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Abstract: Consider an a.e.c. (abstract elementary class), that is, a class K of mod-

els with a partial order refining ¢ (submodel) which satisfy the most basic prop-

erties of an elementary class. Our test question is trying to show that the function

I(A, K), counting the number of models in K of cardinality A up to isomorphism,

is “nice”, not chaotic, even without assuming it is sometimes 1, i.e. categorical in

some A’s. We prove here that for some closed unbounded class C of cardinals we

have (a),(b) or (c) where

(a) forevery A € Cof cofinality Xy, I(A, K) > A

(b) forevery A € Cof cofinality X, and M € K,, for every cardinal ¥ > A there is
N, of cardinality « extending M (in the sense of our a.e.c.)

(c) tisbounded;thatis, (A, K) = 0 for every A large enough (equivalently A > Js.
where §, = 25T®)%),

Recall that an important difference of non-elementary classes from the elemen-
tary case is the possibility of having models in K, even of large cardinality, which
are maximal, or just failing clause (b).
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1 Introduction to the subject

We would like to have classification theory for non-elementary classes K and more
specifically to generalize stability. Naturally we use the function I(A, K) = number
of models up to isomorphism, as a major test problem. Now “non-elementary” has
more than one interpretation, we shall start with the infinitary logics L, ..

There are other directions; mostly where compactness in some form holds
(e.g. a.e.c. with amalgmation, see about those in [Sh:E53], and on a try to blend
with descriptive set theory see [Sh:849]). We had held that for « > X, the above
cannot be developed as, e.g. if V.= Lor just V £ “0* does not exist”, then there
isy e Ly, x, such that if cf(u) = Ry A (Vo < ;,:)(loclNU < u)then M E y,|M]| = u
iff M = (L, €). However, lately [Sh:1019] gives evidence that for 6 a compact car-
dinal, we can generalize to Ly, some theorems of [Sh:c, Ch.VI] on saturation of
ultra-powers and Keisler’s order. This shows that stability theory for T ¢ Ly, ex-
ists, but it is still not clear how far we can go including A = [N|,N < M and
U{M,, : u c n} when (M,, : u C n) is a so called stable &7~ (n)-system.

Anyhow (for the purposes of this history, and the present paper) we now con-
centrate on Mod,,, v € L.y S0k = N,. Here we have both downward LST the-
orems, even using < A finitary Skolem functions. Also we have the upward LST
theorem, using EM models.

Naturally all works started with assuming categoricity in some cardinal, ex-
cept some dealing with the R,’s for y € Ly y . In this case we may many times
deal with v € LN,,NO(Q)' Some works apeared in the eighties (see the books
[Bal09], and [Sh:h], [Sh:i]).
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Definition 1.1. Let I(A, K) be the cardinality of {M/ =1 M e K of cardinality A}
where K is a class of 7(K)-models (e.g. K = K, where £ = (K, <)).

First, in ZFC, answering a question of Baldwin, it was proved that y cannot be
categorical, moreover if I(X,,y) = 1 then I(R,,w) > 1. Also if [(X,,y) < 25,
then for some countable first order T with an atomic model K = {M : M an
atomic model of T} is Modw, but 1 < (X, Ky). Fix T for awhile, now if 2% <
Ry IR, T) < pyq(R,,, 2%) for' every n then K is excellent which means it is
quite similar to the class of models of an X,-stable countable complete first order
theory. For this we consider S"(A, M) for A € M € K, only for some “nice” A. On
the other hand for any » for some such T,,, Ky is categorical in every A < X, but
I(A, T) = 2* for A large enough. However, we do not know:

Conjecture 1.2. (Baldwin) If K; is categorical in X,, then K is X,-stable, equiv-
alently is absolutely categorical.

Related is the:

Conjecture 1.3. If K, is categorical in X, but not X,-stable then (2™, K;) = J,.

See work in preparation Baldwin-Laskowski-Shelah ([BaLaSh:1037]) on such
K;’s; it certainly says there is a positive theory for such classes (e.g. pseudo min-
imal types exist). We recently have changed our mind and now think:

Conjecture 1.4. If K is categorical in every X, then K is excellent.
This means that the present counter-examples are best possible. As this seems
very far we may consider a weaker conjecture.

Conjecture 1.5. Assume P is a c.c.c. forcing notion of cardinality A such that IFp
“MA +2% = )”and A = A** > 3, . If K, is categorical in every A < 2™ then K is
excellent.

There is more to be said, see [Sh:F1273].

In another direction, the investigation of models of cardinality X, does not point
to a canonical choice of logic for which the theorems on I(y, X,) = 1 holds. This
had motivated the definition of a.e.c. ¢ = (K, <;) which has the “bottom” property
of elementary class K = (Mody, <), T a complete first order theory (i.e. K, a class
of t,-models, <, a partial order on it, both closed under isomorphism, union under
<,-directed systems of member of K, belong to K, moreover is a <,-lub (= union

1 note that p,q(A*, 2%) is essentially 2,
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of a directed system of <,-submodels of N is a <,-submodel of N), existence of a
LST number and M; € M, AM, <, NAM, <, N = M, <, M,).

Thesis 1.6. 1. The framework of a.e.c. ¢ is wider and not too far and better than

the family of (Mod,, <4p(y)) Where y € L. .

2. Theright generalization of types in this context is orbital types.

Why? The “wider” in 1.6(1) is obvious. The “not too far” is by the representa-
tion theorem which says that for some vocabulary r; 2 7(t) of cardinality < A,
the LST-number +|7(£)| and set I' of quantifier free 1-types, K, = PC(0,I') = {M |
T¢ : M a 1,-model omitting every p(x) € I'}; similarly <,. We can deduce the up-
ward LST, and so existence of suitable ® € Y'""[£] so we have EM-models. For
¢ with LST, = R, it is natural to restrict ourselves to the case “I' is countable”
above for both K, and <., then we say ¢ is N -presentable. So we may wonder for
such tif n < w = 2™ + I(R,,, K;) < phea(R,,;,2%") implies ¢ satisfies the par-
allel of being excellent? The answer is yes by [Sh:h], [Sh:i], but the way is long.
Also, we may replace X, by any ) provided that I(A\,K,) = 1 = I(A*,K,) and
1<I(A™,Ky) < ywd()ﬁ*,z”), see more in [Sh:E53].

A central notion there is “s is a good A-frame”, ¢, = £, LST, < A, this is “bare
bones superstable”.

This is enough for proving
(+) if (tis an a.e.c.), LST, < A, M < Z’W+ and I(A*",K,) = 1 for every n and K,

has models of cardinality > 3 yisre)y., then K, is categorical in every u > A.

However

Conjecture 1.7. Iftisana.e.c., K, is categorical in some A large enough than LST,,
then K, is categorical in every u > A.

Note that [Sh:734] is a step ahead: in the context of 1.7 for many pu = J, €
[LST¢, ), there is a good u-frame s, such that ¢, = K: If we have this for w suc-
cessive y’s we shall be done by [Sh:600], but in [Sh:734] the family of such y’s is
scattered; a beginning is [Sh:842].

A much harder conjecture is:

Conjecture 1.8. 1. The main gap theorem holds for a.e.c. K, for A large enough.
2. Theclasssup —lim; = {A: thereisa super-limit M € Kﬁ} is “nice”, e.g. contains
every large enough A or contains no large enough A.

We are continuing this work in [Sh:F1302].
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We may wonder

Question 1.9. 1. Maybe there is a natural logic which is the natural framework
for categoricity spectrum.
2. Also for the super-limit spectrum.

We expect such logic to be stronger than L, but weaker than L, ;. This may
remind us of [Sh:797]. The logic discovered there is ]LL , for A = 1,, it is between
L} = UL, x, : 4 < Ayand L‘LW = U{L,: .+ : ¢ < A}, in a strong way well ordering
is not well defined and it can be characterized (as Lindstrom theorem characterize
first order logic) and has interpolation. In addition, for A a compact cardinal L., -
equivalence of M,, M, is equivalent to having isomorphism w-limit ultra-powers
by A-complete ultrafilters, see [Sh:1019].

However, probably the characterization in [Sh:797] was by “the maximal logic
such that ...”. So maybe we should restrict the logic further such that “EM model
can be constructed”.

We conjecture there is a logic characterized by being maximal under this
stronger demand, and in it we can say at least something on the function I(A, y),
and maybe much. This is interesting also from the point of view of soft model
theory: we conjecture that there are many such intermediate logics with charac-
terization (and the related interpolation theorem).

2 Introduction to the paper

In this section, we begin by motivating our line of investigation. See notation in
§(1D) below (and more self contained introduction in §(1B), §(1C)).

2.1 Motivation/Content

We knew of old (see: [Sh:c, Ch.XIII,4.15]):

Theorem 2.1. For a countable complete first order theory T, one of the following
holds:

(a) Tiscategoricalinevery A > X,

(b) (A, T) =3, for every cardinal A > 2

(c) I(R,,T) =1+ |a| for every ordinal a.

For a.e.c. we have something when ¢ is categorical in some \’s ([Sh:734], [Sh:600])
and something about I(X, ), ([Sh:88r], about when 1 < [(X,€) < 2™, particu-
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larly when 2™ < 2% and then on higher cardinals) but nothing for general a.e.c. .
The current paper is motivated by hopes of finding something like 2.1 for a.e.c.’s.
Recall the history.

Our approach here assumes/relies on:

Thesis 2.2. Reasonable to concentrate on cardinals from Cg, = {A : A = J}},
where fp stands for “fixed points”.

Why? If A € CfP,A > LST(t) and M € Ki then for every 6 € [LST(¢),A) and
N <p M, |IN|| = 6 thereis @ € Y4 so |t(®)| = 0 such that for any linear order I,
e.g. I = Awe have N <, EM_(;-)(I, ). So in K} we have many models of the form
EM, (I, D), ® € Y, ;. If [(A,€) < A, many of them will be isomorphic. Hence for
many 0, <6, < 1,0, > LST(¢), every N <, M of cardinality 6, can be <,-embedded
into some EM, ;) (A, @), @ € Y, [£].

Informally, the point is it allows us to use EM models. The key point is finding
a suitable template, set @ of quantifier free types, which requires finding enough
indiscernible sequences. When K, is an a.e.c. (as opposed to an elementary or
pseudo elementary class) we must go through the Presentation Theorem to find
an indiscernible sequence, i.e. we require sufficiently large models omitting the
typesinT.

To further motivate our approach, consider a not so strong conjecture, still
enough to exemplify “the function A — I(A, £) cannot be too wild”.

Conjecture 2.3. 1. Letting Cg’o ={A: A =213, and cf(1) = R,} and fixing an a.e.c.
£, not both of the following classes are stationary (or restrict yourself to some
strongly inaccessible y and “stationary” means below it):

(@ S, ={Le cg’o (1A, 8) < A}
(b) S, ={AeC 11,0 = AL

2. A weaker conjecture (presented in the abstract) is replacing clause (b) by
b)'S; ={A e Cg’oz for every M € K§ has <,-extensions N of any cardinality

> AL

Why “cf(A) = R,”? First, trying to prove A € S;, we can approximate N by @ ¢

Y;"[¢], A, < A as we can approximate M by N’ <, M, |[N'| = A, where A,, < A,,,, <

A = 2{A,, : m}. Second, for A ¢ Cg’o it is enough to show that {M/ =, M € Kf}

is small because it is well known that if cf(1) = X, and M,;, M, are of cardinality

A and L, ;-equivalent then they are isomorphic; on such logics see, e.g. [Dic85].

Thesis 2.4. There are, for a.e.c. £, meaningful dichotomy theorems for i(, K;)
when K is a class of 7(¢)-models, K = K, and £ = (K, <¢).

This is a more concrete thesis than “considering a.e.c.’s is a good frame for
model theory”; even more concrete is the “main gap conjecture”. It had been
proved that if K, is the class of models of a complete countable first order the-
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ory then it satisfies the “main gap”, i.e. either I(A, K) is large, even = 2* for all
uncountable A or [(X,, K) is small, even < le (le|) for all « > 0; see [Sh:c, Ch.XII],
“The book’s main theorem”. In general for a class K of r-models the “main gap”
will say that either (1, K) is large (i.e. 2* or > A*) for every A large enough or it is
small for every A large enough say (X, K) is < J1x(|al) for some n = n(K) < w.

We are far away from this, still, until now for the a.e.c. the categoricity case
was almost alone, i.e. we start assuming I(A, K) = 1 in some A, see below, but we
try here to look “higher”.

The contribution of the present paper is to show that in the much more gen-
eral context of a.e.c.’s for some N-closed unbounded class C of cardinals, we have
AeC =i, K,) = A, anon-structure result,orA ¢ CAM ¢ Ki = M has ar-
bitrary large <,-extensions. Note that the latter property is now taken for granted
for elementary classes but is a real gain for a.e.c.

As noted in §1, in [Sh:734] and [Sh:600] we obtained results on (A, K) for
a.e.c.’s assuming categoricity in some A’s. However, nothing was known for gen-
eral a.e.c.’s under weaker few models assumption.

On abstract elementary classes, see [Sh:88r], [Bal09] and [Sh:E53]. We will
make essential use of the Presentation Theorem, which says that every a.e.c. can
be represented as a PC class, say PC(T, I'), see [Sh:88r, §1].

We thank the audience in the lecture in the Hebrew University seminar 2/2005
for their comments on an earlier version of this paper and Maryanthe Malliaris for
helping much in improving §2 and some corrections in fall 2011 - winter 2012 and
Will Boney for some further corrections (fall 2013).

2.2 Discussion

We give some further details regarding §(2.1).
In Thesis 2.2 the result on EM models needed is: [Sh:394, Claim 0.6], [Sh:394,
Claim 8.6], the “a.e.c. omitting types theorem” and [Sh:394, Lemma 8.7,p.46].

Fact 2.5. Let t be an a.e.c. If A € Cg, A > LST, and M € K then for every 6 €

[LST, A) and N <, M of cardinality 0 there is @ € Y'[t] such that:

(@) |r(@) =6

(b) for any linear order 1, in particular I = A, without loss of generality N <,
EM, (I, @) where this denotes the reduct of the EM model to the vocabulary of
3

Comment:
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Let us repeat, the two points when cf(1) = X, may be as required:

(a) downward large depth in §4,

(b) if we like to find large N <,-extending M for a given M € Kﬁ, if f(A) = R, we
can get it as an w-limit of M' <, M, |M'|| < A.

Such considerations further lead us to

Question 2.6. Let @ € Yy[t] and « be a cardinal.

Sort out the functions
(@) A+ [{EM_ (I, @)/ =: I alinear order of cardinality A}|
b) A I'T(E)()L, %, @) = {EM,()(I,®)/ = : I a linear order of cardinality A}.
Recall, by [Sh:11] restricting ourselves to ‘cardinals A = A<*. that the function
in clause (b) of 2.6 is “nice”, more specifically: if 6 < A, = A{* < A, then
I'T(E)(AI,K, £) > min{A}, I(A,, x, €)}.

What occurs if A, < A}*? The case A, = 3, cf(8) = R, is more approachable
than the general case, see 5.2.

Our hope is to get “bare bones superstability”, i.e. good A-frames inside &, (as
in [Sh:600],[Sh:734]).

Another point concerning the function I(A, «, £) is: for a model M, cardinal 0
and logic .Z we can define the depth of M for (%, 6) as min{«: if 3,b € M, < 0
and 4, b realizes the same formulas of L4 (or L, 4[¢]) of depth < « then they
realize the same L, o-formulas}; of course, only formulas in L« o are relevant.
This is a good way to “slice” the equivalence and it is easier for LST considerations.

2.3 What is Done

A phenomena making the investigation of general a.e.c. hard is having <,-
maximal models of large cardinality. As with amalgamation, we may consider the
property
(¥),if M € K} then M is not <,-maximal.

In investigations like [Sh:E46] and [Sh:576], which look at U{K.. : € < 4} this is
relevant. But in investigations as in [Sh:734], looking at U{Ki : A =1,}, itis more
natural to consider

(¥)2if M € K} then for any u > A thereis N € Kﬁ which <,-extends N.

In §4 we consider a A = 3, of cofinality X, which is more than strong limit and
try to prove non-structure from ﬂ(*)i. Given N € Kﬁ we try to build an EM model
(thatis construct the @) <,-extending N by an increasing chain of approximations:
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givenA, - A,M, — N,M, € Kﬁ The n-th approximation @, to @ has to have
“@, in a suitable sense is represented in N say of size A,,,,”.

Being stuck should be a reason for non-structure. For simplicity we consider
only cardinals p = :lﬂ, the gain without this restriction seems minor.

Concerning the results of §4 it would be nicer to make one more step concern-
ing 4.15, 4.14 and deal also with A = 3, instead of A = 3, but a more central
question is to get the non-structure result for every A’ > A. It is natural to try given
D € Y *'[t)] and M <, N, to define a “depth” for approximation of the existence
of a <,-embedding of standard EM, (I, @) into N (see Definition 3.2(2)), so that
depth infinity give existence. But this does not work for us, so Definition 4.2 is a
substitute, moreover we need “indirect evidence”, see Definition 4.7.

Our main theorem is

Theorem 2.7. For any a.e.c. for some closed unbounded class of cardinals C, if
(3N € O)[cf(A) = RyAT(A, K,) < Al and M € K, of cardinality u € C of cofinality X,
then M has a proper <,-extension, and even ones of arbitrarily large cardinality.

The natural next steps are

Conjecture 2.8. 1. In Theorem 4.16, i.e. what is promised in the abstract we can
choose Cas an end segment of {u : y = 3, ,} orjust choose Cas {u : p =3, , >
LST,}.

2. For every a.e.c. ¢ for some closed unbounded class C of cardinals, we have
M e KiAL € CACf(A) = Ry = V' [€)] #00r A € CACE() = Ry = T(A,Kp) =
2% or atleast > A*.

We intend to deal with part (1) in a continuation.

2.4 Recalling Definitions and Notation

Notation 2.9. Let Card be the class of infinite cardinals.

Definition 2.10. 1. Let 3,,(A) = 3,(A) := A + Z2%W : B < a}. Let 3, (1) be
defined by induction on & > 0 and for each & by induction on & : I, (1) = A,
for limit Bwelet 3, 5 = Zﬁ 2. andfore = {+1letJp, 5., (A) = J; (1) where?

y<

2 whynot, e.g. p = :lu;(/\)*? Not a serious difference as for limit « we shall get the same value
and in 2.14(1) this simplifies the notation.
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Y= (23<vﬂ”))+, lastly for limit e let (3, , : & € Ord) list in increasing order the
closed unbounded class ({3, : « € Ord}.

{<e

2. LetA > xmean (Va < A)(Jaf* < A).

Convention 2.11. 1. ¢t = (K,,<;) is an a.e.c., with vocabulary 7, = 7(¢) and
LST(k) = LST, its Lowenheim-Skolem-Tarski number, see [Sh:88r, §1]. If not
said otherwise, we assume |r,| < LST,.

2. K} =Ky =1{MeKy: M| =2}

3. IfK = K, we may write ¢ instead of K; also we may write K or K, omitting ¢
when (as usually here) ¢ is clear from the context.

Definition 2.12. For a class K of r-models:

(a) fora cardinal A, let I(A, K) be the cardinality of {M/ =: M ¢ K has cardinality
A}

(b) for a cardinal A and a logic .Z, let (A, %, K) = {M/ =g M € K has cardi-
nality A}.

Definition 2.13. 1. @ is a template proper for linear orders when :
(a) for some vocabulary v = 15, = 7(®), @ is an w-sequence, with the n-th
element a complete quantifier free n-type in the vocabulary 7,
(b) for every linear order I there is a -model M denoted by EM(I, ®), gen-
erated by {a, : t € I} suchthats +# t = a, # a, fors,t € I and
(@ na ) realizes the quantifier free n-type from clause (a) whenever
n<wandt, <; ... <; t,,. Wecall (M,{a, : t € I)) a® — EM-pair
or EM-pair for @; so really M and even (M, (a, : t € I)) are determined
only up to isomorphism but abusing notation we may ignore this and use
I, ¢ ], = EM(I;,®) € EM(I,,®?). We call (g, : t € I) “the” skeleton of
M; of course again “the” is an abuse of notation as it is not necessarily
unique.
1A. If T € 7(®) then we let EM, (I, @) be the 7-reduct of EM(I, ®).
2. Yr[¢] is the class of templates @ proper for linear orders satisfying clauses
(a)(«), (b), (c) of Claim 2.14(1) below and |7(®)\7,| < x; normally we assume
x > || + LST, but using ¢,, we do not assume x > |M]|, see 3.1. The default
value of x is LST, and then we may write Y;" or Y°'[£] and for simplicity if not
said otherwise x > LST, (and so x > |r;|). We may omit £ and or omit “or”
when clear from the context.
3. For aclass K of so called index models, we define “® proper for K” similarly
when in clause (b) of part (1) we demand I € K, so K is a class of 1-models,
i.e.
(a) @ is a function, giving for any complete quantifier free n-type in 7y real-
ized in some M € K, a quantifier free n-type in 7,
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(b)" in clause (b) of part (1), the quantifier free type which (a,,...,a, ) real-
izesin M is (D(tqu((to, ceorty1),0,D) forn < w, by, ... 8, € 1.

Fact 2.14. 1. Let t be an a.e.c. and M € K, be of cardinality > A = 1, | (LST})

recalling we may assume || < LST, as usual.

Then there is a @ such that @ is proper for linear orders and:

(@) (@) T € 7g5
(B) I7ol = LST, + Iz

(b) for any linear order I the model EM(I, @) has cardinality |t(®)| + |I| and we
have EM_ (I, @) € K,

(c) forany linear orders I < ] we have EM, (I, @) <y EM, (], @); moreover,
if M € EM(J, @) then (M | ) <; EM,(,(J, ®)

(d) forevery finite linear order I, the model EM (I, @) can be <,-embedded
into M.

1A. Moreover, assume in (1) also A = 23, (k),x = LST, + |t,| so not necessarily

2.

assuming LST, > |t,|, M" is an expansion of M with t(M") of cardinality < «
and b, € M for a < A are pairwise distinct. Then there is @ proper for linear
orders such that:
(@) (o) T(M") < 75 hence () € 14
(B) 14 has cardinality x
(b), (c)has in part (1)
(d) if I'is a finite linear order and t, <; ... <; t,_, list its elements and M; =
EM(I, @) with skeleton (a, : t € I), then for some ordinals a < ... < &, <
A there is an embedding of M; into M mapping a, tob, fore <n.
IfLST, < |r| and there is M € K, of cardinality > 3, ,(2"°™), then there is
@ € Yisre)ira t] such that EM(I, @) has cardinality < LST, for I finite and
1,\7(M) has cardinality LST,. Note that & has < 2"t equivalence classes
where & = {(P,P,) : P,,P, € 1, and PPN = PPMED for every linear or-
der I} hence above “> 3, ; (2"")” suffice.
We can combine parts (1A) and (2). Also in both cases having a model of car-
dinality > 3, for every a < 25T ON* syffice in parts (1),(1A) and for every
a < 3,(LST,)" suffice in part (2).

We add

Claim 2.15. For every cardinal y and strong limit x < u there is a dense k-saturated
linear order I = 1, of cardinality u such that:

(%) if0 < cf(d) =0 < 1, 2° < x then

(*)I’X,a,ewe have 2° < xand 0 < 0 = cf(0) and (A) = (B) where:

(A) (@) IycI
(b) I, has cardinality < 6
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(¢) I is a linear order extending I,
(d) u, <u,, <0=Uu,
n

(e) . €9(I)) fora < dand (. : a < ) is an indiscernible sequence in I,
over I, (for quantifier free formulas)
(f) foreveryn, I, =1, | ({t;’i 11 € u,,a < 0} UI,)is embeddable into I
over I,
(B) thereis (f, : « < u) such that
(a) T, €I
(b) (¢, : a < p)is an indiscernible sequence over I, into I (for quantifier
free formulas)
(c) the quantifier free type of t,~ ... t, over I, in I is equal to the quantifier
free type of t,~ ... AEL over I in I, for every n
(B)*moreover we can replace (£, : o < ) by (¢, : s € I).

Remark 2.16. 1. We may consider replacing (A)(e) by

@ o=3,0"u, Cu, <6=Uu,and I, = {t,, : « < 0,¢ € u,} and

there is f = ( fy : m € A) such that f, embeds I 5, into I, over I, and
vdan = f, ¢ f, where A = {5 : 1 is a decreasing sequence of ordinals
< al.
2. Clauses (A)(d),(e) can be weakened to:
o ifi,j<6then I, | ({tj;« = 0,1andi < 6} U I,) can be embedded into I
over I.
But the present form fits our application.

Proof.. First we give a sufficient condition for (x); 54
B the linear order I satisfies () Lyd0 when: y > 0 = cf(d) > 6 and
(a) Iis alinear order of cardinality p
(b) ifI, < I,|I,| < Othen thesetl; = {t € I :t ¢ I, and thereisno t e NI\ {t}
realizing the same cut of I, in I} has cardinality < 0, soif 0 = (29" this
holds
(c) ifa <; bthen I is embeddable into (a, b);
(d) every linear order of cardinality < 6 is embeddable into I
(e) inIthereisadecreasing sequence oflength yand an increasing sequence
of length u
(f) to get (B)" we need: if ] is a linear order of cardinality < 6 then we can
embed I x J (ordered lexicographically into I).

It is obvious that there is such linear order. It is also easy to see that if I satisfies
(a)-(d) then (x); 5¢- Uhis
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3 More on Templates

Why do we need Y;*'[M, £]? Remember that such @’s are witnesses to M having
<.-extensions in every u > LST + | M|| so proving existence is a major theme here.
First, why do we need below Y,*? Because “Y,”'[M, €] # 0” is equivalent to M
being not <,-maximal; moreover has <,-extensions of arbitrarily large cardinality
so proving this for every M € Ki indicates “¢ is nice, at least in A”. Second, why
do we need various partial orders on Y;*'[M, £]’s?

In a major proof here to build @ € Y;*'[M, ¢] we use <,-increasing M,, with
union M and try to choose @, € Y;°"[M,,, t] increasing with ». For this we assume
M|l =A,,A, < A,,, and we use an induction hypothesis that @, hasasay A, 5-
witness in M.

Of course, it is nice if EM (4,5, ®,) is <,-embeddable into M over M,, but
for this we do not have strong enough existence theorem. To fine tune this and
having a limit (@ € Y;*"[M, £]) we need some orders.

Definition 3.1. For tana.e.c. and M € K, let £,, = ¢[M] be the following a.e.c.:
(a) vocabulary 1, U{c, : a € M} where the ¢,’s are pairwise distinct new individual
constants
(b) N €K, iff N|1,€K,anda — ¢ isa<,-embedding of M into N | 7;;
© Ny <, N, iff
(a) N, N, are 7, -models from K,
(B) N, €N,
(p) (N [ 7e) < (N, | 7).

Definition 3.2. 1. Wecall N € K, standard when M <, N [ rpanda € M =
N

Cu =da.

2. IfN' €K, isstandardand N’ = N' | 7, then we write N' = Nj},;..

3. Wecall ® ¢ Y{" standard when M = EM, (0, @) implies N <, M | 7, when
N is the submodel® of M | 7, with universe {¢ : ¢ € 7(®) an individual
constant}. We call @ fully standard when above N = M | ;.

. Let Y;°"[¢] be the class of standard @ € Y.'[¢].
5. For M e K let Y;°'[¢,,] be the class of k-standard @ € Y"[¢,,] which”* means:

(a) letting x; = « + | M|, we have @ € Y;'[¢]

3 Note that we have not said “® € Y{jy,” but by renaming this follows.

4 So though such @ belongs to Y,”'[¢], being standard for Y;"[¢,,] is a different demand than
being standard for Y'[¢] as for the latter possibly {c, : a € M} g {c € 14 : c an individual
constant}.
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() {c,:a e M} ={ce1(D):canindividual constant}.

(c) N =EM(®,®) = IN|={c":ce1p}

(d) T(;, := 7, \{c € 74 is an individual constant} has cardinality < «

(e) if N =EM(I, ®)and N, is asubmodel of N | 7, then N, | 7, <; N | 3.
5A. We may omit « in part (5) when x = LST, +|7|. We may write Y;*'[M, ¢] instead

of Y [¢,,], useful when ¢ is not clear from the context.

Observation3.3. 1. If® € Y;*[¢, M] then ® ¢ Y;’i” »[€] but not necessarily the
inverse.
2. If® e Y'[¢, M] then @ is a fully standard member of Y"[¢,,].

Claim 3.4. Assume tisana.e.c.and M € K, and ¢, = t,, then:
(a) ¢ isana.e.c.

(b) LST, =LST, + M|

(c) applying2.14 to t,, we can add “® € Y,"[¢,,]”.

Proof.. Straightforward. Uiy

Definition 3.5. Assume J is alinear order of cardinality Aand A — (u)p. We define

the ideal .¥7 = ER;M)Q on the set [J]# by:

o % C [J]* belongs to .7 iff for some ¢ : [J]*" — 0 thereis no s € .¥ such that
¢ | [s]" is constant.

Observation3.6. 1. If|J| = Aand A — (u)p then ER
J¢ ER}’%Q.
2. If0 = 0 then this ideal is x-complete.

}‘[4 o is indeed an ideal, i.e.

Definition 3.7. 1. For vocabularies 7,, 7, we say that h is an isomorphism from
7, onto 7, when h is a one-to-one function from the non-logical symbols of t;
(= the predicates and function symbols) onto those of 7, such that:
(a) if P € 1, is a predicate then h(P) is a predicate of 7, and arity (P) =
arityT2 (h(P))
(b) if F € 1 is a function symbol5 then h(F) is a function symbol of 7, and
arityT1 (F) = arityTZ(h(F ).
2. Ifhisanisomorphism from the vocabulary 7, onto the vocabulary 7, and M,
is a 7,-model then M {h] is the unique M, such that:
(a) M, isat,-model
() IM,| =|M,|
(c) Péw 2= le ' when P, € 1, is a predicate and P, = h(P,)
(d) F;VI 2= Ffw ' when F, € 1, is a function symbol and F, = h(F,).

5 this includes individual constants
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3. We say h is an isomorphism from 7, onto 7, over 7 when 7 € 7, N 7,,h is an
isomorphism from 7, onto 7, and h [ 7 is the identity.

4. If @; € Y." and h is an isomorphism from the vocabulary 7, := 7(®) onto the
vocabulary 7, then @™ is the unique @, € Y°" such that: if I is a linear order,
M, = EM(I, ®,) with skeleton (a, : ¢ € I) then M is the model (EM(I, @,))™
with the same skeleton.

Observation 3.8. 1. In3.7(2), M, = M {h] isindeed a 7,-model. If in addition h is
overt(i.e.tct Nnryandh [ r=id,)then M, [7=M, | 7.

2. In3.7(4),indeed @, € Y,".

3. Ifhisanisomorphism fromr, ontor, overr,sot, < ;N7 and @, € Y'[¢], 7, =
7(®,) then @, = @™ belongs to Y\ [¢].

4, Inpart (3)ifin addition M € Ky and @, € Y [M,¢]anda € M = h(c,) = ¢,
then @, = @I belongs to Y:'[M, ¢].

Proof.. Straightforward. Usg

Next we recall the partial orders <!, <? and define an equivalence relation and

K> —K
some quasi-orders on Y [¢].

Definition 3.9. Fixing ¢, we define partial orders <}=<=<;  and <{=<}=<;, on

Y.r[€] (for k > LST):

1L ¥ <2, if 1(¥) < 7(¥,) and EM, (I, ¥,) <¢ EM (I, ¥,) and EM(L, ¥,) =
EM, (I, ¥;) € EM,y,)(I,'¥,) for any linear order I (so, of course, same a,’s,
etc.).
Again for x = LST, + |r;| we may drop the «.

2. For®,, @, € Y, wesay @, is an inessential extension of @, and write @, <** @,
if @, <® @, and for every linear order I, we have

EM_ () (I, D)) = EM, (I, D,).

(note: there may be more function symbols in 7(®,)!)

2A. We define the two-place relation E* on Y;" as follows @, E*®, iff 7(®,) = 7(®,)
and for some unary function symbol F € 7(®,) or F is just a (finite) compo-
sition® of such function symbols, if M = EM(I, @,) with skeleton (atl it el
and we leta’ = F"(a}) for t € I then:
- (atz) = atl
- M is EM(I, ®,) with skeleton (a’ : t € I);

6 but abusing our notation we may still write F € 74
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“@” stands for almost equal.
2B. Above we say @,E*®, is witnessed by F.
2C. We define the two-place relation E on Y{" by: @, E€®, iff for some @5, @, <
®; and @, <g D;.
2D. We define a two-place relation E on Y"[¢] by @, E¥ & iff for some @, € Y2'[¢]
we have @, E*®, and ®,Ex®;.
3. Let Yf“ be the class of ¥ proper for linear order and producing linear orders,
that is, such that:
(a) 7(¥) has cardinality < «,
(b) EM4(I,¥)isa linear order which is an extension of I which means s <,
t = EM(I, ¥) & “a, < a,”; in fact we can have
[tel=a =t].
4. @, < @, iff there is ¥ such that:
(@) ¥ eyl
(b) ©, e Y fore=1,2
(c) @) < ®, whered), =¥, ie.
EM,g(I, ®}) = EM(EM (I, ¥), ®,).

(So we allow further expansion by functions definable from earlier ones (compo-
sition or even definition by cases), as long as the number is < «).

It is not a real loss to restrict ourselves to standard @ because

Claim 3.10. 1. For every @, € Y.'[t] there is a standard @, € Y.'[¢] such that
@, < ®,; moreover M = EM(0,®,) = M| = {™ : ¢ € 7(®,) an individual
constant}, that is @, is fully standard.

2. Assume @, € Y.)[¢],F € ©(®) is a unary function symbol such that M =
EM(I,®,) At € I = FM(FM(a,)) = a,. Then for a unique ®,, ®,E*®, as wit-
nessed by F and @, € Y. [¢)] © @, € Y [¢)].

3. E!is an equivalence relation on YY'[€] for x € {e, ie, ai} all refining E.

Proof.. Obvious. Us 10

Observation 3.11. Let ¢ =1, 2.
1. The relation sﬁ is a partial order on Y;"[¢].

2. If(®, : « < &) is <! -increasing with § alimit ordinal < x* then |J @, naturally
a<d

defined is a <‘-lub.

3. E¥ is an equivalence relation on Y.

4, IfY,fI‘[E] c Y;;[E] then x; < «,.Ifx; < x,and: € {1,2} and O, ¥ ¢ Y,S:thﬂ
(@<, ¥ oo W)

5. Similarly for Y;'[¢,,] defined in 3.2(5).
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in full <3

<>  two-place

<,
relation on Y, [¢], recalling Definition 3.2(5) as follows:
Let @, <} @, mean that: for every linear order I, there are a linear order I,
and <,-embedding h of EM_ (I}, @,) into EM, 4 (I,, ®,), moreover every indi-
vidual constant ¢ of 7(®,) is an individual constant of 7(®,) and h(c*M5-®)) =
CEM(IZ,<DZ).
We define <{=<; ; a two-place relation on Y;'[¢] as follows.
Let @, <! @, mean that: for some F we have:
(a) O, D, € Y. "[¢]
® - (D)) € 1(Dy)
- F € 7(®,) is a unary function symbol or as in 3.9(2A)
(c) ifI'is alinear order and M, = EM(I, ®,) with skeleton (“32 : s € I) then
there is M, = EM(I, @,) with skeleton (asl : s € I) such that
- asl = FMZ(asz) forsel
- al=F"(@al)forsel
- M; <M, |15 s0T(P) < 1(D,)
= (M 1) Sp (M [ 7)

M = ™ when ¢ € 7(®,) is an individual constant.

Remark 3.13. So <! is like <} but we demand less as a! = a is weakened by using
the function symbol F.

Claim 3.14. 1. 1s apartial orderon Y [E] aswellas <

4.

_K, ; also for (Dl, D, € Y [¢]
and ¢ = 1,2,4wehave<1>1 LO,=20, <0, o0, <O, o0, 0,
Assume @,,®, € Y:°'[¢] have the same individual constants. Then @, <. @,
iff as in 3.12(1) restricting ourselves to I = 1, ,(x) iff ®,,®, € Y.;*'[¢] and for
some F and @}, ®, € Y**"[¢] and we have ®, <* ! witnessed by F and ®|E=®),
witnessed by F and for some t,,h we have 7(¢) € 7, € r((D’) h is an isomor-
phism from ©(®,) onto 7, over T(8) U{c: c € (@)} and (D“‘] 1]f for some
@' € Y:°'[€] we have @, < (D and @ Ei‘(D, see 3.9(2).

Ifo, € "[t] and @, <, D,,, then thereis @, € Y,[t] suchthatn < w =

®, < ®; moreover, EM,(;,(0, @) is the union of the <,-increasing sequence

(EMT(E)(Q’ (I)n) tn< w>.
Similarly for <!

Proof.. 1. Obvious.

2.

First clause implies second clause
Holds trivially.

Second clause implies the third clause
Let I, = (A,<),A large enough, e.g. A = 3, (k). Let M; = EM(I,,®,) be
with skeleton (a] : t € I)). As ®; <’ ®@,, there is a linear order I, and

-K
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M, = EM(I,, ®,) with skeleton (a’ : t € I,) and <,-embedding f from
M, | ©(t) into M, | 7(¢) such that ¢ € 7(®,) = ¢ € 7(®,) A f(™) = M
so by renaming without loss of generality f | Sk(0, M,) is the identity and
L] > A As [M,| > Ml = A > x > |t(M,)], clearly we can find pairwise
distinct ¢, € I, for & < A such that {uf“ ca< A n{f(al):a <A} =0.

Let 7, = 7(®,) and’ let the pair (h, 7;) be such that: h is an isomorphism from
the vocabulary 7, = 7(®,) onto 7; over 7(¢) U {c : ¢ € 7(®,)} such that 7, N
73 = T(®) U{c : ¢ € 7(®,)} and let M; = ME‘], S0 T(M;) = 75,05 = (Dgh] S0
7(M;) = 73 = 7(®;) and M, is an EM(I,, ®;) model with skeleton (a’ : t € ).
Lett, = ;U U{F, P, : I = 1,2,3,4} with F a one place function symbol and
P, F ¢ 7,UT, and P, one place predicates for ¢ = 1, 2, 3, 4. We define a 7,-model

o, it has universe |M;|

o, FM(a})= f(ay)and F*(f(ay)) = a;

s PM=dal it e, P = {a it e LLPY = {f(a):t e [},P" =
Rang(f)

o M,l13=M,

s fembeds M, into M, | ;.

Clearly there is no problem to do this and we apply 2.14(1A) with M, |

7(¢), My, (af,x : a < A), here standing for M, M*, (b, : « < A) there and get

@, standing for @ there. Now by inspection (see Definition 3.12(2)):

(), D) <, O, _

(%), ®; <¢ @,; moreover @, < @,.

We derive @5 from @, by 3.10(2) using our F so ®,E*®;. To show that the third

clause of part (2) indeed holds, we just note that @], @, h, 7,, there can stand

for @,, @, h, 75 here, so we are done.

The third clause implies the first clause:

So we are given F and @,, @, € Y:'[¢], D], D, € Y '[¢], 7, € 7(P;) including
7(¢) and an isomorphism h from 7(®,) onto 7, over 7, U {c : ¢ € 7(®,)} such
that @, <! @] witness by F, ®|E*®} witness by F and ®" <® @),

Let¥ € Y™ witness @ <® @}; and for uniformity of notation we let @, := @,.
We have to prove @, <’ @, so let I, be a linear order.

Let M; = EM(I,, ®,) be with skeleton (a; : t € I,), let I, = EM;(%1,) so
with skeleton (t : t € I,). Let M; < M, be defined by M, = EM(I,, ®,) with

7 The reason is that there may be a symbol in 7(®,) N 7(®.) but not from 7(¢;) U {c : ¢ € T(P))}.
We eliminate this “accidental equality”. Only now 73 U 7; “makes sense”.
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skeleton a° = {a} : t € I,} for ¢ = 1,2 and let M; = EM(I,, ®}) be with skeleton
{at3 :tel )

By the choice of ¥ and of I, without loss of generality ME‘] =M, |,.
Lastly, there is a unique embedding f of M; into M; | 7(®,) mapping atl to
FM(a?) for t € I,. Easily f is a <,-embedding of M, | z(f) into M, | 7(f)
mapping ¢ to ™ for ¢ € ©(®@,) and M; | 7(¢) = M, | 7(¢) and ¢ € 7(®,) =
c e (D) A f(M) = Mo,

We leave the fourth clause to the reader.

3. By parts (2) and (4) or directly using 2.14(1) and the definition of si.

4. So assume thatn < w = @, <! @, as witnessed by F, € 1(®,,,).
For any infinite linear order I we can choose M, = EM(I,, ®,) with skele-
ton (a : t € I). Let 7, = U{r(®,) : n < w}. Without loss of generality
M, € M,,, | ©(®,), M (@) = a and F1(a) = a*'. For each n we
define M, = UM, | 7, : k € [nw)},s0n; < n, = M,, = M,, |
7(®, ). Hence letting 7, = U{r(®,) : n < w} there is a 7,-model M,, with
universe |M, | such that M, | 7, = M,, for n < w. Now define @ by

D(n) = tpg((ay,....a; ), 0,M,) whenever t, <; ... < t,.

Clearly M, = EM(I, @) with skeleton (af :telyand F,_; o...oF, o F, witness

@, <! @, here we need composition of unary functions.

n —k

|:l?).14

Claim 3.15. For M € K, of cardinality k > LST, + |t;| the following conditions are

equivalent:

(@) Y [ty] # 0

(b) forevery A >« thereis N such that M <; N € K/f

(c) forevery a < (2¥)" thereis N ¢ Ki:,, which <-extend M

(d) thereis @ € Y'[t)] such thatif N = EM(I,®) and N | 7, is standard then
M = (N | 1) | {": ¢ € 1 an individual constant}

(e) Y."[t,] is non-empty.

Proof.. For (d) note that we can replace an individual constant by a unary func-
tion which is interpreted as being a constant function. More generally an n-place
function FN by functions F,, F, where

- F,isa(n+ 1)-place function

- ifa={(a,: € <n) e ™' N\"'MthenF,(a) = FN(a | n)

- ifa € "' M then F,(a) = a,

|:|3.15

Claim 3.16. If (A) then (B) when:
(A) (@) My < M,
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(b) @,V arefromY " [¢ M,] S0 are k-standard
() ¥, e Y[ty ]
(d) o, sﬁ v,
(e) ¥, s,lc ¥,
(f) {ggae Mybnt(Wy) ={c, : a € My}
(B) thereis @, such that
(@) @, € Y7 [ty]
) o, <! o,
() @, <!V,

Proof.. Straightforward: let I be an infinite linear order, M, = EM(I, ¥,) be with
skeleton (a7 : t € I). Let the unary function symbol F witness @, <! ¥, so
F € 1(¥;) < ©(¥,) and let a} = F™:(a}). Clearly (a] : t € I) is indiscernible
for quantifier formulas in M, and generate it hence for some @, € Y.* we have
M, = EM(I, @,) with skeleton (atl : t € I). Clearly @, € Y °'[¢]. Also ®,E*®, hence
@, <! ¥, and @, <® @, as required. 316

The following will be used when applied to a tree of approximations to embedding
of EM-models to a model. In fact, we use only 3.18 for the case . = .7\ max(.7),
see background in 3.19.

Definition3.17. 1. Wesayi = (7,I) = (Z,1,) is pit (partially idealized tree)
when :
(a) 7 isatree with < wlevels and
— for transparency it is a set of finite sequences ordred by «, closed un-
der initial segments
- letlev(y,.7) = lev,(n) be the level of y € 7 in .7, thatis |[{v € T :
van
- letrt, be the root
— then-level of .7 is the set {5 : lev ;(n) = n} so we have
lev () = €g(n) and rt 5 = ()
b) 1= (Iq n € ) where . ¢ .7\ max(.7), we may write .7, = .7
(c) I,isanidealonsuc () = {p:v € 7,1 <5 pandthereisnov € 7
satisfying N <z v <4 p}orjust anideal on a set which 2 suc 5 (n) such
that suc 7 (1) ¢ I,; we may write I; .
1A If I, = {{s 1y (s) € X} : X € I;} for some ideal I; on some set then abusing
notation we may write Iil instead of I,..
2. Let(9,1)) < (%,1,) when (each is a pit and):
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(a) A <, 7, which means:
(@) ne g =mn €T Nev(y, %) =lev(y, 7;) Asucy, 7;) € suc(y, 7;)
(B) <z=<g A
b L =1 %iel [ {§ €7 :neDom(,)andy € L,}
(c) ifne %\YQZ then suc(y, .7,) = suc(y, 7).
2A. Let (7, 1)) <, (5, 1,) when (each is a pit and)
(a), (b), (c) as above
(d) ifn € Dom(L,) then suc z ()\suc z () € I ,.
3. Wesay (7,]1) is k-complete when every ideal I, is.
4. Fori=(7,I)wedefineDp; = Dp;: .7 — Ordu{oo} by (stipulate co+1 = o)
defining when Dp  ;(17) > « by induction on « as follows:
(a) ify € max(.7) then D4 ;(n) 2 aiffa =0
(b) ifn € 7\max(7) and y € ., = Dom(I) then Dp (1) = aiff (VB <
a)(3X S suc, ()X € I:rl A (Vv € X)(Dp( 5 (V) = B)]
(c) ifn € T\ max(.7)\.7 then Dp;(n) > aiff (Vv)(v € suc () = Dp;(v) =
a).
6. Ifi = (7,)isapitandn € 7 let proj(n,i) = proj;(n) is the sequence v of
length €g(#) such that:
- £<tgn)An | €eDom(l) = v(f) = -1
- e<€l(n) An | € ¢ Dom(l) = v(£) = 5(£).
7. Fori=(7,I) apitlet proj(n, i) = proj;(n) = {proj;,(n) : n € 7 has length n} and
proj; = proj(i) is U{proj,() : € T}.
8. Ifi,isa pitfor € < nthen

1

(@ Il Z,is{ff: 1=y, : € <n)issuchthatf <n = 5, € 7, and moreover
£<n
for some # called lev(7;) we have (V€ < n)(lev ER (n,) = n)}.

Theorem 3.18. Thereare apiti, and (c, : € proj(i,)) such that: i, < i,, Dp; (rt;) >
nandne J, = cn) =c ) When :
(@) i, = (7, 1) isapit
(b) i, is A-complete pit
(c) 2"9 < A where = Iprojil |, x + 0 is infinite for transparency8
(d) cis a colouring of 9] by < « colours
© 1 =71, = Q"))" orjust
(@) y, <Dp; (rt;), v, is a regular cardinal,

proj(n,i

(B) y, has cofinality > ° and y < y, = |y|"9 <M

8 If x and 60 are finite, the computations are somewhat different. Note that x = 0 is impossible
and if ¥ = 1 then i, = i, will do so, without loss of generality x > 2.
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Remark 3.19. 1. This relates on the one hand to the partition theorem of [Sh:f,
Ch.XI] continuing Rubin-Shelah [RuSh:117], Shelah [Sh:f, Ch.XI] and on the
other hand to Komjath-Shelah [KoSh:796]; the latter is continued in Gruenhut-
Shelah [GhSh:909] but presently this is not used.

2. Now 3.18 is what we use but we can get a somewhat more general result - see
3.21.

3. In3.18thecasey, =y, > |7]|is equivalent to y, =y, = co.

Proof.. Let¢ ={c:c=(,:0¢€ projil),c<> = c(rt(7})) and where ¢, € Rang(c)
or just 3y € F)(eo = proj; (M) A ¢, = c(n))}. For transparency without loss of
generality we assume Rang(c | max(7 )), Rang(c | (% \ max(. )) are disjoint.
Clearly |€| < «Poi@l = 4 < ),

Fix forawhile¢ € €, firstlet 7, = {5 € J:if v < ythenc(v) = ¢
subtree of 7, i.e. a downward closed subset noting that rt 7, € T

Second, for#n € .7, let XC{” be suc () ifn € 7. Dom(I,) and this set is € L,
and be 0 otherwise. Let 7' = {y € Z.:if ¢ < £g(y) and 5 | € € Dom(I,) then
ni€+1)¢ X;,n’ i.e. SuC'%(l’] [€)={ve suc g (n):veZ}+0 mod 11,;1}, again
7 is a subtree of .7, moreover i, = (7,11 Z) is a pit.

Third, for n € 95’, Dp; (n) € Ord U {oo} is well defined and, now for 4 € .77,
let Xg’” be {v € SUCZ!(ﬂ) : Dpiu(v) > Dpiu(n)} = @ mod Iu]} ify € ,75' n
Dom(I,), DPiZE(W) < oo and be ¢ otherwise.

If for some ¢ € %, Dp; (rt5) > y, easily we are done, so toward a con-
tradiction assume this is not the case, so recalling cf(y,) > |€] clearly y, =
Sup{Dpiz,c—(rtZ’) +1:¢ € €} < y,. Now for each 7 € Dom(I,) clearly all Xé’n,Xg’” are
from I, , and their number is < 2|%’| < A hence X, := U{Xéﬁ u Xc%,n : ¢ € €’} belong
tol,.

Hence i, is an pitand i; < i; wherei; =i(3) := i, | {# € J;:if € < €g(y) and
n | € e Dom(;) theny | (€+1) ¢ Xn}; moreover by the definition of Dp;, and the
choice of i, clearly
(%), (a) i, is a pit; moreover i, <pr 13 hence

(b) n e 7, = Dp; (1) = Dp; ().

proj(v,il)} soa

Define h by

(), his a function from 7 x ¢ defined by
- h(n,¢)is-lifye 911\95'
- h(y,0)is Dpi“(n) ify e Z_' and Dpi“(n) <Y,
- Dp(,¢) =y, if none of the above. -

We now choose (c,, h,,, 2., %,,.#,) by induction on # such that:
B (a) («) Z,isasubsetof U{projil (m) :m < n}



Sh:893

A.E.C. with Not Too Many Models —— 389

(B) ifn=k+1then 2, = 2, N (U{projil (m) :m<k})
) S,
(b) () h,isafunction with domain .2, x ¢’ toy, + 1
(B) ¢, is a function from .2, to Rang(c)
© Z, =%, 7<)
d) () Q/n,y is a subset of <7i3’ downward closed of cardinality < 0
(B) ifn €, thentg(n) <n
(y) ifn € %, then Dp; (1) = Dp; () >y
() ifn e %, and g(n) <nandy ¢ Dom(I,) then suc g, () = suc () is
<Y,
(e) ifn e %,y and £g(n) < nand € Dom(I,) then suc g (n) is a singleton
() ify <y, then 2, = {proj;, (1) : n € &, }
() ifn € %, and v = proj; () then:
o () =c,(v)
o, h,(v,¢) = h(y,c)foreveryc e ¥
o. 1€ Dom(I)iff v e,
(0) follows: the function # +— proji3 (n) on @,m, is one to one.

Why this is possible:
For n = 0 this is trivial.
Forn = m + 1 for every y <y, choose g,,, € II{suc 7, ) 1 € Dy prs 9(n) =

m,n € Dom(I,)} such that if n € Dom(g,,) then dp; (1) > y, possible asn €
Dom(g,,) = dp, (1) = y+ L. Let %, = %, ., U{v:forsomeyn ¢ %,,,, we
have ¢g(7) = m and we have n ¢ Dom(I;) = v = g,,() and n ¢ Dom(I}) = v €
sucg ()} U Rang(,,)-

Let 2, = {proj;, (7) : n € %, } and let the function ¢, : 2, — Rang(c)
be defined by 7 € @nfy = c;m,(prOji3 (n))) = c(n), well defined as in B(d)() and let
Yw = {projil (n):ne @n'y and 5 € Dom(I,)}. Let hn’y : ,%”n'y — v, + 1 be defined by
(ifce@,v= proj;, (1) andn € &, thenyn ¢ T = h,,(v) = y,n € T = hy,,(v) =
Dp;, ().

Now 2! is a subset of proj; , a set of cardinality < 6 and ¢, , is a funtion
from 2,/ into Rang(c), a set of cardinality < « and h,, , is a function from 2, <
proj; into y,. Buty, < y, 9, + k¥ < y;, 7 is a regular cardinal (recalling clause
(e) of the theorem) and (|y,| + ©)? < cf(y,) = y, hence for every y < y, we have
|{(X:w, cn,y,h,w) Y <y < 2040 Iy*le < cf(y,) = y, hence for some ¢, h,,, Z,, the
setS,=1{y<y :¢,, =c,andh,, =h, 2, = 2,and.7, =.7,}isunbounded
iny,.

Lastly, let %, = %, !

n,min(S,\y)?
so we can carry the induction.

clearly ¢y, h,.1, (%, : ¥ < y,) are as required;
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Why this is enough:

Let 2" = U{Z, : n < w} < proj(i;) and .¥ = U{.¥,, : n < w}and ¢ = Ufc, : n < w}
and h = Ufh, : n < w} so by H(d)(y) clearly there is ¢* € ¥ such that cQ* = c(o)
when the latter is defined, so:

o, ifn<wy<y,ne?,, andv=proji;) € 2" then

(@) c(n) = ¢,(proj; (1))

(b) Dp;, (1) = h(n,¢) = h,(v, )

(c) Dp; () =y

Also
®, Z ¢ proj; is aset of finite sequences, closed under initial segments with no
<-maximal member.

[Why? Straight, e.g. if v € X choose n = £g(v) + 2lety < y, and choosen € %, .,
such that proj; (17) = v, now by clause (c) of ®, we know that Dp; (1) > y+1, hence
thereisn, € suc (m)in %, ., hence v, = proj; (1) is in suc 4~ (v), i.e. successor of
nin Z,,, hencein 2".]

o, ifve 2 thenh(v,¢) # -1.

[Why? Letn > £g(v), lety < y,. Now by 8(d)({) thereisy € %, such that proj; (1) =
V.

Next by (), we have h(y,¢) is -1iff 5 ¢ Z’. However, n € .7; by the definition
of 7. and the choice of ¢ and B(d)(); moreover € 7' by the definition of 7'
and of i; and clause H(d)(«).

By the last two sentences h(x, ¢) # —1hence by the choice of 7, i.e. as proj; (1) =
v, clause H(d)(n) tells us h(v, ¢) = h(y, ¢) so together h(v, ¢) # -1 as promised.]
o, 0< Dpi”(()) < v, hence h(<>,¢) < y,.

[Why? Similarly using B(d)(#)e5.]
o ifv e Z\¥and 0 < h(v,¢) < y, then for some p € suc, (v) we have 0 <
h(p,¢) <h(v,¢) <y,.

[Why? Similarly using B(d)(4).]
0 ifve S (c Z)and0 < h(v,¢) <y, then for the unique p € suc,-(v) we have
0 <h(p,¢) <h(v,0) <v,.

[Why? Similarly using B(d)(e).]
By 0,4, 05, 04 together we get a contradiction. Os.1s

We may prefer the following variant of 3.18.
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Definition 3.20. For a piti = (.7,1I) and partition .7 = (.%,,.7,) of .% (or just

S =(S,.#) such that 7, n.%, = 0and ¥ < ., U .}) we define Dp, ., : T —

Ord U {oo}, stipulating co + 1 = co by defining when Dp, , (1) = « by induction on

the ordinal « (compare with 3.17(4)):

(a) ifn € max(.7) then Dp; () > aiffa = 0

() ifn € ., hence ny € ., ¢ max(.7) then Dp; (1) > e iff for every B < « the
set {v € suc () : Dp; 5 (v) > B} belong to I;

(b), ifn € 7| then Dp; 5 (n) > «iff {v € suc (%) : Dp; 5 (v) > a} belongs to I;

(c) ifn € 7\ \max(7) then Dp, 5 (1) > « iff for every v € suc (1) we have
DPi,As'W(’I)-

Theorem 3.21. There are a pit iy and ¢ = (¢, : n € proj(i;)) such that i, <
i), Dp; 5 (rt,) 2y andn € F;, = c(n) = Cppoj(y,,) When:

(a) — (e) as in 3.18 replacing Dp; by DPiz, 2 in(e)(a)

(f) .7 = (S, .S is a partition of .7,

Proof.. Similarly. Uso

4 Approximation to EM models

In the game below the protagonist tries to exemplify in a weak form that the stan-
dard EM, (A, @) is <,-embeddable into N over M. We may consider games in
which the protagonist tries to exemplify a weak form of isomorphism, this is con-
nected to logics which have EM models, continuing [Sh:797], but not for now.

Here we do not try to get the best cardinal bounds; just enough for the result
promised in the abstract.

Definition 4.1. Assume A > x > LST, + |1,/ and M € K\ and M <, N and y is an
ordinal.
1. Wesay @isan (M, A, k,y)-solution of N or is an (N, M, A, «, y)-solution when
@ € Y (t) and in the game Oy, o,y the protagonist has a winning strategy.
2. Assume @ € Y,(¢,,) recalling Definition 3.1 fixing M, = EM(A,®) and M; =
EM(I, @) for I ¢ A and without loss of generality every M, (equivalently some
M;) is standard, hence in particular M <, M; | 7(¢). We define the game
ONM. Loy @ Play last < w moves, in the n-th move A, J,, h,, v, are chosen such
that:
B, (@ Aj=21
(b) ifn=m+1thenx <A, <A, moreover A,, — (1)
(¢) Jy=A,andifn=m+1thenJ, <],
@) 1Tl = A,
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© By = (b, iue (],

(f) ifu € [J,]" then h, is a <,-embedding of M, into N extending h,
whenever v € u
[Explanation: note if v € u, |v| = mthenv € [J,]™ < [J,,]" hence h, was defined; this says
then foruy, u, € [J,1", h,,, h,, are compatible functions]

(9) yo =yandy,,, isan ordinal < y,.

In the n-th move:
(A) if n = 0 the antagonist chooses A, = A, J; = A,y, = y and the protagonist

chooses h,

(B) if n=m + 1then

(a) theantagonist chooses anordinal y, < y,,and A, > x such that,, —
A3,

(b) the protagonist chooses 1_1; =<, : u € [J,]" and &, €
(ER'}MW:IZ(K))J’, ie..”, < [A,]" and .7, is not from this ideal, see
Definition 3.5

(c) the antagonist chooses J, € .7, < [J,,]* and we let i, = I, | [J,]".

(C) the play ends when a player has no legal move and then this player loses.

Another presentation:

Definition 4.2. Assume M <, N and LST; + |7,| < 6,[IM| +6 < x < Aand @ €
YS'IM, €.

1.

2.

Below we omit y if (a) or (b), where:
(@) y = cf(A), A strong limitand a < cf(A) = o> < cf(1)
(b) not (a) but y is maximal such that y = wy is infinite and Zly(x +[IM[) <A
and A is strong limit of cofinality > 3, (x)
(similarly in all such definitions).
We say that x is a direct witness for (N, M, A, x, y, ®) when x consists of:
(@) N,M,®, ), xandy
(b) 7 is anon-empty set of finite sequences closed under initial segments
(c) ify e 7 then:
() n(2n) is a cardinal when 2n < €g(x)
(B) n(2n + 1) is a subset of A of cardinality #(2n) when 2n + 1 < €g(1)
(y) n(2n+1) 2 n(2n+ 3) when 2n + 3 < €g(n)
(8) n(2n) = n(2n+2), moreover n(2n) — (11(2n+2))2:'§;) when 2n+2 < £9(y)
(d) I,,A, forn € 7 are defined by:
() if£g(n) =0thenl, =1 A, =2
(B) if €g(n) = 2n+ 1 then I, = I jon) S€€ (a) Or (y) and Ay =n(2n)
(y) if€g(n) = 2n + 2 then I, = n2n + 1), An =n(2n) = Am(2n+1), see («) or
B
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(e) ify € 7\ max(.7) haslength 2n+ 1 then: the set 5{1 ={I,:vesucy(y)}c
[I,,]"" is not from the ideal ER}f’g)f:’)):/éik)
(f) ifn € 7 then:
() ]ﬁln — <h;1,u ‘u€ [In]élfg(ﬁ)/2J>
(B) hy,, is a <,-embedding of EM, (u, @) into N for u € [In]S“’g(”)/ 2l
@) u Cuy e LI s ch
(®) ifu e [1,]519"* and v < and €g(v) > 2|ul, then h,, = h
(e) ifeg(n) = 2n+2andu € [L,]*" then by, = by i1
() thereisa = a, = (a, : « < A) € "N suchthata € u € [1,1]5”57(’7)“2 +
hy.(a) = a, and a is with no repetitions
(9) Dp,(<>) > ywhere Dp, () is defined as Dp;, (1), see Definition 3.17, where
i =i(x) = i, is defined by:
- Z=7
- Y;=1{n € .7 :nisnot «<-maximal in .7 and €g(x) is odd}
- ifn e #and &g(n) is odd then I, = ERI™])  recalling 3.17(1A)

1,43, ()
- ifn € ¥ and €g(n) is even then .7, = {0}.

VU

Definition 4.3. 1. We say x is a pre-¢-witness of (N, M, A, x, §) when it as in 4.2
omitting £, i.e. clause (f), so N, M are irrelevant.
2. We say x is a semi-t-witness of (N*, M, A, x, §) when : it consists of:
(a) N*expandsamodel from K, M <, (N" | 7(8)),A > x > (r(N))
(b) — (e) asin 4.2(2)
(f) a=(a,:a< )
(g9) asin 4.2(2).

Claim 4.4. 1. The definitions 4.1, 4.2 are equivalent.

2. In Definition 4.2, i, is indeed a pit.

3. If®O,EXD,, @, € Y°'[M, €] for £ = 1,2 and @, has a (N, M, A, x)-witness then @,
has a (N, M, A, x)-witness.

Proof.. Straightforward. Ul

Claim 4.5. If ©, € Y[ty ],k = ©(¥) + [M] and M, = EM, (A, @,) for € = 1,2
and A is strong limit of cofinality u where y = (3,(x))" or u is regular such that
Vo < y)(loclzx < u) and the protagonist wins in the game 911\42, MA®D (equivalently
some x is a witness for (M,, M, A, x, ,)) then @, <’ ®@,, see Definition 3.12.

Proof.. Straightforward by 3.18 and the definitions of the ideal ER in 3.5. See de-
tails in a similar case in the proof of 4.6(1) below. O,

Claim 4.6. Assume M <, N,k > |[M]| +6,0 > LST, + || and | N|| > A, A strong limit
of cofinality y and p = (3,(x))* or u is regular such that (Vo < y)(lcxlzx < w).
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1. There are x, ® such that:
(a) @€Yy (ty)
(b) xis a direct witness of (N, M, A, k, D).
2. IfM, = M, ®; € Y™ [ty ] and x, a direct witness for (N, My, A, k, @) and M <,
M, <¢ N and | M,|| < « then there are ®,,x, such that:
(a) D, € V3™ [M,]
(b) ©, <. ®,and @, <! O,
(c) x,is adirect witness (N, M,, A, k, D,).
3. Ifinpart (1) we change the assumption on A to A = J,,,,(k) then there are ®,x
such that:
(a) ©eY'[M,¢t]
(b) xis adirect witness of (N, M, D, A, «,y, D).
4. Also part (2) has a version with (y,,y,) as in 3.18.

Proof.. 1) Let (a, : « < ) be a sequence of pairwise distinct members of N.
Now
(%), let 7 be the set of finite sequences 7 satisfying clauses (b),(c) of Definition 4.2
(%),letI = (L, : 1 € &) where
- Y ={ne T :nisnot <-maximal in .7}
- ifne S €g(n) =2n+ 1thenl, = ER?V,»M,Jz(K)
- ifn € 7 and &g(n) = 2nthen I, = {0}, the trivial ideal
(%);i; = i(1) = (Z,1) is a pit and is (2°)"-complete and Dp; (<>) 2 (3,60

[Why? Just read Definition 3.17(3) and the ideal ER is from Definition 3.5 and it is
(2°)*-complete by 3.6 and as for the depth recall u = (3,(x))*.]
(#),Let M™ be such that:

(a) M" is an expansion of N

(b) |t(M")| <xand 7' := 7(M*)\{c, : @ € M} has cardinality < 0

(c) if M} [ 7' cM* | 7' then M; | 7(£) < M* | 7(k)

d) M| ={cM :cer(M)).

[Why M™* exists? By the representation theorem, [Sh:88r, §1] except clause (d)
which as before is easy.]
We like to apply Theorem 3.18 but before this we need
(#)sthere is a pit i, = i(2) such that i(1) <, i(2) (see 3.17(2A)) so Dp;,)(n) =
Dp; (1) forn € 7, and:
o ify e ), t9(n) =2n+landv € sucgi(z)(q) then (g, : « € v(2n+1)) isann-
indiscernible sequence in M™* for quantifier free formulas, may add: and
N [{o.(ay,--->a, ) :e<{}<¢ Nwhere{ < x" and o, is a T(M")-term.

pr



Sh:893

A.E.C. with Not Too Many Models =——— 395

[Why such i(2) exists? By the definition of the ideal I, see (*), above and by Defi-
nition 2.14. That is, for € Dom(I; ) of length 2n + 1let X, = {v : v € suc 7 (), (4, :
« € v(2n + 1)) is n-indiscernible in M* for quantifier free formulas}, recalling
Dom(l; ,) = {u € I, : lul = n(2n)}. By 3.5 clearly X, = [An]”(zn) mod ERKM(Z);[Z(K),
see Definition 3.17(1A).

Nowlet 7' = {n € 7:if2n+1 < €g(n) thenn | 2n+2) € X,}andi, =i, | 7,
so clearly i; <, i,, see Definition 3.17(2A).]

Next
(+)g define a function ¢ with domain .7 as follows:

- ify € 7,€69(n) = 2n+2, then c(y) is the quantifier typein M* of (a, : € < n)

forany oy < o) <... < o, fromn(2n + 1)
- ifye T,89(n) = 2n+ 1 or€g(n) = 0, then c(n) = 0.

Clearly
(%), Rang(c) has cardinality < 2 = 2",

So by 3.18 (with a degenerate projection; so , 6 there stands for 2, X, here):
(*)gthere arei(3) = iy > i, and (¢, : n < w) such that:

(a) ne ﬂi3 = c(n) = Ceg(p)

(b) Dp; (<>) 2 3, (x).

The rest should be clear.

2) Similar proof, this time in M* we have individual constants for every member
of M, and we start with the witness x, so X, have fewer elements still positive
modulo the ideal.

3),4) Similarly. [

Definition 4.7. Wesay xisanindirect witness for (N, M, A, «, y, @), recalling 4.2(1),
when for some ¥:

(a) M, N, A, «,y,® are as in Definition 4.2

(b) ¥ € Y[ty] and @ <! 7, see Definition 3.12

(c) xisadirect witness of (N, M, A, x,y, V).

Remark 4.8. Why do we need the indirect witnesses? As if we use direct witness
only in the proof of 4.14 it is not clear how to get many non-isomorphic models.

Claim 4.9. Assumel = I isasin2.15.
If (A) then (B) where:
(A) (@) LSTy + |1l <k < x1 < xo < x3 < y and for € = 1,2, x,,, is strong limit of
cofinality > 3,(x,)
(b) N =EM, (I, @) where @, € Y™ [M, t], M| < x,
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(¢) M, <y Nand|M,| < x,
(d) @, € Y [M,¥]
(e) @, has awitness for (N, M,, x,, k)
(B) (a) @, has a witness for (N, M,, x5, k)
(b) ifin addition M, <, M, then @, <. @,
(c) we can <,-embed EMT(E)(IX, @,) into N.

Proof.. As in the proof of 4.6 recalling the choice of I in 2.15; for (B)(c) we use
Clause (B)" of 4.6. Oy

Remark 4.10. In fact, in 4.9, y, = 3 ,(x;) and y; = 3,,,(x,) suffices so, of course,
in (B)(a) we use (N, M, x3, %, y)-

Claim 4.11. If (A) then (B) where:
(A) (a) Ml SE M2 S‘? N
(b) («) M, has cardinality ,
B INII = A
(y) K, =x=LST + |1g]
() @, €Y' (M,¥)
(d) Ais strong limit and cf(A) = (3,(x,))" or just (V& < cf(/\))(locIZK < cf(A))
(e) x, is an indirect witness for (N, M, A, x, D,)
(B) there are @,,x, such that:
(a) @, € Y,ﬁ“(EMz)
b) o <,
(¢) x, s anindirect witness for (N, M,, A, k,, @,).

Proof.. By clause (A)(e) of the assumption and the definition of indirect witness
in 4.7 there is ¥, such that:
(%), (a) ¥, € st[EMl] which is standard
(b) x, is a direct witness of (N, M;, A, x,, ¥;)
© @ <, ¥
By claim 4.6(2) there are x,, ¥, such that
(#), (@) ¥, € V[t ]
b) ¥, s}cz v,
(c) x, is adirect witness of (N, M,, A, x,, 'V,).

Lastly, by 3.16 applied to our @,, ¥;, ¥, and get @, such that
(%);(a) @; € Y[ty ]

) o, <! o,

() @, <!,
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So we have gotten Clause (B) as promised. Oanr

Claim 4.12. If (A) + (B) then (C) where:
(A) (a) A, = LST, is strong limit, cf(1,) = (3,(LST, + A,,) if n=m+ 1
b)) A=Y A, and A, < A,

(c) NeK;
(d) M, <y M,,; <¢ Nand M, | = A,
(&) N=U{M, :n< w}
(B) thereisno @ € Y, [ty], see 3.15
(C) for some n and @
(@) @Y™ty ]
(b) thereis an indirect witness® for (N, M,, A4, A,,, D,)
(c) thereis no indirect witness for (N, M,, A,,.5,A,,, @,,).

Remark 4.13. 1. Later we shall weaken (A)(a).
2. We may use Y;“[EMn] where 1, > x > LST, + |r| in 4.11 and in 4.12, also in
4.14.

Proof.. We assume (A) + =(C) and shall prove —(B), this suffices. We try to choose
(®,,x,) by induction on n such that:
® (a) @, ¢ Yj‘n’r[’eMn]

®) {,:aeNIn7(@,) ={c,:a € M,}

(c) x,isan indirect witness for (N, M, A,,.4, .., ©,,)

(d) ifn=m+1then®, <; B,

Now
(%), if we succeed to carry the induction then there is @ € Y [¢y].

[Why? Note that®,, € Yj‘:r[EMn] c Yj;"[?] andasA, < Aclearly®, Yj‘:r[f] < Y[
and so by 3.11(2) there is @ € Y, [¢] such thatn < w = @, si . Easily N is <,-
embeddable into every EM, (I, ®), in fact, @ € Y,[ty], contradiction to clause
(B) of the assumption.]

(), we can choose (x,,, ®,) forn = 0.

[Why? By 4.6(1).]
();if n = m + 1 and we have chosen (x,,, @,,) then we can choose (x,,, D,,).

9 hence also a direct one; similarly in ®(d) in the proof
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[Why? If there is no indirect witness y,, for (N, M,,, A,,,s, A,,., @,,) We have got-
ten clause (C), so without loss of generality y,, exists. Now apply 4.11 with
(Yo M, M, A5, A,) here standing for (x,, M, M,, A, k, @, ) there, so we getx,,, D,
here stand for x,, @, there.] Uiz

Claim 4.14. We have I(u,K,) > x when:
® (a) LST, + |1l <% < xq < X2 < x3 < min{A, y}
by M <y N
(c) M| <xand|N| =2
(d) © e Y [ty]
(e) xis anindirect witness for (N, M, x,, x1> D)
(f) thereis no indirect witness for (N, M, x3, x1> D)
(9) x5 is strong limit of cofinality (3,(x,))"
(h) x=H0:0=Tyand0 € [x;, x,1}I

Proof.. Lety, be maximal such that 3., (x;) < x,. Let ¥ € Y”'[¢,,] be such that
@ <! ¥ and ¥ has a direct witness for (N, M, x,, x;, ¥) and choose such a witness
X.

Let M, besuch that M <, M, <, Nand |M,| = Dw,y* (x1) < x, and x is a direct
witness for (M,, M, 3,,.,(x1)> X1> Vs> ¥)-

As y; is strong limit of cofinality > 3,(y,) there are @; € Y [¢,, ] and y which
is a direct witness for (N, M,, x3, x,» @) and so ré,s = 7(P)\{c, : a € M,} has
cardinality «. For each y < y, there are M, ,, x, such that:

() (@) M,, <¢ M,
(B) IM,,llis > Jw‘y(xl) but < 3w~y+w(X1)Z can get even ||M, || = :lw,y(xl)
(c) x,is adirect witness for (M, ,,, M, Jw‘y( X xo P ).

[Why? Try by induction on k to choose 7, € .7, such that £g(r,) = 2k + 1,1, (2k) =
Juy(x) and € < k = #, < 1. For k = 0, clearly i = () is O.K., and as #,(2¢) >
Me+1(2¢ + 2), necessarily for some k we have #, but cannot choose 7, ; let A, =
U{Rang(h;,u) e <Ine Joandu e [I;‘]wg(”)m} so A, € M has cardinality 7, (2k) €
[Fey(X1)> Juypro(X1)- Without loss of generality if N, = EM(0, @) is standard (i.e.
M =N, [ 7y,) then A, is closed under the functions of N, | T(;s. LetM,, =M, |
Apyitis<y M and it satisfies clauses (a),(b) and include A, Then we can easily
find x, as required in clause (c).]

Next we can find y,, @, , such that
(%), (a) Yy is a direct witness of (N, M, X35 ||M2,y||, (1)3,),)

(b) D5, € V7' [M,,, t].
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[Why? Recall 7(®;)\{c, : a € M,} has cardinality «. Let Tpy = T(D;)\c, : a €
M\M, )} so has cardinality || M, [, let Dy, =D; | 15, isas required in (x),(k). As
fory, we derived it formy.]

Now let I = I, be a linear order of cardinality u as required in 2.15.

Lastly, let N, = EM, (4, P5,) be standard hence M, , <, N, € K.

We choose 0; by induction on i such that: if i = 0 then 0; = y;, if i is limit then
0, =U{0; : j <ilandifi = j+1theno,; = sz(aj)+ when it is < x, and undefined
otherwise. Let 0; be defined iff i < i(+) andlet® = {0,,, : i + 1 < i(x)}. Now |®] > y
so it suffices to prove that (N, : 6 € ®) are pairwise non-isomorphic.

So toward contradiction assume
(%);6, < 0, are from © and 7 is an isomorphism from Ny onto Np, .

We can find M, <, Ny, such that |[M,| = 6, and M U My, U n(sz) € M, and
without loss of generality we can find I, < u of cardinality 6, such that M, =
EM, (L, Dy ).

Let I} < I, be of cardinality 6, such that

M, Un(M) € Ny = EM, (I}, D3,)

and let Néz =7t (Né1 ). By 4.6(2) we can find ¥' € Y;"r(Néz, #) and x,_a witness for
(My,, Ny , 05,1, ") such that ¥ <; ¥' and xy, < x where 6, = J,,, (x,)-

Now clearly N(;l,‘f’, (¥, n(xéz) satisfies the parallel statements in Ny . By
4.9(B)(a) and the choice of I, there is a witness for (Nj,, Nél, X3 % (")), hence
applying 7~ there is a witness x(’,’2 for (Ng,» Nél s X 16 ).

Hence by 4.9(B)(b), ¥' <} ®@,, but together & < ¥ <; ¥' <} ®;, hence
0) sgz @, 4, by 3.14(1) so by 3.14(2), the last clause, there is @;)62 € dbwz/Egi2 such
that @ <; @}, . Butas ;o hasa (N, Mg, x3,6,) Witness by 4.4(3) also @}, has
hence @ has an indirect witness for (N, M, y;, k), contradiction. Os1a

Conclusion 4.15. Assume cf(1) = Ryand A =3, .

1. IfA>1(A,K,) then M € K} = Y*[t,] # 0.

2. Ifu>A>i(uK,)then M € K} = Yi[¢,] # 0.

Moreover, at least one of the following holds:

(a) forsome y, < Aif x; < x, = 3,5 < min{A, u} then |8] < I(u, K)
(b) Y;°[¢)] # 0 for every M € K.

Theorem 4.16. The result from the abstract holds, that is, for every a.e.c. £ for some

closed unbounded class C of cardinals we have (a) or (b) where

(a) forevery A € Cof cofinality R,, [(A,K) = A

(b) forevery A € Cof cofinality R, and M € K,, for every cardinal x > A there is
N, of cardinality k extending M (in the sense of our a.e.c.).
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Proof.. Let® = {u: u =1, 5and [8] > I(u, K) for some limit ordinal &}.

Case 1: ©® is an unbounded class of cardinals.
So C = {u : u = sup(u N O)} is a closed unbounded class of cardinals. Easily
u € C=pu=271,,and by 4.15 + 3.15 for every u € C, clause (b) of 4.16 holds.

Case 2: © is a bounded class of cardinals.
So by the definition of ©,C = {u : 4 > sup(®), u = 3, ,} is as required. [, 45

Also

Theorem 4.17. For every aec tone of the following holds:

(a) for some y we have x < p = 3,, = I(WwKy) 2 pand y < p = Ty =
I(u,Ky) > Iyl

(b) for some closed unbounded class € of cardinals we have cf(A) = Ry A A €
CAM €K} = Y [M, €] # 0.

Proof.. Similarly to 4.16, using Fodor lemma for classes of cardinals. 0,17

5 Concluding Remarks

Definition 5.1. For an ordinal y, 7-models M;, M, and cardinal A we define a game
o= De)y(M 1» M,). A play lasts less than w models is defined as in [Sh:797, 2.1].

Claim 5.2. 1. Assume cf(1) = R, and M,, M, are T-models of cardinality A. If the
isomorphism player wins in DM(MI,MZ) for every y or just y < 2HM* then
M,, M, are isomorphic.

1A. If above ) is strong limit then “(2<1)* = 1*”.

2. Assume A is strong limit of cofinality K = K, and |t;| + LST, < Aand K = {M |
T: Mk vy} forsomey € Ly .

IfI(A,K) < A then for every M, € K thereis M, € K_, such that the isomor-
phism player wins in o, ,(M;, M,) for every y.

Conjecture 5.3. Foreverya.e.c. tlettingx = LST,+|7|, atleast one of the following
occurs:

(a) ifA =21, >«xandcf()) = R;, then Y [M, €] # 0

(b) ifA =3, > kand cf(A) = R, then I(A, K,) = 2"
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