Paper Sh:E81, version 2016-11-21_10. See https://shelah.logic.at/papers/E81/ for possible updates.

BIGNESS PROPERTIES FOR «<-TREES AND LINEAR ORDERS
E81

SAHARON SHELAH

ABSTRACT. This continues [?, Ch.VIII],[?], [?], [?] using class K of inde-
scernible models. We deal with the case K is the class of linear order and
the class of trees with § + 1 levels.

Date: November 21, 2016.

2010 Mathematics Subject Classification. Primary: 03C55, 03G05; Secondary: 03C05, 03E75.

Key words and phrases. model theory, set theory, non-structure, number of non-isomorphic.

The author thanks Alice Leonhardt for the beautiful typing. Here, e.g. [?, 1.1=L7.1] means
Definition 1.1 in [?] which has label 7.1, so L stands for label. First typed December 2, 2015.

1



Paper Sh:E81, version 2016-11-21_10. See https://shelah.logic.at/papers/E81/ for possible updates.

2 SAHARON SHELAH

§ 0. INTRODUCTION

Our aim is to get general non-structure theorems as in [?, Ch.VIII], [?] and more
[?], [?] but we try to make the paper self-contained. Those papers deal mainly with
the class K{% as the class of index models, where K¢ is the class of trees with
w+ 1 levels and lexicographic orders. The thesis is that if we can build complicated
sequences of index models, we can deduce various non-structure results for many
classes.

In particular

(a) using K = the class of linear order is suitable for e.g. dealing with the
class of models of an unstable theory via EM models where the skeleton is
linearly ordered by some formula ¢(z,y)

(b) using K = K is suitable for e.g. dealizing with the class of models of an
unsuperstable theorem T'

(c) using K = K9 i.e. trees with x + 1 levels, is suitable for e.g. dealing with
the model of T when x(T") > 0

(d) in all those cases we can apply the methods to PC(T1,T) := {My |7 : M
is a model of To} where 77 D T and, e.g. has Skolem functions; and to
more general situations.

‘We have three aims:

(A) Linear Orders (as the class of index models)
In [?7, 2.29=L2.25] we get the desired properties for the formula oy o 8,7(Z, ),
but we succeed to prove it, i.e. prove strong (2*, \, 11, Ng)-bigness only for the case

A is a regular cardinal > y; for A singular (> 1) we get here only 2™t for any A\; < A
rather than 2*. We like to get the full results. See §2.
(B) Concerning K, consider improving of [?, 2.20=L7.11]

The best is to get the full strong (A, A, u, n)6+—bigness property or so; it seems
that in the problematic case it suffices to have just:

() pt > [N .
See below.

(C) K¢ with 6 not necesarily N,
Do we have the full strong (A, A, p1, £)-bigness property? So using .#), . let us
review cases and see what they cover:

(a) A=cf(N) > u
() Kk =6=Rq, see [?, 1.11=L7.6(1),p.12] get super” ", check, this implies
“super4++”; moreover [?, 2.13=L7.8]] for £ = 7"
(B) for 6 > k + Ny such that A > k which means (Vo < A)(Ja|<" < )
() A > p+cf(N),0 =cf(9) € [k, 0], > Kk, a tree with 9 levels < X\ nodes,
[lima (T)[ = A
We choose x € (i + cf(A\) + |7| + k + )T and use partial square C' = (C, : @ €
S),8 C ng,otp(Cg) < X,C_'FS;‘ guess clubs.
As in [?, 2.1=L7.8] we get
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(x) £ = 5 which has a weaker (vii), check - is £ = 5 defined well? what is
proved?

For § = k = Ny we get (see 1.1) 47 F-bigness (so M, N p = Np N p, 6 C py),
velnv.lke M, =veM,.

Question 0.1. When do we ask [M,]<" C M,? (now n < 6, so § = Xy the old
case).

(¢) A is strong limit of cofinality > 6 or at least equal to sup{x : x strong limit
of cofinality x}.

If & = Xy see [?, 1.11(3)=L7.6] for £ = 6 [?, 2.1=L7.8,pg.19] getting ¢ = 4++
(check). Choose (x; : i < cf())), increasing to A, x; strong limit, cf(x;) = £ “or at
least”, not clera, but if cf(\).
First, try to build (I, : a < 2*) but choose I, ; = I
Second, try to build (I, : a < \)

Aqi = Aa N X, ete.

o,

(d) A=sup{x:cf(x) =r <x <App(x)>x"}

Like (a) using non-reflecting for 6 = Ry, see [?, 1.16=L7.7].
Seems to generalize easily

(e) cf(\) < x=x? <A< 2x.

If 0 = N; see [?, 1.11(2) = L7.6] we get super®; what about getting 4t+? Check?;
if kK = k™o then we get Super6+.

Assume cf([x]?,C) = x, 0 < 9 = cf(9), maybe cf([9]?,C) = 0.

Can we get models of M;, N; of cardinality 07

Now if u2™° < X then let y = min{y : Y@ > A} so cf(x) < 2% we get £ = 4T+
or more; find models of cardinality.

(f) Assume cf(\) < 6 < x < A, cf(x) = 0,pp(x) = xT, maybe x = (29)%,0 <
X large enough, 9 = 9°.

See [?, 2.15=L7.9,pg.27] using (a; : i < cf(x)) pairwise disjoint unbounded subsets

of Reg N x, say £ = 4T. See also [?, 3.23=17.14,pg.47]. Note that without loss of

generality x = x,pp(x) = x5 and x}° = x..

(9) The remaining case.

It 6 = Ng this means A = W, is strong limit, see [?, 2.17=L7.109,pg.32] for ¢ = 6,
[?, 2.19=L7.10,pg.35] and [M,,]*° C M,, which gives 4*F; more?

Discussion 0.2. Can we improve [?, 2.15].
1) E.g., we assume only

(%) (a) A>cf(X)

(b) a<A=lalf <A
(€) of(N) +p < xn=cf(xn) =X5° < Xnt1 <X =2 Xn <A
(d) pp(x) =x".

2) We choose
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(9 7 = (e = < () mereases i = ef(pe) = W € (N7 <
fepts Ae = pd? or Ao = pd CTY.
3) Question: 2% = ¥
If not, then Y. satisfies: every T and did not contain a perfect set.
4) Another direction:

(*) (a) without loss of generality x, = xg"
(b) we choose 7 = (14 : @ < x*), <va-increasing cofinal in [ x»

n

(c¢) without loss of generality see [?], 77 is (x, xo)-free r using A, = unH)

(d) look for models of cardinality xo.

Definition 0.3. we define K. as the class of trees with d+1 levels and lexicographic
orders as in [?, §2] - FILL.

Definition 0.4. we define Iy[\] where § < ) are regular as follows: (see [?, §0,y14])
S € Ig[\] if there is (a, : @ € ST) which witness it meaning:

(*)1 (a) SCStCS2,

By [7], [?], more [?).

Claim 0.5. (Ezistence and Existence with guessing clubs) Let X be regular uncount-
able.
1) If S € I[N then we can find a witness (E,a) for S € I[\] such that:

(a) 6 € SN E = otp(as) = cf(d)
(b) if a ¢ S then otp(aq) < cf(d) for some d € SNE.

2) S € I\ iff there is a pair (E, P) such that:

(a) E is a club of the regular uncountable A

(b) & =(Py:a <), where o, C{u:u C a} has cardinality < X

(c) Zfoz<ﬂ<)\ and o € u € Pg thenuNa € P,
)

(d) if 6 € ENS then some u € Ps is an unbounded subset of § (and 0 is a
limit ordinal).
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§1. ON K{,
We consider a strengthening of [?, 1.1=L7.1]

Definition 1.1. 1) I € K. is (1, k) —super™-unembeddable! (or super*” -unembeddable)
into J € K% when as in [?, 1.1=L7.1] with n < 6, that is: for every regular large
enough x. (in particular such that {1, J, u, k,0} € 7 (x*)) and well ordering <}

of 7 (x.) we have:

(*) there are n, M;, N; for i < 6 such that:
(1) M; < Ny < M; < N; < ((x*),€,<},) fori<j<0
) M;Nnp=MyNufori<t
) I,J, u, k belongs to M
(iv) n e P
) for every i < 6 for some j < 6 we have nlj € M;,n(j) € N;\M; hence
nl(j +1) € Nj\M;
(vi) if v € P and {vj:j <0} C UM, then v € |JM,.

Definition 1.2. We repeat [?, 1.4=L7.2], defining [full] super™*-bigness, that is:

(1) Ky has the (x, A, i, £)-super-bigness property when : there are I, € (K{)x
for e < x such that for « # 8, I, is (i, k)-super unembeddable into I
(2) K has the full (x, A, i, )-super-bigness property when :
there are I, € (K&), for a < x such that I, is (i, k)-super unembeddable
into > Ig, see[?]
B<x,B#
(3) We may omit « if kK = Ny.

Exercise 1.3. Put 4™ in the diagram from [?] and see [?, 1.7=L7.4], [?, 1.8=L7.6].

Claim 1.4. If X is singular > p then in [?, 2.20=L7.11], not only K¢ have the
(A A, 1, Ro)-super-bigness property but we can add to Definition [?7, 1.1=L7.1]
o for every n < w for some ' € [, A) we have |My,| < p' and M, Ny =
N, Ny
Proof. We should check the proof of [?, 2.20=L7.11], that is, the cases each treated
by a claim there.
Case 1: A regular > N, see [?, 2.13=L7.8,pg.25].
We can find 7, (M, : n < w) as in “super’ ” of Definition [?, 1.1=L7.1] so
M,, = Naj;,, (with guessing clubs) s := (a5, : n < w) list Cs.
Let N, be the Skolem hull of Ny, U{ns(n)} in Na, 41
Case 2: A =Ry, see [?, 1.11=L7.6(1),pg.12].
Similar.
Case 3: A singular, (Fy)(x™° < A < 2X).
See [?7, 1.11(2)=L7.6(2),pg.12]. so prove the models are countable.

Case 4: \ is singular, A = sup{x : cf(x) = No and pp(x) > x* }.

Ihut below we omit the superscript + because we do not use any other version; similarly in
Definition 1.2
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See [?, 1.16=L7.7(1),pg.17].
Case 5: A is singular and (Fx)(x < A < x™).
See [?, 2.1=L7.8,pg.19].

Case 6: A = Ny, is strong limit.
By [?, 2.19=L7.10,pg.35]. Ui
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§ 2. BACK TO LINEAR ORDERS
We complete [?, 2.27=12.23,2.31=L2.27], see there.

Definition 2.1. 1) For any I € K{. we define or(I) as the following linear order
(See Definition [?, 2.24=1.2.20]).

set of elements is chosen as {(t,¢) : ¢ € {1,—-1},t € I'}

the order is defined by (¢1,41) < (t2,¢2) if and only if t1<ta Al; = 1 or to<t; Al =
—lorty =taANly =—1ANLls=1o0rt; <pzta A (t1,t2 are <incomparable.
2) Let wor = @or(Zo, Z1; Yo, y1) be the formula xg < 21 A y1 < yo.
3) Let ¢f. = ¢ (xo,%1;%0,y1) be (this is for K, for K = Yj see example [?,
2.9=12.4A])

©or (0, Z1 1 Yo, Y1) = [v0 = yo] and Pe(wo) AV [Peyi(z1)
e<K

APey1(y1) A Pe(z1 Ny1)]
Az1 <20 A =(y1 <yo)] and y1 <gp 1]

Recall 7, 2.28=L2.24]

Definition 2.2. We define the following (quantifier free infinitary) formulas for
the vocabulary {<}. For any ordinal a, 8 and a one-to-one function 7 from « onto
B, and we let Yoy o 8,7(Z,y) where T =2% = (z; i < ) and § =7 = (y; : i < ),
be

/\{xi <zj:i<j<a}and /\{yz <y;:i,j <aand 7(i) <m(j)}.
Claim 2.3. Assume A > p.
1) For (o, B,7) as in 2.2, such that o, 8 < p*, the class Ko has the full strong
(A, A, i, k)-bigness property for Yo a.8,7 (T, 7).
2) For (a,B,7) as in 2.2 such that o, < u*, the class Ko has the strong
(22 A\, i1, k) bigness property for Gor.o.px-
3) In fact in both part (1) and (2) we can find examples which satisfies the conclusion
for all triples (o, B,m) as there simultaneously.

Proof. 1) By 2.4 below.
2) By part (1) and [?, 2.27=12.23(1)], [?, 2.20=L2.8(1)] or here.
3) Check the proof. Uas

Claim 2.4. Assume p < A.

If I,J € K& satisfies ® below and oy, B < pt and 7 is a one-to-one func-
tion from o, onto B. then recalling 2.1, or(I) is strongly @ora. g. (T, §%)-
unembeddable for (u, k) into or(J) where

® (a) I,J €KY

(b) I is (i, Ng)-super unembeddable into J, see Definition 1.1, check

(c) Te Kf is{nsli:1<0,0 €S} U{{a):a< A}

(d) Je K is{nsli:1<9,0 € S1}U{{a) : e < A1}.
Proof. So let f be a function from or(I) into .#,, , (or(J)) so actually a function
from I x {1, -1} into .4, .(J x {1,—1}), and <, a well ordering of .#,, .(J) but
we “forget” to deal with it, as there are no problems, and let x be large enough.
Let x* be large enough and let n,, M,, N, (for n < w) satisfies (x) of Definition
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?? with 7, here standing for n there. In particular M,, < N,, < (J#(x), €) such
that I,J, A, p, #,,.(J), f, <+ belong to Ny and M, N pu = N, N y; as it happens
“au, B, ™ € Ny” is not needed. For any n € I, clearly f((n,1)) is well defined
and € A, .(J) so let f((n,1)) = oy(Un), 0y = ((Un,estn,e) 1 € <€),V € J and
tne €{1,-1},e < w.

Let €. = €.t = ty,,e,ir = Lg(vy, ) for € < €, and let j* = sup{j < i} :
sup Rang (v, [j) < 6}. Let n, be large enough such that:

o if ¢ < ¢, and then {v,, [j: 7 <Llg(vy. )} NN, CM,,.

[Why? This is by clause (v) of Definition 1.1, when for j = £g(v,, .),e < &, we do
it “by hand” as e, is finite.]

Let v} = vy, Ij7, it belongs to M, .

So {v¥ : € < .} C M, is finite hence it follows that v* = (1 : € < €,) €
M, . Let k. be such that n,[k. € M, ,n.[(ks +1) € N, \M,, hence n.(k,) €
Nyp, N AN\M,,, and let vy, .. = 0., j2 = ki and o) = min(M,, N A\n.(k,)) hence
sup(M,,, NA) < nu(ky) < .

Let u, = up = {€ < €, : j* < i}, For € € u, let? af = min(N,, N (A+ 1)\
Un.,e(7%)), so also & := (ac : € € u,) belongs to M, .

We define %, as the set of n € I:

)y (a) nulke™(B)an € Lg(n) = w
(b)

(c) Lg(vp,) =% for e < e,

(d) v

)

Op = 04 SO € = €4

— N
¥ = Upyeljl for e <

te = Ly, for € < e,

(¥)2 (a) n« € 2 and 24 € M,
(b) cf(af) > pt for € € u,
(c) if @ € ][ of then for some n € % we have € € u, = v, (j¥) €

€ECU4
(e, ).

[Why? Clause (a) direct by our choice. If c¢f(a}) < p then o is a limit ordinal and
there is in J#(x) an increasing function f. from cf(a¥) into o with unbounded
range. Without loss of generality f. € M,, so {f.(8) : B € N,, Ncf(ak)} is an
unbounded subsets of N,,, N a; but this set is equal to {f-(8) : B € M, Ncf(al)}
so sup(ai N M ) = sup(al NN, ), but this contradicts the choice o via v, -(j7).
Clause (c) follows.]

(x)3 let % be the set of 8 < a, such that: for every @ € [[ «? there is 7 such
EE€UL

that:
(a) n €
(€) vne(jE) € (ae,af) for € € u,.

2Consider ug = {e < ex : j* = it = w but vy, ¢ My, }. Below we first assume ug = 0.
Second, if A is regular or p; < A < ;ffo for some p1, by [?, xxx,yyy] this is to justify. If not, then
by xxx without loss of generality ||Np||X0. See §1.



Paper Sh:E81, version 2016-11-21_10. See https://shelah.logic.at/papers/E81/ for possible updates.

BIGNESS PROPERTIES FOR k-TREES AND LINEAR ORDERS E81 9

(%)a nx(ks) € Uo.

[Why? Note that n.(k.) € N, but € € u, = v, (§¥) ¢ Ny, ]
Let a, 8 < X and 7 be a one-to-one function from « onto 5.
Now first we choose n¢ € I by induction on ¢ < o such that

(x)s (a) nc1 € %,
(b) if € € u, then Vvs(l,g),e(j:) is < af but is > sub{vy,, , (j¢) : £ <}

This is easy.
Second we choose 7¢ 2 by induction on ¢ < 3 such that:

(x)6 (a) mc2 €%
(b) if € € u, then vy, (jF) is < af but is > sup{vy, ,.(j¥) : £ < ¢}

Let @ = {ac : ( < a), b = (b : ( < a) from *I be chosen as follows: a; =
(M5(1,0): 1), b¢ = (Ms(1,m(¢))» 1) for ¢ < a.

Now check, e.g.:

()6 acq) <or(r) ac(2) HE Ye(ry < ey HE C(1) <(¢(2)

(%)7 be(1) <or(r) be2y HE Yr(o)(1) < Ym(o)2) HE (O (1) < w(C)(2).

Loy

Conclusion 2.5. For (i, A\, ax, By, m) as in 2.3(1), the class Ko has the full strong

(A A1y 1ty K) = Por,a g, n-bigness property and the strong (2/\7 A, 1y R0) = Porar a7
bigness property.

Proof. By 2.4 + 1.4. U5
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§ 3. TOWARD LARGE “I(Ty,T, k-SATURATED) SO LARGE” WHEN &, (T) = k&

We return to the non-super version (as in [?]).
We try to deal wih K%, k = cf(k) > g using 4}, ..(—).
Compare with 2.1(3).

Definition 3.1. For the class of I € K.

o (zo, 21 : Yo, ¥1) := [xo = yo and P.(xzo) and
V [Pit1(z1) and Piyq(y1) and Pi(z1 Nyp)] and
1<K

[z1 <20 Ay1 4 yo] and y1 <jex 1]

In other words, when for transparency we restrict ourselves to standard I C "2\ :
To = Yo € "\, and for some n; < k and a < f < A we have

x1 = (zo]7) {a) < xg

and

y1 = (o) (B)

Claim 3.2. 1) Let k = cf(k) > Rg. There is a sequence (I, : a < ) which
witnesses full strong @f. — (A, A\, p,bigness) when at least one of the of the following
cases occurs (see inside the proof on the super version):

(A) A=cf(A) > kT, u<" hence A\ > (2<%)T
(B) (a) A > p+cf(X)
(b) A > x >cl(x) =k and A < <7,

2) We have (A) = B = the conclusion of part (1) where

B there are I. € K{i fore < A\ |I.| < X and I, is s’uperfr -unembeddable into
Je =3{I; : ( € \{0} which means
B 1.0 if X« >> A\ @ € H(x«) then we can find a pair (M,n) such that
(i) M = <M i < k), M; < (H(xx), €, <%.), M; is <-increasing continu-
ous, k+1C My, M; "pu=MoNN

(i) MiNp=poNp

(iii) {I,J, p, K, x} belongs to M

(iv) ne Pl and {nli:i<r} C U M;
) 7
)

I<kK
(V) nlji € Mi,n(j;) € Mirq fori < k successor
(vi) ifn € P/ then for some j < k,{nli z</<c}ﬁUM C Mj (ore M;?)

(vii) see [?, 1.5=L7.3(B)(vii)].

Proof. 1) As A = cf(\) > k™ there is a stationary S C S which belongs to I,.[6],
see 0.4, 0.5. We can find @ = (a, : @ € ST) which witness it, see e.g. [?, 0.7=L0.5]
$0

(¥); (a) SCSTC ng
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(b) S={6e€ ST :cf(6) =k} ={6€ ST :0tplay) = Kk}
(¢) an C « has order type < k
(d) § € ST = § = sup(as)

(e) for every a < A the set {agNa : [ satisfies o € ag has cardinality < A

(f) a guess clubs.

[Why? See 0.5 or [?, 0.8=L0.6].]
Let

(¥)2 (a) () let (Sc:e < A) be a division of S to stationary subsets of A

(8) without loss of generality ( |J aq : € < A) is a sequence of
aES.

pairwise disjoint 7, € %6 list a, in increasing order for § € S+

(c) let
(a) I. be the tree {n, :a € ST\STU{ns : § € S}
(B) I ={n:n<v for some v € I.}

(v) let I. o = I, ﬂ”zaJ;:a =IrNnr2afor a <\
(d) for ¢ < Aand a < A let

(a) Jo=%{I.:e < Xand ¢ # (}

(B) Je,a = JeH{v: for some & € a\{(} we have v € I N "~ a}.

Note: if n € I7\ . then £g(n) is a limit ordinal and member of I\ I, cause problems
as I, may have cardinality A whereas

£,x

(x)2.1 if @ < A\,e < X then I. N "2 and J. N *Za have cardinality < A and to

prove the claim assume:

(*)3 C < X\ and f : IC — K>.//ZM,H(J§)

(#)a (a) € I let f(n) = oy(vy), vy € " (J¢)
(b) let 7= (v, 20 <iy) and vy, ; € Io(yay,6(n, 1) € A\{¢}
(c) for § € S¢ let j5 = sup{lg(ns Nwy,,i) =@ <, }
(d) let E = {6 < A:4¢ alimit ordinal such that « € § An € Ir N""a =

fn) e (Jes)

(*)5 now for every v € I of length < k let u, := {a < A: there is no v C X of
cardinality (2<%)* such that a € v, € v = 0,~(a) = 0,~(g) and (D,~(g) :
B € v) is an indiscernible sequence in K{.}

(¥)g above u, has cardinality < 2<% 4 <",

[Why? Let Es; = {(a, 8) : o, 8 < X and 0;11)" (o) = T(ns11)"(8) } 15 an equivalence
relation with < p<" equivalent classes, hence it suffices to prove us,; has < o<k
members in each equivalence class. So fix u equivalence class 7/ Es;if v; C v/ Es ;
has cardinality (2<%)* then some v C v of cardinality (2<%)% satisfies the condi-
tion, in the ¢ ... for no ... v ...”, so we are done.]

(¥)7 (a) Eisaclub of A where E = {6 < X\ : ¢ a limit ordinal and if o < §,v €
I. o then sup(u,) < 0}
(b) E’ is a club of A where E' = {§ € E: otp(ENdJ) = 3§ > k}.
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Now choose 6 € S N E’ such that as C E’. Choose a successor ordinal j € [js, k)
50 necessarily u,; ;. Us.2

Comment 3.3. For the super version (i.e. as in [?, §1] rather than [?, §2]

(%) generalizing [?, 1.1], on (n, M) we should add:
e (i) € M;11\M;, moreover n(i) ¢ U{u € M; : |u| < 2<"}
e the proof above shows how the bigness implies the bigness properties.

Claim 3.4. The conclusion of 3.2 or so holds when :

) A>0=cf() > kT + p<" and X is singular

) A=3{A¢: ¢ <cf(N)}, N, increasing, ¢ regular
(c) S¢c C Sp¢ is stationary, S € I [\]

) e =(ne,s 10 €S¢c),mes €70 is increasing with limit 6

) if ¢ < cf(N) and o < X then {n¢sli: 6 € S¢ satisfies ne 5(i) = o} has
cardinality < A¢
(f) 7c guess clubs
(g) ¢ is (0,0)-free, see [?] and [?], moreover: if T C " (\¢) a sub-tree
| 7| =0 then A = {6 € S¢1y : neqry,s € im(T)} has cardinality < 6
and there is h : A — k such that (Vn € A)(3<v € A)[v[h(v) = nlh(n)].

Proof. Without loss of generality
(x)1 if ¢ <cf(N),d € S—e and i < k then 07T divide ¢ 5(7).

Let S, € I[0] be stationary and let p = (ps : § € S,), ps € "6 increases with limit
d guess clubs and 6 > ({ps]i : p5s(i) = a}) for every a < 6. Choose (S : & < cf()))
as a sequence of pairwise disjoint stationary subets of .S;.

For 6 € S: let nl;,5 = (Me,5(3) + pep(i) 1 i < K). Let (Sen : @ < A) be a
partition of S¢ to stationary subsets of ..

Now if o € [A<¢, A¢) we define

(x)2 (a) I, = {nz,&a lici<wkand d € SxotU{(y):v <A}
(b) Jo =3{I :v € A\{a}}.

So assume

(¥)3 xx regular >> A, a(1) € [Acery, Acry) and (Lary, Ja(1ys s Ky - - -) € FE(Xx)-
We can choose Nﬁl by induction on 8 < A¢ such that:

(#)a (a) Nj = (H(xx), €,<},) is increasing continuous with 3

(b) if ' < B then (N1 : v <4') € Ng
(¢) {la;Ja,ps K} € Né
(d) ||Né” < )‘C(l) and Né NA¢ € A¢
(*)5 choose d(1) € S¢(1),q(1) such that Nél(l)ﬁ)\((l) = 6(1); moreovr, {n¢(1),501) (%) :
i<k} C{B:NzNA=p}
()¢ we choose M, ; for i < k by induction on v < 6 such that:
(a) My < Ny 50, (@ + 1) has cardinality < 60
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(b) j<i=M,; NNy 0, +1) S M, ;
(€) meqry,suyli € M’yz
(d) M%z D) u<”‘ +1 andj <17 = M%j - M’y,i-

Let M; = U{M,;:v <0}, M =V}M,; i<k}
Let A ={n e P/ : (Vi < k)[nli € M)} and be as in clause (B)(f) so |A| < E =
{v<0:ifn e Aand h(n) € JM,,; then {n € A: (n[h(n) e UM} C UM

1<K 1<K
So E is a club of # and we can choose ¥(r) € 57;) N

The rest should be filled. Ew

Claim 3.5. If A > u~% then (A A\, u) has the super bigness property (see 3.2)
except possible when

(%) A< (u=m)te.
Proof. Case 1: X is regular
Use 3.2.

Case 2: A > (p=r)**
Let 6 = (u<")**. Now by [?] for arbitrarily large regular X’ € [#<",\) there are
S’ 7" as in 3.4(B)(d) for (S¢,7¢) - FILL.

Case 3: A € (u=", (u=")*") is singular
If k = Vg this is empty. Can we immitate [?, 2.19=L7.10,pg.35]? Os.5

Discussion 3.6. Can 3.4 be improved to get N[(i+1) € N4 for all/all successor
1?7 Probably

(¥) a <A = cf([a]?, Q) < Ac.
Claim 3.7. 1) If (A) then (B) where:
(A) (&) A> 60> p<r+cf(N)
(b) cf(9) =Rg
(c) optional: there is a sequence (ac : ¢ < cf(A)),a, C RegNO\(u <
k)T,sup(a.) = 61, otp(a.) = w,e # ¢ = Ry > |a.N >¢ |, (wae)
(B) K has the (A, A, p, k)-bigness property.
2) Debt: define a super-bigness version.
Proof. Step A:
(¥)o (a) let a= (ac: ¢ < cf(A)) be asin 3.7(A)(c)
(b) SEC Se is stationary and belongs to Iy[61] for ¢ < cf()\)
(€) pc=(pc~:y<0)isa <gpa- increasing cofinal in (wac, <de)
(d) p
(x)1 psl(i —|— 1) € Nyy(iq1) for 0 € S,i < .
[Why? Should be clear.]

Stage B:
Now we immitate the proof of 3.4

=(pcy:7E S<>, pc~y € "y is increasing with limit «y clearly
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(¥)2 (a) we choose ((A¢,S¢) : ¢ < cf(N)) and as in 3.4(B)(c)
(b) we choose ¢ such that:
(a) ¢ = (nts:0€5Sc)
B) 77%75 € (#7%)§ is increasing with limit
(7) i <OT KA <A = A > [{n 517 : 8 satisfies ¢ 5(i) = a})
(0) let (S1,0 = Sc.a:a € [Acc, A¢)) is a partition of S¢ to stationary
subsets

(€) M¢lS¢,a guess clubs
(¥)3 (a) if ¢ < cf(N), a‘e [A<e, A¢) and 5.6 Se.arY E. S¢ thenwelet 07 , 5 € "0
be: ”Z,a,é,w(wz +n)= 77%,6(0+ i+ 0 ey (i) + 0¢H (1)
(b) for ¢ < cf(A) and a € [Ac¢,A¢) let I = {nf 5,111 < K,0 € Sca
and v € SFHU{(B) : B < A}

So it suffices to prove

(%)4 if C(1) < cf(N), (1) € [)\<<(1),)\<(1)), Ja(l) = E{]g : 8 € A\{«a(1)}} then I,
is (u, k)-unembeddable into ., .(Jo)-

So assume
Hp: Ia(l) — R>(‘//ZM,K(JQ))'
Let xx > AT be regular.

H choose Ng by induction on 8 < A, such that:
(a) Nj < (H*(xs), € <3.)
(b) if v' < B then (N : v <~') € N
(¢) {IasJas fr 11,5} € Nj
(d) NGl <Ay and N3 N Acq) € Ay
B choose 6(1) € S¢(1),a(1) such that N(;l(l) N A¢y = (1) and moreover
{iy.60y (@) 11 < 0% -k} C{B < Ay s Nz Ny = B}

(x) let
(@) O 1),001).60),7) = 02 (77)
(b) vy = (v; i <) so vy € Jaq)
(c) jy = SUP{EQ(??Z(1)701(1)75(1),nY Nvy) + 100 <iy}
(d) E={(1n,72):7,72 € S¢ and 0y, = 04,15, = i, l9(vy, ;) =

lg(v,,,) for i <i% ,j,, = j,, maybe more

(e) 7« = min{y : v/F is stationary}.

Now we can fix an interval of length  in 6% and corresponding considering v./E
and immitate [?, 2.15=L7.9,pg.27]. Os.7

Discussion 3.8. 1) Is

(x)1 u<" 4 cf(X) < 8 < A cf(f) = Rg enough or do we need also
(%)2 there are (a. : € < cf(\)) as in 3.77
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If (%)o suffice, then A\ = (u<")** is the only open (for bigness, ignoring the super
bigness version). Hence as k = cf(k) > Rg we have (u<%)% = ;<#. We may try to
combine aspects of the last proof and [?, 2.19=L7.10,pg.35].

2) To prove ()2, we need then to use a fix a for all  but pc = p[S*, (S¢ : ¢ < cf(}))
are pairwise disjoint stationary subsets of Sg:.

3) But, but if we let A = (u<%)+9.

Case 1: 6 > K
See xxx

Case 2: § < k and for some o < cf(§) we have o0 > cf(6)
By the version with (x); + (*)a.

Case 3: Neither Case 1 nor Case 2
Sod=0=cf(d) <kand a <d=|aff <o.
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