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§ 0. INTRODUCTION

§ 0(A). Is Well Met Necessary in Some Forcing Axiom.

We investigate the relationships between some forcing axioms related to pressing
down functions for pT-c.c., mainly from [She00b]. This in particular is to answer
Kolesnikov’s question of having [P satisfying one condition but with no P’ equivalent
to P satisfying another. A side issue is clarifying a point in [BKS09] (a rephrasing
is (2)Z p from 0.3). We intend to continue this considering related axioms in [S*].

We justify the “well met, having lub” in some forcing axioms, e.g. condition (c)
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In7[She78} such forcing axiom was proved consistent, for forcing notion satisfying
(for p<H = p; we may write “Q satisfies )" instead *, o , similarly below):
*}L,Q @Q is a forcing notion such that:
(a) (< p)-complete, i.e. any increasing sequence of length < p has an
upper bound

(b) ut-regressive-c.c.: if p, € Q for a < p* then for some club E of pu*
and pressing down function f on F we have [§; € EAdy € EN (f((51) =

f(82)) A (cf(61) = pu = cf(82)) = ps,, ps, are compatible]
(c) if p1,p2 € Q are compatible then p;,ps have a lub.

An easily stated version which is still enough is:

*Z,Q Q is a forcing notion satisfying clause (a) and
(b)" if po € Q for o < pT then for some (E,q, f) we have
e FEaclubof u*
e (= <Q(1 o< ,LL+>
® po <Q qa
e f is a pressing down function on E

ifd&1€e ENdy € EN cf(51) =u= Cf((SQ) AN f((;l) = f(52) then
s, 4s, has a lub.

An obvious fact used is

B Assume Q is a forcing notion, € < p a limit ordinal, py = (pro : @ < &) is

<g-increasing for £ = 1,2 and for every o < ¢ the condition p, € Q is a
2

<g-lub of p1.a;p2.a (ie. A pra <@ pa and (V) (P10 <o ¢ AP2,0 <@ ¢ =
=1
Pa <0 q))- Then (p, : a < &) is <g-increasing, hence if {p, : @ < €} has

an upper bound then so does {p1,q,P2,0 : @ < €}.

Now [CDM™17] mainly deal with consistency results for singular p, but on the
way has (with a complete proof of the iteration theorem) suggest a condition weaker
than the one in [She78] and even the one in [She80] and is stronger than the one in
[She00b, 1.7(1)], using a trivial strategy and € = w. Using 0.2, the condition from
[She00b] is (2)% p, where ¢ is a limit ordinal < y, and the condition from [CDM*17]

1S
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+) o Q a forcing notion such that

(a) as above

(b) as above

(c) if, for every n < w we have p, < ppi1,qn < Gns1 and p,,q, are
compatible then the set {p,,q, : n < w} has a common upper bound
(here this is clause (3)p of Def 0.2).

Our main conclusions are 1.9, 1.10, 2.1, 3.10.

The immediate reason for this paper is that the statement in Baldwin-Kolesnikov-
Shelah [BKS09, 3.6] is misquoting [She80, 4.12]. We shall show below that the
statement is inconsistent because as stated it totally waives the condition “every
two compatible members of P have a lub”. Also, it is stated that in [She80, 4.12] this
was claimed, but quoting only [She78|. In Shelah-Spinas [SS| we consider another
strengthening of the axioms.

More fully, [She80, 4.12] omits the condition above, but demands the existence
of lub’s of some pairs of conditions so that it holds in the cases it is actually used.
So, in that case the proof of [She78] works, and see more in [She00b, Def.1.1] which
gives an even weaker condition called xJ,.

Concerning *lli,Q’ the preservation of a related condition was proved indepen-
dently by Baumgartner, who instead of (b) used s somewhat stronger condition
(b)™ which says that Q is the union of u sets of pairwise compatible elements with
lub, this is represented in Kunen-Tall [KT79], see history in the end of [She78] and
see more in [She00b]. We thank Mirna Dzamonja for drawing our attention to the
problem and Ashutosh Kumar and Shimoni Garti for various corrections and the
referee for helpful suggestions.

§ 0(B). Are Some Versions of Axioms Equivalent?

To phrase our problem see the Definition below.
Kolesnikov asked:

Question 0.1. Is there a forcing notion P satisfying (1), (2)s, (3)s,. but not equiv-
alent to a forcing notion P’ satisfying (1)q, (2)s, (3)a?

Definition 0.2. Consider the following conditions on a forcing notion P for a fixed
po= ph

completeness:

1),  increasing chains of length < p have a lub.

1)a,<9 = (1)q,0 increasing chains of length < # have a lub.

1)a,<p increasing chains of length < § have a lub.

1)q,=¢ increasing chains of length 6 have a lub.

1)y  increasing chains of length < p have a ub.

<6 = (1)pp increasing chains of length < 6 have an ub.

<¢ increasing chains of length < 6 have an ub.

1)p=p increasing chains of length 6 have an ub.

1), P is strategically a-complete for every a < p, see Definition 0.11.

1)c,a P is strategically a-complete; where here oo < p.

1) there is a “stronger” order <y on P which means:
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o1 p1 <st P2 = P1 <p P2
o 1 <p P2 <st P3 <p P4 = P1 <st P4
e3 any <g-increasing chain of length < p has a <p-ub (hence a <g-ub)
o, for every p there is ¢ satisfying p <s ¢
(D)a,<6e = (1)q,p  any increasing continuous chain of length < 6 has a lub.

(1)q,=¢ any increasing continuous chain of length 6 has a lub.

Strong pT-c.c.: for a stationary S C S;f, the default value being Sl‘f, see 0.10; we
may write (2),[S] when S is neither the default value nor clear from the context.

(2), Given a sequence (p; : i < u+) of members of P there are a club C of ut and a
regressive function h on C'N S such that o, 8 € CNS Ah(a) = h(B) = pa,ps have
a lub.

(2)p like (2), but demanding just that p,,pg have an ub.

(2);9 if po € P for @« < put then we can find a club E of ut and a regressive
h: SNE — pt such that: if i(x) < 1+6,6; € SNE fori < i(x) and h[{d; : i <i(x)}
is constant then {ps, : 4 < i(x)} has a lub

(2)2’79 like (2):,0 but in the end the set has a ub

(2); ¢ if pa € P for a < pT then we can find g, E, h such that

o §=(qo:a<put)

®2 Po <P qa

o3 E aclub of ut

e, h is a regressive function on SN E

o5 if % C SNE has cardinality < 1+6 and h[% is constant, then {¢s : § € %}
has a lub.

(2); 4 like (2)} o but in the end the set has a ub, (note that this is equivalent to
()

For € < p a limit ordinal, .e.g. w:

(3), any two compatible py, ps € P have a lub.
(3)p,e if (pec : ¢ <€) is increasing for £ = 1,2 and p; ¢, p2,¢c are compatible for every
¢ <ethen {pr¢:¥¢e€{1,2},¢ < e} has an upper bound; recall B of §(0A).
(3)b,6,e if (a) then (b) where:
(a) o pe;ePfor(<ecandi<i,<8
oy if i < i, then the sequence (p¢; : ( < €) is <g-increasing ; (usually
<gt is from (1))
o3 for each ¢ < ¢ the set {p¢,; : 4 < i,} has a common upper bound
(b) the set {p¢; : ( <e,i <i,} has a common upper bound.
(3)a,0,e like (3)p0,- but in e3 we have lub.

Definition 0.3. Assume first D a normal filter on p* to which Sl’f belongs (we
may omit D when it is (the club filter on put) + Sﬁ+, see Definition 0.12; also we
may omit D if clear from the context). We may write S instead D when D is (the
club filter on p*) + Sﬁ+. Second 2 < 6 < u, we may omit § when 6 = 2; we may

write = 0 or < @ instead 0T or (essentially equivalent) @ + 1. Third assume P is a
forcing notion and £ < p is an ordinal; a limit ordinal if not said otherwise. Writing
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¢ instead € means “for every limit ordinal < £” . Note that (2); p, is equal to =}, p
of [She00Db].
Then we define the following conditions on P:

(2)z9.p = (2)c,0,0,c in the following game the COM player has a winning strategy:
(a) a play lasts e-moves
(b) in the ¢-th move a triple (p¢, h¢, S¢) is chosen such that:
(@) Pc=(pca:a€Se)
(B) pea€P
() SceD
(6) ScCn{Se:e<q)
() if a € S¢ then (pg o : & < () is a <p-increasing sequence
(¢) h¢ is a pressing down function on S
(c) COM chooses' (p¢,he) when 1+ is even, INC chooses it when 1+ ¢
is odd

(d) COM wins a play when it always could have made a legal move, and

in the end there is S, € D included in [ S¢ such that:
(<e
ifi, <0 anda; € Se fori < i, and for each ¢ < i, we have A h¢(a;) =
(<e
h¢ (o) then the set {pq, ¢ : ( <¢€,i <.} has an ub

(2)3,0.p 1s defined as above replacing clause (b)(e) by:
() if €S, then (peqo : € < () is <p-increasing continuous.

Remark 0.4. 1) So for a forcing notion Q, (2);, p, for € limit is x7,[Q] [She00b, 7]. Also
Q satisfies (1), +(2)3 9, p +(3)a means *, o from §0(A). Also Q satisfies (1) +(2)} -
mean *, o from §0(A).
2) Note that “P satisfies (2); " implies a weak version of strategic completeness
(see (1)p,9 for 6 = [e|™).

Definition 0.5. 1) For suitable z, y, z, (but we may omit e.g. (3).) let Axy ,((1)z, (2)y, (3)2)
mean: if (u is as in 0.2), P is a forcing notion satisfying those conditions and .#; C P

is dense open for ¢ < i(*) < A then some directed G C P meets every .7.

2) We may omit A if A = 2# > u*, we may more generally write Axy ,(K) for K a
property of forcing notion.

3) For an ordinal® ¢ < p, a limit ordinal if not said otherwise, let Axj ,, mean:

Axy ,((1)e + (2)5), we may omit A if A = 2# > AT,

See on more axioms Roslanowski-Shelah [RS01] parallel to forcing and [She00a] and
references there. In §1 if we replace Cjs by a stationary, co-stationary subset of 9,
we can iterate appropriate uT-c.c. (< p)-complete forcing notion. Earlier we have
wondered (for answers on this question see 0.7(2)):

1VVhy 1+ ¢ not, e.g. ¢ + 1?7 First, we like the INC to have the first move so that if P satisfies
the condition and p € P then P[{q : p <p ¢} satisfies the condition. Second, we like the player
COM to move in limit stages, as this is a weaker demand.

2really omitting (1), does not make a real difference but is natural
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Question 0.6. Assume p = pu<H

1) In [SheT78], can the demand “well met” cannot be omitted?

2) Is there an example P where (1), + (2)¢ holds but (1), + (2)? fails for any
0 € Reg\{0} where 0 = cf(0) < p,cf(9) = 9 < u? The case & = Ny < 6 is natural.

3) Do we have an example for Ax((1), + (2), + (3)a) but not Axj, with e.g. € = w,
?

Discussion 0.7. 1) Note: if we have (3), = called well met then we have (2), =
(2)p. If in addition to (3), + (2), we have (1), then we have (2)¢ for every . Hence
0.6(2) may be the true question.

2) In §1 (see 1.9) we shall show that the demand “well met” cannot be omitted in
[She78]; in other words, the statement Ax,,((1)4, (2)s) is inconsistent.

In §2 for 6,0 < p regular not equal we get the consistency of Ax, ((1).+ (2);:9)
but not Ax,((1). + (2);8) see 2.14, but this does not answer Question 0.6(2). In
§3 we answer 0.6(2).

3) Suppose we consider a forcing notion as in §1, i.e. for §2 use § = 1, but as in
3.3, for a € C5 N SY " o uniformization is demanded. This makes AXZ holds for
this forcing notion, but *9 fail, so all seems fine.

4) Below, in fact for (Cs, s : § € S), we may force also the Cs (in Q in §1); we may
not ask that Cs is closed in ¢ and let a5 = (o, : § < p) list Cs in increasing order
so with limit 6, but generically we can have of, - = a3, ., fs, (aF, o) # £5,(a3, ) for
%, i.e. anyhow seems reasonable.

Observation 0.8. Assume pu = <" and e < p limit.

1) If the forcing notion Q satisfies the conditions (1)y ||+, (3)a and (2)p, here equiv-
alently (2), then Q satisfies (2)S from Definition 0.3, .

2) If P satisfies (3), then P satisfies (3)g..

3) If P satisfies (1)y,1c1+ + (2)1 5 then P satisfies (2)5.

4) For any P we have: (1), = (1) = (1)F = (1)c and (1)s = (D), = (1)
Similarly (1)a,0 = (1)pe = (1)c,o and (1)a,—g = (1)p,=0 and (1)a,0 = (1)a,p and
(Da,=0 = (1)a,=o-

5) For any P we have (2):,9 = (2)h 9= (2);9.

6) If P satisfies (2); p then forcing with Q adds no new sequence of ordinals of
length < €.

Proof. Just read the definitions carefully.
E.g.
3) Recall H of §(0A). Oo.g

Claim 0.9. 1) Ax},, i.e. Ax,((1)c + (2)7) is equivalent to the aziom in [She00b].
2) Ax, (Db, (2)a, (3)a) is the aziom from [She78]. If 6,0 are regular cardinals < p
and sz does not imply Ax}, then Ax,((1)p,(2)a;(3)a) so the aziom from [She78],

does not imply Ax,.
Proof. Easy, too. Uo.o

Many works on forcing for uniformizing see [She77], [She03], [She98, Ch.VIII] and
on ZFC results see [DS78], [She98, AP §1].
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§ 0(C). Preliminaries.

Notation 0.10. 1) For regular 6 < A let Sy = {6 < A : § has cofinality 6}.
2) We may write 6(+) instead of 61 in subscripts.

Definition 0.11. 1) We say that a forcing notion P is strategically a-complete
when for each p € P in the following game O, (p, P) between the players COM and
INC, the player COM has a winning strategy.

A play lasts o moves; in the S-th move, first the player COM chooses pg € P
such that p <p pg and v < 8 = ¢, <p ps and second the player INC chooses ¢z € P
such that pg <p g3.

The player COM wins a play if it has a legal move for every £ < .

2) We say that a forcing notion P is (< A)-strategically complete when it is a-
strategically complete for every o < A.

Definition 0.12. For a filter D on a set [

(a) DY ={ACI:1\A¢ D}
(b) for S€ DY let D+S={ACI:AU(I\S) € D}.

Theorem 0.13. Assume p = p~* and D is a normal filter on u™ to which S;f
belongs; not that in VE we interpret D as the normal filter on p* it generates.
Assume further that 2 < 0 < p. Then each of the following properties listed in (B)
of forcing notions is preserved by (< p)-support iteration which mean clause (A) is
satisfied; where:

(A) if g = (Pa,Qp : @ <1g(q), 8 < 1g(q)) is a (< p)-support iteration and for
each 3 <lg(q) we havel-p, “(Qp satisfies the property Pr”then the forcing
notion Py = Pg(q) satisfies the property Pr.

(B) the property Pr of forcing notion Q is one of the following (where e < u is
a limit ordinal):

(a) the property (1)c + (2); p
) the property (1),
(c) the property (1),
(d) the property (1),
) (1)

_l’_
0
0
+(2)Z0.0
the property (1), +

(2)d 9,D

Proof. Cases (b),(c) are well known.
CASE (a)
This holds by [She00b]
CASE (d)
See Shelah-Spinas [SS].
CASE (e)
Similalry.
Uo.13
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§ 1. ON uT-REGRESSIVE-C.C.; AN EXAMPLE

We shall show that in [She78], we have to use some form of the well met condition.
First, we shall concentrate on the case p is not strongly inaccessible.
Hypothesis 1.1. 1) g = p<* > .
2)SC Sl’f = {6 < uT :cf(d) = p} is stationary, the main case is S = S{f.
Definition 1.2. C is an S-club system when C = (Cs : 6 € S),Cs a club of § of
order type p.

Definition 1.3. 1) We say (#,f) is an (S5, C, k)-parameter or just a (C,k)-
parameter when :

(a) S C Sl’fr is stationary; see 1.1(2),

(b) C is an S-club-system so we may omit S
(

(d) W C u; if # = p we may omit %
(e) f=(f5:6€8)

)
) —
¢) k< pis > 2,if kK =2 we may omit x and write C
)
)
(f) f5205—>l€

2) For (#,f) an (S, C, k)-parameter we define a forcing notion Q = Qy 5 &) as
follows:
(A) p e Qiff p consists of
(a) velS]=H
(b) h is a function with domain v

(¢) if § € v then h(d) is a non-empty bounded subset of p closed in its
supremum

(d) if 61,02 € v and o € C5, N Cs, and otp(aNCs,) € h(de) and otp(Cs, N
a) € W for £ =1,2 then f5, () = f5, ()

(e) if 61 # 92 € v and B € Cs, N Cy, then for £ = 1,2 there is By € hy(de)
satisfying otp(Cs, N 5) < B¢
(B) p <qq iff:
(@) vp C vg
(b) 0 € vy = hy(0) < hy(9) .
3) if # = u we may omit it.
Definition 1.4. Let (#,f) be a (C, k)-parameter and let Q = Qy 5.0
1) For p € Q let g, be the function
(a) with domain

{a: some § witnesses o € Dom(h,) which means 6 € v,,a € Cs,
otp(Cs Na) € hy(0) and otp(Cs Na) € #'}

(b) for a € Dom(g,) we have:

f5(a) = (hp(0))(a) for every witness 6 for v € dom(g,).



Paper Sh:1036, version 2020-08-14. See https://shelah.logic.at/papers/1036/ for possible updates.

FORCING AXIOMS FOR A-COMPLETE pt-C.C. SH1036 9

2) Let g be the Q-name for U{g, : p € G}.

3) Let E5 = Es[Q] be the Q-name for U{h,(d) : p € G,d € v,} and let #'5 = {a €
Es:otp(CsNa) € #'}.

Claim 1.5. Assume (#,f) is an (S,C,k)-parameter and Q = Qe §,0ys that is
(Va-

1) Q is (< p)-complete, moreover any <g-increasing sequence of length < u has a
<g-lubd.

2)If§ €S and a < p then the following subsets of Q are dense and for e1,e5 also
open:

o, Is={pcQ:decuv}

o2 Js50=1{p€ Is:a<sup(hy(d))}

o3 I ={pecQ:ifd € vy, thena <sup(hy(d)) and hy(d) has a last member}.
3) For every § € S, the function g almost extends fs, i.e. IFg “g 2 f51{a € Cs :

otp(a N Cs) € W5}, recalling Ws = W N Es. Also Es is a club of wand if W = p
then W s is a club of u”.

Proof. 1) Straightforward, see clause (A)(e) of Definition 1.3(2) in particular.
2),3) Also easy. O 5

Claim 1.6. Let (#,f),(S,C,k),Q be as above.
Then Q satisfies clause (2)y of Definition 0.2 that is:

*2 ifp=(pa:a€S8)and a € S = p, € Q then there is a club E of u*
and pressing down function f : SNE — u*, d.e. f(8) < 8, such that:
(01 #62 € SNE) A f(01) = f(d2) = ps,,ps, are compatible.

Proof. First, by 1.5(1)(2), we choose (g, : @ € S) such that, for every a € S:
®1 (a) Pa < Ga
(b) it 6 € vy, but § > « then otp(Cs N ) < sup(hy, (9))
(c) a€ug,.
(d) h

Second, choose a club E of ut such that & € SN E = sup(v,, ) < min((E\(« +

4. (@) has a last element.

1)).
Third, choose a regressive function h with domain £ N S such that:
®2 if 6(1) = 01 < d2 = 6(2) are from EN S and h(d;) = h(d2) and (o, : i <
0tp(Vgs,, ) lists vy, ,, in increasing order for £ = 1,2 then for some j.:
(a) otp(vgs,,) = 0tp(vgs,,) call it i(x)
(b) jx <i(x) and aq,5, = 61, Q2,5, = 02
(c) if j < ji then a1 ; = g ;
(d) if j > j. but j <i(x) then Cy, , N6y = Cq, ; N2
(e) qam(al i) = hqsm (O‘?,%) for i < Z( )
(f) if € € hgy,,(61) then the e-th member of Cj, is equal to the e-th
member of Cs,.

Now it suffices to prove:
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@3 if §; # 62 € SN E and h(d;) = h(d2) then gs,, gs, are compatible in Q,
Why? Define g as follows:

@1 Vg = Vgs(y U Vgs(2)
o5 hg(6) = hgy, (8) if £ € {1,2} and & € v,\ {6}

®3 hQ(éf) = h%(e) (55) U {65} where B¢ < 1, B¢ > max{h%(l)(&l) U h%(z) (52)}
and B¢ > sup{otp(aNCs,) : a € Cs, N Cs, }.

First, ¢ is well defined because in ey, if hy(c) is defined in two ways, then oo < §;
and they are equal because of ®9

Second, why ¢ € Q? We have to check clauses (a)-(e) of Def 1.3(2)(A). Now
clauses (a),(b),(c) are obvious. For clause (d), assume 1,72 € vq, and a € C,, NCo,
and otp(Cy, Na € hy(ye) N W for £ = 1,2. If 71,72 € vg,,, then use g51) € Q,
and similarly if 71,72 € vg,,, then use gs) € Q. So without loss of generality
Y1 € Vgsy \ Vgsoy AN V2 € Vgsio) \ Vgs(y, 50 necessarily y1 > (1), v2 > 02 and o €
C,, NC,, C 6N dy (using the choice of C and E); using the notation of ®y let i(¢)
be such that v, = ay ;¢ s0 i(€) € [j(x),i(x)) for i(£) = 1,2. Now we get the result
by applying clause (d) for gs2) € Q for 1,72, 21y @241y, X2,i(2) = Y2 recalling
®(d), (e), noting that in the case (v1,7v2) = (01, 0d2) necessarily iy # 81 A iz # B2
(as B1,B2 < p were chosen large enough) so otp(Cs1y N ) = otp(Csz) N ) €
hP5(1) (o) = hp&(z) (a)

We are left with clause (e) which is proved similarly, recalling o3 above.

It is easy to check that ¢ € Q and g5, < ¢, ¢s5, < ¢, so ®3 holds indeed

Ois

Theorem 1.7. If (A) then (B) where
(A) u,S,C, K, 0 satisfy

(a) p=p~r >N

(b) S =Skt

() C=(Cs:6€S8) is an S-club system and for § € S we let ns € *J list
Cs in increasing order

(d) Fis a function from F, to k where #,, = {f : f is a function from some u €
[WT]<H to u}; the default case is F(f) = f(max(dom(f)) when well
defined and zero otherwise.

(e) @ = (a5 :0 €S, a < pu) where aso C ns(a) + 1; the default value of
as,a is {ns(a)}

(f) either u is a (strongly) inaccessible cardinal, and 6 < Kk = p or Kk =
2,0 < pu=2°

(B) we can find ¢ satisfying:

(a) c=(c5:0€5)

(b) ¢s is a function from Cs to k

(c) if f is a function from u* to K, then for stationarily many 6 € S, for
stationarily many € € Cs we have:
k=2=cs(a) = F(flasq)
and
b= = cs(a) £ F(flasa)

Discussion 1.8. See [She98, AP.3.9,pg.990]. But there, only the case p = Ny, k = 2
is really proved, the case p an accessible cardinal and x = 2 is stated to be similar.
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In the case p inaccessibe, k = 2, the statement consistently fail as said in [She98,
3.8(1)], see [She77], [She84] and [She03]. So by a request we give here a full proof.

Proof. Why?

Let A be big enough (e.g., (2*")*), and M* be an expansion of (JZ()), €) by
Skolem functions (so countably many; essentially, if we expand just by a definable
well ordering it suffices).

Suppose toward contradiction that clause (A) holds but clause (B) fails. It is
known that there is a function G from {A : A C u™,|A| < p} to p such that
G(A) = G(B) implies A, B have the same order type and their intersection is
an initial segment of both (e.g. if hy : @ — p is one-to-one for a@ < p, we let
Go(A)={(otp(A N a),otp(A N B),hs(a)) : @« € Aand B € A}. Now Gy is as
required except that Rang(Gp) € p but |[Rang(Go)| < p so we can correct this by
renaming).

We shall now define for any p € J#()) a sequence (c§ : 6 € S) where cf : p —
(), which we shall use later.

For every § € S, i < u, let Ngi be the minimal submodel of M* (so closed
under the Skolem functions) including {4, 4, p} such that its intersection with p is
an ordinal so Ngi has cardinality < p and

(*)1 let
(a) w5, be the Mostowski collapse mapping from Ny,
(b) ¢} is a function from p into ¢ (p)
(c) for a < puwe let ¢ (a)=4( (75 0 (50 (NS s
belongs to ().
Note that (Ny,;, p,i,0) is Ny; expanded by three individual constants.

Now recall that toward contradiction we are assuming that clause (B) of the
theorem fail. This means that

p,d,a), G(Ny,Nu*)) which

(%)2 for every sequence ¢ = (cs : 0 € S) where ¢s is a function from Cs to
there is h¢ : pm — & such that:
for a closed unbounded set subset E of u™ for every § € SN E, for a
closed unbounded set of o < p we have cs5(a) = F(hg|as,q; note that in
the case k = 2, replacing non-equal by equal makes no difference!
Now
()3 in (x)2 we can replace x by the set J#(u), by changing F'
[Why? If £ = p this is obvious as p and 57 (u1) have the same cardinality. So we can
assume x = 2, and we can replace (1) by ?2 because the latter has cardinality p.
For £ < § and h any function into 72, let hl¥l be defined by hl¥l(a) = (h(a))(e) for
a € Dom(h). Define the function F* by: F*(h) = (F(hlf]) : ¢ < 0) so F*(h) € 92.
We shall prove that replacing F' by F*, the statement ()3 holds. So assume we are
given (cs : 6 € S) where cs5 € #(92), i.e., c¢5 : u — ?2; then for e < 6 the function
c([f] € #2 is well defined for each 6 € S. Now for each € < 6, we can apply ()2 so
we can choose h(®) : uT — 2 such that for some club E of ut for every 6 € SN E
for a club of a < p we have

cFl(a) = F(h'9as.0)

Define h : ut — 92 by h(a) = () (a) : € < 6), it is as required. So (¥)3 holds
indeed.]
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Now we shall define by induction on € < 6, p(e) € #()), and h. : = — H(u).

Arriving to e, let p(e) = (((h¢e,p(¢),N¢) = ¢ < €),C,F,a,G) where No =
(NP(()s; : 0 € S,i < p, see before (x); . Also let cg(g) uw — () be as
we have defined above (in (x)1), so by (x)3

()4 there are hE7 We, W, such that:

(a) he : pt — A (p);

) WecC M‘ is a closed unbounded subset of u™
) We=(WE:6eWnS)
) for every 5 e WenNS, Wy is a closed unbounded subset of p
)

(b
(c
(d
(e) for « € W§,0 € W™ NS we have: cp(e)( ) = F*(helas,a)

Now

(*)5 let

( ) let W = ﬂ5<0
(b) for & € W let Wy = (., WE.

Clearly W is a closed unbounded subset of pu*, and Wy is a closed unbounded
subset of u for § € WNS. So for every 6 € W NS, we can choose «(d) € Ws; hence
by Fodor lemma, for some a(*) < ut and v,b the set S, = {§ € WN S : a(s) =
a(x),ns[(E+1) =v, {as; : i < a(x)) = b} is stationary. As u = u<* holds there are
01,02 and £ < p such that:

(%) (A) 61 < dy are from S,

(B) £ € W, for £ =1,2.
( ) 7751( ) = 15, (£)
(E) (aal,a ra < ax)) = (a5, a < afx))
So clearly we can assume
()7 there are no 51,6; satisfying (A)-(E) such that 51 < 61, 5; < 6y and
(8],63) # (31, 62).

Now as 1 < da, for some a > &, 15, (@) # s, (), and there is a minimal such «;
but as ns,,ns, are increasing and continuous. So as

Let v ={¢ < 1 : ms, [¢ = 15, 1C, m5,(C) = 15,(C) and ¢ € W5, N Wy, }. This set
is non-empty (as & belongs to it), is closed (as W51, Wyq, are closed and 7, are
increasing continuous) and is bounded in p (by the beginning of this paragraph).
Together we know that there is a maximal ¢ € v.

So

(*)s c(sl(s) €)= cg’f)(() for every e < 6

[Why? as both are equal to F*(h.|as,c).]

Fix a non-zero € < 6 for a while. Looking at the definition of cg(s)(C) (see (%)1)
we see that Ng)l(’? is isomorphic to Nf(?, and let the isomorphism be called g..
Note that the isomorphism is unique (as € in those models is transitive and well
founded and maps C, F,a to themselves.).

By the definition of cp(e)(g ), clearly

(*)o (a) g:(p(2)) = P(e) hence g-((C, F\a,G)) = (C, F,a,G)

(b) 9=(01) = 02,9:(¢) = ¢, 9= (€) =
() ge(nal) 5
(d) g-(W¢) = W¢ and gE(Wfl) = Wé for every £ < ¢
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(e) gs(Ng(E)) = gE(N(iSE)) € N(Sp;? for every £ < e.
[Why? Look at the definition of p(g)]

For € < ¢, as Ng? is of cardinality < pu, its intersection with p is an ordinal
and it belongs to N(g(z), it is also included in it, hence g. [Ng(? is an isomorphism
from N(;pl(? onto Ng(? hence (by the uniqueness of g. and (x)g(b)):

(¥)i0  ge D ge for £ <e.
We now stop fixing €. For £ = 1,2, (recalling § < p in both cases) let N, =
Uec<o Ng(z) and g = (J..0e; 50 g is an isomorphism from N; to Nz. By the

definition of cg’[(s)(g ), clearly the second coordinates are the same, thus:

(D GINED np*) = GIVE'Y ),

Hence those sets have their intersection an initial segment of both; as this holds
for every € < 0, clearly NiNut, NoNpt have their intersection an initial segment of
both (as usual, we are not strictly distinguishing between a model and its universe),
hence (recalling the choice of the Ngi—s), g is the identity on Ny N Ny N ™.

Note that clearly §; ¢ No as g(d1) = d2 # 1, hence 63 ¢ Ni. Now

(

*)12
(a) Letting 0;="Min(u* NN, \ (N1 N N2)), we have: §; < dy, is a limit ordinal
(b) g(07) = 6% and so
(c) cf(67) = cf(63).
(d) of(5}) = p.
Why? Clauses (a),(b) are obvious and clause (c) follows. Clause (d) (that is
cf(d;) = ) holds as otherwise for some regular cardinal ¢ < p we have cf(d7) = o,

and as 07 € N; for some € < 6, §; € Ng(?, hence there is {5, : ¢t < o} € 07 N Ng(?
(e)

cofinal in 07. As o < p necessarily it is included in Nfl , without loss of generality
B, is increasing with ¢. By the choice of 47, if ¢ < o then 8, € N1 N Na, hence
9(B,) = B,; let p* = min(Ng(_’? \U, B.), so B* € Ng{? C Ng(zﬂ), so 07 = sup{p, :
Lt <o} =sup(f*n Ng(’?) € N,, contradiction. So we have proved (x)12.]

Now for £ = 1,2 let a,=% N, N, (this intersection is an initial segment of ) and
Be=1 sup(Ny N &) hence B1 = B (by d; definition) and call it B. As cf(6;) = p
clearly d; > p, and so clearly by g’s existence oy = ag and call it a, = a(x), (also
as u € N1 N Ny N ™, necessarily Ny Ny = Ny N p).

As 7s: is a one to one function (being increasing) from y, clearly

(¥)13 for every a < p we have ns:(a) € N1 <= a < a(*).

Also N1 E “(ns: (o) : a < p)” is unbounded below 67 (remember N; < M* as
Ng(’? < M* for each ¢).

So clearly 8 = 81 = sup{ns: (@) : @ < .. }; but 7s: is increasing continuous and
a, is a limit ordinal (being Ny N ), hence 3 = ns: (au.).

For the same reasons 3 = sy ().

Similarly 7s; [a. = 753 [os because g(nsr) = 71s;, and a. € W5, for each ¢ <
(¢ =1,2) as Ny E “W5 is a closed unbounded subset of 4”. For similar reasons

d; € W, for each € < 0: recall W, € N(;(E_H) and so W, € Ny hence W, € N1 N No,
and as N1, No < M* M* has Skolem functions, clearly Ny N Ny < M*, so W,
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is an unbounded subset of Ny N Ny N u™. So in Ny, W, is unbounded in o; =
Min[(pt N Ng) \ (N1 N N2)], hence Ny |= “6; € W.” hence §; € W-.

We can conclude that 7, 05, 3 satisfy the requirements (A)-(E) of (x)g on d1, d2, &.
Hence by (*)7 we have 61 = d7, 62 = §5. But, ¢ € Ng(’? C Ny hence ¢ < uNN;N N,
hence ¢ < «, so clause (x)g contradicts the choice of ¢, so we get a contradiction,
thus finishing the proof of the theorem O 7

Conclusion 1.9. The condition “have least upper bound” cannot be omitted in?
[She78]. That is:

B there are Q and S, (a < p) such that:
(a) Q is a forcing notion, (< p)-complete, in fact every <g-increasing
sequence of length < p has a lub, i.e. satisfies (1),
(b) Q satisfies (2)p, equivalently *}t#@(b)’ see 1.6
(¢) each 7, is a dense open subset of Q
(d) no directed G C Q meets every o, o < .

Proof. Let k = 2 and C be an S-club system. If y1 is a successor or just not strongly
inaccessible, choose f and % = (Zs, 5, : § € S,i < p) as in 1.7 and 1.5(2) resp.
s0 Q = Qy 7,¢) from 1.3(2). So Q satisfies clause (a) by 1.5(1), satisfies clause (b)
by 1.6 and satisfies clauses (c),(d) by the choice of f and .#. We are left with the
case p is strongly inaccessible, then we use 1.7 the case k = p instead of the case
K=2 |:|]_,9

In 1.9 above we get failure when we waive in [She78] the “well met condition”.
Conclusion 1.10. In 1.9, we may replace (a) by (a)’ and add (e) where:

(@) Q is a forcing notion strategically (< w)-complete (i.e. (1)), in fact some
partial order <g witnesses it in a strong way (i.e. (1)F)

(e) (well met) (3), holds, that is if p,q € Q are compatible then they have a
lub, (so in clause (a)” above we get (2),).

Proof. We use a variant of the forcing from Def 1.3(2) but in clause (A)(c) there
we demand h,(9) has a last element (so is closed) and we repeat the proof of 1.4.
Actually similarly to the proof of 1.9, see 2.1 in particular. In details, this forcing
notion satisfies clause (a)’ by 2.8(1),(2) below; clause (b), i.e. (2)p, by 2.8(5) below.

As for clauses (c),(d) we choose f by 1.7. 0110

Remark 1.11. 1) In 1.6 and 1.5 we can moreover find (% : ¢ < p) such that
S = J H CQisdense and p,q € .F. = p,q are compatible (as in [KT79]).
e<p
Why? Let .# = {p € Q: if oy < g belongs to v, then the set hy(a) has a last
member and there is a € Cy, \a1 such that otp(a N Cy,) € hp(asz)}. By 1.5(2) we
have .# is a dense subset of Q.
For p € .7 let

e u, = {a: a € v, or for some f € v, we have a € Cg and otp(a N Cy) <
max(h,(8)) (implies otp(a N Cg) € hy,(B) for some B € v,)}

3and the related works
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o E; = {(p1,p2) : p1,p2 € & and otp(up, ) = otp(uy,,) and the order preserv-
ing function g from wy, onto u,, maps vy, onto vy, , CoNuy, onto Cpq) Nup,
for a € v, and maps hy, (@) to hp, (h(a)) or hy,(a) for a € v, }.

So E; is an equivalence relation on . with < p classes: it is known that there is an
equivalence relation Eo on [pT]<# with p equivalence classes such that u;Equs =
w1 Nus < uy.

Easily the equivalence relation {(p1,p2) : p1Eipe and up, Equy,} on & is as
required.
[Why? Assume piEops and ay € v, and ag € vp,,7 € Cy, NCq, and otp(yNCy,) €
hp,(cy) for £ =1,2. But then v € up, Nuy, and v € dom(gp, ) N dom(gy,) hence
necessarily otp(yNCly, ) = otp(yNClyy,) and gp, (7) = gp, (7). Why? Let v = vy, Uup,
and choose (7, : a € v) such that 7y, € C,, and § € v = 7, > sup(Cs N «). Define
p € Q by:

hp(a) = hy, (@) U {vo} when o € vy,

(d) 9p = 9p1 Ugp, U{(a;€a) : € v}
We can easily check that p is well defined (that is in clause (c) if o € v, Uvp, then
the two definitions agree; similarly in clause (d). |
2) Note that for the forcing notion Q from 1.10, every <g-increasing continuous
sequence of length < p has a lub.
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§ 2. FORCING AXIOM - NON EQUIVALENCE

We use Definitions 0.2, 0.3 freely; this section is dedicated to proving the follow-
ing theorem:

Theorem 2.1. Assume 0 + Vg < pp = pu<* and 2 < 0 < p and Q is adding p™
many p-Cohen.
Then, in V@ we have:

B, for someP

(a) (o) P is a forcing notion

(8) P satisfies (2)5 from Definition 0.3

(v) P has cardinality p™

(8) P is strategically p-complete (i.e. satisfies (1), or even (1)} ),
(e)  we have (2)f,

(() ifp,q € P are compatible then they have a lub, that is (3), holds;

(n) (2)% holds for every limit € < p
(b) (o) P isnot equivalent to any forcing notion satisfying (1)c+(2);9(+)
(B)  moreover there is a sequence . = (S, 1 a < ut) of dense open
subsets of P such that: if R is a forcing notion satisfying the

conditions from (b)(«) above, then IFgr “there is no directed
G C P which meets S, for a < ut”.

Remark 2.2. Hence the relevant forcing axioms are not equivalent!

Proof. By 2.8, 2.12, 2.13 below.
In details: let f be from 2.12(1), (i.e. after the preliminary forcing Q, in V@)
and P = P§ g, as defined in 2.6.

Clause (a)(«) P a forcing notion, holds by Definition 2.6, i.e. first statement of
2.8(1).

Clause (a)(8), i.e. for every limit ordinal € < u the statement (2)¢ holds by 2.8(5)
Clause (a)(v), “P of cardinality u*”, holds by 2.8(1).

Clause (a)(d), (1)F and so P is strategically u-complete, by 2.8(1),(2);

Clause (a)(g), means (2)} which holds by 2.8(6)

Clause (a)(¢), “if p, ¢ are compatible then they have a lub”, holds by 2.8(3).
Clause (b)(), “P not equivalent to a forcing satisfying (1), +(2), ,” holds, by Clause
(b)(B). by D

Clause (b)(8) “R satisfies (1), + (2)I9(+)’ this holds by 2.13(2) because it as-
sumption holds by 2.12. Ua g

Conclusion 2.3. If 0 = cf(0) < p = p<" then Ax,((1).+ (Q)Ig)) does not imply
AXZ and even Ax,++ ,((1)c + (2)%) from 0.5(3).

Proof. Let A = A<* | Q as in 2.1(b)(a) and V; = V@ In V; we can find a forcing
notion R which forces Ax,((1).+ (2) o +)) and satisfies those conditions, we know

such R exists because (< p1)-support iterations preserve the property (1).+(2)" o( +))
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, see 0.13. Now also in the universe V} the forcing notion P satisfies the conditions
in Axi from 0.5.

So by clause (b)(3) of Th. 2.1, in VE the axiom AXZ fail as exemplified by P
because of 3.1(a), so we are done proving the conclusion. Los

For this section (clearly if g = p=<# > R then there are such objects)

Hypothesis 2.4. 1) p=p<* >0 >2and p > Ry

2) S = S;f ={§ <uT :cf(d) = u} or S just a stationary subset of Sﬁ+.

3) C is an S-club sytem, see Definition 1.2.

4) fisasin 2.6 but f5: C5 — 0

Discussion 2.5. 1) A major difference between the forcing in Def 2.6 below and
the one in 1.3(2) above is that:

(A) there the generic gives a function g from A to x such that for every § € S
for “most” o € C5” we have g(a) = fs(a)

(B) here the generic gives a function g such that for every § € S for “most”
a € C5 we have f5(a) € g() )

2) See more in 2.7(2)
3) Also here g, is part of the condition instead being defined, a minor change
4) In addition h,(9) is here a subset of Cs instead of a subset of p.

Definition 2.6. For f an (S, C, §)-parameter, see Definition 1.3, we define a forcing
notion P = P¢ , as follows (but abusing our notation we may omit 6):

(A) p e Piff p consists of (so u, = u, ete.):
(a) w e [ut]<
Tu — can use :u — 6 when 6 = ¢ > ecause
(b) g 1)<, ( 9 0 when ¢ = cf(f) > Ry b
A\ Rang(fs) C 0)
0
(¢) v C S of cardinality < u
(d) h a function with domain v
(e) if 0 € v then
(o) h(0) is a closed bounded non-empty subset of Cjs
(B) h(d) Cu
(v) if B € h(d) then B € u and £5(5) € g(p)
(B) p<g,ie. By = p < g’ if
(a) up Cug and g, C gq
(b) vp € v
(c) if 6 € v, then h,(d) is an initial segment of hy(d)
(d) it é € v, and a € hy(d) \ hp(6) (hence hy(d) # hyp(6)), then u, NCs C
(C) we define < =<~ the strong order by: p < ¢ iff p < ¢ and
(e) if § € v, and hy(d) # hye(d) then sup(hq(d)) >

sup(U{0 N C, -y € v, \{6}}).
(D) Let g={gp,:p€ G} and h = {h, : p € G}
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Remark 2.7. 1) In Definition 2.6 we may choose f such that f5 is a function to
K = p instead of to k = 6 the forcing is defined similarly. It has similar properties
but it seems that the case xk = @ is enough for us.

2) If in clause (A4)(e)(a) of 2.6 we would have demanded only “h(d) is only closed
in its supremum” then we get an equivalent forcing, we lose some nice properties
but gain others. Mainly we gain in having more cases of having a lub, in particular
for increasing sequence which has an upper bound, really any set of < p members
which has an upper bound; but we lose for A-systems, i.e. 2.8(6). Also we have to
be more careful in 2.9. We shall use the “closed in its supremum” version also in
§3.

Claim 2.8. Let f be an (S,C,0)-parameter as in 1.1, so S is a stationary subset

of S

1) P; is a forcing notion of cardinality ", also <g is a partial order C<p and

P1 < p2 <t P3 < pa = p1 <st P4 and (Vp)(3q)(p <st q)-

2) Any <si-increasing sequence in Py of length < p has an upper bound (this is a

strong/no memory version of strategic p-completeness), i.e. <s exemplifies (1)7F.

3) If p1,p2 € Pg are compatible then they have a lub.

4) The set {p; 11 <i(x)} has a <-lub in P; when N\  (p:,p; are compatible) and
1,5 <i(x)

i(x) is finite or i(x) < p and for every §, the set {hy, () : i < i(x) satisfies § € vy, }

is finite or at least has a maximal member. Note this set is linearly ordered by being

an initial segment.

4A) The set {p; : i < i(x)} has an ub when i(x) < p and {p; : i < i(x)} is a set of

pairwise compatible members of Pg and i(x) is finite or i(x) < 6 or at least i(x) < p

and for every limit ordinal o the following set has cardinality < 0:

o {0 €Uvp, ra=sup{hy,(0) +1:4 <i(x) and 0 € vy, }}.

5) The forcing notion Pg satisfies (2)5 for e < p.
6) Pg satisfies clauses (2)q, (2);6 of Definition 0.2 when 0 < .

Proof. 1) Recall that g = p~* hence u™ = (p*)<# and easily |P| = p*. Also
the statements on <g are obvious. What about Ps being a quasi order? Assume
that p; < p2 < p3 and we shall prove that p; < ps; clauses (a),(b),(c) of 2.6(B)
are immediate and we shall elaborate on clause (d). So assume 6 € v,, and a €
hps (6) \ hp, (0) and we should prove that u,, Nhy, (§) C a. First assume « € hy, (6),
then p1 < po implies up, N Cs C « as required. Second assume a ¢ hp,(6) then
p2 < p3 implies up, N Ay, (0) C « but uy,, C uy, so we are done.

2) Let v < p be a limit ordinal and p = (p; : ¢ < 7) be a <gq-increasing sequence of
members of Ps.

Let

(x)1 (a) wv.= LZ_J{Upi (i<}
(b) leti:v, = ybei(d) =min{i <~vy:0 € vy}
(¢) let vy ={J € v,: the sequence (hy,(d) : i € [i(6), 7)) is not
eventually constant}
(d) for 0 € v3 let (5 = sup(U{hy, () : i € [i(d),7)},
(e) let v =wv,\v3.
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We try naturally to define p = (uyp, vp, gp, hp) almost as |J p;, that is
i<y
(¥)2 (a) vp=v, :=U{vp, 11 <7}
(0) wp={up, 11 <~y}U{{s:0 €05}
(€) gp=U{gp, 17 <7} U{(Cs,{fs(Cs)}) : 0 € v3}
(

d) h, is a function with domain v, such that

S

(a
(8

The point is to check that p € P, because i < v = p; < p is immediate:

) if 6 € v} then h,(6) = p;(d) for i < § large enough

) if 6 € v3 then hy(8) = U{hy, (9) : i € [i(d),7)} U{¢s}-

e u, € [uT]<H because u,, € [pt|<* and v < p = cf(p) and |v3| < Z{|vp,] :
i<yt <mp

e v, € [S|<* because vp, € [S]<* and v < p = cf(p)

e h, is a function with domain v, such that § € v, = h,(d) is a bounded
closed subset of Cs (check the two cases)

® g, is a function from u, to € as each g, is a function from u,, to A and p
is <g¢-increasing and:
(¥) if § € v3 then (5 ¢ Juy,
[Why? This holds by 2.6(B)(d) applied to p; < p; for i < j < ~.]
(**) if 41 75 b € U; then <51 7& <52.
[Why? see 2.6(C)(e)].
3) Assume p1,p2 € P have a common upper bound.
(x)1 We define p € P as follows:
() vp =1vp, Uy,
(b) up = up, Uup,
() 9p = gp, U gp,
(d) hy is the function with domain v, and for § € v, we have
o, if § € vy, \ vy, then h,(d) = hy, (6)
oy if § € vp, \ vp, then h,(8) = hy, (9)
o3 if § € vy, Nvp, then hy,(0) = hyp, (6) U hp, ()
Now indeed

(¥)2 peP

Also

(¥)3 pe<pforl=1,2

[Why? E.g. for clause 2.6(B)(d), let 6 € v, and o € hp(8) \ hyp, (). By the choice
of p, necessarily « € hy,_,(8) \ hp,(0). Let ¢ be a common upper bound of p1, ps,
exist by our present assumption; so clearly a € hy(6) \ hp,(0) hence u,, N Cs C «
as promised.|

(%)4 if ¢ is a common upper bound of py, ps then p < ¢

[why? E.g. for 2.6(B)(d), assume ¢ € v, and o € hy(6) \ hp(6) we should prove
that u, NCs C . Now for £ = 1,2 we have py < ¢, € vy, and a € hy(0)) \ hp, (9))
hence u,, N Cs C a. So clearly

up N Cs = (up, Uuy,) = (up, NCs) U (up, NCs) C a
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So we are done
4) The proof is similar.
4A) Similar to the proof of part (2).
5) The statement (2)¢ holds by parts (2), (3)
6) For (2), by the proof of 1.6, that is defining h as there, recalling part (3)
For (2)4,0 for 0 < p choose h as above, using part (4) instead of part (3).
s

Claim 2.9. 1) %, is a dense open subset of Pg where:

o Jro=1p€EPs:acu, anda € S = acuvy}.
2)If6 €S and o € Cs then F5,4 is a dense open subset of Pg where:
o J50={pePs:d€v, and hy(§) ¢ a}

Proof. 1) Assume p € Pg and we shall find ¢ € % , such that p < ¢q. Note that a
is fixed.

Case 1: If (a ¢ SVa€wvy) and a € uy,
Let g = p.

Case 2: If (¢ ¢ SVa€vy) and a ¢ u,
Define ¢ by:

ug = up U {a}
* 9q=gp U {(a, {0})}
® hg=hy.

Now check that ¢ € PA « € u,. Also p < ¢ is clear, e.g clause 2.6(B)(d) holds
because 0 € v, = h,(0) = hy(9).

Case 3: a€ S and o ¢ vy
Let 8 € C, be such that § € v, \ {a} = 8 > sup(Cs N ) and sup(u, Na) < B
and define g € P; by:

o1 ug = up U{B},
* vg =vp U{a}
s gq = gp U{(B.{fa(B)})}
o, for § € v, we define hy(0) as:
(a) hp(d) when 6 # «
(b) {8} when § = a ¢ v,
(c) hp(6)U{B} when 6 =a € v,

Clearly p < q € %5 ,.
2) Similarly. U9

Definition 2.10. 1) We say that f is (k, d)-generic enough when (A) = (B) and
recall, f = (f5 : 6 € S),f5 : C5 — 0 where 0 is a regular cardinality < p and
k € [0, 1) (and recall 0 is a cardinal [2, ) and (as,; : @ < p) list Cs in increasing
order):

(A) (a) Eisaclub of u*
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(0) (as,c : ¢ < p)is an increasing continuous sequence of the members
of Csforde ENS

(¢) he¢ is a pressing down function from E NS for ( < p
(B) we can find & < p of cofinality d and a sequence (J; : i < k) of ordinals
from E'N S such that:
o, if { < & then h¢[{d; : i < k} is constant
o (a5, ¢ ¢ < &) does not depend on i < k hence also o = ag,,¢ by
continuity
o3 the set {fs,(a) : i < K} is equal to § where « is from e,.
2) We say that f is weakly (x,0)-generic enough when as above except that in
(B)e3 we demand just that the set has cardinality 6.

Remark 2.11. 1) This is used when we demand: any < 6 has an ub inside the proof
of 2.13.

2) For 6 = 2 as 2.8(2) does not apply, we shall in 2.13 need a stronger version -
with the game, see §3.

3) In 2.10 we may add:

oy {aeCs, :a<as,,} for some ¢ < & does not depend on 4
o5 the f5,’s agree on this set.

Now in 2.12, 2.13 we shall arrive at the main point

Claim 2.12. 1) For d as in 2.10 assume Q is the forcing notion for adding p+ many
p-Cohens. Then in VO, there is an (S, C, p)-parameter £ which is (k,0)-generic
enough (in the sense of 2.10) for our cardinals 6 € [2, 1) and regular O € [N, )
2) If $s then there is £ as above.

Proof. 1) Now (modulo equivalence, so without loss of generality ) Q can be de-
scribed as follows:

(x)1 (a) peQ iff pisafunction, dom(p) € [S]<* and for every ¢ € dom(p), p(d)
is a function from some strict initial segment of Cs into 6 recalling Cs C
is a club of § of order type u
(0) QFE “p<¢ if a€dom(p)= (ac dom(q))A (p(a) < q(x))

(¢) let f5for § € S be U{p(d) : p € G satisfies 6 € dom(p)}.

It suffices to prove IFg “(f5 : 6 € S) is as required”.
So assume

(¥)2 p« IFg “h¢ is a pressing down function on S for ¢ < p and (as¢ : ¢ < p) is
increasing continuous sequence of members of Cs for § € S”.

It suffices to find a condition ¢ above p, forcing that there are (J; : i < k) and &
as in clause (B) of Definition 2.10. For each § € S we choose (ps.c,&s.e, @s.e) by
induction on € < 9 such that:

(*)35 (a) pse € Q is above p,
(b) (1) <e = pse) <qPse
(c) 0 € dom(pse)
(d) 5576 = Otp(dom(pé,e (5)))
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(e) ifte=e(1)+1 then
o1 s forces a value hZ((S) to he(0) for ¢ < &5
o> ps. forces a value a; (1) to (as¢ : ¢ < &5y +1)
o3 &5e > &s501) and rang(@s (1)) € dom(p(d)).

There is no problem to carry the induction. Let & = U{&s. 1 ¢ < 0} < p,af =

sup{dom(psc(9)) : € < 0}, ps = U{ps,c : € < D}.
Now we can define a pressing down function A on S such that:

(%)4 if 81,02 € S and h(d1) = h(d2),e < O then:
(3«) sy e = 05y e
(b) for every a € Rang(as, o) we have
® (051 n Oé) = (052 N Oé) ’
2 s, (61)[(Cs, N ) = ps, (62)[(Cs, N )
(c) hZ(61) = hZ(b2) so &, = &, and ps, o [61 = ps, < [02.

Next choose an increasing sequence (d; : i < k) of members of S such that h is
constant on {J; : 4 < k} and i < j = dom(ps,) C 0;.
Define q € Q:

()5 (a) dom(q) = U{dom(ps,c:i<K,e <K}
(b) if ¢ < K then ¢(6;) = U{ps, () : € < 0} U {(c3,i)} where j =i is
i < 0 and j = 0 otherwise
(¢c) is 0 € dom(q)\{d; :i <k} then g(a) =U{ps, () : x €
dom(ps, <)}

2) Also easy. Oz 12

Claim 2.13. 1) There are dense sets o, C P =P for a < pt, such that if G C P
is directed and meets every S, then G is 07 -directed and even (< p)-direccted.
2) If £ is weakly (0,0)-generic enough and the forcing notion R satisfies (1), +
(2);9(+), see 0.13 then in VE there is no (< p)-directed G C P = Pg meeting all
the sets from 2.9.

3) Also there is no such R satisfying (2)2,9713 when € < p is a limit ordinal

Proof. 1) Let . = {p: p is a directed sequence of conditions in P of limit length <
p}. Since p<H =y and |P| = u™ it follows that |.#| < u™. For each p = (p; : i <
ix) € S, let S5 = {q € P: q is either incompatible with p; for some i < i, or p; <
q, for every i < i, < p}. Since P is p-strategically complete (by Claim 2.8(1),(2)),
the set .#; is dense and open. Let G meet .%;, for every p € . Then G is
fF-directed.

2) Towards contradiction, assume p, kg “H C P is (< p)-directed, meeting all
the sets from 2.9”. Using (1),,,, fix a winning strategy st for COM, the complete-
ness player in the game 0, (p*,R), see Def 0.11(1) choose (E¢, ¢, ¢, he, Pe, ¢) by
induction on ¢ < p such that:

(*) (@) Ge=1(gcs:0€ E¢)and 7 =(r¢s:6 € E¢)
(0) p« <gcs <r¢s are from R

() ((ge,s5,7¢,6) : € < () is an initial segment of a play of O, (p*,R) in which
the player COM uses st
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(d) E;Cptisaclub
(e) he is a regressive function on SN E¢

(f) % CE:NS,|%| <6 and h;|% is constant, then {r¢s:0 € %}
has a lub in R

(9) Pc=(pcs:6€E)

(h) reslFr “pes € H is above pg s for £ < (7

(Z) Qe = <045’C :0esSn Ec>

(j)  asc is a member of hy, () above dom(hy, ,(0)) for every £ < e.

For clauses (e)+(f), we use condition (2)19.

Since f is (6, 6)-generic enough, we can find (§; : 4 < 0) and ¢ as in Definition
2.10 and let (¢; : ¢ < 0) be increasing with limit .

By clause (f), for each j < 0, the set {r¢, 5, : i < j} has alub 77 € R - so
necessarily ji < jo < ¢ = rj < rj. Hence the sequence (rj : j < ¢) has an
upper bound 7, (by (1)p,=0). So rs IFr {pe,s, 14 < j <0} CH. Asr, IFg His
< O*-directed, we can find some p € P, r,, > r, such that r,, IFg p € H is an upper
bound for {p¢, s, : i < j < 0}.

So, on one hand, g,(as,.¢) is a subset of p of cardinality < 8 - by the definition
of P. On the other hand, i < 0 = ags, = ¢, and 5, (as, ¢) € gp(as, ¢). But
by Definition 2.10(B)es this is impossible. Os 13
Conclusion 2.14. If A\ = AX* > = u<#* > g and 0 # 0,0 = cf(0) < u (and
recall 2 < 0 < p) then for some forcing notion R we have:

(a) R satisfies (1) + (2);:9, of cardinality \ (so adds no new sequences of
length < p, collapses no cardinality, changes no cofinality and the only

possible change in cardinal arithmetic is making 2* = \)
(b) in VR we have Axy ,((1). + (2);9(+))

(c) in VE the aziom Ax((1). + (2);8) fails.
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§ 3. SEPARATING Ax, Ax{ FOR REGULAR 0,0

Recall that AXZ7D is Ax,((1)c+ (Q)g’D), we usually omit D and p is understood
from the context.

Hypothesis 3.1. 1) p = u<H.
2) S C Sff stationary.

3) C = (Cs:6€8),Cs a closed unbounded subset of § of order type p, listed by
(o ¢+ ¢ < p) in increasing order.

4) f as in 3.2.

5) © C Reg N ™, let S247 = {5 < u* : cf(5) € O},

6) 2 < 0 < p but our main interest is 6 = 2.

Definition 3.2. We say f is a (C, f)-parameter (or uniformization problem) when
f:<f5:565>,f5105—>9.

Definition 3.3. 1) We define IP’% and <g as in Definition 2.6 but we change clause
(A)(e) by:
(e) if 6 € v, then
() hp(0) is a bounded subset of Cs closed only in its supremum,
(B) hp(d) S up
() if B € hyp(d) so 6 € v, then cf(B8) € © = £5(8) € g,(B) (so really only
gpl(up N Sg+) matters)

(6) if B € hy(6) and cf(B) & SE then g,(83) =0
2) We define 7' C P{ as in Definition 2.9.

Claim 3.4. IP’% satisfies

(a) any increasing sequence of length 6 < p,cf(6) ¢ © has a lub, i.e. (1)q,=5
foro ¢ ©
(b) a set of pairwise compatible conditions of cardinality < min(©) has a lub -

the union, i.e. (1)q,<min(e) holds.

Proof. Easy. Us.a
Claim 3.5. IP’% satisfies:

(a) we have (1)F, i.e.

c
(@) <g is a partial order and py < py <g p3 < ps = P1 <st P4
(B) any <g-increasing chain of length < p has an ub
(®) (a)
(8) Api:i<i(x)} has a lub when i(x) < p and {p; : i <i(x)} is a set of
pairwise compatible conditions and for each § € S,
the set {hp, () 1 i <i(x) and 0 € vy, } is finite; note that this set
is linearly ordered by being an initial segment

we have (3)q, i.e. if p,q € ]P’% are compatible then they have a lub
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(v) Api:i<i(x)} has a ub when i(x) < p and {p; : i < i(x)} is a set
of pairwise compatible conditions and if cf(a) € © then
|wp. o] < 0 wherewp o = {6:0 € |Jvp, and o = sup{sup(gp, (§))+1:
i <i(x) and § € vp, }} /
(¢) (o) (2)q holds
(B) (2)8 that is < holds if O < p is regular and 0 > 2V 0 ¢ ©
(d) (3)p,e holds if k = cf(e) € p\© so is regular.
Proof. Like 2.8, e.g.
Clause (a): As in 2.8(1),(2).
Clause (b): Should be clear.
Clause (c): If § > 2 we use (3),, i.e. the parallel of 2.8(3). If § =1 and 0 ¢ © use
clause (d).
Clause (d): Just recall (e)(vy) of Definition 3.3. Os.5

Claim 3.6. % _ is a dense open subset of IP’% where
¢ Sro=1p€Pr:acu, anda € S = acuyy}.
Proof. Should be clear. Use

Definition 3.7. For (1,0, 0, D,f) as in clause (A) below we define a game Oy, (f, 0,9, D)
in clause (B) below where:

(A) (a) p=p<F>9=cf(d) >Ny and
) SQSﬁ+,C':<Cg:5ES>aclubsytem
(¢) D is anormal filter on p* to which S belongs
) f=(f5:6¢€S5),f5is a function from Cs to 0
(B) (a) a play lasts O moves
(b) in the ¢-th move, the players choose Sf € D such that S? C Sé C
S A (V€ <Q)(S; € SE)
and a’ = (aéd 16 € Sf),aéﬁ C Cg,ag}(; > afs >
sup{aéé 1€ <4} and hg pressing down functions on Sf
(¢) in the ¢-th move, the anti-generic player chooses S/, @, hf and then
the generic player chooses S2, a2, hg
(d) in the end of the play the generic player wins when for some &; < do
from N{SZ : ¢ < 8} we have sup{af s : ¢ <d,£=1,2} =
sup{ozé(;2 1< 0,0=1,2}, call it a and f5, (o) # £5, (),

A hi(61) = hy(62).
k<O

Theorem 3.8. If 0 € ©,0 =2 and f is such that in the game Dgy(f,0,0, D) from
Definition 3.7 the generic player wins or just does not lose, (so D is a normal filter

on ,u+,5;j+ € D) then:

(a) P} fails AxS,.
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(b) no forcing satisfying *;, p adds a generic to IF’%, moreover
(¢) mo forcing satisfying %, p adds a (< p)-directed or just < (oT)-directed
G C IP’% meeting I ., for every a < ut (defined in 2.9).
Proof. As in the proof of 2.13(1), e.g.
Clause (c):

In the proof of 2.13(1), we replace st by a winning strategy of the completeness
player in the game for (2)7 p, see 0.3 and toward contradiction assume f is an
(S,C,0)-parameter, p, € P{ and p, IF “H C P is a (< o)-directed and meets
every S o, < pt?”.

Now for { < o let Y be the set of (G, 7¢, he, E¢, Pe, @) such that:

B (a) (e, Te, he : £ <) is an initial segment of a play of the game
from Definition 0.3 in which the player COM uses the strategy st

() soGec=1{qcs:0 € Se),Fe=(res:0€8¢),S: €D and

S¢ © {Se: for £ < (}
¢) DPe=(pcs:6€8c)and pes € IF’%
d) ) IFr “pc’(; S I:I77
) €U ;s
f) (sup(dom(hy, ,)) : € < () is strictly increasing.

(&

(
(
(
(

Now we use the definition of the game Oy (f, 0,0, D) to finish as in 2.10. Os.s
The above theorem helps for further problem as

Claim 3.9. 1) If a forcing notion P satisfies (1)p + (2)q and o € Reg Ny then P

satisfies (2)7.

2) If Q is adding ', p-Cohen (1o : a < pt),ne € 0 and 6 < p, ¥y < o = cf(0) <

w, D is a normal filter on put such that S/‘fr € D then IFg “(Na : a < pty is a

(C, u)-parameter and is (0,0)-generic enough and also the generic player wins in

the game Ogy (7,2, 0, D)”, pedantically replacing D by the normal filter it generates.
Ezxplain 3.9(2).

Conclusion 3.10. Assume Ry < o = cf(0) < p = p<* and Q is the forcing notion
of adding u*, u-Cohens.

1) In 'V, there is a forcing notion P satisfying (1)1, (2)? for 6 € Reg N p\{c} but
not (2)7.

2) Moreover in VO, if R is a forcing notion satisfying (1), (2)J then it adds no
generic to P, in fact |P| = u* and we should demand “G C P is 0" -directed,
GNI,#0 for a< ut” for some dense I, CP for a < pt.

3) So for some (< u)-complete ut-c.c. forcing notion (satisfying (1), + (2)7), in
(VP we have Ax], but no G CP as above.

Proof. In V@ let f be from 3.9(2), P be P; from Definition 3.3.
Now (1) follows from (2). For (2) use 3.8 and 3.4, 3.5, 3.6. For part (3) use the
forcing from [She00b, 1.1-1.18]. Os.10
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