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THE LINEAR REFINEMENT NUMBER AND SELECTION THEORY
MICHAL MACHURA, SAHARON SHELAH, AND BOAZ TSABAN

ABSTRACT. The linear refinement number Iv is the minimal cardinality of a centered family
in [w]“ such that no linearly ordered set in (Jw]¥, C*) refines this family. The linear excluded
middle number Iy is a variation of [t. We show that these numbers estimate the critical
cardinalities of a number of selective covering properties. We compare these numbers to the
classic combinatorial cardinal characteristics of the continuum. We prove that [t = [ = 0 in
all models where the continuum is at most Ny, and that the cofinality of [t is uncountable.
Using the method of forcing, we show that [v and [y are not provably equal to 0, and rule out
several potential bounds on these numbers. Our results solve a number of open problems.

1. OVERVIEW

1.1. Combinatorial cardinal characteristics of the continuum. The definitions and
basic properties not included below are available in [2].

A family F C [w]® is centered if every finite subset of F has an infinite intersection. For
A, B € [w]¥, B C* A means that B\ A is finite. A pseudointersection of a family F C [w]|*
is an element A € [w]“ such that A C* B for all B € F. The pseudointersection number p
is the minimal cardinality of a centered family in [w]* that has no pseudointersection.

Definition 1.1 ([II, Definition 61]). A family F C [w]¥ is linear if it is linearly ordered by
C*. A family G C [w]” is a refinement of a family F C [w]* if for each A € F thereis B € G
such that B C* A. The linear refinement number It is the minimal cardinality of a centered
family in [w]“ that has no linear refinement.

In [T1], the ad-hoc name p* is used for the linear refinement number.

A tower is a linear subset of [w]¥ with no pseudointersection. The tower number t is
the minimal cardinality of a tower. It is immediate from the definitions that p = min{t, lt}.
Solving a longstanding problem, Malliaris and the second named author have recently proved
that p = t [5]. We prove that, consistently, p < [t < ¢. This settles [I1, Problem 64] (quoted
in [10, Problem 5] and in [I2, Problem 11.2 (311)]). Moreover, we have that It = 9 in all
models of set theory where the continuum is at most Ny. One of our main results is that the
cofinality of [v is uncountable. The proof of this result uses auxiliary results of independent
interest. One striking consequence is that if p < b, then [t < b.

The number defined below is a variation of [v. It first appeared in [I1], Problem 57], in the
form non(wX).

Definition 1.2. For functions f,g € w*, let [f <g| = {n : f(n) < g(n) } The linear
excluded middle number [ is the minimal cardinality of a set of functions F C w* such that,
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for each function h € w*, the family { [f < h]: f € F } (is either not contained in [w]“, or)
does not have a linear refinement [l

If 7 C w” and |F| < Iy then there are a function h € w* and infinite subsets Ay C* [f < h]
such that the family {Af ferF } is linear, and for all functions f,g € F, say such that
Ay C* A,y, we have that h excludes middles in the sense that

f(n) < h(n) < g(n)
may hold for at most finitely many n in Ay.

By the forthcoming Corollary [2.13] we have that [t < [r <9 and b,s < [r.

In particular, by the above-mentioned result on Ir, we have that I[r = 0 whenever the
continuum is at most No. In light of the results of [6], Problem 57 in [11] asks whether
[t = max{b,s}. The answer, provided here, is “No”: In the model obtained by adding
Ny Cohen reals to a model of the Continuum Hypothesis, b = s = X; < 0, and thus also
b =5 < I = Ny in this model. This also answers the question whether wX = X, posed in
[11] before Problem 57, since the critical cardinalities (defined below) of wX and X are [r and
max{b, s}, respectively.

For [r, an assertion finer than the above-mentioned one holds: If b =[x, then I[f = 0.

We use the method of forcing (necessarily, beyond continuum of size Ny), to show that,
consistently, [v,lr < 0, and to rule out a number of potential upper or lower bounds on
these relatively new numbers in terms of classic combinatorial cardinal characteristics of the
continuum. We conclude by stating a number of open problems.

1.2. Selective covering properties. Topological properties defined by diagonalizations of
open or Borel covers have a rich history in various areas of general topology and analysis,
see [9, [, [12] [7] for surveys on the topic and some of its applications and open problems.
Let X be an infinite topological space. By a cover of X we mean a family U with X ¢ U

and X = JU. Let U = { U, n<uw } be a bijectively enumerated, countably infinite cover
of X. We say that:

(1) U € O(X) if each U, is open.

(2) U € Q(X) if U € O(X), and each finite subset of X is contained in some U,,.

(3) U € T*(X) if U € O(X), the sets

{n:zeU,} (forze X)

are infinite, and the family of these sets has a linear refinement.
(4) U € I'(X) if U is a point-cofinite cover, that is, each element of X is a member of all
but finitely many U,,.

We may omit the part “(X)” from these notations.
Let A and B be any of the above four types of open covers. Scheepers [§] introduced the
following selection hypotheses that the space X may satisfy:

S1(A, B): For each sequence (U, : n < w) of members of A, there is a selection (U, €U, : n €
U, ) such that {U, :n € w} € B.

'In [11], the ad-hoc name weak excluded middle number (tg) is used for the linear excluded middle
number. Since the excluded middle number defined in [IT] turned out equal to the classic cardinal max{b, s},
there is no point in preserving this name, and consequently also the name of its weaker version.
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Stn(A, B): For each sequence (U, : n < w) of members of A, there is a selection of finite sets
(Fn S U, :n <w) such that J,_, F. € B.

Usn(A, B): For each sequence (U, : n < w) of members of A which do not contain a finite
subcover, there is a selection of finite sets ( F, C U, : n < w) such that {{JF, :n €
w} € B.

Some of the properties are never satisfied, and many equivalences hold among the meaningful
ones. The surviving properties appear in Figure , where an arrow denotes implication [I1].
It is not known whether any implication, that does not follow from composition of existing
ones, can be added to this diagram. Several striking results concerning this problem were
established by Zdomskyy in [13].

Uﬁn(O7F) — UﬁH(O’T*) _— Uﬁn(O7Q) _— Sﬁn(ozo)
I

- e

San(0 1) Sin (T, ©)
:
Sy(T,T) S1(L, T) T S.(T, Q) —T> S1(T,0)
b ‘ v ‘ 0
San (T*, T*) -~ San(T*,Q)
? 0
/ -~
Sl(T*,F) L Sy(T*, T T Sl(T*,Q) T Sl(T*,O)
b ? ‘ ‘
Sﬁn(Q7T*) —_— Sﬁn(ﬂvﬂ)
le 0
— e
S1(2,T) 51(2,T7) 51(2,9) 51(0,0)
p min{cov(M), [t} cov(M) cov(M)

F1GURE 1. The surviving properties

Below each property P in Figure |l appears its critical cardinality, non(P), which is the
minimal cardinality of a space X not satisfying that propertyﬂ The boxed critical cardinali-
ties, and several critical cardinalities of properties not displayed here, are established in the
present paper.

Putting the mentioned results together, we have that in models where the continuum (or
just 0) is at most Ny, all but one of the critical cardinalities of the studied properties are
determined in terms of classic combinatorial cardinal characteristics of the continuum, see
Figure [2|

These results fix, in particular, an erroneous assertion made in [I1, Theorem 7.20] without
proof, namely, that the critical cardinality of S;(€2,T*) is lt. As shown in the diagram,
the correct critical cardinality is min{cov(M), t}. By the above-mentioned results, the
inequality cov(M) < [t holds in all models of cov(M) < 0 = Ny; in particular in the
standard Laver, Mathias, and Miller models (see [2]).

2The cardinal 00 was defined in [6]. We recall the definition in Subsection where it is needed.
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FIGURE 2. The critical cardinalities in models of ¢ < Ny

2. REsuLTSs IN ZFC

2.1. Combinatorial cardinal characteristics of the continuum. All filters in this paper
are on w, and are assumed to contain all cofinite subsets of w. The character of a filter F
is the minimal cardinality of a base for F, that is, a set B C F such that each element of
F contains some element of B, or equivalently, the minimal cardinality of a subset B of F
generating F as a filter. Let F be a filter. A set P C w is F-positive if PN A is infinite for
all A € F, in other words, F can be extended to a filter containing P.

Lemma 2.1. Let k be an infinite cardinal such that, for each filter F of character < k, every
linear subset of F of cardinality < k has an F-positive pseudointersection. Then k < lt.

Proof. Let {Aa o< Ii} be centered, and F be the filter generated by {Aa Ta< K }
We construct, by induction on «, a linear refinement {A; Ta < Ii} of {Aa Ta < Ii}

such that, for each «, { Ag i f<a } U.F is centred and { Ag <« } is a linear refinement
of {AB B < }

Let Ay = Ap. For a > 0 we assume, inductively, that {Ag B < a} is linear and that
FuU {Ag B < a} is centered. Let F, be the filter generated by F U {AE B <« } Let
P be an F,-positive pseudointersection of {Ag <« } Take A, = PN A, As Fisa
filter, A; is A-positive. O

In the following proof, we use that It < 0 [I1]. Theorem improves upon this inequality.
Theorem 2.2. [f [t = Ny, then 0 = N;.

Proof. Assume that @ > ®;. We will prove, using Lemma [2.1] that [t > N;. Let F be a
filter of character < Ny, and fix a base {Ba o< Ny } of F. Let {An n< w} be a linear
subset of F. By the previous lemma, it suffices to prove that the family {An n<w } has
an JF-positive pseudointersection. We may assume that A, ., C A, for all n.
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Let @ < W;. For each n, as B, N A,, € F, we can pick an element
fa(n) € BN A,

such that the function f, is strictly increasing. As 0 > Ny, there is a function g € w* such
that, for each a@ < Wy, f,(n) < g(n) for infinitely many n. Let

P= U A, N[0, g(n)).

nw

For each n, P\ A, C U, [0,9(k)), and thus P C* A,. For each v < ®; and each n with

fa(n) < g(n),
fa(n) € BaN A, N [0,9(n)) C P.

As f, is strictly increasing, B, N P is infinite. Thus, P is JF-positive. O

As It <0 (Corollary [2.13)), Theorem [2.2] implies the following result.
Corollary 2.3. If 0 < XNy, then It =0.

Thus, a large family of results about combinatorial cardinal characteristics of the con-
tinuum in models of ¢ = Ny (see Table 4 in [2]) are applicable. For example, we have the
following consequences.

Corollary 2.4.

(1) For each cardinal t among ¢, u, a, cov(N'), non(N), and non(M), it is consistent
that ¢ < Ir, and it is consistent that It < r.

(2) For each cardinal x among p, b, s, g, ¢, b, add(N), add(M), and cov(M), it is
consistent that ¢ < [v.

(3) For each cardinal x among i, cof (M), and cof(N), it is consistent that It < . O

In Subsection we show that, consistently, It < cov(M). In particular, [t < 0 is
consistent.

A tower of height k is a set {Ta a< /1} C [w]” that is C*-decreasing with v and has no
pseudointersection. There is no tower of height smaller than p, and by the Malliaris—Shelah
Theorem, p is the minimal height of a tower.

Lemma 2.5. Let F C [w]¥ be a centered family of cardinality smaller than lt. Then F is
refined by a tower of height p.

Proof. If p = I, then F has a pseudointersection, and we can refine the pseudointersection
by a tower of height t. In this case (or by the Malliaris-Shelah Theorem), since p = [, we
have that p = t.

Assume that p < Iv. Let {Pa ta<p } C [w]“ be a centered family with no pseudointer-
section. Set

B={AxPFP,:AecFa<p}tU{{(n,m):k<min{fn,m}}:kew}.

Then B is a centered family of cardinality less than It. Let R = { Ry : o < & } C [w X w]®
be a C*-decreasing linear refinement of B, with  infinite and regular.

Let my and 7 be the projections of w x w on the first and second coordinates, respectively.
For each pseudointersection R of the family { { (n,m) : k < min{n,m}} : k € w}, the
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sets mo(R) and m(R) are both infinite. Moreover, if R C* A x B then my(R) C* A and
™ (R) g* B.

If k < p, then R has a pseudointersection R. By the above paragraph, the set A := m(R)
is infinite, and is a pseudointersection of the family { P,:a<p }; a contradiction.

Next, assume that p < . For each k, fix oy such that R,, C* { (n,m) : k < min{n,m} }.
As k is uncountable and regular, we have that o := sup, o, < k. Removing the first «
members of R, we may assume that every member of R is a pseudointersection of the family
{{(n,m): k <min{n,m} } : k € w}, and, consequently, that the sets mo(R) and m;(R) are
infinite for each R € R. It follows that the families { mo(Rs) : @ < £ } and { m(Ra) 1 v < K }
are linear refinements of the families F and {Pa ta <P }, respectively. In particular, if
k =P, then we are done.

It remains to prove that the case k > p is impossible. Assume otherwise. For each a < p,
fix B, < K such that m(Rg,) C* P,. As & is regular, we have that § := sup, B, < Kk, and
m(Rg) is a pseudointersection of the family { P,:a<p }; again a contradiction. U

Lemma 2.6 (Folklore). If b < ® then there is a tower of height b.

Proof. Let {fa Ca< b} C w* be a b-scale, that is, an unbounded set where each f, is an
increasing function in w* and the sequence f, is <*-increasing with a. Let h € w* witness
that this family is not dominating. Then {[fa <hl:a<b } is a tower, for if P is a
pseudointersection, then { fal P:a<b } is bounded by h | P. Il

Theorem 2.7. Ifp < b then It < b.

Proof. Assume that b < It. Then, as [t < 0, we have that b < ? and there is a tower
{Ta a< b} of height b. By Lemma , this tower is refined by a tower {Pa o< p }
Assume that p < b. For each o < p, fix B, < b with P, €* Ts,. As b is regular,
B := sup,<p Ba < b. Then Tj is not refined by any P,; a contradiction. O

The argument in the last proof shows the following.
Corollary 2.8. Fach tower of regular height smaller than It must be of height p. U

A family of functions F C w¥ is k-bounded if there is a family G C w® of cardinality s
such that each member of F is dominated by some member of G.

Lemma 2.9. Let F C w”.

(1) If |F| < Ir, then F is p-bounded.
(2) If cof(It) < p and |F| = It, then F is p-bounded.

Proof. (1) Let F C w”. We may assume that each member of F is an increasing function.
Assume that |F| < [v. For each f € F, let

Ar={(n,m): f(n) <m} Cwxw.

The family
{As:feFru{{(n,m):n>k}:kew}
is centered.

3Recall that [f < h] = {new: f(n)<h(n)}
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Assume that this family has a pseudointersection A. As A is a pseudointersection of
{{(n,m):n>k}:k€w}, infinitely many columns AN ({n} x w) of A (for n < w) are
nonempty, and all columns of A are finite. For each n, define g4(n) as follows: Let n’ > n
be minimal with the column AN ({n'} x w) nonempty, and let g4(n) be minimal such that
(n', ga(n)) is in that column. For each f € F, as A C* Ay and f is increasing, we have that
f <" ga. Thus, F is bounded, and we are done.

Next, assume that our family does not have a pseudointersection. By Lemma [2.5, some
tower {Ra o< p} linearly refines our family. As p is regular, by removing an initial
segment of indices we may assume that each R, is a pseudointersection of { { (n,m) :n >
k} kew } Thus, we can define functions gg, for a < p as in the previous paragraph. As
above, for each f € F, if a < p is such that R, C* Ay, then f <* gg,. This shows that F
is p-bounded.

(2) Assume that |F| = Ir. Represent F = J,_cof(w) Fa, With [Fa| < [v for each a. Then
every JF, is p-bounded. As cof(lt) -p = p, F is p-bounded. O

Theorem 2.10. The cofinality of v is uncountable.

Proof. As p is regular, we have that [t is regular if [t = p.
Assume that p < lt. Towards a contradiction, assume that cof(lt) = Ny. Let

F={A,:a<h}Cw

be a centered family. We will prove that F has a linear refinement. Represent F = (J F,
with F,, C F,41 and |F,| < [t for all n. By thinning out the sequence (F, : n < w), we
may assume that each F, has a pseudointersection, or no F, has a pseudointersection.

Consider first the former case. For each n, let R, be a pseudointersection of F,,. For each
A € F, let k be the first with A € F.. For n < k let f4(n) =0, and for n > k let

fa(n)=min{m:R,\mC A}.

By Lemma (2), the family {fA A€ .7-"} is p-bounded. Let G C w* be a witness for
that. For each g € G and each k, let

Ug,k = U Rn\f](n)'

n>k

The family {Ug,k g€ g, ke w} is centered. Indeed, for ky,...,k; € w and ¢1,...,9, € W,
let n = max{ky,...,k} and m = max{gi(n),...,q(n)}. Then n > ky,...,k and R, \ m C
Ugi o N+ N Uy, Since the cardinality of this family is at most p < Ir, it has a linear
refinement R. Let A € F, and let g € G be such that f4 <* g. Fix k such that f4(n) < g(n)
for all n > k. Then U, € A. Thus, R is also a linear refinement of F.

It remains to consider the case where no F,, has a pseudointersection. This is done by
slightly extending the previous argument. By Lemma for each n, there is a tower
{Tg Ta<p } that linearly refines F,. Fix A € F, and let k be the first with A € F. For
n < klet o, =0, and for n > k let oy, < p be the first with T} C* A. As p is regular, the
ordinal a(A) := sup,, «v,, is smaller than p. Then

TS(A) CcrA
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for all but finitely many n. For n < k let fa(n) =0, and for n > k let
fa(n) :min{m:T(f(A) \mCA}.

By Lemma , the family { fa: A€ f} is p-bounded. Let G C w* be a witness for that.
For each g € G, a < p and k € w, let

Ugak = U T3\ g(n).
n>k

The family {Ug,a,k rg€g,a<pke w} is centered, and has cardinality p < lt. Thus,
it has a linear refinement R. Let A € F, and let g € G be such that f4 <* ¢g. Fix k such
that fa(n) < g(n) for all n > k. Then Uy 44y, € A. Thus, R is also a linear refinement of
F. O

We conclude this subsection with a result on ¢ that is analogous to Theorem 2.2 Recall
from Figure[I] that b < Ix < 0.

Theorem 2.11. If [y = b then 0 = b.

Proof. Assume that b < 0. Let {fa ta<b } C w*. We will find a function h € w* and a
linear refinement of the family { [f, < h]:a <b}.

For each a < b, let g, be a <*-bound of {fo.} U {gs: B < a}. Let h € w* witness
that { go : @ < b} is not dominating. Then {[g, < h]: @ < b} is a linear refinement of

{ faia<b } ]
As [t < [z <9, Corollary [2.4] holds for Iy as well. In Section [3.1] we show that, consistently,
r <0.

2.2. Selective covering properties. For a topological space X, let T(X') denote the family
of all open covers {Un n < w} of X such that the sets {n txT € Un} (for z € X) are
infinite, and the family of these sets is linear. Recall that T*(X) is the family of all open
covers { U, n<w } of X such that the sets {n cx e U, } (for x € X) are infinite, and the
family of these sets has linear refinement. The first result of this section solves one of the
first problems concerning this type of covers [11, Problem 10] (quoted in [12, Problem 7.2]).

For families of sets A and B, let (E) denote the property that every element of B contains
an element of A. The property (E) becomes stronger if the family B is thinned out or the
family A is extended.

Theorem 2.12. Let A C T*. Then (X) = San(Q, A). In particular:
(1) (%) =San(T); and
(2) () = Sen(2, T7).
Proof. Clearly, Sg,(Q,T*) implies (£2). It suffices to prove that (%) implies Sg,(€2, ©2).
Indeed, in this case (4 ) implies
Shn(2,Q2) N (TQ) = San (92, T).

Assume that { U :m € w} € Q(X) for each n < w. Fix distinct elements z, € X for
n < w. Then
U ={U\{z,} :nmew} e QX).
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Let V C U be such that V € T*(X). Enumerate V = {V, : n < w}. For z € X, let
V(z) = {n:z € V,}. By the definition of T*, the family { V(z) : z € X } has a linear
refinement R.

There is an pseudointersection P of the family { V() : n < w } such that, for each finite
F C R, PN()F is infinite. Indeed, if R has a pseudointersection then we can take P
to be this pseudointersection. And if not, then by thinning R out, we may assume that
R = {Ra o< H} is a tower of regular uncountable height . For each n, let a,, < k be
with R,, C* V(x,). Let a = sup,, ., and take P = R,,.

Let W = {Vk ckeP } Fix n. As P C* V(z,,), we have that x, € Vj for all but finitely
many k € P. Thus, the ses WN { U2\ {2,,} : m € w} is finite. Let F, C w be a finite
(possibly empty) set such that

Wo{U\{zp,} - mew}={U\{x,} :meF,}.
Let Y be a finite subset of X. Then the set P N(,., V(y) is infinite, and for each £ in this
set, Y C Vj. Thus, W € Q(X). As W € Q(X), the family J,{ U}, : m € F, } is in Q(X),
too. U
Corollary 2.13.
(1) k<@ <o.
(2) bs <Ir.

Proof. (1) [t = non(( 4 )), the critical cardinality of ({%). By Theorem m, (£2) implies
Ugn (€2, T*), which is equivalent to Ug, (O, T*). In [I1, Theorem 55] it is proved, implicitly,
that non(Ug, (O, T*)) = lr. This shows that [v < [r. Since Ug,(O,T*) implies Sg,(O, O),
whose critical cardinality is 0, we also have that [p < 0.

(2) By [11, Theorem 26] and [10, Theorem 9], we have that non(Ug, (O, T)) = max{b,s}.
The property Ug, (O, T) implies Ug, (O, T*), whose critical cardinality is, as mentioned above,
[r. O

Theorem 2.14. The critical cardinalities of S1(I', T*) and Sg, (T, T*) are both Ig.
Proof. As the critical cardinality of Ug, (O, T*) is Iy [11] and the implications
Si(T, T*) — Sqn (T, T*) — U, (O, T¥)

hold, it suffices to prove that every topological space of cardinality smaller than [x satisfies
S (I, T).

Let X be a topological space with |X| < lr. Assume that, for each n, { Ur:m<w } is a
point-cofinite cover of X. For each x € X, define f, € w¥ by

fe(n) =min{m Yk >m, x €U }.
As | X| < Ir, there are h € w* and infinite subsets
A Clfa <h] (v €X)
such that { A, : x € X } is linear. Then { Uy 1 n < w } € T*(X). Indeed, for each = € X,
Ay Clfa <hJC{n:ze Uy, },
and the family {Ax xe X } is linear. U
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Theorem 2.15. The critical cardinality of S1(€2, T*) is min{cov(M), lt}.

Proof. Notice that
Q

It follows that

non(S; (€2, T*)) = min{non(S;(2, 2)),non(({))}.
By the definitions of 2 and T*, the critical cardinality of (%) is [t [I1]. It is known that
non(S; (€2, Q) = cov(M). O
Theorem 2.16. min{cov(M), lt}, min{b,s} < non(Ss,(T*, T*)) < Iz.
Proof. As Sg,(T*, T*) implies Sg, (I, T*), we have that non(Sg, (T, T*)) < non(Sa, (I'™*, T*)).
By Theorem [2.14] non(Sg,(I'™, T*)) < lr. Thus, non(Sg,(T*, T*)) < lr. By Theorem [2.15]
as Sgn (€2, T*) implies Sg,(T*, T*), we have that min{cov(M), [t} < non(Sg,(T*,T*)). It
remains to prove that min{b,s} < non(Sg,(T*,T*)). This is proved as in the proof of
Lemma 3.4 of [6]. For the reader’s convenience, we provide a complete argument.

Let X be a topological space with |X| < min{b,s}. Assume that, for each n, { U : m <
w} € T*(X). For each n, let

A:n) C{m:ze€ U’} (reX)
be a linear family. For z,y € X let
Buy={n: Au(n) € A,(n)}.

As |X| < s, there is S € [w]* that is not split by any B, ,. As B, ,UB,, =w, S C* B, or
S C* By, for all z,y. For z,y € X define g,, € w*” by:

min{k: A,(n) \kC A,(n)\k} neB,,\ By

Gry(n) =< min{k: Ay(n)\kC A,(n)\k} né€B,,\ By
min{k: A,(n)\k=A,n)\k} neB,,NBy,

Since | X| < b, there exists gy € w* which dominates all of the functions ¢, ,, z,y € X. For
each x € X, define g, € w* by

gx(n) = min A, (1) \ go(n).

Choose ¢; € w* which dominates the functions g, (for z € X). Here too, this is possible
since | X| < b. For each n € 9, let

Fn = Weomy: -+ Ugymy -
Forn ¢ S let F,, = 0. Let

U:U}"n:{U,’;:nES, go(n) <m<gi(n)}.

nes

We claim that U € T*(X). For each z € X let
U, ={U, :n €S, go(n) <m<gi(n), meA,(n)y C{U el :xclU}.
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We may assume that the sets U are distinct for distinct pairs (n,m). For all but finitely
many n € S, m := g,(n) € A,(n) and go(n) < gz(n) < g1(n), so x € U} € U,. Thus, U, is
an infinite subset of U. It remains to show that the family {Z/{x re X } is linear.

Let z,y € X. Without loss of generality, S C* B, ,. We will show that U, C* U,. For all
but finitely many n € S: g,,(n) < go(n). For each U} € U,, go(n) < m € A,(n), and thus
Gzy(n) <m. Asn € B, and m € A;(n), we have that m € A,(n). Thus, U}, € U,. O

Definition 2.17 ([6]). 00 is the minimal cardinality of a family A C ([w]“)“ such that:
(1) For each n, { A(n) : A € A} is linear.
(2) There is no g € w* such that, for each A € A, g(n) € A(n) for some n.

cov(M) < 00, and equality holds if the continuum is at most Ry [6].
Theorem 2.18. The critical cardinalities of S1(T*,Q) and of S1(T*, O) are both 00.
Proof. As'T C T*,

Sl(T*, Q) — Sl(T*, O) — 51<T, O)

In [6] it is proved that non(S;(T,O)) = 0d. It remains to prove that 00 < S;(T*, Q).

Let X be a topological space with | X| < 00. Assume that, for each n, { U :m<w } €
T*(X). Fix n. By the definition of T*, there are sets

A(n) S {m:x €U}
such that { A,(n) :z € X } C [w]* and is linear. For each finite F' C X, let
Ap(n) = (] Aa(n).
el
Then the family
{Ar(n) : F e [X]™} C [w]

is linear. As |X| < 00, there is ¢ € w® such that, for each finite ' C X, there is n with
g(n) € Ap(n). Then { Ujiny 10 < w} € QX). O

Recall that p =t [7].
Theorem 2.19. The critical cardinality of (TT) 15 t.

Proof. We use the method of the proof of [10, Theorem 3].
(>) (%), which implies (), has critical cardinality t.
(<) Consider P(w) with the Cantor space topology and the open sets

U,={A€Pw):neA}.
For a family A C [w]¥, viewed as a subspace of P(w):

(1) {U, :n<w} € T*(A) if and only if A has a linear refinement.

(2) {U,:n<w} € T(A) if and only if A is linear.

(3) {U, :n <w} contains an element of T(A) if and only if there is I € [w]* such that
{ANI:Ae A} is alinear subset of [w]*.
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We construct a family A C [w]“ of cardinality t, such that .4 has a linear refinement, but for
each I € [w]“, the family { ANJ: A€ A} is nonlinear.

Let F C [w]¥ be a tower of cardinality t. Let B be the boolean subalgebra of P(w)
generated by F. Then |B| =t. Let

A={BeB:3JAcF, ACB}.
Then F is a linear refinement of A.

Towards a contradiction, assume that there is I € [w]* such that { ANT: A€ A} isa

linear subset of [w]“. As { ANI: A€ A} refines A, it has no pseudointersection. Fix an
element Dy € A. There exist:

(1) An element Dy € A such that DyNI C* DyN1I (i.e., such that DoN 1\ Dy is infinite);
and
(2) An element Dy € A such that Do NI C* DyN 1.

Then the sets (D2 U (Do \ D1)) N1 and Dy NI, both elements of A, contain the infinite sets
(DoNI)\(DyNI)and (DyNI)\ (DyNI), respectively, and thus are not C*-comparable, a
contradiction. i

Corollary 2.20. The critical cardinalities of S1(T*,T) and Sg,(T*,T) are both t.
Proof. As

*

T
Si(T*,T) = (T) NS (T, T)
and non(S;(T,T)) = t [6], we have by Theorem that non(S;(T*, T)) = t. Thus, by the

implications
T*
Si(T*,T) — Sgu(T*,T) — (T)
and Theorem non(Sa, (T*,T)) = t. O

3. CONSISTENCY RESULTS

3.1. A model for [p < 0. For a cardinal A, let C, be the forcing notion adding A Cohen
reals.

Theorem 3.1. Let p=c¢ and A\ > u*. Then
lFe, I < pt < XA < cov(M).

Proof. Let Cy = Fn(A xw,w) and let ¢, be the a-th Cohen real added by C,. For p € C,, let

supp(p) = {B sdom(p) N ({8} x w) #0 } For 8 € supp(p), let p(B) be the partial function
from w to w defined by p(8)(n) = p(B,n). Thus, if (8,n) € dom(p) and p(5)(n) = m, then

plF éz(n) = m.
For the (standard) proof of the inequality A < cov(M), we refer to [2, p. 472].
We claim that the set {ca ca< pt } witnesses that Ir < p*. Towards a contradiction,

assume that there are: A condition p € C,, a name h for a function in w*, and names A,
(for a < ™) of infinite subsets of w such that

(i) pIF A, C* {new:éa(n) < h(n) } and A, is infinite;

(ii) For all a and S, p IF A, C AB or AB C A,.



Paper Sh:1032, version 2015-06-18_11. See https://shelah.logic.at/papers/1032/ for possible updates.

LINEAR REFINEMENTS AND SELECTIONS 13

Fix U, € [A\]* and a Borel function by,: (w*)”» — w*, coded in the ground model, such that

p“‘ h = bh(<é5 : 5 S Uh>)
For each o < A, fix a set U, € [A\]"° containing U}, and a Borel function b, : (w*)Y — P(w),
coded in the ground model, such that

plF Ay =bo((¢s: B UL)).

Using the A-System Lemma, find W € [p*]*" and U, such that U, N Us = U, for all distinct
a,Be€W. As U, C U, for each a, we have that U, C U,. Fix distinct a,, 8 € W, such that
a ¢ Ugand ¢ U,.

This can be done as follows: Select any v € W\ U, and distinct Sy, 51 € W\ U,. If a ¢ Ug,,
then put 5 = fy. Otherwise, a ¢ Ug, because Ug, N Us, = U,. In this case, put § = ;. We

know that . . . _
plEA, C" Agor Ag C* A,
There is py < p such that
(po Ik A, C* Ag) or (po Ik AB - Aa)
Without loss of generality, we may assume that
polF Ay C* Aj.

Take n; and a condition p; < pg such that:

(1) prlE Ao\ n1 € Ag \ ny;

(i) a, 3 € supp(p1).
Choose nsy and a condition ps < p; such that

(i) ng > max{m,max(dom(pl(ﬂ))};

(11) y %) I Ng € Aa.
We know that pI- Ay = by ({(¢g: 8 € Uy,)), and thus A, is a (C,)y,-name where

(CA)v:={q€Cy:supp(q) CU}.
Thus, we may assume that
P2 f)\\Ua:pl f)\\Ua-
As his a (Cy)u,-name, there are m, and a condition ps < py such that
(1) p3 TANUn =p2 [ A\ Up;
(i) p3 Ik h(ng) = m..
Finally, choose p, € C, such that

(i) supp(ps) = supp(ps);
(i) pa T AN{B} = ps I AN\ A{B};
(iii) ps(B) = o, where o: dom(ps(8)) U{na} — w is defined by

() = {pm)(k) k € dom(ps(9))
my+1 k=no.

In summary, the condition p, forces that
(1) Aa\n1 C A\ ny;
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The conditions (4) and (5) imply that
pilbno ¢ {new:ég(n) < h(n)}
On the other hand p I ny € A,. Taking into account (1) and that ny > ny, we have that
plF ny € Ag. This, together with (3), implies that
palFns € {new:és(n) < h(n)},
a contradiction. U

Corollary 3.2. Let V' be a model of the Continuum Hypothesis. For each cardinal A > Ny
of uncountable cofinality,

VO Ep=b=8<hk=hk=N <A=cov(M)=0d=c.

Proof. By Theorem , we have in VC that [t < [ < R,. By Theorem [t > Ny in V&,
The remaining assertions are well known (e.g., [2, §11]). OJ

3.2. A model for p < lt. Our model will be constructed using Mathias-type forcing no-
tions. For a centered family F which contains all co-finite sets, the F-Mathias forcing is the
c.c.c. forcing notion

P={(v,A) € [w]* x F: maxv < min A },
ordered by:
(u, B) < (v, A) if and only if u D v, BC Aand u\v C A.
This forcing notion adds a pseudointersection to the family F. Indeed, if G is P-generic,

then
U{v: (v, 4) eq}
is a pseudointersection of F.

Theorem 3.3. Assume the Generalized Continuum Hypothesis, and let i, k and \ be un-
countable cardinal numbers such that k = cof(k) < p = cof(u) < X = A<*. There is a c.c.c.
forcing notion P of cardinality X\ such that

Fpp=b=r<h=p<A=c

Instead of building a model directly, as in the previous section, we will consider a transfinite
sequence of classes of forcing notions, ©,, and with their help we will define the forcing notion
we are looking for.

A forcing notion O belongs to the class O if O is given by an iteration Z such that:

(1) (IP’Q,Q[; o < A€ B < A-€&) is a finite support iteration of length A - £ (ordinal
product);

(2) 0= P)\.g;

(3) Py is the trivial forcing;

(4) for each a < \- ¢, IFp, Q, is an F,-Mathias forcing;
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(5) F. is a name for a filter generated by the cofinite sets together with the family
{Aa’b < Ly }, where ¢, is an ordinal < u;

(6) ta =0 for a < A (thus Q, is isomorphic to Cohen’s forcing for a < \);

(7) A, is a P,-name for a subset of w;

(8) ba,: (29)% — [w]® is a Borel functlon from the Cantor cube (2¢)“ into [w]“, coded in
the ground model;

(9) IFp, Aay = ba({ By(aun : 7 < w)), where B, C [w]* denotes the y-th generic real;

(10) If @ = X - ¢ + v (where v < \), then

Y(a,e,n) < A-C.

(11) For each ¢ < ¢ and each sequence (b, : ¢ < v, ) of Borel functions b,: (2¥)* — [w]*
of length ¢, < p, and all ordinal numbers 6(¢,n) < A - ( such that P forces that the
filter generated by the cofinite sets together with the family

{b B(gm n<w>):L<L*},

is proper, there are arbitrarily large e < A - (¢ + 1) such that:
(2) Lo = L
(b) ba, = b, for all © < 14;
(c) v(ayt,m) = (¢, n) for all ¢« < ¢, and all n.

If a forcing notion O € O is obtained by an iteration (P,, Qﬁ < A€ B <A-E), then
we set O, = Q, for all a.

We say that a forcing X is the restriction of a forcing O to an ordinal ¢, X = O | &, if
there is ¢ > ¢ such that X € ©,, O € ©; and O, = X,, for all « < X-¢&.

To complete the proof of the theorem, we prove several lemmata.

Lemma 3.4. The classes O¢ have the following properties:
(i) IfO€O: and ( <&, then O | ¢ € O;
(ii) ©¢ is nonempty;
(iii) If O € O, then there is X € O¢yq such that X [ £ = O;
(iv) If € is a limit ordinal and (Q¢ : ¢ < &) is a sequence of forcing notions such that
0° € O¢ and O | n = Q" for all n < ¢ < &, then there is a unique Q% € O such
that Q% | ( = Q° for all { < €.

Proof. The only nontrivial property is (iii). To define X, it is suffices to find functions b,
and numbers y(a, ¢t,n) for & € [A- &, A+ (£ + 1)) such that the conditions (10) and (11) hold.
Let (Py:A-&<a< X (£+1)) be the sequence of all possible pairs
P=(b:t<ut),(0(t,n):t<te,n<w))

where

(a) 2 < /’La

(b) (b, : ¢t < i) is a sequence of Borel functions;

(c) { ( n):t < ty,n <w) is a matrix of ordinal numbers §(¢,n) < A - &;

(d) the filter generated by the cofinite sets and the family

{b Bgm n<w>):L<L*}

is proper.
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We request that each pair appears cofinally often in this sequence. When
Po={(b 1t <ta),(0(t,n):t <teyn<w)),
write by, = b, (@, ¢,n) = 0(¢,n) and 14 = L. O

Using the above lemma, take a sequence (Q¢ : £ < k) of forcing notions such that Q¢ € O
and Q¢ | ¢ = Q¢ for every ¢ < €. Let P, = O for all @ < X\ - x. The forcing notions P, are
well defined: Qf, = QF for £ < k and a < A - &.

Lemma 3.5. IFp, p=1b=x.

Proof. (p > k) Let A = {A, : 1 <1} € V[G] be a centered family of cardinality < .
Let £ < A - k be such that A € V[Gg,] (& exists since we consider finite support iteration
and k = cof(k) > Vg). We claim that there is a > &, such that A C F,. Indeed, consider
functions b,: (2¥)¥ — [w]“ and ordinals 6(¢,n) such that

bb(< By :n < w >) =A,

for all © < ¢,. By condition (11), there is a such that: ¢, = ts, by, = b, and 6(¢, n) = (v, ¢, n)
for all ¢ < ¢, and all n. Thus, B, is a pseudointersection of A.

(b < k) Let f € w¥ be an enumeration of By in V[G]. Then a family {f§ €< /i} is
unbounded. VO @+, The family (¢ : € < k) is forced to be unbounded. O

Lemma 3.6. IFp, [t > p.

Proof. Assume that some p € Py, forces that a family A = {AL Tl < Ly }, where ¢, < p,
is contained in [w]* and closed under finite intersections. There are numbers 6(¢,n) < A - K
(for ¢ < ¢, and n < w) and Borel functions b,: (2¥)* — [w]* such that

plre,, A = bb(< Bsmy:n <w >) for all ¢.
Write each (¢, n) in the form

§<L7 n) =A- C(La n) + 77(57 n)a
where n(t,n) < A. Set
Ne =sup{n,n):t<it,n<wk.
As cof(A) > p (indeed, A = A<#), we have that n, < A. Since, in addition, u is regular, there
is S C A\ - k of cardinality < p such that
(a) {0(¢t,n) e <t, n<w}CS;
(b) If & € S then {’y(a,b,n) < Ly, n<w} CS.
Set
Se=5SNA-¢&
Then (Se : £ < k) is a C-increasing sequence. Let U = { v < 1, : Vn, 0(¢,n) € S¢ }, so that
(Ue : £ < k) is C-increasing with union ¢,.
Choose 3¢ and 7n¢, £ < k, by induction such that
(1) Be = A - € + e where e < X;
(i) B¢ ¢ S;
(iii) ne > sup({n : ¢ <&} U{n.});
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(iv) ”_IF’)\.g {ABE,L3L<LB§}: {AL:LGUg}U{Bg( C<£}
The induction can be carried out, since
Fpy. Bs, € By, for ¢ <¢
and _
IFp,.,. B, has infinite intersection with every member of A.

To observe that the last condition holds, it suffices to use (4) and the fact that ¢ ¢ S.
Since Ikp, . Ue, Us = tv, we conclude by (4) and the definition of Qg that, in VFr, the
set { Bg, : £ <k} is a linear refinement of { 4, : ¢ < v, }. O

Lemma 3.7. If U € [\* is from the ground model V' and ~y € [\, X - K], then
(*) bp, {a€U: C C* B, } < w for each infinite C Cw.

Proof. We prove the fact by induction on v € [\, X - k]. For each v let G, denote the
IP,-generic filter.

Assume that v = A. Let C' € V[G,] be an infinite subset of w and let C' be a Py-name
for C. As C'is determined by countably many Cohen reals, we may assume by changing the
order that C' € V[G,,]. Then

Fp, [{a €eU:CC* B, }| <Ny

We next establish the preservation of the condition (%) through the steps of iteration.
Assume that v = 8+ 1 is a successor ordinal. We will work in V[Gj] and force with Qg.
Assume that in V[Gp], for every infinite C'

(xx) {aeU:CC" By} <p.
We force with Fz-Mathias forcing Qg, where Fj5 is generated by a centered family of cardi-
nality < p. Therefore Qs contains a dense subset D of cardinality < p. Assume that
IFq, Hoz clU:C c* B, }! > i for some infinite C C w.
Let ‘
W={a€eU:(3q.) ¢ IF C C* B,}.
The set W belongs to the model V[G3]. We may assume that for each o € W, ¢, € D . By

pigeonhole principle there is ¢, € D and a set W; C W of cardinality p such that ¢, = g
for each o € Wy. This means that for each a« € W3

g IF C C* B,.
For each o € W there is r, < ¢, and k, such that for each a € Wr:
To lFC\ [0, k) C B,.

Again, by pigeonhole principles there are r, and k, and Wy C W, of cardinality p such that
To = Ty, ko = ky for each a € W5. This means that for each a € W:

. - C\ [0,k,) C Ba.

It follows that
r. - ﬂ B, is infinite .

aceWs
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But (e, Ba belongs to V[Gg] contradicting (sx).

Assume that 7 is a limit ordinal of uncountable cofinality. Let C' € V[G,] be an infinite
subset of w and let C' be a P,-name for C'. By Lemma 16.14 in [3] there is 5 < 7 such that
C € V|Gp] and 5 > A. By the inductive hypothesis, we have that

Fp, {@€U:CC B, }| < p.
Since c.c.c. forcing notions preserve cardinality, we have that
Fp, [{a€eU:CC B, }| <.
Finally, let v > X be a limit ordinal with countable cofinality. Fix a sequence (v, :n < w)
increasing to . Towards a contradiction assume that there is p € P, such that
plFp, U= {a eU:CC"B, } has cardinality pu.

Let 3, be a name for the «-th element of U, so that Let G be a IP,-generic filter containing p
and for every ¢« < p let p, € G5, o, < p and k, < w be such that

(a) p. < p;

(b) b, I BL = Qy;

(c) p.IF C\ Ba, C[0,k,).
As supp(p,) is finite for each ¢ < p, there exists n, < w such that supp(p,) C 7,,. Since there
are 1 many indices ¢ and only countably many n, and k,, there exist n, and k, such that the
set

W={i1<p:n =n.k =k}

has cardinality p. In particular we have p, € G, forall. € W. Notice that W, (p, : 1 € W) €
V[G] (in fact they belong to V[G., ]) Let D be a P, -name defined as follows: given P,,_-
filter H, let D[H] be a set

{kew:(FgeP,, ) qlFkel},
C’ is the P,,. H-hame obtained in a standard way by ”"partially evaluating C with H”. We
claim that p, I D\ Ba, € [0, k) for all «. Indeed, otherwise there exists r < p;,r € P, and
k > k. such that rlbp, ke D \ Ba,. Thus
ritp, (3g€P,. ) qlre, . keC\B.,).
Let 7" <rr'eP,,  andqeP,, . besuchthat
rike, (qlFp, ., k€ C'\ By,).
This means that "¢ IFp k€ C'\ B,,. But this is impossible because
g < p, lFp, C\ Ba, Ck,.

This proves the claim.
As p, € G,,_, the above claim implies that, in V[G,, ],

W< {1:D[G,. ] C Ba[G- ]}

Mox

contradicting the inductive hypothesis. O

Lemma 3.8. IFp, [t < p.
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Proof. Assume otherwise. Then there is p € P such that p IF u < [r. Take a generic
filter G containing p. We argue in V[G]. The family B = { B, : & < p} has a linear
refinement. By Lemma 2.4, either there is a tower {TL L < p} refining B, or B has a
pseudointersection. The second case cannot happen since it contradicts (x) of Lemma .
Let D, = {a: T, C* B, }. Since U<, D. = p, there is ¢ such that [D,| = p. This means
that T, C* B, for u-many «, contradlctlng (%) of Lemma [3.7] O

This completes the proof of Theorem O

3.3. A model for [t < b = [f =0 < ¢. Our model will be constructed using Mathias-type
forcing notions as in the previous section, together with Hechler forcing.

Theorem 3.9. Assume the Generalized Continuum Hypothesis, and let k, n and X be un-
countable cardinal numbers such that k and n are reqular and kK < n < A\ = AX<". There is a
c.c.c. forcing notion P of cardinality \ such that

Fep=r<h=x"<b=h=0=np<=c

Proof. We use the iteration of Theorem [3.3] but , 7 and A here stand for p, x, and A there,
respectively, and we intersperse Hechler’s forcing during the iteration. More precisely, the
forcing notion P is given by the following iteration:

(1) (P, Qs : @ < A1, < A-7) is a finite support iteration of length X - 7 (ordinal
product);
2) P = ]P))\.n;
3) Py is the trivial forcing;
4) If a € { AE:E>0 }, then IFp, Q. is Hechler’s forcing;
5) Ifa< A- nanda%{)\ £:£>0}, then

(a) IFp, Q. is an F,-Mathias forcing;

(b) F, is a name for a filter generated by centered family {AM L < La} which

contains cofinite sets, where ¢, is an ordinal < k;

(
(
(
(

aet (29)9 — w]¥ is a Borel function coded in the ground model;

()
(d) A,, is a P,-name for a subset of w;
)b
£) e, Aay = bau({ Byaum : 1 < w)), where B, C [w]* denotes the a-th generic

(g) If a =X-&+ v (where v < \), then
Y(a,,mn) < X-E.

(h) For each ¢ < £ and each sequence (b, : ¢ < ¢, ) of Borel functions b,: (2¥)% — [w]|*
of length ¢, < k, and all ordinal numbers 6(¢,n) < A - ¢ such that P forces that
the filter generated by the cofinite sets together with the family

{b Bam n<w>):L<L*},
is proper, there are arbitrarily large @ < A - (¢ + 1) such that:
(1> ba = Ux;
(ii) by, = b, for all ¢ < 145
(iii) v(a,t,n) = (¢, n) for all ¢« < ¢, and all n.
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Observe that IFp b = [f = 0 = 1 since Hechler reals are added in steps A - £ (£ < n) of the
iteration. Also, IFp 2% = X holds, since A = A<*. It remains to prove that IFp p = & and
”‘p [t = /i+.

Lemma 3.10. If U € [\|* is from the ground model V and v € [\, \ - k], then

(x) IFp, |{a elv:Cc Ba}’ < K for each infinite C' C w.
Proof. The proof is as in Lemma , with one more case to check: v =+ 1 and IFp, Q is
Hechler’s forcing.

In V, enumerate U = {oz5 (0 < li}. Consider a family {Ba ta € U} = {Ba5 10 < /{}
in V[Gp]. Tt is eventually narrow, that is, for each C' € [w]* there is dy such that C' Z* B,

for each 6 > dp. By [1l, Theorem 3.1], eventually narrow families are preserved by Hechler’s
forcing. Thus,

IFp., |{a clU:C - Ba}‘ < k for each infinite C Cw. U
Lemma 3.11. IFp £ < p.
Proof. The proof is as in Lemma [3.5] O
Lemma 3.12. IFp p < k.

Proof. By Lemma |3.10 for U = &, the family {Ba ra< /<;} of the first k Cohen reals is an
example of a centered family in V[G] that has no pseudointersection. Il

Lemma 3.13. Fp [t < k™.

Proof. The proof is as in Lemma 3.8. The only difference is that since now x = u = p, we
need to change k to k™ in the conclusion. U

Consider the following weak version of the Martin’s Axiom M (k): If

(a) A C [w]* is a centered family of cardinality < x (where £ > w), that contains all

cofinite sets,
(b) Q = Q4 is the A-Mathias forcing notion,
(¢) Dg is an open dense subset of Q for each 5 < &;

then there is a filter H C Q such that H N Dg # () for each f < k.
Lemma 3.14. M (k) implies that It > k.

Proof. Assume that { Ap i a <k } is a centered family. We may assume that it contains all
cofinite sets and is closed under finite intersection. We choose A; by induction on a < &
such that:

(a) Ay C* Ay for each 8 < a,

(b) A;, N Ap is infinite for each § < k.
Assume that Aj is defined for § < a. Let A be the closure of the family {AE B < oz}
under finite intersections and cofinite sets. Apply M (k) to the family A and the dense sets
D = {(u,B) : [unAg| >k} (where 8 < k and n < w) to obtain H. Set A, = J{u:
(u,B) € H }. g

Lemma 3.15. |Fp [t > 7.
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Proof. Assume that A is a centered family of cardinality < x in the extended model V[G],
which contains all cofinite sets, and Z is a family of < k open dense subsets of Q = Q4.
Assume that p forces that A= {AL L <ty < /<a} and 9 = {De e < Ii} form a counter-
example. The forcing is c.c.c., and p forces that ¢/, < k. We may assume that ¢, is in the
ground model.

As n = cof(n) > k, we may assume that all A,, D, are Py.e-name for some { < n. We can
find o € [A- & X+ (£ + 1)) such that {Aa,b <l p = {AL : 1 < 1, } is forced. We conclude

as in the proof of the consistency of Martin’s Axiom. O
The proof of Theorem [3.9)is completed. O

4. OPEN PROBLEMS

One of our main results (Theorem [2.10)) is that the cofinality of [t is uncountable.
Problem 4.1. Is it consistent that v is singular?

We introduce below two ad-hoc names for combinatorial cardinal characteristics. Once
progress is made on the associated problems, better names may be introduced.

Definition 4.2. Let k1 be the minimal cardinality of a family A4 C ([w]¥)* such that:
(1) For each n, { A(n) : A € A} is linear.
(2) There is no g € w* such that the sets S4 := {n: g(n) € A(n) } are infinite, and the
family { Sa:Ae A} has a linear refinement.

The following assertions are proved exactly as in Section [2.2]

Lemma 4.3.

(1) non(Sy(T*, T*)) = k.

(2) min{b,s,cov(M)} < k;.

(3) min{max{lt, min{b,s}}, cov(M)} < ky. O
Problem 4.4. Can we express k1, in ZFC, in terms of classic combinatorial cardinal char-
acteristics of the continuum?

Definition 4.5. Let kg, be the minimal cardinality of a family A C ([w]*)“ such that:

(1) For each n, { A(n) : A € A} is linear.
(2) There are no finite sets Fy, Fi, ... C w such that the sets S := |, {n} x(A(n)NF,) C
w X w are infinite, and the family { Sa: A€ A} has a linear refinement.

We have the following.

Lemma 4.6.

(1) non(Sa,(T*, T*)) = non(San (T, T*)) = K.
(2) min{cov(M), lt}, min{b,s} < ks, < Ir. O

Problem 4.7. Can we express kegy, in ZFC, in terms of classic combinatorial cardinal char-
acteristics of the continuum? If not, can we improve the above bounds in ZFC?



Paper Sh:1032, version 2015-06-18_11. See https://shelah.logic.at/papers/1032/ for possible updates.

22 MICHAL MACHURA, SAHARON SHELAH, AND BOAZ TSABAN

Acknowledgments. We thank Daniel Hathaway for his comments on the proof of Theorem
2.10, and the referee for useful suggestions. A part of this material was presented at the
Tel Aviv University Set Theory Seminar. We thank Moti Gitik and Assaf Rinot for their
useful feedback. We are indebted to Lyubomyr Zdomskyy for reading the first version of
this paper, detecting a large number of errors, and making many useful suggestions. The
research of the first named author was partially supported by the Science Absorption Center,
Ministry of Immigrant Absorption, the State of Israel. The research of the second named
author was partially supported by the Israel Science Foundation, grant number 1053/11.
This is publication 1032 of the second named author.

REFERENCES

[1] J. Baumgartner, P. Dordal, Adjoining dominating functions, Journal of Symbolic Logic 50 (1985),
94-101.
[2] A. Blass, Combinatorial cardinal characteristics of the continuum, in: Handbook of Set Theory (M.
Foreman, A. Kanamori, eds.), Springer, 2010, 395-489.
[3] T. Jech, Set theory, Third Millennium Edition, Springer—Verlag 2002.
[4] L. D.R. Kocinac, Selected results on selection principles, in: Proceedings of the 3rd Seminar on
Geometry and Topology (Sh. Rezapour, ed.), July 15-17, Tabriz, Iran, 2004, 71-104.
[6] M. Malliaris and S. Shelah, Cofinality spectrum theorems in model theory, set theory and general topology,
arXiv eprint 1208.5424, 2012.
[6] H. Mildenberger, S. Shelah, and B. Tsaban, The combinatorics of T-covers, Topology and its Applica-
tions 154 (2007), 263-276.
[7] M. Sakai, M. Scheepers, The combinatorics of open covers, in: Recent Progress in General Topol-
ogy III (K. Hart, J. van Mill, P. Simon, eds.), Atlantis Press, 2014, 751-799.
[8] M. Scheepers, Combinatorics of open covers I: Ramsey theory, Topology and its Applications 69 (1996),
31-62.
[9] M. Scheepers, Selection principles and covering properties in topology, Note di Matematica 22 (2003),
3-41.
[10] S. Shelah, B. Tsaban, Critical cardinalities and additivity properties of combinatorial notions of small-
ness, Journal of Applied Analysis 9 (2003), 149-162.
[11] B. Tsaban, Selection principles and the minimal tower problem, Note di Matematica 22 (2003), 53-81.
[12] B. Tsaban, Selection Principles and special sets of reals, in: Open Problems in Topology II (E.
Pearl, ed.), Elsevier B.V., 2007, 91-108.
[13] L. Zdomskyy, A semifilter approach to selection principles II: T7*-covers, Commentationes Mathematicae
Universitatis Carolinae 47 (2006), 539-547.

(Machura) INSTITUTE OF MATHEMATICS, UNIVERSITY OF SILESIA, UL. BANKOWA 14, 40-007 Ka-
TOWICE, POLAND; AND DEPARTMENT OF MATHEMATICS, BAR-ILAN UNIVERSITY, RAMAT GAN 52900,
ISRAEL

Email address: machura@math.biu.ac.il

(Shelah) EINSTEIN INSTITUTE OF MATHEMATICS, THE HEBREW UNIVERSITY OF JERUSALEM, GI-
VAT RAM, 91904 JERUSALEM, ISRAEL; AND MATHEMATICS DEPARTMENT, RUTGERS UNIVERSITY, NEW
Brunswick, NJ, USA

Email address: shelah@math.huji.ac.il

(Tsaban) DEPARTMENT OF MATHEMATICS, BAR-ILAN UNIVERSITY, RAMAT GAN 5290002, ISRAEL;
AND DEPARTMENT OF MATHEMATICS, WEIZMANN INSTITUTE OF SCIENCE, REHOVOT 7610001, ISRAEL

Email address: tsaban@math.biu.ac.il

URL: http://www.cs.biu.ac.il/ tsaban



	1. Overview
	1.1. Combinatorial cardinal characteristics of the continuum
	1.2. Selective covering properties

	2. Results in ZFC
	2.1. Combinatorial cardinal characteristics of the continuum
	2.2. Selective covering properties

	3. Consistency results
	3.1. A model for lx< d
	3.2. A model for plr
	3.3. A model for lrb=lx=dc

	4. Open problems
	Acknowledgments

	References

