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THE LAST FORCING STANDING WITH DIAMONDS

ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

ABSTRACT. This article continues Rostanowski and Shelah [14, 19]. We in-
troduce a new property of (<\)-strategically complete forcing notions which
implies that their A-support iterations do not collapse A7 .

1. INTRODUCTION

While there are still a lot of open problems left in the theory of forcing iterated
with finite and/or countable supports and we still need to expand our preservation
theorems, there is a sense that we understand these iterations pretty well. Therefore
it is natural to look at iterations with uncountable supports and ask for parallel
theorems. The first attempt could be to do nothing special and just repeat what
has been done for CS iterations. We could start in the way suggested already in
Shelah [20] (but not used there).

Definition 1.1. Let A = A<*. A notion of forcing P is said to be A—proper in the
standard sense (or just: A—proper) if for all sufficiently large regular cardinals x,
there is some = € H(x) such that whenever M is an elementary submodel of H(x)
satisfying
M=)\, PaxeM M*CM
and p is an element of M NP, then there is a condition ¢ > p such that
gk “M[Gp] N Ord = M N Ord”.

The A—properness may seem to be a straightforward generalization of “proper”,
with the right consequences in place. For instance:

Theorem 1.2 (Folklore; cf. Hyttinen and Rautila [8, Section 3]). Assume A< = A
is an uncountable cardinal.

(1) If a forcing notion P is either strategically (<A)—complete or it satisfies the
AT —chain condition, then P is A\—proper.

(2) IfP is A—proper, p € P, A is a P-name for a set of ordinals andp Ik |A] < A,
then there are a condition q € P stronger than p and a set B of size \ such
that gIF A C B.

(8) If P is A—proper, then

Fp “ ATV s a regular cardinal 7.

Moreover, if P is also strategically (<\)-complete, then the forcing with P
preserves stationary subsets of AT.
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Also chain condition results look similarly:

Theorem 1.3 (Folklore; cf. Eisworth [3, Proposition 3.1] and Abraham [1, Theo-
rems 2.10, 2.12]). Assume A<* = X, 22 = AT, and let P = (P;,Q; : i < ATT) be a
A=support iteration such that

(a) P; is A\—proper for i < At

(b) e, “ Qi < AT "
Then

(1) Py++ satisfies the Xt —chain condition, and
(2) for each i < AT+ we have IFp, 2% = A%,

Proof. Abraham [1, Theorem 2.10, Theorem 2.12] gives the full proof of the theorem
for CS iterations. FEisworth [3, Proposition 3.1] presents careful justification of
1.3(1). Let us sketch arguments justifying 1.3(2)

To argue that IFp,“ 2% = AT ” suppose towards contradiction that p € P;,
i< ATt and plFp, “ 2 : ATt — 2% is one-to-one 7. For each & < A*™ fix a model
M < H(x) such that

§7P7i7p7$ € Mg, |M§| =) and <>\M€ - M&

Applying “a cleaning procedure” as in the proof of [3, Proposition 3.1] we may
choose a set I C A\*T of size A\TT, a set H C AT and mappings ¢ ¢ (for £, € I
satisfying ¢ < ¢) such that:

(a) me,c @ M onte M, is an €-isomorphism, 7 ((§) = ¢, mec(2) =z, Tec(p) =
D,

(b) MgﬂMcﬂ)\JﬁL :]:I7

(¢) HC min(Mg N AT\ H) and Mg N AT C min(Me N AT\ H), and

(d) i€ H,me|H=1idy, AT H.

The following claim will immediately complete the proof.

Claim 1.3.1. Ifr € P; is (Mg, P;)-generic and r > p and £ < ¢ are from I, then
r ke, 2(§) = z(¢).

Proof of the Claim. Suppose towards contradiction that »* > r, r* IF z(&) # z(().
Take r™ > r* and £ < 2, @ < X such that

I < 2(€)(@) = £ and 2(() (@) = 1— £ 7.

The condition r+ is (Mg, P;)—generic, so there is s € Mg NP; such that s Ikp,
z(€)(a) = Land rt, s are compatible, say ¢ > rT, s. Then ¢ is (Mg, P;)-generic so by
[3, Claim 3.4] we also have g > m¢ ¢(s). But me ¢(s) IF me ¢ (2) (7e,c (€)) (e ,c () = ¢,
so me.¢(s) IF z({)(a) = £. Hence ¢ IF z(£)() = 2(¢) (), contradicting the choice of
rT and g > rt. O

O

What is missing? The main point of properness is the preservation theorem
for CS iterations. If one tries to repeat the proof of the preservation theorem
for A—support iterations of A—proper forcing notions, then one faces difficulties at
limit stages of cofinality fewer than A caused by the fact that it is inconvenient to
diagonalize A objects in less than A steps. This is a more serious obstacle than just
a technicality. Let us consider the following forcing notion.
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Example 1.4 (Shelah [21, Appendix]). Assume that A = A<* is an uncountable
cardinal and let S/§\+ o {6 < AT : cf(6) = A}. Suppose that a sequence (As, hs :
s S/{‘+> is such that for each § € S/)\‘+:

(a) As C 4, otp(As) = X and Ay is a club of §, and
(b) h5 : A5 — 2.

The forcing notion Q* = Q*((As,hs : J € S/Q\Jr)) is defined as follows:
a condition in Q* is a tuple p = (uP,vP, &P, h?) such that

(a) u? € AT]<M P €8 Nw?,
(b) & = (e} : § € vP), where each €} is a closed bounded non-empty subset of
As, and ef C uP, and
(c) if 6 € vP, then max(e}) = sup(u? N ) > sup(v? N§),
(d) AP :uP — 2 is such that for each § € vP we have that h? [ es C hs.
The order < of Q* is such that p < ¢ if and only if u? C u9, h? C b9, vP C 09,
and for each ¢ € v? the set e} is an end-extension of €f.

Plainly, under the assumptions of 1.4, the following holds true.

Observation 1.5. The forcing notion Q* is (<\)-complete and |Q*| = \*. It
satisfies the AT —chain condition, so it is also A\—proper.

If A = A<* is not inaccessible, 22" = A**+ and 2* = AT, then some \-support
iterations of forcing notions like Q* are not A—proper, as a matter of fact this bad
effect happens quite often. The problem comes from the fact that if A—support
iterations of forcings of type Q* were A—proper, we could use Theorem 1.3 and
a suitable bookkeeping device to build a forcing notion which forces “\ = A<*
is not inaccessible and uniformization for continuous ladder systems holds true”.
However, this is not possible:

Theorem 1.6 (Shelah [21], [22, Appendix, Theorem 3.6(2)]). Assume 6 < X =
cf(N), 29 = 2<* = X. Furthermore suppose that for each § € Sf\‘+ we have a club
As of §. Then we can find a sequence (ds : 6 € S/{‘+> of colorings such that
e ds:As — 2 and
e for any h : At — {0,1} for stationarily many & € S§‘+, the set {i € As :
ds(i) # h(i)} is stationary in As.

Many positive results concerning not collapsing cardinals in iterations with un-
countable supports are presented in literature already. For instance, Kanamori [10]
considered iterations of A-Sacks forcing notion (similar to the forcing Q*¥; see
Definition 2.18 and Remark 2.19) and he proved that under some circumstances
these iterations preserve A*. Several conditions ensuring that AT is not collapsed
in A-support iterations were introduced in Shelah [23, 24]. Fusion properties of
iterations of tree-like forcing notions were used in Friedman and Zdomskyy [5] and
Friedman, Honzik and Zdomskyy [4].

Numerous strong versions of A—properness were studied by the authors in a series
of articles Rostanowski and Shelah [14, 15, 16, 17, 18, 19]. Each of those conditions
was meant to be applicable to some natural forcing notions adding a new member
of *\ without adding new elements of <*X. In some sense, they explained why the
relevant forcings can be iterated (without collapsing cardinals).
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Also Eisworth [3] gave another (simpler) relative of the preservation theorem of
[14].

The properties introduced in [14] and subsequent works we typically applicable
to either very bounding forcing notions or forcings with trees with splittings on a
stationary co-stationary set of levels. While those properties were quite general, we
had problems to include the forcing notion Q3 (see 2.18 below) in that framework.
In [19] we managed to formulate a suitable property and show a relevant iteration
theorem covering the forcing notions we were interested in (including Q?\) in the
case when \ is strongly inaccessible. Here we present a framework covering those
forcings, including our “last forcing standing”, under a very mild demand on A:
it admits diamonds!. In a sense, we generalize (and correct, see Remark 3.7) the
property considered in [14]. Our property, the purely sequential properness over
semi diamonds, is also close to the fuzzy properness over quasi-diamonds of [16,
Definition A.3.6].

Notation and Terminology. Our notation is rather standard and compatible
with that of classical textbooks (like Jech [9]). However, in forcing we keep the
convention that a stronger condition is the larger one.

(1) Ordinal numbers will be denoted be the lower case initial letters of the
Greek alphabet a, 8,7, 0, ¢ and ¢, and also by &, 4, j (with possible sub- and
superscripts).

Cardinal numbers will be called k, A\; A will be always assumed to
be a regular uncountable cardinal such that \<* = ).

Also, x will denote a sufficiently large regular cardinal; H(x) is the family
of all sets hereditarily of size less than y. Moreover, we fix a well ordering
<% of H(x)-

(2) We will consider several games of two players. One player will be called
Generic or Complete, and we will refer to this player as “she”. Her op-
ponent will be called Antigeneric or Incomplete and will be referred to as
“he”.

(3) For a forcing notion P, all P-names for objects in the extension via P will be
denoted with a tilde below (e.g., 7, X), and Gp will stand for the canonical
P-name for the generic filter in P. The weakest element of P will be denoted
by @p (and we will always assume that there is one, and that there is no
other condition equivalent to it).

By “A—support iterations” we mean iterations in which domains of con-
ditions are of size < A. However, we will pretend that conditions in a
A-support iteration Q = (P¢, Q¢ : ¢ < () are total functions on ¢* and for
p € lim(Q) and «a € ¢* \ dom(p) we will stipulate p(a) = Og, -

(4) A filter on A is a non-empty family of subsets of A closed under supersets
and intersections and not containing (). A filter is (<x)-complete if it is
closed under intersections of <x members. (Note: we do allow principal
filters or even {\}.)

For a filter D on A, the family of all D—positive subsets of A is called
DT. (So A€ D" if and only if A C XAand AN B # () for all B € D.) By
a normal filter on A we mean proper uniform filter closed under diagonal
intersections.

LThis should explain the title of this paper.

See https://shelah.logic.at/papers/1001/ for possible updates.
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(5) By a sequence we mean a function whose domain is a set of ordinals. For
two sequences 7, v we write v <1 17 whenever v is a proper initial segment
of n, and v < i when either v << or v = 1. The length of a sequence 7 is
the order type of its domain and it is denoted by lh(n).

The set of all sequences with domain a and with values in A is denoted
by “A and we set <“A = [J PA.
B<a

(6) A tree is a <—downward closed set of sequences. A complete A—tree is a
tree T C <*X such that every <J-chain of size less than A has a <t-bound in
T and for each n € T there is v € T such that n < v.

Let T C <*X be a tree. For n € T we let

succr(n) ={a<A:n (o) €T} and (T),={veT:v<norndv}

We also let root(T") be the shortest 7 € T such that |succr(n)| > 1 and
limy (T) = {n € *X: (Va < N)(nla € T)}.

2. PRELIMINARIES

2.1. Iterations of strategically complete forcing notions.

Definition 2.1. Let P be a forcing notion.

(1) For an ordinal a, let OF (P) be the following game of two players, Complete
and Incomplete:

the game lasts at most @ moves and during a play the players attempt to
construct a sequence ((p;, ;) : ¢ < «) of pairs of conditions from P in such
a way that

(Vj <i<a)lp; <q¢; <pi)
and at the stage i < « of the game, first Incomplete chooses p; and then
Complete chooses ¢;.

Complete wins if and only if for every i < « there are legal moves for both
players.

(2) A winning strategy st® of Complete in OF (P) is regular if it instructs Com-
plete to play (p as long as Incomplete plays Op.

(3) The forcing notion P is strategically (<A)—complete (strategically (<X\)-
complete, respectively) if Complete has a winning strategy in the game
03 (P) (D51 (P), respectively).

Note that then Complete has also a regular winning strategy.

(4) Let a model N < (H(x),€,<}) be such that <*N C N, [N| = X and
P € N. We say that a condition p € P is (N,P)—generic in the standard
sense (or just: (N,P)-generic) if for every P-name 7 € N for an ordinal
we have plF“7 € N 7.

For the rest of this subsection we assume that:
e Q = (P;,Q¢ : ¢ < ¢*) is a A\-support iteration of strategically (<A)-
complete forcing notions, and
e for & < (7, sj:2 is the <[ -first P¢-name for a regular winning strategy of

Complete in 0y(Q¢), and
e amodel N < (H(x), €, <}) is such that [IN| = X\, *N C N and Q,... € N.

Observation 2.2. P¢- is strategically (<A)-complete.
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Observation 2.3. Suppose that ( € ((*+ 1) NN, (go: @ <) CTNNP, § <A,
r € Pe is (N,P¢)-generic and gz < r for all 5 < §. Then there are conditions
g€ NNP¢ and rt € Pe such that ¢ < v+, r <r* and (V8 < 6)(qp < q).

Lemma 2.4. Suppose that ¢ € (¢*+1)NN is a limit ordinal of cofinality cf({) < A
and r € P¢ is such that

(Ve € (N N)(rle is (N,P.)-generic).
Assume that conditions go € N NP¢ (for o <6, § < A) satisfy

(a) if « < B <0, then go < qg <r, and
(b) ifee NN(, s €P. and (Va < 0)(qale < s), then

slkp, “the sequence (qa(c) : @ < 0) has an upper bound in Q. ”.

Then there are conditions ¢ € N NP¢ and r* € Pe such that ¢ < r*, r <rt and
(V8 < 0)(g5 < q).

Proof. The arguments here are similar to [14, Proposition 3.3|, except that our
iterands are strategically (<\)—complete only (and not necessarily (<A)—complete).
This introduces some additional complexity.

Let (i, : v < cf(¢)) € N N ¢ be a strictly increasing continuous sequence cofinal

in ¢ with ig = 0. By induction on v < c¢f(¢) we choose ry, 7y and r3 such that

(i) r; € Pi, NN is above (in P; ) of all ggli, for 8 < 4;
(ii) ry, 7y € Py, vy <1y <l and rliy <o
(iil) if v < e < cf(¢), then v <rZ, r2 <7, and
(iv) for each € < ¢ and v < cf(¢) we have

rilelk “(ra(e),ri(e) : @ <) is a legal partial play of O3 (Q:)
in which Complete uses her regular winning strategy st? ”.

So, at stage 7 4+ 1 of the construction we apply Observation 2.3 to the sequence
(ry "apllig,iys1) + B < 8) € NNP;,, and the (N,P; ,,)-generic condition
7377 [[in, iy+1). This will give us conditions 7, € NNP and 41 €P; ., so
that the demands (i)-(iii) are satisfied. Then r3 ., € P;_ ,, is chosen according to
demand (iv), remembering that st? are P.-names for reqular winning strategies.
Next, at a limit stage ~ is limit then we first pick 7’ € IP; that is stronger than all
5, for a < (exists by (iv)). This 7 is (N, P; )-generic, stronger than all r; for
o < vy and stronger than all ggli, for 5 < §. So we may use Observation 2.3 to find

- and 7, > 7" as needed for (i)—(iii) and then pick 77 to fullfil (iv).

Ty41

Let r* € P¢ be an upper bound of (r,, : v < ¢f(¢)) (remember clause (iv) above);
then also r < r*. Now we are going to define a condition ¢ € P, N N. We let

dom(g) = | J{dom(ry,,) N [iy, i) : 7 < cf(Q)},

and for ¢ € dom(q), iy < € < iyq1, we let g(e) be the <} first P.—name for the

following object in V[Gp:].
(A) If r 4 (e)[Gp,] is an upper bound to {gs(¢)[Gp,.]| : B < 6} in Qc[Gp,], then
q(e)[Gr.] = 741 (e)[Gr.]-
(B) If not (A) but {gs(e)[Gp.] : B < &} has an upper bound in Qc[Gp,], then
q(€)[Gp,] is such a bound.
(C) If neither (A) nor (B), then ¢(¢)[Gp.] = qo(¢)[Gp,]-
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It should be clear that ¢ € P, N N. Now,
o g <rt.

Why? By induction on € € ( N N we show that gle < r+]e. Steps “c = 0” and “e
is limit” are clear, so suppose that we have proved gle < rle, iy <& <i,41 (and
we are interested in restrictions to € +1). Assume that Gp, C P. is a generic filter
over V such that r|e € Gp_. Since ggliy11 < i1 < Ty < rT, we also have
qple € Gp, (for B < d) and r |e € Gp.. Hence r_;(¢)[Gp.] is an upper bound
of {qp(e)[Gp.] : B < ¢}. Therefore

q(2)[Gr.] = 7741 (e)[Gr.] < 1511(2)[Gr.] < 77 () (G ]

(see (A) above) and we are done.
The proof of the Lemma will be finished once we show that

o (VB <0)(gs <q)
Why does this hold? By induction on € € ( N N we show that ggle < gfe for all
[ < d. Steps “e = 0”7 and “c is limit” are as usual clear, so suppose that we have
proved ggle < gle for § < §, iy < € < iy41 (and we are interested in the restrictions
to € +1). Assume that Gp, C P, is a generic filter over V such that gle € Gp..
Then, by the inductive hypothesis and the assumption (b) of the Lemma, we know
that the sequence (gs(¢)[Gp,] : B < J) has an upper bound in Q.[Gp,]. Therefore,
by (A)+(B), q(¢)[Gr.] > qs(e)|Gp,] for all § < ¢, and we are done. O

Lemma 2.5. Suppose that ¢ € ((* 4+ 1) NN and conditions r € P¢ and pa,qo €
P NN (fora <9, 6 < X) satisfy:

(i) po < o <pp < qp <7 foralla < g <9,

(ii) for each & € (NN and B < § we have

apl€lFe,  “(pal€), qa(§) : a < B) is a legal partial play of O3 (Qe)
in which Complete uses her reqular winning strateqy qtg ”
(iii) either
() 7 is (N,P¢)-generic,
or
(8) ¢ is a limit ordinal of cofinality cf(¢) < A and for each € € (NN the
condition 1§ is (N, P¢)-generic.
Let T € N be an open dense subset of Pe and p~ € NNP¢, p~ <r. Then there are
conditions p',q¢' € Pc NN and r’ € P¢ such that
(a) r <r" and qo, <p' < ¢ <7’ for all a <4, and
(b) for each & € (NN we have

q'1€ ke (Pa(€),4a(§) s a < 8)(p'(€),d'(€)) is a partial play of O7(Q¢)
in which Complete uses her reqular winning strategy S~t2 7,

(c) if we are under the assumption of (iii)(«), then also p’ € T,
(d) if we are under the assumption of (iii)(8) and qo < p~ for all « < 4, then
we still may require that p~ < p’.

Proof. If we are under the assumption of (iii)(«), then the conclusion of the Lemma
should be clear (including clause (c)).

So suppose that we are in the case described in (iii)(8) and let (i, : v < cf(¢)) C
N N be an increasing continuous sequence cofinal in (, ig = 0. First, let us assume
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that the condition p~ € N NP satisfies g < p~ < r for all @ < §. By induction
on v < cf(¢) we will pick conditions p?, ¢7,r7,s” so that:
(%)1 p” q”ENmP’ r,s7 e P,

1y Ty

(%)2 <p'<q7, 7’fl»y<7’7<57andq“’<7"77
(*)s q'y <p7 iy and 57 <7, [27 for v/ <,
()a if iy <& <iyq1 and v < v* < cf((), then

1€ e, “ the sequence (pa(€), ga(€): a < 6)(p7 (£),47 (€): v <7 <)
is a legal partial play of O3(Q¢) in which
Complete uses her regular winning strategy qtg 7,

and

s I b, “ (17 (€),87(€) 1 v/ < 7*) is a legal partial play of O3 (Q¢)
in which Complete uses her regular winning strategy qtg .

When we arrive to a stage v < cf(¢) of the construction, after having determined
p"f/,q7/,r7/,37/ for 4" < v, we first pick a condition r* € P;_ stronger than all s
for o/ < v and such that rli, < r*. [There is such r* by the second part of the
demand (*)4 at previous stages.| Then the condition r* is (N,P; )-generic so we
may use arguments as for the first part of the Lemma (case (iii)(«a)) to pick p7,¢”
and s¥ > rY > r* so that demands in (%);—(x)4 are satisfied.
After the construction is carried out we define p’ € P¢ so that dom(p’) =
U dom(¢”) and if & € dom(p’), iy < & < iyq1, v < cf((), then p/(§) is the
y<cf(¢)
<} first Pe-name such that the condition p'[¢ forces (in P¢) that

“if pm (&) < p7TH(E) then p'(€) = p?T (), otherwise p'(€) = p~(€) 7.
Then p’ € N is a condition stronger than p~ (and so also stronger than all g, for
a < §). Let ¢ € Pc N N be such that dom(q’) = dom(p’) and for each £ € dom(q’)
we have

1€ e, “ (Pal&); qa(§) : a <) (P'(£),q'(§)) is a partial play of D’\(Qg)
in which Complete uses her regular winning strategy st0 .

Plainly, p’ < ¢’. Let ' € P; be an upper bound to (s7 : v < cf(()) (exists by the
second part of the demands in ()4). Then ' > r. Now we show inductively that
1€ > ¢'1€ for £ < (. Sosuppose § € dom(q’), iy < & < iyq1, and ¢'1§ < r’'[€. Then
PIE I p/(€) = pr*1(€) (by (x)2) and s0 also '€ IF ¢/(€) = *1(€) < $71(€) <
r'(£). Hence p~ <p' < ¢ <.

If the condition p~ does not satisfy the assumptions of clause (d), then we may
use Lemma 2.4 to find ¢ € NNP¢ and r* € P¢ such that » <rF, ¢ <7 and ¢, < ¢
for all o < §. Now carry out the above arguments for ¢, 7 in place of p~, 7. O

Definition 2.6. (1) An RS-condition® in P¢« is a pair (p,w) such that w €
[(¢*+1)]<*is a closed set, 0,C* € w, p is a function with domain dom(p) C
¢*, and
(®) for every two successive members ¢’ < ¢” of the set w, pl[e’, ") is a

P.,—name of an element of P.» whose support is included in the interval
[e',&").
The family of all RS—conditions in P¢+ is denoted by IP’?*S.

2the RS stands for “revised support”
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(2) If (p,w) € IP’CR*S and G C P« is a generic filter over V, then we define
(p,w)¢ = U {(pl",e")[GNP.] : & <& are successive members of w}

Note that (p,w)? € Pe«. Also, we write (p,w) €' G whenever (p,w)¢ € G.
(3) If (p1,w1), (p2,w2) € ]P’?*S, then we write (p1,w1) <’ (p2,w2) whenever
(®) for every generic G C P¢+ over V,
if (p2, w2) € G then (p1,w1)? <p.. (p2,w2)®

Remark 2.7. In 2.6(1)(®), pl[e’, ") is a sequence of P.,—names, so it is a P.,—name
for some sequence. This (resulting) sequence is required to belong to P.., and just
also to V. We may therefore think about an RS—condition (p,w) as follows. First,
for every € € w N * we have

e a maximal antichain {p5 : i € I.} of P., and

e a function f¢ : I, — P+ such that f°(¢) is a condition with support

included in the interval [5, min(w \ (¢ + 1)))

(They describe a P.—name for a condition in P¢« with support in the right interval.)
Next, if ¢ < & < &’ where ¢,¢’ are successive members of w, then we may fix a Pe—
name p(§) for a member of Q¢ such that p§ IFp, p(§) = f(i)(§). Note however that
if we apply this approach to each ¢, we may not end up with a condition in P¢-
because of the support! Nevertheless we will think of p as a function on (* where
each p(§) is a Pe—name for a member of Q.

Lemma 2.8. (1) If (p,w) € IP’?*S and q € Pe-, then there is ¢* € P¢- stronger
than q and such that for each successive members e’ < €” of w the condition
q*le’ decides plle’,e”) (i.e., ¢*1e’ - “plle’,€") = per v ” for some per o1 €
Pe- ).

(2) For each (p,w) € IP’CR*S there is q¢ € P¢» such that (p,w) <’ (¢,{0,(*}).
3) Let (pi,w;) € PRSAN (fori <6 <)), and ¢ € Pe« NN, r € Pev be such
¢ ¢ ¢
that

g<r and (Vi <j<08)((pi,wi) < (pj,wj) <" (r,{0,¢7})).
Assume that either r is (N,P¢«)—generic, or (* is a limit ordinal of cofinal-
ity cf(¢*) < A and for every ( € (*NN the condition r[¢ is (N, P¢)-generic.
Then there are conditions ¢ € N NP¢+ and r' € Pex such that ¢ < ¢ <1/,
r <r' and (Vi < 8)((pi,w;) <" (¢',{0,(*})).

Proof. Tt is a slight generalization of [14, Proposition 3.6].
(1), (2) Straightforward (as P¢- is strategically (<A)-complete).

(3) If ris (IV,Pc+)-generic, then the conclusion is immediate. So let us consider
the case when 8o < cf((*) < A and [ is (V,P¢)-generic for each { € (* N N.

Let (iy : v < cf((*)) € NNC* be a strictly increasing continuous sequence cofinal
in ¢*, ig = 0. For v < cf(¢*) and ¢ < 6 we put p; = p;liy and w; = (w; Niy) U {iy}
(clearly (p],w]) € PI'®).

Now, we inductively pick conditions ¢, g, ., 73 (for v < cf(¢*)) so that

(i) ¢y,q7 €Pi, NN, 1,75 € Py,
(ii) qliy < gy < qF <1y, 7liy <7y <7, and for each § < v we have

45 < qyand rj <,
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(iii) for every £ < i, we have

gt ke, <q5(§),q;(§) : <) is a legal partial play of O3 (Qc)

in which Complete uses her regular winning strategy s~tg )

and

rE b, <7‘5(§),r3'(§) : 8 <) is a legal partial play of 03 (Q¢)
in which Complete uses the strategy sj? 7

(iv) if i < 0 and €’ < €” are two successive members of w; with ¢ < i, then
the condition ¢, [¢’ decides p;[[e’,e”) and (p],w]) <’ (¢,{0,i4}).

At a limit stage v of the construction, we first pick an upper bound r* € P;
to <r§ : B < ) (exists by clause (iii) at previous stages). By (ii) we know that
rliy < r*sor*is (N, P; )-generic. Consequently, we may use Lemma 2.5 to choose
qv,qj{r € P;, NN and r, € P; satisfying the relevant demands in (ii)+(iii), and
then we pick ’l"ﬂ{ > 14 so that the second part of (iii) holds. Note that the demand
in (iv) will then follow by the inductive hypothesis.

Suppose now we are at a successor stage y + 1, so we assume ¢, ¢+, 7,7+ have
been already chosen. We note that a condition r* = 7 (r[[iy,iy41)) € Pi ., is
stronger than r so it is (IV,P; ,,)-generic. Therefore we may apply Lemma 2.5 to
r*, the sequence (gg, qg : B < ) considered as a sequence of conditions in P nd
a suitable open dense subset Z of P;_,, from N to choose g1, q;r_H and 141, rj_H
so that the demands in (i)—(iv) are satisfied. (For clause (iv) remember that by
our assumptions we have (p] ™', w] ™) <" (*,{0,iy41}).)

Let r* € P¢- be stronger than all 7,’s. Apply Lemma 2.4 to the sequence
(gF : v < cf(¢*)) and the condition 7* to choose ¢ € N NP¢- and ' € P¢- such
that

iyt1 &

¢ <r', <y, and  (YVy <cf(¢))(g) <)
Then 7/, ¢’ are as required. O

Proposition 2.9. Assume that
(1) (p,w) € PES, ¢ € w and sup(w N () <& <,
(2) w' CC*+1 is a closed set such that |w'| < X and wU {&} Cw/,
(3) T is a Pc—name for an ordinal.
Then there are p' and 7' such that
(a) (p',w') € IF’?*S and (p,w) < (p',w’),
(b) 1€ = pl€ and p'I[¢,¢7) = pl[¢,¢7),
(c) T’ is a Pe¢—name, and
(d) if G C P¢» is generic over V and (p/,w') €' G, then 7'|G] = 7[G].

Proof. First we declare that p'[¢ = p[€ and p'[[(,¢*) = pl[¢, ¢*). Now, p[[, () is a
P¢—name, so we may choose a maximal antichain B C P¢ and a function g : B — P¢
such that for each r € B we have

(a) dom(g(r)) € [£,0),

(B) r decides the value of p[[¢, () and r IFp, pl[€,¢) < g(7),

(v) r"g(r) forces a value to 7, say rg(r) Ik 7 = 7(r).
Let 7/ be a Pe—name such that r I-p, 7 = 7(r) for each r € B, and let p'[[¢, () be
a Pe—name such that r I+ p'[[€,{) = g(r) for r € B. Then (p',w’) and 7’ are as
required in (a)—(d). O
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It will be convenient for the proof of our main result 4.1 to look at RS—conditions
also in a slightly different way.

Definition 2.10. Let (p,w) € ]P’?*S. A standard representation of (p,w) is a triple
(A, f,w) such that
(i) A C P¢+ is a maximal antichain,
(iii) for each r € A, either f(r) < r or for some € € dom(r) we have f(r)le < rle
and rle lkp_“ f(r)(e), r(g) are incompatible in Q. ”,
(iv) if re A, e €ewn¢* and & = min(w \ (e + 1)),
then rle lFkp, “ ple’ = f(r)le’ 7.

Observation 2.11. For each (p,w) € IP’?*S and an open dense set L C P¢« there is
a standard representation (A, f,w) of (p,w) such that A C T.

Observation 2.12. Assume that (p,w) € ]P’?*S and (A, f,w) is a standard repre-
sentation of (p,w).
(v) If s,r € A, e € wN¢*, ¢ = min(w \ (€ + 1)) and the conditions sle and
rle are compatible in P., then f(s)le’ = f(r)]e’.
(vi) If r € A, e < (* and f(r)]e < rle, then there is s € A such that r|e and
sle are compatible and f(s) < s.

Proposition 2.13. Let w € [(* + 1]<* be a closed set containing 0,(*. Assume
that (A, f,w) satisfies (i), (ii) and (i) of Definition 2.10 and (v) of Observation
2.12. Then there is (p,w) € ]P’CR*S such that (A, f,w) is a standard representation of
(p, w).

Proof. Define (p,w) so that

rle |hP75 pf[&g/) - f(r) ”575/)
fore e wN¢*, ¢ =min(w \ (¢ +1)) and r € A. Now check. O

Definition 2.14. Let (A4, f1,w1), (Asg, fo, ws) be standard representations. We
write (A1, f1,w1) < (A2, f2, ws) whenever

(®); (Vr € A2)(3s € A;)(s <r) and

(®)g if r € Ag, s € Ay, s <rand f(r) <r, then f(s) < f(r).

Proposition 2.15. The relation < is transitive on standard representations.

Proof. Assume (Aq, f1,w1) < (Az, fo,w2) < (As, f3,ws). Suppose that r; € A; (for
i =1,2,3) are such that 1 < ry <3 and f3(r3) < r3. Then also fa(r2) < f3(r3)
and consequently fa(r2) and ro are compatible. By 2.10(iii) we have fa(r2) < ro
and therefore also fi(r1) < fa(r2). Together fi(r1) < fa(re) < f3(rs), and the
transitivity of < follows. ([

Observation 2.16. Suppose that (p1,w1), (p2,w2) € ]P’CR*S and let (Ay, f1,w1) and
(Aa, fa,ws) be their standard representations. Assume (Aq, f1,w1) < (Asz, f2, ws).
Then (p1,w1) <" (p2, wa).

Proposition 2.17. Let (p1,w1), (p2,w2) € PCR*S be such that (p1,w1) <’ (p2,w2).

Suppose that (A1, f1,w1) is a standard representation of (p1,w1). Then there is a
standard representation (Asz, fa,ws) for (p2, we) such that (Aq, f1,w1) < (Aa, fa, w2).
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Proof. Choose a standard representation (As, fa,ws) of (p2,ws) such that (Vs €
A2)(3r € Ap)(r < s) (possible by Observation 2.11). Then plainly the demand
(®)2 of Definition 2.14 is also satisfied, so (A1, f1,w1) < (Asg, f2, ws). O

2.2. The Forcings. Let us recall the definitions of the main forcing notions we
are interested in. These forcing notions generalize the well known classical forcings
with trees used in the set theory of the reals. Thus both Q} and Q3 (defined
below in 2.18) represent possible generalizations of Miller’s rational perfect set
forcing, see Miller [13]. The Laver forcing notion (see Laver [11]) is generalized
by forcings Q3. Due to flexibility of our parameters, the schemes presented here
generalize the Cohen and the Sacks forcing notions as well, see Remark 2.19. The
many “bounded” variations of the classical forcings with trees have suitable nice
generalizations if A is inaccessible, see Definition 2.20. In Definition 2.22(1) we
will introduce generalizations of the Silver forcing notion (or perhaps rather the
Grigorieff forcing, see [6, §3]). Finally, relatives of the Hechler forcing (Hechler [7])
and Eventually Different Real forcing (Miller [12, §5]) are introduced in Definition
2.22(2,3).

Definition 2.18. Suppose that £ = (E; : t € <*)\) is a system of (<\)—complete
filters on a regular cardinal A and E is a normal filter on A\. We define forcing
notions Q%¥ (for £ = 1,2,3,4) and Q};’E and Q?};’E as follows.

(1) A condition in Q%F is a complete A\-tree T C <*X such that
(a) if t € T, then either |succr(t)| =1 or sucer(t) € Ey, and
(b) (VteT)(3s € T)(t < s & [sucer(s)| > 1), and
(c)? if j < X and a sequence (t; : i < j) C T is <increasing, |[succr(¢;)] > 1
for all i < j and t = | t;, then (¢ € T and) |succr(t)| > 1,
i<j
the order < of Q*7% is the inverse inclusion, i.e., T} < T5 if and only if
T, T, € Q** and T, CTy.
(2) Forcing notions QV¥,Q%¥ Q*¥ are defined analogously, but the demand
(c)? is replaced by the respective (c)’:
(c)! for every A-branch n € lim, (7)) the set

{a < X:|sucer(nla)| > 1}

includes a closed unbounded set.
(c)® for some closed unbounded set C' C X consisting of limit ordinals we
have

(Vt e T)(Ih(t) € C © [sucer(t)| > 1),

(c)* (Vt € T)(root(T) <t = |sucer(t)] > 1).

(3) The forcing notions Q}S’E and Q?};’E are defined like Q" and Q3F, but in
demands (c)! and (c)® we replace “a closed unbounded set” by “a set of
limit ordinals belonging to the filter E”.

(4) If each E is the club filter of A (for all t € <*)), then we omit £ and we
write Qf\ instead of Q%%

Remark 2.19. (1) Note that our definition of Q3 slightly differs from the one
in [19], however the forcing defined here is a dense subset of the one defined
there.

See https://shelah.logic.at/papers/1001/ for possible updates.
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(2) The forcing notion Q2 was studied by Brown and Groszek [2] who de-
scribed when this forcing adds a generic of minimal degree.

(3) Remember that in Definition 2.18 we allow the filters E; to be principal.
Thus if E; = {\} for each t € <\, then Q*¥ is the A-Cohen forcing Cy and
Q2% is the forcing D, from [14, Proposition 4.10]. If for each t € <*X we let
E, be the filter of all subsets of A including {0, 1}, then the forcing notion
QQ’E will be equivalent with Kanamori’s A-Sacks forcing of [10, Definition

1.1].

(4) A relative of Q3 was used in iterations in Friedman and Zdomskyy [5] and
Friedman, Honzik and Zdomskyy [4]. It was called Miller(\) there and
the main difference between the two forcings is in condition [5, Definition

2.1(vi)].

(5) The property introduced in this paper does not “capture” Q}. In a sub-

sequent work we will modify it to include more forcings of the form (@%E’E.
However one should note that the forcing notions Q3 and Q3 are very sim-
ilar. If in the demand 2.18(2)(c)* we replace “includes a closed unbounded
set” with “is closed unbounded” then we clearly get an equivalent definition
of Q3. In [19, Section 4] we showed that consistently the forcing notions
Q}\ and Qi are equivalent, but also consistently they are not equivalent.

Definition 2.20. Assume that

e )\ is weakly inaccessible, ¢ : A — A is a strictly increasing function such
that each p(a) is a regular uncountable cardinal and o < ¢(a) (for a < A),
e F=(F:te |J I] «(B)) where F; is a <¢p(a)—complete filter on ()

a< B<a

whenever t € [ ¢(8), a <A,

B<a

e [ is a normal filter on A.

(1) We define a forcing notion Qi 7 as follows.
A condition in QZ,F is a complete A-tree T C |J [] ¢(B) such that

a< B<a

(a) for every t € T, either [sucer(t)| = 1 or succr(t) € F:, and

(b) (VteT)(Is € T)(t < s & |sucer(s)| > 1), and

(c)? if j < X and a sequence (t; : i < j) C T is <-increasing, |succr(¢;)] > 1
for all i < j and t = | t;, then (¢ € T and) |succr ()| > 1.

i<j

The order of Qi 7 1s the reverse inclusion.

(2) Forcing notions Qi 7 for £ =1,3,4 are defined similarly, but the demand

(c)? is replaced by the respective (c)

£,

(c)! for every n € limy(7T) the set {a < A : [sucer(nla)| > 1} contains a
closed unbounded subset of A.
(c)® for some closed unbounded set C' C X consisting of limit ordinals we

have

(Vt € T)(Ih(t) € C < [sucer(t)] > 1).

(c)* (Vt € T)(root(T) <t = [succr(t)] > 1).

(3) Replacing “a closed unbounded set” in (c)

Land (c)® by “a set of limit

ordinals belonging to the filter E” will define forcing notions Q}D 7 p and

3
v, F,E’

respectively.
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Remark 2.21. If )\ is strongly inaccessible and ¢, F' are as in 2.20, then Qi Fisa
dense subset of Qi‘ Py

Definition 2.22. (1) Assume that ¢ : A — (A+1)\{0,1} and FE is a normal

filter on X\. We define a forcing notion Sy, as follows.
A condition in S}g is a function p such that dom(p) C A, A\ dom(p) € E
and p(i) < (i) for each i € dom(p),
the order < of S]'ii is the inclusion, i.e., p < ¢ if and only if p,q € S;@ and
PCyq.

For p € S}é we also set rt(p) = min (A \ dom(p)) (the notation rt points
to analogy with “the length of the root”).
A condition in a forcing notion Hy is a pair (s, g) such that s € *>\ and
gEM.
The order < of Hj is defined by: (s, g) < (s, ¢’) if and only if ((s, g), (s', ¢') €
H,\and)sﬂs’,g(a)gs’(a)foreac a € [lh(s),1h(s")) and g(a) < ¢'(a)
for all a € [lh(s’), A).
A condtion in a forcing notion E, is a pair (s,G) such that s € >\,
G = (Gg : B < A) and for some p < A, for every B < A we have G5 € [\]<H

The order < of E, is defined by: (s,G) < (s/,G’) if and only if ((s, G), (s',G") €

E) and) s 9 ¢/, s'(a) ¢ G, for each a € [lh(s),1h(s")) and G, C G, for all
a € [lh(s),N).

Observation 2.23. Assume A<* = \.
(1) For E as in 2.18 and £ € {1,2,3,4}, the forcing notion Q%% is (<\)-lub—

complete (i.e., increasing sequences of length <X have least upper bounds).
Likewise for Q}E’E and Q%E,

(2) For o, F asin 2.20 and ¢ € {1,2,3,4}, the forcing notion Qip is strate-

gically (<\)-complete. Moreover, if T = (T, : a < 6) C QL] s <Qe o
increasing and root(T,) < root(Tg) fora < B <& < A, then ﬂ T, € Q
a<d

is the least upper bound to T. Similarly for Q FE and Qw P

(8) For E and v as in 2.22, the forcing notion SE s (<) ~lub—complete.
(4) The forcing notions Hy and Ey are (<\)-lub—complete.

Arguably, one of the most important properties of forcing notions with trees in
the set theory of the reals is the possibility to have fusion for suitable w—sequences of
trees. Similar properties hold for our forcing notions (with respect to A-sequences
of conditions). The next two lemmas are actually fusion lemmas exemplifying this
similarity.

Lemma 2.24. Assume that
o cither E and E are as in 2.18, 1 < £ <4, and P = QYE orP = Q};’E

P = Q3"

e or N\, F and E are asin2.20,1§€§4and]P’:Qiy— orP = @¢FE or

P= anFE

Suppose that v < X and T° € P for § <+ are such that
(i) T C T° and T° NOX =T+ N2,
(ii) if & is limit, then T° = () T?,

<9

See https://shelah.logic.at/papers/1001/ for possible updates.
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(i) if t € TP N °\ and |succys (t)| > 1, then |succpssa (t)] > 1.

Then T7 < N T9 € P.

6<y

Proof. For Qf it was proved in [19, Lemma 3.5]; for other cases the arguments are
essentially the same. a

Lemma 2.25. Assume that v, E are as in 2.22. Suppose that ps € S]'é for o < A
are such that

(i) ps C ps+1 and ps[(0 +1) = ps41[(d + 1), and
(ii) if § is limit, then ps = U p;-
i<d
ef
Then px do U ps € S%.
<A

Proof. Clearly py is a function with dom(p) = |J dom(ps) C A and it satisfies
<A
pa(i) < (i) for each i € dom(py). We should to argue that A\ dom(py) €

E. For this we just note that if § € A (A\ dom(p,)) is a limit ordinal, then
a<A

J ¢ gédom(pa) = dom(ps) (by (ii)) and hence § ¢ dom(psi1) (by (i)). The

assumption (i) implies also that § ¢ dom(py). O

3. SEQUENTIAL PURITY WITH DIAMONDS
For the rest of the paper we assume the following Context.

Context 3.1. (1) X is a regular uncountable cardinal, A<* = \.

(2) D is a normal filter on A.

(3) A set S € DT contains all successor ordinals below A, 0 ¢ S and A\ S
is unbounded in A. For an ordinal v < A we define S[y] = S\ {0 < ~v:
4 is limit }.

(4) R is the closure of A\ S and 7 = (74 : @ < A) is the increasing enumeration
of R (so the sequence 7 is increasing continuous, v9 = 0 and all other terms
of 4 are limit ordinals).

Definition 3.2. A sequence f = (fs : 6 € S) is a (D,S)-diamond if f5 € °§ for
de€Sand (Vne*\N({d€S: fs <n}e D).

Observation 3.3. Let P be a strategically (<\)—complete forcing notion, D be a
normal filter on \.

(1) Ikp“ The family of all supersets of diagonal intersections of members of
DV is a (proper) normal filter on X\ ”. (Abusing our notation, the (name
for the) normal filter generated by D in VT will also be denoted by D or
sometimes by DVIGr],)

(2) If f is a (D,S)-diamond, then IFp “ f is a (DVI¢* S)-diamond ”.

A pure extension of a tree is a subtree with the same root. This concept appears
in several places in the classical forcing with trees, e.g., in the Laver forcing every
sentence can be decided by passing to a pure extension of a condition. The relations
<pr of pure extensions were important ingredients of the properties studied in [17,
Section 2] and [19]. The property introduced in the present paper also involves pure
extensions, but for technical reasons they are considered for bounds of increasing
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sequences of conditions. However, for our “test tree forcing notions” the intuitions
behind the sequential purity RP" introduced in Definition 3.4 below should be that
it is essentially the same as <,,. For instance, in Q?\ we say that T € Qi is a pure
bound to T = (T, : a < &) if T is an increasing sequence of conditions from Q3,

d < Xis a limit ordinal, o < lh(root(T,)) < § and T is a pure extension of [\ T,.
a<d

(We will write then 7" RP* T.) Plainly, an increasing sequence of conditions in @i
of length < A, all of them with the same root ¢, has an upper bound with the root
t. Therefore, the relation RP* introduced above is actually a A-sequential™ purity
on Q3.
Definition 3.4. Let Q be a forcing notion. A binary relation RP' is called a
A—sequential purity on Q whenever 7 RP' r implies
(a) T = (rq : a < 9) is a <g-increasing sequence of conditions from Q of limit
length § < A, and
(b) r € Q is an upper bound of 7 (i.e., ro <g r for all a < ¢).
If, additionally, the relation RP" satisfies
(c) if 7= (rq : a0 <), 7 RP" sg for f <& & <|0]" and sg < s, for f <y <E,
then there is a condition s € Q stronger than all sg (for 8 < §) and such
that 7 RP" s,
then we say that RP' is a A-sequential®™ purity on Q.

The next definition introduces the main technical concept of the paper: the game
Dﬁ (r, N,h,Q, RP", f, q) between two players, Generic and Antigeneric. Suppose that
Q = Q3. In a play of Dg the two players construct two descending (with respect
to the inclusion) sequences of trees (I :i < A) C Q3NN and (T; : i < \) C Q3
with the property that oftentimes T; C T; . If ¢ € S[y] then the trees T, ,T; are
chosen by Generic, otherwise they are picked by Antigeneric. It is not unreasonable

to think that for ¢ < j we have
root(7;) < root(T;) < root(T;) < root(T}).
Then for many limit § < ), a diamond sequence f guesses (via some coding function

h) the sequence (T, :i < &) and () T, € Q3 N N is a tree with the root

3

i<6
root(ﬂ T, )= U root(T; ) = U root(T;).
i<é <6 i<é

The task of Generic will be to make sure that oftentimes for these limit ¢ it holds
that
Ts C qs and root(Ts) = root(gs) = root(ﬂ T7).
<6

Definition 3.5 (Compare [14, Definition 2.1]). Let (Q, <) be a strategically (<\)—
complete forcing notion and RP" be a A-sequential purity on Q. Suppose that a
model N < (H(x), €, <}) is such that [N| = A, AN C N and \,Q,D,S,...€ N
(but note we do not demand RP" € N) and a function h: A — N is such that its
range rng(h) includes Q N N. Also, let Z = (Z,, : @ < A) list all dense open subsets
of Q belonging to N and let v < A.

(1) We say that a sequence f = (fs: 6 € S) is a (D, S, h)-semi diamond for Q

over N if f5 € %6 for § € S and
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(%) for every <g-increasing sequence p = (p, : @ < A) C QN N we have
{§€8: (Va<8)(h(fs(a)) =pa)} € DT.

Below, let f be a (D, S, h)-semi diamond for Q over N.

(2) An (N, h,Q,RP", f,I)-candidate is a sequence § = (g5 : 6 € S limit ) of

conditions from N N Q satisfying for each limit § € S:
(a) if ho fs = (h(fs(a)) : @ < §) C QNN and it has an upper bound in
Q, then h(fs(a)) < g5 for all @ < §, and
(b) if, moreover, h o f5 € dom(RP*), then also h o f5 RP* ¢s, and
(c) if there is ¢ € [ Z, such that h o fs RP" ¢, then also g5 € [ Za.
a<d a<d
If N,h,Q, RP*, f,T are obvious from the context we may just say a candi-
date.

(3) Let ¢ = (g5 : 6 € S & ¢ is limit ) be a candidate and r € Q. We define a
game D:?(r, N,h,Q, RP", f,q) of two players, Generic and Antigeneric, as
follows. A play lasts < X moves and in the i*" move the players try to
choose conditions 7, ,r; € Q and a set C; € D so that:

(a) r<r;,andr; € N,and if i ¢ S[y] N R then r; <r;,
(b) (Vi<j<MN(ri<r;j&r; <r;), and
(c) Generic chooses r; ,1;,C; if i € S[v], and Antigeneric chooses r; , i, C;
ifi ¢ S[].
At the end Generic wins the play whenever both players always had legal
moves (so the game lasted \ steps) and

(®) if § € S[y]N N C; is a limit ordinal and ho fs is an increasing sequence
<4

of conditions in @ such that for all o < § we have h(fs(a+1)) =r,,,
then g5 < rs and h o f5 RP" rs.
(4) Let g be a candidate (for N,h,Q, RP*, f and Z). A condition r € Q is
generic for the candidate § over N, h,Q, RP", f, S, v if Generic has a winning
strategy in the game D:S/(r, N,h,Q, RP*, f,q).

Definition 3.6 (Compare [14, Definition 2.3]). Let Q be a strategically (<A)—
complete forcing notion.

(1) We say that Q is purely sequentially proper over (D,S)-semi diamonds
whenever the following condition (©®) is satisfied.
(®) Assume that y is a large enough regular cardinal and N < (H(x), €
y<3)s IN| = A, <AN C N and \,Q,D,S,... € N. Then there exists
a A-sequential purity RP" on Q such that for every ordinal v < A, a
condition p € QN N and every Z, h, f,  satisfying
e 7= (T, :a <\ lists all open dense subsets of Q from N,
e a function h: A — N is such that Q " N C rng(h), and
e asequence f is a (D, S, h)-semi diamond for Q, and
e gisan (N, h,Q, RP", f,T)-candidate,
there is a condition r > p generic for § over N, h,Q, R**, f, S, .
(2) If in the condition (®) of (1) above
(a) the relation RP* can be required to be a A-sequential® purity, then we
say that Q is purely sequentially™ proper over (D,S)-semi diamonds,

3Remember Context 3.1(3,4)
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(b) if the relation RP* does not depend on N, then we add the adjective
uniformly (so we say then uniformly purely sequentially proper etc).

Remark 3.7. The game Df(r, N, h,Q, RP", f,q) is very similar to the game O(r, N, h, Q, f, )
of [14, Definition 2.1(3)]. Some of the differences in the definition of candidates are
caused by the larger generality and the use of RP". But one technical point is
actually correcting an error in [14]. When comparing [14, Definition 2.1(3)(®)]
and Definition 3.5 here, one notices that in the former paper the condition (®) is
“active” if the semi-diamond guessed (r; : ¢ < ¢), while here we “activate” this de-
mand if the successor terms of the sequence were guessed correctly. In other words,
current (®) is “active” more often. Now, in the proof of [14, Main Claim 3.10] we
actually use this more often “active” version of (®) — on page 73, in the paragraph
between (3.14) and (3.15), we set ri (e4) = s~ (g4) and not l’jeo (e4) =7j,(e4). This
makes “guessing on coordinate ¢,” different from “guessing in P¢-”. To avoid the
problem we make limit terms of semi—diamond guessing irrelevant. This change
should be introduced to [14, Definition 2.1(3)(®)] and this condition should read:

(@)cerrected if § ¢ SN () C; is a limit ordinal and h o Fj is an increasing sequence of
<8
conditions satisfying h(Fs(a+ 1)) =7, for all a < 4, then g5 < rs.
Then the properness over (D,S)-semi diamonds of [14, Definition 2.3] becomes a
potentially stronger property, but the examples presented there still satisfy it.
Now,

(®) if P is proper over (D,S[y])—semi diamonds (see [14, Definition 2.3] plus
the correction stated above) for each v < X, then P is uniformly purely
sequentially™ proper over (D,S)-semi diamonds.

Why? First note that P is (<\)—complete and define a binary relation RP* by:

p RP* p ifand only if P = (p, : @ <) is a <p-increasing sequence of
conditions in P, § < A is a limit ordinal and p is an upper bound to p.

Then RP' is a A-sequential™ purity. Suppose N, h, f,Z,7v,q = {¢s : 6 € S is limit )
and p are as in 3.6(1)(®). For 6 € S[v] let g5 € P be such that

if 0 is limit, ho fs C PN N is a <p-increasing sequence and gy is its upper

bound, then ¢5 = gs,

otherwise gj is the <} -first member of ﬂ§ Z.

i<

Plainly, 7* = (g} : § € S[v]) is an (N, h,P)-candidate over f in the sense of [14,
Definition 2.1(2)] (and if 6 € S[y] is limit and h o fs is an increasing sequence of
conditions from P, then ¢f = ¢5). Let st be a winning strategy of Generic in the
game O(r, N, h, P, f,g*) of [14, Definition 2.1]. The same strategy can be used by
Generic in Df (r,N,h,P, RP*, f q) and easily it is a winning strategy in this game
too.

Proposition 3.8. Let Q, N, h,Z, RP",~ be as in Definition 3.5.

(1) Ewvery (D,S)—-diamond is a (D,S,h)—semi diamond for Q over N.
Below, let f be a (D,S,h)-semi diamond for Q over N.

(2) There exists an (N, h,Q, RP*, f,T)-candidate.
Below, let @ be an (N, h,Q, R, f,T)-candidate.
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(8) If Q is (<\)-lub—complete*, then for any condition r € Q both players have
always legal moves in the game Dg(r, N,h,Q, RP*, f,q) satisfying r; <rj,
provided that for each i € S[Y]NR N J conditions r; ,r; are compatible.

(4) If Q is (<\)—complete and r € Q is (N, Q)—generic in the standard sense,
then also both players have always legal moves in the game Df (r, N,h,Q, RP", f,q)
satisfying r; < r;, provided that for each i € S[y|NRNj conditions r; ,r;
are compatible.

(5) If r € Q is generic for @ over N, h,Q, RP*, f,S,~, then r is (N,Q)-generic
i the standard sense.

(6) Consequently, if a forcing notion Q is purely sequentially proper over (D, S)—
semi diamonds and there exists a (D,S)—diamond, then Q is A—proper in
the standard sense.

Proof. (5) Let ¢ be an (N, h,Q, RP", f, T)candidate and r € Q be generic for
g over N, h,Q, RP", f,S,~. Suppose that Z € N is an open dense subset of Q, say
T = T, (remember, T = (Z; : i < A) lists all open dense subsets of Q belonging to
N). We want to argue that Z N N is predense above r, so suppose ro > 7.
Consider a play of Df(r, N,h,Q, RP", f,q) in which Generic follows her winning
strategy and Antigeneric plays as follows.
e At stage ¢ = 0, Antigeneric sets Cy = A, rqg = (g and g is the one fixed above.
e At astagei ¢ S[y], i > 0, Antigeneric first picks any legal move® C;,r;, 7} and
then “corrects” it by choosing a condition 7; > 7} so that r; € (] Z; (remember, Q
j<i
is strategically (<\)-complete).
After the play is completed and a sequence (C;,r; ,r; : i < A) is constructed,
we know that the condition (®) of Definition 3.5(3) is satisfied. Also, since f is a
(D, S8, h)-semi diamond for Q over N, we know that {6 € S : (Va < §)(h(fs()) =

r,)} € DT. Pick a limit ordinal § € S[y] N A C; such that § > jo, 0 is a limit of
i<\
elements of A\ S and ho fs = (r; : @ < ). Then by (®) we have that g5 < rs and

«
ho fs RP" rs. Moreover, since r, < rgs for all a < ¢ and since § is a limit of points

from A\ S we get r5 € () Z;. Therefore (by 3.5(2)(c)) ¢s € () Z;, so in particular
j <6 j<o

J
gs € Lj, N N. But the condition rs is stronger than gs and it is also stronger than
r0, SO 1o is compatible with gs. O

Proposition 3.9. Assume that a forcing notion P is one of the following types:
(a) P= S}g where ¢, E are as in Definition 2.22(1), and
AeE = A\ S)UAdeD,
(b) P = Q“F where E is as in Definition 2.18 and 1 < £ < 4, or

(c) P= QSEE where E, E are as in Definition 2.18, and

AeE = (A\S)UAeD,
(d) P= Qif where \, ¢, F are as in Definition 2.20, 1 < { < 4, or
(e) P= Qi,F,E where E, E are as in Definition 2.20, and

AeE = (A\S)UAeD,

4i.e., increasing sequences of length <\ have least upper bounds

5Note that since Generic uses her winning strategy, there are always legal moves.
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() P= S}g where ¢, E are as in Definition 2.22, and \S€E, or
(¢) P= Q%E orP = Qép 5> Where £ =1 or { =3, E.E are as in Definition
2.18 or A\, ¢, F, E are as in Definition 2.20, respectively, and \\ S € E, or
(h) P=H, or P=E, (see Definition 2.22(2,3)),
(i) P is strategically (<A)—complete and (<A)—complete.
Then the forcing notion P is uniformly purely sequentially™ proper over (D, S)-semi
diamonds.

Proof. (a) The arguments here are very similar to those for Qi .p Delow, but

much simpler. We will use the fact that the forcing notion S}g is (<)-lub—complete
without explicitly saying this. Define a binary relation RP* by:
p RP* p if and only if
e D= (p,:a<J)is an increasing sequence of conditions from S}é such that
0 < A is a limit ordinal, and

epc S}é is an upper bound of the sequence p with rt(p) = rt( |J pa)-
a<d

Plainly, RP' is a A-sequential™ purity on S%. Now, let N,h, f,Z,v be as in the
assumptions of 3.6(1)(®) and let § = (gs : § € S is limit ) be an appropriate
candidate. Suppose p € S}g N N. We will define a condition py > p generic for §.
For this, by induction on a < A we choose conditions p, € S% N N as follows.

(A)1 po = p and if 0 is a limit ordinal, then ps = EUépg.
<
(A)2 Suppose that a = §+1, § € S[v] is a limit ordinal, and ho f5 is an increasing

sequence of conditions from S}é N N such that ps < |J h(fs(8)). Then we
B<é

let po = (psla) U (gs e, ).
(A)s If @« =&+ 1 and the clause (A)2 does not apply, then p, = ps.

Under the assumptions of (A)2 we have ps < |J h(fs5(8)) < ¢s. Therefore, it
B<é

should be clear that the construction can be carried out and that the resulting
sequence (p, : o < A) satisfies the assumptions of Lemma 2.25. Consequently
def %
px = U pa €S
a< B
Let us show that p) is generic for § over N,h,Sg,RPr,ﬂS,W. Consider the
following strategy st of Generic in the game Df (px, N, h, Slé, RP*, f.q). At a stage
i € S]], when a sequence (r;
picks r;,7;, C; so that
(A)q if 4 is limit, then r; = J 77, r = U rj and C; = ) Cy,
j<i j<i j<i
(A)s if 4 is a successor, say ¢ = j + 1, then r; ,r; € SE are chosen so that
ry < ry, rt(ry) < rt(rg) = 1t(ry), vy <, pi < rpoand 1 < 1y Also,
C; = A\ (dom(r;) N S).
Note that at a stage i = j + 1, since r; <y and p; < py < rj, we know that

57,0517 < i) has been already constructed, Generic

r; Upi € Sﬁ N N and (r]_ Up;) < r;. Therefore Generic may easily pick r, ,r; as
required. Also, by our assumption on E, we are sure that C; € D.
Suppose now that (r; ,r;,C; : i < A) is a play of Df(T*,N,h,S}g,RPHf,(j)

in which Generic follows the strategy st described above. Let 6 € S[y]n N C;
<0
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be a limit ordinal such that h o f5 is an increasing sequence of conditions from

S}é satisfying h(fs;(i + 1)) = 7, for all i < §. By (A)s + (A)s we have that

i < 1t(h(fs(7))) < 0 and p; <gu h(fs(i)) (for all successor i < §) and J ¢
E

dom( U r;) = dom( U h(fg(j)). Therefore ¢s[[6 + 1,A) C pst1 € pa C rs,
5 j<é

a6 = ( _U_h(fg(j)) 16 = 7510 and § = rt(rs) = rt(gs) = rt( U_h(ﬁ;(j))). Conse-
<z <t
quently, (;5 <rsand ho fs RP" rs. ’

(b,c,d,e) We know that the forcing notion P is strategically (<A)—complete (see
Observation 2.23). Define a binary relation RP" by:
T RP* T if and only if

o T' = (T, : a < §)is a <p-increasing sequence of conditions from P such
that § < A is a limit ordinal and for v < § we have a < Ih(root(T,)) < 6,

and
e T € Pis a <p—upper bound of the sequence T with root(T") = root( [\ Ta).
a<d
(Note that the previous bullet implies [ T, € P. In cases (b) and (d) we
a<d
also know that |J root(T,) = root( (| Ta).)
a<d a<d

Easily, RP" is a A-sequential™ purity on P. Suppose that N < (H(x), €, <j) and
h,f,Z,~y are as in the assumptions of Condition 3.6(1)(®). Let ¢ = (g5 : 6 €
S is limit ) be an (N, h, P, RP", f, T)-candidate and let T € PN N. We want to find
a condition T* > T generic for g over N, h,P, RP*, f S,~. To this end we choose
by induction on a < A conditions T, € PN N as follows.
(A)1 To =T and if ¢ is a limit ordinal, then T5 = () T¢.
£<o
(A)2 Suppose that « = § + 1, § € S[y] is a limit ordinal, and h o f5 is a <p—
increasing sequence of conditions from P N N such that for all successor
8 < 0 we have

B < 1Ih(root(h(fs(B)))) <& and Ts < h(f5(B)).

Let T; = {t € Ty : 1"00t(ﬁﬂ<(S h(fs(8))) <t = t € qs}. If £ # 3 then
T: € P and we put T, = T. Otherwise, we choose T, € P such that
T, CTrand T, N*A=TrN*A\

(A)3 If « =0 + 1 and the clause (A)y does not apply, then T, = Ty.

Suppose that o = 641 satisfies the assumptions of (A)s. Then () h(fs5(5)) € P (re-
B<é

member Observation 2.23) and Ts < () h(fs(8)) < g5 and root(gs) = root( (| h(fs5(B))) €
B<o B<S

Ts. Let t5 = root( () h(fs(8))). If Ih(ts) = 6, then also t5 = |J root(h(f5(8)))
B<o B<o

and succry , (t5) = succg, (t5). (Note that in cases (b) and (d) this must happen.) If
lh(ts) > &, then |J root(h(fs(8))) = 510 < ts and sucery,, (t5]0) = sucery (t510).
B<s

(This may happen only in cases (c) and (e).)
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Therefore we may conclude that the sequence (T, : a < A) satisfies the assump-

tions of Lemma 2.24. At limit stages 6 < A this implies that Ts = () Tz € P (so
B<d

the construction can be carried out) and for A we get T* et N Ta €P.

a<A
Claim 3.9.1. T* is (N,P)—generic in the standard sense.

Proof of the Claim. Suppose towards contradiction that there are {; < A and a
condition T+ > T* such that T is incompatible with every member of Z, N N.
Construct inductively a sequence (S, : o < A) of conditions in P such that

o T <S5 <S,, lh(root(Ss)) < lh(root(S,)) for S < a < A, and

® Sat1 € () Z¢ and if o is limit, then S, = [ Sp (for all a < A).

¢<a p<a
Let t,, = root(S,). Since S, C T+ C T* C T, we see that t, € T, and (Ty)s, < Sa.
Now we claim that
(V) there is a limit ordinal § € S[y] such that £ < ¢ and

hofs =((Ta)t, :a<d), ts=|Jta Iits) =6 and S5 € [ Za.
a<d a<d
This should be clear in cases (b) and (d) (as closed unbounded subsets of A belong
to D). In cases (c) and (e) we note that

A:={5€ 8[y]:6limit and ho fs = ((Tn)s, : <)} € DT,

a

Letting n = | to we have n € limy(S,), so
a<

Ay i={0 < X:|succg, (n]d)| > 1} € E
(for each av < A). By our additional assumptions on E we conclude that
AN A Aan{deSH\ (& +1): (Va <d)(h(ty) <)} #0.

a<A
Then any § from the set above will witness (Q).

So let § be as given by (©). Then h o fs RP" S5 so by 3.5(2) we conclude

¢5s € () Zo (in particular g5 € Zey, N N). But g5 < (Tsp1)e, < (T)ey < (T )y,
a<d
contradicting the choice of 7. (Il

Now we are ready to argue that T is generic for § over N,h,P, RP*, f,S,~
and for this let us consider the following strategy st of Generic in the game
E);S/(T*,N,h,]P’7 RP™, f,q). At a stage i € S[y], when a sequence (r;,rj,Cj Dj <)
has been already constructed, Generic picks r; ,r;, C; so that

(A)q if 4 is limit, then r;” = ( r;, ri = () r; and C; = () C,

J<i j<i j<i
(A)s if 4 is a successor, say ¢ = j + 1, then r; ,r; are chosen so that r; < r;,
root(r;) < root(r; ) = root(r;), r; < r;, T; < r; and r; < r;. Also,
C; = [Ih(root(r;)) 4+ 1001, A) in cases (b), (d) and C; = (A\ S)U{a < A:

(3t € ri)(Ih(t) = a A [succ,,(t)| > 1)} in cases (c), (e).
Why are the choices possible? By (A)s5 at previous stages, for each limit ¢ < A the
intersection of conditions played so far is in P (remember Observation 2.23). Note
also that then r; < r;. At a stage ¢ = j + 1, since rj_ <r;, Ty <T* <r;and

T* is (N,P)-generic, we may find r* € PN N stronger than both r; and T; and
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compatible with r;. Then we may choose 7} stronger than both r* and r;. Pick
t € ry such that |succ,»(t)| > 1 and Ih(t) > Ih(root(r’)) and set r; = (r’); and
ri = (r).

Note also that there are always legal moves for Antigeneric (use Observation 2.23
and the choices in (A)s).

Now suppose that (r; ,7;,C; : i < A) is a play of Df(T*,N,h,P, RP™, f,q) in
which Generic follows the strategy st described above. Let § € S[y] N [ C; be a

)

limit ordinal such that ho fs is an increasing sequence of conditions in IP’<satisfying

h(fs(i)) =r;  for all successor i < 4.

Then our choices in (A)s + (A)4 imply that i < lh(root(h(fs(i)))) < 6 and

h(fs(i)) > T; (for all successor ¢ < §). Let t = |J root(r; ). Since lh(t) = ¢ € C;
<6
for all i < &, we know that [succ,,(t)] > 1 for each i < § and therefore t =
root( () r;) = root( () ;). Now using (A)s + (A)s we conclude g5 = (Ts41) <
5

(T*)y < (r5)e =75 and ho fs RP" rs.

(f) Like in the proof of (a) above we note that S}g is (<A)-lub-complete and
we will use this fact several times (without saying this). We define a binary relation
RP" by:

p RP* p if and only if

D= {(py:a<d C Sﬁ is an increasing sequence of conditions such that
0 < Ais a limit ordinal, and
e pE S}é is an upper bound of the sequence p.

Then RP' is a A-sequential™ purity on S%. Let N, h, f,Z,~ be as in the assumptions
of Condition 3.6(1)(®) and g be a candidate. Suppose p € S}g N N. Choose
inductively conditions p, € S% NN (for o < A) so that:

(V)1 po > p satisfies S C dom(po) and if § is limit, then ps = |J pe.
€<6

(V) fa=0+1,§ € S[7] is a limit ordinal, and ho fs is an increasing sequence
of conditions from S}é NN such that ps < U h(fs(5)), then p, = (pg [a) U
B<s

(Q5 Hav )\)) :
(V)3 If a = §+ 1 and the clause (V)2 does not apply, then p, = ps.

It should be clear that the construction can be completed. We note that if & = §+1
satisfies the assumptions of (¥)s, then (by the choice of py) § € dom(ps). Clearly
the sequence (p, : « < A) satisfies the assumptions of Lemma 2.25 and hence
def %
px = U pa €S.
a<
We claim that py is generic for §. To see this, consider the following strategy

st for Generic in the game Df(T*,N, h7S}§, RP™. f,q). At a stage i € S[y], when a

sequence (r
so that
(V)4 if 4 is limit, then r;7 = U r;, ri = U rj and C; = () Cj,
J<t J<i j<i
(V)5 if ¢ is a successor, say @ = j + 1, then r; ,r; are chosen so that r; < r;,
rt(r;) < rt(r;), r; <r;,and p; <r; <. Also, C; = [rt(r;) + 1001, A).

5T Cj : j < 1) has been already constructed, Generic picks r; ,r;, C;
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Suppose now that (r;,r;,C; : i < A) is a play of E):?(T*, N, h, Sﬁ, RP*, f,q) in which

Generic follows the strategy st. Let 6 € S[y] N [ C; be a limit ordinal such that
<8

h o f5 is an increasing sequence of conditions in S}é satisfying h(fs(i +1)) = ;34

for all ¢ < 0. Then, by the description of st, we have that i < rt(h(f5(i))) < ¢ and

pi < h(f5(i)) (for all successor i < §). Therefore gs[[0 +1,A) C ps+1 C px C 75 and

qs1(0 +1) =rs](6 + 1). Consequently, ¢s < rs and clearly h o fs RP* rs.

(g) The forcing notion P is strategically (<A)—-complete by Observation 2.23. De-
fine a binary relation RP* by:
T RP* T if and only if
o T = (T, : a < ¢) is a <p—increasing sequence of conditions from P such
that § < A is a limit ordinal and for v < § we have a < Ih(root(T,)) < 6,
and
e T € P is a <p-upper bound of the sequence 7. (Note that the previous

bullet implies () T, € P is the least upper bound of T'.)
a<d

Clearly RP" is a A-sequential™ purity on P. Let N, h, f,Z,~ be as in the assumptions
of Condition 3.6(1)(®) and ¢ = (g5 : § € S is limit ) be a candidate. Suppose
T € PN N. To construct a condition T* > T generic for ¢ we choose by induction
on & < A conditions T,, € PN N as follows.

(V)1 Ty > T satisfies
(Vt € Tp)(|sucer, (t)| > 1 = 1h(¢) € S),

and if § is a limit ordinal, then T5 = () T¢.
£<o
(V)2 Suppose that o = 6 + 1, § € S[y] is a limit ordinal, and h o f5 is a <p—
increasing sequence of conditions from P N NV such that for all successor
B < § we have

B < Ih(root(h(fs(8)))) <& and Tz < h(fs(8)).
Let t5 = |J root(h(fs(8))) and T = {t € Ts : t5 It = t € qs}. Pick
B<é
T, €Psothat T, CTF and T, N A =T; N,
(V)s If a =+ 1 and the clause (V)2 does not apply, then T, = Ty.
Suppose that o = ¢ + 1 satisfies the assumptions of (V). Then () h(f5(5)) € P
B<o

and Ts < () h(f5(B)) < g5 and t5 I root( () h(fs(3))) < root(gs). Also lh(ts) =
B<o B<o

0 € S so, by demand (V);, |succry(t5)] = 1. Hence we may conclude that the
sequence (T, : a < \) satisfies the assumptions of Lemma 2.24. At limit stages

d < A this implies that Ts = (] T3 € P (so the construction can be carried out)
B<é

andfor)\wegetT*déf N Ta €P.
a<

Claim 3.9.2. T* is (N,P)—generic in the standard sense.

Proof of the Claim. Assume that £ < X and T >p T*. Build inductively a se-
quence (S, : @ < A) of conditions in P such that

o T <S5 <8S,, Ih(root(Ss)) < Ih(root(Sy,)) for f < a < A, and
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o Sot1 € [ Zg, and if o is limit then S, = [ S (for all a < ).
{<a B<a
Let sq = root(S,). Since T, 2 TT D S, we see that s, € T, and (T,)s., < Sa.
For some limit ordinal § € S[y] we have & < ¢ and lh(s,) < ¢ for @ < ¢ and
hofs ={Ty)s, : @« <6). Then ho f5 R* S5 and S5 € (] Z,. Hence also

a<d
¢5 € () Za (in particular gs € Zg, N N). Since for t5 = |J so we have g5 <
a<d a<d
Ts11)e, < (T, < (TT);, we may conclude Z¢, N N is predense above T*. [l
+1)ts 5 s €o

Let us show that T™ is generic for g over N, h,P, Rpr,f,S,'y._ Consider the
following strategy st for Generic in the game Df (T*,N,h,P,RP* f,q). At a stage

i € S[v], when a sequence (r;,r;,C; : j < i) has been already constructed, Generic

j bl
picks r; ,7;, C; so that
(V)4 if i is limit, then r; = (\ 7, ;= (] rj and C; = [ Cy,
J<i j<i j<i
(V)5 if 4 is a successor, say i =
7, Toot(r;) < root(r; ), r;
[Ih(root(r;)) + 1001, A).
As in the previous part one uses Claim 3.9.2 to show that the choices are indeed
possible and that there are always legal moves for Antigeneric. -
Suppose now that (r; ,r;,C; : i < A) is a play of Df(T*,N,h,P, RP* f.q) in
which Generic follows the strategy st described above. Let § € S[y] N () C; be a
<9
limit ordinal such that ho f5 is an increasing sequence of conditions in P satisfying

j + 1, then r;,r; are chosen so that r; <
<r;,T; <r; and r; < 1. Also, C; =

h(fs(i)) =r;  for all successor i < 4.

Then, by (V)5 + (V)4, we have that i < lh(root(h(fs(i)))) < 6 and h(f5(i)) > T;

(for all successor i < ¢). Therefore, letting t5 = |J root(r; ) and using (V)2 we
<9
conclude g5 < (Ts41)es < (T*)ts; < (r5)t; =15 and ho fs RP' rs.

(h) In both cases the arguments are almost identical, so we will consider P = H
only. Define a binary relation RP* by:
p RP* p  if and only if
e D= {(Sa,ga) : @ < 0) is a <y, —increasing sequence of conditions from H
of limit length 6 < A, and
e p=(s,g) € H, is an upper bound to p with s = J s,.
a<d
Clearly, RP* is a AT -sequential purity on Hy. Suppose N, h, f,Z,~ are as in 3.6(®)
and let ¢ be a candidate for these parameters. We claim that every condition from
H) N N is generic for §. So let (s,g9) € Hy N N. Consider the following strategy
st for Generic in O5((s,g), N, h,Hy, R, f,q). At a stage i € S[y] of the play,
after a sequence ((s;,9; ), (8;,95),C; : j < i) was already constructed, Generic is
instructed to choose (s;,g; ), (si,9;) and C; as follows.
(o)1 Ifi =idp+1isasuccessor, then g; = g; , gi = iy, 5; = 5i = 8i,” (i, (Ih(84)))
and C; = [lh(s;,) + 1001, A).
(e)2 If i € S[v] is limit and h(f(j)) = (s;,g; ) for each successor j < 4, and

¢ = (s*,9") (note that necessarily s* = (J s; ), then s; =s; =", C; = A
j<i
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and for o < A:
gi(a) =sup{g;(a),g"(a) : j <i} and g; (@) =sup{g; (@),g"(a): j <i}.
(e)s Ifi € S[y]is limit but we are not in the previous case, then s;” = s; = U s,
() = sup{ay(@) : § < i}, (o) = supfg-(a) ¢ j < i} for cach o < A
Now check.

(i) Define a binary relation RP" by:

p RP"p ifandonlyif p= (p,:a < J)isa <p-increasing sequence of conditions
from P which has an upper bound in P, § < A is a limit ordinal and p € P is an
upper bound to p.

Plainly, RP' is a A-sequential™ purity on P. (Remember P is (<\)-complete.)
Assume N, h, f,Z,v,q are as in 3.6(1)(®) and let p € N. Let st* € N be a
winning strategy of Complete in the game DS‘H(P). By induction on o < A choose
conditions p7,, ¢& € P so that

(D)1 (pf,qf : o < \) is a legal play of 957! (P) in which Complete follows her
winning strategy st*,
(D)2 p§ =p, ph,q: € N for all a < A,
(O)3 piir € ) Zp for each a < A,
B<a

(0)4 if § € S is limit and g5 > p}, for all & < 4, then pj = gs.
(Clearly the construction is possible.) We will argue that the condition p3 is generic
for the candidate § over N, h,IP, RP", f.S,~. Consider a strategy st of Generic in
Df(pﬁ\, N, h,P, RP*, f,q) which instructs her to choose r; ,7;,C; (for i € S[y]) and
side ordinals a; < A (for ¢ < A) so that the following demands (O)5—(0)g are
satisfied.

(O)s r; ePNN and r; € P.

(@) r; <rjandif j <ithenr; <r;and v <oa; <oy

(0)7 a; < A is the smallest ordinal above {y + 1} U {a; +1: j < i} such that
r; <pp, and then 7, = pj, , i1 =1 and Cipq = [a; + 1001, N).

(O)s If 6 € S[v] is limit and g5 > r; for alli < §, and the family {gs }U{r; : i < &}
has an upper bound in P, then ry = g5 and rs € P is the <} -first condition
stronger than g5 and stronger than all r; for i < §, and C; = .

()9 If 6 € S[y] is limit but we are not in the case of (O)s, then (ry,rs,Cs) is
the <} -first legal move of Generic after (r;",r;,C; : i < &) which satisfies

also r5 < rs.

The above conditions fully define a strategy st* for Generic. Concerning clause

()7 and the choice of «;, note that by ()3 there is an o < A such that either the

conditions p},,r; are incompatible or p}, > r; . Since r; > p5 > p} and r; > r;,

the conditions p},,r; are always compatible, and hence there is o; < A such that

ph, > ;. Note that the condition p} is (V,P)-generic in the standard sense (by

(0d)3) and also for each j < A there is an upper bound to {r; : i < j} (and this

upper bound is (N,P)-generic). Hence, for both players, there are always legal

moves during a play in which Generic followed st™ so far (satisfying r; < r;). So,
in particular, clause ((J)g completes the description of st™.
Let us argue that st* is a winning strategy for Generic. To this end, assume

(r7,r;,Ci 1 i < A) is a play in which Generic follows st™ and let (a; : @ < A) be the
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side ordinals chosen by her. Suppose ¢ € S[y] N () C; is a limit ordinal such that
<0
h o fs is an increasing sequence of conditions from P N N satisfying

h(fs(i+1)) =r;,, foralli<0é.
Then also i < a; < § for each i < ¢ so by ()7 we have
(Vi <0)Ba<d)(r; <pl) and NMa<0)(Fi<d)(pl, <r;).

Thus the sequences (p}, : @ < ¢) and (r; : i < ) and also h o f5 have the same
upper bounds. Now, by 3.5(2)(a,b), we have gs > ho fs(i+ 1) = r;;; for all i <9,
and hence g5 is stronger than all p}, for a < . By ()4 we get ¢s = p5 <pi <m;
(for i < §). Thus clause (O)g applies and 75 = g5 < 75 so also ho f5 RP" rs. O

4. THE ITERATION THEOREM

Here we will show the main result: pure sequential™ properness is almost pre-
served in A—support iterations. The proof of the theorem is somewhat similar to
that of [14, Theorem 3.7], but there are major differences in the involved concepts.

Theorem 4.1. Assume Context 3.1. Let Q = (Pa, Qo = v < (%) be a A\-support
iteration such that for each a < C*

»

IFp, “Qq is purely sequentially™ proper over (D,S)-semi diamonds

Then

(1) Pe- =lim(Q) is purely sequentially proper over (D,S)-semi diamonds.
(2) If, additionally, for each oo < (*

IFp, “Qq is (<A)—complete ”
then P¢« is purely sequentially™ proper over (D,S)-semi diamonds.

Proof. By adding trivial iterands to the tail of Q we may assume that ¢* > A% (this
demand is just to avoid slight complications in enumerations in (X);, (X), below).

Assume that y is a large enough regular cardinal and N < (H(x), €, <}), |[N| =
A, AN C N and A\,Q,D,S,... € N. For £ < (* let st? be the <}first Pg—name
for a regular winning strategy of Complete in Dé‘(@g) (so if & € (* N N then also
sth € N). To define a A-sequential purity RP" on P¢« we first fix

(X)) alist ((14,¢;) : 7 < A) of all pairs (1,¢) € N such that ¢ < *, cf({) > A
and 7 is a P,—name for an ordinal, and
(X)2 an increasing sequence w = (w; : i < A) of closed subsets of (* + 1 such
that
(X)g we = {0,¢*}, U w; = (¢*+1)N N and for each i < A\ we have
i<A
|w;| <2+ and
(X)% if 4 is limit then w; is the closure of |J w;, and
j<i
(X)$ if ¢ is a successor, say ¢ = j + 1, then for some { € w; N (; we have
sup(w; N () < é&.
We also define a function Y : ((* 4+ 1) NN — X by

(K)s T(e) =min(i < A:e € w;) fore e ((*+1)NN.
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Then for every ¢ € (* NN we fix a Pc-name RZ" for a binary relation such that

Fp, ¢ Bgr is a A-sequential ™ purity on Q¢ such that
if N[Gp ] is a model of the right form, then
Bgr witnesses the pure sequential®™ properness of Q¢ for N[Gp ] .
Now, for ¢ < (*, we define a binary relation RP"[( by
(X)4 p RP*I¢ p if and only if
(X)4 D = (pa : a < J) is an increasing sequence of conditions from P¢ of a

limit length 6 < A, p € P¢ is an upper bound to p and
(K} for every ¢ € (N N such that® Y(¢) -w < 6 we have

Pl I, “ (Pr(e)+alf) <) BY p(£) 7.

The relation RP' is RP™[(*.

One may wonder why we use T -w in (X)4. When playing the game OF, we will
play its variant on each coordinate from N N {*. However, at a stage § of the main
game, we will look at coordinates from ws only, so we will start our coordinate
games with some delay. At stage j = Y(£) + 4, the length of the play constructed
so far at coordinate ¢ is 4. It may happen that i € S but Y(§) + i ¢ S. Since we
do want to control who is making a move at every coordinate, it makes sense to
demand that § \ T (€) has order type § whenever § is of any potential importance.
This translates to the demand that at coordinate £ € N N (* we play game fo({)w
and relevant ds are not smaller that Y(£) - w.

Clearly, for each ¢ < (*,

e RP'|( is a A-sequential purity on P,

e if each Q, is (forced to be) (<\)-complete’, then RP*[( is a A-sequential™
purity, )

o if (po : < 6) (RP'[C) p and ¢’ < ¢ then (p, ¢ : a < §) (RPIC) pIC’.

We will show that the relation RP" witnesses the pure sequential properness of
Pc« for N. So let h,Z, f,q and p be as in (®) of Definition 3.6(1), that is they
satisfy the following conditions (X)5—(X)s.

(X)s A function h : A — N is such that P.« NN C rng(h).

(K)s A sequence f = (fs:0 € S)isa (D,S,h)-semi diamond for P+ over N.

(R)7 Z = (Z, : @ < A) lists all open dense subsets of P¢« from N.

(K)s §=(gs: 6 € S is limit ) is an (N, h,Pe«, RP, f, T)-candidate, p € Pc« N N.
We also have an ordinal v < A, but replacing S with S[v] in the following arguments
makes not much difference, so we may pretend that v = 1 and S[y] = S.

We will define a condition r > p such that Generic will have a winning strategy
in the game OF (r, N, h,Pc«, RP", f,q), that is r will be generic for the candidate
G- This condition will be defined essentially by considering the game D‘g(c).w on
each coordinate ¢ € (* N N. The proof that it has the required properties will be
by induction on (. Therefore, we have to introduce both the restrictions of our
parameters to ¢ (denoted with superscript [¢]) and the parameters at coordinate ¢
(denoted with superscript (¢)). We will also need other auxiliary notions, definitions
and claims. First note that if we modify fs (and ¢s) for all limit 6 € S such that
h o f5 is not an increasing sequence of conditions from P¢-, then we can make the

6the “” stands for the ordinal multiplication
"We need this assumption to get bounds on coordinates £ < ¢ for which (&)Z is not “active”.
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winning for Generic only more difficult. So we may assume that for each limit 6 € S
we have

(X)g ho fsisa <p,.—increasing sequence of members of P¢- N N.

For ¢ € NN (¢* + 1) we define

(X)10 Al : X\ — N is a function such that for each a < A:
Rl (a) = h(a)|¢ provided h(a) is a function, and Al¢!(a) = @) otherwise,
(R)1, T = (7 1 & < A), where T = {p[¢ : p € To}.

Clearly (gs[¢ : ¢ € S) does not have to be a (N, h[C],IP’C,RPr I¢, f, TI))—candidate.
To define suitable ¢l¢) we need the concept of saturated conditions. Suppose that
0 € § is a limit ordinal, ( € ws and ¢* € P;. We say that the condition ¢* is
saturated over ws,h,Z at ¢ if one of the following two possibilities (X)$, or (X)%,
holds:

@)% (1) (W0 f5) (RY1¢) ¢* and ¢* € N ), but
a<d
(i) if ¢’ € ws \ (¢ + 1) then there is no ¢’ € P¢s such that ¢* < ¢’ and

(Vo f5) (RP"I¢) ¢ and ¢ € () ZL.

a<d

(K)4, (i) 0 < ¢ =sup(ws N¢) and for each & € ws N ¢ we have
(W o f5) (RP"1€) ¢* 16 and  g"[¢ € () I8, but

a<d

ii) there is no condition ¢’ € P¢ such that ¢* < ¢’ and
¢

(Ao f5) (RP"1¢) ¢ and ¢ € () ZL.
a<d

Claim 4.1.1. Suppose 6 € S is a limit ordinal. Then there exist ¢ € ws and
q¢* € Pe NN such that ¢* is saturated over ws,h,Z at C.

Proof of the Claim. Let (g : & < £*) be the increasing enumeration of ws (so it is
a continuous sequence and ag- = ¢* and £* < [6|"). We construct the condition
q¢* as an upper bound to an increasing sequence (qg+ 1€ < &), & < &F. Conditions
qg are chosen so that qg € P, NN and they satisfy (X){,(i). To make sure that
we can get pass the limit steps, at coordinates ¢ € N N (* which are not relevant
for RP* (i.e., with Y(g) - w > 0) we employ strategic completeness. (This forces us
to introduce auxiliary conditions qg) We do not have to worry about coordinates
relevant for RP* (i.e., with T(¢) - w < §) as there the appropriate bounds exist
by 3.4(c). The construction may stop at some stage & < &* because we arrived
to a saturated condition. If the procedure does not stop before £*, then we get a
condition saturated at (*.

Let us present this argument with all technical details. So we attempt to choose
inductively a sequence (q?, g¢ + § < &) so that q;’, q¢ € Po NN and

(i) if & < & <& then ¢ < qf <qd < g,
(ii) if e e NN ¢* and Y(g) - w > 4, then for every £ < £*,

gile ke, © (qg“, (e),qz/(e) : & <€) is a legal partial play of 0 (Q:)
in which Complete uses her regular winning strategy st? ”,
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(i) if e e NN¢* and T(e) - w < 4, then q?(a) =g (e),

(iv) (hl* o f5) (RP*lag) ¢f and ¢f € () T4,
a<é
If we have arrived to a limit stage & of the construction and we have defined
successfully (qgﬂ ¢ + § < &) (so that conditions (i)—(iv) are satisfied for all § < &),
then, remembering <*N C N and § < ), we may find a condition 4, € Po,, NN
which is above all qgr (for € < &) and satisfies® (hl®¢o] o f5) (RP*[ag,) qg,- Then

also ¢¢ [ag € () 71 for all € < &o, so either g¢ is saturated by (X)%, (and then
a<d

we stop), or else we may pick qg) € Po,, NN stronger than ¢¢ and satisfying the
demand in (iv), and then we pick ¢ € P, NN by (ii)+(iii).

Now, if we arrived to a successor stage £ = & + 1 < £* and we have defined
qgo, gz, then either ¢f is saturated by (X){, (and then we stop), or else we may

pick qg; L EP N N stronger than ¢f and such that (iv) holds, and then we

®go+1
choose g ., by (ii)+(iii). (We also stipulate af = a6 = 0p, €Py.)
If we did manage to carry out the construction up to £* and we defined success-

fully g-, then it is vacuously saturated by (&)f,. O
Now, for cach limit § € S we fix a pair (¢5,(;) € N so that
(X)4; g7 is saturated over ws, h,Z at ¢}, and )
(X)%, if the condition gs given by (K)g is saturated over ws,h,Z at ¢*, then
9% =45, G ="
Next for ¢ € (¢* +1) N N we define
(R)14 g = <q([5<] 10 € S is limit ), where for a limit 6 € S we set
e if ¢ < ¢ then ¢ = g2 ¢,
o if (=5 g5 € N IE and (90 f5) (RP'[Q) g;, then g = gj,
a<d

e otherwise, q([;q is the <} -first condition in P¢ satisfying the demands

in (a)-(c) of 3.5(2) with Al<l, RP*[¢, ZI< here in place of h, RP", T there.

Claim 4.1.2. Let ( € NN (¢* +1). Then
(1) WX — N is such that P N N C rng(hl<)),
(2) fis a (D,S,hl))semi diamond sequence for P,
(8) T lists all open dense subsets of P¢ belonging to N,
(4) @< is an (N, hlS] P, RP* ¢, f, 1) ~candidate.

Proof of the Claim. Straightforward from the definitions. ]

For ¢ € (* N N we set
(R)5 fO = <f§€> :0 € 8), where for § € S and o < & we let

(C)(a)_{ fé(a) if5<T(O'W7
0 50 +a) ifd>7T()-w,

and then we define P.—names h“),i@,g@ so that
(®)16 9 = (ZE - @ < A) where I = {p(¢) : p € To & pIC € Gr,},

8Here we use the assumption that RE® are sequential®™ purities rather than just sequential
purities.
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(X)17 h{S is a name for a function with domain A and such that for each v < A,
if h(y) is a function, ¢ € dom(h(v)) and (h(7y))(¢) is a Pc—name, then

Ri () = (h(’y))((), otherwise it is (g,

(X)1s q<C> ( :§ € S is limit ), where for a limit § € S, q(s is the <(-first
IPC name for a condition in Q¢ such that:
if ¢ < ¢§ and the condition g (C) = q([f’L ](C) Satisﬁes the demands in (a)—

(c) of Definition 3.5(2) with ¢ f<C Ry I ) here in place of h, fs5, RP*,T

there, then gff) = ¢;(¢), otherwise, gf;Q is any condition in Q satisfying

those demands.
Note that
(K19 if 6 € Sis limit and ¢ € ;NN and T(¢)-w < 6, then g5 € g, “gi = g3 (¢)7.

Claim 4.1.3. Assume that ¢ € NNC* and r € P is (N, P¢)—generic in the standard
sense. Then the condition r forces (in P.) that:

(1) N[Gp.] is a model of the right form, Z{9 lists all open dense subsets of Q¢
which belong to N[Gp.] and the function h{< is such that N[Gp. ] N Q¢ €
rng(h{)), and

2) 9 is a (D,S,n') ) —sems dmmond for Q¢ over N[Gp.], and

(3) g(() is an (N|Gp, ], ,Qg,f I ~candidate.

Proof of the Claim. (2) Assume that r* € P¢, r* > r, and ¢ = (g, : @ < \) is
a P¢c-—name for an increasing sequence of conditions from Q¢ N N [Gpg] (so ¢, is a
name for an object in V [GPC] but it does not have to belong to N). Suppose also
that A¢ (for £ < A\) are P.—names for members of DN'V.
Construct inductively a sequence (r;", ¢, 7, LA i< )\) that
(i) 1y €PN, ryrf €Pe,r* <ro,ry <rp<rf,ri <r o fori <j <A,
(i) for each e < ( and j < A:
r;r lelbp,  “(ri(e),rf () : i < j) is a legal partial play of O3 (Q-)
in which Complete uses her regular winning strategy st? ”,

(iii) ¢ € N is a P¢—name for a condition in Q¢ and r; IFp, “ ¢; = ¢ 7,

(iv) A €eDNVandr;lbp. “ A; = A; 7,

(v) r; IFp.* the sequence (g; : i < j) is <g.-increasing ”
[Why is the construction possible? First, after arriving to a step j < A we note
that the sequence (riyri vi < ) has an upper bound by (ii). So we may choose a
condition 7" stronger than all 7,7 (for i < j) and deciding the values of qJ, Aj,
say 7”] IFp, q] —qj & A;j = A ,Whereg] € N and A; € DN'V. Since 7"] >
(for all i < j) and 7’} II—]paC “ the sequence (g : i < j) is increasing 7, and since 1
is (IV,P¢)-generic, we may choose conditions r; € NNP¢ and rj € P¢ so that
r; <r; <rjfori < jand r;- < r;j and 7; Ibp,“ the sequence <gg' ci < g) s
increasing ”. Finally, r;“ € P¢ is defined essentially by (ii).]
Now define o

. Do, if i <Y(C),

%:{ﬂ if i =)+ o
Clearly, (r; A(gf ) 4 < A) is an increasing sequence of conditions from Pe+ N N.
Therefore, as D is normal and A; € D and f is a (D, S, h)-semi diamond, we may
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find a limit ordinal § € SN A A; such that § > T(¢) -w and (ho f5(i) : i < ) =
i<\
(T;A<gf> 11 < J). Then for each a < ¢ we have

B o £ (0) = B9 (f5(0(0) + ) = h(f5(0(C) +@))(©) = G (g0 = -
Also, 75 is stronger than all r; (for i < d) so it forces that (Vi < 6)(4; = A; & ¢; =
q;). Hence

sl esesn A de & W90 (9 =q187.
<

The rest should be clear.

(1,3) Straightforward. O

Remember that ((7;,() @@ < A) was fixed in (X)), (w; : i < A) was chosen in
(X)2, the function T was defined in (X)3, and g, p are from (K)g. Also, ¢ are the
saturated conditions picked in (K);3.

Claim 4.1.4. There is a sequence <pi7pi+ 21 < A) C N such that for all i < X\ we
have:

(X)30 (piswi), (pj’wi) € ]P)?*S NN,

(|Z|)12)0 (p7 {074*}) S/ (p]7wj) Sl (pj_awj) S/ (pszz) fOT’ all.] < i} and
ife € (*NN and Y(e) > i, ore € (*\ N, and if G C P¢« is generic over
V such that (p;,w;) € G, then

(p wi)9le ke, “the sequence ((pj,w;)(e), (b}, w;)“(€) : 5 <)
is a legal partial play of O3 (Q-)
in which Complete uses her reqular strategy st

(B)50 if € € NNC*, then pr(o)(e) = pj(e) = pf (€) for all j > Y(e),
(R4, ifi € S is limit and ¢ € dom(q}), Y () > i, then p;(e) is such that for every
generic G C Pe« over V with (p;,w;) € G, and two successive members
e’ e of the set w; such that e’ < e <&’ we have:
if {p; (e)[GNP]GNP,] : j < i}U{q](e)[GNP.]} has an upper bound
in Q:[G NP, then p;(e)[G NP][GNP.] is such an upper bound,
(K)so for some & € wi 1N\ (sup(wiN¢;)+1) we have pi111€ = pi [€ and for some
a Pe-name 7 € N, for every generic G C P¢« over V with (pi41,wit1) €
G, we have that 7;,[G NP¢,] = T[G N P¢].

0 »
£ 1

Proof of the Claim. By induction on i < A we choose p;,p;, Ai, Af, fi, f; such
that the following demands (x);—(x)g are satisfied.
()1 (pi,wy), (p,w;) € ]P’?*S AN and (A, fi,w:), (Af, f;7,w;) € N are their
standard representations, respectively, and (pg, wo) = (p, {0,*}).
(*)2 Ifi < 7 < A then (Al,fz,wl) < (A;r7 :FJUZ) < (.Aj,fj,wj).
(x)s If j < X\, e e ("\wy, s; € Aj, f;(sj) < s; and for i < j the conditions
ri € A;, 85 € Aj are such that r; < s; < s;, then

f;r(sj) lelbp,  “ (fi(ri)(e), £ (si)(e) 14 < j) is a legal partial play of DS(@E)
in which Complete uses her regular winning strategy st? ”.
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(¥)a Ife€ewj, j<randr € Aj, r' € Aj and 7" € Ay are such that
" <r <7’ then

fi(r)(e) = () (e) = frey(")(e)  and  pj(e) = p} (€) = pr(e)(e)-
(%)s If j € S is limit and € € dom(q}) \ U wi, 7 € A; and r; € A; are such that
1<j
r; <rfori < jandif fj(r) <r then
ke, “if {fi(ri)(e) : 7 < j} U{q}(¢)} has an upper bound in Q.
then f;(r;)(e) is such an upper bound ”.
(%) Let & = sup(w;+1 N ¢;). Then p11[€ = pj' [€ and for some Pe—name 7 € N
we have:
ifre Aipq and fip1(r) <r, thenrl-7 =1,
As declared in (x); we set pg = p and we choose par € P¢e« NN essentially by
(¥)3. Thus we let dom(p{) = dom(py), po(0) = pg (0) and for € € dom(pg) \ {0}
we let pg (¢) be the <}first P.—name such that

) »

py e IF “ pd(e) is the answer to po(e) given by the strategy st ”.
Next we set Ag = Aj = {0p.. } and fo(Dp..) = po, fo (De..) = pg -

Suppose we have chosen p;,p;, A;, Af, fi, f; € N for i < j so that the relevant
demands in (x);—(*)g are satisfied.

CASE: Jj is a successor ordinal, say j = ig + 1.
Let £ = sup(w; N ¢;,) and ¢ = min(w;, \ (i, )- By (X)5 we know sup(w;, N () < €.
Working in IV apply Proposition 2.9 to &, ¢, ws,, wj, Ti, and (pj;, w;,) to get p; and
7 such that

(@)1 (pj,w;) € PEENN and (p;;, wi,) < (pj,w;),

(®)2 pi1(EU[C,¢7) =i I(EU[C,¢)),

(®)s T € N is a Pe—name,

(®)s if G C Pe+ is generic over V and (pj, w;) € G, then 7[G] = 75, [G].
By Proposition 2.17 (used in N) we may choose a representation (Aj;, f;, w;) € N
for (p;,w;) such that (A;f;’,wio) < (A;, fj,w;). Necessarily,

(®)s if r e Aj and f;(r) <, then r Ik 7 = 15,
Since

(®)e if T(e) < j (i-e., € € w;,), then either e < £ or € > (,
we have p;(e) = p;E () whenever Y(e) < j. Therefore if Y(e) < j, r € A;,
rt e A;:w "€ Ay and r’ € A¥(5) are such that ' < 7"’ < r* < r, then

(Pi(€) = Py (€) = Pr(e)(€) and)
Fi(r)(e) = £, 7)) = f oy (1) (€) = fr(e) (') (e)-
To define A;r, f; and pj we first note that

(®)7 if 1 € Aj, fi(r) < randr € A;, s; € A (for i < j), are such that
ri <s; <r,and € € (" \ w;, then

fitr)te e, < (filri)(e), £ (si)(e) i < 3)(f;(r)(e)) is a partial play of
93‘(@5) in which Complete uses her strategy st? 7.

Let r € A;. We define g(r) € P¢+ so that dom(g(r)) = dom(f;(r)) and
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(®)§ if ¢ € dom(g(r)) satisfies Y(e) > j, then g(r)(e) is the <}-first P.-—name
for a condition in Q. such that it is forced that
(a) if (fi(ri)(e), £ (si)(e) + i < j)(f;(r)(e)) is a legal partial play of
03(Q¢) in which Complete follows her regular winning strategy st?,
then g(r)(e) is the answer to this partial play given to Complete by
st0:
(b) if ihe assumptions of (a) are not satisfied then g(r)(e) = f;(r)(e).
(®)§ For ¢ € dom(g(r)) with T(g) < j we set g(r)() = f;(r)(¢).
Clearly, g is a well defined function from A; to P¢~ and g € N. We note that
g(r) > fi(r) for r € A; and
(®)g if v < B are two successive elements of wj, r%,r! € A; are such that %«
and r!la are compatible, then g(r®)[3 = g(r')|B.

[Why? Let ro" € AF, rf € A; for i < j be such that ! <" < ¢, Then 0]« and

r!la are compatible and so are r?’Jr o and 7"1-1’+ . Therefore, by (*); and 2.10(iv),
fi(r)1B = fi(r}) 18 and f7 ()18 = fF (r7)1B. Since the definition of g(r*)(z)
involves only (f;(rf)(e), f;r(rf’+)(e) i < j) and f;(r%)(¢),st?, T, we conclude that
g(r%(e) = g(r1)(e) for all € < 5]
Pick a maximal antichain Aj € N of P¢+ such that
(@) (Vs € AT)(Fr € Aj)(r < s),
(®)4, if s € Af7 r € Aj and r < s, then either g(r) < s or for some ¢ € dom(s)
we have g(r)[e < s]e and

sle IFp, “ the conditions g(r)(e), s(¢) are incompatible in Q. ”.

Define f;‘ : Aj' — P¢« by f;r(s) = g(r) where r € A; is the unique member
satisfying r < s. Plainly, the function f;r belongs to N and it satisfies condition
(v) of Observation 2.12 (by (®)g). Hence (A;', f;‘, w;) is a standard representation
of some (p;,wj) € IPCR*S N N. Note also that if s € .A? and f;‘(s) < s, then letting
r € Aj be such that s > r we see that s > g(r) > f;(r). Thusr, f;(r) are compatible
and hence r > f;(r). This in turn implies (by (®)7) that for each ¢ € dom(g(r))
with Y(e) > j the condition f;(r)[e forces the assumptions of the case (a) of (®)s.
Consequently the demand (x)3 (for f;r (s)) holds. One easily verifies that also the
other relevant demands from (x);—(x)¢ are satisfied by A;, f;,p;, .A;r, f;r,p;r.

CASE: J is a limit ordinal.
If j € S then let ¢* = gj, otherwise ¢* = @]pc*. Let A? € N be a maximal antichain
of P¢+ such that
(Vs € A(J)»)(Vi <7)E3re A)(r < s).

We are going to define a function g : A? — Pe-. Let r € A? and for i < j let

ri € Aj, 8; € Aj‘ be the unique elements such that r; < s; < r. We define g(r) so
that dom(g(r)) = |J dom(f;(r;)) Udom(g*) and
i<j
(®)f; if € € dom(g(r)) and Y(e) > j, then g(r)(e) is the <}—first P.—name for a
condition in Q. for which it is forced that

(a) if {fi(r:)(e) 1 i < j} U{q*(¢)} has an upper bound in Q., then g(r)(e)
is such an upper bound; )

(b) if the assumption of (a) is not satisfied but {f;(r;)(¢) : ¢ < j} has an
upper bound in Q., then g(r)(e) is such an upper bound;
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(c) otherwise, g(r)(e) = 0g. -
(®)4, For € € dom(g(r)) with Y(g) < j we set g(r)(g) = fr(e)(rre))(e).
Clearly, g : A‘; — P¢« is a well defined function, g € N.
(®)12 Assume r € A?, r, € A;, ry < rfori < j.
(a) If fi(r;) <wr; for all i < j, then f;(r;) < g(r) for all i < j.
(b) If fi(r;),r; are incompatible for some i < j, then r and g(r) are in-
compatible.
[Why? Clause (a) follows immediately from the inductive hypothesis ()3 and the
definition of g. To show clause (b) assume that ¢ < ¢* and ig < j are such that
o fi(r;)le <r;ile for all i < j, and
o 7, le lF< fi, (14,)(€), 73, (€) are incompatible ”
(remember 2.10(iii)). By Observation 2.12(vi) for each ¢ < j there is s; € A; such
that r;le and s;le are compatible and f;(s;) < s;. Then also f;(r;)l(e +1) =
filsi)(e+1) <s;f(e +1) and for each a < € satisfying YT («) > j we have

filri)lalbp,  “ (fir(ri)(e) : ' < i) are innings of Incomplete in a play of
09(Qs) in which Complete follows st ”.

(Note that if i’ < i and t € Ay is such that ¢ < s;, then t]e and r; [e are compatible,
so fi(t)I(e +1) = fi(ri)[(e +1).) Consequently, by induction on a < ¢ + 1
we may show that f;(r;)la < g(r)[a for all i < j and a < e. In particular,
fio(rig)[(e+1) < g(r)[(+1) and hence, by the choice of iy and ¢, g(r) and r;, are
incompatible. Hence also g(r) and r are incompatible.]
In the same way as for (®)y we may argue that
(®)13 if @ < B are two successive elements of w;, r¥,r! € .A? are such that r°]a
and r!la are compatible, then g(r°)[3 = g(r')[B.
Now pick a maximal antichain A; € N of P¢« such that
(®), (Vse Aj)(3Tre .A?)(r < s) and
(®)%, ifs€ Aj, r e A9 and r < s then either g(r) < s or for some & € dom(s)
we have g(r)[e < sle and s[e IFp_“ g(r)(¢), s(¢) are incompatible in Q. ”.
Define f; : A; — P¢+ by fi(s) = g(r) where r € A? is the unique member such
that r < s for s € AJ. Using (®)12 4+ (®)13 and Proposition 2.13 we may easily
argue that (A;, fj,w;) € N is a standard representation of some (p;, w;) € ]P’?*S NN
such that (A;, fi,w;) < (AF, £, w;) < (Aj, f;,w;) for all i < j. Finally, exactly as
in the successor case ((®)7-(®)10 and later) we define A;, f;‘ and pj'. We easily
verify that the demands (x);—(x)g are satisfied.

This completes the construction of (p;,p;, Ai, A, fi, £ i < A). It should be
self evident that the conditions (x);—(*)g imply the requirements (X)5,—(X)5,. O

Recalling Remark 2.7, we define a condition r € P¢« by declaring that its domain
(support) is dom(r) = ¢* N N and for each ( € (* NN
r[¢ I “r(¢) > pr()(C) is generic for 7' over

N[GP(Lb<<>7@C75Er>f<<)7SaT(C) w7

Claim 4.1.5. For every ¢ € ((’: + 1) N N, Generic has a winning strategy in the
game OF (r[¢, N, bl Pe, RPFIC, f,l¢)).
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Proof of the Claim. We prove the claim by induction on ¢ € ({*+1)NN, so suppose
that ¢ € ((*+1)NN and we know that for all £ € NN the condition r[€ is generic
for g€l over N, h[g],Pg, RPTIE f, S, 1. Note, the inductive hypothesis implies that:

(B)o (&) is well-defined for £ € N N ¢ (by Claim 4.1.3), and so

(H):1 for each £ € N N ( we may fix a P;—name st¢ such that the condition r[§
forces that it is a winning strategy of Generic in the game fo(é)w (r(§), N[Gr], ht&), Qs, Bgr, fe, g<5>),
and

(B)2 (o, wy) < (r1¢,{0,¢}) for all i < A, where p; = p;[¢ and w§ = (w; N ¢) U

{¢}-

Subclaim 4.1.5.1. Assume that (pf,v;) € ]P’?S AN (fori <d < A), and p* €
P. NN, v € Pe are such that

ri¢<r’, pt<r’ and (V5 <i<d)((p],v) < (97 vi) < (7, {0,¢})).
Then there are conditions p* € N NP¢ and r™ € P¢ such that
p* <pt <rt, v <t oand (Vi< 8)((pf,v) <" (pT,{0,¢})).

Proof of the Subclaim. By the inductive hypothesis (of Claim 4.1.5) we know that
r[€is (N, P¢)-generic for all ¢ € (NN. Therefore, if ¢ is a successor or a limit ordinal
of cofinality > A, then we immediately get that r[¢ is (N, P¢)-generic (remember
3.8(5) and use (X);+(X)$,). Hence either 7’ is (IV,P¢)—generic or ( is a limit ordinal
of cofinality cf({) < A and for all £ < ¢ the condition ’[{ is (N,P¢)-generic. In
either case Lemma 2.8(3) applies. O

Remembering that 7 = (7, : @ < A) was defined in Context 3.1(4) we set
ESY (5<A:6=r5>0and 6> Y(C) and (Vo < 8)(a-w < 8)}
(plainly, Eé e D).

We will give a strategy st for Generic in 05 (r[¢, N, hl¢], Pc, RP*|¢, f, ql). Essen-
tially, for each € € (NN, Generic is going to play a suitable game at the coordinate
€, but at each time she is playing the game on less than A coordinates. Her actions
will be described on the intervals [Yq,Yo+1) separately. We may assume that, for

& e NN, the sets C; € DVIErel given to Generic by her winning strategy st¢ are

of the form A A,, where A, € DV. To keep the “past and future plays” under
a<A

control, in addition to the innings (r
aside

(B)S Sy Za, 22, 75,71 re(e)w?(eLAf(s),fi’g,Afﬁ for j < va41, € < Xande €

a0 lq
NN ¢ with T(e) < v4+1 and 4 such that T(e) + 4 < yat1-
The primary roles played by these objects are as follows:

e 17(e), 1% (e), A Af (€) are the innings in the stage ¢ of the game played at
E<A

r;, C;) of the game, Generic will construct

7

coordinate ¢,

e 5, € P¢ are conditions deciding (), A% (¢) and Z'i,a,Af,E are the values
forced; the conditions s, will be used as r;’s too,

° rj*-,r;-' € P¢ form a strategic completeness play and are used to guarantee
that the sequences (r; : j < 7o) have upper bounds,
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® 24,25 € N NP are conditions forming a strategic completeness play and
are used to guarantee that the sequences (r; (¢) : j < 7a) (are forced to)
have upper bounds.
Thus we require that the following demands (H)4—(H)10 are satisfied in addition to
the rules of the game.

(B)g Sa,ri, 75 € Pey 24,25 € N NP, and 7“]-+ < Spy 1P <1 < r; for all

VAR i
1 <J <Vati-
(B)s If 7o ¢ S then ry, < 72 and if 7, € S then r,, = 12 . Also, s, €
N IZ[C] and if 74 < j < Va1, then r; = s, and
1<Va+1

Cij=Eg N[ [AS. 1€ <Yar1 &e€ NNC & Y(e) +i < Yat1})-
(B)s Ife € C\{e' € NNC:T(e) <Yat1}, J < Va+1, then
ritelrp, “ (ri(e),r (e) i < j) is a legal partial play of 05 (Q.)

[ 1

in which Complete uses her regular winning strategy st? ”.

(B); Ife € NN¢ and Y(g) +4 < Yat1, then 17 () is a P.—name for a condition
in N[Gp.] N Q., () is a P.—name for a condition in Q. and AS(e) are
P.—names for elements of DNV (for £ < A) such that

rlelrp,  “ (rP(e),78(e), A AS(e) : Y(e) 4+ < Yap1) is a partial play
E<A

Of the game D%(E).w(r(g)v N[GPE]v b’<€> 9 @67 Bgr7 f_<5> 9 g<£>)
in which Generic uses her winning strategy st. ”.

(H)s fee NN¢and vo <j=T(e)+i < Yat1, then 7, . € N is a P.—name for
a condition in Q, Agg € D for £ < 7441, and
S lelFp, © Af(s) = A% _and if j € S then r;(e) = o) =Tic 7.

i,

Also, rifelFri(e) = rj+ (e) =r¥(e).

(B)o I 7o ¢ S, then (p§, w§) <’ (r5, 141,{0,¢}) for all j < Yay1 (where p§ = p;[¢
and ch = (w; N ¢) U{(}, see (HB),).

(B)10 If v, ¢ S, then Ty, Sza <25 < 7. +1 and zg <zqfor f<a, v ¢S, and
for each € € N N ( we have

zole ke, “ (28(e),25(e) : B <, v5 ¢ S) is a legal partial play of
Dé‘(@e) in which Complete uses her winning strategy st? ”.

Suppose that the players arrived to a stage ~, of the play and the sequence
(r; 73, C; 1 i < 7o) has been constructed and the objects listed in (Eﬂ)g have been
chosen for all 8 < a. The procedure applied now by Generic depends on whether
the inning at v, is given by Generic or Antigeneric, so we will have two cases below.

CASE 1: 7, ¢ S.
The inning (r]_,7,,C,) is chosen by Antigeneric, but we have to argue first that

(B)11 there exists a legal move for Antigeneric.
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For this we note that there is a condition r’ € P stronger than all r; for j < 7,.
[Why? If @ = 8+1 then sg works, see (H)5. If v is limit, then look at the conditions
r;-‘,r;-r for j < 74t by (B)s—(H)s the sequence (r; : j < 7,) has an upper bound
and by (H)s this bound will be above all r; for j < -,.] Then the condition 7’ is
stronger than r[¢ and stronger than all r; (for j < 7,) and we may use Subclaim
4.1.5.1 to pick conditions r~ € P N N and r* € P¢ so that

rm <t <t oand (V5 <a)(ry <),
Then (r~,7*, A) is a legal inning of Antigeneric at this stage.

So, let (r ,7y,,Cy,) be the inning played by Antigeneric at stage 7,. By

Subclaim 4.1.5.1 Generic may pick conditions r~ € P N N and r+ € P¢ so that
(EE)12 L% <r- <ot T < r* and (V] < 7a+1)((p§7w§‘) < (7177{07C}))'

Then 2§ < T Sy, ST < rt (for B < a, v ¢ S), so by the argument as in
4.1.5.1 we may apply Lemma 2.5 for (25,25 : 8 < a & 75 ¢ S) and r~,rT. This
will give us conditions z,, 25 € NNP¢ and r € P¢ such that r= <z, <25 <7J ,
rt < 75, and for each ¢ € (N NN the condition z e forces that “ the sequence
(z(e),23(e) : B < a, v5 ¢ S) is a legal partial play of 05 (Q:) in which Complete
uses her regular winning strategy st 7. Now, for each ¢ € N N ¢ and i with
Y(g) +14 < Yat1 Generic picks 15 (e), ¥ (¢), Af(s) so that (for T(e) 4+ i < 7, they
are the ones chosen at previous stages and)

(2

D‘%(g).w(’f‘(g), N[GPE]a b<8> 9 @67 Bgr7 fT<E> 9 g<8>)
in which Generic uses her winning strategy st. ”

rlelbp. “ (P(e),1¥(e), A Af(s) :Y(e) + i < yat1) is a partial play of
E<A

and
e if Y(¢) +i = 74, then®

e lre, CrP(e) = 2(e) L rf(e) =7 (e) & Af(e) = Cy, 7,

Yo 7
o if v, < T(g) < Va1, then

il ke, “r5(e) = 22(e) & i (e) =15, () & 4A5(e) = Cy, .

Next, Generic picks rf € P¢ so that dom(r? ) = dom(r ) and the demands of

(B)s (for j = 7o) are satisfied and 7 (¢) = 7% _(e) whenever e € NN¢, T(e) < Yat1-

For 74 < j < 7a+1 she chooses 77, r;-r so that dom(r}) = dom(r;f) = dom(r} ) and

(B)e holds (for e € (\{¢’ € NN : T(¢') < Yo41}) and for e € N N ¢ with
T(e) < Vat1 we have

o if j < Y(e), then r¥(e) =] (¢) = 72 _(e), and

o if j =Y(e) +1i, then rie - r5(e) = rf(e) =17 () 7.
By (HB)s and (H)7 the sequence (7’;‘ : J < Ya+1) has an upper bound in P¢, so
Generic may choose so € P and 17, € N, Af,s €D (foree NN¢, T(e)+i < Yat1

and £ < 7y4+1) such that

INote that necessarily ¢ is not a successor in this case. Hence if v < Y(¢) - w, then i ¢

S[Y(g) - w] and otherwise i = 7o ¢ S. Consequently, in the game D:?r(g)w the inning at ¢ belongs

to Antigeneric.
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e s, is stronger than all r;r (for j < va41) and s € ) I][-C], and
J<Va+1

o sulelbp. “r9(e)=1Tic & Af(s) = Aie 7,
She also defines conditions r; € PenNN (for 74 < j < 7Va+1) by declaring that
dom(r;) = dom(z5) U{e" € NN(: T(e') <7Va1} and
e ife € dom(r; ) \{e' € NNC: T(e) <at1} ore € NNC, j < T(e) < Vat1,
then r; () = 2;(€), and
eifee NN¢and j =T(e) +4* < Yax1, then

rilelbp. i (Tic 1 7a < Y(€) +i < Yat1) is an increasing sequence
of conditions above 2 (), then r; () = 7+ ¢,
else r;7 () = z5(e) 7

Then for 7o < j < 7a41 Generic plays r; chosen above, r; = s, and C; =

E$ N ﬂ{Af,s €< Yap1 & e € NNC & YT(e) +i < Yat1}. Observe that the rules
of the game and the demands (H),—(H)10 are obeyed by the choices above.

CASE 2: 7, € S (this may happen only if « is limit).
Generic’s choices are similar to those from the previous case, except that r,_,r
need to be treated differently, and this influences the choice of s, too.

By (H)7 at previous stages, for each ¢ € N N ¢ with T(g) < 7, Generic may
pick 79 (e),78(e) and AS(e) (for 7o < T(€) 47 < Yai1) so that (B)7 still holds. By
(B)6 + (B)s she may choose a condition r’ € P stronger than all r; for j < v, and
such that r'(e) = r(e) when e € NN¢, T(e) +i =94, 0 <i. Now, fore € (NN
with 7, < T(g) < Y441 we have that

Ve

r'lelFp,  “ the condition 7/(¢) is (N[Gp,], Q- )-generic and
r'(e) =15 () for all j <, 7.

Therefore, by Observation 2.3, Generic may pick P.-names r§ (¢), 75 () for condi-
tions in Q. such that
rlelre, “15(e) € NIGp.] & 15 (e) < 1§(e) & r(e) <15'(e) 7,

and
Then for e € (NN, £ < A and ¢ such that v, < T(e) < T(¢) + ¢ < ya41 Generic
picks P.-—names 79 (g), 7 (¢) and Af (€) so that ()7 holds.

Now she declares that dom(r,,) = dom(r}_) = dom(r’) and for ¢ € dom(r,,,)
she sets

r'lelbp, “1'(e) <15 (e) & (Vi <va)(rj (6) <15 (e)) 7.

ro (&) =17 (c) = re(e) ife € NNC¢, Yo < Y(E) < Yasrt,

e Yo r’(¢)  otherwise.
Then rjﬂ,r;‘,r;r (for vo < 7 < 7va+1) are defined exactly as in the previous case.
Like before, the sequence (rj' : j < Ya+1) has an upper bound in P¢, so Generic
may find a condition s” € P¢, names 7; . € N for conditions in Q. and sets Af’g eD
(fore e NNC, va <T(e) + 4 < Yat1 and € < Yo41) such that

. T;L < s forall j <7441 and s’ € 4 N I][d, and
I<Ya+1

o §'lelkp z‘ie(f) =T & Af(g) = Af,e 7.
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Clearly r; <r; <1’ <r,, < s’ for j < ,, so Generic may use Subclaim 4.1.5.1
to pick conditions s, € P¢ and r~ € N NP; such that r— < s,, s’ < s, and
(Vj < 7a)(r; < r7). Moreover, Generic may modify 7~ so that, additionally, for
each € € dom(r~) we have

IFp.  * if the sequence (r; () : j < 7a) has an upper bound in Q.
then 7~ (¢) is such a bound ”.

Then, for 74 < j < Ya+1, Generic sets dom(r; ) = dom(r~) and

o ife € dom(r;)\{e' € NN(C:T(¢') <vat1}, thenr; (e) =r~ (), and

eife € NN, Y(e) < Yat1 and * is 0 if j < Y(e) and i* is such that
j="T(e) +7" if T(e) < j < Yat1, then r; (¢) is the <} first name for a
condition in Q. such that

rilelbp. i (Tie 1 70 < Y(€) +4 < Ya+1) is an increasing sequence of
conditions, and 7o, is above all 7, () for j' < Va,

then 77 (¢) = Ti e, andelser; (e) =7r7(e) "

Since in the current case « is a limit ordinal, (H)19 implies that for each ¢ € NN ¢
and a condition z € P, stronger than all 7, [e (for j/ < 7o) we have

zIFp, “ the sequence (1 (¢) : j < 7a) has an upper bound in Q. 7,

and thus z Ik, “ 75, (e) < r7 () for all j* <, 7 (remember the additional demand

on 7~). Consequently, the conditions 7; (for 7o < j < Ya1) are well defined, they
belong to N and if j' < v, and 74 < j1 < j2 < Yat1 then ry ST ST, < Sa
Finally, for 7o < j < 7a+41 Generic plays r; chosen above, ry, and r; = so if
3> Ya, and C; = E§ N({AS, 1€ < Yas1 & e € NNC & T(€) +i < Yas1}. Easily
the rules of the game'®, and the demands (H)4—(B);0 are obeyed by the choices
above.

Subclaim 4.1.5.2. The strategy st described above is a winning strategy for Generic
in 97 (rI¢, N[Gr ], ), B, RPIC, f, g ).

Proof of the Subclaim. Suppose that <7"j_,rj,Cj 2 < M) is a result of a play of
OF (r1¢, N[Gp,], ) Pe, RPT I, £, q1°)) in which Generic follows the strategy st. By
what was said in the description of the strategy (specifically in (H)1) both players
had always legal moves, so the play lasted really A steps. Let

Sas Zar 20y 7T, 1E (), 1 (€), A5 (€), Ta e, A

be the objects written aside by Generic (so they satisfy the demands (H)4—(H)10).
We will argue that condition (®) of Definition 3.5(3) holds (i.e., Generic wins).

Assume that a limit ordinal § € SN () C; is such that'! rlSl(f5(5)) = r; for
j<é
each successor j < §. Then also § € Eg, so (Vo < d)(a-w < ) and T(() < d =
Yo =sup(Yo : @ < 8 & Yo ¢ S). Therefore, by (H)g, we have that

(Vi < 8)(3j < 8) (w5, ws) < (ry,{0,C}),

10Note: in this case it is not required that Ty STy, 3570 € SNR.
HNote: hl¢l o fs is an increasing sequence of conditions by (X)g
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and consequently if ¢’ = min((}, (), then (pfl,wgl) <" (g31¢’,{0,¢"}) for all ¢ < 0.

K3

(Remember, ¢; is an upper bound to RSl o fs5, see (X)15 4+ (K);3.) Hence, by
(B30 + ()2,
(B)13 ifee(N¢ NN, YT(e) > and z € P. is stronger than both ¢j[e and e,
then z IF g5 (e) < r(e).
Let 8 = (B(g) < €*) be the increasing (continuous) enumeration of ws N (¢ + 1).
Then 5(0) = 0 € wg and S(e*) = ¢ € w;«, where i* = T(¢) < 0. Since r; is stronger
than all r;7,r; (for j < J) we also have that for each ¢ < &*:

(B)¢, 7s!B(g) is an upper bound to Al¥()] o f5, and
@) 7518() € N 27 (by (B)5), and
a<<

(B)S, if B(e) € w; N ¢ for some i < &, then Y (B(e)) -w < § and 6 € ﬂ{AJ B
§,j <0}, and hence (by (H)g) the condition r5[3(e) forces (in Pg(.)) that:
se A A AS(B(e) NS[T(B(e)) - w] and

J<A£<A
R{BE) o fs BEis an increasing sequence of conditions in Qg () and

h<ﬁ<€>>(f<6<f> (7)) = h(£5(X(B(e) +5)) (BE)) = rr(sey; (B()) =

rj@ (B(e)) for all successor j < 4.

By induction on € < £* we are going to show that

(B)f5 (WP o f5) (R [B(e)) (r518(e)), and
@5 6(e) < G and ¢ = G315(e) < r31B(e).
To start we note that (r@(O), T ©(0), A Ag( 0) : j < J) is a legal partial play

of 9§ (r(0), N, h{® Qq, RE", f© ,q< ') in Wthh Generic uses her winning strategy
sto (and all names involved are actually objects from V). Also §d € A A Ag( 0),
J<AE<SA

rje(O) =1, (0) forall j € NS (by (B)s) and r; (0) = RO (f5(5)) for all successor
j <. Therefore as the play on the coordinate e = 0 is won by Generic, r5(0) =
r5(0) = r¥(0) > q<0> and (B9 o fs5) RE" r5(0). Also, by (B)%,, rs[8(1) is an
upper bound to RIB) l'o f5 and hence ( A Of(;) (Rpr [ﬁ(l)) (m [B(l)). And since

rs!B(1) € N TP (see (H)},) we may conclude that ¢; > B(1) and therefore
a<d

q([;’g(l)] = ¢51B(1) (as B(1) is not a limit of members of ws). Now by induction on
¢ < B(1) we argue that ¢j[§ < rs[¢: it follows from (X)19 and what has been said
above that ¢} (0) = q§0> < r5(0). Suppose 0 < £ < (1), £ € N, and assume that
we have shown g} [€ < 75]¢. Then, by (B)13, 75 IFp, qi(€) < r(€) < rs(€). This
concludes the arguments for (H);5 when & = 1.

Suppose we have justified (H)i5 for g < €* and Y(B(g9)) < §. By (H)7, the
condition r5[8(eg) forces that

(rf (B(0)), 18 (B(e0))s & AF(B(e0)) = Y(B(e0)) +i < 6)

E<A

is a legal partial play of the game

gi(e(ﬁo))(r(ﬁ(go)),N[Gﬂmﬂ(so)],bw o)) Q6(80)7 I ,3(5 . f(B(eo0)) ~<3(so)>)
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in which Generic uses the winning strategy stg(.,). Therefore, using (H)f, and
(B)s + (B)s, we get that r5[3(eo) forces (in Pg(,)) that

“r5(Ble0)) =1L (B(z0)) = ¢’ and (BEN o f D) RErs(B(eg)) 7.

Since h{A(0)) 0f§6(€°)>(j) = h(fs(Y(B(e0)) +7)(B(g0)) and r5[B(e0 + 1) is an upper
bound to hlfE0)l o f5 (by (B)%,), we may use our inductive hypothesis of (F)%s
for g9 to conclude that (hB(o+Dl o £5) (RP*[B(go + 1)) (r5B(g0)) (ie., ()¢5 for
e =¢go+1). By (B)% and the inductive hypothesis of ()%, for gy we see now
that ¢§ > B(eo + 1) and also, as B(ep + 1) is not the limit of elements of ws,
q([sﬁ(EOH)] = ¢} |B(s0+1). Like before we may use ()13 + (X)19 to show inductively
that for all £ < B(eg + 1) we have ¢} [¢€ < r5]€, getting ()35 for ¢ = g¢ + 1.

Suppose that we have shown (H);5 for 9 < e* and T (8(gp)) = ¢ (so B(ep) is the
limit of points from |J w;). The assumption of (H){; for gy implies immediately

<8
that (Rl#Eo+tD] o f5) (RP*[B(eg + 1)) (r5]B8(c0)) as there are no new “active” coor-
dinates here (remember (X)4 and (B)¢,). The same way as before we argue that
(8)%5 holds for e = g9 + 1 as well.

Now suppose that ¢ < &* is a limit ordinal and that we have shown (H);5 for
all ¢ < e. Since B(e) = sup(B(¢’) : ¢ < €), the assumption of (H){; for ¢/ < ¢
implies that (R o f5) (RP*18()) (r516(¢)). The assumption of ()% for &’ < e
implies that ¢ > B(e) and ¢} [B(e) < r5[B(e). Hence, remembering (B)%,, we also
conclude that g5 [3(e) € Ny 78 and therefore qgﬁ(a)] = ¢; (). Consequently,
the proof of (H);5 is completed.

Finally, ()15 for £* implies that Generic won the considered play, finishing the
proof of the Subclaim. (]

O

To conclude the Theorem we will argue that the strategy st for Generic in
oF (r, N, h, Pee, RPY, f, (I[C*]) described in the proof of Claim 4.1.5 for ( = ¢* is also
a winning strategy for Generic in OF (r, N, h, Pee, RPY, f,@). Note that if ¢ = ¢* and
in the proof of Subclaim 4.1.5.2 we look at € = ¢* (i.e., 8(¢) = ¢*), then we obtain
that for relevant §:

(a) 75 is an upper bound to ho fs (by (B)%,),
(B) rs € ﬂéIa (by (8)%4),

a<
(1) (ho f5) R rs (by (B)f5).
Therefore, g5 must have the same properties (a)—(7), and by (K)%; we get ¢} = (*

and ¢} = ¢s. Now (B)%; implies q([;c*] = g5 and we see that Generic wins indeed.
Thus the condition r is generic for g over N, h, P¢«, RP*, f and this completes the
proof of the Theorem. (I
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