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A Borel maximal eventually different family
Haim Horowitz and Saharon Shelah

Abstract

We construct a Borel maximal eventually different family.!

Introduction

Maximal almost disjoint families and their relatives have been studied by set theo-
rists for decades. As the construction of such families is typically being done using
the axiom of choice, questions about their definability naturally arise. The defin-
ability of mad families was investigated by Mathias who proved the following:

Theorem [Ma]: There are no analytic mad families.

The possibility of the non-existence of mad families was investigated by the authors
in [HwSh:1090] where the following was proved (earlier such results were proven by
Mathias and Toernquist using Mahlo and inaccessible cardinals, respectively):

Theorem [HwSh:1090]: ZF+ DC+"There are no mad families” is equiconsistent
with ZFC.

In this paper we shall study maximal eventually different families in w®. Recall that
f, g € w* are eventually different if f(n) # g(n) for large enough n. A family F C w*
is a maximal eventually family if the members of F are pairwise eventually different,
and F is maximal with respect to this property. Our main goal is to construct in
ZF a Borel maximal eventually different family, thus answering a question asked
by several set theorists (see for example [Br|, [KSZ] and [To]) and showing that the
analog for the above theorems is not true for maximal eventually different families.
While in the current paper we do not attempt to find the minimum possible Borel
complexity of a MED family, we intend to prove in future work that there exist
closed MED families.

In a subsequent paper we shall also prove a similar result for maximal cofinitary
groups and investigate some connections with Borel combinatorics and large cardi-
nals.

The proof
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Theorem 1 (ZF): There exists a Borel MED family.

Observe that the notion of a Borel MED family can be defined for A? whenever
|A| = Ng = |B], and it’s enough to prove that for some A and B of cardinality Ry,
there is a Borel MED family in AP (with the natural Polish topology).

Definition and claim 2: a. Let 7, = 2<%.

b. F. = {f: f is a function from 2<¥ to H(No)}.

c. Forn<wlet Ff={f[2":feF.}.

d. For f,g € Flet eq(f,g9) ={p: f(p) = g(p)} and dif(f,g) = 2=\ eq(f, 9).
e. Let EDF ={F CF.:(Vf# g€ F)(eq(f,9) <o)}

f. Let MEDF = {F € EDF : F is maximal}.

g. Let B : F, — 2“ be an injective continuous function.

h. Let I : F, — F, be defined as Fi(f)(p) = f | 2<W9(),

i. Let Go = {Fi(f) : [ € F.}.

j. Let G be the set of g € F, such that for some f € F,, dif(g, F1(f)) is infinite
and satisfies:

L (Yn)({p:B(f) In £ pApedif(g. Fi(f))}H < Ro).
2. For every p € 2<¥ if p < B(f) then there exists at most one v such that
p<vedif(g, Fi(f)) and vNB(f) = p.

k. For g € Gy, let f, be the unique f as in clause (j). We shall prove that f, is
indeed unique, and can be Borel-computed from f.

1. For g € G, and f, as above, let w, = dif(g, Fi(f,)).
m. Let G be the set of g € G satisfying (1) and (2) where:
Lglwy=fylw

2. (Vp € wy)(g(p) & Fiypy) or (Vp # v € wy)(g(p) € Fiypy Alp) € 9(v))

Proof (of clause (k)): Given g € Gy, let Xi(g) = {p € T : g(p) € Fjy,}-
Let Xo(g) ={p € Th : (Vv 1e)(p < v1 < va — v, € Xi(g) Ag(n) € ( ))}7
Xs(g) ={peTi:[{r:p<veTl,v¢Xag)} <No} and Xy(g) = {p € X5(g) :

there are no incompatible v; and vy such that p < 14,15 € T, and v, ¢ Xs(9)
(1 =1,2)}. As g € Gy, there is f as in clause (j).

We shall now prove that if p £ B(f) then p € X3(g) and moreover, p € X,(g): By
the definition of Gy, A, :=={v € T, : B(f) | n £ v,g(v) # Fi(f)(v)} is finite for
every n < w. Now let p € T, such that p £ B(f) and choose a minimal n such that
B(f) I n £ p. Forevery p <v e T, if v ¢ A, then g(v) = Fi(f)(v), therefore,
p<vi<wvyeT, ANvi,va & Ny = g(n) = F1(f) (1) C Fi(f)(v2) = g(v2). It follows
that p € X3(g), moreover, by 2(j)(2), p € X4(g): There is at most one v such that
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p<vandvedif(g, Fi(f)). For every p < v/ which is not < v, g(v/) = f | 2<9¢),
hence v/ € X5(g). It follows that p € X4(g).

Therefore, for every n, |{p € Ti : lg(p) = n,p ¢ Xu(g9)}| < 1. Note that X;(g)
(1=1,2,3,4) can be simply computed.

Note that by 2(j)(2), for every p € 2<“ there exists p’ € eq(g, Fi(f)) above it, hence,
if p € Xo(g) then p € eq(g, F1(f)). Now suppose that vy # vy € 2" N dif(g, Fi(f)).
If vy Ny £ B(f), then 11 Ny € Xy(g), contradicting the fact that 4,5 ¢ Xo(g)
are incomparable. If vy NB(f) = o NB(f) = v1 Ny, then we get a contradction to
2(j)(2). The only possibility left is that v; Ny < B(f) but vy NB(f) # v(2) NB(f),
so wlog v1 NB(f) < vo NB(f). Therefore, there are at most n elements v € 2" such
that v € dif(g, F1(f)). As 27! > n for 3 < n, we have established the following:

(%) If 3 < n, then for most v € 2" g(v) = f | 2<™.

It follows that if g € G then f, is uniquely determined, and there exists a Borel
function B’ : F,, — F, such that g € Gy — B/(g9) = f,. O

Claim 3: 1. If g1, 92 € Gy and fy, # fy,, then:
a. eq(g1, g2) is finite.

b. wg, Nwy, is finite.

c. eq(ga, Fi(fy)) is finite.
2. If g1 € Go, fo € F. and fg, # fo, then eq(g1, Fi(fo)) is finite.

Proof: 1. As B is injective, B(f,,) # B(/f,,), therefore p := B(f,,) N B(f,,) € 2<%
and WLOG g(l) < B(f,,). By the definition of Gy, {v € wy, : p(I) £ v} is finite
for I = 1,2, therefore wy, N wy, is finite, which proves clause (b). Now let n,
be such that fy, | 2<™ 2 f,, [ 25", If v € 2<%\ w,, \ wy, \ 25", then g,(v) =
Fi(f,)(v) (I =1,2) by the definition of w,,. By the choice of n, and the definition
of F1, Fl(fgl)(y) # FQ(fgz)(V)v SO gl(y) # gQ(V)' Note that |{V € Wy, 92(7/) -
Fi(fg,)(v)} < 1: By the definition of Gy, either g2(v) ¢ Fi () for every v € wy, (in
this case, the above set is empty by the definition of F}) or {g2(v) : v € w,,} are
pairwise incomparable with respect to inclusion, and then as {Fi(fy,)(v) : v € wy, }
form a chain, the above set has cardinality < 1. Suppose now that v € wg, \ wy,,
then g1(v) = Fi(f,,)(v), and by the above claim, there is at most one v € w,, \ wy,
such that ¢;(v) = ¢o2(v). Similarly, there is at most one v € wy, \ wy, such that
g1(v) = go(v). Therefore, eq(gi1, g2) is finite, which proves clause (a). Clause (c)
follows from (2).

2. By the definition of Gy, either gi(v) ¢ F;,) for every v € wg, (and therefore
wg, Neq(gr, Fi(fo)) =0), or {g1(v) : v € wy, } are pairwise incomparable (and then

|wg, N eq(gl,Fl(fo))| <1). If v ¢ wy is long enough, then ¢,(v) = Fi(fy,)(v) =
for 125090 £ £ 1 2<90) = Fy(fy)(v). Together we get the desired conclusion. [J

Definition 4: Let Hs = {f € F. : there is g € G, such that f, = f}.
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Definition 5: Given a formula ¢)(z), we say that the truth value TV (¢(f)) (f € Fi)
is Borel-computable if there exists a Borel function F' : F, — {0,1} such that
TV ((f)) = true iff F(f) = 1.

The theorem will follow from the following claim together with claim 8:

Claim 6: There is a Borel function Fj such that Dom(F3) = F., f € Hy <
Fy(f) € Gy and frs(y) = f when f € Hs. As a consequence, Hj is Borel.

Definition 7: Let Gy := {F;(f): f € Hs} U{F.(f): f € F.\ H3}.
Claim 8: a. G4 is Borel and G4 C Gy U G5 (and Gy C Gy).

b. G4, € EDF.

c. G4, € MEDF.

Proof of claim 8: a. The second part of the claim is obvious. As for the first part,
first observe that f € Gy iff TVi(f) = true or TV,(f) = true where:

L. TVi(f) = true iff f € Gy and F;'(f) ¢ Hs (where G was defined in 2(i)).

2. TVa(f) = true ift B'(f) € Hs and f = F;(B'(f)) (where B’ is the Borel function
from claim 2(k), which is defined in the end of the proof of the claim).

Next observe that T'V;(f) is Borel-computable: It’s easy to see that G is closed and
Ffl is continuous on Gy. As Hj is Borel, we're done.

TV;(f) is Borel-computable as well, as H3 and all of the functions involved are Borel.
It follows that G4 is Borel.

b. Suppose that g; # g» € G4 as witnessed by f,, = fi1 and f,, = f. Clearly, fi = fo
is impossible, as then, if fi € Hj then fy € Hj, hence g1 = F;(f1) = F5(f2) = g,
and similarly, if fi, fo ¢ Hs, then g1 = Fi(f1) = Fi(f2) = g2. Therefore, f1 # fo.
If f1, fo € Hs then gy, go € G5 and by claim 3(1), eq(g1, g2) is finite. If fi, fo ¢ Hj,
then g1 = Fi(f1),92 = Fi(f2), and by the definition of Fy, eq(g1,¢2) is finite. If
fi1 € Hs and fy ¢ Hj or vice versa, then eq(g1, g2) is finite by 3(2).

c. Let f € F,, we shall find g € G4 such that eq(f, g) is infinite. Denote B(f) (from
2(g)) by ng. If f € Hs then g = F;(f) € G4 is well-defined. By the definition of G
and F3, g [ wg = f | wy. By the definition of Go, w, is infinite. Therefore, we may
assume that f ¢ Hj.

Case I: For every n there is v such that n; [ n <v €2~ and f(v) & F; .
In this case, choose the <, —least witness v,, for every n. There is an infinite set
A C w such that (lg(v, Nny) : n € A) is strictly increasing. Let g = (f [ {v, :n €
AN U (Fi(f) T (2s9\ A)), it’s straightforward to verify that g € Gy (by the first
possibility in definition 2(m)(2)) and f = f,, which is a conradiction.

Case II: Case I fails, but there are A € [w]* and v = (v, : n € A) such that
ng [ n < vy, lg(v,Nng) =n and (f(v,) : n € A) are pairwise incomparable. In
this case, we shall derive a contradiction as in the previous case (using the second
possibility in definition 2(m)(2)). Note that if n exemplifies the failure of case I,
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then as (f(vy,) : n < m € A) are pairwise incomparable, there is at most one
n < m € A such that f(v,) = Fi(f)(vm). If n < n, and f(v,) # Fi(f)(v) for
every n, < m € A, then we define g as in the previous case, with {v,,, : n, <m € A}
here instead of {v, : n € A} there, and we get a contradiction similarly.

Case III: -Case IN—Case II. We shall prove the following statement:

(%) There are n., k* and fo, ..., fr, € Fs such that ny [ n. <v — f(v) € {fo |
2<lg(1/)’ sy fk*—l r 2<lg(1/)}‘

In order to prove (x), assume that it fails and we shall derive a contradiction to the
assumptions of case III.

Let ny witness the failure of case I, we choose by induction on k a triple (7, Ax, fx)
such that:

a. 77_19 = (nk,n N S n e Ak)
b. T < npp but gy [ (n+1) £ .

c. f(nen) & {fi 1 250900n) 2 | <k},
d. Ay C w is infinite and (f () : 11 < n € Ag) is C —increasing.

e fr € Foand fy= U f(ikn).

Why can we carry the induction? At stage k, let AL = {n : n; < n and there
is ny.., satisfying (b)+(c)}. If A} is finite, then letting n, = maz(A}) + 1, (n., k —
1, fo, ..., fx—1) are as required in the above statement (x), contradicting thee assump-
tion that (x) fails. If A} is infinite, we can choose for every n € A}, an n, satisfying
(b)+(c) (for example, by taking the <, —minimal such sequence), by Ramsey’s theo-
rem there is an infinite Ay, C A}, such that (f(nx,) : n € Ay) is either C —increasing,
C —decreasing or pairwise incomparable (note that we don’t need any form of the
axiom of choice here, as we can carry the argument in a model of the form L[X]). If
the elements of { f(nx.n) : k € A, } are pairwise incomparable, let w = {n;,, : n € A}
and g = (f [ w) U (Fi(f) [ (259 \ w)). It's straightforward to verify that g € Gj
and f, = f (note that by the pairwise incomparability of the f(n,)s, there is at
most one 7, for which f(ng,) = Fi(f)(nkn)). Therefore, f € Hj, contradicting
our assumption. By the choice of ny, the sequence (f(nrn) : n € Ag) can’t be
C —decreasing, therefore, it’s C —increasing. Let fi, = U{f(nk.) : n € Ax}, then
fr € Feand n € Ay — f(kn) = F1(fi)(Mkn), so we've carried the induction.

We shall now get a contradiction by showing that the assumptions of case II hold:
Note that ky # ks — fr, # [, (by clauses (c¢) and (e)). Let By = w, choose [y
such that fy | 250 £ f; | 25l Therefore, there are hy € {0,1} and an infinite set
B; C w)\ {0,1} such that k€/>31fk [ 25l £ f, ] 25l Now choose i1 # i1, € By

and [y such that f;, , [ 258 # f; | | 251", As before, there are hy € {0,1} and
an infinite set By C By \ (i10 + 411) such that ke/>9 fi | 250 £ fivn, T 2sh - We
2

continue as above and obtain the sets B = {hg < i1, < o, < ...}, (By 10 < w),
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(im0 tm,1) : m < w) and (L, : m < w). For every k € B, if k = iy, choose
ni € Ay such that max{l,,,ng_1} < n and let v,, = ni,, and A = {n : k € B}.
It’s now easy to verify that A and (v, : k € B) satisfy the assumptions of case II but
we shall elaborate: We shall prove that f(vg,) = f(kn,, ) = fro [ 2 SloCkrn) and
fWky) = f(kame,) = fro | 9=190h2m,) are incomparable for # ko € B. Suppose
that ky = ip,, and ky = ij h, and Wlog m < j, then fy, | 25im #£ fi, | 25 therefore
fu 12 <lg My, 7& I <lg My ,mg, ) and fy, <lg(77k2,nk2) £ fi, [2Slg(m“2’"’€2), and

therefore f(vg,) and f (Vk2) are incomparable. ThlS completes the proof of (k).

Now let n,, ks, fo, ..., fr.—1 be as in (x), then for every n > ny, there is I, < k, such

that the set Y, = {p € 2=“ : ny [ n < p, np(n) # p(n) and f(p) = Fi(fi,)(p)} is
infinite. Choose [, < k, such that B = {n : n; < n,l, = [.} is infinite.

Subcase I: fi, ¢ Hs. If n € B and p € Y, then f(p) = Fi(fi,)(p) = Fi(fi.)(p),
therefore, eq(f, F1(f;,)) is infinite. As f;, ¢ Hs, Fi(fi,) € G4 (by the definition of
G4). Therefore, we've found g € G4 such that eq(f, g) is infinite and we’re done.

Subcase II: f;, € Hs. For each n € B, Y, is infinite, therefore we can find p, €
Yo \ wrs (s, (by the definition of Ga, {p € wrs(s,) : pN 1y = 1y [ n} is finite, and
as Y, C {p €2 :pnny=mns [ n} is infinite, there is p,, as required).

As fi, € Hs, fi, = f, for some g € Go, and F3(f.) = g, hence F5(fi.)(pn) = 9(pn) =
Fi(f1.)(pn) = f(pn) (the equalities follow from the definitions of Fy, Fy and Y,,, and

the assumption that p, & wrs(y,,)). Therefore, eq(F5(fi.), f) is infinite, and by the
definition of G4, F5(fi,) € G4 so we're done. [J

Proof of claim 6: For f € F,, let ny = B(f) and let T'V,(f) be the truth value of
the statement:

) For every n < w there exists v € 2<% such that n; [ n < v and f(v) & F
f lg(v)

Note that TV.(f) is Borel-computable and so are the truth values TVay;(f) and
TV;;(f) (to be defined later), therefore, it suffices to define Fj separately for each
combination of truth values.

Case I: TV,(f) = true. In this case, we shall prove that f € Hs and define F;(f):

Let Af be the set of n for which there is v € 2<% such that v N7y = 7y [ n and
f(v) & Fiy)- By the assumption, Ay is infinite.

For each n € Ay, let vy, be a sequence for which (x) is true, such that:
1. lg(v¢y,) is minimal.

2. vy, is <, —minimal among the sequence satisfying (1) (where <, is the lexico-
graphic ordering).

Let wy = {vy, : n € Ay} and let Fy(f) = f | wp U Fi(f) T (29 \ wy). It's
straightforward to verify that Fy'(f) € G and that frry) = f, therefore f € Hj.

Case II: TV.(f) = false. We can compute m(f) = min{m : lf ny [ m <v € 2<¥

then f(v) € Fjy,, - Let TVay:(f) be the truth value of the following statement:
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(%)2.k,i There exist k and fo, ..., fx—1 € F such that for every v € 2<¥ ns [ i <v —
) € {R(f)(v) : 1 < kY.

By compactness, (*)sy; holds iff for every finite u C {v : ny [ i < v € 2} there
exist fo, ..., fe_1 as above with domain 2<9+! where Ig(u) = max{lg(v) : v € u}.
Therefore, TV, 1 ;(f) is Borel-computable. Note that there is no essential use of the
axiom of choice in the compactness argument, as we can argue in an appropriate

LIX].

Note that if TV, ,(f) = true for some k and i, then f ¢ Hs: Let fo,..., fr—1 be
as in (x)9,; and suppose towards contradiction that there exists g € G5 such that
[ =f, Let (v, : n € A) list wy, then one of the two possiblities in 2(m)(2) holds.
As TV.(f) = false, the first possibility of 2(m)(2) fails. Suppose that the second
possibility holds. By 2(j)(1), for every n € A\ ¢ there is m(n) € A\ i such that
B(f) I n < Upm). As TVayi(f) = true, for every such n € A\ 4, there exists
I < k such that f(vpm) = Fi(fi) Um@w)). Therefore, for some I, < k, the set
B:={necA\i: f(Umnw) = Fi(fi.)([Um@m))} is infinite. It follows that the elements
of (f(Umm)) :n € B) = (9(Vm(n)) : n € B) are pairwise comparable, contradicting
the second possibility of 2(m)(2). It follows that f ¢ Hs. If TVay,;(f) = true for
some k, i, we let F(f) = fo where fo(v) is defined as the constant function 0 whose
domain is 2<90), Tt’s easy to see that f; ¢ G.

From now on, we assume that TV.(f) = false and ,?TV“Z(JC) = false. As in the

proof of claim 8(c) (case III), we shall choose by induction Ay, hy and g = (k. :
ny <n € Ay) (where n; = m(f) is witnessing the failure of the statement of case I
in the proof of 8(c), and hy here stand for f; there) such that:

a. A; C w is infinite.

b. np [ < mip and ny [ (n+1) £ M.
c. (f(Mkn):m1 <n € Ag)is C —increasing.

d. hy = neLIJLka(nk’n) € F..
- fn) & AFL(h) (M) 1 < K}

Moreover, the objects will be computed in a Borel way, The only non-trivial point is
the application of Ramsey’s theorem in the construction of Ay from A} (i.e. why can
we Borel-compute an infinite homogeneous set?): Given a function R : [w]* — {0, 1},
we shall Borel-compute an infinite homogeneous set (we shall write R(m, k) for
R({m, k}) where m < k). Define p,, € 2" by induction on n such that:

@

a. Pn < Pt

b. For infinitely many k < w, R(m, k) = p,+1(n) for every m < n + 1. Let A, be
the set of these k’s.

C. An+1 g An

d. pny1(n) = 0 if possible (i.e. if the above requirements are satisfied).
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The sequence (p, : n < w) can be Borel-computed. Now choose n; € w by induction
such that:

a. n; < MNyy1.
b. n; is the minimal k € A, , such that Anj < k and R(nj, k) = pp,+1(n;) (this is
j<i

possible by the choice of the p,s).

So (n; : i < w) is Borel-computable as well. If i; < iy < i3 then R(n;,n;) =

Pns, +1(Niy) = R(niy,nig). Leti(x) € {0, 1} be the minimal such that {i : R(n;,ni1) =

i(*)} is infinite (this is Borel-computable as well). Finally, the set {n; : R(n;, nj11) =

i(*)} is a Borel-computable infinite homogeneous set. This completes the argument

on the induction.

Let T'V3 ;(f) be the truth value of the following statement (which is Borel-computable):

(%)3; The set {hy [ 2<7 : k < w} is infinite.

Case I: v TV; ;(f) = true. In this case we can Borel compute Fj(f) witnessing
j<w

that f € Hs. Let j; be the minimal j such that TV;,;(f) = true (this is Borel-

computable) and let B = {k : j; < k,hy | 2<9f ¢ {hy [ 2<97 : | < k}}, this set is

infinite by our assumption. We choose ny, € Ay \ j; by induction on k£ € B such that

kE <k — ng <ng. Let wy = {ngn, : k € B} and let F5(f) = f [ wr U (Fi(f) |

2<“\ wy). It’s easy to check that Fy(f) € G5 is witnessed by f (hence f € Hj):

If there are k # k' € B such that F5(f)(Mkn,) = F1(f)(Mkm,) and F5(f) (M n, ) =

Fl(f)(nk:’,nk/); then f(nkmk) = hk; I‘ 2<lg(77k,nk) and f(nk’,nk/) — hk’ r 2<lg(77k/,nk/) are
comparable, contradicting the definition of B. It’s easy to check that the other
requirements in the definition of G4 are satisfied as well.

Case II: A TV;(f) = false. We can Borel-compute a set B € [w]* such that (h; :
j<w

k € B) converges to some h* € F,: Let By = By = w. As TV545(f) = false, there
exists k(2) > 2 such that for infinitely many k&, hy) | 2<% = hy, [ 2<2. Choose k(2)
to be the minimal number with the above property and let By = {k € By : k > k(2)
and hy) | 2<% = hy, | 2<2}. As TV35(f) = false, there is a minimal k(3) € B, such
that hya) [ 2<% = hy, [ 2<° for infinitely many k € By, let By = {k € By : k > k(3)
and hgg) | 2<% = hy, | 2<%}, We now continue the construction by induction, and
obtain the set B = {k(2) < k(3) < k(4) < ...}. Now let h* = Y Iy 1 2<" it’s
easy to see that B and h* are as required. Note that as [ # k — h; # hy (by the
definition of the hys), there is at most one k such that hy = h*.

We can Borel-compute (k;, n;, m;) by induction on i such that:

k; € B is increasing with .

m(f) < mn; € Ay, is increasing with 1.

m; = lg(nk‘mm)'

f(nki,m) SZ h*.

= W =
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5. If j < then f(n,n,) [ 2™ C h*

The induction step: Suppose that we’ve carried the induction up to 7 and let j = i—1.
Let myy = max{m; : | <i}. As lz’gghn = h*, for every n € B large enough (say,

n, < n for some n,) we have h,, | 2<™i+ C h*. Let k; € B be the first such n above
k; such that, in addition, hy, # h* (recall that there is at most one n for which
hn, = h*). Recall that hy, = U f(Mk.n), and for ny = m(f) < n € Ay, large

m(f)<n€Ay,
enough, hy, | 2<" ¢ h* (otherwise, hy, = h*, which is a contradiction).

Let n; € Ay, \ n1 be the first such n above n;, and let m; = lg(nk,n,), SO we
have carried the induction successfully. Now let w; = {ng,n, : ¢ < w} and let
Fi(f) = f T wpU(F(f) | 29\ wy). It’s easy to check that F;(f) € Gs as
witnessed by f, which belongs to Hs. [J
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