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Abstract

We give a new characterization of the nonstationary ideal on Pκ(λ) in
the case when κ is a regular uncountable cardinal and λ a singular strong
limit cardinal of cofinality at least κ.

1 Introduction

Let κ be a regular uncountable cardinal and λ ≥ κ be a cardinal.
As [10] and [11] of which it is a continuation, this paper investigates ideals on
Pκ(λ) with some degree of normality. For δ ≤ λ, let NSδκ,λ denotes the least

δ-normal ideal on Pκ(λ). Thus NSδκ,λ = the noncofinal ideal Iκ,λ for any δ < κ,

and NSλκ,λ = the nonstationary ideal NSκ,λ. NSSκ,λ denotes the least seminor-
mal ideal on Pκ(λ). It is simple to see that NSSκ,λ = NSκ,λ in case cf(λ) < κ.

If λ is regular, then by a result of Abe [1], NSSκ,λ =
⋃
δ<λ NSδκ,λ.

One problem we address in the paper is whether for λ > κ NSκ,λ is the re-
striction of a smaller ideal, i.e. whether NSκ,λ = J |A for some ideal J ⊂ NSκ,λ
and some A ∈ NS∗κ,λ. The question as stated has a positive answer (see [2])

with J = ∇λIκ,λ. By a result of Abe [1] we can also take J = NSSκ,λ in case

κ ≤ cf(λ) < λ. We investigate the possibility of taking J =
⋃
δ<ξ NSδκ,λ for

some ξ ≤ λ. If λ is regular, no such J will work since then, by an argument of
[11], there is no A such that NSκ,λ = NSSκ,λ | A.
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Let Hκ,λ assert that cof(NSκ,τ ) ≤ λ for every cardinal τ with κ ≤ τ < λ, where
cof(NSτκ,λ) denotes the reduced cofinality of NSτκ,λ. Clearly, Hκ,λ follows from

2<λ = λ. But there are other situations in which Hκ,λ holds. For instance, if in
V, GCH holds, λ is a limit cardinal, χ is a regular uncountable cardinal less than
κ, and P is the forcing notion to add λ+ Cohen subsets of χ, then in V P, 2χ > λ
but, by results of [11], for every cardinal τ with κ ≤ τ < λ, cof(NSκ,τ ) = τ+

and hence cof(NSκ,τ ) ≤ λ.

It is known ([16], [10]) that if cf(λ) < κ, then Hκ,λ holds just in case NSκ,λ =
Iκ,λ|A for some A. We will prove the following.

Theorem 1.1. Suppose that κ ≤ cf(λ) < λ and Hκ,λ holds. Then (a)

NSκ,λ = NS
cf(λ)
κ,λ |A for some A, but (b) there is no B such that NSκ,λ =(⋃

δ<cf(λ) NSδκ,λ
)
|B.

It is not known whether the converse holds :

Question. Suppose that κ ≤ cf(λ) < λ and NSκ,λ = NS
cf(λ)
κ,λ |A for some A.

Does it follow that Hκ,λ holds ?

If λ is singular and Hκ,λ holds, then by the results above NSκ,λ = NS
cf(λ)
κ,λ |A for

some A. The following problem is open.

Question. Is it consistent that “λ is singular but NSκ,λ 6= NSδκ,λ|A for every
δ < λ and every A ∈ NS∗κ,λ” ?

For any infinite cardinal τ < λ, let u(τ, λ) = the least size of any cofinal subset
of (Pτ (λ),⊂).
Now suppose κ ≤ cf(λ) < λ. Then by results of [10], there is no A such that
NSκ,λ = Iκ,λ|A. And it is shown in [11] that for any δ such that κ ≤ δ < cf(λ)

and u(|δ|+, λ) = λ, there is no A such that NSκ,λ = NSδκ,λ|A. Thus assuming

Shelah’s Strong Hypothesis (SSH), NSκ,λ 6= NSδκ,λ|A for every δ < cf(λ) and
every A ∈ NS∗κ,λ.

Question. Is it consistent relative to some large cardinal that “κ < cf(λ) < λ
and NSκ,λ = NSδκ,λ|A for some δ < cf(λ) and some A ∈ NS∗κ,λ”?

Another problem we consider is whether NSδκ,λ is nowhere precipitous, where
δ ≤ λ. As shown by Matsubara and Shioya [14], Iκ,λ is nowhere precipitous,
and in fact so is any ideal J on Pκ(λ) of cofinality u(κ, λ). Thus for every ideal
J on Pκ(λ),

cof(J) ≤ λ⇒ cof(J) = u(κ, λ)⇒ J is nowhere precipitous.

We establish the following.
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Proposition 1.2. Suppose that Hκ,λ holds, and let ξ > κ be such that

• ξ is either a successor ordinal, or a limit ordinal of cofinality at least κ ;

• ξ ≤ η, where η equals λ+ 1 if cf(λ) < κ, and cf(λ) otherwise.

Then cof
(⋃

δ<ξ NSδκ,λ

)
≤ λ.

It follows from Theorem 1.1 and Proposition 1.2 that if Hκ,λ holds, then

NSSκ,λ|A = NSδκ,λ|A for some A ∈ NS∗κ,λ, where δ equals cf(λ) if κ ≤ cf(λ) < λ,
and 0 otherwise.

Let us next consider cases when κ ≤ δ ≤ λ and cof
(
NSδκ,λ

)
> u(κ, λ). Goldring

[7] and the second author proved that if λ is regular and µ > λ is Woodin, then
in V Col(λ,<µ) NSκ,λ is precipitous. On the other hand Matsubara and the sec-
ond author [13] showed (1) that if λ is a strong limit cardinal with κ ≤ cf(λ) < λ,
then NSκ,λ is nowhere precipitous. We establish the following.

Theorem 1.3. Let σ be a cardinal such that κ ≤ cf(λ) ≤ σ < λ Then the
following hold :

(i) If σ = cf(λ) and τ cf(λ) < λ for every cardinal τ < λ, then NSσκ,λ is nowhere
precipitous.

(ii) If cf(λ) < σ and τ c(κ,σ) < λ for every cardinal τ < λ, where c(κ, σ)
denotes the least size of any closed unbounded subset of Pκ(σ), then NSσκ,λ
is nowhere precipitous.

Note that if κ ≤ cf(λ) ≤ σ < λ and the hypothesis of (i) (respectively, (ii)) of
Theorem 1.3. holds, then λ<cf(λ) = λ, so by results of [10],

cof(NSσκ,λ) ≥ cof(NSσκ,λ) > λ = u(κ, λ).

By combining Theorems 1.1 and 1.3, we obtain the following.

Theorem 1.4. Suppose that Hκ,λ holds, κ ≤ cf(λ) < λ, and τ cf(λ) < λ for
every cardinal τ < λ. Then NSκ,λ is nowhere precipitous.

It is not clear whether Theorem 1.4 constitutes a real improvement in compar-
ison to the result of Matsubara and the second author quoted above.

Question. Suppose that Hκ,λ holds, κ ≤ cf(λ) < λ, and τ cf(λ) < λ for every
cardinal τ < λ. Does it then follow that λ is a strong limit cardinal ?

1 At some point the first author claimed to have found an error in the proof but it turned
out that the mistake was his.
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The paper is organized as follows. Section 2 collects basic definitions and facts
concerning ideals on Pκ(λ). It is shown in Section 3 that cof(NSπκ,λ) is a non-
decreasing function of π. In Section 4 we establish that if λ is regular, then
cof(NSSκ,λ) = λ just in case Hκ,λ holds. In Section 5, Proposition 1.2 is proved.
In Section 6 we show that it is consistent relative to a large cardinal that “λ is
regular and cof(NSκ,λ|A) < λ for some A”. It is shown in Section 7 that if λ is

singular and Hκ,λ holds, then NSκ,λ = NS
cf(λ)
κ,λ |A for some A. Finally in Section

8 we prove Theorem 1.3 and note that it is consistent relative to a large cardi-
nal that “there is an ideal J on Pκ(λ) such that cof(J) > λ but cof(J) = u(κ, λ).”

2 Ideals on Pκ(λ)

In this section we collect basic material concerning ideals on Pκ(λ).
NSκ denotes the nonstationary ideal on κ.
For a set A and a cardinal ρ, let Pρ(A) = {a ⊆ A :| a |< ρ}.
Given four cardinals τ, ρ, χ and σ, we define cov(τ, ρ, χ, σ) as follows. If there is
X ⊆ Pρ(τ) with the property that for any a ∈ Pχ(τ), we may find Q ∈ Pσ(X)
with a ⊆

⋃
Q, we let cov(τ, ρ, χ, σ) = the least cardinality of any such X.

Otherwise we let cov(τ, ρ, χ, σ) = 0.
We let cov(τ, ρ, χ, σ) = u(τ, χ) in case ρ = χ and σ = 2.

FACT 2.1. ([15, pp. 85-86]) Let τ, ρ, χ and σ be four cardinals such that
τ ≥ ρ ≥ χ ≥ ω and χ ≥ σ ≥ 2. Then the following hold :

(i) If τ > ρ, then cov(τ, ρ, χ, σ) ≥ τ .

(ii) cov(τ, ρ, χ, σ) = cov(τ, ρ, χ,max{ω, σ}).

(iii) cov(τ+, ρ, χ, σ) = max{τ+, cov(τ, ρ, χ, σ)}.

(iv) If τ > ρ and cf(τ) < σ = cf(σ), then cov(τ, ρ, χ, σ) = sup{cov(τ ′, ρ, χ, σ) :
ρ ≤ τ ′ < τ}.

(v) If τ is a limit cardinal such that τ > ρ and cf(τ) ≥ χ, then cov(τ, ρ, χ, σ) =
sup{cov(τ ′, ρ, χ, σ) : ρ ≤ τ ′ < τ}.

Iκ,λ denotes the set of all A ⊆ Pκ(λ) such that {a ∈ A : b ⊆ a} = ∅ for some
a ∈ Pκ(λ).
By an ideal on Pκ(λ), we mean a collection J of subsets of Pκ(λ) that is closed
under subsets (i.e. P (A) ⊆ J for all A ∈ J), κ-complete (i.e.

⋃
X ∈ J for every

X ∈ Pκ(J)), fine (i.e. Iκ,λ ⊆ J) and proper (i.e. Pκ(λ) /∈ J ).
Given an ideal J on Pκ(λ), let J+ = {A ⊆ Pκ(λ) : A /∈ J} and J∗ = {A ⊆
Pκ(λ) : Pκ(λ) \A ∈ J}. For A ∈ J+, let J |A = {B ⊆ Pκ(λ) : B ∩A ∈ J}. Given
a cardinal χ > λ and f : Pκ(λ)→ Pκ(χ), we let

f(J) = {X ⊆ Pκ(χ) : f−1(X) ∈ J}.
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MJ denotes the collection of all maximal antichains in the partially ordered set
(J+,⊆), i.e. of all Q ⊆ J+ such that

• A ∩B ∈ J for any distinct A,B ∈ Q ;

• for every C ∈ J+, there is A ∈ Q with A ∩ C ∈ J+.

For a cardinal ρ, J is ρ-saturated if |Q| < ρ for every Q ∈MJ .
cof(J) denotes the least cardinality of any X ⊆ J such that J =

⋃
A∈X P (A).

cof(J) denotes the least size of any Y ⊆ J with the property that for every
A ∈ J, there is y ∈ Pκ(Y ) with A ⊆

⋃
y.

non(J) denotes the least cardinality of any A ∈ J+.
Note that cof(J) ≥ non(J) ≥ non(Iκ,λ) = u(κ, λ).
The following is well-known (see e.g. [10] and [11]).

FACT 2.2.

(i) λ<κ = max{2<κ, u(κ, λ)}.

(ii) cof(Iκ,λ) = λ.

(iii) Let J be an ideal on Pκ(λ) such that cof(J) ≤ λ. Then cof(J) = u(κ, λ).

Shelah’s Strong Hypothesis (SSH) asserts that for any two uncountable cardi-
nals χ and ρ with χ ≥ ρ = cf(ρ), u(ρ, χ) equals χ if cf(χ) ≥ ρ, and χ+ otherwise.

FACT 2.3. ([8])

(i) Suppose that there is a π-saturated ideal on Pν(λ), where π and ν are two
cardinals such that ω < ν = cf(ν) ≤ λ and π < ν ∩ κ+. Then u(κ, λ)
equals λ if cf(λ) ≥ κ, and λ+ otherwise.

(ii) Suppose that there is a regular uncountable cardinal ν < λ that is mildly
π+-ineffable for every cardinal π with ν ≤ π < λ. Then the following hold
:

• u(κ, λ) equals λ if cf(λ) ≥ κ, and λ+ if ω < cf(λ) < κ.

• cov(λ, κ, κ, ω1) = λ if cf(λ) = ω.

Numerous variations on the original notion of ideal normality have been consid-
ered over the years. One such variant is the concept of δ-normality which has
been studied by Abe [1].

Let δ ≤ λ. An ideal J on Pκ(λ) is δ-normal if given A ∈ J+ and f : A→ δ with
the property that f(a) ∈ a for all a ∈ A, there exists B ∈ J+ ∩ P (A) such that
f is constant on B.

NSδκ,λ denotes the smallest δ-normal ideal on Pκ(λ).

Note that λ-normality is the same as normality, so NSλκ,λ = NSκ,λ.
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c(κ, λ) denotes the least size of any closed unbounded subset of Pκ(λ).

FACT 2.4.

(i) ([1]) Let δ be an ordinal such that δ + κ ≤ λ. Then NSδ+κκ,λ \NSδκ,λ 6= ∅.

(ii) ([11]) Suppose κ ≤ δ < λ. Then NSδκ,λ = NS
|δ|
κ,λ|A for some A.

(iii) ([11]) Let δ and η be two ordinals such that |δ| < |η| < λ and κ ≤ η. Then
there is no A such that NSηκ,λ = NSδκ,λ|A.

FACT 2.5.

(i) ([10]) cof(NSδκ,λ) ≥ λ for every δ ≤ λ.

(ii) ([8], [10]) Let δ ≤ λ. Then cof(NSδκ,λ|A) = cof(NSδκ,λ) for every A ∈ NS∗κ,λ.

(iii) ([10]) cof(NSκ,λ) ≥ cof(NSκ,ρ) for every cardinal ρ with κ ≤ ρ < λ.

(iv) ([10]) Suppose cf(λ) ≥ κ. Then cof(NSκ,λ) > λ.

The concept of [δ]<θ-normality generalizes that of δ-normality.

Let δ ≤ λ, and let θ be a cardinal with θ ≤ κ. An ideal J on Pκ(λ) is [δ]<θ-normal
if given A ∈ J+ and f : A→ Pθ(δ) with the property that f(a) ∈ P|a∩θ|(a ∩ δ)
for all a ∈ A, there exists B ∈ J+ ∩ P (A) such that f is constant on B.
Note that for θ = κ, [λ]<θ-normality is the same as strong normality.
We set θ = θ if θ < κ, or θ = κ and κ is a limit cardinal, and θ = ν if
θ = κ = ν+.

FACT 2.6. ([11])

(i) Suppose that δ < κ, or θ < κ, or κ is not a limit cardinal. Then there
exists a [δ]<θ-normal ideal on Pκ(λ) if and only if |Pθ(ρ)| < κ for every
cardinal ρ < κ ∩ (δ + 1).

(ii) Suppose that δ ≥ κ, θ = κ and κ is a limit cardinal. Then there exists a
[δ]<θ-normal ideal on Pκ(λ) if and only if κ is a Mahlo cardinal.

(iii) Suppose that there exists a [κ]<θ- normal ideal on Pκ(λ). Then κ<θ = κ,

and (π<θ)
<θ

= π<θ for every cardinal π > κ.

Assuming that there exists a [δ]<θ-normal ideal on Pκ(λ),NS
[δ]<θ

κ,λ denotes the
smallest such ideal.

FACT 2.7. ([11])

(i) Suppose that θ < 2 or δ < κ. Then NS
[δ]<θ

κ,λ = Iκ,λ.
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(ii) Suppose that 2 ≤ θ ≤ ω. Then NS
[δ]<θ

κ,λ = NSδκ,λ.

(iii) Suppose that |δ|<θ = |η|<π, where κ ≤ η ≤ λ and π is a cardinal with

2 ≤ π ≤ κ. Then NS
[δ]<θ

κ,λ |A = NS
[η]<π

κ,λ |A for some A ∈
(
NS

[γ]<ρ

κ,λ

)∗
, where

γ = max{δ, η} and ρ = max{θ, π}.

Given an ordinal η, a cardinal π and f : Pπ(η) → Pκ(λ), let C(f, κ, λ) be the
set of all a ∈ Pκ(λ) such that a∩π 6= ∅ and f(e) ⊆ a for every e ∈ P|a∩π|(a∩η).

FACT 2.8. ([11]) Suppose that A ⊆ Pκ(λ), κ ≤ δ ≤ λ, and θ is a cardinal with
2 ≤ θ ≤ κ. Then the following are equivalent :

(i) A ∈ NS
[δ]<θ

κ,λ .

(ii) A ∩ C(f, κ, λ) = ∅ for some f : Pmax{θ,3}(δ)→ Pκ(λ).

(iii) A ∩ {a ∈ C(g, κ, λ) : a ∩ κ ∈ κ} = ∅ for some g : Pmax{θ,3}(δ)→ P3(λ).

FACT 2.9. ([10]) Let χ and θ be two cardinals such that 2 ≤ θ ≤ κ ≤ χ ≤ λ.
Then the following hold :

(i) Let J be a [χ]<θ- normal ideal on Pκ(λ). Then either cf
(
cof(J)

)
< κ, or

cf
(
cof(J)

)
> χ<θ.

(ii) If χ<θ < λ, then cof
(
NS

[χ]<θ

κ,λ

)
≥ λ.

FACT 2.10. ([10], [11]) Suppose that κ ≤ δ < λ, and θ is a cardinal with
2 ≤ θ ≤ κ. Then the following hold :

(i) cof(NS
[δ]<θ

κ,λ ) = max{cof(NS
|δ|<θ
κ,|δ| ), cov

(
λ, (|δ|<θ)

+
, (|δ|<θ)

+
, κ
)
} and

cof(NS
[δ]<θ

κ,λ ) = max{cof(NS
|δ|<θ
κ,|δ| ), cov

(
λ, (|δ|<θ)

+
, (|δ|<θ)

+
, 2
)
}.

(ii) If λ is a limit cardinal and either cf(λ) < κ or cf(λ) > |δ|<θ, then

cof(NS
[δ]<θ

κ,λ ) = sup{cof(NS[δ]<θ

κ,τ ) : δ < τ < λ}.

For a cardinal τ, dτκ,λ denotes the smallest cardinality of any family F of func-
tions from τ to Pκ(λ) with the property that for any g : τ → Pκ(λ), there is
f ∈ F such that g(α) ⊆ f(α) for every α < τ .

FACT 2.11. ([11])

(i) For any cardinal τ > 0, cf(dτκ,λ) > τ .

(ii) Suppose that 0 < δ ≤ λ, and θ is a cardinal with 0 < θ ≤ κ. Then

cof(NS
[δ]<θ

κ,λ | A) = d
|P
θ
(δ)|

κ,λ for every A ∈ (NS
[δ]<θ

κ,λ )
+

.
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Next let us recall a few facts concerning the notion of precipitousness.

An ideal J on Pκ(λ) is precipitous if whenever A ∈ J+ and 〈Qn : n < ω〉 is a
sequence of members of MJ|A such that Qn+1 ⊆

⋃
B∈Qn P (B) for all n < ω,

there exists f ∈
∏
n∈ω Qn such that f(0) ⊇ f(1) ⊇ . . . and

⋂
n<ω f(n) 6= ∅. J is

nowhere precipitous if for each A ∈ J+, J |A is not precipitous.
Let G(J) denote the following two-player game lasting ω moves, with player I
making the first move : I and II alternately pick members of J+, thus building
a sequence 〈Xn : n < ω〉, subject to the condition that X0 ⊇ X1 ⊇ . . .. II wins
G(J) just in case

⋂
n<ωXn = ∅.

FACT 2.12. ([5]) An ideal J on Pκ(λ) is nowhere precipitous if and only if II
has a winning strategy in the game G(J).

The following is a straightforward generalization of a result of Foreman [4] :

PROPOSITION 2.13. Let χ and θ be two cardinals such that χ ≤ λ and

θ ≤ κ. Then every [χ]<θ-normal, (χ<θ)+-saturated ideal on Pκ(λ) is precipitous.

FACT 2.14. ([14]) Suppose that J is an ideal on Pκ(λ) such that cof(J) =
non(J). Then J is nowhere precipitous.

Thus for an ideal J on Pκ(λ),

cof(J) ≤ λ⇒ cof(J) = u(κ, λ)⇒ J is nowhere precipitous.

Let τ be a cardinal with κ ≤ τ ≤ λ. It is simple to see that if GCH holds and
either cf(λ) < κ or τ < cf(λ), then cof(NSτκ,λ) = u(κ, λ). Note that if SSH holds
and κ ≤ cf(λ) ≤ τ , then by Facts 2.5 (i) and 2.9, cof(NSτκ,λ) > u(κ, λ).

PROPOSITION 2.15. Suppose that σ is a strong limit cardinal with cf(σ) <
κ < σ ≤ λ ≤ 2σ. Then the following hold :

(i) cof(NSτκ,λ) = u(κ, λ) for every cardinal τ with κ ≤ τ ≤ σ.

(ii) Suppose 2λ = 2σ. Then cof(NSτκ,λ) = u(κ, λ) for every cardinal τ with
σ < τ ≤ λ.

Proof.

(i) : Let τ be a cardinal with κ ≤ τ ≤ σ. If τ = λ, then

cof(NSτκ,λ) ≤ 2λ = λ<κ = u(κ, λ).

Otherwise by Fact 2.10, cof(NSτκ,λ) = max{cof(NSκ,τ ), u(τ+, λ)} ≤ λτ =

στ = σcf(σ) ≤ λ<κ = u(κ, λ).
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(ii) : Given a cardinal τ with σ < τ ≤ λ,

cof(NSτκ,λ) ≤ 2λ = 2σ = σcf(σ) = u(κ, λ). �

3 cof(NSχκ,λ)

By Fact 2.11 (ii), cof(NSχκ,λ) = dχκ,λ for any cardinal χ with κ ≤ χ ≤ λ. We now

derive a similar formula for cof(NSχκ,λ).

For a cardinal τ , d
τ
κ,λ denotes the smallest cardinality of any family F of func-

tions from τ to Pκ(λ) with the property that for any g : τ → Pκ(λ), there is
Z ∈ Pκ(F ) such that g(α) ⊆

⋃
f∈Z f(α) for every α < τ .

LEMMA 3.1. Let θ and χ be two cardinals such that 2 ≤ θ ≤ κ ≤ χ ≤ λ.

Then cof(NS
[χ]<θ

κ,λ ) ≤ d
χ<θ

κ,λ .

Proof. Select a collection G of functions from Pmax{θ,3}(χ) to Pκ(λ) so that

|G| = d
χ<θ

κ,λ and for any k : Pmax{θ,3}(χ) → Pκ(λ), there is Zk ∈ Pκ(G) such

that k(e) ⊆
⋃
g∈Zk g(e) for all e ∈ Pmax{θ,3}(χ). Then clearly for each k :

Pmax{θ,3}(χ)→ Pκ(λ),
⋂
g∈Zk C(g, κ, λ) ⊆ C(k, κ, λ). Hence cof(NS

[χ]<θ

κ,λ ) ≤ |G|.
�

LEMMA 3.2. Let θ and χ be two cardinals such that ω ≤ θ = cf(θ) < κ ≤
χ ≤ λ. Then d

χ<θ

κ,λ ≤ u
(
θ, cof(NS

[χ]<θ

κ,λ )
)
.

Proof. Pick a collection H of functions from Pθ(χ) → P3(λ) so that

|H| = cof(NS
[χ]<θ

κ,λ ) and for any A ∈ (NS
[χ]<θ

κ,λ )
∗
, there is Q ∈ Pκ(H) \ {∅}

with
{
b ∈

⋂
h∈Q C(h, κ, λ) : b ∩ κ ∈ κ

}
⊆ A. Select X ⊆ Pθ(H) \ {∅} so that

|X| = u(θ, |H|) and for any Z ∈ Pθ(H), there is X ∈ X with Z ⊆ X. For X ∈ X,
define tX : Pθ(χ)→ Pκ(λ) by tx(e) =

⋂
TX,e, where

TX,e =
{
b ∈

⋂
h∈X C(h, κ, λ) : e ∪ θ ⊆ b and b ∩ κ ∈ κ

}
.

Note that tX(e) ∈ TX,e, and tY (e) ⊆ tX(e) for all Y ∈ X ∩ P (X).
Now fix f : Pθ(χ)→ Pκ(λ). We may find W ∈ Pκ(X) such that{

b ∈
⋂
h∈

⋃
W C(h, κ, λ) : b ∩ κ ∈ κ

}
⊆ C(f, κ, λ),

θ ≤ |W | and for any K ∈ Pθ(W ), there is Z ∈W with
⋃
K ⊆ Z. For e ∈ Pθ(χ),

put be =
⋃
X∈W tX(e). Note that be ∩ κ ∈ κ.

Claim. Let k ∈
⋃
W . Then be ∈ C(k, κ, λ).
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Proof of Claim. Fix d ∈ Pθ(be ∩ χ). Pick ϕ : d → W so that β ∈ tϕ(β)(e)
for every β ∈ d. Select Y ∈ W with k ∈ Y . There must be Z ∈ W such
that Y ∪

(⋃
β∈d ϕ(β)

)
⊆ Z. Then d ∈ Pθ(tZ(e)) and tZ(e) ∈ C(k, κ, λ), so

k(d) ⊆ tZ(e) ⊆ be. This completes the proof of the claim.

Thus be ∈
⋂
h∈∪W C(h, κ, λ). Hence be ∈ C(f, κ, λ), and consequently f(e) ⊆ be.

�

PROPOSITION 3.3. Let χ be a cardinal with κ ≤ χ ≤ λ. Then cof(NSχκ,λ) =

d
χ
κ,λ.

Proof. By Lemmas 3.1 and 3.2. �

COROLLARY 3.4. Let π and χ be two cardinals such that κ ≤ π < χ ≤ λ.

Then cof(NSπκ,λ) ≤ cof(NSχκ,λ).

4 NSSκ,λ

An ideal J on Pκ(λ) is seminormal if it is δ-normal for every δ < λ.
NSSκ,λ denotes the smallest seminormal ideal on Pκ(λ).

FACT 4.1.

(i) (Folklore) Suppose cf(λ) < κ. Then NSκ,λ = NSSκ,λ.

(ii) ([1]) Suppose κ ≤ cf(λ) < λ. Then NSκ,λ = NSSκ,λ|A for some A.

PROPOSITION 4.2. Suppose κ ≤ cf(λ) < λ. Then cof(NSSκ,λ) > λ.

Proof. By Facts 2.5 (iv) and 4.1. �

We will see that “cof(NSSκ,λ) > λ” needs not hold in case λ is regular. Note
that if λ is regular, then by Fact 2.5 (iv), cof(NSκ,λ) > λ.

FACT 4.3. ([1]) Suppose that λ is regular. Then NSSκ,λ =
⋃
δ<λ NSδκ,λ.

Proof. It is immediate that
⋃
δ<λ NSδκ,λ ⊆ NSSκ,λ. To show the reverse in-

clusion, fix A ∈
(⋃

δ<λ NSδκ,λ
)+

, η with κ ≤ η < λ, and f : A −→ η with the
property that f(a) ∈ a for all a ∈ A. For ξ with η ≤ ξ < λ, we may find

Bξ ∈ (NSξκ,λ)
+
∩ P (A) and γξ < η such that f takes the constant value γξ on

Bξ. There must be β < η and Z ⊆ {ξ : η ≤ ξ < λ} such that |Z| = λ and
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γξ = β for all ξ ∈ Z. Now set C =
⋃
ξ∈Z Bξ. Then clearly C ∈

(⋃
δ<λ NSδκ,λ

)+
.

Moreover f is identically β on C. �

FACT 4.4. ([10]) Suppose that θ is a cardinal with 2 ≤ θ ≤ κ, and J is an

ideal on Pκ(λ) such that J ⊆ NS
[λ]<θ

κ,λ and cof(J) ≤ λ<θ. Then J |A = Iκ,λ|A for

some A ∈
(
NS

[λ]<θ

κ,λ

)∗
.

In particular, if J ⊆ NSκ,λ and cof(J) ≤ λ, then J |D = Iκ,λ|D for some
D ∈ NS∗κ,λ.

FACT 4.5. ([10]) Suppose that θ is a cardinal with 2 ≤ θ ≤ κ, and let

σ be the least cardinal τ such that τ<θ ≥ λ. Then cof(Iκ,λ|A) ≥ σ for every

A ∈
(
NS

[λ]<θ

κ,λ

)∗
.

PROPOSITION 4.6. Suppose that θ is a cardinal with 2 ≤ θ ≤ κ, and J is

an ideal on Pκ(λ) with J ⊆ NS
[λ]<θ

κ,λ . Let σ be the least cardinal τ such that

τ<θ ≥ λ. Then cof(J) ≥ σ.

Proof. If cof(J) > λ<θ, there is nothing to prove. Otherwise, there is by Fact

4.4 A ∈
(
NS

[λ]<θ

κ,λ

)∗
such that J |A = Iκ,λ|A. Then by Fact 4.5, σ ≤ cof(Iκ,λ|A) ≤

cof(J). �

In particular, cof(J) ≥ λ for any ideal J ⊆ NSκ,λ.

FACT 4.7. ([8])

(i) Suppose that λ is a successor cardinal, say λ = ν+. Then NSSκ,λ|C =
Iκ,λ|C for some C ∈ NS∗κ,λ if and only if cof(NSκ,ν) ≤ λ.

(ii) Suppose that λ is a regular limit cardinal. Then NSSκ,λ|C = Iκ,λ|C for
some C ∈ NS∗κ,λ if and only if cof(NSκ,τ ) ≤ λ = cov(λ, τ+, τ+, κ) for every
cardinal τ with κ ≤ τ < λ.

Recall from the introduction that Hκ,λ is said to hold if cof(NSκ,τ ) ≤ λ for every
cardinal τ with κ ≤ τ < λ.

PROPOSITION 4.8. Suppose that λ is a regular cardinal. Then the following
are equivalent :

(i) Hκ,λ holds.

(ii) cof(NSSκ,λ) = λ.

(iii) NSSκ,λ|C = Iκ,λ | C for some C ∈ NS∗κ,λ.
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Proof.
(i)−→ (ii) : By Proposition 4.6, cof(NSSκ,λ) ≥ λ. For the reverse inequality,
we consider two cases. First suppose that λ is a successor cardinal, say λ = ν+.
Then by Fact 4.3 NSSκ,λ =

⋃
ν≤δ<λ NSδκ,λ. Now for ν ≤ δ < λ, cof(NSδκ,λ) ≤

cof(NSνκ,λ) = max{cof(NSκ,ν), cov(λ, λ, λ, κ)} ≤ max{λ, λ} = λ by Facts 2.4 (ii)

and 2.10. Hence cof
(⋃

ν≤δ<λ NSδκ,λ
)
≤ λ.

Next suppose that λ is a limit cardinal. Given a cardinal χ with κ ≤ χ < λ,
by Corollary 3.4 cof(NSχκ,τ ) ≤ λ for every cardinal τ with χ ≤ τ < λ, so by

Fact 2.10 cof(NSχκ,λ) ≤ λ. It follows that cof(NSSκ,λ) ≤ λ since by Fact 4.3

NSSκ,λ =
⋃
κ≤χ<λ NSχκ,λ.

(ii)−→ (iii) : By Fact 4.4.
(iii) −→ (i) : By Facts 2.5 (iii) and 4.7. �

5 Ideals J on Pκ(λ) with cof(J) = λ

In this section we look for cases when cof
(⋃

δ<ξ NSδκ,λ
)

= λ, where κ < ξ ≤ λ+1.
We start with the following observation.

LEMMA 5.1. Suppose that K ⊆ NSκ,λ is an ideal on Pκ(λ) with cof(K) ≤ λ,
and ξ is an ordinal such that

• κ < ξ ≤ λ+ 1 ;

• ξ is either a successor ordinal, or a limit ordinal of cofinality at least κ ;

•
⋃
δ<ξ NSδκ,λ ⊆ K.

Then cof
(⋃

δ<ξ NSδκ,λ
)

= λ.

Proof. By Fact 4.5 we may find A ∈ NS∗κ,λ such that K|A = Iκ,λ|A. For
any cardinal χ with κ ≤ χ < ξ, NSχκ,λ|A = Iκ,λ|A, so by Lemma 2.5 (ii)

cof(NSχκ,λ) ≤ λ. Hence by Fact 2.4 (ii) cof(NSδκ,λ) ≤ λ for every δ with κ ≤ δ < ξ.

It easily follows that cof
(⋃

δ<ξ NSδκ,λ
)
≤ λ. The reverse inequality holds by

Proposition 4.6. �

So we are looking for a large K ⊆ NSκ,λ with cof(K) ≤ λ. Assuming that Hκ,λ
holds, we can take K =

⋃
δ<cf(λ) NSδκ,λ if λ is a singular cardinal of cofinality

at least κ, and K = NSSκ,λ otherwise.

FACT 5.2. ([10]) Let θ be a cardinal with 2 ≤ θ ≤ κ. Suppose θ ≤ cf(λ) < κ.

Then for any cardinal ν with κ ≤ ν < λ, cof
(
NS

[λ]<θ

κ,λ

)
≤
⋃
ν≤τ<λ cof

(
NS[τ ]<θ

κ,τ

)
.
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PROPOSITION 5.3. Let θ be a cardinal with 2 ≤ θ ≤ κ. Suppose that
θ ≤ cf(λ) < κ and there is a cardinal ν with κ ≤ ν < λ such that for any car-

dinal τ with ν ≤ τ < λ, cof
(
NS[τ ]<θ

κ,τ

)
≤ λ and τ<θ < λ. Then cof

(
NS

[λ]<θ

κ,λ

)
= λ.

Proof. By Proposition 4.6 and Fact 5.2. �

In particular, if cf(λ) < κ and Hκ,λ holds, then cof(NSκ,λ) = λ.

Note that if cof
(
NS

[λ]<θ

κ,λ

)
= λ, then by Fact 4.4 NS

[λ]<θ

κ,λ = Iκ,λ|C for some C.

FACT 5.4. ([11]) Let A ∈ I+κ,λ be such that |{a ∈ A : b ⊆ a}| = |A| for every
b ∈ Pκ(λ). Then A can be decomposed into |A| pairwise disjoint members of
I+κ,λ.

PROPOSITION 5.5. Let θ be a cardinal with 2 ≤ θ ≤ κ. Suppose that there

is C such that NS
[λ]<θ

κ,λ = Iκ,λ|C. Then Pκ(λ) can be split into π members of(
NS

[λ]<θ

κ,λ

)+
, where π is the least size of any member of

(
NS

[λ]<θ

κ,λ

)∗
.

Proof. Pick D ∈
(
NS

[λ]<θ

κ,λ

)∗
. Then by Fact 5.4, C ∩D can be decomposed into

π pairwise disjoints members of
(
NS

[λ]<θ

κ,λ

)+
. �

In particular, if NSκ,λ = Iκ,λ|C for some C, then Pκ(λ) can be split into c(κ, λ)
disjoint stationary sets.

PROPOSITION 5.6. Suppose that θ and ρ are two cardinals such that
ω ≤ θ = cf(θ) < κ ≤ ρ ≤ λ, u(θ, λ) = λ, and either cf(λ) < κ or cf(λ) > ρ<θ.

Suppose further that for every cardinal τ with ρ ≤ τ < λ, cof
(
NS[τ ]<θ

κ,τ

)
≤ λ.

Then cof
(
NS

[ρ]<θ

κ,λ

)
≤ λ.

Proof. It suffices to show that cof
(
NS[ρ]<θ

κ,τ

)
≤ λ for any cardinal τ with ρ ≤

τ < λ since by Facts 2.1 and 2.10 cof
(
NS

[ρ]<θ

κ,λ

)
=
⋃
ρ<τ<λ cof

(
NS[ρ]<θ

κ,τ

)
if λ is a

limit cardinal, and cof
(
NS

[ρ]<θ

κ,λ

)
= max{λ, cof

(
NS[ρ]<θ

κ,ν

)
} if λ = ν+. Now for any

cardinal τ with ρ ≤ τ < λ,

cof
(
NS[ρ]<θ

κ,τ

)
≤ dρ

<θ

κ,τ ≤ dτ<θκ,τ ≤ u
(
θ, cof

(
NS[τ ]<θ

κ,τ

))
≤ u(θ, λ) = λ

by Lemmas 3.1 and 3.2. �

PROPOSITION 5.7. Suppose that Hκ,λ holds, and ξ is an ordinal such that

• κ < ξ ≤ η, where η equals λ+ 1 if cf(λ) < κ, and cf(λ) otherwise ;

• ξ is either a successor ordinal, or a limit ordinal of cofinality at least κ.
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Then cof
( ⋃
δ<ξ

NSδκ,λ

)
= λ.

Proof. By Facts 2.4 (ii) and 5.1 and Propositions 4.8, 5.3 and 5.6. �

In particular if Hκ,λ holds and κ ≤ cf(λ) < λ, then cof
(⋃

δ<cf(λ) NSδκ,λ

)
= λ

(and hence by Fact 1.5 (iv) there is noA such that NSκ,λ =
(⋃

δ<cf(λ) NSδκ,λ

)
|A).

6 Ideals J on Pκ(λ) with cof(J) < λ

There may exist ideals J on Pκ(λ) such that cof(J) < λ. Some examples were
presented in [10]. We now give some more.

Given two cardinals π ≤ κ and χ ≥ λ, Aκ,λ(π, χ) asserts the existence of
Z ⊆ Pπ(λ) with |Z| = χ such that |Z ∩ P (a)| < κ for every a ∈ Pκ(λ).

FACT 6.1. ([10]) Let θ and χ be two cardinals such that

• 2 ≤ θ ≤ κ, λ < χ and there is a [χ]<θ-normal ideal on Pκ(χ) ;

• Aκ,λ(π, χ) holds for some regular uncountable cardinal π < κ.

Then cof(Iκ,χ|A) ≤ λ for some A ∈
(
NS[χ]<θ

κ,χ

)+
.

FACT 6.2. ([9]) Let τ be the largest limit cardinal less than or equal to κ.
Assume cf(λ) < κ and one of the following conditions is satisfied :

(a) τ = κ.

(b) τ > cf(λ) and cf(λ) 6= cf(τ).

(c) τ > cf(λ) = cf(τ) and min{pp(τ), τ+3} < κ.

(d) τ ≤ cf(λ) and min{2cf(λ),
(
cf(λ)

)+3} < κ.

Then Aκ,λ
((

cf(λ)
)+
, λ+

)
holds.

Suppose for instance that κ is a limit cardinal and cf(λ) < κ. Then by Facts
6.1 and 6.2, cof(Iκ,λ+ |B) ≤ λ for some B ∈ NS+

κ,λ+ .

Note that in case κ is the successor of a cardinal of cofinality cf(λ), Fact 6.2
does not apply, as none of the conditions (a) - (d) is satisfied. To handle this
case, we introduce the following principle.

Given a cardinal χ ≥ λ, Bκ,λ(χ) asserts the existence of Z ⊆ Pκ(λ) with |Z| = χ
such that for every e ⊆ Z with |e| = κ, there is a < κ -to-one function in

∏
z∈e z.
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FACT 6.3. ([10]) Let θ and χ be two cardinals such that

• 2 ≤ θ ≤ κ, λ < χ and there is a [χ]<θ-normal ideal on Pκ(χ) ;

• Bκ,λ(χ) holds.

Then cof(Iκ,χ|A) ≤ λ for some A ∈
(
NS[χ]<θ

κ,χ

)+
.

Note that in case cf(λ < κ, Bκ,λ(λ+) follows from ADSλ, where ADSλ asserts
the existence of yα ⊆ λ for α < λ+ such that

• for any α < λ+, sup yα = λ and o.t.(yα) = cf(λ) ;

• given β < λ+, there is g : β −→ λ such that(
yα \ g(α)

)
∩
(
yα′ \ g(α′)

)
= ∅

for any α, α′ ∈ β with α 6= α′.

For more on the existence of A ∈
(
NS[χ]<θ

κ,χ

)+
such that cof(Iκ,χ|A) < χ, see [9]

and [10].

PROPOSITION 6.4. Suppose that θ and χ are two cardinals such that

2 ≤ θ ≤ κ and λ < χ, and A ∈
(
NS[χ]<θ

κ,χ

)+
is such that cof(Iκ,χ|A) ≤ λ. Then

there is B ∈
(
NS[χ]<θ

κ,χ

)+
and a function f such that

• f is an isomorphism from (Pκ(λ),⊂) onto (B,⊂) ;

• for any δ ≤ λ, f
(
NS

[δ]<θ

κ,λ

)
= NS[δ]<θ

κ,χ |B (and hence cof
(
NS[δ]<θ

κ,χ |B
)
≤

cof
(
NS

[δ]<θ

κ,λ

)
and cof

(
NS[δ]<θ

κ,χ

)
≤ cof

(
NS

[δ]<θ

κ,λ

)
).

Proof. Select xβ ∈ Pκ(χ) for β < λ so that for each X ∈ Iκ,χ, there is z ∈ Pκ(λ)
with X ∩ {y ∈ A :

⋃
β∈z xβ ⊆ y} = ∅. For λ ≤ α < χ, pick zα ∈ Pκ(λ) with

{y ∈ A :
⋃
β∈zα xβ ⊆ y} ⊆ {t ∈ Pκ(χ) : α ∈ t}.

Let C be the set of all x ∈ Pκ(χ) such that
(⋃

β∈x∩λ xβ
)
∪
(⋃

α∈x\λ zα
)
⊆ x.

Note that C ∈ NS∗κ,χ.

Claim 1. Let x ∈ A ∩ C. Then x \ λ = {α ∈ χ \ λ : zα ⊆ x ∩ λ}.

Proof of Claim 1. Since x ∈ C, x \λ ⊆ {α ∈ χ \λ : zα ⊆ x∩λ}. To show the
reverse inclusion, fix α ∈ χ \ λ with zα ⊆ x∩ λ. Then

⋃
β∈zα xβ ⊆ x, and hence

α ∈ x, which completes the proof of Claim 1.

Claim 2. Let a ∈ Pκ(λ). Then |{α ∈ χ \ λ : zα ⊆ a}| < κ.

Proof of Claim 2. Pick x ∈ A ∩ C with a ⊆ x. Then by Claim 1,
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{α ∈ χ \ λ : zα ⊆ a} ⊆ {α ∈ χ \ λ : zα ⊆ x ∩ λ} ⊆ x,
which completes the proof of Claim 2.

Using Claim 2, define f : Pκ(λ) −→ Pκ(χ) by f(a) = a ∪ {α ∈ χ \ λ : zα ⊆ a}.
Put B = ran(f). By Claim 1, x = f(x ∩ λ) for any x ∈ A ∩ C, so A ∩ C ⊆ B.

It follows that B ∈
(
NS[χ]<θ

κ,χ

)+
.

As is easily seen, f is an isomorphism from
(
Pκ(λ),⊂

)
onto (B,⊂), and more-

over f−1(X) ∈ Iκ,λ for any X ∈ Iκ,χ. Now fix δ ≤ λ. Set J = NS
[δ]<θ

κ,λ . It is

simple to see that f(J) is an ideal on Pκ(χ) with the property that B ∈
(
f(J)

)∗
.

Claim 3. f(J) is [δ]<θ-normal.

Proof of Claim 3. Fix X ∈
(
f(J)

)+ ∩ P (B) and h : X −→ Pθ(δ) such
that h(x) ∈ P|x∩θ|(x) for every x ∈ X. Define k : f−1(X) −→ Pθ(δ) by

k(a) = h
(
f(a)

)
. There must be A ∈ J+ ∩ P

(
f−1(X)

)
such that k is constant

on A. Then clearly f“A ∈
(
f(J)

)+∩P (X), and moreover h is constant on f“A,
which completes the proof of the claim.

It immediately follows from Claim 3 that NS[δ]<θ

κ,χ |B ⊆ f(J).

To establish the reverse inclusion fix Y ∈ f(J). Since f−1(Y ∩B) ∈ J , we may
find g : Pθ(δ) −→ Pκ(λ) such that f−1(Y ∩ B) ∩ C(g, κ, λ) = ∅. Then clearly

(Y ∩B) ∩ C(g, κ, χ) = ∅ and hence Y ∩B ∈ NS[δ]<θ

κ,χ . �

Let κ = (2ρ)
+

, where ρ is an infinite cardinal, and suppose that λ is a strong
limit cardinal with cf(λ) ≤ ρ. Then Aκ,λ(ρ+, 2λ) holds, since |Pρ+(λ)∩P (a)| ≤
2ρ for any a ∈ Pκ(λ). Hence by Facts 5.2 and 6.1 and Proposition 6.4,
cof
(
NSλκ,2λ |B

)
≤ λ for some B ∈ NS+

κ,2λ
.

PROPOSITION 6.5. Suppose that cof(NSκ,λ) ≤ λ+, and there is A ∈ NS+
κ,λ+

such that cof(Iκ,λ+ |A) ≤ λ. Then cof(NSSκ,λ+ |B) < λ+ for some B ∈ NS+
κ,λ+ .

Proof. By Fact 4.7 (i), there is C ∈ NS∗κ,λ+ such that NSSκ,λ+ |C = Iκ,λ+ |C.
Then B = A ∩ C is as desired. �

For example, suppose that κ = ω4 and λ = αג for some infinite limit ordi-
nal α of cofinality ω. Then by Facts 5.2, 6.1 and 6.2 and Proposition 6.5,
cof
(
NSSκ,λ+ |B

)
≤ λ for some B ∈ NS+

κ,λ+ .

If λ is singular, then by Fact 4.1 NSκ,λ = NSSκ,λ|B for someB, so cof(NSSκ,λ|A) <
λ for some A ∈ NS+

κ,λ just in case cof(NSκ,λ|D) < λ for some D ∈ NS+
κ,λ.
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Suppose that cof(NSκ,λ|D) < λ for some D ∈ NS+
κ,λ. Then setting σ =

cof(NSκ,λ|D),
cof(NSκ,λ) ≤ u(κ, σ) ≤ u(κ, λ) ≤ cof(NSκ,λ)

by Fact 2.11 (ii), so cof(NSκ,λ) = u(κ, σ) = u(κ, λ). Hence by Fact 2.5 (iv), SSH
does not hold.

PROPOSITION 6.6. Let θ and χ be two cardinals such that 2 ≤ θ ≤ κ and

λ < χ. Suppose that cof(NSκ,χ) ≤ χ<θ, and there is A ∈
(
NS[χ]<θ

κ,χ

)+
such that

cof(Iκ,χ|A| ≤ λ. Then cof(NSκ,χ|B) ≤ λ for some B ∈
(
NS[χ]<θ

κ,χ

)+
.

Proof. By Fact 4.4 there is C ∈
(
NS[χ]<θ

κ,χ

)∗
such that NSκ,χ|C = Iκ,χ|C. Then

B = A ∩ C is as desired. �

Here is an example of a situation where Proposition 6.6 applies. Starting from
a P3(ν)-hypermeasurable, Cummings [3] constructs a generic extension W of V
in which for any infinite cardinal ρ, 2ρ equals ρ+ if ρ is a successor cardinal, and
ρ++ otherwise. In W , let σ be a regular uncountable cardinal, and µ > σ be a
cardinal of cofinality less than σ. Suppose that

• σ is not the successor of a cardinal τ with cf(τ) ≤ cf(µ) ;

• σ is not the successor of the successor of a limit cardinal π with cf(π) ≤
cf(µ).

Then by Facts 6.1 and 6.2 and Proposition 6.6, cof
(
NSσ,µ+ |B

)
≤ µ for some

B ∈
(
NS

[µ+]
<(cf(µ))+

σ,µ+

)+
.

7 Cases when NSκ,λ = NS
cf(λ)
κ,λ |A for some A

In this section we establish that if κ ≤ cf(λ) < λ and Hκ,λ holds, then

NSκ,λ = NS
cf(λ)
κ,λ |A for some A. Note that if cf(λ) < κ and Hκ,λ holds, then by

Facts 4.5 and 5.1, NSκ,λ = Iκ,λ|A for some A. Note further that if λ is regular,

then trivially NSκ,λ = NSλκ,λ|Pκ(λ). By combining the three cases, we obtain

that if cof(NSκ,τ ) ≤ λ for every cardinal τ with max{κ, cf(λ)} ≤ τ < λ, then

NSκ,λ = NS
cf(λ)
κ,λ |A for some A.

THEOREM 7.1. Let π, θ and χ be three cardinals with κ ≤ π < λ and
2 ≤ θ ≤ κ ≤ χ ≤ λ. Suppose that

• λ is singular ;

• θ ≤ cf(λ) in case χ = λ ;

• cof
(
NS[min{χ,τ}]<θ

κ,τ

)
≤ λ<θ for every cardinal τ with π ≤ τ < λ.
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Then there is A ∈
(
NS

[λ]<θ

κ,λ

)∗
such that NS

[χ]<θ

κ,λ ⊆ NS
cf(λ)
κ,λ |A.

Proof. Set µ = cf(λ) and select an increasing sequence of cardinals 〈λη : η < µ〉
so that

• sup{λη : η < µ} = λ ;

• λ0 > max{π, µ} ;

• λ0 ≥ χ in case χ < λ.

For η < µ, pick a family Gη of functions from Pmax{θ,3}(min{χ, λη}) to P3(λη)

so that |Gη| ≤ cof
(
NS

[min{χ,λη}]<θ
κ,λη

)
and for every H ∈ (NS

[min{χ,λη}]<θ
κ,λη

)∗, there

is y ∈ Pκ(Gη) \ {∅} such that {b ∈
⋂
g∈y C(g, κ, λη) : b ∩ κ ∈ κ} ⊆ H. Let⋃

η<µGη = {ge : e ∈ Pθ(λ)}.
Let A be the set of all a ∈ Pκ(λ) such that

• θ ⊆ a in case θ < κ ;

• ω ⊆ a ;

• a ∩ κ ∈ κ ;

• k(α) ∈ a for every α ∈ a, where k : λ → µ is defined by k(α) = the least
η < µ such that α ∈ λη ;

• if χ = λ, then i(v) ∈ a for every v ∈ P|a∩max{θ,3}|(a), where i : Pmax{θ,3}(λ)→
µ is defined by i(v) = the least η < µ such that v ⊆ λη ;

• ge(u) ⊆ a whenever e ∈ P|a∩θ|(a) and u ∈ P|a∩max{θ,3}|(a) ∩ dom(ge).

It is immediate that A ∈ (NS
[λ]<θ

κ,λ )∗. Let us check that A is as desired. Thus
fix f : Pmax{θ,3}(χ)→ P3(λ). Given η < µ, define pη : Pmax{θ,3}(min{χ, λη})→
P2(λη) by pη(v) = {ζ}, where ζ = the least σ such that η ≤ σ < µ and f(v) ⊆
λσ. Also define qη : Pmax{θ,3}(min{χ, λη})→ P3(λη) by qη(v) = λη∩f(v). Select

xη, yη ∈ Pκ(Pθ(λ)) \ {∅} so that

• {ge : e ∈ xη ∪ yη} ⊆ Gη ;

• {b ∈
⋂
e∈xη C(ge, κ, λη) : b ∩ κ ∈ κ} ⊆ C(pη, κ, λη) ;

• {b ∈
⋂
e∈yη C(ge, κ, λη) : b ∩ κ ∈ κ} ⊆ C(qη, κ, λn).

Finally define u : µ → Pκ(λ) by u(η) =
⋃

(xη ∪ yη), and t : P2(µ) → Pκ(λ) so
that for any η ∈ µ, t({η}) equals u(η) if θ < κ, and u(η) ∪ |u(η)|+ otherwise.

We claim that A∩Cκ,λt ⊆ Cκ,λf . Thus let a ∈ A∩Cκ,λt and v ∈ P|a∩max{θ,3}|(a∩
χ). There must be η ∈ a ∩ µ such that v ⊆ λη. Then a ∩ λη ∈ C(pη, κ, λη)
since xη ⊆ P|a∩θ|(a). It follows that v ∪ f(v) ⊆ λσ for some σ ∈ a ∩ µ. Now
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a ∩ λσ ∈ C(qσ, κ, λσ), since yσ ⊆ P|a∩θ|(a), so f(v) ⊆ a. �

In Theorem 7.1 we assumed that θ ≤ cf(λ) in case χ = λ. Some condition of

this kind is necessary. In fact if cf(λ) < κ and u(κ, λ<θ) = λ<θ, then for each

A ∈ (NS
[λ]<θ

κ,λ )∗,NS
[λ]<θ

κ,λ 6= NS
cf(λ)
κ,λ |A since by Fact 2.11,

cof(NS
[λ]<θ

κ,λ ) > λ<θ ≥ λ ≥ cof(NS
cf(λ)
κ,λ | A).

COROLLARY 7.2. Suppose that one of the following holds :

(i) SSH holds.

(ii) There exists a σ-saturated ideal on Pν(λ), where σ and ν are two cardinals
such that ω < ν = cf(ν) < λ and σ < ν.

(iii) There is a regular uncountable cardinal τ < λ that is mildly π-ineffable
for every cardinal π with τ ≤ π < λ.

Let θ and χ be two cardinals such that 2 ≤ θ ≤ κ, max{κ, cf(λ)} ≤ χ < λ and

cof
(
NS[χ]<θ

κ,χ

)
≤ λ<θ. Then NS

[χ]<θ

κ,λ |A = NS
cf(λ)
κ,λ |A for some A ∈

(
NS

[λ]<θ

κ,λ

)∗
.

Proof. Use Facts 2.3 and 2.10. �

COROLLARY 7.3. Suppose that cf(λ) < κ, and θ and χ are two cardinals

such that 2 ≤ θ ≤ κ ≤ χ < λ and cof
(
NS[χ]<θ

κ,τ

)
≤ λ<θ for every cardinal τ with

χ ≤ τ < λ. Then cof
(
NS

[χ]<θ

κ,λ

)
= u(κ, λ).

Proof. By Theorem 7.1 there is A ∈
(
NS

[λ]<θ

κ,λ

)∗
such that NS

[χ]<θ

κ,λ |A =

Iκ,λ|A. Then by Fact 2.11 (ii), cof
(
NS

[χ]<θ

κ,λ

)
= cof

(
NS

[χ]<θ

κ,λ |A
)

= cof(Iκ,λ|A
)

=
cof(Iκ,λ) = u(κ, λ). �

COROLLARY 7.4.

(i) Suppose that λ is singular and Hκ,λ holds. Then NSκ,λ = NS
cf(λ)
κ,λ |A for

some A.

(ii) Let χ be a cardinal such that max{κ, cf(λ)} ≤ χ < λ and cof(NSχκ,τ ) ≤ λ

for every cardinal τ with χ ≤ τ < λ. Then NSχκ,λ|A = NS
cf(λ)
κ,λ | A for some

A ∈ NS∗κ,λ.

COROLLARY 7.5.
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(i) Let χ ≥ κ be a cardinal, and α < κ be a limit ordinal such that cof(NSκ,χ) ≤
χ+α. Then NSχκ,χ+α |A = Iκ,χ+α |A for some A ∈ NS∗κ,χ+α .

(ii) Let χ > κ be a cardinal such that cof(NSκ,χ) < χ+κ. Then NSχκ,χ+κ |A =

NSκκ,χ+κ |A for some A ∈ NS∗κ,χ+κ .

Proof. Use Facts 2.1 and 2.10. �

Note that we do get a better result by considering the reduced cofinality (cof)
instead of the usual one (cof). For example, suppose that GCH holds in V.
By a result of [12], there is a < κ-closed, κ+-cc forcing notion P such that in
V P, cof(NSκ,κ) = κ+ω and cof(NSκ,κ) = κ+(ω+1). Then in V P, there is by Corol-
lary 7.5 (i) A ∈ NS∗κ,κ+ω such that NSκκ,κ+ω |A = Iκ,κ+ω |A.

Let us next discuss the condition in Theorem 7.1 that cof
(
NS[τ ]<θ

κ,τ

)
≤ λ<θ for

almost all cardinals τ < λ.

PROPOSITION 7.6. Let θ and χ be two cardinals such that 2 ≤ θ ≤ κ ≤
χ < λ. Suppose that cof

(
NS[χ]<θ

κ,χ

)
≤ λ<θ and χ<θ ≥ λ. Then cof

(
NS

[χ]<θ

κ,λ

)
=

cof
(
NS[χ]<θ

κ,χ

)
≤ χ.

Proof. By Fact 2.6 (iii) χ<θ = λ<θ, so by Fact 4.5 NS[χ]<θ

κ,χ = Iκ,χ|A for some

A. It follows that cof
(
NS[χ]<θ

κ,χ

)
≤ χ. Moreover by Fact 2.10

cof
(
NS

[χ]<θ

κ,λ

)
= max{cof

(
NS[χ]<θ

κ,χ

)
, cov

(
λ, (λ<θ)

+
, (λ<θ)

+
, κ
)
} = cof

(
NS[χ]<θ

κ,χ

)
.

�

COROLLARY 7.7. Let θ and χ be two cardinals such that 2 ≤ θ ≤ κ ≤ χ <
χ<θ = λ. Suppose cof

(
NS[χ]<θ

κ,χ

)
≤ χ<θ. Then there is A ∈

(
NS

[λ]<θ

κ,λ

)∗
such that

cof(NSκ,λ | A) ≤ χ.

Proof. By Fact 2.7 we may find A ∈
(
NS

[λ]<θ

κ,λ

)∗
such that NSκ,λ|A = NS

[χ]<θ

κ,λ |A.

Then by Proposition 7.6, cof(NSκ,λ|A) ≤ cof
(
NS

[χ]<θ

κ,λ

)
≤ χ. �

Question. Suppose that θ and χ are two cardinals such that 2 ≤ θ ≤ κ ≤ χ

and cof
(
NS

[χ]<θ

κ,χ

)
≤ χ<θ. Does then χ<θ = χ hold ?

PROPOSITION 7.8.

(i) Suppose that θ and σ are two cardinals such that 2 ≤ θ ≤ κ ≤ σ < λ,

θ ≤ cf(λ) and cof
(
NS[τ ]<θ

κ,τ

)
≤ λ<θ for every cardinal τ with σ ≤ τ < λ.
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Then there is a cardinal π with σ ≤ π < λ such that cof
(
NS[χ]<θ

κ,χ

)
≤ λ for

every cardinal χ with π ≤ χ < λ.

(ii) Let θ and π be two cardinals with 2 ≤ θ ≤ κ ≤ π < λ. Suppose that

κ ≤ cf(λ) < λ, and cof
(
NS[χ]<θ

κ,χ

)
≤ λ for every cardinal χ with π ≤ χ < λ.

Then cof
(
NS[ρ]<θ

κ,ρ

)
< λ for every cardinal ρ with max{π, cf(λ)} ≤ ρ < λ.

Proof.

(i) : If νρ < λ for every cardinal ν < λ and every cardinal ρ < θ, then

λ<θ = λ, and π = σ is as desired. Now suppose there are two cardinals
ν < λ and ρ < θ such that νρ ≥ λ. Set π = max{ν, σ}. Let χ be a cardinal

with π ≤ χ < λ. Then χ<θ = λ<θ, so by Proposition 7.6 cof
(
NS[χ]<θ

κ,χ

)
≤ χ.

(ii) : By Fact 2.9. �

In particular, if κ ≤ cf(λ) < λ, then Hκ,λ holds just in case cof
(
NSκ,τ

)
< λ for

every cardinal τ with κ ≤ τ < λ.

Suppose that λ is a limit cardinal and χ is a cardinal with κ ≤ χ ≤ λ. If either
cf(λ) < κ or cf(λ) > χ, then by Fact 2.10 and Lemma 5.1,

cof(NSχκ,λ) ≤ sup{cof(NSmin{χ,τ}
κ,τ ) : π ≤ τ < λ},

where π equals κ if χ = λ, and χ otherwise. We will now deal with the case
when κ ≤ cf(λ) ≤ χ. The proof of the following is a modification of that of
Theorem 7.1.

PROPOSITION 7.9 Let χ be a cardinal such that max{κ, cf(λ)} ≤ χ ≤ λ.

Set π = κ if χ = λ, and π = χ otherwise. Then cof(NSχκ,λ) ≤ cof(NScf(λ)
κ,ρ

)
and

cof(NSχκ,λ) ≤ cof(NScf(λ)
κ,ρ ) where ρ = sup{cof(NSmin{χ,τ}

κ,τ ) : π ≤ τ < λ}.

Proof. We can assume that cf(λ) < χ since otherwise the result is trivial. We

show that cof(NSχκ,λ) ≤ cof(NScf(λ)
κ,ρ ) and leave the proof of the other assertion

to the reader. Put µ = cf(λ) and pick an increasing sequence 〈λη : η < µ〉 of
cardinals cofinal in λ so that λ0 > max{κ, µ}, and λ0 ≥ χ in case χ < λ. For
η < µ, select a family Gη of functions from P3(min{χ, λη}) to P3(λη) so that

|Gη| ≤ cof(NS
min{χ,λη}
κ,λη

) and for any H ∈ (NS
min{χ,λη}
κ,λη

)
∗
, there is y ∈ Pκ(Gη) \

{∅} with
{
b ∈

⋂
g∈y C(g, κ, λη) : b ∩ κ ∈ κ

}
⊆ H. Let

⋃
η<µGη = {gξ : ξ < ρ}.

For ξ < ρ, let gξ ∈ Gηξ . Let A be the set of all a ∈ Pκ(λ) such that ω ⊆ a,
a ∩ κ ∈ κ and k(α) ∈ a for all α ∈ a, where k : λ → µ is defined by k(α) =
the least η < µ such that α ∈ λη. Clearly A ∈ NS∗κ,λ, so by Fact 2.5 (ii)

cof(NSχκ,λ|A) = cof(NSχκ,λ).

By Proposition 2.3 we may find a collection T of functions from µ to Pκ(ρ) such
that |T | = cof(NSµκ,ρ) and for any u : µ → Pκ(ρ), there is z ∈ Pκ(T ) with the
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property that u(η) ⊆
⋃
t∈z t(η) for every η ∈ µ. For t ∈ T , let Dt be the set of all

a ∈ Pκ(λ) such that for any η ∈ a ∩ µ and any ξ ∈ t(η), a ∩ λnξ ∈ C(gξ, κ, ληξ).

Note that Dt ∈ (NSχκ,λ)
∗
.

Now fix f : P3(χ)→ P3(λ). Given η < µ, define pη : P3(min{χ, λη})→ P2(λη)
by pn(v) = {ζ}, where ζ = the least σ such that η ≤ σ < µ and f(v) ≤ λσ, and
qn : P3(min{χ, λη})→ P3(λη) by qη(v) = λη ∩ f(v). Select xη, yη ∈ Pκ(ρ) \ {∅}
so that

• {gξ : ξ ∈ xη ∪ yη} ⊆ Gη ;

• {b ∈
⋂
ξ∈xη C(gξ, κ, λη) : b ∩ κ ∈ κ} ⊆ C(pη, κ, λη) ;

• {b ∈
⋂
ξ∈yη C(gξ, κ, λη) : b ∩ κ ∈ κ} ⊆ C(qη, κ, λη).

We may find z ∈ Pκ(T ) such that xη ∪ yη ⊆
⋃
t∈z t(η) for every η ∈ µ.

Let us show that A ∩
(⋂

t∈zDt

)
⊆ C(f, κ, λ). Thus let a ∈ A ∩

(⋂
t∈zDt

)
and v ∈ P3(a ∩ χ). There must be η ∈ a ∩ µ such that v ⊆ λη. Then
a ∩ λη ∈

⋂
ξ∈xη C(gξ, κ, λη), so v ∪ f(v) ⊆ λσ for some σ ∈ a ∩ µ. Now

a ∩ λσ ∈
⋂
ξ∈yσ C(gξ, κ, λσ), and therefore f(v) ⊆ a. �

8 Nowhere precipitousness of NSνκ,λ

Throughout this section it is assumed that κ ≤ cf(λ) < λ. Let ν be
a cardinal with cf(λ) ≤ ν < λ. We will show that under certain conditions,
NSνκ,λ is nowhere precipitous. Our proof will follow that of Theorem 2.1 in [13],
except that we do not appeal to pcf theory.
Set µ = cf(λ). We assume that c(κ, ν) < λ in case ν > µ. Let ρ < λ be
a regular cardinal such that ρ > µ if ν = µ, and ρ > c(κ, ν) otherwise.
Select a continuous, increasing sequence 〈λβ : β < µ〉 of cardinals so that
sup{λβ : β < µ} = λ and λ0 > ρ. Let E be the set of all infinite limit ordinals
α < µ with cf(α) < κ. We define D as follows. If ν = µ, we set D = E.
Otherwise we pick D in NS∗κ,ν so that

• for any d ∈ D, sup(d ∩ µ) is an infinite limit ordinal ;

• |D| = c(κ, ν).

We will show that if τ |D| < λ for every cardinal τ < λ, then NSνκ,λ is nowhere
precipitous.

For d ∈ D, put α(d) = sup(d ∩ µ). Note that α(d) ∈ E. Moreover α(d) = d in
case ν = µ.

Let W be the set of all a ∈ Pκ(λ) such that
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• 0 ∈ a ;

• γ + 1 ∈ a for every γ ∈ a ∩ ν ;

• a ∩ κ ∈ κ ;

• λβ ∈ a for every β ∈ a ∩ µ ;

• a ∩ ν ∈ D in case ν > µ.

Then clearly, W ∈
(
NSνκ,λ

)∗
. For d ∈ D, define Wd by letting Wd = {a ∈ W :

sup(a ∩ µ) = d} if ν = µ, and Wd = {a ∈ W : a ∩ ν = d} otherwise. Note that
W is the disjoint union of the Wd’s. Moreover, sup(a ∩ λα(d)) = λα(d) for every
a ∈Wd.

LEMMA 8.1. Suppose that there is T ⊆ Pκ(λ) such that

(a) |T ∩ P (a)| < ρ for any a ∈ Pκ(λ) ;

(b) u(ρ, τ) ≤ |T | for every cardinal τ with ρ ≤ τ < λ.

Then for every R ∈ (NSνκ,λ)
+

,

{d ∈ D : |{a ∩ λα(d) : a ∈ R ∩Wd}| ≥ u(ρ, λα(d))}

lies in NS+
µ if ν = µ, and in NS+

κ,ν otherwise.

Proof. For β ∈ µ, select Zβ ∈ I+ρ,λβ with |Zβ | ≤ |T |. Then clearly there

is Q ⊆ T with |
⋃
β<µ Zβ | = |Q|. Pick a bijection i :

⋃
β<µ Zβ → Q and

let j denote the inverse of i. For α ∈ E, define kα : Pκ(λα) → Pρ(λα) by
kα(b) =

⋃
e∈Q∩P (b)(j(e) ∩ λα).

Claim. Let S ∈
(
NSνκ,λ

)+
. Then there is d ∈ D such that

{kα(d)(a ∩ λα(d)) : a ∈ S ∩Wd} ∈ I+ρ,λα(d)
.

Proof of the claim. Assume otherwise. For d ∈ D, select yd ∈ Pρ(λα(d)) so
that yd \ kα(d)(a ∩ λα(d)) 6= ∅ for every a ∈ S ∩Wd. Set y =

⋃
d∈D yd. Note

that y ∈ Pρ(λ). For β ∈ µ, pick zβ ∈ Zβ so that y ∩ λβ ⊆ zβ . Now let H be
the set of all a ∈ Pκ(λ) such that i(zβ) ∈

⋃
ζ∈a∩µ P (a∩ λζ) for every β ∈ a∩ µ.

Since H ∈ (NSµκ,λ)∗, we can find a in S ∩ B ∩H. Set d = sup(a ∩ µ) if ν = µ,
and d = a ∩ ν otherwise. Then a ∈Wd and yd ⊆ y ∩ λα(d) =

⋃
β∈a∩µ(y ∩ λβ) ⊆⋃

β∈a∩µ zβ =
⋃
β∈a∩µ j(i(zβ)) ⊆ kα(d)(a ∩ λα(d)). This contradiction completes

the proof of the claim.

It is now easy to show that the conclusion of the lemma holds: FixR ∈ (NSνκ,λ)+,
and A such that A ∈ NS∗µ if ν = µ, and A ∈ NS∗κ,ν otherwise. Set Y =⋃
d∈D∩AWd. Since Y ∈ (NSνκ,λ)∗, there must be some d ∈ D such that
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{kα(d)(a ∩ λα(d)) : a ∈ (R ∩ Y ) ∩Wd} ∈ I+ρ,λα(d)
.

Then clearly, d ∈ A and |{a ∩ λα(d) : a ∈ R ∩Wd}| ≥ u(ρ, λα(d)). �

Consider for instance the following situation : In V, GCH holds, σ is a strong
cardinal with ρ < σ < λ, and η a cardinal greater than λ. Then by a result
of Gitik and Magidor [6], there is a cardinal preserving, σ+-cc forcing notion P
such that in V P,

• no new bounded subsets of σ are added ;

• σ changes its cofinality to ω ;

• 2σ ≥ η.

Now working in V P, let T = Pω1(σ). Then clearly |T ∩ P (a)| ≤ 2|a| ≤ κ < ρ
for any a ∈ Pκ(λ). Moreover for any two uncountable cardinals χ and θ with
cf(χ) = χ < σ ≤ θ ≤ η,

u(χ, θ) = max{2<χ, u(χ, θ)} = θ<χ = σ<χ = σℵ0 = |T |.

Hence u(ρ, τ) ≤ |T | for every cardinal τ with ρ ≤ τ < λ, so by Lemma 8.1 for
any R ∈ (NSνκ,λ)

+
,{

d ∈ D : |{a ∩ λα(d) : a ∈ R ∩Wd}| ≥ u(ρ, λα(d))
}

lies in NS+
µ if ν = µ, and in NS+

κ,ν otherwise.

Note that for any cardinal χ with κ ≤ χ ≤ σ, cof
(
NSχκ,λ

)
= u(κ, λ) since

cof(NSχκ,λ) ≤ (λ<κ)
χ

= (2σ)
χ

= 2σ, and moreover, by Fact 2.9 and Proposition

4.6, cof(NSχκ,λ) > λ in case µ ≤ χ.

Let us observe that if T ⊆ Pκ(λ) is, as in condition (a) of Lemma 8.1, such that
|T ∩P (a)| ≤ u(κ, λ) for any a ∈ Pκ(λ), then it is easy to see that |T | ≤ u(κ, λ).

PROPOSITION 8.2. Suppose that there is T ⊆ Pκ(λ) and a cardinal π with
ρ ≤ π < λ such that

• |T ∩ P (a)| < ρ for any a ∈ Pκ(λ) ;

• τν ≤ u(ρ, τ) ≤ |T | for every cardinal τ with π < τ < λ.

Then NSνκ,λ is nowhere precipitous.

Proof. By Fact 2.12 it suffices to show that II has a winning strategy in the
game G(NSνκ,λ). We can assume without loss of generality that λ0 > π. For
g : P3(ν)→ P3(λ) and α < µ, define gα : P3(ν)→ P3(λα) by gα(e) = g(e)∩ λα.

Claim 1. Let g : P3(ν)→ P3(λ). Then
{d ∈ D :

{
a ∈Wd : a ∩ λα(d) ∈ C(gα(d), κ, λα(d))

}
⊆ C(g, κ, λ)}
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lies in (NSµ|E)∗ if ν = µ, and in NS∗κ,ν otherwise.

Proof of Claim 1. We prove the claim in the case when ν > µ, and leave
the proof in the case when ν = µ to the reader. Define h : P3(ν) → µ by
h(e) = the least β < µ such that g(e) ⊆ λβ . Let Q be the set of all d ∈ D such
that h(e) ∈ d for every e ∈ P3(d). Then clearly Q ∈ NS∗κ,ν . Now fix d ∈ Q
and a ∈ Wd such that a ∩ λα(d) ∈ C(gα(d), κ, λα(d)). Let e ∈ P3(a ∩ ν). Then
h(e) ∈ d, so g(e) ⊆ λα(d). It follows that g(e) ⊆ a, since g(e) ∩ λα(d) ⊆ a. Thus
a ∈ C(g, κ, λ). This completes the proof of Claim 1.

Claim 2. Let X ∈ (NSνκ,λ)+ and Y ⊆W. Suppose that

Y ∩ {a ∈Wd : a ∩ λα(d) ∈ C(k, κ, λα(d))} 6= ∅

whenever d ∈ D and k : P3(ν)→ P3(λα(d)) are such that
|{a ∩ λα(d) : a ∈ X ∩Wd and a ∩ λα(d) ∈ C(k, κ, λα(d))}| ≥ u(ρ, λα(d)).

Then Y ∈ (NSνκ,λ)+.

Proof of Claim 2. Fix g : P3(ν)→ P3(λ). By Lemma 8.1 and Claim 1, there
must be d ∈ D such that

|{a ∩ λα(d) : a ∈
(
X ∩ C(g, κ, λ)

)
∩Wd}| ≥ u(ρ, λα(d))

and {
a ∈Wd : a ∩ λα(d) ∈ C(gα(d), κ, λα(d))

}
⊆ C(g, κ, λ).

Then
Y ∩

{
a ∈Wd : a ∩ λα(d) ∈ C(gα(d), κ, λα(d))

}
6= ∅

since a ∩ λα(d) ∈ C(gα(d), κ, λα(d)) for every a ∈ X ∩ C(g, κ, λ) ∩Wd. Hence
Y ∩ C(g, κ, λ) 6= ∅. This completes the proof of the claim.

Now to describe a strategy τ for player II in the game G(NSνκ,λ), let
X0, Y0, X1, . . . , Yn−1, Xn

be a partial play of the game. We may assume X0 ⊆W . We define a subset of
Xn, Yn ∈ (NSνκ,λ)+ and its 1-1 enumeration 〈ynd,ξ : d ∈ D and ξ < |Kn

d |〉. Here
Kn
d is the set of all k : P3(ν)→ P3(λα(d)) such that

|Xn ∩ {a ∈Wd : a ∩ λα(d) ∈ C(k, κ, λα(d))}| ≥ u(ρ, λα(d)).
Fix d ∈ D with Kn

d nonempty. Enumerate Kn
d as 〈knd,ξ : ξ < |Kn

d |〉. Note that

|Kn
d | ≤ λνα(d) ≤ u(ρ, λα(d)) (and Kn

d ⊆ Kn−1
d by Xn ⊆ Xn−1). So by induction

on ξ < |Kn
d | we can choose ynd,ξ from

Xn ∩ {a ∈Wd : a ∩ λα(d) ∈ C(knd,ξ, κ, λα(d))} \
(
{ynd,ζ : ζ < ξ} ∪ {yn−1d : ζ ≤ ξ}

)
.

Define Yn = {ynd,ξ : d ∈ D and ξ < |Kn
d |}. Then Yn is a subset of Xn by con-

struction, and is an element of (NSνκ,λ)+ by Claim 2. Moreover the enumeration
is 1-1 by construction and the definition of Wd.
To see that τ is a winning strategy, suppose that X0, Y0, X1, . . . is a play during
which player II obeyed the strategy τ . We claim that

⋂
n<ω Yn = ∅. Suppose

to the contrary that x ∈
⋂
n<ω Yn. Let d be sup(x ∩ µ) if ν = µ, and x ∩ ν oth-

erwise. Then d ∈ D and for each n < ω, there is ξ(n) such that x = ynd,ξ(n). By
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the choice of ynd,ξ we have ξ(n) < ξ(n−1) for each 0 < n < ω, a contradiction. �

Let us observe the following. Suppose that there exist T and π as in the state-
ment of Proposition 8.2. Then either cof(NSνκ,λ) = u(κ, λ), or λ<µ = λ. To es-
tablish this, note that u(κ, λ) ≤ λ<κ ≤ λ<µ ≤ |T | ≤ u(κ, λ), so |T | = u(κ, λ) =
λ<µ. It is now simple to see that |T | = λ if τν < λ for every cardinal τ < λ,
and |T | = λν otherwise.

THEOREM 8.3.

(i) Suppose that τµ < λ for every cardinal τ < λ. Then NSµκ,λ is nowhere
precipitous.

(ii) Suppose that ν > µ, and τ c(κ,ν) < λ for every cardinal τ < λ. Then NSνκ,λ
is nowhere precipitous.

(iii) Suppose that Hκ,λ holds, and τµ < λ for every cardinal τ < λ. Then
NSκ,λ is nowhere precipitous.

Proof.

(i) : Put ν = µ, ρ = µ+, π = 2µ = 2<ρ and T = P2(λ). Then clearly,
|T ∩ P (a)| ≤ |a| < κ < ρ for any a ∈ Pκ(λ). Moreover, τν = τ<ρ =
u(ρ, τ) < λ = |T | for any cardinal τ with π < τ < λ. Hence by Proposition
8.2, NSνκ,λ is nowhere precipitous.

(ii) : Put ρ = c(κ, ν)+, π = 2<ρ and T = P2(λ). Then clearly, |T ∩ P (a)| ≤
|a| < κ < ρ for all a ∈ Pκ(λ). Moreover, τν ≤ τ<ρ = u(ρ, τ) < λ = |T | for
every cardinal τ with π < τ < λ. Now apply Proposition 8.2.

(iii) : Use (i) and Corollary 7.4 (i).

�
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