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Specializing Aronszajn Trees with Strong Axiom A
and Halving

Heike Mildenberger and Saharon Shelah

Abstract We construct creature forcings with strong Axiom A that specialize
a given Aronszajn tree. We work with tree creature forcing. The creatures that
live on the Aronszajn tree are normed and have the halving property. We show
that our models fulfill

@1 D d < unif.M/ D @2 D 2! :

1 Introduction

We establish a notion of forcing with strong Axiom A that specializes an Aron-
szajn tree and makes the ground model reals a meager set. Solovay and Tennenbaum
in [19] specialized Aronszajn trees by finite approximations. Later, Shelah in [18,
Chapter V] found a way to specialize Aronszajn trees without adding reals. Now we
are interested in an intermediate way, an !!-bounding forcing (see Definition 4.1)
that adds reals.

We use creature forcing. Creature forcing tries to enlarge and systemize the family
of very nice forcings. There is “the book on creature forcing” by Rosłanowski and
Shelah [15], and the work is extended in Fischer, Goldstern, Kellner, Shelah, Mejía,
Rosłanowski, and Spinas in [14], [16], [8], [4], [9], [3], and [17]. Our exposition is
self-contained with respect to the creature technique.

At first glance we cannot replace the countable reservoir of creatures in [15] by
an uncountable set. However, this was first done by Mildenberger and Shelah in
[11], where we applied the theory of creatures for specializing an Aronszajn tree.
Unfortunately, [11] contained some inaccuracies, and we hope that we give a more
detailed and clearer presentation here. Here we rework the forcings from [11] and
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588 Mildenberger and Shelah

develop their use further. The norm of creatures (see Definition 2.5) we shall use
is natural for specializing Aronszajn trees (see [18, Chapter V, Section 6]). In the
terminology of [15], the forcing conditions are liminf tree creature forcings. The
trees in the forcing conditions are finitely branching and endless, that is, do not have
maximal nodes.

Definition 1.1

(1) .T; <T/ is called an Aronszajn tree if
(a) jTj D @1;
(b) .T; <T/ is a partial order such that, for any t 2 T, pred.t/ D ¹s 2 T W

s <T tº is well ordered; our trees may have countably many <T-minimal
elements;

(c) for ˛ < !1, the level T˛ D ¹t 2 T W pred.t/ Š ˛º of .T; <T/ is a
subset of ¹ˇ 2 !1 W ˛! � ˇ < .˛ C 1/!º;

(d) .T; <T/ has no uncountable branch;
(e) .T; <T/ is normal, that is, for every ˛ < ˇ < !1 and for every t 2 T˛

there is t 0 2 Tˇ such that t <T t 0.
(2) A function f W T ! ! is called a specialization of .T; <T/ or we say that f

specializes .T; <T/ if 8s; t 2 T.s <T t ! f .s/ ¤ f .t// (see Jech [6, p.
244]). An Aronszajn tree .T; <T/ is special if it has a specialization function.

(3) A Souslin tree is an Aronszajn tree in which all antichains are countable.

Nahman Aronszajn was the first to construct a tree with properties (a) through (e).
Kurepa in [10] coined the name Aronszajn tree and introduced Aronszajn trees in the
literature.

If an Aronszajn tree is special, then it is the union of countably many antichains,
and hence, the tree is not a Souslin tree. Shelah showed in [18, Chapter IX] that
“There is no Souslin tree” does not imply that “All Aronszajn trees are special.”

In forcing, the larger condition is the stronger one. We recall the definition of
Axiom A and of strong Axiom A.

Definition 1.2 A notion of forcing .Q; �/ is said to have Axiom A if there are
quasiorders �n, n 2 !, over Q with the following properties:

(1) �nC1 is a subrelation of �n for any n, and �0 is a subrelation of �.
(2) .Q; �; .�n/n2!/ has the fusion property; that is, for any sequence hpn W n <

!i such that pn �n pnC1, there is q 2 Q such that, for any n, q �n pn.
(3) For any n 2 !, p 2 Q, and maximal antichain A in Q, there is a q �n p such

that q is compatible with at most countably many a 2 A.

Definition 1.3 A notion of forcing .Q; �/ is said to have strong Axiom A if it has
Axiom A and in item (3) the number of compatible elements is finite.

Theorem 1.4 Given an Aronszajn tree T, there is a notion of forcing .QT; �;

.�n/n2!/ with the following properties:
(a) QT specializes T.
(b) QT � H.@1/.
(c) .QT; �; .�n/n2!/ has strong Axiom A.
(d) Let D be dense and open in QT, let n 2 !, and let p D ..T p; <p/; hcp;t W

t 2 T pi/ 2 QT. Then there is q �n p and there is m 2 ! such that
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qhti

W t 2 .T q/Œm�
¯

is predense above q;�
8t 2 .T q/Œm�

�
.qhti

2 D/; and

q � .T q/Œm� is a finite structure with finite signature.
(e) QT adds a real that makes the ground model reals a meager set.

Remark 1.5 The list of properties is redundant: property (d) implies strong
Axiom A. We state (d) because it describes the underlying structure. The compo-
nents of a condition p 2 QT and the notions in property (d) will be explained in the
coming sections.

We give an overview of the paper. In Sections 2–5, we prove Theorem 1.4 by a
forcing QT. In Section 2 we introduce creatures. In Section 3, we define a notion of
forcing, an iterand, and show that it specializes a given Aronszajn tree. We show that
the smooth conditions are dense. In Section 4, we prove Theorem 1.4 for all but item
(e). In Section 5, we prove that the forcing with QT makes the ground model reals
a meager set and, thus, finish the proof of Theorem 1.4. Sections 2 and 3 conclude
with some results on the halving property that are not used in Theorem 1.4. There
was some hope that strong halving properties would allow one to establish a name
for an Ostaszewski club sequence (see Ostaszewski [13]) in the extension. This stays
open. The background on proper forcing can be found in Abraham [1] and Shelah
[18].

2 Tree Creatures

In this section we define the tree creatures which will be used in the next section to
describe the branching of the countable trees that will serve as forcing conditions.
We define three important operations that can be performed on creatures:

– gluing together creatures (Lemmas 2.13 and 2.14),
– extending the domains of the partial specializations in the set of possibilities

of a creature (Lemma 2.15),
– extending the basis of a creature together with thinning out the set of possi-

bilities (Lemma 2.16) and extending the elements in the set of possibilities.
We shall define the forcing conditions only in the next section. They will be endless
finitely branching tagged trees, in which each node and its immediate successors are
described by a creature (see Definition 2.9). Roughly speaking, in our context, a
creature c will be a tree of height 2 of partial specialization functions whose root is
labeled by a pair .i.c/; k.c// of natural numbers.

We let � stand for some regular cardinal larger than .2@2/C and let H.�/ denote
the set of sets of hereditary cardinality less than �. We use the symbol <�

� for some
well-order on this set. The symbol H .�/ denotes the structure .H.�/; 2; <�

�/.
Throughout this work we make the assumption that .T; <T/ is an Aronszajn tree as

in Definition 1.1(1). We define the following finite approximations of specialization
maps.

Definition 2.1 For u � T and n < ! we let
specn.u/ D

®
�

ˇ̌
�W u ! Œ0; n/ ^

�
�.x/ D �.y/ ! :.x <T y/

�¯
:

We let spec.u/ D
S

n<! specn.u/, specn D specT
n D

S
¹specn.u/ W u � T;

u finiteº, and spec D specT D
S

¹spec.u/ W u � T; u finiteº.
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590 Mildenberger and Shelah

Definition 2.2

(1) We choose three sequences of natural numbers hnk;i W i < !i, k D 1; 2; 3,
such that the following growth conditions are fulfilled:

2 � n1;i � n2;i � n3;i ;

2.n3;i /2

< n1;iC1:

(2) We jump ahead to Definition 2.4 and note that these numbers bound the size
of a simple i -creature, i � 1, in the following way:
(a) the number n1;i�1 bounds the size of the domain of the partial special-

ization function that is the basis of the creature,
(b) the basis of the creature is an element of specT

n2;i�1
,

(c) the number n3;i bounds the number of the possibilities of the creature,
(d) each function in the possibilities is an element of specT

n2;i
,

(e) the number n1;i bounds the size of the domain of each function in the
possibilities of the creature.

(3) We fix the nk;i , k D 1; 2; 3, i < !, for the rest of this work. The number n1;i

is an upper bound for any kind of norm of an i -creature.

We compare with the book [15] in order to justify the use of the name “creature.”
We extend the framework developed there in order to allow for the approximation of
uncountable domains T.

Definition 2.3 ([15, Definition 1.1.1])

(1) We let H D hH.i/ W i 2 !i and let H.i/ be sets. A triple c D .norŒc�; valŒc�;

disŒc�/ is a weak creature for H if the following hold.
(a) norŒc� 2 R�0.
(b) Let G be the strict initial segment relation. valŒc� is a nonempty subset

of°
hx; yi 2

[
m0<m1<!

h Y
i<m0

H.i/ �

Y
i<m1

H.i/
i

W x G y
±
:

(c) disŒc� 2 H.�/.
(2) nor stands for norm, val stands for value, and dis stands for distinguish.

A creature is a weak creature with additional properties. In the creatures for the
forcing QT the component disŒc� is a pair .i.c/; k.c// of natural numbers. More
properties are specified in Definitions 2.4–2.10.

The set val is a nonempty subset of ¹hx; yi 2 specT � specT W x <T yº for some
strict partial order <T as in Definition 3.1 and H.i/ D specT

n2;i
. The members of

specT
n2;i

are finite partial functions, but the set specT
n2;i

is uncountable. Often the
properness of a tree creature forcing follows from the countability of the sets H.i/,
i 2 !, and our analogue to H.i/ is the uncountable set specT

n2;i
. In Section 4 we

shall prove that the notions of forcing we introduce are proper for other reasons.
Creatures with j dom.valŒc�//j D 1 are called tree creatures. As is common in

the work with tree creatures, we write pos.c/ for rge.valŒc�/ and call pos.c/ the set of
possibilities for c.

Definition 2.4 A simple creature is a tuple c D .i.c/; �.c/; pos.c// with the fol-
lowing properties:

Sh:988
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(a) The first component, i.c/, is called the kind of c and is just a natural number.
A (simple) creature c is called a (simple) i -creature if i.c/ D i .

(b) The second component, �.c/, is called the base of c. We require (�.c/ D ;

and i.c/ D 0) or (i.c/ D i > 0, 0 ¤ j dom.�.c//j � n1;i�1, and �.c/ 2

specn2;i�1
).

(c) pos.c/ is a nonempty subset of ¹� 2 specn2;i
W �.c/ ¤ � ^ j dom.�/j � n1;i º

and j pos.c/j � n3;i .

We reserve the name “creature” for a simple creature that is expanded by another
coordinate, a natural number. In the wider realm of creatures, simple i -creatures and
i -creatures, having a singleton base, can be counted as tree-creating creatures.

For a nonnegative real number r we let m D Œr� be the largest natural number
such that m � r . We let log denote the logarithm function with base 2.

The following definition has ideas from [18, Chapter V, Section 6] and is the most
important definition in this work.

Definition 2.5

(1) For a simple i -creature c we define nor0.c/ as the maximal natural number
m � n1;i such that m D 0 or
(˛) if a � n2;i , jaj � m, and B0; : : : ; Bm�1 are branches of T, then there is

� 2 pos.c/ such that�
8x 2

� [
`<m

B` \ dom.�/
�

n dom
�
�.c/

���
�.x/ … a

�
I

(ˇ) max¹j dom.�/j W � 2 pos.c/º �
n1;i

m
;

(
 ) j pos.c/j �
n3;i

m
.

(2) If nor0.c/ > 1, we define nor1.c/ D log.nor0.c//; otherwise, nor1.c/ D 0.

Remark 2.6 Note that, in .˛/, only finitely many m-tuples of branches of T need
to be checked. Indeed, only the part of T intersecting with

S
¹dom.�/ W � 2 pos.c/º

matters for computing the norm.

Sometimes it is useful not only to know that nor0.c/ � m but also to pin down a
norm exactly.

Lemma 2.7 Suppose that nor0.c/ D m and m0 < m. Then there is a subset p �

pos.c/ such that the subcreature c0 D c � p D .i.c/; �.c/; p/ fulfills nor0.c0/ D m0.

Proof For a simple i -creature c we define nor0;0.c/ as the maximal natural
number m � n1;i such that m D 0 or if a � n2;i and jaj � m and B0; : : : ;

Bm�1 are branches of T, then there is � 2 pos.c/ such that .8x 2 .
S

`<m B` \

dom.�// n dom.�.c///.�.x/ … a/. By the relationship between nor0 and nor0;0 and
since taking a subcreature does not decrease the nor0 if in its computation clause ˇ

or clause 
 is decisive, the lemma follows from the following statement. Suppose
that nor0;0.c/ D m. Then there is a subset p � pos.c/ such that the subcreature
c0 D .i.c/; �.c/; p/ fulfills nor0;0.c0/ D m � 1. For proving the latter statement,
we first take p0 � pos.c/ such that it is minimal with nor0;0.c � p0/ D m. Then
we remove one element, call it �, from p0 and call the outcome p. By minimality
nor0;0.c � p/ � m � 1. We show nor0;0.c � p/ � m � 1. If m � 1, then p ¤ ;.
We assume that m � 2. Let a � n2;i , let jaj D m � 1, and let B1; : : : ; Bm�1 be
given. We take a [ ¹�.x/º for an x 2 dom.�/ n dom.�.c//; it does not matter which.
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592 Mildenberger and Shelah

We take Bm so that �.x/ 2 Bm. Then by nor.c/ D m in pos.c/ there is �0 2 pos.c/

such that �
8y 2 .B1 [ � � � [ Bm/ n dom

�
�.c/

���
�0.y/ … a [ ¹�º

�
:

Thus, �0 ¤ � and we have �0 2 p.

Some of the requirements on the norms in the conditions of Lemmas 2.13–2.16 are
easy to fulfill. Most of the time the requirement of Definition 2.5(1.˛) is the hardest
one.

Definition 2.8 We let `i D 2
Q

j �i n3;j .

Definition 2.9 An i -creature is a tuple c D .i.c/; �.c/; pos.c/; k.c// such that
(1) c0 D .i.c/; �.c/; pos.c//,
(2) k.c/ 2 !.

Definition 2.10

(1) For ` 2 ! n ¹0º, f` W N � N ! RC
0 is defined by cases as

f`.n; k/ WD

´
0 if n D 0 or log.n/ � k C 1;
log.log.n/�k/

`
otherwise.

(2) We let f D hf` W ` < !i. For an i -creature c D .c0; k.c// with nor0.c0/ > 0

we define its f -norm as
norf .c/ D f`i

�
nor0.c0/; k.c/

�
: (2.1)

(3) We write nor0.c/ for nor0.c0/.

Remark 2.11 We took f similarly to the functions used in [17, Section 3]. We
chose `i so large that it ensures a suitable strong form of halving (see Definition 2.19,
Lemma 2.20).

The following estimate is a step toward bigness (see Lemma 2.18) and the halving
property for creatures (see Definition 2.19, Lemma 2.20).

Lemma 2.12 If f1.n; k/ � log.2/, then f`. n
2
; k/ � f`.n; k/ �

1
`
.

Proof As log. n
2
/ D log.n/ � 1 we have

` � f`

�n

2
; k

�
D log

�
log.n/ � 1 � k

�
� log

� log.n/ � k

2

�
D log

�
log.n/ � k

�
� 1 D ` � f`.n; k/ � 1:

For the inequality between the second and the third term we use f1.n; k/ D

log.log.n/ � k/ � log 2. Hence, log.n/ � k � 2, and thus, log.n/ � 1 � k �
log.n/�k

2
.

The next lemma shows that we can extend the possibilities of a creature and at the
same time decrease the norm of the creature only by a small amount.

Lemma 2.13 Assume that
(a) �� 2 spec;
(b) c is an i -creature with base ��, nor0.c/ > 0;
(c) k� > 0;
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(d) for each � 2 pos.c/ we have: either k� D k� and for each k < k� we are
given � � ��;k 2 specn2;i

with j dom.��;k/j < n1;i or k� D 1 and ��;0 D �;
(e) for each � 2 pos.c/, if k� D k� > 1, k1 < k2 < k�, x1 2 dom.��;k1

/ n

dom.�/, and x2 2 dom.��;k2
/ n dom.�/, then x1, x2 are <T-incomparable;

(f) `� D max¹j dom.��;k/j W � 2 pos.c/ ^ k < k�º.
Then we have the following.
.˛/ There is an i -creature d given by

pos.d/ D
®
��;k W k < k�

� ; � 2 pos.c/
¯
;

�.d/ D ��;

k.d/ D k.c/:

.ˇ/ We have nor0.d/ � m0
def
D min¹nor0.c/; Œ

n1;i

`� �; Œ
n3;i

k��j pos.c/j
�; k� � 1º.

Proof First we check Definition 2.4(1). Clauses (a), (b), and (c) follow immedi-
ately from the premises of the lemma.

Now for the norm, we check clause .˛/ of Definition 2.5(1). Let branches B0; : : : ;

Bm0�1 of T and a set a � n2;i be given, jaj � m0. Since m0 � nor0.c/, there is
some � 2 pos.c/ such that .8x 2 .

S
`<m0

B`/ \ dom.�/ n dom.�.c///.�.x/ … a/.
We fix such an �. If k�

� D 1, then we are done. Now for each ` < m0, we let

w�;` D
®
j < k�

W 9x 2 B` \ dom.��;j / n dom.�/
¯
:

Now we have that jw�;`j � 1, because otherwise we would have k1 < k2 < k� in
w�;` and xi 2 B` \ dom.��;ki

/ n dom.�/, i D 1; 2. Such witnesses x1 and x2 would
be <T-comparable, in contradiction to requirement (e) of this lemma.

Since m0 < k�, there is some j 2 k� n
S

`<m0
w�;`. For such a j , ��;j is as

required.
We check clause .ˇ/ of Definition 2.5(1). We take any ��;k . Then we have

j dom.��;k/j

n1;i

�
`�

n1;i

�
1

Œ
n1;i

`� �
�

1

m0

;

as m0 � Œ
n1;i

`� �. Clause .
/ of Definition 2.5(1) follows from m0 � Œ
n3;i

k��j pos.c/j
�.

Now we restate the previous lemma for applications to norf .

Lemma 2.14 Assume that
(a) �� 2 spec;
(b) c is an i -creature with base ��, log.log.n1;i // � norf .c/ > 2;
(c) k� D Œ

p
nor0.c/� (and it is really nor0 here);

(d) for each � 2 pos.c/ we have: either k� D k� and for each k < k� we are
given � � ��;k 2 specn2;i

with j dom.��;k/j <
n1;i

2.2mCk.c//
or k� D 1 and

��;0 D �;
(e) for each � 2 pos.c/, if k� D k� > 1, k1 < k2 < k�, x1 2 dom.��;k1

/ n

dom.�/, and x2 2 dom.��;k2
/ n dom.�/, then x1, x2 are <T-incomparable.

Then we have the following.
.˛/ There is an i -creature d given by
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594 Mildenberger and Shelah

pos.d/ D
®
��;k W k < k�; � 2 pos.c/

¯
;

�.d/ D ��;

k.d/ D k.c/:

.ˇ/ We have norf .d/ � min.m; norf .c/ � 1/.

Proof By definition Œ
n3;i

j pos.c/j
� � nor0.c/. Hence, Œ

n3;i

k��j pos.c/j
� �

p
nor0.c/. By

the previous lemma we have nor0.d/ � min.
p

nor0.c/ � 1; 2.2mCk.c/// and hence
norf .d/ � min.m; norf .c/ � 1/.

The previous lemma will be used only in Section 4 in the proof of properness in
Lemma 4.8. Indeed, its premise (e) is like a step in the proof that the specialization of
Aronszajn trees by finite approximations has the countable antichain condition. For
a proof, see, for example, Jech [7, Lemma 16.18] or [18, Chapter III, Theorem 5.4].

The following two lemmas will be used in the next section in the proof that the
smooth conditions are dense. The latter property is used in the proof of properness
as well.

Lemma 2.15 Suppose that c, m, m0 are as follows:
(a) c is an i -creature,
(b) 7 � nor0.c/ D m �

p
n1;i ,

(c) x 2 T,
(d) m0 D Œ

p
m�.

Then there is some i -creature d such that
(1) �.d/ D �.c/, k.c/ D k.d/,
(2) pos.d/ � ¹� 2 specT W .9� 2 pos.c//.� � � ^ dom.�/ D dom.�/ [ ¹xº/º,
(3) nor0.d/ � min. m

m0C1
; m0/.

Proof For each � 2 pos.c/ we choose m0 C 1 elements from n2;i X rge.�/ and put
them into a set E� . By (b) and (d) this set is not empty:ˇ̌

rge.�/
ˇ̌

�
ˇ̌
dom.�/

ˇ̌
�

n1;i

m
� n2;i �

p
m0 � 2;

for m � 7. For each a 2 Œn2;i �
m0 we let ¹z�;aº D E� n a. Then we set ��;a D

� [ ¹.x; z�;a/º. Since z�;a … rge.�/, ��;a is a partial specialization. We set �.d/ D

�.c/, k.d/ D k.c/, and

pos.d/ D
®
��;a/ W � 2 pos.c/; a 2 Œn2;i �

m0¯
:

We show that d is as required. Now we check the norm. Let m00 be the smallest
integer greater than or equal to min. m

m0C1
; m0/. For clause (˛) of Definition 2.5(1),

let B0; : : : ; Bm00�1 be branches of T, and let a � n2;i , jaj � m00. We have to find
� 2 pos.d/ such that .8` < m00/.8y 2 dom.�/ \ B` X dom.�.c///.�.y/ … a/. We
add a branch Bm00 with x 2 Bm00 . Since m00 � m0 D Œ

p
m� � m, by premise (b), we

find � 2 pos.c/ such that

.8` < m00/
�
8x0

2 dom.�/ \ B` X dom
�
�.c/

���
�.x0/ … a

�
:

We fix this �. By the choice of z�;a, a, and E� , there is ��;a 2 pos.d/ such that

.8` < m00/
�
8x0

2 dom.��;a/ \ B` X dom
�
�.c/

���
��;a.x0/ … a

�
:
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Specializing Aronszajn Trees 595

Now for item (ˇ) of Definition 2.5(1), every element of pos.d/ is just larger by 1

than an element of pos.c/. So we have

max
°

j dom.�/j

n1;i

W � 2 pos.d/
±

� max
°

j dom.�/j C 1

n1;i

W � 2 pos.c/
±

�
1

m
C

1

n1;i

�
1

m
C

1

m2
�

1

m0
�

1

m00
:

Now for item (
 ) of Definition 2.5(1), the norm drops from m to at least Œ m
m0C1

�

by replacing each � 2 pos.c/ by at most m0 C 1 elements.

Suppose that we have extended the partial specialization functions in the set of possi-
bilities of a creature as in one of the previous lemmas. Then we want these extended
functions to be able to serve as bases for suitable creatures as well. This is provided
by the next lemma. The number i from Lemma 2.15 will now appear in Lemma 2.16
as i � 1, since in the latter lemma new creatures d are constructed from simple crea-
tures c by extending the base of c.

Lemma 2.16 Assume that we have the following.
(a) c is an i -creature.
(b) �� � �.c/, �� 2 specn2;i�1

. (Note that we do not suppose that �� 2 pos.c/.)
Furthermore, we assume that j dom.��/j � n1;i�1.

(c) For any � 2 pos.c/, dom.��/ \ dom.�/ D dom.�.c//.
We set

`�
2 D

ˇ̌
dom.��/ n dom

�
�.c/

�ˇ̌
;

and
Y D

®
y W 9�

�
� 2 pos.c/ ^ y 2 dom.�/

^ .9x/
�
x 2 dom.��/ n dom

�
�.c/

�
^ x �T y

��¯
I

`�
1 D jY j;

and in addition to (a), (b), and (c) we assume that `�
1 C `�

2 < nor0.c/ <
p

n1;i . We
define d by �.d/ D ��, k.d/ D k.c/, and
pos.d/ D

®
� [ ��

W � 2 pos.c/ ^ � [ ��
2 specn2;i

^
ˇ̌
dom.� [ ��/

ˇ̌
< n1;i

¯
:

Then
.˛/ d is an i -creature,
.ˇ/ nor0.d/ � min.nor0.c/ � `�

2 � `�
1 ; nor0.c/

2
/.

Proof Item .˛/ here follows from the requirements on �� and from the estimates
on the norm. For item .ˇ/, we set k D nor0.c/ � `�

1 � `�
2 . We first consider item

.˛/ of Definition 2.5(1). We let B0; : : : ; Bk�1 be branches of T and let a � n2;i.c/,
jaj � k. We set `� D `�

1 C `�
2 . We let hy` W ` < `�

1i list Y without repetition. Let
Bk ; : : : ; BkC`�

1
�1 be branches of T such that y` 2 BkC` for ` < `�

1 . Let hx` W ` <

`�
2i list dom.��/ n dom.�.c//. Take, for ` < `�

2 , BkC`�
1

C` such that x` 2 BkC`�
1

C`.
We set a0 D a [ ¹��.x`/ W ` < `�

2º. Since nor0.c/ � k C `� there is some
� 2 pos.c/ such that 8x 2 ..dom.�/ n dom.�.c/// \

S
`<kC`� B`/.�.x/ … a0/.

Then, if x 2 dom.� [ ��/ n dom.��/, we have .� [ ��/.x/ … a. We have to
show that � [ �� is a partial specialization. Since �� and � are specialization maps
extending �.c/, we have to consider only the case in which x 2 dom.��/ndom.�.c//,
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y 2 dom.�/ n dom.��/, and (y <T x _ x �T y). If x �T y, then y 2 Y , and we
have �.y/ ¤ ��.x`/ for all ` < `�

2 by the choice of BkC`�
1

C` for ` < `�
2 . If y <T x,

then y is in a branch leading to some x D x` for some ` < `�
2 , and hence again

�.y/ ¤ ��.x/.
Moreover, for item (ˇ) in Definition 2.5(1),ˇ̌

dom.� [ ��/
ˇ̌

�
n1;i

nor0.c/
C `�

2 �
n1;i

nor0.c/
C nor0.c/ � 2

n1;i

nor0.c/
:

For item (
 ) we do not have anything to check, since j pos.d/j � j pos.c/j.

Remark 2.17

(1) Apparently the premises of the previous lemma are hard to fulfill. In the
proofs of the density properties we add `�

2 points to the domain of the func-
tions in the set of possibilities of a creature with sufficiently high norm.
Moreover, `�

1 � juj, where u is the set that sticks out of T<˛.p/ (see Def-
inition 3.3(A.c)). We will suppose that juj and `�

2 are small in comparison to
nor0.c/, so that the premises for Lemma 2.16 are fulfilled.

(2) Only `�
2 D 1 is used (namely, in the proof of Lemma 3.11) since we can fill

in the elements of the Aronszajn tree in the domains of partial specializations
in conditions one by one.

The next lemma will help to find large homogeneous subtrees of the trees built from
creatures that will later be used as forcing conditions.

Lemma 2.18 (The 2-bigness property; see [15, Definition 2.3.2]) If c is an
i -creature with nor1.c/ � m C 1, and c1, c2 are i -creatures such that pos.c/ D

pos.c1/ [ pos.c2/ and �.c/ D �.c1/ D �.c2/ and k.c/ D k.c1/ D k.c2/, then
nor1.c1/ � m or nor1.c2/ � m. Under the same premises we have that if m � 1

and norf .c/ � m C 1, then norf .c1/ � m or norf .c2/ � m.

Proof We let j D 2m. We suppose that nor0.c1/ < j and nor0.c2/ < j and
derive a contradiction. For ` D 1; 2 let branches B`

0; : : : ; B`
j �1 and sets a` � n2;i ,

ja`j � j , exemplify this.
Let a D a1 [ a2, and let, by nor0.c/ � 2j , � 2 pos.c/ be such that for all

x 2 .dom.�/ \
S

`D1;2

Sj �1
iD0 B`

i / n dom.�.c// we have �.x/ … a. But then for that
` 2 ¹1; 2º for which � 2 pos.c`/ we get a contradiction to nor0.ci / < j . Hence,
for i D 0 or for i D 1, nor1.ci / � m. The inequality also holds for norf by the
definition of f`: f`. n

2
; k/ � f`.n; k/ � 1 for f`.n; k/ � log.2/.

Now for the first time we make use of the coordinate k.c/ of our creatures. The
next lemma states that the creatures have the halving property. Originally the halving
property was introduced in [15, Definition 2.2.7]. Our version is similar to the strong
form of halving in [17, Definition 3.1].

Definition 2.19

(A) Let c be an i -creature as in Definition 2.9. Let ` 2 ! n ¹0º. We say that c� is
an 1

`
-half of c if the following hold.

(1) i.c�/ D i.c/, �.c�/ D �.c/, norf .c�/ � norf .c/ �
1
`
, pos.c�/ D

pos.c/, k.c�/ � k.c/.
(2) If c0 D .i.c/; �.c0/; pos.c0/; k.c0// satisfies
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(i) there is a map � W ¹�.c0/º[pos.c0/ ! ¹�.c�/º[pos.c�/ such that,
for each � 2 pos.c0/, � � �.�/,1 or c0 is just any i.c/-creature,

(ii) k.c0/ � k.c�/, and
(iii) norf .c0/ > 0,

then c0 D .i.c/; �.c0/; pos.c0/; k.c0// is an i.c/-creature with
norf .c0/ � norf .c/ �

1
`
.

(B) Let ` 2 ! n¹0º. We say that K has the 1
`
-halving property if for each creature

c 2 K there is an 1
`
-half of c.

(C) Let c be an i -creature as in Definition 2.9. Let norf .c/ > 1, and let ` D `i .
We say that c� is the standard 1

`
-half of c if the following hold:

c�
D

�
i.c/; �.c/; pos.c/;

h log.nor0.c// C k.c/

2

i�
:

(D) Let c0 be an i -creature as in Definition 2.9. Let c� be its standard 1
`i

-half.

Let norf .c0/ > 1, let ` D `i , and let k.c0/ � Œ
log.nor0.c//Ck.c/

2
� D k.c�/.

We say that c0 is the standard de-halving of c0 with respect to .c; c�/ if c0 D

.i; �.c0/; pos.c0/; k.c//. We write

c0 D de-halve.c0; c; c�/:

Lemma 2.20 If c 2 K is an i -creature with norf .c/ > 0, then it has the
1
`i

-halving property.

Proof Let c be an i -creature, and let ` D `i . We let c� D .i.c/; s.c/; pos.c/;

k.c�// with

k.c�/ D

h log.nor0.c// C k.c/

2

i
:

Since norf .c/ > 0, we have k.c�/ � k.c/. Then

norf .c�/ D
log.log.nor0.c�// � k.c�//

`

�
log.

log.nor0.c//�k.c/
2

/

`

D
log.log.nor0.c// � k.c/ � 1/

`

D norf .c/ �
1

`
:

Now let c0 D .i.c/; �.c/; pos.c0/; k.c0// be any creature with k.c0/ � k.c�/ and
norf .c0/ > 0. Then we take c0 D .i.c/; �.c0/; pos.c0/; k.c// and get

norf .c0/ D
log.log.nor0.c0// � k.c//

`

�
log.log.nor0.c0// � k.c0/ C

log.nor0.c//�k.c/
2

� 1/

`

�
log.log.nor0.c// � k.c// � 1

`

D norf .c/ �
1

`
:
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From line 1 to 2 we use

�k.c/ � �k.c0/ �
log.nor0.c// � k.c/

2
� 1;

since k.c0/ >
log.nor0.c//Ck.c/

2
� 1, as k.c0/ � k.c�/. From line 2 to 3 we use that

norf .c0/ > 0 implies that log.nor2.c0// � k.c0/ � 1.

Why is this strong form of halving useful? In the next section, we define the half of a
conditions in Definition 3.15 and the de-halve of conditions in Lemma 3.16. Roughly
speaking, decisions that are taken by some r �0 half.p/ with norf .cr;t / > 0 for any
t 2 T r are also taken by the “de-half” of r with respect to p (see Lemma 3.16).
Then de-halve.r; p; 0/ �0 p and norf .cde-halve.r;p;0/;t / is sufficiently large for any t .
This idea is carried further at the end of the next section.

3 Tree Forcings with Creatures

Now we construct a notion of forcing from the creatures introduced in the previous
section.

Definition 3.1 Let t D h�0; : : : ; �n�1i denote a strictly increasing sequence of
finite length of finite partial specializations. We let, for n � 1, first.t/ D �0 and
last.t/ D �n�1 denote the first and the last entries of t , respectively, and we let
lg.t/ D n denote the length of t .

Now we consider endless trees .T; <T / of elements (nodes) of the form t D

h�0; : : : ; �ni, ordered by end extension. A partial specialization � can appear
in two different nodes. Below we define a notion of forcing with labeled trees
hct W t 2 .T; <T /i as components of conditions. The notation with the angled
brackets hct W t 2 .T; <T /i denotes a structure .T; <T / together with func-
tion cW T ! V with c.t/ D ct . A condition has the form p D .i.p/; .T p;

<T p /; hcp;t W t 2 .T p; <T p /i/. To every node t of such a finitely branching endless
tree .T p; <p/ D .T p; <T p / we attach a creature cp;t from Definition 2.4. This
gives QT. We consider only assignments t 7! ct that fulfill �.ct / D last.t/.

We recall some notions about trees.

Definition 3.2

(1) A tree .T; <T / is a nonempty set T with a partial order <T such that, for
t 2 T , ¹s 2 T W s <T tº is a finite linear order.

(2) We define the set of immediate successors of s in T by

sucT .s/ D
®
t 2 T W s <T t ^ :.9r 2 T /.s <T r <T t /

¯
:

(3) The restriction of T to nodes that are comparable with s is

T hsi
D ¹t 2 T W s �T t _ s �T tº:

(4) A tree is called endless if max.T / D ¹s 2 T W :.9t 2 T /.s <T t /º D ;.
(5) Now let .T; <T/ be an Aronszajn tree as in Definition 1.1, and let i 2 ! n¹0º.

A tree .T; <T / is an .i; T/-tree if the following hold.
(a) .T; <T / is endless.
(b) T � ¹h�0; �1; : : : ; �ni 2 !>.specT/ W .8i < j � n/.�i ¨ �j /º.

Elements t D h�0; : : : ; �ni of T are also called nodes of T .
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(c) The tree order �T is just the initial segment relation E: s E t if and
only if t � lg.s/ D s. We write G for the corresponding strict relation.

(d) In T there is a least element, called the root, rt.T /, which has the form
h�0i and �0 2 specT

n2;i�1
. We also write �0 instead of h�0i. The root

counts as a sequence of length 1 and is the unique element of T Œ1�, the
level number 1 of T .

(e) If rt.T / G N� G N� and N� 2 T , then N� 2 T .
(f) .T; <T / is a finitely branching tree of height !.

(6) The set of branches through T is
lim.T / D

®
h�k W k < !i W .8n/h�0; : : : ; �ni 2 T

¯
:

(7) A subset F of T is called a front of T if every branch of T passes through
this set and the set consists of <T -incomparable elements.

Definition 3.3 Let T be an Aronszajn tree. We define a notion of forcing Q D QT
with set of elements Q and a preorder �Q.

(A) p 2 Q if p D .i.p/; .T p; <p/; hcp;t W t 2 .T p; <T p /i/ has the following
properties:
(a) i.p/ 2 ! n ¹0º, T p � !> specT. We write dom.p/ D T p . We require

that .T p; <p/ is a .i.p/; T/-tree. The elements of T are of the form
h�0; : : : ; �ni such that �j ¨ �iC1 and �j 2 specT

n2;i.p/Cj �1
for j � 0.

The tree ordering �T is end extension.
(b) For n 2 !, the nth level of T is

T Œn�
D

®
t 2 T W lg.t/ D n

¯
:

We also write pŒm� instead of .T p/Œm�, write sucp.s/ for sucT p .s/, and
call a front of T p also a front of p. We let rt.p/ D rt.T p/. So T Œ1� D

¹rt.p/º.
For any 1 � ` < ! and s 2 .T p/Œ`� there is an i.p/ C ` � 1-creature

cp;s such that
�.cp;s/ D last.s/;

pos.cp;s/ D
®
last.t/ W t 2 .T p/Œ`C1�

W t 2 sucp.s/
¯
:

(�)

(c) There is ˛ D ˛.p/ 2 !1 such that the following holds.2 For some 0 �

h < ! for every t 2 .T p/Œh� there is a finite set ut � T n T<˛ such that
for every !-branch h�` W ` < !i of T p satisfying �h D last.t/ we haveS

`2! dom.�`/ D T<˛ [ ut . We let h.p/ be the least such h.
(d) For every !-branch h�` W ` 2 !i of T p with t` D h�0; : : : ; �`i we have

lim`!! nor0.cp;t`/ D !.
(B) The order �D�Q is given by letting p � q (q is stronger than p—we follow

the Jerusalem convention) if there is a projection prq;p which satisfies
(a) prq;p is a function from T q to T p such that, for every t 2 T q ,

lg.t/ C i.q/ D lg
�
prq;p.t/

�
C i.p//:

(Hence, i.cq;t / D i.cp;prq;p.t//.)
(b) If t 2 T q , then last.t/ � last.prq;p.t//. This holds of course not only

for the last element of the sequence t but for all elements, since T q is
downward closed.
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(c) If t1; t2 are both in dom.q/, then t1 �q t2 if prq;p.t1/ �p prq;p.t2/.
(d) For any ` 2 !, if s1 2 .T q/Œ`�, s2 2 .T q/Œ`C1�, s1 <q s2, prq;p.s2/ D t2,

and prq;p.s1/ D t1, then dom.last.t2//\dom.last.s1// D dom.last.t1//.
(e) k.cq;t / � k.cp;prq;p.t//.

The projection in general is neither injective nor surjective. In all our fusion con-
structions to come we will have i.p/ D i.q/, so the counting with the lengths of
nodes is not too difficult.

We give some informal description of the �-relation in Q. The stronger condi-
tion’s domain is via prq;p mapped homomorphically with respect to the tree orders
into T phprq;p.rt.q//i

. The projection is in general neither one-to-one nor onto. The
root can grow as well. According to Definition 3.3(B.a), the projection preserves
the i of the respective creatures, that is, level of the node plus the i -number of the
tree. The partial specialization functions sitting on the nodes of the tree are extended
(possibly by more than one extension per function) in q so as to compare them with
the ones attached to the image under prq;p according to Definition 3.3(B.b), but by
Definition 3.3(B.a) the extensions are so small and so few that they preserve the
kind i of the creature given by the node and its successors, and according to Defini-
tion 3.3(B.d) the new part of the domain of the extension is disjoint from the domains
of the old partial specialization functions living higher up in the projection of the new
tree to the old tree.

Lemma 3.4 We have that QT ¤ ;.

Proof We assume without loss of generality that the Aronszajn tree T has ! as
T0. We build T p , cp;t by induction on the height of T p . For each i � 1, each node
t D h�t;0; : : : ; �t;i�1i at level i has nor0.cp;t / � i for i � 1 and dom.�t;i�1/ D i

(independently of t , so that Definition 3.3(A.d) will be fulfilled). Recall our choice,
n2;i � n1;i � 2i2 and n1;iC1 � 2.n2;i /2 .

We start with T Œ1� D ¹;º and let �.cp;;/ D ;. Given T Œi� and t 2 T Œi�, we take
pos.cp;t / D ¹�.cp;t / [ ¹.max.dom.�.cp;t /// C 1; k/º W k � iº.

To compute the norm is easy since all branches in the Aronszajn tree intersecting
with dom.�/ for � 2 pos.c/ have length 1. This defines T ŒiC1�.

A more detailed proof with a less flat part of the Aronszajn tree taken as the union
of the domains of the components of the nodes of T p is given in Lemma 3.11.

Definition 3.5 Let p 2 Q.
(1) For t D h�0; : : : ; �ni 2 T p we let q D phti be given by

(a) T q WD ¹s W h�0; : : : ; �n�1iOs 2 T p; first.t/ D �nº. In particular,
rt.q/ D �n,

(b) prq;p.s/ D h�0; : : : ; �n�1iOs for s 2 T q ,
(c) cq;s D cp;prq;p.s/ for s 2 T q .

(2) For n 2 ! n ¹0º, we let p " n D hht; cp;t i W t 2 ..T p/Œ<n�; <p�
..T p/Œ<n�/2/i.

Note that

p " n determines T p �
®
t W htp.t/ � n

¯
;

since cp;t determines pos.cp;t /:
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Definition 3.6

(1) p 2 Q is called normal if for every !-branch h�` W ` 2 !i of T p with
t` D h�0; : : : ; �`i the sequence hnor.cp;t`/ W ` 2 !i is nondecreasing.

(2) p 2 Q is called smooth if in Definition 3.3(A.c) the number h is 0 and ut is
empty.

(3) p 2 Q is called weakly smooth if in Definition 3.3(A.c) the number h is 0.

Fact 3.7

(1) Definition 3.3(B.d) does not only hold for ` and ` C 1 but does for any finite
difference of levels.

(2) If p � q and p is weakly smooth with witness u, then .t 2 T q ^ lg.t/ �

1/ ! dom.last.t// \ .T<˛.p/ [ u/ D dom.last.prq;p.t///.

Proof Item (1) is obvious. To prove item (2): If p is weakly smooth, then all
branches of T p have the same union of domains of their entries, and hence, the con-
dition dom.last.s1// � dom.last.t1// is fulfilled t1 and t2 from Definition 3.3(B.d)
are in the range of prq;p or not.

Definition 3.8

(1) For 0 � n < ! we define the partial order �f;nD�n on Q by letting p �n q

if
(i) p � q,
(ii) rt.p/ D rt.q/ and i.p/ D i.q/,
(iii) p " n D q " n for n � 1,
(iv) for any projection prq;p witnessing p � q,

.8t 2 T q/
�
cq;t ¤ cp;prq;p.t/ !

�
norf .cp;prq;p.t// � n ^ norf .cq;t / � n

��
:

Recall the definition of norf . For t 2 pŒj � we take f`i.p/Cj
as in Defi-

nitions 2.10(2) and 2.8.
(2) We define �0

n analogously, with nor0 in item (iv).

Note that cp;rt.p/ D cq;rt.p/ is a requirement on two levels in T p and in T q . So
property (iii) says that also on the level n the two trees still coincide. We state and
prove some basic properties of the notions defined above.

Lemma 3.9

(1) .Q; �Q/ is a partial order.
(2) For every p we have that limn!! min¹nor.cp;t / W t 2 .T p/Œn�º D 1.
(3) If p 2 Q, ` 2 !, and t 2 pŒ`�, then j dom.last.t//j < n2;i.p/C`�2.
(4) If q � p and both are smooth, then ˛.q/ � ˛.p/.

Proof
(1) Given p � q and q � r we define prr;p D prq;p ı prr;p . It is easily seen that

this function is as required.
(2) This follows from König’s lemma. Since T p is finitely branching, there is a

branch through every infinite subset.
(3) This follows from Definitions 2.4 and 3.3.

Lemma 3.10 Let hni W i 2 !i be a strictly increasing sequence of natural num-
bers. We assume that, for every i , qi �ni

qiC1 and that each pi is smooth. Then
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q D
S

i<! qi � .T qi /Œni�1;ni / 2 Q, and for all i , q �ni
qi and ˛.q/ D sup¹˛.pi / W

i < !º.

Proof This is clear. We remark that smoothness is necessary.

Now we need to know that the set of smooth conditions is dense in QT. We prove this
in the next lemma by a more general fusion construction that works for arbitrary p0.
The finite sets sticking out of ˛.pn/ in the sense of Definition 3.3(A.c) are gradually
filled up, each finite part to the same ˛.q/. Actually, already after finitely many
filling-up steps the unions of the domains above t for t 2 pŒh� are the same.

Lemma 3.11 If p 2 Q, ˛ 2 !1,
S

¹dom.last.t// W t 2 T qº � T<˛ , and n < !,
then there is q such that

(1) p �n q,
(2) q is smooth and ˛.q/ D ˛,
(3) for each branch b of T q ,

S
¹dom.last.t// W t 2 bº D T<˛ .

Proof We write the proof for nor0. Without loss of generality, we assume thatS
¹dom.last.t// W t 2 T pº ¤ T<˛ .
Since

S
¹dom.�/ W 9t 2 T p; last.t/ D �º ¨ T<˛ we have ˛.p/ < ˛. By

Definition 3.3(A.c), there is some h < ! such that for every t 2 pŒh� there is
some ut 2 ŒT n T<˛.p/�

<! such that for every !-branch h�` W ` < !i of T p

with h�0; : : : ; �hi D t we have
S

`2! dom.�`/ D T<˛.p/ [ ut .
We fix such an h and such a ut , t 2 pŒh�. Now for each t 2 pŒh� separately we

perform the following inductive filling up. Fix t 2 pŒh�. Let ¹xt
`

W ` < !º enumerate
T<˛ n .ut [ T<˛.p//. We assume that n � .jut j C 1/2 for every t 2 T Œh�. We let
pt;0 D phti, n0 D n.

By induction on ` 2 ! we choose pt;` and n` with the following properties:

(a) p
Œ�n`C1�

t;`C1
D p

Œ�n`C1�

t;`
,

(b) pt;`C1 �nC` pt;`,
(c) ˛.pt;`/ D ˛.p/,
(d) for every branch b of pt;`,

S
¹dom.last.t// W t 2 b \p

Œn`�

t;`
º � ¹xt

`0 W `0 � `º

and
S

¹dom.last.t// W t 2 bº D ut [ T<˛.p/ [ ¹xt
`0 W `0 � `º.

Step from ` to ` C 1. We find n`C1 < ! such that
.�/1 n C ` C 1 � n`C1,
.�/2 for every s 2 .T pt;`/Œ�n`C1�, we have nor0.cpt;`;s/ � .n C jut j C ` C 1/2,
.�/3 n`C1 � n`.
For each s 2 .T .pt;`//Œn`C1� let
wC

s D
®
r W s <pt;`

r 2 T pt;` ^ nor0.cpt;`;r / > ` C n`C1 C nor0.cpt;`;s/
¯
:

Now we consider the front
ws D

®
r 2 wC

s W .:9z/.s <pt;`
z <pt;`

r ^ z 2 wC
s /

¯
;

wt D

[®
ws W s 2 .T pt;`/Œn`C1�

¯
:

For each r 2 wt and for each cpt ;r we perform the operation from Lemma 2.15 and
get a creature as d there with xt

`
2 dom. Q%/ for every Q% 2 pos.d/, and d serves as

cpt;`C1;r .
Then we have for each such Q%
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dom. Q%/ n dom.%/

ˇ̌
� 1; andˇ̌®

y W
�
9 Q� 2 pos.cpt;`;r /

��
y 2 dom. Q�/ ^ xt

` <T y
�¯ˇ̌

� jut j C ` �
nor0.cpt;`;r /

2
; (�)

since only y … T<˛.p/ can be in the latter set. Hence, the inequalities in the
premises of Lemma 2.15 are fulfilled and nor0.d/ � n C jut j C ` C 1. Then
we can go on with Lemma 2.15 and change cpt;`;r 0 (which corresponds to c there)
into cpt;`C1;r 0 (which corresponds to d there) with nor0.cpt;`C1;r 0/ �

1
2

nor.cpt;`;r 0/

for all immediate successors r 0 �pt;`
r as there. In order to fulfill the premise

nor0.cpt;`;r / <
p

n1;i.p/Clg.r/�1, if necessary we go to a subcreature according to
Lemma 2.7. Note that n1;n`C1

� 2n`C1
2 . Now we use Lemma 2.16 one level higher

such that the specializations in pos.cpt;`C1;r 0/ become the bases of thinned out crea-
tures in pt;`C1 of norm at least the square root of the creatures in pt;`. After having
worked upward through all of T pt;` in this way, we get pt;`C1. Since in the transition
from pt;` to pt;`C1 at each node in T pt;`C1 the norm drops at most once and to at
least half of its former value, we have pt;`C1 �nC` pt;`.

By Definitions 3.3(A.d) and 3.3(B.b) we have, for every branch b of T pt;`C1 ,[®
dom

�
last.t 0/

�
W t 0

2 b
¯

D T<˛.p/ [ ut [ ¹xt
i W i � ` C 1º:

This concludes the step from ` to ` C 1.
Now we let q be such that

qŒ<h�
D pŒ<h� and qhti

D

[®
.pt;`/Œn`;n`C1/

W ` 2 !
¯
:

The condition q is smooth, and for every branch b of T q we have[®
dom

�
last.t 0/

�
W t 0

2 b
¯

D T<˛:

Definition 3.12 We have that Qs
T is the partial order of smooth conditions in QT,

with the order as in QT.

So in the forcing sense, QT and Qs
T are equivalent.

Convention 3.13 From now on we assume that all conditions are smooth.

Corollary 3.14 Forcing with QT specializes T.

Proof For any ˛ 2 T, ¹p 2 QT W ˛ 2 dom.last.rt.p///º is dense in QT. Let G be
QT-generic over V. Then

fQT ŒG� D

[®˝
p; last.t/

˛
W t D rt.p/; p 2 G

¯
is a specialization function for T.

Definition 3.15

(1) Let p 2 QT be such that, for any t 2 T p , norf .cp;t / > 0. We say that
q D half.p/ if i.q/ D i.p/, T q D T q , and for any t 2 T q we have

.8` � `0/
�
8t 2 .T q/Œh�

��
cq;t D half 1

`i.p/Ch

.cp;t /
�
;

where the operation of taking the 1
`
-half of a creature was defined in Defini-

tion 2.19(C). The numbers `i were defined in Definition 2.8.
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(2) Let p 2 QT, and let n 2 !. Let `0 be minimal such that, for any t 2

.T p/Œ�`0�, norf .cp;t / � n C 1. Then we define halfnC1.p/ D q as�
8t 2 .T q/`

��
`0 � ` D `i.q/Chtq.t/ ! cq;t D half 1

`iChtp.t/

.cp;t /
�
;�

8t 2 .T q/Œ<`0�
�
.cq;t D cp;t /:

Note that, according to the choices made by Definitions 2.8 and 2.2, `0 � 2.
We recall the definition of de-halving a creature (Definition 2.19). Now we can

also “de-halve” a condition.

Lemma 3.16 (The de-halving lemma) We assume that
(a) a 2 ! and p1 2 QT are such that, for any t 2 T p1 , norf .cp1;t / > a C

1
2
;

(b) q1 D half.p1/;
(c) q2 �0 q1; and
(d) for any t 2 T q2 , norf .cq2;t / > 0.

Then we define p2 as follows.
(1) i.p2/ D i.p1/.
(2) T p2 D T q2 .
(3) We let i� D min¹` W .8t 2 .T q2/Œ`�/ norf .cq2;t / � aC

1
2
º. If prq2;q1

.t/ D s,
` < i�, and t 2 .T q2/Œ`�, then cp2;t D de-halve.cq2;t ; cp1;s/. If prq2;q.t/ D s,
` � i�, and t 2 .T q2/Œ`�, then cp2;t D cq2;t . We write

p2 D de-halve.q2; p1; a/:

Then p2 
 q2 2 G and p2 �0 p1, and 8t 2 T p2 , norf .cp2;t / � a C
1
2

�
1

`i.p1/
.

Moreover, we have p
hti

2 �a p
hti

1 for any t 2 T p2 .

The proof follows directly from the definitions. As mentioned, the application of
halving and de-halving for QT is left for future work.

4 Proof of Theorems 1.4(b)–1.4(d)

In this section we prove (in Lemma 4.9) that .Q; �; .�n/n2!/ has properties (b)–(d)
from Theorem 1.4. Thus, QT is !!-bounding. This implication is proved in Sec-
tion 3.1 of [15]. For the reader’s convenience we recall the definition.

Definition 4.1 Let P be a notion of forcing. P is called !!-bounding if, for any
sufficiently large regular cardinal � and any M � .H.�/; 2/ with P 2 M for any
p 2 P \ M and

Q

f 2 M that is a name for a function from ! to !, there is an
.M;P/-generic condition q � p and there is g 2 V \ !! such that q 
 8n

Q

f .n/ �

g.n/. A condition q is .M;P/-generic if for any D 2 M that is a dense subset of P
we have q 
 M \

Q
G \ D ¤ ;.

Lemma 4.2

(1) If p 2 Q, n 2 !, and ¹t0; : : : ; tnº is a front of p, then ¹pht0i; : : : ; phtniº is
predense above p.

(2) If ¹t0; : : : ; tnº is a front of p, pht`i � q` 2 Q, and there is ˛ < !1 such that
˛.q`/ D ˛ for ` � n, then there is q � p with ¹t0; : : : ; tnº � T q such that
for all ` we have that qht`i D q`.

(3) If n 2 !, ¹t0; : : : ; tmº is a front of p, lg.t`/ � n, pht`i �0 q` 2 Q, there is
˛ < !1 such that ˛.q`/ D ˛ for ` � m and
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– for all ` � m, .8s 2 T q`/.s �q`
t` ! nor0.cq`;s/ � n/,

– for all s 2 T p if nor0.cp;s/ < n, then .9` � m/.s <p t`/,
then there is q �n p with ¹t0; : : : ; tmº � T q such that for all ` we have that
qht`i D q` and ¹t0; : : : ; tmº is a front of q.

The 2-bigness of our creatures is used to find stronger conditions that are homoge-
neous with respect to a downward closed set.

Lemma 4.3 If p 2 Q and X � T p is <p-downward closed, then there is some q

such that
(a) p �0 q, and either .8`/..T q/Œ`� � X/ or .81`/..T q/Œ`� \ X D ;/,
(b) T q � T p , for t 2 T q , cq;t D cp;t � T q (which means that the set of

possibilities pos.cq;t / is just those � 2 pos.cp;t / with t O� 2 T q),
(c) for every t 2 T q , if cq;t ¤ cp;t , then nor1.cq;t / � nor1.cp;t / � 1 and

norf .cq;t / � norf .cp;t / � 1.

Proof We will choose T q � T p . For each ` � 1 we first choose by downward
induction on j � ` a coloring f`;j of .T p/Œj � with two colors, 0 and 1. For t 2

.T p/Œ`� we set f`;`.t/ D 0 if and only if t 2 X and f`;`.t/ D 1 otherwise.
Suppose that f`;j is defined. For s 2 .T p/Œj �1� we have

pos.cp;s/ D
®
� 2 pos.cp;s/ W f`;j .�/ D 0

¯
[

®
� 2 pos.cp;s/ W f`;j .�/ D 1

¯
:

For m D 0; 1, we let cp;s;m D .i.cp;s/; �; ¹� 2 pos.cp;s/ W f`;j .sO�/ D mº/. By
Lemma 2.18 there is m 2 ¹0; 1º such that nor1.cp;s;m/ � nor1.cp;s/ � 1. Now we
color s 2 .T p/Œj �1� as follows: f`;j �1.s/ D m if and only if m 2 ¹0; 1º is minimal
such that nor1.cp;s;m/ � nor1.cp;s/ � 1. We work downward until we come to the
root of p and keep f`;0.rt.p// and cp;s;m in our memory.

We repeat the procedure of the downward induction on j for larger and larger `.
Since X is downward closed, we have

8`8j � `8s 2 .T p/Œj �
�
f`C1;j .s/ D 0 ! f`;j .s/ D 0

�
:

For each fixed `, these statements are proved by easy downward induction on j .
Case 1. There are infinitely many ` such that f`;0.rt.p// D 0. If there are

infinitely many ` such that f`;0.rt.p// D 0, then by .�/ this holds for all `. Since for
each fixed m there are only finitely many possible hfm;j .s/ W s 2 .T p/Œj �; j � mi,
by König’s lemma we find an infinite subsequence h`k W k < !i such that, for each
k, for all k0 � k, for all j � `k , and for all s 2 .T p/Œj �, f`k0 ;j .s/ D f`k ;j .s/. So we
have for every k, f`k ;0.rt.p// D 0. We let

T q
D

®
s 2 T p

W .8j; k/
�
.j � `k ^ s 2 T Œj �/

! .8k0
� k/

�
f`k0 ;j .s/ D f`k ;j .s/ D 0

��¯
:

Then T q � X and rt.q/ D rt.p/. By our choice of f`;j and by the case assumption,
8` f`;0.rt.p// D 0 and the norm drops at most 1 in the transition from p to q. So q

is as required.
Case 2. There is ` such that, 8`0 � `, f`0;0.rt.p// D 1. Let ` be minimal with this

property. Since for each fixed m there are only finitely many possible hfm;j .s/ W s 2

.T p/Œj �; j � mi, by König’s lemma we find an infinite subsequence h`k W k < !i
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such that, for each k, for all k0 � k, for all j � `k , and for all s 2 .T p/Œj �,
f`k0 ;j .s/ D f`k ;j .s/. So we have, for every k, f`k ;0.rt.p// D 0. We let

T q
D

®
s 2 T p

W .8j; k/
�
.` � j � `k ^ s 2 T Œj �/

! .8k0
� k/

�
f`k0 ;j .1/ D f`k ;j .s/ D 1

��¯
:

Then T q � X and rt.q/ D rt.p/. By our choice of f`;j and by the case assumption,
the norm drops at most 1 in the transition from p to q. So q is as required.

We now improve the property p �0 q in Lemma 4.3 to p �n q, and therefore we
have to weaken the homogeneity property in item Lemma 4.5(a.iii) with nC1 instead
of n and p instead of q of Lemma 4.3.

Lemma 4.4 If p 2 Q, n 2 !, and X � T p is downward closed, then there is
some q such that

(a) p �n q, and there is a front ¹t0; : : : ; tj º such that
(i) ¹t 2 T p W norf .cp;t / � nº � ¹t 2 T q W .9i � j /.t �q ti /º,
(ii) for all i � j we have: either ¹s 2 T q W s �p ti º � X or .81`/.¹s 2

.T q/Œ`� W s �p ti º \ X D ;/, and
(iii) for all i � j , t �q ti , nor0.cq;t / � n;

(b) T q � T p and cq;t D cp;t � T q;
(c) for every t 2 T q , if cq;t ¤ cp;t , then nor1.cq;t / � nor1.cp;t / � 1 and

norf .cq;t / � norf .cp;t / � 1.

Proof We choose a front of p as in (a) and use Lemma 4.3 for each phti i.

Definition 4.5 Let �0; �1 2 spec. We say that �0 is isomorphic to �1 over T<˛ if
there is some injective partial function f W T ! T such that

.8x; y 2 dom.f //.x <T y $ f .x/ <T f .y//;

dom.�0/ [ T<˛ � dom.f /, f � T<˛ D id, f Œdom.�0/� D dom.�1/, and �0.x/ D

�1.f .x// for all x 2 dom.�0/.

Fact 4.6

(1) Being isomorphic over T<˛ is an equivalence relation.
(2) For each ˛ < !1, there are only countably many isomorphism types for

� 2 specT over T<˛ .

Definition 4.7 Let q 2 QT (recall that this means smooth), let `; n 2 !, let
t 2 T q , and let % 2 specT. Let

Q
� be a Q-name for an ordinal.

Let �q;`;t;%;n.
Q
�/ abbreviate the following statement:

(i) q 2 QT, t 2 .T q/Œ`�, and n 2 !,
(ii) .8s �q t /.norf .cq;s/ � n C 1/, and
(iii) if there are finite partial specializations %0 and %00 and a condition q0 � q with

rt.q0/ D last.t/ [ %0 [ %00, i.q0/ D i.q/ C lg.t/ � 1, j rt.q0/j �
n1;i.q0/

2.2nCk.cq;t //
,

norf .cq0;t 00/ � nC1 for every t 00 2 T q0 , %0 and % are isomorphic over T<˛.q/,
and q0 forces a value to

Q
� , then qhti forces a value to

Q
� .

Lemma 4.8 Suppose that p 2 QT, and suppose that n < !. Let N � H .�/ be
countable, let N \ !1 D ı�, let p 2 N , and let T 2 N . Let

Q
� 2 N be a QT-name of

an ordinal. For every n 2 ! there is a q 2 QT such that
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(a) p �n q,
(b) ˛.q/ D ı�,
(c) if % 2 specT and dom.%/ \ ı� D ;, then for any i and infinitely many

` 2 Œi; !/ we have 8t 2 .T q/Œ`� �q;`;t;%;nCi .
Q
�/.

Proof Let h%m W m 2 !i list representatives of the possible isomorphism types
over T<ı�

of a % 2 specT such that dom.%/ \ ı� D ; and such that each type
is represented infinitely often. Let h˛i W i < !i be an increasing sequence of
ordinals that converges to ı�. We choose .pi ; `0

i / by induction on i with the following
properties:

(1) pi 2 QT \ N ;
(2) `0

i < `0
iC1;

(3) p0 D p, pi �nCi piC1, and p
Œ<`0

i
�

i D p
Œ<`0

i
�

iC1 ;
(4) .8t 2 .T pi /Œ�`0

i
�/.norf .cpi ;t / � n C i C 1/;

(5) for any s 2 .T pi /Œ`0
i
� we define

ƒ2
i;s D

®
� 2 pos.cpi ;s/ W .˛/i;s;� holds

¯
;

where
.˛/i;s;� There is a prolongation Q%i of %i that is disjoint from � and compatible

with � such that there are unboundedly many 
 2 ı� such that3 there
are Q% 2 N and a smooth r0 2 N , r0 � pi , such that rt.r0/ D � P[ Q%,
i.r0/ D i.pi / C lg.s/, j rt.r0/j �

n1;i.r0/

2
.2nCi Ck.cpi ;t //

, Q% and Q%i realize the
same type over T<˛.pi /, dom. Q%/ \ 
 D ;, r0 forces a value to

Q
� , and for

all t 2 T r0 , norf .cr0;t / � nC i C1. By P[ we denote the disjoint union.
This ends .˛/i;s;� .

We let
ƒ1

s;i D pos.cpi ;s/ n ƒ2
s;i :

We demand that if � 2 ƒ2
s;i , then�

8t 2 .T piC1/Œ`0
i
C1�

���
t >piC1

s ^ prpiC1;pi
.t/ D sOh�i

�
! p

hti

iC1 forces a value to
Q
�
�
:

This ends item (5).
We show that there is such a sequence hpi ; `0

i W i < !i. Assume that we are given
pi . Then we choose `0

i such that .8t 2 .T pi /Œ�`0
i
�/.norf .cpi ;t / � .n C i C 1/. For

every s 2 .T pi /Œ`0
i � we divide pos.cpi ;s/ into ƒ1

s;i and ƒ2
s;i . Assume that .˛/i;s;�

holds.
Explanation. We fix for each of cofinally many 
 2 ı� a condition r0 D r0;
 2 N

as in .˛/i;s;� . The core of the construction is the definition of a preliminary part of
piC1 that is composed of �; k parts. We choose %�;k � � for k D 0; : : : ; m C i , � 2

ƒ2
i;s , piC1;s;�;k � p

h.sOh�i/i
i with root %�;k that is isomorphic to � [ Q%, and a common

˛.piC1;s;�;k/ for all s and .�; k/, and then we graft the conditions .piC1;s;�;k/ at the
node sOh�i into p

hsOh�i

i DW piC1;s;�;k . This implies that

piC1 D

[®
piC1;s;�;k W s 2 .T p/Œ`0

i
�; � 2 ƒ2

i;s; k �
�q

nor0.cps ;s/
�¯

fulfills
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piC1;s;�;k D p
h.sOh%�;ki/i

iC1

and pi " `0
iC1 � 1 D piC1 " `0

iC1 � 1. In the stronger condition piC1, the place of
� in <pi

will be taken by

%�;k D � [ %0
�;k ; k D 0; 1; : : : ;

�q
nor0.cpi ;s/

�
;

where the %0
�;k

still have to be defined (see (p1)–(p7) below). The order <piC1
is

defined such that, for any k � Œ
p

nor0.cpi ;s/�, prpiC1;pi
.sOh%�;ki/ D sOh�i and

prpiC1;pi
� .piC1/h.sOh%�;ki/i/ is a projection witnessing .piC1/h.sOh%�;ki/i � p

hsO�i

i .
We will show that there are such %�;k with the additional property that, for each k,
%0

�;k
D %�;k n � is over T<˛.pi / isomorphic to Q%i and such that there is piC1 2 QT

such that for any s 2 .T pi /Œ`0
i
�

D .T pi C1/Œ`0
i
�

.�/1 pos.cpiC1;s/ D ¹%�;k W k < n C i C 1º;

.�/2 if � 2 ƒ2
i;s , then�

8sOh%�;ki 2 p
Œ`0

i C1�
iC1

���
sOh%�;ki >piC1

sOh�i ^ prpiC1;pi

�
sOh%�;ni

�
D sOh�i

�
! p

h.sOh%�;ki/i

iC1 forces a value to
Q
�
�
I

and
.�/3 p

hsi

iC1 �nCi p
hsi

i .
A drop in norm like norf .cpiC1;s/ < norf .cpi ;s/ � 1 must be prevented.

Of course we only have p
hsOh%�;ki/i

iC1 � p
hsO�i

i , not even with �0 by the choice of
%�;k . A remedy is to lengthen the � in many disjoint and isomorphic ways to %�;k and
then to use an old fact about uncountably many disjoint finite subsets of Aronszajn
trees and Lemma 2.14. This ends the explanation of the envisaged construction.

We continue the construction. By the case assumption, there are %0
�;k

, rk , 1 �

k < !, with the following properties:
(p1) %0

�;k
and Q%i have the same type over T<˛.pi /,

(p2) dom.%0
�;k

/ \ ˛.pi / D ;, and dom.%0
�;k

/ \ dom.%0
�;k0/ D ; for k ¤ k0,

(p3) %0
�;k

2 N ,
(p4) rk 2 N forces a value to

Q
� , and rk is smooth,

(p5) rt.rk/ D � [ %0
�;k

DW %�;k , and i.rk/ D i.pi / C lg.s/,
(p6) for all 8t 0 2 .T rk /Œ�`0

i
�, norf .crk ;t 0/ � n C i C 1,

(p7) j dom.%�;k/j �
n1;i

2
.2nCi Ck.cpi ;t //

.

By a fact about uncountably many disjoint finite subsets in an Aronszajn tree (see,
e.g., [18, Chapter III, Theorem 5.4] or [7, Lemma 18.10]), applied in N iteratively
n C i times, we can have additionally:

(p8) and such that for k ¤ k0, k; k0 �
p

n C i , t 2 dom.%0
�;k

/, t 0 2 dom.%0
�;k0/,

the two nodes t and t 0 are �T-incomparable.
Then we pick for each k < ! some %0

�;k
and rk with properties (p1)-(p8). We set

%�;k WD � [ %0
�;k

and p0
iC1;s;�;k

D rk . We have sOh%�;ki D rt.T p0
iC1;s:�;k /. We glue

the preliminary conditions together above s and choose p0
iC1 and prp0

iC1
;pi

such
that .p0

iC1/h.sOh%�;ki/i D p0
iC1;s;�;k

and prp0
iC1

;pi
.sOh%�;ki/ D sOh�i. We use only

k D 0; : : : ; n C i . The outcome p0
iC1 of the gluing procedure might not be smooth
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and, indeed, might not be a condition at all, because each p0
iC1;s;�;k

has its own
˛.p0

iC1;s;�;k
/ and Definition 3.3(A.c) might be missing. Clause (p4) guarantees .�/2

for p
0 h.sOh%�;ki/

iC1 , and by Lemma 2.14 the requirement .�/3 is fulfilled by p
0 hsi

iC1 for all
the relevant s, �, k.

This finishes the particular construction of p0
iC1 above the projection’s preimage

of sOh�i for � 2 ƒ2
s;i . For � 2 ƒ1

i;s we let p0
iC1 above sOh�i be just pi above sOh�i.

Thereafter, we take ˛0
iC1 2 Œ˛iC1; ı�/ sufficiently large so that, for each � 2 ƒ2

s;i ,
each k � Œ

p
nor0.cpi ;s/�, each � 2 ƒ1

s;i (with %�;0 D �), a smooth piC1s;�;k �nCi

p0
iC1;s;�;k

such that, for every sOh�i �pi
s, sOh�i 2 .T pi /Œ`0

i C1�, k D 0; : : : ; n C i ,
and for every %�;k , ˛.piC1;s;�;k/ D ˛0

iC1 � ˛iC1. Such a condition exists by
Lemma 3.11. We perform all the filling up from the proof of the latter lemma strictly
above level `0

iC1.
Now we define piC1 as follows:

piC1 D

[
¹piC1;s;�;k W s 2 p

Œ`0
i
�

i ; � 2 ƒ1
s;i º

[
®
piC1;s;�;k W k �

�q
nor0.cpi ;s/

�
; s 2 p

Œ`0
i
�

i ; � 2 ƒ2
s;i

¯
By construction we have ˛.piC1/ D ˛0

iC1. Since .p0/
Œ�`0

iC1
�

iC1 D p
Œ�`0

iC1
�

iC1 , the prop-
erties .�/1;2;3 of p0

iC1 hold also for piC1. Now by Lemma 2.14,

norf .cpiC1;s/ � n C i and piC1 �nCi pi : (4.1)

So we finished the inductive choice of h.pi ; `0
i / W i < !i with properties (1)–(5).

We let q be the fusion of the pi ’s. We show that q is as desired in the lemma. Let
% 2 specT and i be given with dom.%/ \ ı� D ;. Then at any of the infinitely many
steps i of the above construction in which the isomorphism type of % is invoked, for
any t D sOh%�;ki 2 .T q/Œ`0

i
C1�, �q;`0;t;%;nCi .

Q
�/ is ensured by properties .�/1;2;3 and

(1)–(5).

In the next lemma we turn conclusion (c) of the previous lemma into a stronger
property, by strengthening a condition with the help of the homogeneity property
from Lemma 4.4. The property in (b) in the next lemma is a version of “continuous
reading of names” that yields a strong version of Axiom A.

Lemma 4.9 Suppose that Q D QT, p 2 Q, n < !, and
Q
� is a Q-name of an

ordinal. Then there is a q 2 Q such that

(a) p �n q,
(b) for some ` 2 ! we have that for every t 2 .T q/Œ`� the condition qhti forces a

value to
Q
� .

Proof Let N � H.�/ be such that QT; p;
Q
� 2 N . We take q �nC1 p in the role

of q from the previous lemma applied to N , ı� D N \ !1,
Q
� 2 N , p, so (a), (b), and

(c) from the conclusion of Lemma 4.8 hold for p and q.
Then we define, for k 2 !,
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X� .q; k; n/ D

°
t W t 2

[
k0�k

.T p0
0/Œk0�

^ .9q0/
�
qhti

�0 q0
^ .q0 forces a value to

Q
�/

^ .8t 0
2 T q0

/
�
t 0

�q0 t ! norf .cq0;t 0/ � n C 1
��±

:

For Qn < !, p1; p2 2 Q, and t 2 T r , we denote the following property:

.p1/hti
�0 p2 ^ 8t 0

�
t � t 0

2 T .p2/
! nor0.cp2;t 0/ � Qn C 1

�
^ .p2 forces a value to

Q
�/: .�/

Qn;t
p1;p2

Note that .T q0

/Œ`� � X.q; k; n/ implies that 8t 2 .T q0

/Œ`�.9q00/.�/
n;t
q;q00 .

Choose
(1) k such that t 2 .T q/Œ�k� ! norf .cq;t / > n C 2,
(2) q0 �nC1 q as in Lemma 4.4 applied to q, the front .T q/Œk�, and X D

dom.q/ n X.q; k; n C 1/, which is downward closed.
We show that 81`8t 2 .T q0

/Œ`�.q0/hti forces a value to
Q
� . Note that also q0 has

with respect to p the properties from the previous lemma.
First case. In Lemma 4.4(a) we get 8`.T q0

/Œ`� � X . We show that this does not
happen. We work with i D 0 in conclusion (c) of Lemma 4.8.

Suppose that t 2 T q0 is such that .8t 0 2 T q0

/.t 0 �q t ! nor.cq0;t 0/ � n C 1/.
Then, by the definition of X , for any t 0 �Q t , .q0/ht 0i does not force a value to � .
However, ˛.q/ D ˛.q0/ D ˛..q0/hti/ D ı� D N \ !1. We take any q00 � .q0/hti that
forces a value to � . Without loss of generality we can assume that, for all t 0 2 T q00 ,
.t 0 �q00 t� ! norf .cq00;t 0/ � n C 1/, where t� <q00 t is the direct predecessor
of t . Then % WD rt.r/ n last.t/ has dom.%/ \ ı� D ; by Fact 3.7(2). Moreover,
j rt.r/j <

n1;i.r/

2
.2nCk.cq00;t //

by the assumption on the norms. Then since q0 has the
properties of the previous lemma we get that there are infinitely many ` such that
.8t 0 2 .T q/Œ`� \ T .q00/hti

/.�q;`;t 0;%;n/ and in clause (iii) of the statement �q;`;t 0;%;n

the premise is fulfilled. So we have .T q0

/Œ`� ª X .
Second case. In Lemma 3.3(a) we get .81`/..T q0

/Œ`�\X D ;/. By the definition
of X.q; k; n/ D T q n X we are done.

Conclusion 4.10 We have that QT is a proper !!-bounding forcing that special-
izes the Aronszajn tree T.

The following result was also established by Hirschorn in [5] and in [11].

Corollary 4.11 It is consistent relative to ZFC that all Aronszajn trees are special
(hence, there are no Souslin trees), and d D @1 and 2! D @2.

Proof We shall show that there is an iterated forcing with iterands of the form
QT such that in the extension every Aronszajn tree is special. Since the letter Q is
reserved for the QT’s, we use the symbol Q0 for the iterands. Every element of a
forcing extension has a proper class of names. Canonical names provide for a small
set of representatives. We first recall the notion of canonical names. Let P be a notion
of forcing. For a 2 V we let La D ¹hp; Lbi W b 2 a; p 2 Pº. For a P-name � we define
its name rank rkn.�/ by induction as

rkn.�/ D sup
®
rkn.�/ C 1 W .9p/.h�; pi 2 �

¯
:
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In addition, we define the revised name rank as

rkr .�/ D

´
0 if 9a 2 V La D �;

sup¹rkr .�/ C 1 W 9php; �i 2 �º otherwise.

Finally we define the V-rank rkV for x 2 VŒG�,

rkV.x/ D

´
0 if x 2 V;

sup¹rkV.y/ C 1 W y 2 xº otherwise.

Let rk.x/ D sup¹rk.y/ C 1 W y 2 xº be the usual rank function.
A P-name � with rkn.�/ D ˛ is called canonical if
(a) for any ˇ, P 
 rk.�/ � ˇ implies that ˇ � ˛ and P 
 rkV.�/ � ˇ implies

that rkr .�/ � 1 C ˇ; and
(b) if P has the �-antichain condition P 
 j� j < �, then j� j < �; and
(c) for any P-name � and any p 2 P , if h�; pi 2 P, then � is canonical as well

(see [18, Chapter I, Section 5]).
Shelah in [18, Chapter I, Theorem 5.13] proves that every x 2 VŒG� has a canonical
name. The canonical names are in general not unique.

We write VP for any VŒG� with a generic G. In the special case of an Aronszajn
tree .!1; <T/ in the sense of Definition 1.1 in an extension VP with !VP

1 D !V
1 , we

have for example a P-canonical name of <T of the form

� D
®˝

p; .˛; ˇ; i/
˛

W ˛; ˇ 2 !1; i 2 ¹0; 1º; p 2 A˛;ˇ

¯
with maximal antichains A˛;ˇ � P such that, for each p 2 A˛;ˇ , p 
P ˛ <T ˇ if
hp; .˛; ˇ; 1/i 2 � , and p 
P :˛ <T ˇ if hp; .˛; ˇ; 0/i 2 � . If P 2 H.@2/, then
� 2 H.@2/. This ends the review of canonical names.

We start with a ground model of 2@0 D @1 and 2@1 D @2. Let bW @2 ! H.@2/ be
a surjective function such that each element of H.@2/ has cofinally many preimages
under b. Since 2@1 D @2, such a function exists.

We argue that it suffices to specialize any Aronszajn tree in the sense of Defi-
nition 1.1. Any normal Aronszajn tree has an isomorphic copy that meets Defini-
tion 1.1. Every Aronszajn tree T contains a normal subtree

Tnormal D
®
t 2 T W

ˇ̌
¹s 2 T W s �T tº

ˇ̌
D @1

¯
:

Any specialization of the normal part can be extended to a specialization of the whole
tree.

Recall that we write P 
 ' to denote that any element of P forces '. We prove
by induction on ˛ � !2 that there is a countable support iteration

P!2
D hP˛;Q0

ˇ W ˇ < !2; ˛ � !2i

with the following properties:
(1) 8˛ < !2, P˛ 2 H.@2/, P0 D ¹1º;
(2) 8˛ < !2,

P˛ 
P˛
“if b.˛/ is a P˛-name of an Aronszajn tree,
then Q0

˛ is a P˛-name for Qb.˛/; otherwise Q0
˛ D ¹1º”;
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(3) for ˛ � !2,

P˛ D
®
f W supp.f / � ˛; supp.f / is countable, and

8ˇ 2 supp.f /
�
f .ˇ/ is a canonical Pˇ -name and Pˇ 
 f .ˇ/ 2 Q0

ˇ

�¯
I

(4) 8˛ � !2, P˛ is !!-bounding (and hence proper; see Definition 4.1).
For carrying the induction we use the following important preservation properties:

Under the continuum hypothesis, the forcing order QT from Definition 3.3 is of size
at most @

@0

1 D @1 and is a subset of H.@1/, so QT 2 H.@2/. Here the cardinals @1

and @2 are taken in the ground model.
The countable support limit of proper forcings is proper by [18, Chapter III, The-

orem 3.1]. Hence, for any 
 � !2, @
VŒG
 �

1 D @1.
We cite [18, Chapter III, Theorem 4.1]. Assume that � is regular and uncountable,

and assume that .8˛ < �/.˛@0 < �/. Let P D hP˛;Qˇ W ˇ < �; ˛ � �i be a
countable support iteration such that, for any ˛ < �, P˛ 
 jQ˛j < �. Then P� has
the �-antichain condition, and for any ˛ < �, P˛ has a dense subset of size less than
� and P˛ 
 2@0 < �. We apply this theorem under the continuum hypothesis with
� D @2 (from the ground model) and thus get @

VŒG�
2 D @2 and that, at any stage

˛ < !2, P˛ 
 CH.
The preservation of @1 and of @2 yields that, at any stage ˛ < !2, !1 in the sense

of the stage is the !1 from the ground model. If P˛ 2 H.@2/, then also any canonical
P˛-name of a condition in QT for an Aronszajn tree T is an element of H.@2/.
Hence, according to clause (3) of the recursive definition, P˛C1 � H.@2/. Since
the iterand Q0

˛ is forced to be an element of H.@2/, by the continuum hypothesis
there are few canonical names for elements of the iterand Q0

˛ . Thus, by (3) we
get jP˛C1j < @2 and P˛C1 2 H.@2/. For limit steps ˛ < !2, if Pˇ 2 H.@2/

for ˇ < ˛, then by the continuum hypothesis again there are few functions with
countable support, and hence by (3), P˛ 2 H.@2/.

Let P be a countable support iteration, and for any i < �, Pi 
 “Qi is
!!-bounding.” Then by [18, Chapter VI, Section 4] also the limit P� is !!-bounding.

Hence, we know that an iterated forcing P!2
with properties (1)–(4) exists. Fix

any such P!2
. Let G be a P!2

-generic filter over V. We let G˛ D G \ P˛ .
We prove that P!2

forces that any Aronszajn is special. Let T D �ŒG� 2 VŒG� be
an Aronszajn tree in the extension in the sense of Definition 1.1, and let p 2 P˛0

\G

force this. Since @V
1 D @

VŒG�
1 and since P!2

has the @2-antichain condition, by [18,
Chapter III, Theorem 4.1] there is an ˛1 2 Œ˛0; !2/ such that T has a canonical
P˛1

-name � and p 
P˛1
� D � . Now for any 
 � ˛1, p 
P


“� is an Aronszajn
tree,” since this is forced by p in the forcing P!2

, and being an Aronszajn tree,
it is downward absolute if @1 is the same and P
 is a complete suborder of P!2

.
Moreover, �ŒG˛1

� D �ŒG
 � for any 
 2 Œ˛1; !2�. Since for any 
 2 !2, b � Œ
; !2/

is surjective onto H.@2/ and since canonical P˛-names for subsets of !1 � !1 are
elements of H.@2/, by property (2) of P!2

there is some ˛ � ˛1 such that b.˛/ D �

(so really the same names) and

p 
P˛
b.˛/ D � is an Aronszajn tree and Q0

˛ D Q� :

Now we use again Shelah’s result on canonical names. Each f .˛/ that is forced to be
an element of Qb.˛/ has a canonical P˛-name. This ensures that p forces that P˛C1

defined according to (3) is equivalent to forcing with Qb.˛/ over VP˛ . By the choice
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of the iterand Q0
˛ D Qb.˛/ under the condition p, by Conclusion 4.10 the same

condition p 2 P˛C1\G forces in P˛C1 that � is special via the generic specialization
function fQ0

˛
from Corollary 3.14. The property “fQ0

˛
ŒG˛C1� specializes �ŒG˛1

�”
is upward absolute from VŒG˛C1� to VŒG�. Hence, it holds also in VŒG�. This
concludes the proof that P!2

forces that any Aronszajn tree is special.
In any extension by an !!-bounding (and hence proper) forcing, the set !! \ V

stays as a dominating family, and therefore, d � j.!!/ \ VjVŒG� D !1. Of course, d
is uncountable; hence, d D @1 in VŒG�.

In Theorem 5.5 we prove that, for each q 2 K1, Pq 
 unif.M/ D @2. The
forcing P!2

given by the above definition is in K1. Hence, in VŒG�, 2! � @2. By the
already mentioned theorem [18, Chapter III, Theorem 4.1], P!2


 2! � @2.

5 QT Makes the Ground Model Reals Meager

Let the set of reals R carry the usual order topology. A subset A � R is called
meager if it is the union of countably many nowhere dense sets. The uniformity of
the ideal of meager sets is defined as

unif.M/ D min
®
jAj W A � R; A is not meager

¯
:

Moore, Hrušák, and Džamonja in [12] showed that }.R; M; …/—a strengthening of
unif.M/ D @1, which says that

.8 Borel F W
!1>2 ! meager F� /

�
9hgı W ı 2 !1; ı limiti

�
8x 2

!12
®
˛ 2 !1 W g˛ … F.x � ˛/

¯
is stationary

—implies that there is a Souslin tree. A function F W <!1 ! meager F� is called
Borel if for each infinite countable ˛ the layer F � 2˛ is Borel in the natural topolo-
gies on 2˛ and the set of F� -sets.

We assume that 2@1 D @2, and we let P!2
be a countable support iteration of

QT˛
, with a suitable bookkeeping, so that for each ˇ < !2, each Pˇ -name of an

Aronszajn tree is named after stage ˇ. Our forcing P!2
is fairly definable; hence, the

proofs sketched in [12] support the conjecture. If P!2
forced unif.M/ D @1, then it

would also force }.R; M; …/. Here we show that P indeed forces unif.M/ D @2.
We assume that 2@0 D @1 and 2@1 D @2.

Definition 5.1 Let T be a standard Aronszajn tree, and let p 2 QT.
(1) We say that p is diverse if, for any s 2 T p and for any t1 ¤ t2 2 sucT p .s/,

the partial specializations �i D last.ti / are contradictory, which means that�
9
1 2 dom.�1/

��
9
2 2 dom.�2/

���

1 <T 
2 ^ �1.
1/ D �2.
2/

�
_ .
2 <T 
1 ^ �1.
1/ D �2.
2/

_
�

1 D 
2 ^ �1.
1/ ¤ �2.
2/

�
:

(2) A condition p 2 QT is called weakly diverse if for any s 2 T p there is some
h 2 ! such that, for any t1 ¤ t2 2 sucT p .s/ for any extensions t�

1 of t1 and t�
2

of t2 to level lg.s/C1Ch, we have that last.t�
1 / and last.t�

2 / are contradictory.

Lemma 5.2 For a standard Aronszajn tree T the following hold.
(1) There is a diverse p 2 QT.
(2) We assume the following.

(a) p 2 QT is diverse.
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(b) p 
 “there is a unique branch hti W i 2 Œi.p/; !/i of T p such that[®
last.ti / W i 2

�
i.p/; !

�¯
�

[®
last

�
rt.r/

�
W r 2 GQT

¯
:”

(c) For s 2 T p the sequence hts;` W ` 2 pos.cp;s/i lists sucT p .s/.
(d) The QT-name

Q

% is a name for an element of !! such that i � i.p/ !

tiC1 D ti;%.i/ and %.i/ D 0 for i < i.p/.
Under the assumptions (a)–(d) we have that p 
QT

Q

% 2 !! is eventually
different from any � 2 .!!/V.

(3) The set of weakly diverse p 2 QT is dense (not used).
(4) Similarly to (2) for any weakly diverse p there are a list of infinitely many

levels and a name for an eventually different real.

Proof (1) The condition given in Lemma 3.4 is diverse. (2) Let � 2 !! \ V. We
let, for n � i.p/, D�;n D ¹q � p W .8i � n/.8s 2 qŒi�/.ts;�.i/ … sucT q .s/º. It is
easy to see that

S
n�i Dn is dense above p, and any q 2 Dn forces that

Q

%.i/ ¤ �.i/

for i � n.

Lemma 5.3 Let p 2 QT be diverse. Then p 
 .!2/V is meager.

Proof The condition p forces that the generic real
Q

% that is constructed from p and
an enumeration as in (2.c) of the previous lemma is eventually different from any real
in the ground model. By Bartoszynski and Judah [2, Theorem 2.4.7] a forcing makes
the ground model reals meager if and only if it adds an eventually different real.

Definition 5.4 We have that K1 is the class of countable support iterations q D

hP˛;
Q

Qˇ W ˇ < !2; ˛ � !2i, Qˇ D Q
Q
Tˇ

, Pq D P!2
, where

Q
Tˇ is a Pˇ -name of a

standard Aronszajn tree (as in Definition 1.1), and for every ˛ < !2 and P˛-name
Q
T

of a standard Aronszajn tree there is some ˇ 2 Œ˛; !2/ such that Pˇ 
 “
Q
Tˇ D

Q
T if

T is an Aronszajn tree.” (Note that Pˇ =P˛ may add an !1-branch to T.)

Theorem 5.5 If q 2 K1, then Pq 
 unif.M/ D @2.

Proof It is enough to prove for ˛ < !2 that Pq 
 “.!2/VŒP˛ � is meager.” Let
p 2 Pq. Then there is ˇ < !2, ˇ D ˛ C i … dom.p/ for some i < !1. We let
q D p [ ¹.ˇ; p�/º, and q � ˇ 
 p� D p.ˇ/ is a diverse condition. So by [2],
q 
Pq “.!2/VŒPˇ � is meager.” Then also q 
Pq “.!2/VŒP˛ � is meager.” As ˛ < !2

and p 2 Pq were arbitrary, we are done.

This concludes the proof of Theorem 1.4.

Remark 5.6 Except for the work on the halving property, all other technical steps
can be performed with simple creatures, because there we never changed the value
k.c/ of a creature in a condition when strengthening a condition according to the
demands. So Theorem 1.4 can be proved with a slightly simpler relative of QT in
which the nodes in the conditions p are described by simple creatures.

Notes

1. This stronger form of premise (i) and hence weaker form of clause (2) is used in the
de-halving Lemma 3.16.
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2. This condition is used in Lemma 3.11. It is crucial for the fact that smooth conditions
are dense. Only for smooth conditions do we have fusion. So the properness proof in
Lemma 4.8 hinges on this clause. The existence of the finite ut , which has the same size
for all branches in a cone of T p , is used to show that the number `�

1 in Lemma 2.13 is
small relative to the norm of sufficiently many creatures in a forcing condition.

3. Everything depends also on s, but we do not introduce an index s.
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