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Can you take Toernquist’s inaccessible
away”?

Haim Horowitz and Saharon Shelah
Abstract

We prove that ZF + DC + "There are no mad families” is equiconsistent with
ZFC!

Introduction

We study the possibility of the non-existence of mad families in models of ZF + DC'.
Recall that F C [w]¥ is mad if A,B € F — |AN B| < Yy, and F is maximal with
respect to this property. Assuming the axiom of choice, it’s easy to construct mad
families, thus leading to natural investigations concerned with the definability of
mad families. By a classical result of Mathias [Ma], mad families can’t be analytic
(as opposed to the classical regularity properties, there might be I} mad families,
which is the case when V' = L [Mi]). The possibility of the non-existence of mad
families was demonstrated by Mathias who proved the following result:

Theorem [Ma]: Suppose there is a Mahlo cardinal, then there is a model of
ZF 4 DC + "There are no mad families”.

For a long time it was not known whether there are mad families in Levy’s model
(aka Solovay’s model). This problem was recently settled by Toernquist:

Theorem [To|: There are no mad families in Levy’s model.

Toernquist’s proof is based on a new proof of the fact that mad families can’t be
analytic. It’s now natural to wonder whether it’s possibe to eliminate the large
cardinal assumption from Toernquist’s result. Our main result in this paper shows
that the answer is positive:

Theorem: ZF + DCy, + "There are no mad families” is equiconsistent with ZF'C'.

Two other related families of interest are maximal eventually different families and
maximal cofinitary groups. For a long time it was not known whether such families
can be analytic, and whether there are models of ZF 4+ DC where no such families
exist. We intend to settle those problems in a subsequent paper.
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The proof

Hypothesis 1: 1. A= X4 p=cf(p), a < p— o™ <pu, Rg <0 =0M < k=
cf(k) <pand a <k — o < k.

For example, assuming GC'H, the hypothesis holds for p = N3 = k, A = N, and
0 =N,.

2. For transparency, we may assume C'H.

Definition 2: 1. Let K = {P: P is a ccc forcing notion such that IFp "M Ay, ”}.

2. Let <y be the partial order < on K.

3. We say that (P, : o < «.) is <g-increasing continuous if P, € K for every
a <o, a<f =P, <Psandif 8 < o, is a limit ordinal then UﬁIP’7 < Pg.
y<

Claim 3: 1. (K, <g) has the amalgamation property.

2. If Py is a ccc forcing notion, then there is P, € K such that P; < Py and
IPy| < |Py M + 2%

3. If (P, : a < ¢) is <k-increasing continuous and 0 is a limit ordinal, then
U6Pa = cce, hence by (2) there is Ps € K such that (P, : a < 0)f(Ps) is <g-
a<

increasing continuous.

4. If P € K and X C P such that |X| < u, then there exists Q € K such that
XCQ Q< Pand |Q <2M 4 | XM,

Proof: 1. Suppose that Py, P1, Py € K and f; : Py — P, (I = 1,2) are complete
embeddings. Let Py X, Py be the amalgamation of Py and Py over Py (as in
[RoSh672)), ie. {(p1,p2) € Py x Py : (Ip € Po)(p ke "p1 € P1/fi(Po) A pa €
Pg/fz(]P)())”)}. As Py < Py X f1,f2 PQ, H_]po 7’]\4/1&1” and MANl 1mp11es that every
cce forcing notion is Knaster (and recalling that being Knaster is preserved under
products), it follows that P; x4, f, P2 |= cce, and by (2) we're done.

2. Py is obtained as thee composition of P; with the ccc forcing notion of cardinality
Py [¥1 + 2% forcing M Ay, .

4. As in the proof of subclaim 1 in caim 6 (see next page). [
Claim 4: There is a ccc forcing notion P of cardinality A such that:
1. Forevery X CP, [ X|<pu—(FQe K)(X CQ<PA|Q| < ).

2. If P;,P, € K have cardinality < pu, P; <Py and f; is a complete embedding of
RO(Py) into RO(P), then there is fi C fo that is a complete embedding of RO(IPy)
into RO(P).

Proof: We choose P, € K by induction on a < A, such that the sequence is
<k —increasing continuous and each P, has cardinality A, as follows:
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1. For limit o we choose P, € K such that BL<J Ps <P, . We can do it by claim 3(2)

and the induction hypothesis.
2. For a = 8+ 1, we let ((P],P3, f{') : v < A) be an enumeration of all triples as in
4(2) for Ps. We construct a <x —increaasing continuous sequence (Pfy :vy < A) by

induction as follows: Pj = Pg. PZ_, is the result of a K—amalgamation for the yth
triple, and for limit v we define P as in (1). Finally, we let P, = IP}.

Note that by claim 3(4), requirement (1) is satisfied for every forcing notion from
K, hence it’s enough to guarantee that requirement (2) is satisfied. It’s now easy to
see that P = U)\Pa is as required. [J

a<l

Definition/Claim 5: Let P be the forcing notion from claim 4 and let G C P be
generic over V. In V[G], let Vi = HOD(R<"), then V} E ZF + DC_,.. O

Main claim 6: There are no mad families in V].

Proof: Let  be a canonical P-name of a mad family (i.e. a canonical P-name of a
family of subsets of w), and let 77 be a sequence of length < k of canonical P-names of
reals such that F is definable over V using 7. Let Kp ={Q € K : Q<PA|Q| < x}.
By claim 4(1), there is Q. € Kp such that 7 is a canonical Q,-name. Let K7 be
the set of Q € Kp such that Q, < Q and .EN[ Q is a canonical (Q-name of a mad

family in V©, where F1Q= {g : a is a canonical Q-name of a subset of w such
that IFp "a € F7}.

Subclaim 1: K} is <-dense in Kp.

Proof: Let Q € Kp and let 0 = |Q, + 2|™ < x. We choose Z; by induction on
1 < wq such that:
a. ZZ Q P and |Zz| S g.

C. ZOZQ*U@

d. If ¢ = 35 + 1, then for every canonical name using members of Z3; of an “M Ay,
problem” in Z; we have a name for a solution.

e. If i =35+ 2, then Z; < P.

f. If © = 35 + 3, then for every canonical Z3;;9-name a of an infinite subset of w,
there is a canonical Z;-name b such that IFp "ja N b| = Vg A b € F.

It’s now easy to verify that Z,, is as required: By (c) and (e), Q. < Z,,, <P, hence
also Z,,, &= ccc. By (a), |Z.,] < k. By (d), IFz,, "MAy,” (given names for X,
dense sets, we have canonical names depending on N; conditions, hence there is
some j < wy such that they are Z3;,o-names), hence Z,, € K. By (f), F [ Z,, is a

canonical Z,,,-name of a mad family in V%2,
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We shall now prove that such Z; can be constructed for ¢ < wy: For ¢ = 0 it’s
given by (c) and for limit ordinals we simply take the union. For i = 3j + 1 and
© = 3j + 3 we enumerate the canonical names for either the M Ay, problem or the
infinite subsets of w (depending on the stage of the induction), there are < o such
names. At stage 35 + 1 we use the fact that P forces M Ay, in order to extend
Zs3; using P-names for the solutions of the M Ay,-problems. At stage 35 + 3, we
extend the forcing similarly, using the fact that F is a name of a mad family. For

t = 3] + 2, we let Z3;19 be the closure of Z3;,, under the functions f1 : P x P — P
and f : [P][=%) — P where: fi(p, q) is a common upper bound of p and ¢ if they’re
compatible, and fo(X) is incompatible with all members of X provided that X is
countable and not predense.

Subclaim 2: If Q € K and F : Q — P is a complete embedding over Q,, then F
maps F | Q to F [ F(Q).

Proof: As F is the identity over QQ, and .Z-: is definable using a QQ,-name.

We now arrive at the two main subclaims:

Subclaim 3: There is a pair (Q, D) such that:
a. Q. <QeKjp.

b. D is a name of a Ramsey ultrafilter on w.

c. ke ?DN(F Q) = 0.

Subclaim 4: Subclaim 3 implies claim 6.

Proof of subclaim 4: Let M be the Q-name for the Mathias forcing restricted
to the ultrafilter D. Let Q; € K such that Q x Mp <Q and |Q1| < & (such forcing
notion exists by 3(2)), and let A; be the Q;-name for the Mp-generic real.

Let F} : Q@ — P be a complete embedding such that Fj is thee identity on Q
(such embedding exists by claim 4(2). There is Q) € K such that F}(Q;) < Q) by

subclaim 1. There is a pair (Qf, F}) such that Q; < Q] and F| : Qf — Q] is an
isomorphism extending F}. WLOG (Qf, F}) = (Qq, F1), so F1(Q;) € Ky .

Let F1 = Fy (F | Fi(Qi)).

As lFp @) 7F | Fi(Q1) is mad”, it follows that IFg, "/ is mad”, hence there is
some a; such that a; is a canonical Q;-name for a suszet of w, IFg, a1 € F”
and II-Q?1 "a; N Ay is infinite”, Recalling the basic property of the forcing I\/ED, evgry
infnite sub;et ofN Aj is generic, therefore, by considering A;Na; instead of Al,NWLOG
IFq, ”41 - aNl”. N o h

Now let (Qg, Mp, as, A, F2) be an isomorphic copy of (Q1, Mp, a;, A1, F1) such that
the isomorphism is over Q. Consider the amalgamation Q3 = Q; xg Q2. By the
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basic properties of P, there is a complete embedding F3 : Q3 — P over Q. By the
density of K7, there is Q) € Ky such that F3(Q3) < Q). As before, choose (Q4, F})
such that Q3 < Q4 and Fy : Q4 — Q) is an isomorphism extending F3.

Now observe that kg, "A; N Ay is infinite”: Let G C Q be generic, then in V]G]
we have: Q3/G = (Ql/G)NX (QNQ/G) <Q4/G. As Mp[G] <@Q;/Q (I =1,2), we have
Mp[G] x Mp[G] <Q3/G, so it’s enough to show thatNH-MD[G]XMD[G} T|ATN Ay = Vo™
Let ((wn, By), (ws, By)) € Mp[G] x Mp[G] and n < w, so By N B, € D[G] is

infinite, therefore, there is ny > n,sup(w; U wy) such that ny € By N By. Let
qg= ((wiU{ni}, B\ (n1+1)),(waU{ni}, Bo\ (n1+1))), then p < gand ¢l "n; €
A NA”.

Therefore, IFq, "a; N as is infinite” (as the intersection contains A; N Ay).

It now follows that IFq, "a; = a2”: First note that IFp,q,) "Fi(ar), Fu(az) € Fl

Fy(Qq)". Now Fy(Qq) = Q) € Ky, so F [ Fi(Qq) is a canonical Fy(Q4)-name of a
mad family, therefore g, q,) "Fi(ai) = Fi(az)”, hence lFq, ”gl =ay”.

It’s now enough to show that Iq, "a; = ay € V@ Work in V|[G]. First note

that I-g,/¢ "A; is almost contained in everywmember of D[G], hence (by subclaim
3) it’s almostNdisjoint to every member of F' [ Q7, and also kg, /¢ "a € V@ hence
w € F | Q7. Now recall that I-g, ”Al - al”, together we get awcontradiction.
rf‘herefore it remains to show that |I—Q4 a1 = ay € V@ By the claim above,
kg, a1 = a2 . Work in V[G], so a is a Ql/G name (I = 1,2). Suppose that the
claim doesn”t hold, then there are ¢;,r; € Q;/G and n < w such that ¢, IF "'n € a1

andr IF "n ¢ aNl . Let g2, 79 € Q2/G be the “conjugates” of (¢q1,71) (i.e. their images

under the isomorphism that was previously mentioned), then (g, TQ) € Q3/G forces
that n € ay and n ¢ as, contradicting the fact tha IFg, ’ a1 = a2 . This completes

the proof of subclaim 4.

Proof of subclaim 3: Let 0 = |Q,[" < x. We choose (Q,, A.) by induction on
e < ot such that: )

a. Q. € Kj and |Q] < 0.

b. A, is a cononical Q.-name of a subset of w.

c. IFg, "Ac is not almost included in a finite union of elements of F [ Q..
d. (Qq, 4p) = (Q.,w). WLOG Q, € K, as K is <-dense in Kp.

(Q¢ : ¢ <€) is <-increasing.

= O

kg, 7(A¢ : ¢ <€) is C*-decreasing”.
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g. Ife=20+1and A, # 0 where Ac = {((,a) : ¢ < {,a is a canonical Q-
name of a subset of w such that Kg,, "Ag C* a or Age TF w\ cNL”}, then letting
r.={¢C:(c, g) € A} and ¢ = min(T), fo;some (e, (Ce,Nae) € A and I, "A. C* a,
or A, C* (w\ al)” T T

h. If e =26+ 2 and F, # () where F. = {((, f) : ¢ < f and f is a canonical Q¢-name
of a function from [w]* to {0,1} such that I-q,,., (Eln) [Ag \ n]? is constant”,
VA C {i: (zn)—l}and\/AelC{n:(‘V’OOZGAel)(zn)—l}}

N
n<w [<2

then letting I'c = {( : (C f) € F} and Ce min(T'.), for some fE, (Ce,fe) € F. and
IFo. ”f6 I [A]? is constant”.

Subclaim 3a: The above induction can be carried for every e < o*.
Subclaim 3b: Subclaim 3 is implied by subclaim 3a.

Proof of Subclaim 3b: First we consider the case where o7 < k. Let Q =
U @E, note that as Ny < ¢f(0™), Q € K7. By the choice of Qy, Q. < Q. Now

€<O'
define a Q-name D := {B : B is a canonical Q-name of a subset of w such that

IFg "(Je < a+)(A C* B)"}. By (g), kg "D is an ultrafilter”: For example, in order
to see that D is forced to be upwards closed suppose that p; I ”B c* A C w and
Be D7, then there are p; < ps, n < w and € < ¢ such that p, IF ”B \n C A and
A \n C B”. There is a condition p; and a canonical name Ag such that p2 < p3 and
p3 IF ”A Ag”. Let {ps; : i < w} be a maximal antichain in Q such that ps = ps
and let A4 be the Q-name defined as:

1. /14[GQ] = 43[G@] if P30 € GQ
2. 14N4[GQ] = ?[GQ] if P30 §é GQ.
Therefore, Ay is a canonical name for a subset of w, I- 7Ay € D” and p3 I+ 7Ay = A”.

In order to see that for every Q-name a C w, it’s forced that a € DVw\ a € D, we
have to show that every such name is being handled by clause (g) at some stage of
the induction. Suppose that for some name «a it’s not the case. Each such name is a

Q¢-name for some ¢ < o, so pick a minimal ¢ for which there is such a Q-name.
Therefore, for every e = 2§ + 1 such that ¢ < &, (. < (, so at each such stage we're
handling a Q;-name. As |Q¢[* < o, the number of Q;-names is at most o and the
number of induction steps is larger, we get a contradiction. Similarly, it follows by
(h) that IFg "D is a Ramsey ultrafilter”: Let f be a Q—name of a function from

[w]* to {0,1} (wlog f is a canonical name). As kg "D is an ultrafilter”, for every

n <w {{i: fi,n) =1} :1<2}is a Q—name of a partition of w in V< hence
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for some l;,,, V@ | 7{i: f(i,n) = l;.} € D7, and therefore, for some § = &y,

~

V@ = "Ae C {i: f(i,n) = l;n}”. Now {{n:l;, =k} : k < 2} is a canonical
Q—name of a partition of w, sowagain7 there is k¢ Sl:Ch that {n:ls, =ks} € D, and
there is & such that Ag, € {n: 1, =kr}. As Q k= cee, there is £ < o such that

all of the above names are Q¢—names and g, "8, {5 < & for every n < w”. As

the sequence of the A, is C*-decreasing, f has the form of the functions appearing
in requirement (h) of the induction, hence by (h) there is a large homogeneous set
for f.

By (c), it follows that kg "DNF [ Q = (7

We now consider the case where o = k. In this case we add a slight modification
to our inductive construction: The induction is now on € < o. We fix a partition
(Se : € < o) of o such that |S¢| = 0 and S N ¢ = 0 for each £ < 0. At stage £

of the induction we fix enumertions (a5 : i € S¢) and (fF : 4 € Se) of the canonical

Qg¢-names for the subsets of w and the 2-colorings of [w]? such that for some ¢ < &,
A satisfies the condition from (h) with respect to fr.

We now replace the original (g) and (h) by (g)" and (h)” as follows:

(g) If e=2i+1and i € S¢ then lkg, "Age C* af V Age C* w \ a}”.

(h)’ If € = 2i + 2 and i € S¢ then kg, ”f*[A.] is constant”.

Note that £ < i in the clauses above, as S¢ N & = 0, therefore, at stage € = 2i + 1
(I =1,2), the names af and ff are well-defined when ¢ € S¢.

As Ny < ¢f(0), then as before, letting Q = 6L<JUQE, Q. <Q € K. As before, I-g "D
is a filter”, and by clause (c), kg "DNF | Q = 07, and by (g)’, kg "D is an
ultrafilter”. By (h)’, kg "D is a Ramsey ultrafilter” (the argument is the same as
in the case of ot < k), so we're done.

Proof of subclaim 3a:
We give the argument for the case 0™ < k. The case ot = k is essentially the same.
Case I (e =0): Trivial.
Case II (e = 26 + 1): We let Q. = Qq¢. Pick some (Ce,awe) € A, the Q.-name 45
will be defined as follows: If Ay N a satisfies clause (c) of the induction, then we let

A. = Ase Na.. Otherwise, let A, = Age \ a.. We need to show that A, satifies clause
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(c). Suppose not, then both Ay Na. and Age \ a. don'’t satisty clause (c), but then

Aye is almost included in a finite union of elements of F | Qq¢, a contradiction.

Case III (e = 2¢ + 2): Pick some ((,, f.) € F.. By the definition of F,, in V@1,
for every n < w there are [{, < 2 and k{, < w such that for every k € A._q, if kf, <k
then f(k,n) =1[. In addition, there are k, [, such that k. <n € A1 — 1§ = ..

~

WLOG k;, < ky, ., for every n < w. By the induction hypothesis, as IFq_, "F [ Qc_y
is mad” and as A, satisfies clause (c), there are pairwise distinct a.,, € Fl Qc_1 such

that b.,, = @en N Ac_y is infinite for every n < w. We now choose n; by induction

on i such that:

a. n; € Ay \ ke.

b. If i = 7 + 1 then n; > n; andni>k;j.

c. Ifie (j2,(j+1)*) then n; € b.;_jo.

This should suffice: By (a)+(b), f [ {n; : i <w} is constantly l.. By (c), {n; : i < w}

is not almost included in a finite union of elements of F I Q._1: This follows from
the fact that for each n < w, {n; : i < w} contains infinitely many members of b, ,,

hence of a.,. As {n; : i < w} has infinite intersection with an infinite number of

members of F | Q._1, it can’t be covered by a finite number of members of F | Q._;.
Therefore, Q. := Q._; and A, := {n; : i < w} are as required.
Why is it possible to carry the induction? As each b, is infinite, and requirements

(a)+(b) only exclude a finite number of elements, this is obviously possible.

Case IV (e is a limit ordinal): We choose (Qe, den,ber) by induction on n < w

such that: T
a. 5L<J€Q5 CQen € Ky

b. If n =m + 1 then Qc,, < Qcp.

If n > 0 then we also require:

C. Qep is @ Qc ,-name of a member of F [ Q.
d. bep is a Q. ,-name of an infinite subset of w.

€. H_Qe n ”ban g agn A C/\ be,n g* AC”'
' ~ ~ <€ ~, ~

f. Fq.., et # Gep for I <n’.
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Why can we carry the induction? By the properties of P, there is Q.o € K7 such
that U QC C Qcp- Let DeO be a Q. p-name of an ultrafilter containing {A e < (},

let MD o be the Qcp-name for the corresponding Mathias forcing and let w be the

name for the generic set of natural numbers added by it. By the properties of P,
there is Q.1 € K3 such that Qco < Q1 and Q. adds a pseudo-intersection w to

DQO.

There is a Q. 1-name ae 1 such that Ikq, , aE 1€F [ Qe1 A |aE 1ﬂw| = Ny”. Let be 1=
wN a6 1, then clearly (Q6 1, ae 1, be 1) are as requlred Suppose now that (Q., a6 s bE 1)
were chosen for [ < k. Note that IFQ. x ”{w\ U ael} U {AC ¢ < €} have the FIP”.
Suppose not, then there is ( < e such that IF ”4 ¢ lgkae’l , as lFp ”lé\kasl € J7, this
is a contradiction: It’s enough to show that IFp 7 A, is not almost contained in a finite
union of members of F7. Suppose that p IFp ”%g - lgklil” where l?f are elements
of F. Let G C IP be a generic set containing p, then V[G] | "A¢[G] C Y bl[G] .
GNQ is generic, {b € F [ Q[GNQ] : |bﬂA§ [GNQ¢]| =RV} is infinite. Therefore
in V[G] there are b; € F[G] (i <w) such that |A¢[G] N b;] = Ny for each i < w, so
A¢[G] can’t be almost covered by a finite number of members of F|G], which is a
contradiction.

Let Djk be a Q. y-name for a nonprincipal ultrafilter cotaining {w \ lL<Jka€’l} U {/lg :

¢ < €}, as before, let Q.xy1 € Ki such that Q. < Qcry1 and Qs adds a
pseudo-intersection wkﬂ to D & Again, Ik, ., "There is a. e+l € .7: [ Qe 41 such

that |wrp1 N acpr1] = No”y now let bepi1 = Gepr1 N Wiy1. It s easy to see that

(Qckt15 Gekr1, bepy1) are as required.

We shall now prove that there is a forcing notion Q. € Kz and a Q.-name A, such

that nnge’” C Q. and kg, ” </<\€ 46 c* fig A (n/<\w|/},€ N b2n| = Ng)":

Let Q' = g Qc.n, we shall prove that there is a @Q-name for a ccc forcing Q" that
n<w ~

forces the existence of A6 as above, such that |Q’ Q" | < K

Let Q" be the Q'—name for the Mathias forcing I\\/JID/ restricted to the filter D’
generated by {AC ¢ < et U{n,w) : n < w}, so there is a name A€ such that
H—QI*QH TAf € [w ] /\ A Cr AC and A\ |A6 N ben] = Ny". Letting A° be the generic
set added by MD/ in order to show that the last condition holds, we need to show

that (in V%) if p € Mp and k < w, then there exists a stronger condition ¢ forcing
that k' € A°N by, for some &' > k. Let p = (w,S), as S € D', there is ( < € and
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l, <wsuchthat A\l C S. Asb., C" A, there is sup(w)+k < k' € b ,NAN\LNS,

so we can obviously extend p to a condition ¢ forcing that £’ € AN b, ,,.

~

By claim 3, there is Q* € K such that Q' * Q" <Q? and |Q?| < ¢. By the properties

of P, there is a complete embedding f2 : @3 — P such that f2 is the identity over
Q¢ (hence over Q,). Therefore, IFp ” A f*ac,) € F7. By the (proof of the)

density of K, there is Q* € K such that f3(Q3) <Q? and |Q*| < 0. Let Q. = Q*,
A = f?’(fy), we shall prove that (Q., A) are as required. Obviously, kg, "A. €

[w]“”, and as f? is the identity over each Q¢ (¢ <€), IFg, ” C/<\6 46 c* fk”. The other
requirements for Q. and A, are trivial. It remains to show that I-g, ”A. is not almost
covered by a finite unionwof elements of Fl Q.. Aslkg, 7 n/<\w fS(AcJLE,n) eFI Q.
and n;/rs\mf3<af;”) # f3(aim), it’s enough to show that lg, ” A AN fév(ain)\ =Ny”,
which follows from the fact that IFqugs 7 A |[A°N bi n| = No” and the fact that
IFq..,, "ben € aey”. This completes the proof of the induction.

~ ~

Remark: By the proof of the density of Kj in Kp, whenever we have Q € Kp
of cardinality < o, we can construct Q' € Ky such that Q < Q' and |Q'| < 0.
Therefore, at each of the steps in the limit case, it’s possible to guarantee that the
cardinality of the forcing is < ¢. [J

Open problems
We intend to present the solutions to the following problems in a subsequent paper:

1. Assuming ZFC, can we construct a model of ZF + DC + "There are no maximal
eventually different families”?

2. Are there analytic maximal eventually different families?

Recall that F C w® is a maximal eventually different family if f,g € F — f(n) #
g(n) for every large enough n, and F is maximal with respect to this property. It’s
noted in [To] that the answer is not known even in Levy’s model.

3. Assuming ZF'C, can we construct a model of ZF + DC'+ ”"There are no maximal
cofinitary groups”?

4. Are there analytic cofinitary groups?

Recall that G C S, is a maximal cofinitary group if G is a group under the compo-
sition of functions, for every Id # f € G, |{n: f(n) = n}| < ¥y and G is maximal
with respect to these properties. As in the previous case, according to [To|, the
answer is not known in Levy’s model.

More references and remarks on the above problems can be found in [To]
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