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A Borel maximal cofinitary group

Haim Horowitz and Saharon Shelah
Abstract

We construct a Borel maximal cofinitary group.!

Introduction

The study of mad families and their relatives occupies a central place in modern set
theory. As the straightforward way to construct such families involves the axiom of
choice, questions on the definability of such families naturally arise. The following
classical result is due to Mathias:

Theorem ([Ma]): There are no analytic mad families.

In recent years, there has been considerable interest in the definability of several
relatives of mad families, such as maximal eventually different families and maximal
cofinitary groups. A family F C w® is a maximal eventually different family if
f#g€F — f(n)# g(n) for large enough n, and F is maximal with respect to
this property. The following result was recently discovered by the authors:

Theorem ([HwSh1089]): Assuming ZF, there exists a Borel maximal eventually
different family.

As for maximal cofinitary groups (see definition 1 below), several consistency results
were established on the definability of such groups, for example, the following results
by Kastermans and by Fischer, Friedman and Toernquist:

Theorem ([Ka]): There is a IT}-maximal cofinitary group in L.

Theorem ([FFT]): b = ¢ = X, is consistent with the existence of a maximal
cofinitary group with a I1}—definable set of generators.

Our main goal in this paper is to establish the existence of a Borel maximal cofinitary
group in ZF'. We intend to improve the current results in a subsequent paper, and
prove the existence of closed MED families and MCGs.
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The main theorem

Definition 1: G C S, is a maximal cofinitary group if GG is a subgroup of S,
{n: f(n) =n}| <R for every Id # f € G, and G is maximal with respect to these
properties.

Theorem 2 (ZF): There exists a Borel maximal cofinitary group.

The rest of the paper will be dedicated for the proof of the above theorem. It will
be enough to prove the existence of a Borel maximal cofinitary group in Sym(U)
where U is an arbitrary set of cardinality Ny.

Convention: Given two sequences 1 and v, we write 7 < v when 7 is an initial
segment of v.

Definition 3: The following objects will remain fixed throughout the proof:
a. T = 2<v.

b. u = (u,:peT)is a sequence of pairwise disjoint sets such that U = U{u, : p €
T} C H(Xy) (will be chosen in claim 4).

c. <, is a linear order of H(Rg) of order type w such that given n,v € T, n <, v iff
lg(n) <lg(v) or lg(n) =lg(v) AN <iex V.
d. For every n € T, {|u,| : v <, n} < |uy|.

e. Borel functions B = By and B_; = By ' such that B : Sym(U) — 2 is injective
with a Borel image, and B_; : 2 — Sym(U) satisfies B(f) =n — B_1(n) = f.

f. Let Ay = {f € Sym(U) : f has a finite number of fixed points}, A; is obviously
Borel.

g. {fon : v €29} generate the group K, (defined below) considered as a subgroup
of Sym(u,).

Claim 4: There exists a sequence (u,, f,, A, : p € T) such that:
a. fo = (for: v € Tig(p)).

b. f,» € Sym(u,) has no fixed points.

c. A,=(A,, v €Ty, Weshall denote U A,, by Al

v€Tig(p)
d. A,, Cu, C H(Xy) and X{|u,| : n <. p} < |A,.].
e. v F 1y €Ty = Ap NA,, =0
f. If p € 2" and w = w(..., z,, ...)eon is a non-trivial group term of length < n then:
Low(..., fou, - )vean € Sym(u,) has no fixed points.
2. (w(eosy fows ...)l,egn(ygnApW)) N ueU2nAp’” = ().

g {for : v € Tig)} generate the group K, (whose set of elements is u,) which is
considered as a group of permutations of w,,.
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Proof: We choose (u,, f,, A,) by <,-induction on p as follows: Arriving at p, we
choose the following objects:

nl
a. n! such that X{|u,| : v <, p}29@FT < n! and let n) = z&5.
b. Let H, be the group generated freely by {z,, : v € Tjy(, }-

c. In H, we can find (y,, : n < w) which freely generate a subgroup (we can do it
explicitly, for example, if a and b freely generate a group, then (a"b" : n < w) are
as required), wlog for wy and w, as in 4(f) and ny < ny we have w1y, n, 7# Walpns-

Now choose A}, € {y,, : n < w} for v € 29 such that vy # vy — AL, NAL =10

0 1 PVl psV2
and n) < [A] .

d. Let A, ={w:w=w(...,7,,,..)ren,,, is a group word of length <lg(p)}.

As H, is free, it’s residually finite, hence there is a finite group K, and an epi-
morphism ¢, : H, — K, such that ¢, | (( U Al JUA,U{wa:w e A, Na €

ve2lg(p) [l

o )A;V}) is injective (note that there is no use of the axiom of choice as we can
vezlslp) 7

argue in a model of the form L[A]). WLOG K, C H(Xy) and K, is disjoint to
U{u, : v <, p}.

We now define the following objects:

a. u, = K,.

b. Ay, = {¢p(a) :a € A} }.

c. For v € 29 et f,, : u, — u, be multiplication by ¢,(z,,) from the left.

It’s now easy to verify that (u,, 4,, f,) are as required, so U = U{u, : p € T}. O

Definition and claim 5: A. a. Given f € Sym(U), let g = Fi(f) be 9B(p)> Where
for v € 2¥, g} is the permutation of U defined by: ¢ [ u, = f,uug(p) (recall that w
is a partition of U and each f,, belongs to Sym(u,), therefore g is well-defined and
belongs to Sym(U)).

b. Let Gy be the subgroup of Sym(U) generated by {¢’ : v € 2¢} (which includes
{F1(f) : f € Sym(U)}).

c. Let I; be the ideal on U generated by the sets v C U satisfying the following
property:

(%), For some p = p, € 2¢, for every n, there is at most one pair (a,r) such that
veT, acvnu,and pNv =p|n.

c(1). Note that I; is indeed a proper ideal: Suppose that vy, ..., v, are as above and
let po, ..., pn Witness (*),, (i = 0,...,n). Choose k such that 2¥ > n + 1 and choose
n € 28\ {p; | k:i < n}. Foreach i < n, thereis k(i) < k such that nNp; = p; | k(7).
For each i < n, let n(i) be the length v such that (a, v) witness (x),, for k(i). Choose
n' above n such that lg(n') > n(i) for every i, then u,y N (Zgnv,) = 0.

d. Let Ky ={f € Sym(U) : fiz(f) € I} where fiz(f) = {x: f(z) = z}.
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e. ForneT, a,beu,n=Ig(n) <wandlet yop = ((fip040 lanit) i 1 < lap = 1())
such that:

L. paps € 2"

2. iaps € {1, -1},

3. b= (fn,pa,b,o)ia’b’o T (fn,ﬂa,b,szl)ia’b‘“*)*l(a)-

4. lop = (%) is minimal under 1-3, y,; is <,-minimal under this requirement.
5.9 # G141 = Papl F Pabit1-

By claim 4(g) and definition 3(c), y, 5 is always well-defined.

B. There are Borel functions By 1, By o, etc with domain Sym(U) such that:
a. B11(f) € {0,1} and By 1(f) = 0 iff | fiz(f)| < No.

b. Letting n = B(f), B12(f) € {0,1} and B;o(f) = 1 iff B11(f) = 0 and for
infinitely many n, f”(A] ) € U{u, : p <. m [ n} (where A} |, is defined in 4(c).

c. Bis(f) € w such that if By1(f) = Bi2(f) = 0 then for every Bys(f) < n,
F"(Apytn) € Wup o p <om [ nj.

d. B1’4(f) & {O, 1} and B1,4(f) =1 le Bl,l(f) = Bljg(f) = O and {la,f(a) La e Un
and By 3(f) < n} is unbounded, where v, := {a € A |, C Uy : f(a) € up,n}-

e. Bis(f) € wsuch that: If By 4(f) = Bi2(f) = B11(f) = 0 then By 5(f) is a
bound of {lo s : @ € v, and By 3(f) < n}.

f. Bl’ﬁ(f) € {0, 1} such that: Bl’ﬁ(f) =1 iff Bl,l(f) = BLQ(f) = B1’4<f) =0 and

for every m there exists n > m such that: There are a; # as € v, such that for some
la I < min{lahf(al)a laz,f(ag)}) pal,f(al),l 7é pag,f(ag),l and pal,f(m),l [m = paz,f(ag),l [m
g. B17(f) is a sequence (a,, = a,(f) : n € Bys(f)) such that if By (f) = 1 then:

a, € v,

Bis(f) € [w]”

lap,(an) = L(*) = B1o(f)
e = Bop(f) <l

(Pan,flan)le. - 1 € B1g(f)) are pairwise incomparable.

A

6. For every [ < l,, the following sequence is constant: (T'V (pa,,f(an)i < Pag,f(ar)l) :
n <k e Big(f)).

h. Ba,(f) is a sequence (A, = A, (f) : n € Bya(f)) such that if By, (f) = Bia(f) =
B14(f) =Big(f) =0 then:

1. Bos(f) € [w]”
2. A, C A;n n (recalling that n; = B(f))
3_ la,f(a) = l* = B273(f> fOI‘ n E B2’2(f) and a e An
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4. (ip 2 1 < ly) = (g, pa)y = | < 1) (recalling definition 5(e)) for every n € Bys(f)

and a € A,,.

5. m < ||‘3:|| where Bj 3(f)(n) € w\ {0}, Bos(f)(n) < |v,| and v, is defined
in 5(B)(d).

6. Boun(f) = p5 = () : 1 <) = (paja : | <L) for every n € Bys(f) and
a€ A,.

7. (TV(pp < pi") :n <m € Bya(f)) is constantly Bos,(f)
i. BQ}@(‘]C) € {0, ]_} is 1 iff Bl,l(f) = BLQ(f) = B174(f) = B1,6<f) =0 and in (h)(?),

By 5, = false for some [ < [,.
j- Bhs(f) €{0,1} is 0iff B11(f) = B12(f) = B1a(f) = Bis(f) = 0 and Bog(f) =
0

Proof: By the proof of Ramsey’s theorem and the arguments which are implicit in
the proof of claim 7 below. Note that while the statement “there exists an infinite
homogeneous set” is analytic, we can Borel-compute that homogeneous set. See the
proof of claim 6 in [HwSh:1089] for more details. [

Definition and claim 6: a. 1. Let Hj be the set of f € Sym(U) such that:
a. Bii(f)=0

B. 1 Biao(f) = Bra(f) = Big(f) = 0 then By 4(f) =1

a. 2. Hs is Borel.

b. For f € Sym(U) let G be the set of g € Sym(U) such that:

1. If f ¢ Hs then Gy = {Fi(f)}.

2. If f € H; then G be the set of ¢g such that for some (B,n,m2,a,b,¢,d,e,7) we
have:

A. B C w is infinite.

B. n = B(f) € 2¥ and 7y € 2¥.

C.a=(a,:n € B).

D. If n € B then a, € A} ;, = pEUQnA,]1 inp C U, (recall that we denote peL%nAm n,p
by A;h [n).

E.b=(b,:ne€B)and v = (v, : n € B), v, € T, such that for each n € B,

b, = f(a,) and b, € uy,. ¢ = (¢, :n € B),d=(d, :n € B) and e = (e, : n € B)
are such that b,,c, € u,, and e, € Uy, n.

F. For every n € B, g(a,) = f(an) = by.
G. For every n € B, g(b,) = Fi(f)(an) = én-
H. For every n € B we have ¢, = Fi(f)7'(f(a,)) and g(c,) = Fi(f)(f(an)) = d,.
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[. If b € U is not covered by clauses F-H, then g(b) = Fi(f)(b).
J. g has no fixed points.
K. One of the following holds:

a. For every n € B, ny [ n <, vy, lg(ne Nvy) > max{lg(vy,) : m € BN n} hence
(v, Mo :m € B) is < —increasing.

b. For every n € B, v, = | n and l(ay,, f(a,),n) is increasing (see definition 5(e)).
c. For every n € B, v, = m [ n and in addition, l(a,, f(a,),n) = L. for every n,

ban,f(an), = U for I < I, and for some ., < [, the elemnts of (,oamf(an) Dl < L)
are pairwise incomparable. []

Claim 7: If f € Hj then there exists g € Sym(U) such that for some (B, 11,72, a, b, V),
g and (B, 11,72, a,b,v) are as required in claim 6(c)(2) (and therefore, there are also
(¢,d, e) as required there). Moreover, g is unique once (B, n, 12, a,b,v) is fixed.

,l**

Remark 7A: In claim 9 we need g to be Borel-computable from f, which is indeed
the case by the discussion in the proof of claim 5 and by the proof of claim 6 in
[HwSh:1089].

Proof: f € Hs, so Byi(f) =0.

We shall first observe that if g is defined as above, then g is a permutation of U
with no fixed points. It’s also easy to see that g is unique once (B,n1,72,a,b,v) has
been chosen. Therefore, it’s enough to find (B, n;,n2, a,b, ) as required.

Case I (By(f) = 1): For infinitely many n, f"(A] ) € U{u, : p <. m | n}.
In this case, let By = {n : there is a € A ,, such that f(a) ¢ U{u, : p <. m |
n}, and for every n € By, let a, be the <,-first element in Al 1, Witnessing that
n € By. Let b, = f(a,) and let v, € T be the sequence for which b, € u,,.
Apply Ramsey’s theorem (we don’t need the axiom of choice, as we can argue in
some L[A]) to get an infinite set B C By such that cg; | [B]* is constant for every
(k1) € {(2,1),(2,2),(2,4),(3,1),(3,3)}, where for ny < ng < ns:

a) ca1(n1,m2) =TV (lg(vr) < lg(rs)).

b) cap(n1,m2) = TV (Vp, € {vn :n <na}).

c) cs1(ni,no,ng) =TV (Ig(Vny N Vny) > Uy ).

d) e33(n1,n2) = vy (Ig(vn, Nvyy,)) € {0, 1,undefined }.

We shall prove now that (lg(v,) : n € B) has an infinite increasing subsequence:
Choose an increasing sequence n(i) € B by induction on ¢ such that j < ¢ —
lg(Vn(j)) < 1g(Vn@)). Arriving at stage ¢ = j + 1, suppose that there is no such n(i),
then {f(an) : n € B\n(j)} € UW{u, : lg(p) < lg(vng;))}, hence {f(an) : n € B\n(j)}
is finite. Similarly, {v,, : n € B\ n(j)} is finite, and therefore, there are ny < ny €
B\ n(j) such that v,, = v,, and f(a,,) = f(an,). As f is injective, a,, = a,,, and
by the choice of the a,, an, € Uy, 1n, and an, € Uy, 1n,-

This is a contradiction, as t,, n, N Uy, ny = 0.
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Therefore, there is an infinite B’ C B such that (lg(v,) : n € B’) is increasing, and
wlog B’ = B.

Now we shall note that if n; < ny < ns are from B, then lg(v,, Nvy,) > lg(vy,):

By the choice of B, c31(n1,n2,n3) is constant for ny < ny < ng, so it suffices to
show that c3; | [B]® = true. Let ny = min(B) and k = lg(v,,) + 1. The sequence
(Un [ k:n € B\ {ni}) is infinite, hence there are ny < ng € B\ {ny} such that
Uny | k= vp, | k. Therefore, lg(v,,) < k < lg(vn, Nvp,), and as ¢z is constant on
[B]3, we're done.

For n < k € B such that k is the successor of n in B, let n, = v, N . Suppose
now that n < k < [ are successor elements in B, then lg(n.) = lg(vy Nv) >
lg(vn) > lg(vp Nvg) = lg(n,), and 1y, e < vy, therefore, n, is a proper initial
segment of 7, and 7 = i € 2¢. If n < k € B are successor elements, then
lg(nk) > lg(vy) (by a previous claim), therefore, v, N (T"\ vy,) is disjoint to 7, hence
Up MMy = vy N = n,. Therefore, if n < k € B then v, N1y is a proper initial
segment of v, N1y and 7y = nL<Jw<V" Nng).

It’s now easy to verify that (B, ny,1,a,b,7) and g are as required.

Case II (B;»(f) = 0 and n, stands for B, 3(f)): There is n; such that for
every ny < n, f"(A} ) ©U{u, 1 p <cm [ n}.

For each n, recall that v, = {a € A}, C uym : f(a) € uym}. v, satisfies
|A;71m\vn| < Y{uy| : v <o m | n},and as X{|u,| v <. m | n} < |AL il 1t
follows that X{|u,| : v <. m [ n} < |v,|. Recall also that for a € v,, as f(a) € sy, n,

by definition 5(e), Y, f(a) is well-defined.
We now consider three subcases:

Case ITA (B;4(f) = 1): The set of [, @), for a € v, and n; < n is un-
bounded. In this case, we find an infinite B C [n;,w) and a, € v, for each n € B
such that (I, f(an)n : 7 € B) is increasing. Now let 1, := 7, and define b, 7 and g as
described in Definition 6. It’s easy to verify that (B, n, 2, a, b, ) are as required.

Case IIB (B, 4(f) =0 and B, 4(f) = 1): Case ITA doesn’t hold, but B, 4(f) =

1 and there is an infinite B C [ny,w), l.. < . (see below) and (a,, € v, : n € B)
(given by Bis(f), Bao(f) and B, 7(f), respectively) such that:

a. lo, fan) = b and L, = Boo(f) < L.

b. g, f(a,) =i for [ <I,.

c. If n € B and m € BNn, then pu,. tam)ie. T Pan.flan)

,l** *

In this case we define b, v and g as in Definition 6 and we let 1y := 7;. It’s easy to
see that (B, 11,19, a,bv) are as required.

Remark: By a routine Ramsey-type argument, it’s easy to prove that if By g(f) =1
then the values of By 7(f),Bao(f) are well-defined and Borel-computable so the
above conitions hold.
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Case IIC (Bi4(f) = Bis(f) = 0): —~IIAAN—IIB. We shall first prove that

B21(f), Baa(f), Bas(f), Baun(f) : n € Baa(f)) and (Bas,(f) : I < Bas(f)) are
well-define and Borel computable.

Let I(x) be the supremum of the [(a, f(a)) where ny < n and a € v, (I(%x) < w
by —2A4). We can find I(xx) < [(x) such that By == {n € B : v,1 = {a €
v, : Ua, f(a)) = l(xx)} has at least el elements} is infinite. Next, we can find
ir(l) € {1,—1} for [ < I(xx) such that By : {n € By : v,2 = {a € v, :

|vn]

z z/(\ )z’a7f(a),l = i,(l)} has at least T elements} is infinite. For each n € By,
<U(**

there are pno, ..., Pni(s)—1 € Ty, such that v, 3 = {a € vy Kl/(\* )pa,f(a)l = ppn,} has
at least % elements. By Ramsey’s theorem, there is an infinite subset

(xx)21(
Bs C By such that for each [ < [(xx), the sequence (T'V (pmi < pny) : m < n € Bs)
is constant. Therefore, we're done showing that the above Borel functions are well-
defined.

Now if B 4(f) = 1 then we finish as in the previous case (this time we're in the
situation of 6(b)(2)(K)(c)). If Bys(f) = 0, then we get a contradiction to the
assumption that f € Hj, therefore we're done. [J

Claim 8: If w(zy, ..., Tk, —1) is a reduced non-trivial group word, fo, ..., fx..—1 € Hs
are pairwise distinct, g; € Gy, (I € {0, ...,k — 1}), gt = g}, where v, € 2¢\ {B(f) :
f € Hs}, | = kuy sk — L oand (v © ki < | < k) is without repetition, then
w(go, ---gr.—1) € Sym(U) has a finite number of fixed points.

Notation: For [ < k.., let v, := B(f}).

Proof: Assume towards contradiction that w(zo, ...,k 1) = mi(gz;ll)) s xz((oo)),
{fos s fr.—1}and {go, ..., gr, _1 } form a counterexample, where i(l) € {—1,1}, k(l) <
k. and k(1) = k(I + 1) — =(i(l) = —i(l + 1)) for every I < m. WLOG m = lg(w) is

)
)
minimal among the various countrexamples. Let C' = {a € U : w(go, ..., gr.—1)(a) =

a}, this set is infinite by our present assumption. For ¢ € C, define b.; by induction
on [ < m as follows:

1. bc’(] = C.
i(l
2. bc,l+1 = gk((l)) (bc,l)-

Notational warning: The letter ¢ with additional indices will be used to denote the
elements of sequences of the form ¢ from Definition 6(b)(2).

For all but finitely many ¢ € C, (b.; : | < m) is without repetition by the minimality
of m, so wlog this is true for every c € C.

For every ¢ € C, let p.; € T be such that b.; € u,,,, and let l;[c| be such that

Pejild S« pey for every I < m. We can choose l1[c] such that one of the following
holds:

L. el > 0 and pey,g—1 7 Pejid]
2. Lilc] =0 and pem-1 # Peo
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3. Peo = o = Pem—1

We may assume wlog that (I1[c] : ¢ € C') is constant and that actually /;[c] = 0 for
every ¢ € C. In order to see that we can assume the second part, for j < m let
wi(To, ..., Tpom1) = xk((] 1)) --xz(g)))mz(&__ll)) m;((jj) then w;(go, ..., gk.—1) € Sym(U) is a
conjugate of w(go, ..., gx.—1). The set of fixed points of w;(go, ..., gx.—1) includes {b.; :
¢ € C}, and therefore it’s infinite. For ¢ € C, (b, bej+1; -+, bem—150c.05 -y bej—1) and
w;(9go, --., gk.—1) satisfy the same properties that (b.o, ..., bem—1) and w(go, ..., Gr.—1)
satisfy. Therefore, if (I;[c] : ¢ € C) is constantly j > 0, then by conjugating and
moving to w;(go, .-, gk, —1), we may assume that (l1[c] : ¢ € C') is contantly 0.

Let ly[c] < m be the maximal such that p.o = ... = pes,[q, 50 Wlog ls[c] = [, for
every ¢ € C. For | < k, let ny; be B(f;) if | < k.. and vy if | € [k, ki) (We might
also denote it by p; in this case). As f; € Hj for | <j,., and p; ¢ {B(f) : f € H3}
for I € [kis, ki), it follows that I} < ke < lo < ki — m1yy, # Mig,. Therefore,
(my 1 < k) is without repetition.

Now let 72, be defined as follows:

1. If | < Ko, let mo; be n from definition 6(b)(2) for f; and g;.

2. If | € [k, ks), let moy = muy.

Let j(*) < w be such that:

o (ma [ g(x) o 1 < k) is without repetition.

AE g # g, then i, [ 5(%) # 2 [7(x) (h, 1o < ka).

c. I moyy 7# nog, then noyy [5(x) # mogy (%) (I, 12 < k).

d. j(x) > 3m, k..

e. j(x) > n(ly,ly) for every l; < ly < k,, where n(ly,ls) is defined as follows:
1. If by < g, o, let n(ly, 1) = 0.

2. Ifly < kyworly < kys, let () :n € By)and (12 :n € Bg) be as in definition 6(b)(2)
for (fi,,m ) and (fi,, m14,), respectlvely If there is no v, such that v, £ n;,, and no
v2 such that 12 f My let n(ly, o) = 0. Otherwise, there is at most one n € B1 such
that I/,ll f n, and V}l < m1,, and there is at most one m € Bj such that ym ﬁ M1y
and v2, < ny,,. If there are v} and 12, as above, let n(ly,ly) = lg(v}) + lg(v?) + 1.
If there is v} as above but no 2 as above, let n(ly,ls) = lg(v}) + 1, and similarly

for the dual case.

o 0w

f. j(x) > m(ly,ly) for every 1 < ly < ki where m(ly,ls) is defined as follows: Let
(vt i m € By) and (V2 : m € Bs) be as in definition 6(b)(2) for (fi,,n1,,) and

(fl27771,12)7 reSPeCtiVely As M, 7& Mz |{V71L ‘noc Bl} N {Vgn tmoe BQ}| < NOv
let s(l1,12) be the supremum of the length of members in this intersection and let

m(ll,lg) = S(ll,lg) + 1.

We may assume wlog that lg(pe,(q) > j(*) for every ¢ € C. We now consider two
possible cases (wlog TV ((p.; : I < m) is constant) is the same for all ¢ € C'):
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Case I: For every c € C, (p.; : | < m) is not constant.

In this case, for each such ¢ € C, ly[c] <m—1 and b.,(q € up,, = Now

(beio[] betafe+1) € gz((lé[[cc]])), and as pey[ 7 Pez]d+1, Decessarily k(lz[c]) < k.. By the

definition of /1 [c| and the fact that p.; g = pea]q, Decessarily pei,ig <s Petsld+1-

= Upe iy

For each | < m — 1, if lg(pc;) < lg(peys1), then either gy or gk_(}) is as in defi-
nition 6(2)(b), so letting n = lg(pcl) (pcl,pc 1+1) here correspond to (1 [ n,v,)
there, and there are (a', b, ., d', e) = (a',bL, c., d, €!) in our case that correspond to
(G bny Cry dpy €,) in 6(2)(b). In the rest of the proof we shall denote those sequences
by (a',t', ¢!, d', €'), as the identity of the relevant ¢ € C should be clear. In addition,

one of the following holds:
1. i(l) =1 and g,i((ll))(al) =0
2. i(l) = —1 and g, (') = a".

Similarly, for I < m — 1, if lg(pes) > lg(pei+1) then the above is true modulo the
fact that now (pey, pess1) correspond to (v,,m1 | n) and one of the following holds:

1. i(l) = 1 and gk (bl) = el.

2. i(l) = -1 and g;(l)(bl) = d.

Therefore, if | = ly]c] then lg(p.;) < lg(pei+1), so the first option above holds, and
therefore p.; is an initial segment of 7y k().

If Il =m —1, then lg(pem—1) > lg(peo) = lg(pem) and therefore p.o is an initial
segment of 7y p(m—1). It follows that p.o = pe,(g 1S an initial segment of 7y g,y N

M k(m—1)- Recalling that lg(pco) = 1g(pei i) > J(*) and that (i [ j(x) : 1 < k) is
Wlthout repetltlon it follows that k(m — 1) = k(l3[c]).

We shall now prove that if Iy[c] < m — 1 then ly[c] = m — 2. Let (a2l p%2ld )
be as above for [ = ly[c], 80 bepgs1 = b2, and as k(lz[c]) = k(m — 1), we get
betsfg+1 = b9 = ™1, In order to show that lo[c] = m — 2, it suffices to show that
b™ 1 = b.,,_1 (as the sequence of the b, s is without repetition), which follows from
the fact that p.o <« pem—1-

As we assume that the word w is reduced, and as k(m — 2) = k(lx[c]) = k(m — 1),
necessarily i(m —2) = i(m —1). We may assume wlog that i(m —2) =i(m—1) =1
(the proof for i(m—2) = i(m—1) = —1 is similar, as we can replace w by a conjugate
of its inverse).

Let w' = w'(go, -, Gk.—1) = g,i((ﬁi?) : gk , by the above considerations and as
B = b1, it follows that em ! = gk(m_l)(b ) = gm0 = g (bem1) =
beo. We also know that gL(Tn 22))<w,(bc,0)) = Gi(m—2)(wW'(be)) is “higher” than w’(b.,).

Therefore, g;({:l 22)) (W' (be0)) = Grm—2)(W'(beg)) = b™ 2 = b™1. It also follows that

w'(bep) = a™ % = a™ !, Therefore, w'(e™ ') = a™ 1.

10
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We shall now prove that if [ < m — 2 then b, = (g;jk(b)i(l)(bc,l). Assume that
for some I < m — 2, gry(bey) # gjm)(bc,l) and we shall derive a contradiction. Let

(@™2,0™72,...) be as before for gm—2), S0 (bem—2,be0) = (a2, em72).

Case I (a): k(l) = k(m —2) = k(m — 1). As the b.;s are without repetition, if
0 <l <m-—2 then by & {bem—2,bc0} = {a™ %, em 2} = {d',e'}, and of course,
bey ¢ {V,c,d'} (as it is a “lower” element). Therefore, gy (bey) = 9o (bes), a

contradiction. If [ = 0, then g,i((m 1))(bc,m,1) = beo and (ben_1,be0) = (B™ 1 ™).
If i(0) = —i(m — 1), then by conjugating gk, we get a shorter word with infinitely
many fixed points, contradicting our assumption on the minimality of m.

If i(0) = i(m — 1) = 1, then we derive a contradiction as in the case of 0 < .

Case I (b): k(l) # k(m —2) = k(m — 1). In this case, we know that g almost
coincides with gum), with the exception of at most {a! ,bl, d,d et} Let pe:= peo =
... = Pe;m—2, then necessarily p. < Vign—1) = M1 k(m—-1) (as Gk(m—1) moves be 1 to a
lower w, (namely u,.), p. plays the role of n; [ n in Definition 6 for gy(,—1)). By our
assumption lg(pc) > j(*) and (1, [ j(*) : I < k(%)) is without repetition, therefore
Mm@ | 19(pe) # pe, 50 pe £ mgy- Therefore, when we consider fiq) and 7y ) in
definition 6(b)(2), then p. has the form v, for some n. By the choice of j(x), it’s
then impossible to have p. < 1y x(m—1), a contradiction.

m—2 __ m—2) —

Therefore, a w'(go, -, Gr—1) (e W' (gos -5 Gro—1) (be0) = W(G5ys s Gy, ) (beo) =
W'(ghys s G, )(€™7?). In the notation of the claim and definition 6(b)(2), F1(fi(m-2))(a™?) =
e™~ 2 therefore, by composing with w’, we obtain a word composed of permutation
of u,, ., (in the sense of claim 4(f)) that fixes €™ 2 € u,,,, ,, therefore, m —3 =0
(or else we get a contradiction by claim 4(f)).

It follows that w(go, ..., Gk.—1) = Gk(m—2)Tk(m— g)gk ) and gz((o)( ~2) = a™ 2. Now,

obviously pem—2 < M1 km—2)s SO Pe,m—2 f Mik(0) = Vi(o). By the definition, g,’jk(0> i
upc,m72 = fpc,m72ayk(0) rlg(Pc,m—Q) # fpa,m72,Pc,m72' AlSO Fl(fk(m_Q)) r upcm 2 - g;k(m 2) r
Upeo = Spom_2pem o Lherefore, we get the following: a™ g;((o))( ) =

(g:k(o))l(o)(emfz) = (fpc,m—27Vk;(0) [lg(Pc,m—Q))i(O)(em72) and 6m72 = Fl(fk} m—2 )( mi?) -
foem—s.pem—s(@™%). In conclusion, we get a contrdiction to claim 4(f), as we have a

short non-trivial word that fixes ™2,

Case II: (p.; : | < m) is constant for every ¢ € C (so ly[c] = m —1). Let
Pe = Pep = o = Pem—1. I g;’c(ll)(b ) = (g;ﬁk(l))i(l)(bc,l) for every I < m, then we
get a contradiction to claim 4(f). Therefore, for every ¢ € C, the set v, = {l <
m : g;((ll))(bal) # (g,’jk(l))i(l)(bql)} is nonempty. Without loss of generality, v. doesn’t
depend on ¢, and we shall denote it by v. Forevery [ € v, ifi(l) = 1 then (b, bei11) €
{(a', "), (b, el), (', d")}, if i(l) = —1 then (bey, beyir1) € {(b,al), (€),b1), (d', ')}

We shall now prove that for some k < k.., k(I) = k for every | € v. Suppose
not, then for some l; < Iy € v, k(l;) # k(lz). By the choice of j(x), each of the

following options in impossible: pei;, < N1y A ety < Mty Peti < Ny N Pets ﬁ M la

11
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Petr L M Npets < Mty OF ety & May APets % Miyp- Therefore we get a contradiction.
It follows that {k(l) : [ € v} is singelton, and we shall denote its only member by
k < ks

Note that if [y € v, [y € v is the successor of [; in v, [; + 1 < I, and ¢ € C then
bejy+1 7 bey, (vecall that (be; : I < m) is withut repetition). We shall now arrive at
a contradiction by examining the following three possible cases (in the rest of the
proof, we refer to [(x) from Definition 5(A)(e) as “the distance between a and b”,
and similarly for any pair of members from some u,)):

Case II (a): g is as in definition 6(b)(2)(K)(a). In this case, for every | € v, the
only possibilities for (b, b.;+1) are either of the form (¢, d) or (d,c¢) (and not both,
as we don’t allow repetition). As the distance between ¢ and d is at most 2, we get
a word made of f,,s of length < m + 1 that fixes ¢, contradicting claim 4(f).

Case IT (b): g is as in definition 6(b)(2)(K)(c). Pick ¢ € C such that lg(p.) is alseo
greater than m+ [, where [, is as in definition 6(b)(2)(K)(c) for gi. As the sequence
(bey : 1 < m) is without repetition, necessarily 1 < |v| < 3.

If |v| = 3, then necessarily the sequences (a,b,e) or (e,b,a) occur in (b : I < m),
as well as (¢, d) or (d,c). As the distance between a and e is 1 and the distance
between ¢ and d is < 2, we get a contradiction as before.

Suppose that |v| = 2. If the sequence (a,b,e) appears in (b.; : | < m), we get
a contradiction as above. If (a,e) (or (e,a)) and (¢,d) (or (d,c)) appear, we also
get a contradiction as above. If (a,b)/(b,a) and (¢, d)/(d, ¢) appear, as the distance
between a and b is [,, we get a word made of f,,s of length < m + [(x) fixing ¢, a
contradiction to claim 4(f). Finally, if [v| = 1 we get a contradiction similarly.

Case II (c): gy is as in definition 6(b)(2)(K)(b). As in the previous case, where the
only non-trivial difference is when either |v| € {1,2} and the sequence (a,b)/(b,a)
appears in (b.; : [ < m), but not as a subsequence of (a,b,e)/(e,b,a). If for some
¢ this is not the case, then we finish as before, so suppose that it’s the case for
every ¢ € C'. As the distance between ¢ and d is < 2, suppose wlog that |v| = 1,
k = k(m — 1) (by conjugating) and the sequence (b.; : [ < m) ends with a and
starts with b or vice versa. Therefore, every ¢ € C is of the form a" or b" (where

n € B and B is as in definition 6(b)(2) for g;) and either gz((%)) e gliEZ;Z)(a”) =

or g,i((%)) e g,i::m(b”) = a", so the distance between a” and b" is <m — 1. As C'is
infinite, the distance between a™ and b" is < m — 1 for infinitely many n € B. This
is a contradiction to the assumption from definition 6(b)(2)(K)(b) that the distance
between a™ and b" is increasing.

This completes the proof of claim 8. [J
Claim 9: There exists a Borel function By : UY — UV such that for every f € By,

B.(f) € Gy.
Proof: Asin [HwSh:1089], and we comment on the main point in the proof of claim
7.0

12
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Definition 10: Let G be the subgroup of Sym(U) generated by {B4(f) : f €
Hy}Udgy v e 29\ {B(f) : f € Hy}}.

Claim 11: G is a maximal cofinitary group.

Proof: G is cofinitary by claim 8, so it’s enough to prove maximality. Assume
towards contradiction that H is a counterexample and let f, € H\ G, so B4(f,) € G,
and we shall denote f* = By(f,).

Case I: f, € Hs. In this case, by Definition 6, {a, : n € B} C eq(f., f*) := X (see
thee relevant notation in definition 6), hence it’s infinite. Therefore, f71f* | X is
the ientity, but f'f* € H and H is cofinitary, therefore ;! f* = Idso f, = f* € G,
a contradiction.

Case II: f. ¢ Hj. By the definition of Hz, B s(f.) = 0, so the sequences By i (f.) =
gAn = An(f*) n e B272(f*)), IOZ} = (pn,l C 1 < l*) = (pllyf*(a)ﬂ: t 9 < l*) and
i= (il <) = (lajay : | <L) (n € Boa(fs),a € Ay,) are Well defined, and

for every | < I, (pns : n € Baoso(fi)) is <-increasing, so v, := Pni € 2¢
neBa 2(f*)

well-defined. Let g = (g5,)" -~ (g5, ,)"* € G1(we may assume that it’s a reduced
product). Let w; = {l < 1, : (3f; € Hg)(m B(f1))} and wy = I, \ wy. For I <,
define g; as follows:

1. If I € wy, let g, = Ba(fy).

2. It € wy, let gy = g;,.

i(0)

Let ¢ = g, gl(l* b, By the definition of G, go, ..., g1 € G, hence ¢ € G.

Again by Definition 6, if I € w; then g, = Fy(f;) mod I, and g;' = Fy(f;))™
mod I,. Now suppose that g(a) # ¢'(a), then there is a minimal [ < [, such
that (g;,)"” -+ (g5,)"V(a) # (90)"” - - - (9)""(a). Let v = dif(g;, 1), then a €
(g - - gl(l1 "=1(1,). In order to show that (gi° - - gl(l1 N=1(y) € I, it suffices to
observe that for i € wy, functions of the form g;, g; * map elements of I; to elements
of Iy, therefore it follow that g = ¢’ mod I,. It suffices to show that eq(f.,g) ¢ I,
as it will then follow that eq(f.,g’) ¢ I1, so f;1g' = Id on an I,—positive set, hence
on an infinite set. As f'¢’ € H and H is cofinitary, f;'¢’ = Id, an therefore
f« = ¢ € G, a contradiction.

So let n € Boy(fs) and a € A, = A,(f.), and observe that f.(a) = g(a). Indeed,
by the definition of By (f.), for every such a, f.(a) = ((f* o) = ( mipes 1)) (@)

m
(where 7, is as in the definition of Ba;(f.)). It’s now easy to verify that the last

expression equals g(a). It’s also easy to verify that BU " )An ¢ I, therefore we're
nebaa(fx

done.

OJ

Claim 12: G is Borel.

Proof: It suffices to prove the following subclaim:

13
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Subclaim: There exists a Borel function Bs with domain Sym(U) such that if
g € G then Bs(9) = (90,91, -, gm) such that G = "g = gg}' - - - g'm” for some
(30, ey im) € {—1,1}mFL,

Proof: By the definition of G, if g € G then there are m, fo,..., fm € Ay (possibly
with repetition) and i, ...,4,, € {—1,1} such that g = g - - - g'» where each g;
is either of the form By(f;) for f; € Hs (in this case, let v; := B(f;)) or g; for
v, € 2\ {B(f): f € H3}.

Now if n is greater than m!, then for some u C 2" such that |u| < m! < %, for every
p € 2™\ u we have:

a. For every [ <m, g; [ up, = fpu19(0)-

b. g [ u, can be represented as f;?llo[lg(p) e f;‘jzm”g(p) € Sym(u,).

d. By claim 4(f), the above representation of ¢ [ u, is unique.

Therefore, from g we can Borel-compute ((; [ n:n < w) : i < m)hence (v; : i < m).

As Hj is Borel and B is injective, the sets {B(f) : f € Hs} and 2 \{B(f) : f € H3}
are Borel. Now if v; € 2¥\ {B(f) : f € Hs}, we can Borel compute g; = g, . If
v; € {B(f) : f € Hs}, then v; = B(f;) and we can Borel-compute f; (by applying
B_; from definition 3(e)) hence By(f;).

g
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