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Abstract

We study some asymptotic variants of the club principle. Along the way, we con-
struct some forcings and use them to separate several of these principles.

1 Introduction

For a regular uncountable cardinal κ and a stationary S ⊆ •Lim(κ), the club principle ♣S
says the following: There exists Ā = 〈Aδ : δ ∈ S〉 where each Aδ is an unbounded subset of
δ of order type cf(δ) such that for every A ∈ [κ]κ, there exists some (equivalently, stationary
many) δ ∈ S such that Aδ ⊆ A. We say that Ā is a ♣S witnessing sequence. If κ = ω1 and
S = •Lim(ω1) is the set of all countable limit ordinals, we drop the S and write ♣.

In [?], it was shown that ♣1 does not imply ♣ where ♣1 is the following statement: There
exists Ā = 〈Aδ : δ ∈ •Lim(ω1)〉 where each Aδ is an unbounded subset of δ of order type
ω such that for every A ∈ [ω1]ℵ1 , there exists δ such that Aδ \ A is finite. For some other
variants of the club principle, see [?, ?, ?].

Definition 1.1. For a ∈ (0, 1] and a stationary set S ⊆ •Lim(ω1), the principle ♣inf≥a
S says

the following: There exists Ā = 〈Aδ : δ ∈ S〉 such that

(a) each Aδ = {αδ,n : n < ω} and αδ,n’s are increasing cofinal in δ and

(b) for every A ∈ [ω1]ℵ1, there exists δ ∈ S such that

lim inf
n

|{k < n : αδ,k ∈ A}|
n

≥ a

If S = •Lim(ω1), we write ♣inf≥a. By ♣lim, we mean ♣inf≥1.
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It is clear that ♣1 implies ♣lim and for 0 < a < b ≤ 1, ♣inf≥b implies ♣inf≥a. At the end
of Section 1, we show that under CH, all of these principles are equivalent to diamond.

Theorem 1.2. Assume CH. Then for every a ∈ (0, 1], ♣inf≥a implies ♦.

The bulk of the work in this paper is to show the following.

Theorem 1.3.

(1) ♣lim ∧ ¬♣1 is consistent.

(2) For every a ∈ (0, 1], ♣inf≥a ∧ (∀b > a)¬♣inf≥b is consistent.

(3) For every a ∈ (0, 1], ¬♣inf≥a ∧ (∀b < a)♣inf≥b is consistent.

In Sections 2-5 we prove Theorem ??(1). In Section 6, we supply the necessary modi-
fications to get parts (2) and (3). The forcing used is quite flexible and can be useful for
separating many similar principles.

In Section 7, we introduce ♣sup≥a (defined analogously) and prove the following in ZFC.

Theorem 1.4. For every a, b ∈ (0, 1), ♣sup≥a is equivalent to ♣sup≥b.

Finally, in Section 8, we prove that

Theorem 1.5. ♣sup≥0.5 ∧ ¬♣sup≥1 is consistent.

On notation: •Lim(κ) denotes the set of all limit ordinals below κ. cf(α) is the cofinality
of α. Sκδ = {α < κ : cf(α) = cf(δ)}. For k ≤ ω, ωk is the kth ordinal power of ω with
under ordinal exponentiation. For a, b sets of ordinals, then we write a < b to denote
(∀α ∈ a)(∀β ∈ b)(α < β). In forcing, we use the convention that a larger condition is the
stronger one - p ≥ q means p extends q.

1.1 CH and ♣inf

Recall that ♦ says the following: There exists 〈Aδ : δ ∈ •Lim(ω1)〉 where each Aδ ⊆ δ
such that for every A ∈ [ω1]ℵ1 , {δ ∈ •Lim(ω1) : Aδ = A ∩ δ} is stationary. An equivalent
formulation (see [?]) is the following: There exists 〈Aδ : δ ∈ •Lim(ω1)〉 where each Aδ is a
countable family of subsets of δ such that for every A ∈ [ω1]ℵ1 , {δ ∈ •Lim(ω1) : A∩ δ ∈ Aδ}
is stationary.

Proof of Theorem ??: Assume CH. Suppose a ∈ (0, 1] and ♣inf≥a holds as witnessed by
Ā = 〈Aδ : δ ∈ •Lim(ω1)〉. Let Aδ = {αδ,n : n < ω1} list Aδ in increasing order. Using CH,
fix 〈Bi : i < ω1〉 such that each Bi ⊆ i and for every B ∈ [ω1]≤ℵ0 , there are uncountably
many i < ω1 for which B = Bi.

For δ ∈ •Lim(ω1), define Aδ as follows. A ∈ Aδ iff for some u ⊆ ω the following hold.

(a) lim infn |u ∩ n|/n ≥ a.
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(b) For every m < n in u, Bαδ,m = Bαδ,n ∩ αδ,m and A =
⋃
n∈uBαδ,n .

We claim that each Aδ is finite. In fact, |Aδ| ≤ 1/a. To see this assume otherwise and
let {Ak : k < K} be pairwise distinct members of Aδ where Ka > 1. Choose 〈uk : k < K〉
witnessing Ak ∈ Ak. Choose N1 < N2 such that the following hold.

(i) 〈Ak ∩ αδ,N1 : k < K〉 has pairwise distinct members

(ii) |uk ∩ [N1, N2)| > (N2 −N1)/K for each k < K

By (ii), it follows that for some j < k < K, [N1, N2) ∩ uj ∩ uk 6= ∅. But if n ∈
[N1, N2) ∩ uj ∩ uk, then Bαδ,n = Aj ∩ αδ,n = Ak ∩ αδ,n which is impossible by (i).

To complete the proof it is enough to show the following.

Claim 1.6. For every X ∈ [ω1]ℵ1, for every club E ⊆ ω1, there exists δ ∈ E such that
C ∩ δ ∈ Aδ.

Proof of Claim ??: Construct 〈αi : i < ω1〉 such that αi’s are increasing and for every
i < ω1, X ∩ supj<i αj = Bαi . Choose δ ∈ E and u ⊆ ω such that lim infn |u ∩ n|/n ≥ a and
{αδ,n : n ∈ u} ⊆ {αi : i < ω1}. It follows that X ∩ δ =

⋃
n∈uBαδ,n ∈ Aδ.

2 Creatures

Fix a family {Sk : k < ω} of pairwise disjoint stationary subsets of ω1 consisting of limit
ordinals. We describe a ccc forcing which is somewhat intermediate between adding ℵ1

Cohen reals and adding a Cohen subset of ω1.

Definition 2.1. We say that (CR,Σ) is an ℵ1-CP (creating pair) if the following hold.

(A) We call members of CR creatures. For each c ∈ CR,

(i) c = (dom(c), pos(c), fc).

(ii) dom(c) is a non empty subset of ω1 of order type < ωω.

(iii) For every limit δ < ω1, if dom(c) ∩ δ is unbounded in δ, then for some k ≥ 1,
δ ∈ Sk and otp(dom(c) ∩ δ) = ε + ωj for some ε < ωω and 1 ≤ j ≤ k - In particular,
for every δ ∈ S0, dom(c) ∩ δ is bounded below δ.

(iv) pos(c) (possibilities for c) is a countable set of functions from dom(c) to {0, 1}
and fc ∈ pos(c).

(v) If dom(c) is finite, then pos(c) = {fc} - We call such c finite creature.

(B) For every finite u ⊆ ω1, and f : u → {0, 1}, there exists c ∈ CR such that dom(c) = u
and fc = f .

(C) For every δ < ω1, |{c ∈ CR : dom(c) ⊆ δ}| ≤ ℵ0.
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(D) Σ is a function with domain CR that satisfies the following.

(i) Σ(c) is a countable set of finite tuples d̄ = 〈dk : k < n〉 where

(a) dk ∈ CR,

(b) dom(c) =
⋃
k<n dom(dk),

(c) dom(dk) < dom(dk+1) and

(d) whenever fk ∈ pos(dk) for k < n,
⋃
k<n fk ∈ pos(c).

(ii) Cuts: If c ∈ CR and α ∈ dom(c) then for some d̄ = 〈dk : k < n〉 ∈ Σ(c), there
exists k < n such that min(dom(dk)) = α.

(iii) 〈c〉 ∈ Σ(c).

(iv) Transitivity: If 〈ck : k < n〉 ∈ Σ(c) and 〈dk,l : l < nk〉 ∈ Σ(ck) for k < n, then
〈dk,l : k < n, l < nk〉 ∈ Σ(c).

(E) Finite joins: If {dk : k < n} ⊆ CR and dom(dk) < dom(dk+1), then there exists c ∈ CR
such that

(i) dom(c) =
⋃
k<n dom(dk),

(ii) pos(c) = {
⋃
k<n fk : (∀k < n)(fk ∈ pos(dk))},

(iii) fc =
⋃
k<n fdk and

(iv) Σ(c) = {
⋃
i<n f̄i : (∀i < n)(̄fi ∈ Σ(di))}.

Definition 2.2. Suppose (CR,Σ) is an ℵ1-CP. Define Q = QCR,Σ to be the forcing whose
conditions are p = {ck : k < n} where ck ∈ CR and dom(ck) < dom(ck+1). We write dom(p)
for

⋃
c∈p dom(c). For p, q ∈ Q, define p ≤ q iff for every c ∈ p, there exists d̄ = 〈dk : k <

n〉 ∈ Σ(c) such that {dk : k < n} ⊆ q. Define Q � α = {p ∈ Q : dom(p) ⊆ α}. Let

f̊Q =
⋃
{fd : (∃p ∈ GQ)(d ∈ p is a finite creature)}

Note that 
Q f̊Q : ω1 → {0, 1}

Example: Let CR be the set of all finite creatures c = (F, {f}, f) - So F ⊆ ω1 is finite
and f : F → {0, 1}. Let Σ(c) be the set of all d̄ such that the join of the members of d̄ is
c. Then forcing with Q = QCR,Σ is same as adding ℵ1 Cohen reals. Note that this destroys
all old witnesses to ♣lim. We would later add more creatures to CR in such a way that
while some old ♣lim witnessing sequences are preserved, all old ♣1 witnessing sequences are
destroyed.

Recall that a forcing notion Q has ℵ1 as a precaliber if whenever {pi : i < ω1} ⊆ Q, there
exists X ∈ [ω1]ℵ1 such that {pi : i ∈ X} is centered - i.e., for every finite F ⊆ X, there exists
p ∈ Q such that (∀i ∈ F )(pi ≤ p).

Claim 2.3. Suppose (CR,Σ) is an ℵ1-CP. Let Q = QCR,Σ. Then Q has ℵ1 as a precaliber.
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Proof of Claim ??: Suppose {pi : i < ω1} ∈ [Q]ℵ1 . The map i 7→ k(i) = sup(
⋃

c∈pi dom(c)∩
i) is regressive on S0. Choose X1 ∈ [S0]ℵ1 and k(?) < ω1 such that for every i ∈ X1,
k(i) = k(?) and for every i < j in X1, dom(pi)∩ dom(pj) ⊆ k(?). Using Definition ??(D)(ii),
by possibly extending each pi, we can assume that for every c ∈ pi, either dom(c) ⊆ k(?) or
inf(dom(c)) ≥ k(?). Since {c ∈ CR : dom(c) ⊆ k(?)} is countable, we can find X ∈ [X1]ℵ1

such that for every i ∈ X, {c ∈ pi : dom(c) ⊆ k(?)} does not depend on i ∈ X. Now for any
finite F ⊆ X,

⋃
i∈F pi is a common extension of {pi : i ∈ F}.

Claim 2.4. Suppose (CR,Σ) is an ℵ1-CP. Let Q = QCR,Σ. Let 〈pi : i < ω1〉 be a sequence of
conditions in Q such that for every i < j < ω1, sup(dom(pi)) < sup(dom(pj)). Then there
exist X ∈ [ω1]ℵ1, 〈qi : i ∈ X〉, m < n < ω such that for every i ∈ X

(a) qi ∈ Q, qi ≥ pi and dom(qi) = dom(pi),

(b) qi = {ci,k : k < n} and for every k < n− 1, dom(ci,k) < dom(ci,k+1),

(c) for k < m, ci,k = ck does not depend on i ∈ X.

(d) for every j < j′ in X, dom(cj,n−1) < dom(cj′,m) and

(e) otp(dom(ci,k)) does not depend on i ∈ X.

Proof of Claim ??: Just follow the argument in the proof of Claim ?? noting that
dom(pi)’s are unbounded in ω1.

3 Countable joins

In the course of club preservation arguments, we would like to be able to form new creatures
out of old ones in the following way. Suppose 〈qi : i ≥ 1〉 is a sequence of conditions in
Q = QCR,Σ which forms a ∆-system of an appropriate kind - It satisfies clauses (b)-(e) in
Claim ??. We’d like to construct a new condition q ∈ Q such that q 
Q “ limn |{i < n :
qi ∈ GQ}|/n = 1 and {i < ω : qi /∈ GQ} is infinite”. This will require us to add “countable
joins” of certain sequences of creatures to CR. This section introduces the countable join
construction.

Definition 3.1. For α < ω1, we say that (CRp,Σp) is a partial ℵ1-CP at α if for some
ℵ1-CP (CR,Σ),

(1) CRp = CR � α = {c ∈ CR : sup(dom(c)) < α} and

(2) Σp = Σ � CRp.

Definition 3.2. Suppose k? ≥ 1, δ ∈ Sk? and (CRp,Σp) is a partial ℵ1-CP at δ. Suppose
m < n < ω, δ ∈ Sk? for k? ≥ 1 and d̄i = 〈di,k : k < n〉 satisfy the following for 1 ≤ i < ω.

(a) di,k ∈ CRp.

(b) di,j = dj does not depend on i for j < m.
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(c) dom(di,k) < dom(di,k+1).

(d) dom(di,n−1) < dom(di+1,m).

(e) otp(dom(di,k)) only depends on k.

(f) W =
⋃
{dom(di,k) : 1 ≤ i < ω, k < n} is unbounded in δ and has order type ε+ωj? for

some ε < ω1 and 1 ≤ j? ≤ k?.

We say that 〈d̄i : i ≥ 1〉 is a joinable candidate for (CRp,Σp) at δ.

For each N ≥ 1 where N is a power of 2, we define new creatures c?N = (dom(c?N), pos(c?N), fc?N )
and Σ?(c

?
N), as follows.

(1) dom(c?1) = W and dom(c?N) =
⋃
{dom(di,k) : N ≤ i < ω,m ≤ k < n} for N ≥ 2.

(2) fc?1 =
⋃
{fdi,k : 1 ≤ i < ω, k < n} and fc?N =

⋃
{fdi,k : N ≤ i < ω,m ≤ k < n} for

N ≥ 2.

(3) Σ?(c
?
1) is the smallest family satisfying the following.

(i) 〈c?1〉 ∈ Σ?(c
?
1).

(ii) Whenever j > 1 is a power of 2 and 〈d′i,k : i < j,m ≤ k < n〉, 〈̄fi,k : i < j,m ≤
k < n〉 and 〈ḡk : k < m〉 satisfy (a)-(d) below, we have, under appropriate order

⋃
{ḡk : k < m} ∪

⋃
{̄fi,k : i < j,m ≤ k < n} ∪ {c?j} ∈ Σ?(c

?
1)

(a) d′i,k ∈ CRp and dom(d′i,k) = dom(di,k).

(b) |{i ∈ [j1, j2) : (∃k ∈ [m,n))(d′i,k 6= di,k)}| ≤ (j2 − j1)/ log2(j1) for every
2 ≤ j1 < j2 ≤ j where j1, j2 are powers of 2.

(c) f̄i,k ∈ Σ(d′i,k).

(d) ḡk ∈ Σ(dk).

(4) For N ≥ 2, Σ?(c
?
N) is the smallest family satisfying the following.

(i) 〈c?N〉 ∈ Σ?(c
?
N).

(ii) Whenever j > N is a power of 2 and 〈d′i,k : N ≤ i < j,m ≤ k < n〉 and

〈̄fi,k : N ≤ i < j,m ≤ k < n〉 satisfy (a)-(c) below, we have, under appropriate order

⋃
{̄fi,k : i < j,m ≤ k < n} ∪ {c?j} ∈ Σ?(c

?
N)

(a) d′i,k ∈ CRp and dom(d′i,k) = dom(di,k).

(b) |{i ∈ [j1, j2) : (∃k ∈ [m,n))(d′i,k 6= di,k)}| ≤ (j2 − j1)/ log2(j1) for every
N ≤ j1 < j2 ≤ j where j1, j2 are powers of 2.

(c) f̄i,k ∈ Σ(d′i,k).
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(5) pos(c?N) = {
⋃
k<K fck : 〈ck : k < K〉 ∈ Σ?(c

?
N)}.

Let (CR′p,Σ
′
p) be the partial ℵ1-CP at δ+1 such that CR′p = CRp

⋃
{c?N : N ≥ 1 is a power of 2}

with dom(c?N), pos(c?N) and fc?N as above, Σ′p � CRp = Σp and Σ′p(c
?
N) = Σ?(c

?
N). We say that

(CR′p,Σ
′
p) is the result of adding the countable join c1 = ⊕i≥1d̄i of 〈d̄i : i ≥ 1〉 to (Σp,CRp).

Note that (CR′p,Σ
′
p) is indeed a partial ℵ1-CP at δ + 1 because Σ′p satisfies transitivity,

cuts and finite joins.

Lemma 3.3. Let (CR′p,Σ
′
p) be as in Definition ??. Let (CR,Σ) be an ℵ1-CP such that

CR′p = {c ∈ CR : dom(c) ⊆ δ} and Σ′p = Σ � CR′p. Let Q = QCR,Σ, p = {c?1 = ⊕i≥1d̄i} and
pi = {di,k : k < n}. Then

p 
Q lim
j

|{i < j : pi ∈ GQ}|
j

= 1

Proof of Lemma ??: It suffices to show that for every p1 ≥ p and j? ≥ 210 there exists
p2 ≥ p1 such that

p2 
Q
|{i < j? : pi ∈ GQ}|

j?
> 1− 8

log2 j?

Since p1 ≥ p = {c?1}, we can find p2 ≥ p1 and j0 > j?, such that j0 is a power of 2 and⋃
{ḡk : k < m} ∪

⋃
{̄fi,k : i < j0,m ≤ k < n} ∪ {c?j0} ⊆ p2

where 〈d′i,k : i < j0,m ≤ k < n〉, 〈̄fi,k : i < j0,m ≤ k < n〉 and 〈ḡk : k < m〉 are as in
Definition ??(3)(ii).

Choose N ≥ 10 such that 2N ≤ j? < 2N+1. Then p2 forces that

|{i < j? : pi ∈ GQ}|
j?

≥ 1−

( ∑
1≤j<N

2j+1 − 2j

jj?

)
− 2N+1 − 2N

Nj?
≥ 1−

( ∑
1≤j<N

1

j2N−j

)
− 1

N

Since
∑

1≤j<N/2 1/(j2N−j) ≤ N/2N/2 ≤ 4/N (as N ≥ 10) and
∑

N/2≤j<N 1/(j2N−j) ≤
2/N , it follows that

p2 
Q
|{i < j? : pi ∈ GQ}|

j?
≥ 1−

(
4

N
+

2

N
+

1

N

)
> 1− 8

N

Definition 3.4. (CR,Σ) is a thin ℵ1-CP if (CR,Σ) is an ℵ1-CP and there exist S and
〈cδ : δ ∈ S〉 such that the following hold.

(a) S ⊆
⋃
k≥1 Sk.

(b) cδ ∈ CR.
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(c) For every k? ≥ 1 and δ ∈ S∩Sk?, letting (CRP ,Σp) be the partial ℵ1-CP at δ satisfying
CRp = CR � δ = {c ∈ CR : sup(dom(c)) < δ} and Σp = Σ � CRp, there exists a joinable
candidate 〈d̄i : i ≥ 1〉 for (CRp,Σp) at δ such that

(i) cδ = ⊕i≥1d̄i and

(ii) CR′p = {c ∈ CR : dom(c) ⊆ δ} and Σ′p = Σ � CR′p where (CR′p,Σ
′
p) is the result

of adding ⊕i≥1d̄i to (CRp,Σp).

(d) c ∈ CR iff c is a finite join of {d ∈ CR : d is finite} ∪
⋃
{Σ(cδ) : δ ∈ S}.

Claim 3.5. Suppose (CR,Σ) is an ℵ1-CP as witnessed by S, 〈cδ : δ ∈ S〉. Suppose c ∈ CR,
k? ≥ 1, δ ∈ Sk?, dom(c) is an unbounded subset of δ. Then there exist c̄ = 〈ck : k ≤ k1〉 ∈ Σ(c)
and d̄ = 〈dk : k ≤ k2〉 ∈ Σ(cδ) such that ck1 = dk2.

Proof of Claim ??: Easily follows from Definition ??.

4 Guided products

Definition 4.1. Suppose 〈Qα : α < ω2〉 and 〈p?δ : δ ∈ Sω2
ℵ0 〉 satisfy the following.

(i) Qα = QCRα,Σα where (CRα,Σα) is a thin ℵ1-CP.

(ii) p?δ is a function whose domain is a countable unbounded subset of δ and for every
α ∈ dom(p?δ), p?δ(α) ∈ Qα.

For γ ≤ ω2, define a forcing Pγ as follows.

(1) p ∈ Pγ iff

(a) p is a function, dom(p) is a countable subset of γ,

(b) for every α ∈ dom(p), p(α) ∈ Qα and

(c) for every δ ≤ γ with cf(δ) = ℵ0, if dom(p)∩ δ is unbounded in δ, then for some
η < δ, p � (η, δ) = p?δ � (η, δ).

(2) For p, q ∈ Pγ, define p ≤ q iff dom(p) ⊆ dom(q) and for every α ∈ dom(p), p(α) ≤Qα
q(α).

We say that Pω2 is the countable support product of 〈Qα : α < ω2〉 guided by 〈p?δ : δ ∈ Sω2
ℵ0 〉.

Note that for cf(γ) = ℵ1, Pγ is completely determined by 〈Qα : α < γ〉 and 〈p?δ : δ < γ, cf(δ) =
ℵ0〉.

Claim 4.2. Let 〈Qα : α < ω2〉, 〈p?δ : δ ∈ Sω2
ℵ0 〉 and Pγ for γ ≤ ω2 be as in Definition ??.

Then the following hold.

(a) Pγ+1 = Pγ ×Qγ.

(b) Pγ satisfies ccc.
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Proof of Claim ??: (a) is obvious from the definition of Pγ. (b) follows from Claim ??
below and the fact that each Qα has ℵ1 as a precaliber (Claim ??).

Claim 4.3. Suppose γ ≤ ω2 and 〈pi : i < ω1〉 is a sequence of conditions in Pγ. Then there
exists X ∈ [ω1]ℵ1 and a finite F ⊆ ω2 such that for every α ∈ ω2 \F , if there are i < j in X
such that α ∈ dom(pi) ∩ dom(pj), then (∀i ∈ X)(α ∈ dom(pi) and pi(α) does not depend on
i ∈ X).

Proof of Claim ??: By induction on γ ≤ ω2. If γ is a successor or γ = ω2, this is trivial.

Suppose cf(γ) = ℵ0 and let 〈pi : i < ω2〉 be a sequence of conditions in Pγ. Let
〈γn : n < ω〉 be increasing cofinal in γ. For each i < ω1, choose n = ni < ω such that
either pi ∈ Pγn or pi � (γn, γ) = p?γ � (γn, γ). Choose X ∈ [ω1]ℵ1 and n? < ω, such that
(∀i ∈ X)(n1 = n?) and apply the inductive hypothesis to 〈pi � γn? : i ∈ X〉.

Next suppose cf(γ) = ω1 and let 〈pi : i < ω2〉 be a sequence of conditions in Pγ. Choose
〈γi : i < ω1〉 continuously increasing and cofinal in γ such that cf(γi) = ℵ0 for every i < ω1.
For each i < ω1, choose j = ji < i such that either pi � γi ∈ Pγj or pi � (γj, γi) = p?γi � (γj, γi).
By Fodor’s lemma we can get S ∈ [ω1]ℵ1 and j? < ω1 such that (∀i ∈ S)(ji = j?). Choose
X ∈ [S]ℵ1 such that for every i < j in X, dom(pi)∩ dom(pj) ⊆ γj? . Now apply the inductive
hypothesis to 〈pi � γj? : i ∈ S〉.

Lemma 4.4. Let 〈Qα : α < ω2〉, 〈p?δ : δ ∈ Sω2
ℵ0 〉 and Pω2 be as in Definition ??. Then

V Pω2 |= ¬♣1.

Proof of Lemma ??: Towards a contradiction, suppose p0 ∈ Pω2 , 〈Åδ = {α̊δ,n : n < ω} :
δ ∈ •Lim(ω1)〉 ∈ V Pω2 are such that p0 
 “(∀δ ∈ •Lim(ω1))({α̊δ,n : n < ω} is increasing

cofinal in δ) and 〈Åδ : δ < ω1〉 is a ♣1 witnessing sequence”. Since Pω2 satisfies ccc, we can
find γ < ω2 such that p0 ∈ Pγ and each α̊δ,n is a Pγ-name.

Let X̊ = {α < ω1 : f̊Qγ = 1}. Then X̊ ∈ V Pγ+1 and V Pγ+1 |= X̊ ∈ [ω1]ℵ1 . So there
exist p1 ∈ Pγ, q ∈ Qγ, δ ∈ •Lim(ω1) and n? < ω such that p1 ≥ p0 and (p1, q) 
Pγ+1 (∀n ≥
n?)(α̊δ,n ∈ X̊). Note that we must have that dom(q)∩ δ is unbounded in δ otherwise we can
easily extend (p1, q) to get a contradiction. By possibly extending q, by Definition ??(D)(ii),
we can assume that q = {ck : k < K?} where dom(ck) < dom(ck+1) for every k < K?− 1 and
for some K < K?, dom(cK) is an unbounded subset of δ. Let Sγ and 〈cγ,δ : δ ∈ Sγ〉 witness
that (CRγ,Σγ) is a thin ℵ1-CP. By Claim ??, we can further assume that cK = c′K′ for some
〈c′n : n ≤ K ′〉 ∈ Σ(cγ,δ).

Let m < n < ω and d̄i = 〈di,k : k < n〉 for i ≥ 1 be as in Definition ?? and cγ,δ = ⊕i≥1d̄i.
Then as 〈c′n : n ≤ K ′〉 ∈ Σ(cγ,δ), we can find N ≥ 1 a power of 2 such that cK = c′K′ = c?N in
the notation of Definition ??.

Choose p2 ∈ Pγ, p2 ≥ p1, n(1) > n? and α > min(dom(c?N)) such that p2 
Pγ α̊δ,n(1) = α.
We can assume that α ∈ dom(c?N) - Otherwise letting c? be a creature with domain {α}
and fc?(α) = 1, we have q′ = q ∪ {c?} 
Qγ α /∈ X̊ so that (p2, q

′) forces a contradiction.
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Choose i(?) ≥ N and m ≤ k(?) < n such that α ∈ dom(di(?),k). Let N1 ≥ N be the largest
power of 2 such that i(?) ≥ N1 and let j > i(?) be a power of 2. Choose a creature d′i(?),k(?)

such that dom(d′i(?),k(?)) = dom(di(?),k(?)) and f̄ ∈ Σ(d′i(?),k(?)) such that for some finite c? ∈ f̄,

dom(c?) = {α} and fc?(α) = 0. It follows that, under appropriate order

{di,k : N ≤ i < j,m ≤ k < n, (i, k) 6= (i(?), k(?))} ∪ f̄ ∪ {c?j} ∈ Σ(c?N)

Let q′ = (q \ {cK}) ∪ {di,k : N ≤ i < j,m ≤ k < n, (i, k) 6= (i(?), k(?))} ∪ f̄ ∪ {c?j}. Then

(p2, q
′) ≥ (p, q) and q′ 
Qγ α /∈ X̊ - Contradiction.

5 ♣lim and ¬♣1

We define a preparatory forcing R which generically adds 〈Qα : α < ω2〉 and 〈p?δ : δ ∈
Sω2
ℵ0 〉 satisfying Definition ??(i)-(ii) using countable approximations. This ensures that the

resulting guided product Pω2 preserves a ♣lim witnessing sequence Ā which is also added by
R via countable approximations.

Definition 5.1. Let R be a forcing whose conditions are r = (ur, δr, 〈Qr,α : α ∈ ur〉, vr, 〈p?r,α :
α ∈ vr〉, Ār) where

(a) ur ∈ [ω2]≤ℵ0, δr < ω1,

(b) Qr,α =
⋃
ξ<δr

(QCRr,α,Σr,α � ξ) for some thin ℵ1-CP (CRr,α,Σr,α) as witnessed by (Sr,α, 〈cr,α,δ :
δ ∈ Sr,α〉) - So only Sr,α ∩ δr and 〈cr,α,δ : δ ∈ Sr,α ∩ δr〉 are relevant,

(c) vr ⊆ u ∩ •Lim(ω1) and for every α ∈ vr, ur ∩ α is unbounded in α,

(d) p?r,α is a function with domain an unbounded subset of ur∩α and for each ξ ∈ dom(p?r,α),
p?r,α(ξ) ∈ Qr,α and

(e) Ār = 〈Ar,γ : γ ∈ •Lim(ω1) ∩ δr〉 where each Ar,γ is an unbounded subset of γ of order
type ω.

For r, s ∈ R, define r ≤ s iff the following hold.

(i) ur ⊆ us, δr ≤ δs.

(ii) For every α ∈ ur, Sr,α∩ δr = Ss,α∩ δr and cr,α,δ = cs,α,δ for every δ ∈ Sr ∩ δr. It follows
that Qr,α ⊆ Qs,α and for every p ∈ Qs,α, if dom(p) is bounded below δr, then p ∈ Qr,α.

(iii) vr ⊆ vs and for every α ∈ vr, p?s,α = p?r,α.

(iv) Ār = Ās � (•Lim(ω1) ∩ δr).

Claim 5.2. R is countably closed and hence it preserves stationary subsets of ω1. Under
CH, it satisfies ℵ2-c.c. and therefore preserves all cofinalities.
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Proof of Claim ??: It is clear that R is countably closed. Next let {ri : i < ω2} ⊆ R.
Using CH, we can find X0 ∈ [ω2]ℵ2 such that 〈uri : i ∈ X0〉 forms a ∆-system with root u?.
By possibly extending each ri, we can assume that uri \ u? 6= ∅ for every i ∈ X0. Choose
X ∈ [X0]ℵ2 such that the following hold.

(i) For every i, j ∈ X with i < j, sup(u?) < min(uri \ u?) ≤ sup(uri \ u?) < inf(urj \ u?).

(ii) 〈vri : i ∈ X〉 forms a ∆-system with root v? ⊆ u? .

(iii) δri = δ? does not depend on i ∈ X.

(iv) For every α ∈ u?, Qri,α = Qα does not depend on i ∈ X.

(v) For every α ∈ v?, p?ri,α = p?α does not depend on i ∈ X.

(vi) Āri = Ā? does not depend on i ∈ X.

For clauses (iv), (v) and (vi), we use CH. It is clear that any two conditions in {ri : i ∈ X}
have a common extension.

From now on we assume CH. The next claim is easily verified.

Claim 5.3. Each of the following sets is dense in R.

(a) {r ∈ R : α ∈ ur} for α < ω2.

(b) {r ∈ R : δr > δ} for δ < ω1.

(c) {r ∈ R : δ ∈ vr} for δ ∈ Sω2
ℵ0 .

Let GR be R-generic over V . Work in V1 = V [GR]. For α < ω2, define Qα =
⋃
{Qr,α :

r ∈ GR, α ∈ ur}. Note that for every α < ω2, Sα =
⋃
{Sr,α ∩ δr : r ∈ GR, α ∈ ur}

is a stationary subset of
⋃
k≥1 Sk and V1 |= “(∀α < ω2)(Qα = QCRα,Σα for some thin

ℵ1-CP (CRα,Σα))”. For δ ∈ Sω2
ℵ0 , let p?δ = p?r,δ for some r ∈ GR with δ ∈ vr. Let

Ā = 〈Aδ : δ ∈ •Lim(ω1)〉 =
⋃
{Ār : r ∈ GR}. Let {αδ,n : n < ω} list Aδ in increasing

order.

Let Pω2 ∈ V1 be the countable support product of 〈Qα : α < ω2〉 guided by 〈p?δ : δ ∈ Sω2
ℵ0 〉.

Note that, since R is countably closed, the set of conditions (r, p) ∈ R ? Pω2 satisfying the
following is dense in R ? Pω2 .

(a) p is an actual object.

(b) dom(p) ⊆ ur.

(c) (∀α ∈ dom(p))(p(α) ∈ Qr,α).

(d) For every α < ω2 of cofinality ℵ0, if dom(p) ∩ α is unbounded in α, then α ∈ vr.
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So we can assume that our conditions in R ? Pω2 have this form.

Theorem 5.4. V
Pω2

1 |= ♣lim ∧ ¬♣1

Proof of Theorem ??: That V
Pω2

1 |= ¬♣1 follows from Lemma ??. We’ll show that Ā

witnesses ♣lim in V
Pω2

1 . Suppose (r?, p?) 
R?Pω2 Å ∈ [ω1]ℵ1 . We’ll construct (r, p) ≥ (r?, p?)
and δ < ω1 such that

(r, p) 
R?Pω2 lim
n

|{k < n : α̊δ,k ∈ Å}|
n

= 1

Choose 〈(ri, pi, γi) : i < ω1〉 such that the following hold.

(i) (ri, pi) ≥ (r?, p?).

(ii) For all i < j < ω1, ri ≤R rj, sup(uri) < sup(urj) and i ≤ δri < δrj .

(iii) For every i < ω1, sup(
⋃
j<i dom(pj)) < sup(dom(pi)).

(iv) For every i < ω1 i ∈ ui and for every α < sup(uri), there exists j ∈ (i, ω1) such that
α ∈ urj . So

⋃
i<ω1

uri = α? ∈ [ω1, ω2) and cf(α?) = ℵ1.

(v) For every δ < α? with cf(δ) = ℵ0, there exists i < ω1 such that δ ∈ vri . Hence⋃
i<ω1

vri = {δ < α? : cf(δ) = ℵ0}.

(vi) 〈γi : i < ω1〉 is a strictly increasing sequence in ω1.

(vii) (ri, pi) 
 γi ∈ Å.

Claim 5.5. There exist F ⊆ ω2 finite and X ∈ [ω1]ℵ1 such that for every α ∈ ω2 \ F , if
α ∈ dom(pi) ∩ dom(pj) for some i < j in X, then (∀i ∈ X)(α ∈ dom(pi) and pi(α) does not
depend on i ∈ X).

Proof of Claim ??: For α < α?, let Q′α =
⋃
{Qri,α : i < ω1, α ∈ uri}. Then Q′α is a thin

ℵ1-CP. For δ < α? with cf(δ) = ℵ0, let p?δ = p?ri,δ where i < ω1 and δ ∈ vri . Let Pα? be the
countable support product of 〈Q′α : α < α?〉 guided by 〈p?δ : δ < α?, cf(δ) = ℵ0〉 so that each
pi ∈ Pα? . Now apply Claim ??.

By shrinking X and F , we can assume that for every i ∈ X, F ⊆ dom(pi). Let
W =

⋂
i∈X(dom(pi) \ F ) and Yi = dom(pi) \ (F ∪ W ). Then 〈Yi : i ∈ X〉 is a sequence

of pairwise disjoint non empty countable sets. By shrinking X, we can also assume that for
every i < j in X, sup(Yi) < min(Yj) and otp(dom(pi)) does not depend on i ∈ X.

By Claim ??, we can find X1 ∈ [X]ℵ1 such that for every α ∈ F exactly one of the
following holds.

(A) For every i ∈ X1, pi(α) = qα does not depend on i.
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(B) There are m = mα, n = nα, m < n < ω and 〈qi,α : i ∈ X1〉 such that for every i ∈ X1,

(i) qi,α ∈ Qri,α, dom(qi,α) = dom(pi(α)) and ri 
R pi(α) ≤Qα qi,α,

(ii) qi,α = {di,α,k : k < n} and for every k < n− 1, dom(di,α,k) < dom(di,α,k+1),

(iii) for every k < m, di,α,k = dα,k does not depend on i ∈ X1,

(iv) for every j < j′ in X, dom(dj,α,n−1) < dom(dj′,α,m) and

(v) otp(di,α,k) = θα,k does not depend on i ∈ X1 and 1 ≤ kα < ω is such that
θα,k < ωkα .

Let F0 be the set of α ∈ F for which case (A) holds and F1 = F \ F0.

By reindexing, we can assume that X1 = ω1. Let k? = max({kα + 2 : α ∈ F}). Put
Y =

⋃
i<ω1

Yi. Choose a club E ⊆ ω1 such that for every δ ∈ E, the following hold.

(a) For every i < δ, there exists j < δ such that sup(uri ∩ Y ) < sup(Yj).

(b) sup({δri : i < δ}) = δ.

(c) For every α ∈ F1, sup({dom(qi(α)) : i < δ}) = δ.

(d) sup({γi : i < δ}) = δ.

Fix δ ∈ Sk? ∩ E and let 〈i(n) : n < ω〉 be increasing cofinal in δ. Let α? = sup({Yi(n) :
n < ω}). We can assume that α? /∈ F ∪W - Just pick a sufficiently large δ ∈ Sk? ∩E. Define
r ∈ R as follows.

(a) ur =
⋃
n<ω uri(n) ∪ {α?}, δr = δ + 1.

(b) For α ∈ ur, choose Qr,α, (CRr,α,Σr,α) and (Sr,α, 〈cr,α,δ : δ ∈ Sr,α〉) as follows.

(i) If α ∈ ur \ (F1 ∪ {α?}), choose a thin ℵ1-CP (CRr,α,Σr,α) with witnessing pair
(Sr,α, 〈cr,α,δ : δ ∈ Sr,α〉) such that for every n < ω, Sr,α ∩ δi(n) = Sri(n),α ∩ δi(n) and
cr,α,δ = cri(n),α,δ for every δ ∈ Sr,α ∩ δi(n). So

⋃
n<ωQri(n),α ⊆ Qr,α = QCRr,α,Σr,α � δ.

(ii) If α = α?, choose Qr,α, (CRr,α,Σr,α) and (Sr,α, 〈cr,α,δ : δ ∈ Sr,α〉) arbitrarily.

(iii) If α ∈ F1, choose a thin ℵ1-CP (CRr,α,Σr,α) with witnessing pair (Sr,α, 〈cr,α,δ :
δ ∈ Sr,α〉) such that for every n < ω, Sr,α∩δi(n) = Sri(n),α∩δi(n), cr,α,δ = cri(n),α,δ for every
δ ∈ Sr,α ∩ δi(n), δ ∈ Sr,α and cr,α,δ = ⊕n≥1〈di(n),α,k : k < nα〉 where 〈di(n),α,k : k < nα〉 is
from clause (B)(ii) above. Put Qr,α = QCRr,α,Σr,α � δ.

(c) vr =
⋃
n<ω vri(n) ∪ {α?}.

(d) For α ∈ vri(n) , p
?
r,α = p?ri(n),α and p?r,α? =

⋃
n<ω pi(n) � Yi(n). So dom(p?r,α?) is an

unbounded subset of ur ∩ α?.

(e) Ār =
⋃
n<ω Āri(n) ∪ {(δ, {γi(n) : n < ω})}.

Next define p as follows.
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(i) dom(p) = F ∪W ∪
⋃
n<ω Yn.

(ii) If α ∈ F0, then p(α) = qα where qα is from clause (B) above.

(iii) If α ∈ F1, then p(α) = {cr,α,δ}.

(iv) If α ∈ W , then p(α) = pi(n)(α) which does not depend on n < ω.

(v) For every n < ω, p � Yi(n) = pi(n) � Yi.

It is clear that (r?, p?) ≤R?Pω2 (r, p). By Lemma ??,

(r, p) 
R?Pω2 lim
n

|{k < n : (ri(k), pi(k)) ∈ GR?Pω2}|
n

= 1

Hence

(r, p) 
R?Pω2 lim
n

|{k < n : γi(k) ∈ Å}|
n

= 1

Since Ar,δ = {γi(n) : n < ω}, the result follows.

6 On ♣inf≥a

Definition 6.1. For a ∈ (0, 1], the principle ♣inf>a− says the following. There exists Ā =
〈Aδ : δ ∈ •Lim(ω1)〉 such that each Aδ = {αδ,n : n < ω} where αδ,n’s are increasing cofinal
in δ and for every A ∈ [ω1]ℵ1 and b < a, there exists some δ such that

lim inf
n

|{k < n : αδ,k ∈ A}|
n

≥ b

Theorem 6.2. Let 0 < a ≤ 1 and suppose for every b < a, ♣inf≥b holds. Then ♣inf>a−

holds.

We need two lemmas.

Lemma 6.3. Suppose ♣inf≥a
S holds. Then there exists a partition 〈Si : i < ω1〉 of S into

stationary sets such that for every i < ω1, ♣inf≥a
Si

holds.

Proof of Lemma ??: Fix a witness Ā = 〈Aδ : δ ∈ S〉 for ♣inf≥a
S where each Aδ = {αδ,n :

n < ω} and αδ,n’s are increasing cofinal in δ. Note that if a ∈ (0.5, 1], this is easy - Choose
〈Xi : i < ω1〉 where Xi’s are pairwise disjoint unbounded subsets of ω1 and let

Si = {δ ∈ S : lim inf
n

|{k < n : αδ,k ∈ Xi}|
n

≥ a}

Since a > 0.5, Si’s are pairwise disjoint and for every Y ∈ [Xi]
ℵ1 , there are stationary

many δ ∈ Si such that

lim inf
n

|{k < n : αδ,k ∈ Y }|
n

≥ a
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Fix i < ω1 and let {αξ : ξ < ω1} list Xi in increasing order. Choose a club E ⊆ ω1 such
that for every δ ∈ E, supξ<δ αξ = δ. Define C̄ = 〈Cδ : δ ∈ Si〉 as follows. If δ ∈ E ∩ Si, put

Cδ = {ξ : αξ ∈ Aδ}, otherwise choose Cδ arbitrarily. It is clear that C̄ witnesses ♣inf≥a
Si

.

In the general case, Si’s may not be pairwise disjoint but for any F ∈ [ω1]K , where
Ka > 1, we have

⋂
i∈F Si = ∅. For Y ⊆ ω1, let S(Y ) be the set of δ ∈ S such that

lim inf
n

|{k < n : αδ,k ∈ Y }|
n

≥ a

Claim 6.4. There exists 〈Yi : i ∈ W 〉 such that W ∈ [ω1]ℵ1, each Yi ∈ [Xi]
ℵ1 and for every

i ∈ W and Z ∈ [Yi]
ℵ1, S(Z) \

⋃
j∈W∩i S(Yj) is stationary.

Proof of Claim ??: Let F be the set of Ȳ = 〈Yi : i ∈ W 〉 where W ∈ [ω1]ℵ1 and each
Yi ∈ [Xi]

ℵ1 . For Ȳ = 〈Yi : i ∈ W 〉 ∈ F , let n(Ȳ ) be the least n such that for every F ∈ [W ]n,⋂
i∈F S(Yi) is non-stationary - So 2 ≤ n(Ȳ ) ≤ K. Let N = min{n(Ȳ ) : Ȳ ∈ F} and fix

Ȳ = 〈Yi : i ∈ W 〉 with n(Ȳ ) = N . It suffices to show that for every i? ∈ W , there exists
j ∈ W such that j > i? and for every Z ∈ [Yj]

ℵ1 , S(Z) \
⋃
{S(Yi) : i ≤ i?, i ∈ W} is station-

ary. Towards a contradiction, suppose this fails for some i? ∈ W . Let W ′ = W \ (i? + 1).
For each j ∈ W ′, choose Zj ∈ [Yj]

ℵ1 such that S(Zj) \
⋃
{S(Yi) : i ≤ i?, i ∈ W} is non-

stationary. Let Z̄ = 〈Zj : j ∈ W ′〉. Then n(Z̄) ≥ N , so we can find F ∈ [W ′]N−1 and
such that

⋂
j∈F S(Zj) is stationary. It follows that there exists i ∈ W such that i ≤ i? and⋂

j∈F S(Zj)∩S(Yi) is stationary. Hence
⋂
j∈F∪{i?} S(Yj) is also stationary: Contradiction.

Let 〈Yi : i ∈ W 〉 be as in Claim ??. For i ∈ W , let Ti = S(Yi) \
⋃
j∈W∩i S(Yj). Then each

Ti is stationary and for every Z ∈ [Yi]
ℵ1 , there are stationary many δ ∈ Ti such that

lim inf
n

|{k < n : αδ,k ∈ Z}|
n

≥ a

We can now proceed as before to get a ♣inf≥a
Ti

witnessing sequence from 〈Aδ : δ ∈ Ti〉.
This completes the proof of Lemma ??.

Lemma 6.5. Suppose ♣inf≥a
S holds and S = S1 ∪ S2. Then one of ♣inf≥a

S1
, ♣inf≥a

S2
holds.

Proof of Lemma ??: Fix a witness Ā = 〈Aδ : δ ∈ S〉 for ♣inf≥a
S where each Aδ = {αδ,n :

n < ω} and αδ,n’s are increasing cofinal in δ. Suppose ♣inf≥a
S1

fails and choose A ∈ [ω1]ℵ1

such that for every δ ∈ S1

lim inf
n

|{k < n : αδ,k ∈ A}|
n

< a

Since Ā is ♣inf≥a
S witnessing sequence, it follows that for every B ∈ [A]ℵ1 , there are

stationary many δ ∈ S2 such that

lim inf
n

|{k < n : αδ,k ∈ B}|
n

≥ a
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Now we can construct a ♣inf≥a
S2

witnessing sequence as above.

Proof of Theorem ??: Let 〈an : n < ω〉 be an increasing sequence with limn an = a. For
each n, using Lemma ??, choose a sequence 〈Sn,i : i < ω1〉 of pairwise disjoint stationary
sets such that ♣inf≥an

Sn,i
holds. For m < n < ω, define Wm,n = {i < ω1 : ♣inf≥an

Sm,i
holds}.

First suppose that for some m < ω, there are infinitely many n > m such that Wm,n is in-
finite. Let 〈n(k) : k < ω〉 list such n’s in increasing order. Inductively choose i(k) ∈ Wm,n(k)

such that i(k)’s are pairwise distinct and ♣inf≥an(k)
Sm,i(k)

holds. Since 〈Sm,i(k) : k < ω〉 consists of

pairwise disjoint sets, the result follows.

So we can assume that there is no such m. Inductively choose a strictly increasing se-
quence 〈m(k) : k < ω〉 such that for every n ≥ m(k + 1), Wm(k),n is finite. Let W =⋃
{Wm(j),m(k) : j < k < ω} and choose i > sup(W ). Put Tk = Sm(k),i \

⋃
l<k Sm(l),i and

T ′k = Sm(k),i \ Tk. Then Tk’s are pairwise disjoint, Sm(k),i = Tk ∪ T ′k and by our choice of i,

♣inf≥am(k)

T ′
k

does not hold. Hence, by Lemma ??, ♣inf≥am(k)

Tk
must hold and we are done.

Proof of Theorem ??(2): Fix 0 < a < 1. We indicate the essential changes in the proof of
Theorem ??(1) to get a model of ♣inf≥a ∧ (∀b ∈ (a, 1])¬♣inf≥b. Define a modified countable
join as follows. In Definition ??, replace Clause (3)(ii)(b) by (b?) and Clause (4)(ii)(b) by
(b??) below.

(b?) |{i ∈ [2, j1) : (∃k ∈ [m,n))(d′i,k 6= di,k)}| ≤ j1(1− a) for every 2 < j1 ≤ j.

(b??) |{i ∈ [N, j1) : (∃k ∈ [m,n))(d′i,k 6= di,k)}| ≤ (j1 −N)(1− a) for every N < j1 ≤ j.

Note that this gives rise to a transitive Σ′p there. Lemma ?? gets modified to the following.

Lemma 6.6. Let (CR′p,Σ
′
p) be as in Definition ?? with (b?) in place of Clause (3)(ii)(b)

and (b??) in place of Clause (4)(ii)(b). Let (CR,Σ) be an ℵ1-CP such that CR′p = {c ∈ CR :
dom(c) ⊆ δ} and Σ′p = Σ � CR′p. Let Q = QCR,Σ, p = {c?1 = ⊕i≥1d̄i} and pi = {di,k : k < n}.
Then

p 
Q lim inf
j

|{i < j : pi ∈ GQ}|
j

≥ a

Next, Lemma ?? gets replaced by the following.

Lemma 6.7. For every b ∈ (a, 1], V Pω2 |= ¬♣inf≥b.

Proof of Lemma ??: Fix b′ ∈ (a, 1]. Towards a contradiction, suppose p0 ∈ Pω2 , 〈Åδ =
{α̊δ,n : n < ω} : δ ∈ •Lim(ω1)〉 ∈ V Pω2 are such that p0 
 “(∀δ ∈ •Lim(ω1))({α̊δ,n : n < ω}
is increasing cofinal in δ) and 〈Åδ : δ < ω1〉 is a ♣inf≥b′ witnessing sequence”. Since Pω2

satisfies ccc, we can find γ < ω2 such that p0 ∈ Pγ and each α̊δ,n is a Pγ-name. Fix b ∈ (a, b′).

Let X̊ = {α < ω1 : f̊Qγ = 1}. Then X̊ ∈ V Pγ+1 and V Pγ+1 |= X̊ ∈ [ω1]ℵ1 . So there
exist p1 ∈ Pγ, q ∈ Qγ, δ ∈ •Lim(ω1) and n0 < ω such that p1 ≥ p0 and (p1, q) 
Pγ+1 (∀j ≥
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n0)(|{i < j : α̊δ,i ∈ X̊}| ≥ jb). We must have that dom(q) ∩ δ is unbounded in δ otherwise
we can easily extend (p1, q) to get a contradiction. By possibly extending q, by Definition
??(D)(ii), we can assume that q = {ck : k < K?} where sup(dom(ck)) < inf(dom(ck+1)) for
every k < K? − 1 and for some K < K?, dom(cK) is an unbounded subset of δ. Let Sγ and
〈cγ,δ : δ ∈ Sγ〉 witness that (CRγ,Σγ) is a thin ℵ1-CP. By Claim ??, we can further assume
that cK = c′K′ for some 〈c′n : n ≤ K ′〉 ∈ Σ(cγ,δ).

Let m < n < ω and d̄i = 〈di,k : k < n〉 for i ≥ 1 be as in Definition ?? and cγ,δ = ⊕i≥1d̄i.
Then as 〈c′n : n ≤ K ′〉 ∈ Σ(cγ,δ), we can find N ≥ 1 a power of 2 such that cK = c′K′ = c?N in
the notation of Definition ??.

Choose p2 ∈ Pγ, p2 ≥ p1, n? > n0 a power of 2 and αn? > min(dom(c?N)) such that
p2 
Pγ α̊δ,n? = αn? . Put c = (a + b)/2. Let n?? > n? be a power of 2 such that
n?/n?? < (b − c)/(1 − c). Choose p3 ≥ p2 and 〈αn : n ∈ [n?, n??)〉 such that for ev-
ery n ∈ [n?, n??), p3 
Pγ α̊δ,n = αn. Let F = {αn /∈ dom(q) : n ∈ [n?, n??)}. Let
q′ = q ∪

⋃
α∈F{dα} where dom(dα) = {α} and fdα(α) = 0. If F is empty, put q′ = q.

Now it is possible to choose ḡ ∈ Σ(c?N) such that letting q′′ = (q′ \ {c?N}) ∪ ḡ forces
{n ∈ [n?, n??) : αn /∈ X̊} ≥ (1− c)(n??−n?) - We leave the details of this to the reader. This
means that (p3, q

′′) forces that |{i < n?? : α̊δ,i ∈ X̊}| ≤ n? + c(n?? − n?) < bn?? which is a
contradiction.

Now the remainder of the proof is exactly the same except for the fact that at the end
of the proof of ♣inf≥a, we use Lemma ?? in place of Lemma ??.

Proof of Theorem ??(3): Let 〈ak : k ≥ 1〉 be an increasing sequence with limit a. Proceed
as in the proof of Theorem ??(2) with the following modification for countable joins. In
Definition ??, replace Clause (3)(ii)(b) by (b?) and Clause (4)(ii)(b) by (b??) below.

(b?) |{i ∈ [2, j1) : (∃k ∈ [m,n))(d′i,k 6= di,k)}| ≤ j1(1− ak?) for every 2 < j1 ≤ j.

(b??) |{i ∈ [N, j1) : (∃k ∈ [m,n))(d′i,k 6= di,k)}| ≤ (j1 −N)(1− ak?) for every N < j1 ≤ j.

The rest of the proof is similar to that of Theorem ??(2). We leave the details to the
reader.

7 On ♣sup

Definition 7.1. For a ∈ (0, 1] and S ⊆ •Lim(ω1) stationary, the principle ♣sup≥a
S says the

following: There exists Ā = 〈Aδ : δ ∈ S〉 such that

(a) each Aδ = {αδ,n : n < ω} and αδ,n’s are increasing cofinal in δ and

(b) for every A ∈ [ω1]ℵ1, there exists δ ∈ S such that

lim sup
n

|{k < n : αδ,k ∈ A}|
n

≥ a
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As usual, if S = •Lim(ω1), we just write ♣sup≥a.

The following remark describes the situation in the Cohen and the random reals models.

Remark 7.2. (1) Suppose V |= ♣ and let P be the forcing for adding ℵ2 Cohen reals.
Then V P |= ♣sup≥1 ∧ (∀a > 0)¬♣inf≥a. Moreover, the following fails in V P: There exists
Ā = 〈Aδ : δ ∈ •Lim(ω1)〉 where each Aδ = {αδ,n : n < ω} and αδ,n’s are increasing cofinal
in δ such that for every A ∈ [ω1]ℵ1 and ε > 0, there exists some δ such that

lim inf
n

|{k < n : αδ,k ∈ A}|
n

≥ ε

(2) Suppose V |= ♣ and let P be the forcing for adding ℵ2 random reals. Then V P |= (∀a >
0)¬♣sup≥a. Moreover, the following holds in V P: There exists Ā = 〈Aδ : δ ∈ •Lim(ω1)〉
where each Aδ = {αδ,n : n < ω} and αδ,n’s are increasing cofinal in δ such that for every
A ∈ [ω1]ℵ1, there exists ε > 0 and δ such that for every sufficiently large n,

|{k < n : αδ,k ∈ A}|
n

≥ ε

We now prove Theorem ?? - For all a, b ∈ (0, 1), ♣sup≥a
S is equivalent to ♣sup≥b

S . For this,
it is clearly enough to show the following.

Lemma 7.3. Let a ∈ (0, 1) and a ≤ b <
√
a. Then ♣sup≥a

S implies ♣sup≥b
S .

Proof of Lemma ??: Let Ā = 〈Aδ : δ ∈ S〉 witness ♣sup≥a
S . We can assume that Ā is not

a ♣sup≥b
S witnessing sequence. Choose A ∈ [ω1]ℵ1 such that for every δ ∈ S, for every large

enough α < δ

|A ∩ Aδ ∩ α|
|Aδ ∩ α|

< b

Let S ′ be the set of δ ∈ S such that

lim sup
α→δ

|A ∩ Aδ ∩ α|
|Aδ ∩ α|

≥ a

Then S ′ is stationary. For δ ∈ S ′, define Bδ = Aδ ∩ A.

Claim 7.4. For every B ∈ [A]ℵ1 there are stationary many δ ∈ S ′ such that

lim sup
α→δ

|B ∩Bδ ∩ α|
|Bδ ∩ α|

≥ b

Proof of Claim ??: Suppose not. Choose B ∈ [A]ℵ1 and W ⊆ S ′ non stationary such
that for every δ ∈ S ′ \W , for every large enough α < δ, we have

|B ∩Bδ ∩ α|
|Bδ ∩ α|

< b

Since B ⊆ A, we can choose δ ∈ S ′ \W such that
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lim sup
α→δ

|B ∩ Aδ ∩ α|
|Aδ ∩ α|

≥ a

Now for every large enough α < δ, we have(
|B ∩Bδ ∩ α|
|Bδ ∩ α|

)(
|A ∩ Aδ ∩ α|
|Aδ ∩ α|

)
< b2

Since B ∩Bδ = B ∩ Aδ and Bδ ∩ α = A ∩ Aδ ∩ α, we get

B ∩ Aδ ∩ α
Aδ ∩ α

< b2 < a

which is impossible.

Let {αi : i < ω1} list A in increasing order. Let E ⊆ ω1 be a club such that for
every i ∈ E, supj<i αj = i. Define C̄ = 〈Cδ : δ ∈ S〉 as follows. If δ ∈ E ∩ S ′, then
Cδ = {j < δ : αj ∈ Bδ}. Otherwise, choose Cδ to be an arbitrary unbounded subset of δ of

order type ω. It is easy to check that C̄ witnesses ♣sup≥b
S .

8 ¬♣sup≥1 and ♣sup>1−

Definition 8.1. The principle ♣sup>1− says the following: There exists Ā = 〈Aδ : δ ∈
•Lim(ω1)〉 such that

(a) each Aδ = {αδ,n : n < ω} and αδ,n’s are increasing cofinal in δ and

(b) for every A ∈ [ω1]ℵ1 and ε > 0, there exists some δ such that

lim sup
n

|{k < n : αδ,k ∈ A}|
n

≥ 1− ε

To prove Theorem ??, it is enough to show that

Theorem 8.2. ¬♣sup≥1 ∧ ♣sup>1− is consistent.

Definition 8.3. Suppose Ā = 〈Aδ : δ ∈ •Lim(ω1)〉 satisfies: For every δ, Aδ = {αδ,n :
n < ω} where αδ,n’s are increasing and cofinal in δ. Define Q = QĀ as follows: p ∈ Q iff
p = (fp, up, ε̄p) where

(i) fp is a finite partial function from ω1 to {0, 1},

(ii) up is a finite subset of •Lim(ω1) and

(iii) ε̄p = 〈εp,δ : δ ∈ up〉 where each εp,δ is a positive rational < 1.

For p, q ∈ Q define p ≤ q iff

(a) fp ⊆ fq,
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(b) up ⊆ uq,

(c) ε̄p = ε̄q � up and

(d) for every δ ∈ up, letting W = {n < ω : αδ,n ∈ dom(fq) \ dom(fp)}, for every N < ω
either W ∩ [0, N) = ∅ or

|{n ∈ W ∩ [0, N) : fq(αδ,n) = 1}|
|W ∩ [0, N)|

≤ 1− εp,δ

Claim 8.4. Let Ā and Q = QĀ,a be as in Definition ??. Then Q has ℵ1 as a precaliber.

Proof of Claim ??: Suppose {pi = (fi, ui, ε̄i) : i < ω1} ⊆ Q. By thinning down we can
assume the following.

(a) 〈dom(fi) : i < ω1〉 is a ∆-system with root R and fi � R does not depend on i.

(b) 〈ui : i < ω1〉 is a ∆-system with root u? and ε̄i � u? does not depend on i.

(c) For every i < j < ω1 and δ ∈ ui, dom(fj) ∩ Aδ ⊆ R.

Let E ⊆ ω1 be a club such that for every i ∈ E, for every j < i, dom(fj) ∪ uj ⊆ i.
Choose S ⊆ E stationary such that for every i ∈ S, dom(fi) ∩ i = R, ui ∩ i = u? and⋃
{Aδ∩ i : δ ∈ ui, δ > i} = F where F does not depend on i ∈ S. Note that for every infinite

X ⊆ S and i ∈ S, if i > sup(X), then for all but finitely many j ∈ X, dom(fj)∩Ai ⊆ R. Let
X ∈ [S]ℵ1 be such that for every increasing sequence 〈αn : n < ω〉 in X, supn αn /∈ X. Define
c : [X]2 → {0, 1} by c({i, j}) = 1 iff i < j and Aj ∩ dom(fi) ⊆ R. By Erdos-Dushnik-Miller,
either there exists Y ∈ [X]ℵ1 such that c[[Y ]2] = {1} or there exists Y ′ ⊆ X such that
otp(Y ′) = ω + 1 and c[[Y ′]2] = {0}. Since the latter is impossible, we can find Y ∈ [X]ℵ1

such that c[[Y ]2] = {1}. Hence

(d) For every i 6= j in Y and δ ∈ uj, dom(fi) ∩ Aδ ⊆ R.

It follows that {pi : i ∈ Y } is centered.

Let f̊Q =
⋃
{fp : p ∈ GQ}. Then 
Q f̊Q : ω1 → {0, 1}. Let X̊Q = {α < ω1 : f̊Q(α) = 1}.

Then 
Q X̊Q ∈ [ω1]ℵ1 .

Claim 8.5. X̊Q witnesses that Ā is not a ♣sup≥1 witnessing sequence in V Q.

Proof: Easy.

Claim 8.6. Suppose V |= ♣sup>1− holds and let C̄ = 〈Cδ : δ ∈ •Lim(ω1)〉 be a witness where
Cδ = {βδ,n : n < ω} and βδ,n’s are increasing cofinal in δ. Then V Q |= ♣sup>1− holds with C̄
as witness.

Proof of Claim ??: Suppose p 
Q Å ∈ [ω1]ℵ1 and ε > 0. Choose 〈(pi, γi) : i < ω1〉 such
that γi’s are increasing and for each i < ω1, p ≤ pi 
Q γi ∈ Å. Arguing as in the proof of
Claim ??, we can assume the following.
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(a) 〈dom(fi) : i < ω1〉 is a ∆-system with root R, fi � R = f? and |dom(fi) \ R| = n? do
not depend on i.

(b) If i < j, then R < dom(fi) \R < dom(fj) \R.

(c) 〈ui : i < ω1〉 is a ∆-system with root u?, ε̄i � u? = ē? does not depend on i and i < j
implies ui \ u? < uj \ u?.

(c) For every i 6= j and δ ∈ ui, dom(fj) ∩ Aδ ⊆ R.

Put X = {γi : i < ω1}. Let E ⊆ ω1 be a club such that for every i ∈ E and j < i, γj < i
and u? ∪ dom(fj) ⊆ i. Choose δ ∈ E such that

lim sup
n

|{k < n : βδ,k ∈ X}|
n

≥ 1− ε/10

Let q = (f?, u? ∪ {δ}, ε̄? ∪ {(δ, ε/5)}). It suffices to show that for any q1 ≥ q and N0 < ω,
there exist r ≥ q1 and N2 > N0 such that

r 
Q
|{n < N2 : βδ,n ∈ Å}|

N2

≥ 1− ε

So fix q1 ≥ q and N0 < ω. For each n < ω, define

rn =

{
pi if βδ,n = γi

q if βδ,n /∈ X

Let W ′
n = dom(frn)\R and Wn = W ′

n∩Aδ. Choose N1 > N0 such that for every n ≥ N1,
if δ′ ∈ uq1 \ {δ}, then W ′

n ∩ Aδ′ = φ. We need a lemma.

Lemma 8.7. Suppose 0 < a1 < a2 < 1 and 1 ≤ K < ω. Then for all sufficiently large
N < ω, the following holds. For every 〈Wk : k < N〉 where each Wk is an interval in ω such
that |Wk| ≤ K, Wk < Wk+1 and

⋃
k<nWk = [0,M), there exists F ⊆ N such that

(i) |F | ≥ Na1 and

(ii) For every m ≤M , |[0,m) ∩
⋃
k∈F Wk| ≤ ma2

Proof of Lemma ??: First assume that |Wk| = K for every k < N - So M = NK. Let
m1 < N be least such that Km1 ≥ M(1 − a2). Then F = [m1, N) is as required. For
the general case, for each K ′ ≤ K, put SK′ = {k < N : |Wk| = K ′} and find a suitable
FK′ ⊆ SK′ for 〈Wk : k ∈ SK′〉. Then F =

⋃
{FK′ : 1 ≤ K ′ ≤ K} is as required.

Choose N2 > N1 such that (1 − N1/N2)(1 − ε/2) ≥ 1 − ε and |{k ∈ [N1, N2) : βδ,k ∈
X}| ≥ (1 − ε/4)(N2 − N1). Using Lemma ??, choose F ⊆ [N1, N2) such that the following
hold.

(a) |F | ≥ (N2 −N1)(1− ε/4).
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(b) r = (fr, ur, ε̄r) extends each condition in {q1, rn : n ∈ F} where

(i) ur = uq1 ∪
⋃
n∈F urn ,

(ii) dom(fr) = dom(fq1) ∪
⋃
n∈F W

′
n ∪
⋃
{Wn : n ∈ [N1, N2) \ F} ,

(iii) fq1 ⊆ fr,

(iv) fr �
⋃
{Wn : n ∈ [N1, N2) \ F} ≡ 0,

(v) for every n ∈ F , fr � W ′
n = frn and

(vi) ε̄r = ε̄q1 ∪
⋃
n∈F ε̄rn .

Note that r 
 |{k < N2 : βδ,k ∈ Å}| ≥ (N2−N1)(1− ε/2). By our choice of N2, it follows
that

r 
Q
|{n < N2 : βδ,n ∈ Å}|

N2

≥ 1− ε

Let η ≥ 1 and suppose 〈(Pξ,Qξ, Āξ) : ξ < η〉 satisfies the following.

(1) 〈(Pξ,Qξ) : ξ < η〉 is a finite support iteration with limit Pη.

(2) Āξ ∈ V Pξ and 
Pξ “Āξ = 〈Aξ,δ : δ ∈ •Lim(ω1)〉, Aξ,δ = {αξ,δ,n : n < ω} where αξ,δ,n’s
are increasing cofinal in δ”.

(3) V Pξ |= Qξ = QĀξ .

Note that Pη is ccc.

Claim 8.8. Suppose V |= ♣sup>1− holds and let C̄ = 〈Cδ : δ ∈ •Lim(ω1)〉 be a witness where
Cδ = {βδ,n : n < ω} and βδ,n’s are increasing cofinal in δ. Then V Pη |= ♣sup≥1− via the same
witness.

Proof of Claim ??: By induction on η. If η is a successor or cf(η) > ℵ1, this follows from
Claim ??.

Suppose cf(η) = ℵ0. Let 〈η(n) : n < ω〉 be increasing cofinal in η. Suppose p 
Pη X̊ ∈
[ω1]ℵ1 . Choose n? < ω such that p ∈ Pη(n?) For each n < ω, let X̊n = {α < ω1 : (∃p ∈
GPη(n))(p 
Pη α ∈ X̊)} - So X̊n ∈ V Pη(n) and 
Pη X̊n ⊆ X̊. Then for some n ∈ [n?, ω),

p 
Pη(n) X̊n ∈ [ω1]ℵ1 . Now apply the inductive hypothesis.

Next suppose cf(η) = ℵ1, ε > 0 and p 
Pη X̊ ∈ [ω1]ℵ1 . Choose 〈(pi, γi) : i < ω1〉 such
that the following hold.

(a) γi’s are increasing.

(b) pi ∈ Pη, pi ≥ p and pi 
Pη γi ∈ X̊.

(c) 〈dom(pi) : i < ω1〉 is a ∆-system with root W .
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Choose θ < η such that W ⊆ θ. Since Pθ is ccc, we can find q ∈ Pθ such that q ≥ p
and q 
Pθ “{i < ω1 : pi � θ ∈ GPθ} is uncountable”. Let Y̊ = {γi : i < ω1 ∧ pi � θ ∈ GPθ}.
Then Y̊ ∈ V Pθ and q 
Pθ Y̊ ∈ [ω1]ℵ1 . By the inductive hypothesis, we can find r ∈ Pθ and
δ ∈ •Lim(ω1) such that r ≥ q and

r 
Pθ lim sup
n

|{k < n : βδ,k ∈ Y̊ }|
n

≥ 1− ε/2

Since 〈dom(pi) \ θ : i < ω1〉 is a sequence of pairwise disjoint sets, it also follows that

r 
Pη lim sup
n

|{k < n : βδ,k ∈ X̊}|
n

≥ 1− ε

Proof of Theorem ??: Starting with a model of 2ℵ1 = ℵ2 and♣sup>1− construct 〈(Pξ,Qξ, Āξ) :
ξ < ω2〉 such that the following hold.

(1) 〈(Pξ,Qξ) : ξ < ω2〉 is a finite support iteration with limit Pω2 .

(2) Āξ ∈ V Pξ and 
Pξ “Āξ = 〈Aξ,δ : δ ∈ •Lim(ω1)〉, Aξ,δ = {αξ,δ,n : n < ω} where αξ,δ,n’s
are increasing cofinal in δ”.

(3) V Pξ |= Qξ = QĀξ .

(4) For every η < ω2 and Ā ∈ V Pη satisfying 
Pη “Ā = 〈Aδ : δ ∈ •Lim(ω1)〉 where each
Aδ is an unbounded subset of δ of order type ω”, there exists ξ ∈ [η, ω2) such that

Pξ Ā = Āξ.

To see why clause (4) can be satisfied, use 2ℵ1 = ℵ2 and the fact that for each η < ω2,
Pη is a ccc forcing with a dense subset of size ℵ1.

We conclude with some questions.

Question 8.9. (1) Is ♣sup≥0.5 ∧ ¬♣sup>1− consistent? What if CH holds?

(2) Assume CH. Does ♣sup≥0.5 imply ♣sup≥1? Does ♣sup>1− imply ♣sup≥1?

(3) For a ∈ (0, 1), is ♣inf≥a ∧ ¬♣sup≥1 consistent?

References

[1] M. Dzamonja, S. Shelah, Similar but not the same: various versions of ♣ do not coincide,
Journal of Symbolic Logic 64 (1999), 180-198

[2] A. Kumar, S. Shelah, RVM, RVC revisited: Clubs and Lusin sets, Submitted

[3] A. Kumar, S. Shelah, Clubs on quasi measurable cardinals, Mathematical Logic Quarterly,
To appear

[4] K. Kunen, Set theory: An introduction to independence proofs, Studies in Logic and the
Foundations of Mathematics, Vol. 102, North-Holland Publishing Company, 1980

23

Paper Sh:1136, version 2018-02-03 10. See https://shelah.logic.at/papers/1136/ for possible updates.


