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THE NONSTATIONARY IDEAL ON P, ()
FOR A SINGULAR

Pierre MATET * and Saharon SHELAH T

Abstract

We give a new characterization of the nonstationary ideal on P, (\) in
the case when « is a regular uncountable cardinal and A a singular strong
limit cardinal of cofinality at least k.

1 Introduction

Let k be a regular uncountable cardinal and )\ > k be a cardinal.

As [10] and [11] of which it is a continuation, this paper investigates ideals on
P, (\) with some degree of normality. For 6 < A, let NSi)\ denotes the least
d-normal ideal on P (\). Thus NSi’)\ = the noncofinal ideal I; 5 for any § < &,
and NSA » = the nonstationary ideal NS, x. NSS, x denotes the least seminor-
mal ideal on P, (). It is simple to see that NSS, » = NS, 5 in case cf(\) < &.
If X is regular, then by a result of Abe [1], NSS, \ = [J;-, NSJ .

One problem we address in the paper is whether for A > k NS, , is the re-
striction of a smaller ideal, i.e. whether NS, y = J|A for some ideal J C NS, »
and some A € NS{ ,. The question as stated has a positive answer (see [2])
with J = V*I, . By a result of Abe [1] we can also take J = NSS, » in case
k < cf(A) < A We investigate the possibility of taking J = [J;_¢ NSi’A for
some £ < A. If A is regular, no such J will work since then, by an argument of
[11], there is no A such that NS, » = NSS, » | A.
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Let H, \ assert that cof (NS, ») < A for every cardinal 7 with k < 7 < ), where
cof(NSJ, ) denotes the reduced cofinality of NS . Clearly, H, x follows from

2<A = ). But there are other situations in which H,.» holds. For instance, if in
V, GCH holds, A is a limit cardinal, y is a regular uncountable cardinal less than
r, and PP is the forcing notion to add A* Cohen subsets of x, then in VF, 2X > \
but, by results of [11], for every cardinal 7 with k < 7 < X, cof(NS,, ;) = 7
and hence cof(NS, ) < \.

It is known ([16], [10]) that if cf(A) < &, then H, x holds just in case NS, ) =
I, A|A for some A. We will prove the following.

Theorem 1.1. Suppose that k < cf(A) < X\ and H, holds. Then (a)
NS, = NSZﬁg\A)|A for some A, but (b) there is no B such that NS, ) =

(Us<ern NS ,)IB.

It is not known whether the converse holds :

Question. Suppose that £ < cf(A) < A and NS, = NSM1A for some A.
, Ky
Does it follow that H, » holds ?

If X is singular and #,; » holds, then by the results above NS, = NS,C:()\)‘) |A for
some A. The following problem is open.

Question. Is it consistent that “A is singular but NS, ) # NSi)\\A for every
d < X and every A € NS \” 7

For any infinite cardinal 7 < A, let u(7, A) = the least size of any cofinal subset
of (P;(X), Q).

Now suppose £ < cf(A) < A. Then by results of [10], there is no A such that
NS, » = I A|A. And it is shown in [11] that for any § such that £ < § < cf(X)
and u(]6|",\) = A, there is no A such that NS, \ = NS‘S,/\|A. Thus assuming

K

Shelah’s Strong Hypothesis (SSH), NS,  # NSi_)\|A for every 0 < cf(X) and
every A € NSy .

Question. Is it consistent relative to some large cardinal that “k < cf(A) < A
and NS, ) = NSiyA|A for some ¢ < cf(\) and some A € NS{ \”7?

Another problem we consider is whether NSi’ \ 1s nowhere precipitous, where
0 < X. As shown by Matsubara and Shioya [14], I, x is nowhere precipitous,
and in fact so is any ideal J on P, () of cofinality u(x, A). Thus for every ideal
J on P, (A),

cof(J) < A = cof(J) = u(k, \) = J is nowhere precipitous.
We establish the following.
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Proposition 1.2. Suppose that H, » holds, and let £ > x be such that
e ¢ is either a successor ordinal, or a limit ordinal of cofinality at least k ;

e ¢ <, where n equals A + 1 if ¢f(\) < &, and cf()\) otherwise.
Then cT)f( Us<c stﬂ) <A

It follows from Theorem 1.1 and Proposition 1.2 that if #,  holds, then
NSS.A|A = NSi)\|A for some A € NS, , where 0 equals cf()) if & < cf(A) <A,
and 0 otherwise.

Let us next consider cases when x < § < A and cof(NSi)A) > u(k, A). Goldring
[7] and the second author proved that if A is regular and g > X is Woodin, then
in Y ColA<n) NS, » is precipitous. On the other hand Matsubara and the sec-
ond author [13] showed (1) that if \ is a strong limit cardinal with £ < cf(\) < A,
then NS,  is nowhere precipitous. We establish the following.

Theorem 1.3. Let o be a cardinal such that k < cf(\) < ¢ < A Then the
following hold :

(i) Ifo = cf(\) and 7 < X for every cardinal 7 < \, then NS;, ) is nowhere
precipitous.

(ii) If cf(\) < o and 7¢%9) < X for every cardinal T < X, where c(k, o)
denotes the least size of any closed unbounded subset of Py (o), then NS |
is nowhere precipitous.

Note that if £ < cf(A) < ¢ < X and the hypothesis of (i) (respectively, (ii)) of
Theorem 1.3. holds, then A<*f(") = X/ so by results of [10],

cof(NS7, ) > cof(NS7 ) > X = u(k, A).

By combining Theorems 1.1 and 1.3, we obtain the following.

Theorem 1.4. Suppose that H,  holds, k < cf(X) < A, and 7N < X for
every cardinal T < X. Then NS, \ is nowhere precipitous.

It is not clear whether Theorem 1.4 constitutes a real improvement in compar-
ison to the result of Matsubara and the second author quoted above.

Question. Suppose that H, , holds, k < cf(\) < A, and 7)) < X for every
cardinal 7 < A. Does it then follow that A is a strong limit cardinal ?

1 At some point the first author claimed to have found an error in the proof but it turned
out that the mistake was his.
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The paper is organized as follows. Section 2 collects basic definitions and facts
concerning ideals on Py ()). It is shown in Section 3 that cof(NS, ) is a non-
decreasing function of w. In Section 4 we establish that if A is regular, then
CT)f(NSS&)\) = A just in case H,  holds. In Section 5, Proposition 1.2 is proved.
In Section 6 we show that it is consistent relative to a large cardinal that “\ is
regular and cof(NS, x|A) < A for some A”. It is shown in Section 7 that if X is

singular and H, » holds, then NS, y = NSZf,(;‘) |A for some A. Finally in Section
8 we prove Theorem 1.3 and note that it is consistent relative to a large cardi-
nal that “there is an ideal J on P, (\) such that cof(J) > A but cof(J) = u(k, A).”

2 Ideals on P,()\)

In this section we collect basic material concerning ideals on Py ().

NS,; denotes the nonstationary ideal on k.

For a set A and a cardinal p, let P,(4) = {a C A:| a |< p}.

Given four cardinals 7, p, x and o, we define cov(T, p, x, o) as follows. If there is
X C P,(1) with the property that for any a € P, (7), we may find Q € P,(X)
with a C |J @, we let cov(r, p, x,0) = the least cardinality of any such X.
Otherwise we let cov(r, p, x,0) = 0.

We let cov(T, p,x,0) =u(r,x) in case p = x and 0 = 2.

FACT 2.1. ([15, pp. 85-86]) Let 7,p,x and o be four cardinals such that
T>p>x>wandx > o > 2. Then the following hold :

(i) If T > p, then cov(t, p,x,0) > T.

)
(i) cov(, p, x,7) = cov(r, p, x, max{w, 7}).
.

)

(iii) cov(r™, p,x,0) = max{r™, cov(r, p, x,0)}.

(iv) If T > p and cf(7) < o = cf(0), then cov(, p, x,0) = sup{cov(7’, p, x, o) :
p<T1 <7}

(v) IfT is a limit cardinal such that T > p and cf(7) > x, then cov(7, p, x,0) =
sup{cov(t’,p,x,0) : p < 7' < T}

I, » denotes the set of all A C P,()) such that {a € A:b C a} = 0 for some
a € P,(N).

By an ideal on P, (), we mean a collection J of subsets of P, (\) that is closed
under subsets (i.e. P(A) C J for all A € J), k-complete (i.e. |JX € J for every
X € P.(J)), fine (i.e. I, x» € J) and proper (i.e. P,(A) & J ).

Given an ideal J on P.(\), let J* = {A C P,(\): A ¢ J} and J* = {A C
P.(\): P.(A)\A€ J}.For Ae Jt, let JJA={BC P.(\): BNAe€ J}. Given
a cardinal x > X and f : Pc(\) — P.(x), we let

FU)={X S P.(x): f71(X) e J}.
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M denotes the collection of all maximal antichains in the partially ordered set
(J*,Q), i.e. of all Q C J* such that

e AN B € J for any distinct A, B € Q ;
e for every C € JT, thereis A € Q with ANC € J+.

For a cardinal p, J is p-saturated if |Q| < p for every Q € M ;.

cof(.J) denotes the least cardinality of any X C J such that J = [J,cx P(A).
cof(J) denotes the least size of any Y C .J with the property that for every
A€ J, thereis y € P(Y) with A C Jv.

non(.J) denotes the least cardinality of any A € J*.

Note that cof(J) > non(J) > non(I, x) = u(k, A).

The following is well-known (see e.g. [10] and [11]).

FACT 2.2.
(i) A% = max{2<", u(x, \)}.
(1) G(L, ) = A
(iii) Let J be an ideal on P.(\) such that cof(J) < . Then cof(J) = u(k, \).

Shelah’s Strong Hypothesis (SSH) asserts that for any two uncountable cardi-
nals x and p with x > p = cf(p), u(p, x) equals y if cf(x) > p, and x otherwise.

FACT 2.3. ([8))

(i) Suppose that there is a m-saturated ideal on P,()\), where m and v are two
cardinals such that w < v = c¢f(v) < XA and # < v N kT. Then u(k,A)
equals \ if cf(\) > k, and AT otherwise.

(ii) Suppose that there is a regular uncountable cardinal v < X\ that is mildly
nT-ineffable for every cardinal m with v < w < X. Then the following hold

o u(k,\) equals \ if cf(N) >k, and AT if w < cf(N\) < k.
o cov(\ K, kywy) = A if cf(A) = w.
Numerous variations on the original notion of ideal normality have been consid-

ered over the years. One such variant is the concept of §-normality which has
been studied by Abe [1].

Let § < A\. Anideal J on P.()) is d-normal if given A € J* and f : A — ¢ with
the property that f(a) € a for all a € A, there exists B € J* N P(A) such that
f is constant on B.

NSi’A denotes the smallest d-normal ideal on Py ().

Note that A-normality is the same as normality, so NS; = NSi .
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¢(k, \) denotes the least size of any closed unbounded subset of P, ().

FACT 2.4.
(i) ([1]) Let ¢ be an ordinal such that § + k < A. Then NSiﬁ;\"€ \NS;/\ # .

(ii) ([11]) Suppose & < & < A. Then NSi)\ = NSE[\|A for some A.

(iii) ([11]) Let 6 and n be two ordinals such that |§| < |n| < A and k <n. Then
there is no A such that NS \ = NSi’)\|A.

FACT 2.5.
(i
(i
(iii
(iv) ([

The concept of [§]<?-normality generalizes that of §-normality.

[10]) QE(NS?A) > X for every § < .

1
[8], [10]) Let 6 < A. Then @(NS?}JA) = ciof(NSiA) for every A € NS ;.
[10]) cof(NS,; ») > cof(NS,, ,) for every cardinal p with k < p < .

1

) (
) (
) ([10

) ([10]) Suppose cf(\) > k. Then cof(NS, ») > A.

Let § < ), and let 6 be a cardinal with § < k. Anideal J on P, () is [§]<?-normal
if given A € J* and f: A — Py(d) with the property that f(a) € Pang (aNd)
for all a € A, there exists B € J* N P(A) such that f is constant on B.

Note that for 6 = &, [\]<?-normality is the same as strong normality.

We set § =60 if § < k, or § = k and x is a limit cardinal, and 0 = v if
0=kr=1v".

FACT 2.6. ([11])

(i) Suppose that § < k, or 8 < k, or k is not a limit cardinal. Then there
exists a [6)<%-normal ideal on P.()\) if and only if |P;(p)| < k for every
cardinal p < kN (0 + 1).

(ii) Suppose that 6 > k,0 = k and &k Is a limit cardinal. Then there exists a
[6]<?-normal ideal on P, ()) if and only if x is a Mahlo cardinal.

(iii) Suppose that there exists a [k]<°- normal ideal on P.()\). Then k<% =k,

— <6 —
and (7<%) = 7<% for every cardinal m > k.

Assuming that there exists a [§]<%-normal ideal on Py ()‘)’NSE,]; " denotes the
smallest such ideal.

FACT 2.7. ([11])

]
(i) Suppose that § < 2 or § < k. Then NS,[S,]; =Tp .
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(ii) Suppose that 2 < § < w. Then NSE};Q = NSi’A.

(i) Suppose that |5|<? = |n|<7, where x < < X and = is a cardinal with

1<% 4 _ [n] <™ <P\ "
2 <7 < k. Then NS&)\ |A = NS&)\ |A for some A € (NS&)\ ) , where
~v = max{d,n} and p = max{0,7}.

Given an ordinal 1, a cardinal 7 and f : P;(n) — P.(})), let C(f, k,\) be the
set of all a € P.(\) such that anNn # () and f(e) C a for every e € Pynr(anmn).

FACT 2.8. ([11]) Suppose that A C P,(\), k < 6 < A, and 0 is a cardinal with
2 < 0 < k. Then the following are equivalent :

. F) <6
(i) AensPL.
(i) ANC(f,k,A) =0 for some f : P, 53, (0) = Pe(A).

(ili) An{a € C(g,k,A):ank €k} =0 forsome g: P, 5:,(6) = P3(A).

m.

FACT 2.9. ([10]) Let x and 8 be two cardinals such that 2 < 0 < k < x < A
Then the following hold :

(i) Let J be a [x]<?- normal ideal on P.()\). Then either cf(cof(.J)) < k, or
cf (cof(J)) > x<?.

]<9

(i) If y<¢ < ), then cof (NS5 ) = A

FACT 2.10. ([10], [11]) Suppose that K < 6 < A, and 0 is a cardinal with
2 < 0 < k. Then the following hold :

(i) cof(NSPL") = max{eof(NS’| 1), cov(A, (181<%) ", (161<7) ", k) } and

cof(NS”)") = max{cof(NSI*/; "), cov (A, (15]<7) ", (|3]<7) ", 2)}.

(ii) If X is a limit cardinal and either cf(\) < s or cf(A) > |6|<?, then
JR— o _
cof(NS[i])\< )= sup{cof(NSLi]:g) 10 < T <AL

For a cardinal 7,97 , denotes the smallest cardinality of any family F' of func-
tions from 7 to P, () with the property that for any g : 7 — Pc(\), there is
f € F such that g(a) C f(«) for every a < 7.

FACT 2.11. ([11))
(i) For any cardinal T > 0, cf(d], \) > 7.
(ii) Suppose that 0 < § < A, and 0 is a cardinal with 0 < 6 < k. Then

P_(s +
cof (NP | 4) = 0, 7 for every 4 € (NSPL)
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Next let us recall a few facts concerning the notion of precipitousness.

An ideal J on P, () is precipitous if whenever A € J* and (Q, : n < w) is a
sequence of members of M4 such that Qn11 C Upeqg, P(B) for all n < w,
there exists f € [],,c,, @n such that f(0) 2 f(1) D ... and N, f(n) #0. J is
nowhere precipitous if for each A € J¥, J|A is not precipitous.

Let G(J) denote the following two-player game lasting w moves, with player I
making the first move : I and II alternately pick members of J¥, thus building
a sequence (X, : n < w), subject to the condition that Xy O X; D .... II wins
G(J) just in case (), , Xn = 0.

n<w

FACT 2.12. ([5]) An ideal J on P.(\) is nowhere precipitous if and only if 11
has a winning strategy in the game G(.J).

The following is a straightforward generalization of a result of Foreman [4] :

PROPOSITION 2.13. Let x and ¢ be two cardinals such that x < A and
0 < k. Then every [x]|<?-normal, (x<%)"-saturated ideal on P, () is precipitous.

FACT 2.14. ([14]) Suppose that J is an ideal on P.()\) such that cof(J) =
non(J). Then J is nowhere precipitous.

Thus for an ideal J on P.(A),
cof(J) < X\ = cof(J) = u(k, \) = J is nowhere precipitous.

Let 7 be a cardinal with k < 7 < A. It is simple to see that if GCH holds and
either cf(\) < k or 7 < cf(A), then cof(NS] \) = u(x, A). Note that if SSH holds
and x < cf(A\) < 7, then by Facts 2.5 (i) and 2.9, cof(NS], \) > u(k, ).

PROPOSITION 2.15. Suppose that o is a strong limit cardinal with cf(o) <
Kk < o < X <2°. Then the following hold :

(i) cof(NS \) = u(s, ) for every cardinal T with k <1 < 0.

(ii) Suppose 2% = 29. Then cof(NS], ;) = u(k,\) for every cardinal T with
o<1T<A\

Proof.

(i) : Let 7 be a cardinal with K <7 < o. If 7 = A, then

cof(NS] ) < 2% = A" = u(k, ).

Otherwise by Fact 2.10, cof(NS[, ) = max{cof(NS, ;),u(7", )} <\™ =
07 = ot <A = u(k, \).
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(ii) : Given a cardinal 7 with o < 7 < A,

cof(NS], ) < 2% =27 = oM7) = y(k, \). O

3 cof(NS},)

By Fact 2.11 (ii), cof(NS) ,) =9 , for any cardinal x with £ < x < A\. We now
derive a similar formula for cof(NSY ;).

For a cardinal T, 5;’  denotes the smallest cardinality of any family F' of func-
tions from 7 to P,(\) with the property that for any g : 7 — P.(\), there is
Z € Py(F) such that g(a) C Uz fa) for every a < 7.

LEMMA 3.1. Let 6 and x be two cardinals such that 2 < 0 < x < x < A
_ _<d
Then cof(NSEf];e) < Dfi\ .

Proof. Select a collection G of functions from P, 5 4y (x) to Pe(A) so that
7
|G| = 5:1 and for any k : P, 5 (X) = Pc(A), there is Z, € P.(G) such

m

that k(e) C Uyez, 9(e) for all e € P, 54,(x). Then clearly for each k :
_ <6
Pz () = PeN),Nyez, Clg, 5, A) € C(k, 5, \). Hence cof(NS ) < |G,

m

LEMMA 3.2. Let 6 and x be two cardinals such that w < 0 = cf(f) < k <
<6 -
X < A. Then D:’)\ < u(f, cof(NSEf};e)).

Proof. Pick a collection H of functions from Py(x) — P3(\) so that
|H| = QE(NSL%];G) and for any A € (NSL%];G) , there is Q € P.(H) \ {0}
with {b € Nheq C(hyk,A) 1Nk € k} C A. Select X C Py(H) \ {0} so that
|X| = w(0,|H|) and for any Z € Py(H), thereis X € X with Z C X. For X € X,
define tx : Py(x) = Px(X) by tz(e) = Tx,e, where

Tx. = {be Mpex Chy,A) s eUO Cband bk € n}.

Note that tx(e) € Tx,e, and ty(e) C tx(e) for all Y € X N P(X).
Now fix f: Py(x) — P.(A). We may find W € P, (%) such that

{b € Mueyw Clhom,A) bk € n} C O(f, kN,
6 < |W| and for any K € Py(W), thereis Z € W with | JK C Z. For e € Py(x),
put be = Jxew tx(e). Note that b Nk € .

Claim. Let k € |JW. Then b, € C(k,k, \).
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Proof of Claim. Fix d € Py(b. N x). Pick ¢ : d — W so that 3 € t,(z(e)
for every f € d. Select Y € W with £k € Y. There must be Z € W such
that Y U (Uﬁedgp(ﬁ)) C Z. Then d € Py(tz(e)) and tz(e) € C(k,k,N), so
k(d) Ctz(e) C b.. This completes the proof of the claim.

Thus be € (,cuw C(h, &, A). Hence be € C(f, k, A), and consequently f(e) C be.
O

PROPOSITION 3.3. Let x be a cardinal with k < x < A. Then ciof(NSfi)\) =
6: A.

Proof. By Lemmas 3.1 and 3.2. (]
COROLLARY 3.4. Let m and x be two cardinals such that Kk <7 < x < \.

Then CT)f(NSZ,A) < ﬁ‘(1\IS>;~§,>\)-

4 NSS,{,/\

An ideal J on P, (M) is seminormal if it is é-normal for every § < A.
NSS, » denotes the smallest seminormal ideal on P ().

FACT 4.1.
(i) (Folklore) Suppose cf(X\) < k. Then NS, » = NSS, ».
(ii) ([1]) Suppose k < cf(A) < A. Then NS, x = NSS,; »|A for some A.

PROPOSITION 4.2. Suppose k < cf(\) < A\. Then cof(NSS, ») > .

Proof. By Facts 2.5 (iv) and 4.1. O

We will see that “cof(NSS, ) > \” needs not hold in case A is regular. Note
that if A is regular, then by Fact 2.5 (iv), cof(NS, ») > A.

FACT 4.3. ([1]) Suppose that A is regular. Then NSS, x = (Js NSi’/\.

Proof. It is immediate that (J;_, NS?/\ C NSS, x. To show the reverse in-

clusion, fix A € (U5</\NSi7/\)+, n with k <7 < A, and f: A — n with the
property that f(a) € a for all a € A. For £ with n < £ < A, we may find

B: € (NSE’)\)-|r N P(A) and ¢ < n such that f takes the constant value ¢ on
Be. There must be 8 < nand Z C {{ : n < & < A} such that |Z] = X and

10
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ve = B for all € € Z. Now set C = Uge; Be. Then clearly C € (s, NS2,) "
Moreover f is identically 5 on C. O

FACT 4.4. ([10]) Suppose that 0 is a cardinal with 2 < 6 < k, and J is an
0 - _
ideal on P,(\) such that J C NSE:]; and cof(J) < A<Y. Then J|A = I, z|A for

*

some A € (NSL):];G) .

In particular, if J C NS, and cof(J) < A, then J|D = I, ,|D for some
D e NSf .

FACT 4.5.  ([10]) Suppose that 0 is a cardinal with 2 < 6 < k, and let
o be the least cardinal T such that 7<% > \. Then cof(I, \|A) > o for every

Ae (NS

PROPOSITION 4.6. Suppose that 0 is a cardinal with 2 < 0 < k, and J is
6

an ideal on P, (X\) with J C NSE:]; . Let o be the least cardinal T such that

7<0 > \. Then cof(J) > 0.

Proof. If cof(J) > A<? there is nothing to prove. Otherwise, there is by Fact
44A€ (Ns,[jf”) such that J|A = I, y|A. Then by Fact 4.5, ¢ < cof(I,, | A) <
cof(J). O

In particular, cof(.J) > A for any ideal J C NSk A

FACT 4.7. ([8])

(i) Suppose that A is a successor cardinal, say A = v*. Then NSS, \|C' =
I \|C for some C' € NS, , if and only if cof(NS, ) < A.

(ii) Suppose that A is a regular limit cardinal. Then NSS, y|C = I, 5|C for
some C' € NS}, if and only if cof(NS,, ;) < A = cov(A, 77,7, k) for every
cardinal T with Kk < 17 < \.

Recall from the introduction that #, » is said to hold if ciof(NS,i,T) < X for every
cardinal 7 with x < 7 < \.

PROPOSITION 4.8. Suppose that A is a regular cardinal. Then the following
are equivalent :

(i) Hx,x holds.
(ii) cof(NSS, ) = A.
(iii) NSSxA|C = I x | C for some C' € NS, ;.

11
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Proof.
(i)— (ii) : By Proposition 4.6, cof(NSS, ») > A. For the reverse inequality,

we consider two cases. First suppose that ) is a successor cardinal, say A = v+.

Then by Fact 4.3 NSS,.\ = U, <5, NSJ 5. Now for v < § < A, cof(NS] ) <
cof(NS}, ) = max{cof(NS,.,.), cov(\, A\, A, k)} < max{\, A} = A by Facts 2.4 (ii)
and 2.10. Hence ciof( U,<s<nr NSi,A) <\

Next suppose that A is a limit cardinal. Given a cardinal x with £ < x < A,
by Corollary 3.4 cof(NS} ) < A for every cardinal 7 with x < 7 < A, so by

Fact 2.10 ciof(NS,’j’)\) < \. It follows that @(NSSN,,\) < X since by Fact 4.3
NSS.»=U NS’;X

KX <A

(il)— (iii) : By Fact 4.4.
(iii) — (i) : By Facts 2.5 (iii) and 4.7. O

5 Ideals J on P,(\) with cof(.J) = \

In this section we look for cases when cof ([ ;¢ NS0 ) = A, where & < £ < A41.
We start with the following observation.

LEMMA 5.1. Suppose that K C NS, » is an ideal on P,(\) with cof(K) < A,
and ¢ is an ordinal such that

e k<ELS A+
e ¢ is either a successor ordinal, or a limit ordinal of cofinality at least k ;

o Us- NSy, C K.
Then cof (s NSJ ,) = \.

Proof. By Fact 4.5 we may find A € NSJ, , such that K|A = I, \|A. For

K

any cardinal x with k < x < ¢, NS,);)\\A = I; A|A, so by Lemma 2.5 (ii)
ciof(NSf;)\) < \. Hence by Fact 2.4 (ii) @(NSi,/\) < Aorevery d with k < § < €.

It easily follows that ciof( Us <¢ NSi’ )\) < A. The reverse inequality holds by
Proposition 4.6. (]

So we are looking for a large K C NS, ) with cof(K) < \. Assuming that H,
holds, we can take K = U5<Cf@) NSi’/\ if A is a singular cardinal of cofinality
at least x, and K = NSS,; ) otherwise.

FACT 5.2. ([10]) Let @ be a cardinal with 2 < 6 < k. Suppose 0 < cf()\) < k.
- 0 -
Then for any cardinal v with kK < v < ), COf(NSE:]; ) < Uu§r<,\ cof(NS[T]:g).

R7

12
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PROPOSITION 5.3. Let 0 be a cardinal with 2 < § < k. Suppose that
0 < cf(\) < k and there is a cardinal v with k < v < X such that for any car-

dinal 7 withv < 7 < X, cof(NSU1™") < X and 7<% < X, Thencof(NSL) = &,
Proof. By Proposition 4.6 and Fact 5.2. O
In particular, if cf(A) < & and H,_» holds, then cof(NS, ») = \.

Note that if @(NSE:];G) = ), then by Fact 4.4 NSE:];H = I, A|C for some C.

FACT 5.4. ([11]) Let A € I::/\ be such that |[{a € A : b C a}| = |A] for every
b € P.(\). Then A can be decomposed into |A| pairwise disjoint members of
It

PROPOSITION 5.5. Let 6 be a cardinal with 2 < 6 < k. Suppose that there
[ ]<9

is C such that NS;:)\ = I, A|C. Then P.(\) can be split into m members of

[)\]<€ + . . [)\]<9 *
(NSK)\ ) , where 7 is the least size of any member of (NSN’A ) .

0 *
Proof. Pick D € (NSL’\’]; ) . Then by Fact 5.4, C N D can be decomposed into

T <oyt
7 pairwise disjoints members of (NSK)\ ) . (]

In particular, if NS, » = I »|C for some C, then P.(\) can be split into ¢(k, A)
disjoint stationary sets.

PROPOSITION 5.6. Suppose that 6 and p are two cardinals such that
w<O=cf0) <k <p< A uld ) = and either cf(\) < & or cf(\) > p<?.
Suppose further that for every cardinal T with p < 7 < A, c?)f(NS[;]:G) < A\
Then cof(NSPL") < A

Proof. It suffices to show that ciof(NSgﬁ]:e) < A for any cardinal 7 with p <
T < A since by Facts 2.1 and 2.10 cT)f(NSEZ];G) = Up<7</\ciof(NS,[ﬁ:9) if Ais a

L : — P1=% _ e PN 5\ — o+
limit cardinal, and cof(NSH,/\ ) = max{\, cof (NS}, )} if X = v*. Now for any
cardinal 7 with p <7 < ),

cof(NSP") <2 <o’ < u(6,cof(NSI™)) < u(6, ) = A
by Lemmas 3.1 and 3.2. O

PROPOSITION 5.7. Suppose that H, » holds, and  is an ordinal such that
o rk < &<, wheren equals A + 1 if cf(\) < k, and cf()\) otherwise ;

e ¢ is either a successor ordinal, or a limit ordinal of cofinality at least k.

13
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Then cT)f( U NSi’,\) =\
6<€
Proof. By Facts 2.4 (ii) and 5.1 and Propositions 4.8, 5.3 and 5.6. O

In particular if o holds and & < of(A) < A, then cof( Uyeqon NSLL ) = A
(and hence by Fact 1.5 (iv) there is no A such that NS, y = ( Us<etn) NSi)\) |A).

6 Ideals J on P.()\) with cof(J) < A

There may exist ideals J on P, () such that cof(J) < A. Some examples were
presented in [10]. We now give some more.

Given two cardinals 7 < x and x > A, A a(m, x) asserts the existence of
Z C Pr(\) with |Z| = x such that |Z N P(a)| < & for every a € P.(\).

FACT 6.1. ([10]) Let 6 and x be two cardinals such that
e 2 <0<k, A< and there is a [x]<?-normal ideal on P.(x) ;

o A, \(m, x) holds for some regular uncountable cardinal m < k.
— +
Then cof(I,; |A) < A for some A € (NSL’f];G) .

FACT 6.2. ([9]) Let 7 be the largest limit cardinal less than or equal to k.
Assume cf(\) < k and one of the following conditions is satisfied :

)
)
(c) 7> cf(A) = cf(r) and min{pp(r), 73} < k.
) 7 < cf(A) and min{2f ™) (cf(N) T’} < k.
Then A, ((cf(\) ", AT) holds.

Suppose for instance that x is a limit cardinal and cf(A) < x. Then by Facts
6.1 and 6.2, cof(I,, \+|B) < A for some B € NST , ,.

Note that in case x is the successor of a cardinal of cofinality cf()\), Fact 6.2
does not apply, as none of the conditions (a) - (d) is satisfied. To handle this
case, we introduce the following principle.

Given a cardinal x > X, By x(x) asserts the existence of Z C P, () with |Z| = x

such that for every e C Z with |e| = &, there is a < & -to-one function in [], ., 2.

14
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FACT 6.3. ([10]) Let 6 and x be two cardinals such that
e 2 <0<k, A< and there is a [x]<?-normal ideal on P.(x) ;
o B..a(x) holds.

— +
Then cof(I,; |A) < A for some A € (NS’[{%L@) ‘

Note that in case cf(A < K, B, A(AT) follows from ADS)y, where ADS) asserts
the existence of 9, C A for o < AT such that
e for any a < AT, supy, = A and o0.t.(y,) = cf(}) ;

e given 8 < AT, there is g : 3 — X such that
(%o \ 9(@)) N (yar \ g(@)) =0

for any a, o’ € § with « # /.

+ _
For more on the existence of A € (NSQfl:e) such that cof(l,|A4) < x, see [9]
and [10].

PROPOSITION 6.4. Suppose that 6 and x are two cardinals such that
2<f0<kand A<y, and A € (NSL%]><<9)+ is such that cof(I,; ,|A) < A. Then
there is B € (NSL><7,])<<9)Jr and a function f such that

e f is an isomorphism from (P,()\), C) onto (B, C) ;

e for any § < M, f(NSEi];g) = NSE};
Hf(NSI[fﬁ];e) and cof(NS,[f};B) < cof(NS}[f};e)).

]<

9|B (and hence TJ(NSE 9|B) <

X

Proof. Select zg € P,(x) for 8 < A so that for each X € I, thereis z € P (\)
with X N{y € A:Uge, 25 Sy} =0. For A < < x;, pick z4 € Ps(A) with

{ye A:Uge., 2p Cyt C{t € Pi(x) : v €t}
Let O be the set of all z € P,(x) such that (Usecpny 78) U (Uneaia 7a) C -
Note that C' € NS}, | .

Claim 1. Let € ANC. Thenz\A={a € x\A: 2o CaxNA}
Proof of Claim 1. Since z € C, 2\ A C {a € x\ A : zo C N A}. To show the

reverse inclusion, fix a € x \ A with z, C N A. Then Uﬁe% zg C z, and hence
« € x, which completes the proof of Claim 1.

Claim 2. Let a € P,(\). Then [{a € x\ A : 2z, C a}| < k.

Proof of Claim 2. Pick z € AN C with a C z. Then by Claim 1,
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{aoex\A:zo Ca} C{acex\A:zo CznNA} Cu,
which completes the proof of Claim 2.

Using Claim 2, define f : P,(A) — P.(x) by f(a) =aU{a € x\ A : 2z, C a}.
Put B =ran(f). By Claim 1, x = f(zNA) forany x € ANC,s0 ANC C B.

+
It follows that B € (NSX™")

As is easily seen, f is an isomorphism from (P, ()),C ) onto (B, C), and more-
over f1(X) € I, for any X € I, ,. Now fix § < \. Set J = NSE};G. It is
simple to see that f(J) is an ideal on P, ()x) with the property that B € (f(J))*

Claim 3. f(J) is [0]<%-normal.

Proof of Claim 3. Fix X € (f(J))" N P(B) and h : X — Py(8) such
that h(z) € Pgng(z) for every 2 € X. Define k : f~1(X) — Py(d) by
k(a) = h(f(a)). There must be A € J* N P(f~'(X)) such that k is constant
on A. Then clearly f“A ¢ (f(J))Jr N P(X), and moreover h is constant on f“A,
which completes the proof of the claim.

It immediately follows from Claim 3 that NS,[f,]; ’ |B C f(J).

To establish the reverse inclusion fix Y € f(J). Since f~1(Y N B) € J, we may
find g : Pyp(6) — P.()\) such that f~1(Y N B) N C(g,k,\) = 0. Then clearly
(YNB)NC(g,k,x) =0 and henceYﬂBENS,[f’];e. O

Let k = (2P)+, where p is an infinite cardinal, and suppose that X is a strong
limit cardinal with cf(A) < p. Then A, x(p",2%) holds, since |P,+ (A\) N P(a)| <
2¢ for any a € Pg(\). Hence by Facts 5.2 and 6.1 and Proposition 6.4,
ciof(NSim |B) < X for some B € NS:QA.

PROPOSITION 6.5. Suppose that cof(NS,, ) < A+, and there is A € NS

KT

such that cof(I y+|A) < X\. Then cof(NSS, x+|B) < AT for some B € NS;H.

Proof. By Fact 4.7 (i), there is C' € NS, . such that NSS, y+|C = I, \+|C.
Then B = ANC is as desired. O

For example, suppose that x = ws and A\ = J, for some infinite limit ordi-
nal a of cofinality w. Then by Facts 5.2, 6.1 and 6.2 and Proposition 6.5,
cof(NSS, »+|B) < A for some B € NS* ..

If A is singular, then by Fact 4.1 NS, y = NSS,; 1| B for some B, s0 cof(NSS, x|4) <
A for some A € NS:’/\ just in case cof(NS, »|D) < A for some D € NS:,/\.
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Suppose that cof(NS, A|D) < A for some D € NS:’/\. Then setting o =
cof (NS, A |D),

cof(NSy; ) < u(k, o) < u(k,A) < cof(NS, )
by Fact 2.11 (ii), so cof(NS, ») = u(k,0) = u(k, A). Hence by Fact 2.5 (iv), SSH
does not hold.

PROPOSITION 6.6. Let 8 and x be two cardinals such that 2 < 8 < x and
— > +
A < x. Suppose that cof(NS, ) < x<?, and there is A € (NS[X]<B) such that

<o+
cof(I; x| A| < A. Then cof(NS, |B) < X for some B € (NS;X, b ) .

Proof. By Fact 4.4 there is C € (NSL%];G) such that NS, ,|C = I ,|C. Then

B = ANC is as desired. O

Here is an example of a situation where Proposition 6.6 applies. Starting from
a P3(v)-hypermeasurable, Cummings [3] constructs a generic extension W of V'
in which for any infinite cardinal p, 2° equals p™ if p is a successor cardinal, and
pTT otherwise. In W, let o be a regular uncountable cardinal, and p > o be a
cardinal of cofinality less than o. Suppose that

e o is not the successor of a cardinal 7 with cf(7) < ef(u) ;

e o is not the successor of the successor of a limit cardinal = with cf(7) <

cf(p).
Then by Facts 6.1 and 6.2 and Proposition 6.6, ciof(NSwﬁ\B) < u for some

ettt +

Be (Nt

7 Cases when NS, , = NSCf |A for some A

In this section we establish that if kK < cf(A\) < X and H, » holds, then

NS, = NSCf(’\)|A for some A. Note that if cf(\) < k and H,_» holds, then by
Facts 4.5 and 5. 1, NSy » = I, z| A for some A. Note further that if A is regular,
then trivially NS, » = NSQA|P (A\). By combining the three cases, we obtain
that if cof(NS, ;) < A for every cardinal 7 with max{s,cf(A\)} < 7 < A, then
NS, = NSZf,(AA)M for some A.

THEOREM 7.1. Let w,0 and x be three cardinals with kK < m < A and
2 <0< k<yx<A\ Suppose that

e )\ is singular ;
e 0 <cf()\)in case x =\ ;

o Td(NSLTin{X’T}]<9) < A<Y for every cardinal T with m < T < \.
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Then there is A € (NSL’\’];S) such that NSEf];e C stf’()\/\)m_

Proof. Set 1 = cf(\) and select an increasing sequence of cardinals (A, : 7 < )
so that

o sup{\,:n < p}=2X;
e )y > max{m, pu} ;
e )\g > xin case y < A.

For n < p, pick a family G,, of functions from Pmax{ag}(min{x, An}) to P3(Xy)

_ . . 0
so that |G| < cof(NSL’flij{X”\"} ) and for every H € (NS,[:1/{:{X”\"}]< )*, there
is y € P.(Gy) \ {0} such that {b € N ., C(g,5,\y) : bNK € K} C H. Let

Un<;4 GVI - {ge re e Pg()\)}
Let A be the set of all a € P, () such that

]<0

g€y

oggaincase§</<c;
o wCa;
e aNKEK;

o k(a) € a for every a € a, where k : A — p is defined by k(a) = the least
1 < p such that o € A, ;

if x = A, theni(v) € aforevery v € P, .73y (@), wherei: P 550 (A) —
o is defined by i(v) = the least n < p such that v C X, ;

® ge(u) C a whenever e € P 5 (a) and u € P\ . 5 5y (a) N dom(ge).

It is immediate that A € (NSL):];B)*. Let us check that A is as desired. Thus
fix f 1 Pacas (X) = P3(A). Given n < p, define py, : P, g 5 (min{x, Ay }) —
P>(\y,) by py(v) = {(}, where ¢ = the least ¢ such that n < ¢ < p and f(v) C
Ao Also define gy : P, 5 51 (min{x, Ay }) = P3(Ay) by g5 (v) = Ay f(v). Select

Ty, Yy € Pe(P5(N)) \ {0} so that
o {ge:ecz,Uy,} TG, ;
o {be ﬂe@:n C(Ggesky Ay) : 0N K € K} C Clpy, K, \y) ;
o {be ﬂeeyn C(ges ks M) :bN K € K} T Clgy, Ky An).

Finally define u : p — P.()\) by u(n) = U(z, Uyy), and t : Py(u) — Pi()) so
that for any n € p, t({n}) equals u(n) if 6 < k, and u(n) U |u(n)|t otherwise.
We claim that ANC* C C;’A. Thus let a € ANCF and v € P ormax(@,3} (@

X)- There must be n € a N p such that v € A,. Then a N A, € C(py, K, A\y)
since , C P /(a). It follows that v U f(v) € A, for some ¢ € a N p. Now
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anN, € C(go, Ky Ay), since y, C P‘mg‘ (a), so f(v) C a. O

In Theorem 7.1 we assumed that § < cf()\) in case x = A. Some condition of

this kind is necessary. In fact if cf(\) < & and u(k, A<?) = A<?, then for each
6 6

Ae (NSQ]; )*,NSE:]; # NSCKf’(;‘)|A since by Fact 2.11,

cof (NSPL) > A9 > A > Gof (NSO | 4).

COROLLARY 7.2. Suppose that one of the following holds :
(i) SSH holds.

(ii) There exists a o-saturated ideal on P, ()\), where o and v are two cardinals
such that w < v =cf(v) < XA and 0 < v.

(iii) There is a regular uncountable cardinal T < X\ that is mildly m-ineffable
for every cardinal w with 7 < w < \.

Let 6 and x be two cardinals such that 2 < 6§ < k, max{k,cf(A\)} < x < X and
of(NSP") < A7, Then NSPL 4 = NSI1A for some 4 € (NSUL)'

Proof. Use Facts 2.3 and 2.10. O

COROLLARY 7.3. Suppose that cf(\) < k, and § and x are two cardinals
such that 2 < 0 <k < x < X and E(NSL’f]:G) <2< for every cardinal T with

X <7 <A Then cof(NSIL) = u(k, ).

Proof. By Theorem 7.1 there is A € (NSE;:];Q) such that NSEf];S\A =

s <’y _ D1 4) — _
I Az|A. Then by Fact 2.11 (ii), cof(NSmA )= cof(NS&)\ |A) = cof(I.\|A) =
cof(I; ») = u(k, \). O

COROLLARY 7.4.

(i) Suppose that A is singular and H,x holds. Then NS, x = NS{'\V|A for
some A.

(i) Let x be a cardinal such that max{r,cf(A)} < x < A and cof(NSY ) < X

for every cardinal T with x <7 < A. Then NS¥ ||A = NSff’(/\/\) | A for some
A €eNS; .

COROLLARY 7.5.
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(i) Letx >  bea cardinal, and a < k be a limit ordinal such that cof(NS,, ) <
X" Then NS} ,.|A = I, +a|A for some A € NS

Kyx e

(ii) Let x > k be a cardinal such that cof(NS, ) < x™*. Then NSX A=
NS~ A for some A € NS,

X T ryx e

Proof. Use Facts 2.1 and 2.10. O

Note that we do get a better result by considering the reduced cofinality (cof)
instead of the usual one (cof). For example, suppose that GCH holds in V.
By a result of [12], there is a < r-closed, xT-cc forcing notion P such that in
V¥ cof(NS, ) = 7 and cof(NS, ) = kT@+1. Then in V| there is by Corol-
lary 7.5 (i) A € NS[ 4. such that NSy io[A = I, c+o|A.

Let us next discuss the condition in Theorem 7.1 that ciof(NS,[;]:e) < A<? for
almost all cardinals 7 < A.

PROPOSITION 7.6. Let 6 and x be two cardinals such that 2 < § < k <

X < A. Suppose that @f(NSL’f]Xd) < A<? and y<¢ > X\. Then ciof(NSEf];e)
ANSL) < x

Proof. By Fact 2.6 (i) x<? = A<?, so by Fact 4.5 NSL’f];S = I, y|A for some
A. Tt follows that cof(N SNX]X ) < x. Moreover by Fact 2.10

cof(NSPL) = max{eof (NSBL), cov(h, (<)) ", (A7) k) } = cof (NSLL™).

O

COROLLARY 7.7. Let 6 and x be two cardinals such that 2 < 9 < k< x <
x<% = X. Suppose cof(NS[X ) < x<Y. Then thereis A € ( S[ ] ) such that
cof(NS,» | 4) < x.

Proof. By Fact 2.7 we may find A € (NSL):];Q) such that NS, »|A = NSE:];H |A.
_ _ 6

Then by Proposition 7.6, cof(NS,; y|A4) < cof’(NSf[@X,])\< ) <x. O

Question. Suppose that § and y are two cardinals such that 2 < 0 < k < x

and C?)f(NS,?f;:G) < x<%. Does then x<% = y hold ?

PROPOSITION 7.8.

(i) Suppose that 8 and o are two cardinals such that 2 < 0 < k < 0 < A,
0 < cf()\) and ciof(NS,[;]:e) < A< for every cardinal T with o < 7 < A.
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Then there is a cardinal m with o < m < \ such that cT)f(NSEf];G) < \ for
every cardinal x with m < x < A.

(ii) Let @ and w be two cardinals with 2 < § < k < m < \. Suppose that
k < cf(\) < A, and ciof(NSL’f];B) < X for every cardinal x with m < x < \.
Then cT)f(NSLZ]SG) < A for every cardinal p with max{m,cf(A\)} < p < A\

Proof.

(i) : If v» < X for every cardinal v < X and every cardinal p < 6, then

A<O = A, and m = o is as desired. Now suppose there are two cardinals
v < Xand p < 0 such that v» > . Set m = max{v,o}. Let x be a cardinal

with 7 < ¥ < A. Then x<¢ = A<?, s0 by Proposition 7.6 CT)f(NSL’f]Xd) <x.

(ii) : By Fact 2.9. O

In particular, if x < cf(X) < A, then H, » holds just in case ciof(NSmT) < A for
every cardinal 7 with kK < 7 < A.

Suppose that A is a limit cardinal and x is a cardinal with k < y < \. If either
cf(A) < K or cf(A\) > x, then by Fact 2.10 and Lemma 5.1,

cof(NSY ) < sup{cof(NSPPX™H) 1 r < 7 < A},

where 7 equals k if x = A, and x otherwise. We will now deal with the case
when k < cf(A) < x. The proof of the following is a modification of that of
Theorem 7.1.

PROPOSITION 7.9 Let x be a cardinal such that max{x,cf(A\)} < x < A
Set m =k if x = A, and m = x otherwise. Then cof(NSY ,) < @(NSZ{;A)) and
cof(NS) ) < cof(NSZﬁ%A)) where p = sup{ﬁ(NSﬁf{X’T}) s <17 <AL

Proof. We can assume that cf(\) < x since otherwise the result is trivial. We
show that cof(NSY ) < Q(NSZ{E{\)) and leave the proof of the other assertion
to the reader. Put p = cf(\) and pick an increasing sequence (A, : n < p) of
cardinals cofinal in A so that A\g > max{k, u}, and \g > x in case y < A. For
n < p, select a family G, of functions from Ps(min{x,A,}) to P3(),) so that
|Gyl < col (NS and for any H € (NSPY M) there is y € Pa(Gy) \
{0} with {b € Nyey Clg, 5, Ay) 10Nk € k} C H. Let U< Gn = {9¢ : € < p}-
For £ < p, let g¢ € Gy. Let A be the set of all a € P.(A) such that w C a,
anNk € K and k(o) € a for all a € a, where k : A — p is defined by k(a) =
the least < p such that a € \,. Clearly A € NS} ,, so by Fact 2.5 (ii)
GOI(NS} | 4) = GOI(NS ).

By Proposition 2.3 we may find a collection 7" of functions from s to Py (p) such
that [T'| = cof(NSl; )) and for any u : p — Py(p), there is z € P,(T) with the
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property that u(n) C |J,, t(n) for every n € p. Fort € T, let D; be the set of all
a € P,(\) such that for any n € a Ny and any & € £(n), aN A, € C(ge, K, Ay, )-
Note that D; € (NS’;/\)*.

Now fix f : P3(x) = P3()). Given n < p, define p,, : Ps(min{x, A, }) = P2(\)
by pn(v) = {(}, where ¢ = the least o such that n < o < g and f(v) < A,, and

¢n : P3(min{x, A\, }) = Ps(\,;) by q,(v) = A, N f(v). Select ),y € Pe(p) \ {0}
so that

o {ge:{cx, Uy} CGy;
e {be mgemn 0(957’{’)‘77) tbNk €k} C C(Pna '%7)‘7]) ;
o {b€ Mgy, Clge, k. Ay) 10N K € K} C Clay, K, Ay).-

We may find z € P.(T) such that z,, Uy, C e, t(n) for every n € pu.

Let us show that AN (N, D¢) € C(f,,A). Thus let a € AN (e, Di)
and v € Pi3(a N x). There must be n € a N p such that v C A,;. Then
anX, € m&exn C(ge, Ky Ap), so v U f(v) € A, for some ¢ € a N pu. Now
aNAs € eey, CYe, K, As), and therefore f(v) C a. O

8 Nowhere precipitousness of NS

Throughout this section it is assumed that x < c¢f(\) < \. Let v be
a cardinal with cf(A\) < v < A\. We will show that under certain conditions,
NSy, y is nowhere precipitous. Our proof will follow that of Theorem 2.1 in [13],
except that we do not appeal to pcf theory.

Set pu = cf()\). We assume that c¢(k,v) < A in case v > pu. Let p < A be
a regular cardinal such that p > p if v = p, and p > ¢(k,v) otherwise.
Select a continuous, increasing sequence (Ag : S < p) of cardinals so that
sup{Ag : B < u} = A and A9 > p. Let E be the set of all infinite limit ordinals
a < p with cf(a) < k. We define D as follows. If v = pu, we set D = E.
Otherwise we pick D in NS, so that

e for any d € D, sup(d N y) is an infinite limit ordinal ;
e |D| =c(k,v).

We will show that if 7/Pl < X for every cardinal 7 < ), then NSy, \ is nowhere
precipitous.

For d € D, put a(d) = sup(d N p). Note that a(d) € E. Moreover a(d) = d in
case v = u.

Let W be the set of all a € P.()\) such that
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e 0€ca;

v+ 1€ aforeveryyEanNv;
e aNKEK;

e \g€aforevery B€any;
e aNv €D in case v > p.

Then clearly, W € (NS:’/\)*. For d € D, define Wy by letting Wy = {a € W :
sup(anp) =d} if v=p, and Wy = {a € W : aNv = d} otherwise. Note that
W is the disjoint union of the Wy’s. Moreover, sup(a N Aq(q)) = Aa(q) for every
a € Wy.

LEMMA 8.1. Suppose that there is T C P, ()\) such that
(a) |TNP(a)| < p for any a € Pg(N) ;

(b) u(p,7) < |T| for every cardinal T with p < T < .
Then for every R € (NSZ7)\)+,

{de D:{anAya) :a € ROWa}| > u(p, Aaqay)}

lies in NS: if v = u, and in NS:’V otherwise.

Proof. For § € p, select Zg € I, with |Zg| < |T|. Then clearly there
is @ C T with [Ug., Zs| = |Q|. Pick a bijection i : Uz, Zs — Q and
let j denote the inverse of i. For @ € E, define ko @ Pc(Aa) — Po(Aa) by
ko (b) = UeeQmP(b) (j(e) N Aq).

Claim. Let S € (NSZ’A)—F. Then there is d € D such that

{ka(d)(aﬂ )‘a(d)) ta€e SN Wd} € I;:)\

a(d)’

Proof of the claim. Assume otherwise. For d € D, select yq € P,(Aq(a)) s0
that ya \ ka(q)(a@ N Aaq)) # 0 for every a € SN Wy. Set y = Jyep ya- Note
that y € P,(A\). For 8 € p, pick 23 € Zg so that y N A\g C z3. Now let H be
the set of all a € P,;()) such that i(25) € Uscon, PlaNA¢) for every § € anp.
Since H € (NS% \)*, we can find a in SN BN H. Set d = sup(anp) if v = p,
and d = a N v otherwise. Then a € Wy and yg C y N Aa(d) = Ugearu (N Ag) €
Usearnn 28 = Useany 3(i(28)) € ka(ay(a M Ag(a)). This contradiction completes
the proof of the claim.

It is now easy to show that the conclusion of the lemma holds: Fix R € (NS} ,)*,
and A such that A € NS} if v = pu, and A € NS{ , otherwise. Set Y =

Uaepna Wa- Since Y € (NS; ,)*, there must be some d € D such that
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{ka(d)(a N )‘a(d)) ra € (R n Y) N Wd} € I;CAQ(@-

Then clearly, d € A and [{a N Ay : @ € ROWa}l| > u(p, Aa(ay)- O

Consider for instance the following situation : In V, GCH holds, o is a strong
cardinal with p < ¢ < A, and n a cardinal greater than \. Then by a result
of Gitik and Magidor [6], there is a cardinal preserving, o*-cc forcing notion P
such that in V7,

e no new bounded subsets of o are added ;
e o changes its cofinality to w ;
e 29 > 1.

Now working in V¥, let T = P, (¢). Then clearly |T' N P(a)| < 21°l <k < p
for any a € P.(\). Moreover for any two uncountable cardinals x and 6 with
f(x) =x<o<0<n,

u(x,0) = max{2<X, u(x,0)} = <X = o0<X = g™ = |T).
Hence u(p,7) < |T'| for every cardinal 7 with p < 7 < A, so by Lemma 8.1 for
any R € (NSZ’)\)+,

{d eD:|{an )‘a(d) ca € RNWal > ulp, /\a(d))}

lies in NS; if v =p, and in NS:V,/ otherwise.
Note that for any cardinal xy with k < x < o, cof(NSf;)\) = u(k, ) since
cof(NS) ) < (A<F)X = (29)X = 27, and moreover, by Fact 2.9 and Proposition
4.6, cof(NS) \) > X in case pu < x.
Let us observe that if ' C P, (\) is, as in condition (a) of Lemma 8.1, such that
TN P(a)] <u(k,A) for any a € P,(X), then it is easy to see that |T'| < u(k, A).

PROPOSITION 8.2. Suppose that there is T C P, ()\) and a cardinal m with
p < m < X such that

e |TNP(a)|] < p for any a € P,(N) ;
o 77 <wu(p,7) < |T| for every cardinal T with m < 7 < A.

Then NSy, , is nowhere precipitous.
Proof. By Fact 2.12 it suffices to show that IT has a winning strategy in the
game G(NS; ). We can assume without loss of generality that \g > 7. For
g: P3(v) = P3(\) and a < p, define g, : P3(v) = P3(Aa) by ga(e) = g(e) N Aq.
Claim 1. Let g : Ps(v) — P3(\). Then

{d eD: {CL eEWg:an )‘a(d) € C(ga(d)a H7)‘a(d))} c C(ga"{a /\)}
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lies in (NS, |E)* if v = p, and in NS} , otherwise.

Proof of Claim 1. We prove the claim in the case when v > u, and leave
the proof in the case when v = u to the reader. Define h : P3(v) — p by
h(e) = the least 8 < p such that g(e) C Ag. Let @ be the set of all d € D such
that h(e) € d for every e € P3(d). Then clearly @ € NS . Now fix d € Q
and a € Wy such that a N Aya) € C(ga(a); 5 Aa(a)). Let e € P3(aNv). Then
h(e) € d, so g(e) C Aa(a)- It follows that g(e) C a, since g(e) N Ayqy € a. Thus
a € C(g, k,A). This completes the proof of Claim 1.

Claim 2. Let X € (NS} ,)* and Y C W. Suppose that

Yn {a eWy: aﬂ)\a(d) S C(k‘,:‘{,/\a(d))} £

whenever d € D and k : P3(v) — P3(\q(q)) are such that
{a N Aa(d) ra€ XNWgand an /\a(d) € C(k, k, )‘a(d))}‘ > u(p, /\a(d))-
ThenY € (NS} ,)*.

Proof of Claim 2. Fix g : P3(v) — P3(\). By Lemma 8.1 and Claim 1, there
must be d € D such that

|{a N )‘(x(d) ra e (X N C(g, K, /\)) n Wd}| > u(p, Aa(d))
and

{a € Wa:an Xy € Cga(a) 117)\,1((1))} C C(g,k,N).
Then

Yn {a eEWg:an /\a(d) S C(ga(d),/ﬁ/\a(d))} #0

since a N Aga) € C(ga(a); 5, Aa(ay) for every a € X N C(g,x,A) N Wy, Hence
Y NnC(g, K, ) # 0. This completes the proof of the claim.

Now to describe a strategy 7 for player II in the game G(NS], ), let
X07Y07X17 c '7Yn717Xn
be a partial play of the game. We may assume Xy C W. We define a subset of
Xn, Yo € (NS} ,)F and its 1-1 enumeration (yjj. : d € D and § < |K}|). Here
K7 is the set of all k: P3(v) — P3(Aq(q)) such that
|X7L N {a EWgran /\a(d) € C(ka Ky Aa(d))}| 2 U(p, )‘(x(d))
Fix d € D with K nonempty. Enumerate K as (k. : § < |[Kj[). Note that

[K| < Mgy < ulp, Aagay) (and K € K77 by X, € Xp,1). So by induction

on £ < |Kj| we can choose yy . from

XnN{a€Wa:an Ao € CkS ¢,k Aa) )\ ({yhe : ¢ <& U{y) ¢ <€Y).
Define Y,, = {yjj, : d € D and { < [K}|}. Then Y, is a subset of X, by con-
struction, and is an element of (NS}, ,)* by Claim 2. Moreover the enumeration
is 1-1 by construction and the definition of W.

To see that 7 is a winning strategy, suppose that Xy, Yy, X1, ... is a play during
which player II obeyed the strategy 7. We claim that [ Y, = 0. Suppose

n<w - N

to the contrary that = € (), __ Y,. Let d be sup(z Np) if v = p, and 2 Nv oth-

n<w - N

erwise. Then d € D and for each n < w, there is £(n) such that x = Yd.em)- BY
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the choice of y;; . we have {(n) < &(n—1) for each 0 < n < w, a contradiction. OJ

Let us observe the following. Suppose that there exist 7" and 7 as in the state-
ment of Proposition 8.2. Then either cof(NS;, ) = u(k, \), or A<# = X. To es-
tablish this, note that u(k, A) < A<F < A< <|T'| < u(k, A), so |T| = u(k, \) =
A<H. Tt is now simple to see that |T'| = X if 7¥ < A for every cardinal 7 < A,
and |T| = A otherwise.

THEOREM 8.3.

(i) Suppose that 7" < X for every cardinal 7 < X. Then NS | is nowhere
precipitous.

(ii) Suppose that v > p, and T7°**) < X for every cardinal 7 < \. Then NSy .\
is nowhere precipitous.

(i) Suppose that H,  holds, and T < X for every cardinal 7 < X. Then
NS, » is nowhere precipitous.

Proof.

(i): Putv=yp, p=pt,m=2=2%and T = P,()\). Then clearly,
TN Pa)] < |a] < k < p for any a € Py(N). Moreover, 7 = 7<F =
u(p,7) < A =|T| for any cardinal 7 with 7 < 7 < A. Hence by Proposition
8.2, NS, , is nowhere precipitous.

(i) : Put p = ¢(k,v)t, m = 2< and T = P2()\). Then clearly, |T N P(a)| <
la| < k < p for all @ € P,(X). Moreover, 7 <7< = u(p,7) < A = |T| for
every cardinal 7 with 7 < 7 < A\. Now apply Proposition 8.2.

(iii) : Use (i) and Corollary 7.4 (i).

O
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