘ : ( < 8} be an increasing enumeration. Then

we let
g(h)= Min{¢ <6:¢ > €= g%(al) 2 h(ah)}.
Note: g(h) is well defined by the choice of g®.
So, let fig 5y € F', and let W = W (B, h). Let
AZHC <0 fiamy(he) > glho))}.

If ¢ € A, then f57)(h¢) > g(he), so gea(a;(‘lm)(h()) > hda;{‘ﬂ'mh()) by the defini-
tion of g(h¢). In other words, g®(3) > ¢. Hence A C ¢®(8) + 1, and so |A4] < 6.
Os.6

5.7 Claim. X\ € SQds, = [\, \') N SP}, #0.

Proof. Let H = {h; : 7 < A} exemplify that A € SQdp,. Let us enumerate
Dom(h;) = {7 : { <6}, as in clause (e) of 4.2(2). Hence

Cf(hj(aZ)) ={(e1,82) 161 < 0 &ea < O0& ~[(e1,62) < (ﬂg,vg)]}

for some (’yg : ¢ < ) which is strictly increasing and 'yg > U ﬂg . Let h? be the
£<¢

function with Dom(hﬁ.B) = {arz, : ¢ < 6} and defined by h;B(aZ;) = ﬂg + 1. Let
H®={h;¢:j</\}.
Suppose that H® = |J H for some i(*) < 1+ 0, and each HY is free in the
1<e(*
sense of P}, and let g; (i < ;(*)) exemplify this.
Hence for every j < A we have that h; € H® = {¢: h?(ag) = ﬂg +1> g,:(aé)}
is bounded in 6. In particular, there is an ordinal £ < 6 such that

¢ €[6,6) = (gi(al), gi(al)) € Cl(hj(al)).

This contradicts the assumption that H is not A-free in the sense of Qdy .
Now suppose that H' C H® with |H'| < A. Let

H" <, h? € H' (and j < X of course)},
hence H” C H with |H"| < A. So H" = |J H] for some i(*) < 1+ o, and each
1<i(*)
H is free in the sense of Qdy.
Let this be exemplified by g;, for i < i(*).
For i < i(*) let Hi"’éf{hjB :h; € H'}, so H' = (l_{ )H{. Suppose h? € H. If
h?(aé) > gi(aé), then ,Bg +1> gi(aé).
Let &; < 8 be such that
(Va € Dom(h;))|(gi(a),&;) € Cl(hj(a))]

Let £ < 0 be such that { > ¢ = 72 > &;. Hence gi(aé) > ﬂg, SO g,t(aé) > ﬂg +1=
h;(jc). Hence H| is free in the sense of Py . Os.7
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5.8 Remark.
We have now finally proved 4.2B(2) (i.e. A € SQdg s = [A\, N] N SPy, # 0), as:
By 5.7 A € SQda,, = [\, ] N SP}, # 0.
By 5.2 [\, M°]nSP}, = [\ AN SP}, #0.
By 5.5 and 5.6, [\, \°] N SPY, # 0= [\, X] N SPZ, #0.
By 4.1A(0), [\, M) N SFy, # 0.
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