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EXAMPLES IN DEPENDENT THEORIES

ITAY KAPLAN AND SAHARON SHELAH

ABSTRACT. In the first part we show a counterexample to a conjecture by Shelah regarding the
existence of indiscernible sequences in dependent theories (up to the first inaccessible cardinal).
In the second part we discuss generic pairs, and give an example where the pair is not dependent.
Then we define the notion of directionality which deals with counting the number of coheirs of
a type and we give examples of the different possibilities. Then we discuss non-splintering, an
interesting notion that appears in the work of Rami Grossberg, Andrés Villaveces and Monica
VanDieren, and we show that it is not trivial (in the sense that it can be different than splitting)
whenever the directionality of the theory is not small. In the appendix we study dense types in

RCF.

1. INTRODUCTION

This paper gives some examples of dependent theories that exemplify certain phenomenons.

Recall,

Definition 1.1. A first order theory T is dependent (NIP) if it does not have the independence
property which means: there are no formula @ (x,y) and tuples (ai,bs|i < w,s C w) in € such

that ¢ (ai, bs) if and only if i € s.

1.1. Existence of indiscernibles. Indiscernible sequences are very important in model theory.
Usually one uses Ramsey’s theorem to prove their existence. Sometimes we want to have a stronger
result. For instance, we may want that any large enough set contains an indiscernible sequence
and indeed this was conjectured by Shelah for dependent theories. We will show that at least in

some models of ZFC, one cannot hope for such a result to be true.

1.2. Generic pairs. In a series of papers ([She, She06, Shell, Shel2a]), Shelah has proved (among
other things) that dependent theories give rise to a “generic pair” of models (and in fact this
characterizes dependent theories). The natural question is whether the theory of the pair is again
dependent. The answer is no. We present an example of an w-stable theory all of whose generic

pairs have the independence property.

The first author’s research was partially supported by the SFB 878 grant.
The first author was partially supported by SFB grant 878. The second author would like to thank the Israel
Science Foundation for partial support of this research (Grants nos. 710/07 and 1053/11). No. 946 on the second

author’s list of publications.
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1.3. Directionality. The directionality of a theory measures the number of finitely satisfiable
global extensions of a complete type (these are also called coheirs). We say that a theory has
small directionality if for every type p over a model M, the number of complete finitely satisfiable
(in M) A-types which are consistent with p is finite for all finite sets A. The theory has medium
directionality if this number is bounded by |M|, and it has large directionality if it is not small or
medium. We give an equivalent definition (Theorem 4.21 below).

We provide examples of dependent theories of each kind of directionality, and calculate the

directionality of some theories, including RCF and ACVF.

1.4. Splintering. This section is connected to the work of Rami Grossberg, Andrés Villaveces
and Monica VanDieren. In [GVV] they study Shelah’s Generic pair conjecture (which is now a
theorem) and in their analysis, they came up with the notion of splintering which is similar to
splitting. We show that in any dependent theory with medium or large directionality, splintering
is different than splitting. We also provide an example of such a theory with small directionality,

and prove this cannot happen in the stable realm.

1.5. Dense types. In the appendix, we study dense types in RCF. Namely, we show that ded A
— the supremum of the number of cuts of a linear order of size A — equals the supremum of
the number of dense types in a model of RCF of size A. This is useful for the calculation of the

directionality of RCF.

1.6. Acknowledgment. We would like to thank the anonymous referee for many useful comments
and for suggesting to apply the method used for calculating the directionality of RCF to valued
fields (in the previous version it was only shown that certain valued fields are not small). We
would also like to thank Marcus Tressl with whom we discussed the directionality of RCF and

Pierre Simon and Immanuel Halupczok for discussing valued fields with us.

1.7. Notation. When « and B are ordinals, we use left exponentiation P« to denote the set of
functions from f to «, as to not to confuse with ordinal (or cardinal) exponentiation. If there is
no room for confusion, and A and B are some sets we use AB instead. The set a<P is the set of
sequences (functions) J{Yax|vy < B}

We do not distinguish elements and tuples unless we say so explicitly.

¢ will be the monster model of the theory.

S (A) is the set of all complete types in n variables over A. S, (A) is the union [ J,,_, Sn (A).
S (A) is the set of all types (perhaps with infinitely mane variables) over A.

For a set of formulas with a partition of variables, A (x,y), La (A) is the set of formulas of the
form @ (x,a),—@ (x,a) where @ (x,y) € A and a € A. Sa (A) is the set of all complete La (A)-
types. Similarly we may define tp, (b/A) as the set of formulas ¢ (x, a) such that ¢ (x,y) € A

and € = @ (b, a). For a partial type p (x) over A, p | A=pnNLa(A).
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Usually we want to consider a set of formulas A without specifying a partition of the variables.
In this case, for a tuple of variables x, A* is a set of partitioned formulas induced from A by
partitioning the formulas in A to (x,y) in all possible ways. Then L} (A) is just Lax (A) and
SX (A), p | A are defined similarly. If x is clear from the context, we omit it. So for instance,

when p is a type in x over A, then p | A is the set of all formulas @ (x, a) where @ (z,w) € A.

2. FEW INDISCERNIBLES

2.1. Introduction.

Definition 2.1. Let T be a theory. For a cardinal k, n < w and an ordinal 5, kK — (8),, means:
for every set A C €™ of size k, there is a non-constant sequence of elements of A of length & which

is indiscernible.

This definition was suggested by Grossberg and Shelah in [She86, pg. 208, Definition 3.1(2)]
with a slightly different form®.

There it is also conjectured:

Conjecture 2.2. [She86, pg. 209, Conjecture 3.3] If T is dependent then for every cardinal p

there is some cardinal N such that A — (u)m.

In stable theories this holds: it is known that for any A satisfying A = ATl AT — A1
(proved by Shelah in [She90], and follows from local character of non-forking). In [She86, pg. 209
it is proved that this conjecture does not hold for simple unstable theories. In [Shel2b], Shelah

proved this conjecture for strongly dependent theories:

Fact 2.3. If T is strongly dependent (see Definition 2.10 below), then for all A > [T|, Jirj+ (A) —

(AT )y foralln < w.

This conjuncture is connected to a result by Shelah and Cohen: in [CS09], they proved that
a theory is stable if and only if it can be presented in some sense in a free algebra in a fixed
vocabulary but allowing function symbols with infinite arity. If this result could be extended to:
a theory is dependent if and only if it can be represented as an algebra with ordering, then this
could be used to prove existence of indiscernibles.

In this section, we shall show:

Theorem 2.4. There is a countable dependent theory T such that if x is smaller than the first

inaccessible cardinal, then for alln € w, k A (W), -

IThe definition there is: k — (5)1‘,11 if and only if for each sequence of length k (of n-tuples), there is an
indiscernible sub-sequence of length 6. For us there is no difference because we are dealing with examples where

K 7 (W1, It is also not hard to see that when 0 is an infinite cardinal these two definitions are equivalent.
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Thus, Conjecture 2.2 fails in a model of ZFC with no inaccessible cardinals. It appears in a
more precise way as Theorem 2.18 below.

An even stronger result can be obtained, namely:

Fact 2.5. [KS10]For every 0 there is a dependent theory T of size © such that for all k and §,

K = (8), if and only if k — (8)g”

where:

Definition 2.6. k — (6);‘“ means: for every function ¢ : [k] =

— 0 there is an homogeneous
sub-sequence of length & (i.e., there exists (x;[i<8) € ®k and (cn|n < w) € “0 such that

C(Cigy-oy i, ;) =cpn forevery ip <--- <in_1 <9).

By [KS10], whenever [T| < 0, k — (25)5‘U always implies that k — (8),, for all n < w, so this
is the best result possible. However, the proof of Theorem 2.5 is considerably harder, so it is given
in a subsequent work.

The second part of this section is devoted to giving a related example in the field of real numbers.
By Fact 2.3, as RCF is strongly dependent, we cannot prove Theorem 2.4 for RCF, but instead

we show that the requirement that n < w is necessary:
Theorem 2.7. If k is smaller than the first strongly inaccessible cardinal, then k / (w)RCF‘w,

This is Theorem 2.23 below.

Notes. It was unknown to us that in 2011 Kudaibergenov proved a related result, which refutes a
strong version of Conjecture 2.2, namely that 31 (L4 |T]) — (”)TJ‘ He proved that for every
ordinal « there exists a dependent theory (we have not checked whether it is strongly dependent)
T« such that |Ty| = || + Xo and Ty (|Tl) 4 (Z*(())Tc“1 and thus seem to indicate that the bound
in Fact 2.3 is tight. See [Kud11].

The idea of the construction. The counterexample is a “tree of trees” with functions connecting
the different trees. For every m in the tree 2<% we shall have a predicate P, and an ordering <y,
such that (P, <y) is a dense tree. In addition we shall have functions Gy, iy : Pq — Py~ for
i1=20,1. The idea is to prove that k 4 (“)TJ by induction on k. To use the induction hypothesis,

we push the counter examples we already have for smaller k’s to deeper levels in the tree 2<%.
2.2. Preliminaries.
Definition 2.8. We shall need the following fact:

Fact 2.9. [She90, II, 4] Let T be any theory. Then for allm < w, T is dependent if and only if

Uy if and only if Oy where for alln < w,
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O, For every finite set of formulas A (x,y) with n = lg (x), there is a polynomial f such that

for every finite set A C M E T, |Sa (A)] < f(JA]).

Since we also discuss strongly dependent theories, here is the definition:

Definition 2.10. A theory is called strongly dependent if there is no sequence of formulas

©n (%, yn) N < w) such that the set < @n (Xmy Yni)™ ™ In:w — w b is consistent with the
Y 1 Yn,

Tru False

theory (where @ 1TU¢ = ¢, @ =—@).

See [Shel2b] for further discussion of strongly dependent theories. There it is proved that Th (R)
is strongly dependent, and so is the theory of the p-adics.

2.3. The example. Let S,, be the finite binary tree 2™. On a well ordered tree such as S,,, we
define <gy. as follows: 1 <guc Vv if v is a successor of 11 in the tree.

Let L be the following language:

L, = {Pn)<n>/\n) Gn,v M,V € Sn,m <sue V}.

Where:

e P, is a unary predicate; <;, is a binary relation symbol; /\,; is a binary function symbol;

Gn,v is a unary function symbol.

Let TY be the following theory:

PyNPy, =0formn #v.

(Pny <n,/\q) is a tree, where /\ is the meet function on Py, i.e.,

xA\ny =max{z € Pylz < x&z <yl

Gn,v : Py — P+ and no further restrictions on it.
e In all the axioms above, for elements or pairs outside of the domain of any of the functions
\q or Gy,v, these functions are the identity on the leftmost coordinate, so for example if

(x,y) € P3, then x \q y =x.

Thus we have:
Claim 2.11. T is a universal theory.
Claim 2.12. TY has the joint embedding property (JEP) and the amalgamation property (AP).

Proof. Easy to see. O

From this we deduce, by e.g., [Hod93, Theorem 7.4.1]:
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Corollary 2.13. TY has a model completion, T,, which eliminates quantifiers, and moreover: if
M E TXH, M’ =M | L, and M’ C N’ = T then N’ can be enriched to a model N ofTXH 50
that M C N. Hence if M is an ezistentially closed model of TXH, then M’ is an e.c. model of
TY. Hence Ty C Tyii1 (for more see [Hod93, Theorem 8.2.4]).

Proof. The moreover part: for each 1 € S;,11\S,, we define P;\’ = PQA and in the same way /\;.

The functions G, for n € Sy, and v € Sy, 1 will be extensions of G, . O

Now we show that T,, is dependent, but before that, a few easy remarks:

Observation 2.14.

(1) If A C M =T is a finite substructure (so just a tree, with no extra structure), then for
all b € M, the structure generated by A and b is AU{b}U{max{bAala € A}}.

(2) If M ETY and n € 2™, we can define a new structure M, E TXflg(n) whose universe
is U{PM_, [ve2sntem ] gy pYln = pM

N~ I and in the same way we interpret every

other symbol (for instance, G\’Y]l‘jyz = GQAAVI‘H,\V]). For every formula ¢ (x) € Ly_1g(m)
there is a formula @' (x) € Ly such that for all a € My, M = ¢’ (a) if and only if
My = @ (a) (we get @' by concatenating 1 before any symbol).

(3) For M as before andn € 2=™, for any k < w there is a bijection between

[P (xor- oy 1) € ST (M) Vi < K (P (xi) € ) }

and

{p(xoyeesxicn) €S M) [Vi< k(P (xi) €p) .

Proof. (3): The bijection is given by (2). This is well defined, meaning that if p (xo,...,Xk—1) is
a type over My, such that Py (x;) € p for all 1 <k, then {@’[@ € p} determines a complete type
over M, such that Py, (xi) € p for all i < k. The point is that all atomic formulas over M which

mention elements from M\M,, or any v # 1 are trivially determined. O
Proposition 2.15. T, is dependent.

Proof. We use Fact 2.9. It is sufficient to find a polynomial f (x) such that for every finite set A,
1S1 (A)] < f(IA]).

First we note that for a set A, the size of the structure generated by A is bounded by a
polynomial in |Al: it is generated by applying /\y on Py N A, applying G 1y and G, (0y, and
then applying /\(y,/\(1) and so on. Every step in the process is polynomial, and it ends after n
steps.

Hence we can assume that A is a substructure, i.e., A & TX.

The proof is by induction on n. To ease notation, we shall omit the subscript 1 from <;, and

M-
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First we deal with the case n = 0. In Ty, Py is a a tree with no extra structure, while outside
P(y there is no structure at all. The number of types outside P is bounded by |A|+ 1 (because
there is only one non-algebraic type). In the case that Py (x) € p for some type p over A, we
can characterize p by characterizing the (tree) order-type of x’ := max{a Ax|a € A}, i.e., the cut
that x” induces on the tree, and by knowing whether x’ = x or x > x’ (we note that in general,
every theory of a tree is dependent by [Par82]).

Now assume that the claim is true for n. Suppose 1 € 25™*+! and 1 < lg (1). By Observation
2.14(3), there is a bijection between the types p (x) over A where P, (x) € p and the types p (x)

in Tqq1_1g(n) over Ay where Py € p. Ay | TX and so by the induction hypothesis, the

+1-lgn)’
number of types over A, is bounded by a polynomial in |A;| < |A|. As the number of types p (x)
such that Py (x) ¢ p for all 1 is bounded by |A|+1 as in the previous case, we are left with checking
the number of types p (x) such that Py (x) € p.

In order to describe p, we first have to describe p restricted to the language {<<>,/\<>}7 and
this is polynomially bounded. Let x’ = max{a Ax|a € A}. By Observation 2.14(1), if A U{x}
is not closed under /\;y, x’ is the only new element in the structure generated by A U{x} in P.
Hence we are left to determine the type of the pairs (G<>‘<i> (x), Gy, i (x’)) over A fori=0,1 (if
x’ is not new, then it’s enough to determine the type of Gy, @) (x)). The number of these types

is equal to the number of types of pairs in T,, over A(y. As T, is dependent we are done by Fact

2.9. O
Definition 2.16. Let L=J,,_, Ln, T=Up_ o Tnand TV =, _, Ty.

We easily have:
Corollary 2.17. T is complete, it eliminates quantifiers and is dependent.

We shall prove the following theorem (which implies Theorem 2.4 from the introduction):

Theorem 2.18. For any two cardinals @ < «k such that in [u, k] there are no (uncountable)

strongly inaccessible cardinals, k / (}L)T)] .
We shall prove a slightly stronger statement, by induction on k:

Proposition 2.19. Given u and k, such that either k < W or there are no (uncountable) strongly

inaccessible cardinals in W, k], there is a model M = TY such that ‘P?)/l > K and P?;l does not

contain a non-constant indiscernible sequence (for quantifier free formulas) of length w.

From now on, indiscernible will only mean “indiscernible for quantifier free formulas”.

Proof. Fix p. The proof is by induction on k. We divide into cases:

Case 1. «k < . Clear.
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Case 2. k= p = No. Denote ny = (1,...,1), i.e., the constant sequence of length j and value
1. Find M [= TV such that its universe contains a set {ai,j11,j < w} where ay; # ais j
for all (i,j) # (i',i'), ai;; € Py, and in addition Gy, n;,, (@ij) = aijpr ifj < i
and Gy, ;. (ai;j) = ao,j+1 otherwise. We also need that Pé\;l ={aioli<w}. Any
model satisfying these properties will do (so no need to specify what the tree structures
are). Now, if in P?{l = {ai,0]1i < w} there is a non-constant indiscernible sequence,

(@iy,0lk < w), then for j > 1,11,

GT])’»U]’H -0 Gno,m (aio»O) = anvnj g1 07000 Gno,m (ainO) .

But for every k such that ix > j, Gn;njy © 70 © Gy (@iy,0) # Goymyq © 700 0
Gnoom, (@i, ,0) — contradiction.

Ai where 0,A; < « for all i < 0. By the induction
>Ajand in P

Case 3. « is singular. Suppose k = [J;_

é\;li there

is no non-constant indiscernible sequence of length p. Also, there is a model N such

hypothesis, for i < o there is a model M; = T¥ such that ‘Pé\;li

that ‘PB" > o0 and in Pg‘ there is no non-constant indiscernible sequence of length .
We may assume that the universes of all these models are pairwise disjoint and disjoint
from k.

Suppose that {a;|[i< o} C P?)I, and {bj ’Zl<i)\1 <j< ?\i} C P?;li witness that
‘P}\;’ > o and ‘P?;l‘ > A\ 2 oi M. Let M be a model extending each M; and con-
ic o My (exists by JEP).

Define a new model M = T7: (Pé\;l, <<>) = (k,<) (so /\y = min); (P?{l>/\n»<n) =

(P$,<n) and (P%>An><<0>,n) = (PQ_A,<T1>. In the same way define /\, for all n of

taining the disjoint union of the sets |

length > 1. The functions are also defined in the same way: G%l)ﬁn My = GN, and

nYV
M
G0y ~n,

Amin{i] c<A; } and G<>’<o> (O() = by for all x < k.

() ~v = GT’?}V. We are left to define Gy oy and Gy (1y. So let: Gy (1) (o) =
Note that if I is an indiscernible sequence contained in Pé\ﬁ then I is an indiscernible
sequence in N contained in ng, and the same is true for Pé\(/b and M.
Assume (x;|j < p) is an indiscernible sequence in P?;l. Then <G<>)<1> ()15 < u> is
a constant sequence (by the choice of N). So there is i < o such that } | _; At < a5 < Aq
for all j < p. So <G<>)<0> (o) =bgy i < p> is a constant sequence (it is indiscernible
in Pg’l and in fact contained in P?;l‘), hence (o |j < p) is constant, as we wanted.
Case 4. « is regular uncountable. By the hypothesis of the proposition, k is not strongly inac-
cessible, so there is some A < k such that 2* > k. By the induction hypothesis on A,
there is a model N }= T¥ such that in Pg‘ there is no non-constant indiscernible sequence

of length . Let {a; |1 <A} C PBI witness that ‘P}\;‘ > A
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Define M = T as follows: Pé\;l = 252 and the ordering is inclusion (equiva-
lently, the ordering is by initial segment). A\ is defined naturally: f /Ay g = f |
min{ec|f () # g (x) }.

For all 1, let P?]A)An = PE’, and the ordering and the functions are naturally in-

duced from N. The main point is that we set Gy, 1y (f) = aig(f). Now choose P%l)ﬂn’

G(0y~n,(0)~v, etc. arbitrarily, and let G oy be any function.

Suppose that (fi|i < p) is a non-constant indiscernible sequence:

If f1 < fo (i.e., f1 <(y fo), we shall have an infinite decreasing sequence in a well-
ordered tree — a contradiction.

If fo < fy, (fi|i < p) is increasing, so <G’<\>A‘<1> (fi) = ag(ey 11 < u> is non-constant
— contradiction (as it is an indiscernible sequence in M and hence in P}\('»).

Let hy = fo /A fiyq for i < p (where /A = /\y). This is an indiscernible sequence, and
by the same arguments, it cannot increase or decrease, but as h;y < fp, and (P<>, <<>)
is a tree, it follows that h; is constant.

Assume fo/Afy < f1/Afy, then f2iA\ 21 < fari41)/A\f2(i41)41 foralli < p, and again
(f2i A\ f2i41]1 < p) an increasing indiscernible sequence and we have a contradiction.

By the same reasoning, it cannot be that fo A fy > f; Afy. As (P<>, <<>) is a tree,
we conclude that fo A fy = fo A fy = 1 A fy. But that is a contradiction (because if
o =lg (fo Afq), then [{fo (), f1 (), f2 ()} = 3).

2.4. In RCF there are few indiscernibles of w-tuples. Here we will prove Theorem 2.7.
Since RCF is strongly dependent, Fact 2.3 (which discusses finite tuples) holds for it, so we will
show that a similar phenomenon as in the previous section holds for w-tuples in RCF. So assume

¢ = RCF.

Notation 2.20. The set of all open intervals (a,b) (where a < b and a,b € €) is denoted by J.

(é)interval

Definition 2.21. For a cardinal k, n < w and an ordinal 6, k — (3),,

means: for every set
A of n-tuples of (non-empty, open) intervals (so for each I € A, T = <Ii [1< n> € J™) of size «,
there is a sequence <icx o < 6> e A® of order type & such that I # TB for ¢ < p < 6, and there
is a sequence <6¢x o < 5> such that by € Iy (ie., by = <bg, .. .,b2*1> and bl € I}) and such

that <B‘x | < 5> is an indiscernible sequence.

Remark 2.22. Note that:

(1) If k — (8)™* then k — (8)™*" for all m < n.
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(2) If x A (5):?““1 then k /4 (8)gcr, (why? if A witnesses that k £ (é)i::tcrval, then for
each I € A, choose by € I (as above) in such a way that {b;|I€ A} has size k. By

definition this set witnesses k /4 (6)RCF‘H).

(3) I A < k and k 7 (8)™™ then A /4 (81 ™.

n

We shall prove the following theorem (which immediately implies Theorem 2.7):

Theorem 2.23. For any two cardinals p < k such that in [u, K] there are no strongly inaccessible

)interval
w

cardinals, k 4 (1
The proof follows from a sequence of claims:

Claim 2.24. If k < p then k /4 (u)ifterval foralln < w.

Proof. Obvious. O

Claim 2.25. If k = u = N, then k 4 (u)ﬁntew&l.

Proof. Forn < w, let I, = (n,n+1). O

Claim 2.26. Suppose k =Y _.__A; and n < w. Then, if 0 /4 (p.)i;:tewal and Ay A4 (u):’terval then

int 1
< (g

i<o

Proof. By assumption, we have a set of intervals {R;|i < o'} that witness o /4 (u)ifterval and for

each i < 0 we have {gg ‘Zj<i)\j <p< 7\1} that witness [A;\ Zj<i>\j‘ A (p)meenal,

Fix an increasing sequence of elements (b; |1 < o).

For a < k,let p =p () =min{i < 0| < A;} and for 1 < 2 + 2n, define:

Ifi=0, let I}x = (bzﬁ(oc))bzﬁ(“)+1)'
Ifi=1,let I\ = (bzﬁ(oc)—H»bZB((X)"'z)'
o Ifi=2k+2, let I}x = RE(LX)'

o If i=2k+3, let I} = SK.

Suppose <65 le < u> is an indiscernible sequence such that b, € chg for ¢ < p. Denote b, =
<b8, ey b5 o > Note that b§ < bgl if and only if B (:) < B (cter) (we need two intervals for
the “only if” direction).

Hence (B (x¢)|e < p) is increasing or constant. But if it is increasing then we have a con-
tradiction to the choice of {Ri|i<o}. So it is constant, and suppose B (ac) = io for all

€ < p. But then o« € }\io\Zj<io Aj for all ¢ < p and we get a contradiction to the choice
of (Sp | oy Ay < B <Aig ). O

Claim 2.27. Suppose A /4 (u)ifterval. Then 2 4 (p)znjzrxal.
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Proof. Suppose {I,|a <A} witnesses that A /4 (u)iftcrval.

By adding two intervals to each I, we can ensure that it has the extra property that if ¢; € I,
and ¢; € Ia, then ¢} < ¢ if and only if 07 < oy (as in the previous claim). By this we have
increased the length of I to 241 (and it is still a witness of A /4 (u)ifterval).

We write ¢ <* ¢, for c} < cg , but note that it is not really an ordering (it is not transitive in
general).

‘We shall find below a four-place definable function f such that:

@ For every two ordinals, 9, ¢, if <l_€0c | < 6> is a sequence of (-tuples of intervals, then there
exists a set of 2¢-tuples of intervals, {gn ‘n € 52} (of size 2/®1) such that for all i < ¢ and

n # Mg, if by € St b, € STZ]TH and bz € St by €8S E_H then f (by,bz,b3,by) is in

2
n n’ n

i
RigmiAna):

Apply Q to our situation to get {Tn ‘n € )‘2} such that jn = <];“1 [i<4+ 2n> and forallk < 24n
and 1y #13,if by € ]%‘f,bz € ]721‘1<+1 and bz € I%E,bz; € ]TZ]IZch1 then f (bq,b,,bs,by)isin IFg(m/\nz)'
This is enough (the reasons are exactly as in the regular case of the proof of Theorem 2.18, but
we shall repeat it for clarity):
To simplify notation, we regard f as a function on tuples, so that if by € Tm,l_)z € Tn , then
f (b1,b2) isin L, An,) (namely, f (b1, b2) = (ak [k < 2+ n) where ax = f (bly, bl 1, b3, b3 1) €

Ik

(1 An2) for k <2+mn).

Suppose (ni [t < p) C A2 is without repetitions and <I_Jm i< u> is an indiscernible sequence
such that by, € Jy,.

Let hy = no Aniqr for i < p If Ig(hy) < lg(hy) for some i # j then f(6ﬂ076ﬂi+l) <*
f (bno, b, ) and so by indiscernibility, (Ig (hi) |1 < p) is increasing (it cannot be decreasing), and
so f (BTIO’ETH+1) contradicts our choice of <TLX | < 7\>. Hence (because h;y < 1) h; is constant.

Assume Mo Any < M7 Ang, then f (bny, by, ) <* f(by,,by,) so f(by,,by,) <* f(bn,,bn,),
and so 1g (Mo Anp) <lg(m1 Anz) <lg(mnz2 Ans) hence, f (Bno)6m> <*f (an)an) and it follows
that (lg (n2:i An2i+1) 1 < p) is increasing. And this is again a contradiction.

Similarly, it cannot be that ng /An; > 17 /An2. As both sides are less or equal than 1y, it must
be that o Anz2 =10 /AN =17 Anz. But that is impossible (because if « = 1g (1o /A7), then
Mo () ym1 () ,m2 ()} = 3).

Claim. Q is true.

Proof. Let f(x,y,z,w) = (x —2)/(y —w) (do not worry about division by 0, we shall explain
below).

It is enough, by the definition of ©, to assume { = 1. By compactness, we may assume
that & is finite, and to avoid confusion, denote it by m. So we have a finite set, ™2, and a

sequence of intervals (Ri|i < m). Each R; is of the form (ai,b;). Let ¢; = (bi+ ai) /2. Let
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d € € be any element greater than any member of A := acl (ai, bi |1 < m). For each n € ™2, let
an=> i ni)cd™ L and by =3, n({i)d™

Let S = (ay —T,ay 4+ 1) and S| = (b, —1,by +1).

This works:

Assume that n7 #n2, by € 5911 , b2 € Slh and bz € ng,b4 € 51112.

We have to show (b; —b3) /(b2 —bs) € Rig(n, An,)- Denote k =1g(n; Anz) (so k <m).

@y, — Ay, is of the form ecxd™ * + F(d) where ¢ € {—1,1}, and F(d) is a polynomial
over A of degree < m —k — 1. by, — by, is of the form ed™* + G(d), where ¢ is the
same for both (and G is a polynomial over Z of degree < m —k — 1). Now, by — bz €
(an, —an, — 2,0y, —an, +2), and by —by € (b, — by, —2,byy, — by, +2), and hence we know
that by — by # 0. It follows that (b; —bs)/(ba —by) is inside an interval whose endpoints are
{(eckd™ *+F(d)£2)/(ed™ ™ +G(d)£2)}. But

(eckd™ *+F(d)£2)/(ed™ *+G(d)£2) € Ry

by our choice of d, and we are done.

Note that for 1y # 13, 8911 #* S?u regardless of the Ri’s (which can be a constant interval). O

The proof of Theorem 2.23 now follows by induction on k: fix 1, and let k be the first cardinal
for which the theorem fails. Then by Claim 2.24, k > p. By Claim 2.25, ¥y < k. By Claim 2.26,
k cannot be singular. By Claim 2.27, k cannot be regular, because if it were, there would be a
A < k such that 2* > k (because k is not strongly inaccessible). Note that we did use Claim 2.24
to deal with cases where we couldn’t use the induction hypothesis (for example, in the regular

case, it might be that A < ).

Further remarks. Theorem 2.23 can be generalized to allow parameters:

Suppose € = RCF, and A C €.

Definition 2.28. k —a (u)iiterval means the same as in Definition 2.21, but we require that the

indiscernible sequence is indiscernible over A.
Then we have:

Theorem 2.29. For any set of parameters A and any two cardinals |, K such that in [max {|A], 1}, K]

(H)intcrval

there are no strongly inaccessible cardinals or x < max{|Al,u}, K Aa (W),

Proof. The proof goes exactly as the proof of Theorem 2.23, but the base case for the induction
is different. If max{|A|, u} = W, the proof is exactly the same. Otherwise, we have to deal with

the case k < |Al:
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Enumerate A = {aqi|i< '}, Let ¢ € € be greater than 0 but smaller than any element in

interval
interval O

acl (A). For i < p/, let I; = (ai, a; + ¢). Then {I; |1 < k} witnesses K A (1)
3. GENERIC PAIR

Here we give an example of an w-stable theory, such that for all weakly generic pairs of structures
M < M; (see below for the definition) the theory of the pair (M, M) in an extended language

where we name M by a predicate has the independence property.

Definition 3.1. A pair (M, M) as above is weakly generic if for all formula ¢ (x) with parameters

from M, if @ has infinitely many solutions in M, then it has a solution in M;\M.

This definition is induced by the well known “generic pair conjecture” (see [She, Shel2al), and

it is worth while to give the precise definitions.

Definition 3.2. Assume that A = A<* > [T| (in particular, A is regular) and that 2* = A*. The
generic pair property for A says that there exists a saturated model M of cardinality A", an increas-
ing continuous sequence of models (M| <A") and a club E C A" such that |J,_,+ M« =M

and for all o« < 3 € E of cofinality A, the pair (Mg, M) has the same isomorphism type. We call

this pair the generic pair of T of size A.

Proposition 3.3. Assume that A = A<» > [T| and that 2) = A*. The generic pair property for A
holds iff for every saturated model N of cardinality AT and for every increasing continuous sequence
of models (Ng |oe < AT) with union N there exists a club E C At such that for all x < € E
of cofinality A, the pair (Ng,Ny) has the same isomorphism type. Moreover, this type does not
depended on the particular choice of N or Ng.

Proof. Left to right:

Suppose M, (M |ac <AT) and E witness that T has the generic pair property for A. If N is
another saturated model of size AT and (N4 |oc < AT) is as in the Proposition. Then N = M, so
we may assume N = M. Let Eg = {6 < AT |Ns = Mj;}. This is a club of AT, and so EN Eq is
also a club of A" such that (Ng,N) has the same isomorphism type for any « < 3 € ENEq of
cofinality A.

Right to left is clear. O

Justifying definition 3.1 we have:

Claim 3.4. Assume that T has the generic pair property for A, then every generic pair of size A is

weakly generic.

Proof. Suppose that M, (My|a <A") and E are as in Definition 3.2. Suppose «, 3 € E and

o < B are of cofinality A. We are given a formula ¢ (x) with parameter from My, such that
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No < @ (My)]. By saturation of M, AT = | (M)]. Since M = UB’GE cf(p)=A Mg there is some
o < B’ € E of cofinality A such that @ (Mg/)\Mgy # 0, but as (Mg, My) = (Mp/, M), we are
done. O

Proposition 3.3 implies that the generic pair property and the the generic pair are both natural
notions. It is important in the study of dependent theories as it lead to the development of a
theory of type decomposition in NIP. Using this theory, the second author’s [Shel2a, She| prove
that the generic pair property holds for dependent theories and large enough A’s. On the other
hand, [She06, Shell] prove that if T has IP then it lacks the generic pair property for all large
enough A.

Hence it makes sense to ask whether the theory of the pair is dependent.

The answer is no:

Theorem 3.5. There exists an w-stable theory such that for every weakly generic pair of models

M < My, the theory of the pair (M1, M) has the independence property.

We shall describe this theory:
Let L ={P,R,Q1, Q2} where R, P are unary predicates and Q;, Q, are binary relations.
Let M be the following structure for L:

(1) The universe is:
M = {uCwlh<wlu
{(yy,vi)u,vCw, W < w, M <wi<w&ulCv=i< || +1}.

(2) The predicates are interpreted as follows:

e PM = (uC wll < No}.
o RM is M\ (PM).
° Qf/l = {(u, (u,v,1)) ‘u € pM }
o Q¥ ={(v (v, [vert].

Let T=Th (M).

As we shall see in the next claim, T gives rise to the following definition:
Definition 3.6. We call a structure (B,U,N,—, C,0) a pseudo Boolean algebra (PBA) when it
satisfies all the axioms of a Boolean algebra except:

There is no greatest element 1 (i.e., remove all the axioms concerning it).

Pseudo Boolean algebra can have atoms like in Boolean algebras (nonzero elements that do not

contain any smaller nonzero elements).

Definition 3.7. Say that a PBA is of finite type if every element is a union of finitely many

atoms.
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Definition 3.8. For a PBA A, and C C A a sub-PBA, let A¢c = {a €A | JdceC (a cA c) }, and
for a subset D C A, let at(D) be the set of atoms contained in D.

Proposition 3.9. Every PBA of finite type is isomorphic to (P<so (K),U,N, —, C,0) for some
where P-s (K) is the set of all finite subsets of k. Moreover: Assume A,B are PBAs of finite type
and C C A,B is a common sub-PBA. Then, if:

(1) lat (A)\at (Ac)| = lat (B) \at (B¢ ).

(2) For every c € C, A and B agree on the size of ¢ (the number of atoms it contains).

Then there is an isomorphism of PBAs f: A — B such that f | C =id.

Proof. The first part follows from the easy observation that in a PBA of finite type, every element
has a unique presentation as a union of finitely many atoms. So if A is a PBA, and its set of
atoms is {aj |1 < «k}, then take a; to {i}.

For the moreover part, first we extend id¢c to an isomorphism from Ac to Be: consider all
elements in C of minimal size, these are the atoms of C. For each such ¢, map the set of atoms in
A contained in c to the set of atoms in B contained in c¢. This is well defined and can be extended
to all of Ac.

Now, |at (A)\at(Ac)| = |at(B) \at(Bc)l, so any bijection between the set of atoms induces an

isomorphism. O
Claim 3.10. T is w-stable.

Proof. We prove that an expansion of T to a larger vocabulary is w-stable, by adding new relations

to the language, which are all definable —
{Sn& Cn,y 71, 702, My Uny —ns € ‘ n>1 }

where S, is a unary relation defined on P, C,, is a binary relation defined on P, 711, 7, are two
unary functions from R to P, Ny, —» are binary functions from S;; to S;, and e is a constant in P.

Their interpretation in M are as follows:

® T ((‘U.,V,i)) =1u, m ((U,V,i)) =V.

ForeachT<n<w, S, (v) & <n.

For each 1 <n,uC, vifand only if [ul <n, |v| <n and u Cv.
e uN,v=unv for all u,v € S,.
e u—pv=u\vforv,ues,.
e uUpv=uUv for u,v € S,.
e e=10.
Note that they are indeed definable:

(1) 7ty (x) is the unique y such that Q; (y,x), and similarly 7, is definable.
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(2) Let E(x,y) by an auxiliary equivalence relation defined by 7y (x) = m (y) A w2 (x) =
2 (y).
(3) e is the unique element x € P such that there exists exactly one element z € R such that
m (z) =x = (z).
(4) x Cy, y is defined by “P(x),P(y) and the number of elements in the E class of some
(equivalently any) element z such that 7y (z) = x, 72 (z) =y is at most n+ 17,
(5) Sn (x) is defined by “P (x) and e C;, x” (In particular, e € S;; for all ).
(6) Nn and —, are then naturally definable using C,,. For instance x —, y = z if and only if
X, Y,z are in Sy, z Cyy, x and for each e Zw Cruy, w €, 2.
(7) xUny =z if and only if x,y € Sn, z € San, X,y Con z and z —3n x Con Y.
Furthermore, Cy | S = C;, for n < k. Hence every model M of T gives rise naturally to an induced
PBA: BM = (|, S, uM,nM M cM eM) where UM = [J{UNIn < w}, and similarly for

CM, M and NM (see Definition 3.6 above).
Claim. In the extended language, T eliminates quantifiers.

Proof. Suppose M, N = T are saturated models, [IM| = |[N| and A C M, N is a common substruc-
ture (where |A| < [MJ). It is enough to show that we have an isomorphism from M to N fixing
A.

By Proposition 3.9, we have an isomorphism f from BM to BN preserving ANBM (by saturation
and the choice of language, the condition of the proposition are satisfied).

On PM\ (BM U A) there is no structure and it has the same size as PN\ (BN U A) (namely
INJ|), so we can extend the isomorphism f to PM.

We are left with RM: let a € RM, and a; = m; (a) for i = 1,2. We already defined f (a1),f (az).
Suppose a; C, az for minimal n. Then there are exactly n elements z € RM with m; (z2) =
a1, (z) = ap. This is true also in RN, and the number of such z’s not in A is the same for both
M, N. Hence we can take this E-equivalence class from M to the appropriate class in N.

If not, i.e., a; &y ay for all n, then there are infinitely many elements z in N and in M with
m (z) = a7, 72 (z) = az, and again we take this E-class in M outside of A to the appropriate

E-class in N. O

Now we can conclude the proof by a counting types argument. Let M be a countable model of

T. Let p (x) be a non-algebraic type over M. There are some cases:

Case 1. Sy, (x) € p for some n. Then the type is determined by the maximal element ¢ in M
such that ¢ C;, x (this is easy, but also follows from the proof of Proposition 3.9).

Case 2. Sy (x) ¢ p for all n but P(x) € p. Then x is already determined — there is nothing
more we can say on X.

Case 3. R (x) € p. Then the type of x is determined by the type of (77 (x), 72 (x)) over M.
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So the number of types over M is countable. O
Proposition 3.11. FEvery weakly generic pair of models of T has the independence property.

Proof. Suppose (M1, M) is a weakly generic pair. We think of it as a structure of the language
Lq, where Q is interpreted as M. Consider the formula

¢ (xy) =PXE)APY) ATz ¢ Q(Q1(x,2) ANQ2(y,z)).

This formula has IP: Let {a;|i < w} € M be elements from PM such that a € SM (as in the
language of the proof of Claim 3.10), i.e., they are atoms in the induced PBA, and a; # a; for
i #j. For any finite s C w of size n, there is an element bg € PM be such that a; Q,ﬁ’l b, for all
i €s. Then for all 1 € w, ¢ (ai, bs) if and only if i ¢ s:

If @ (ai, bs) there are infinitely many z’s in M such that Q7 (ai,z) A Q2 (bs,z) (otherwise they
would all be in M). This means that a; Z¥ bs soi¢ s.

For the other direction, the same exact argument works, but this time use the fact that the

pair is weakly generic. O

4. DIRECTIONALITY

4.1. Introduction.

Definition 4.1. A global type p (x) € S (€) is said to be finitely satisfiable in a set A, or a coheir
over A if for every formula ¢ (x,y), if @ (x,b) € p, then for some a € A, ¢ (a,b) holds.

It is well known (see [AdI08]) that a theory T is dependent if and only if given a type p (x) €
S (M) over a model M, the number of complete global types q € S(€) that extend p and are
finitely satisfiable in M is at most 2/ (while the maximal number is 22 ).

We analyze the behavior of the number of global coheir extensions in a dependent theory and
classify theories by what we call directionality:

Say that T has small directionality if and only if the number of A-coheirs (for a finite set of
formulas A) that extend a type p € S (M) is finite. T has medium directionality if this number is
M|, and it has large directionality if it is neither small or medium. In that case we will show that
it is at least ded |M].

We give an equivalent definition in terms of the number of global coheir extensions (see Theorem
4.21).

As far as we know, the first person to give an example of a dependent theory with large
directionality was Delon in [Del84].

We give simple combinatorial examples for each of the possible directionalities, and furthermore
we show that RCF and some theories of valued fields are large.

We do not always assume that T is dependent in this section.
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4.2. Equivalent definitions of directionality.

Definition 4.2. For a type p € S (A), let:
uf (p) ={q € S(€) | q is a coheir extension of p over A}.
For a partial type p (x) over a set A, and a set of formulas A,
ufa (p) ={q(x) € SA(€)|qUp is fs. in A}.

Note: this definition only makes sense if p is finitely satisfiable in A. The notation uf refers to

ultrafilter.
And here is the main definition of this section:

Definition 4.3. Let T be any theory, then:

(1) T is said to have small directionality (or just, T is small) if and only if for all finite A,
MET and p € S(M), ufa (p) is finite.
(2) T is said to have medium directionality (or just, T is medium) if and only if for every
A>Tl
A= sup{Jufa (p)] p € S (M), A finite, M| = A}.

(3) T is said to have large directionality (or just, T is large) if T is neither small nor medium.

Observation 4.4. If T has the independence property, then it is large. In fact, if @ (x,y) has the
independence property, then there is a type p (x) over a model M, that has 22™ many {@ (x,y)}-

extensions that are finitely satisfiable in M.

Proof. We may assume that T has Skolem functions. Let A > [T|, and let @ = {(a;[i<A),
(bs|s € A) be such that (a;|i<A) is indiscernible and ¢ (ai,bs) holds iff i € s. Let M be the
Skolem hull of a. Let p (x) € S (M) be the limit of a in M (so ¥ (x,¢) € p iff P (x,c) holds for an
end segment of @). Let P C P (A) be an independent family of size 2* (i.e., such that every finite
Boolean combination has size A). Then for each D C P, p (x) U {(p (x,bs)seD |s e P} is finitely
satisfiable in M. O

4.2.1. Small directionality. The following construction will be useful (here and in Section 5):

Construction 4.5. Let T be any complete theory and M | T. Suppose that there is some
p € S(M) and finite A such that ufa (p) is infinite, and contains {qi |1 < w}.

For all 1 < j < w, there is a formula @ij; € A and byj € € such that @i;(x,bi;) € qi,
=@y (x,bij) € q;j (or the other way around). By Ramsey’s Theorem we may assume @i is

constant — @ (x,y). Let N be a model containing M and {bi ;|1 <j < w}.
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Suppose (ci |1 < w) are in € and ¢i E qiln. Let N’ be a model containing {ci |1 < w}UN. Let
M* = (N’,N,M, Q,ﬂ where Q = {ci|i< w} and f: Q% — N is a tuple of functions of length
lg (y) defined by f(ci,cj) = f(cj,ci) = by fori<j.

So if N = Th (M*) then N = (N§, No, Mo, Qo, fo) and

e Mo <No <Ny ET,
e NoUQo € N,
e fo are functions from Q(z) to N,
For all c,d € Qp, c =m, d,
tpa (¢/No) Utp (¢c/Mo) is finitely satisfiable in Mo for all ¢ € Qo, and
© (C,lzo (c, d)) A (d, fo (c, d)) (where A\ denotes symmetric difference) holds for all ¢ #
d € Qo.

Claim 4.6. Let T be any theory. Then T is small if and only if for every M E T and every
type p (x) € S(M), [uf (p)| < 2/ (here p can also be an infinitary type, but then the bound is
2T+ g0y

In addition, if T is not small, then for every A > |T|, there is a model M = T of cardinality A, a
type p € S (M), and a finite set of formulas A such that [ufa (p)] > A.

Proof. Assume that T is small. The injective function uf (p) — J] oL U(e) (p) shows that
uf (p)] < 2'T.

Conversely (and the “In addition” part): Assume that there is some p and A such that ufa (p)
is infinite. Use Construction 4.5:

For every A > |T| we may find N = Th (M*) of size A such that [Mo| = |Qo| = A, and we have a
model My of T with a type p over it, which has at least A many A-coheirs. O

We conclude this section with a claim on theories with non-small directionality.

Claim 4.7. Suppose T has medium or large directionality. Then there exists some M =T, p €
S (M), ¥ (x,y) and {c; |1 < w} C € such that for each i < w the set p (x) U {1]) (x, C]‘)j:i lj < w}
is finitely satisfiable in M.

Proof. We consider the structure M* introduced in Construction 4.5 and the formula ¢ chosen
there. Find an extension of M* with an indiscernible sequence (d; |1 € Z) inside Q. Assume
without loss that ¢ (do, f (do, d1)) A= (d1, f(do,d7)) holds. This means that ¢ (do, f (do, d1)) /A
—¢ (do, f(d_1,do)).

We claim that ¢ (di, f (dj, dj+1)) A—¢ (di, f(dj_1,d;)) holds if and only if i = j:

Suppose this holds but i #j. If 1 > j then, since —¢ (dy,f(do, d;)), it must be that 1 > j + 1,
but then we have a contradiction to indiscernibility. Similarly, it cannot be that i < j. Thus the

claim is proved with ¥ (x;y,2) = @ (%, y) A=@ (x,2), and ¢; = (f(di, dip1),f(dio1,di)). O
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4.2.2. Some helpful facts about dependent theories. Assume T is dependent.
Recall,

Definition 4.8. A global type p (x) is invariant over a set A if it does not split over it, namely
if whenever b and ¢ have the same type over A, @ (x,b) € p if and only if @ (x,c) € p for every

formula ¢ (x,y).

Definition 4.9. Suppose p (x) and q (y) are global A-invariant types. Then (q ® p) (x,y) is a
global invariant type defined as follows: for any B O A, let ag = plg and b = qlgas, then
P®RQq= UB2 Atp(ag,bg/B). One can easily check that it is well defined and A-invariant. Let
p™ =p®p---@p where the product is done n times. So p™) is a type in (Xo,...,Xn_1), and
pl@w) = Un<wp(“) is a type in (X0,...,Xn,...). For n < w, p(™ is a type of an A-indiscernible

sequence of length n.

Fact 4.10. [HP11, Lemma 2.5] If T is NIP then for a set A the map p (xo) — p'“) (x0y...) A

from global A-invariant types to w-types over A is injective.
In the rest of the section, A will always denote a finite set of formulas, closed under negation.

Claim 4.11. For every set A C C, any type q (x) € Sa (€) which is finitely satisfiable in A and

any choice of a coheir q’ € S (€) over A which completes q:

e (agy---yan—1) E (q'™]c) I Aif and only if ao = qlc, a1 = qlca,, ete.
This enables us to define q(“) (X0y.- Xn_1) € SA (€) as q/(n) I A.

It follows that q(™) is a type of a A-indiscernible sequence of length n.

Proof. The proof is by induction on n:

Right to left: suppose ai = qlcag-a;_; for i <n, @ (xoy...,%n,y) € Aand @ (Xo,...,%Xn,C) €
q’™*1) for ¢ € Cbut —¢ (ag, ..., an,c) holds. Then by the choice of an, =@ (ag, ..., aAn_1,X,¢) €
q. Suppose (bg,...,bn_1) E q'™|c, then @ (bo,...,ba_1,%,¢) € q so there is some ¢’ € A such
that @ (boy...,bn_1,¢’5¢) A= (ap,...,an_1,¢’,c) holds. But this is a contradiction to the
induction hypothesis.

Left to right is similar. O

The following is a local version of Fact 4.10, which will be useful later:

Proposition 4.12. (T dependent) Suppose A is a finite set of formulas, x a finite tuple of variables.
Then there exists 1 < w and finite set of formulas Ao such that for every set A, if q1 (x),qz2 (x) €
S (&) are coheirs over A and (qgn) IAO) A = (qén] [Ao) |a then q1 | A=q2 | A.

Proof. By compactness and NIP,
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e there exists some finite set of formulas Ay and some n such that for all ¢ (x,y) € A and
all Ap-indiscernible sequences (ag,...,an,—1), there is no ¢ such that ¢ (ai,c) holds if
and only if 1 is even. We may assume that A C Ap.

By Claim 4.11, we can conclude:

e Suppose that (qgn] FA()) A = (qén) [Ao) IA, but q1 [ A # q2 [ A. Then there is some
formula ¢ (x,y) € A and some ¢ € € such that ¢ (x,¢) € g7 and =@ (x,¢) € q2.

Since (q1 180)™ | = (a2 180)™ |a, (a1 140)™ In = (g2 [ 80)™ |a for every
m < n, and it follows by induction on m that the sequence defined by ao = (q1 [ Ao) |ac,
ar = (d2 [ Ao)lacaos a2 E (91 [ Ao)lAcasars -+ @m—1 F (di [ Ao)|Acagam > (1 €

{1,2}) realizes this type. But this entails a contradiction, because (ap,...,an—1) is a Ap

indiscernible sequence (even over A), while ¢ (ai,c) holds if and only if i is even.

Problem 4.13. Does Proposition 4.12 hold for invariant types (not just for coheirs)?
4.2.3. Large directionality and definability. Let us recall the definition of ded A.

Definition 4.14. Let ded A be the supremum of the set:

{|I]|T is a linear order with a dense subset of size < A}.

Fact 4.15. It is well known that A < ded A < (ded?\)NO < 2N If A<M = A then ded A = 2* so
ded A = (ded A)™° =27,

For more, see Section 6 and [CKS12, Section 6.

Definition 4.16. Suppose M is a model and p € S(M). Let M, be M enriched with externally
definable sets defined over a realization of p. Namely, we enrich the language to a language
L, by adding new relation symbols {dpx® (x,y)| ¢ (x,y) is a formula} (so d, is thought of as a
quantifier over x), and let M, be a structure for L, with universe M where we interpret dpx (x,y)

as{beM|o(x,b)ep}

Remark 4.17. Every model N |= Th (M,,) gives rise to a complete L type over N, namely pN =
{@ (b,x)|b € N,N = dpxe (x,b) }.

Claim 4.18. Let T be any theory, M = T. Suppose p € S (M), q € uf (p), and a = (ap, ar,...) E
q@)m. If tp (a/M) is not definable with parameters in My, then T is large.

Moreover, in this case

® There exists a finite A such that for every A > |T|,

ded A < sup{lufa (p)lp € S(N),IN|=A}.
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Proof. We may assume that [M| = [L|: let r = q(“)|yq, and N < M., [N| = |L|. Then N gives rise
to a complete type 1’ (x0,X1,...) € S(N). Let p’ =1/ [ xo. It is easy to see that 1’ = q’(®)|y for
some q’ € uf (p’). Also, r’ is not definable with parameters in Np.

Let us recall a theorem from [She71a] (we formulate it a bit differently):

Suppose L is a language of cardinality at most A, P a new predicate (or relation symbol), and

S a complete theory in L (P).

Definition. dfi,, A is the the supremum of the set of cardinalities:
{B" € M|(M,B") = (M,B)}
where (M, B) is an L (P) model of S of cardinality A.

Theorem. [She7la, Hod93, Theorem 12.4.1] The following are equivalent?:

(1) P is not definable with parameters in S, i.e., there is no L-formula 0 (x,y) such that
S E Jyvx (P (x) « 0 (x,y)).
(2) For every A > |L|, dfiso (A) > ded A.

Let n < w be the integer first such that tp (a [ n/M) is not definable with parameters in M.
So1l<mnandr=tp(ag,...,an_2/M) is definable but tp (ag,...,an_1/M) is not.

For a formula o (xo, ..., Xn—2,Y) let (d+«) (y) be a formula in L (M;) defining « (a [ n —1,M).
If M, < N =T, then, as in Remark 4.17, there is a complete L type ™ (X0y...yXn_2) over N
defined by o (xg,...,Xn_2,b) € N if and only if N = (d,«) (b).

There is some formula ¢ (xg,...,Xn—1,Y) such that the set Bo := ¢ (ao,...,an—1, M) is not
definable with parameters in M. Let S = Th(M,,Bo) in the language L(M,;) (P) (naming
elements from M, so that N = S implies M, < N).

By the theorem cited above, for every A > |L| and k < ded A, there exists a model (N», «, Ba,«) =
(N,B) = S of cardinality A such that, letting BN = {B’|(N,B’) = (N, B)}, |BN| > K.

Let a™ = (a},...,aN_,) =™ and for every B’ € BN, let
g =p" (x)U{p (a™,x,b) [be B’ }U{-¢ (a,x,b)|b ¢ B'}.

By choice of S, B and B, gg- is finitely satisfiable in N and for B’ # B” € BN, qp/ [ @ # qp~ | @,
so now N [ L is a model of T with a type p™ such that ’uf{(p} (p)’ > K. O

If T is small we can say more:

Claim 4.19. Assume T is small, M = T. Suppose p € S(M), q € uf (p), and a = (ap, a1,...) =
q(@)|am, then tp (a/M) is definable over acl®® () in M,.

2The original theorem referred to ded* A, which counts the number of branches of the same height in a tree with

A many nodes, but it equals ded A, see [CKS12, Section 6] and Fact 6.4.
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Proof. By Claim 4.18 it is definable with parameters in M;,. Let n < w be minimal such that
q'™|m is not definable over acl®® () in M,,. Suppose that for some formula ¢ (Xo, . ..,Xn—1,Y),
tp, (/M) is not definable over acl®® () in M,. This means that while the set {b € M|€ = @ (a,b)}
is definable by P (y, c) for some P in L (M,,), ¢ ¢ acl®® (§). We may assume that ¢ € My is the
code of this set (for every automorphism o of the monster model € of M3?, o fixes Y (€, c) if and
only if o(c) = ¢). So in some elementary extension M, < N, there are infinitely many conju-
gates of ¢ over acl®® (0), {ci[i < w}, such that P (N,ci) # P (N,c;) for i # j. This implies that
ufy ey (pN) > Ny, just as in the proof of Claim 4.18. O

Corollary 4.20. (T dependent) T is large if and only if for every A > [T,
sup{lufa (p)llp € S(M), A finite,[M| =A} = ded A.

Proof. Suppose T is large, i.e., for some A, M of size A > [T| and p € S (M), [ufa (p)| > A. By
Proposition 4.12, find some Ay and n such that

ufa () < [{ (a™ 1 A0) ImIq € uf (p) }|.

Hence there is some q € ufa (p) such that q(“] [ Ao is not definable with parameters over M,
and we are done by Claim 4.18 (also note that [Sx (M)]| < ded [M] for every finite A in dependent
theories (see e.g., [She71b, Theorem 4.3])). O

4.2.4. Concluding remarks.

Theorem 4.21. For every theory T,
(1) T is small iff for all M =T, p (x) € S(M), [uf (p)] < 2ITHIsXIl
(2) T is medium iff for all MET, p (x) € S (M), Juf (p)| < U\/l|‘T|+“g(X)| and T is not small.

Proof. (1) is Claim 4.6.
(2) Left to right is clear. Conversely, since T is not small, by Claim 4.6, for all A > [T|,

sup{[ufa (p)l[p € S (M), A finite, M| = A} > A.

On the other hand, if it is strictly greater than A, then by definition T is large. For A large enough,
dedA > A = ATl 50 by Corollary 4.20, we get a contradiction to the right hand side. O

In Section 4.3, we will show that these classes are not empty, and thus:
Corollary 4.22. For A > |T|, the cardinality:
sup{lufa (p)lIp € S(M), A finite,|[M| = A}

has four possibilities: finite / Ry ; A; ded A; 22",
This corresponds to small, medium, and large directionality (the last one happens when the

theory has the independence property, see Observation 4.4).
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Problem 4.23. Suppose T is interpretable in T’, and T is large. Does this imply that T’ is large

or at least not small?

4.3. Examples of different directionalities. Here we give examples of the different direction-

alities.

4.3.1. Small directionality.

Example 4.24. Th (Q, <) has small directionality. In fact, every 1-type over a model M, has at
most 2 global coheirs, and in general, a type p (xo,...,Xn_1) is determined by the order type of

{x0y.-.yxn_1}and p [ xo, p | x1, etc.

Proposition 4.25. The theory of dense trees is also small.

Proof. So here T is the model completion of the theory of trees in the language {<, A\}.

Claim. Let M E T and p (x0,X1y...,%Xn_1) € S (M) be any type. Then Uiy].<np I (xi,%5)Uplp - p.

Proof. Let £ = Ui)j<np I (xi,%j) Uplg. Suppose (aop,...,an_1) = Z. By quantifier elimination,
the formulas in p are Boolean combination of formulas of the form A, _. . %j, Aa < A_ % AD
where by,a € M and jo,...,jk—1,T0y---,T1—1 < M.

If a,b does not appear, a satisfy this formula because we included plyg. Consider A, _,, xj. Aa:
by assumption we know what is the ordering of {xj, A alk < m} (this set is linearly ordered —
it is below a). Hence, as a = X, A _,, aj. /\ a must be equal to the minimal element in this set,
namely aj, /\ a for some k, which is determined by . Now a;, Aa < A, _, ar, /A'b holds if and
only if for each r < 1, we have a;, Aa < a; and a;j, A a < b, both decided in X.

Note that we can get rid of ply but we should replace 2-types by 3-types. (]

Claim. For any AC M ET, and p (x),q (y) € S (A), there are only finitely many complete type

T (x,y) that contain both p and . In fact there is a uniform bound on their number.

Proof. We may assume that A is a substructure. For any a € M, the structure generated by A
and a, denoted by A (a), is just A U{aa, a} where ax = max{b/A\a|b € A}. Note that ax need
not exist, but if it does, then it is the only new element apart from a (because if by Aa < by Aa
then by Aa=b; Aby).

Now, let aEpand b = q. Let B=B(p,q) ={d€A|ld<a&d<b}. This set is linearly
ordered, and it may have a maximum. If it does, denote it by m. Note that m depends only on
p and q.

Now it is easy to show that tp (a, aa, b, ba, a /A b/m)Utp (a/A)Utp (b/A) determines tp (a, b/A)
by quantifier elimination. This suffices because the number of types of finite tuples over a finite

set is finite. O
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Let M ET, p(x) € S(M) and I be the set of all types r (X0, X1, ...) over M such that realizations
of r are indiscernible sequences of tuples satisfying p.

Let V ={(yo0,Y1) |yo,y1 are any 2 variables from X¢, X7 }. By the second claim, for any (yo,y1) €
V, the set {r | (yo,y1) |7 € I} is finite. By the first claim and indiscernibility, the function taking
T to (rlp, (* | (Yo,y1) | (yo,y1) € V)) is injective. Together, it means that |I| < 2Ne+18(X) and we
are done by Fact 4.10. O

4.3.2. Medium directionality.

Example 4.26. Let L ={P,Q,H, <} where P and Q are unary predicates, H is a unary function
symbol and < is a binary relation symbol. Let T" be the following theory:

e PNQ =0.

e H is a function from P to Q (so H | Q =id).

e (Py<, ) is a tree.

And let T be its model completion (so T eliminates quantifiers). Note that there is no structure
on Q. So as in Section 2, T is dependent (this theory is interpretable in the theory there).
Let T’ be the restriction of T to the language L’ = L\{H}. The same “moreover” part applies

here as in Corollary 2.13, so T’ is the model completion of T¥ [ L’ and also eliminates quantifiers.
Claim 4.27. T’ has small directionality.

Proof. The only difference between T’ and dense trees is the new set Q which has no structure.

Easily this does not make any difference. O
Proposition 4.28. T has medium directionality.

Proof. Let M = T. Let B be a branch in PM (i.e., a maximal linearly ordered set). Let p (x) €
S (M) be a complete type containing Xg :={b < x|b € B}. Note that £ “almost” isolates p: the
only freedom we have, is to determine what is H (x). So suppose H (x) =m € p for m € Q.

Let c =p (so ¢ € M). For each a € QM| let po (x) =p U{H (c Ax) = a}.

Then pg is finitely satisfiable in M: Suppose I' C p,, is finite. By quantifier elimination, we may
assume that ' C Xg U{H (c Ax) = a}U{H (x) = m}. Since B is linearly ordered, we may assume
that T'={b < x,H(c Ax) = a,H (x) = m} for some b € B. Since T is the model completion of T¥
which has the amalgamation property, there are two elements d,e € M such that b < d,e, e € B,
d¢ B, H(d)=mand H(d A\ e)=a. Sinced\Nc=dAe, d=T. We have found ’QM| coheirs of
p, and since M was arbitrary T is not small.

This gives a lower bound on the directionality of T, and we would like to find an upper bound

as well. We shall use the same idea as in the proof of Proposition 4.25.
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Let M ET, p(x) € S(M) and I be the set of all types r (X0, X1, ...) over M such that realizations
of r are indiscernible sequences of tuples satisfying p. Let I’ = {r | L’|r € I}. By the proof of
Proposition 4.25, [I’] < 2No+lsXx)l

Let V = {t|t is a term in L in the variables Xo,X1,... over ) }. Suppose T € I, then, as in the
proof of Proposition 4.25, for every term t such that P(t) € r, let t, = max{a At|la e M} — a
term over M (it need not exist). To determine r, it is enough to determine the equations that occur

between the images under H of the t,’s and the t’s over M. This shows that |I| < |M|x°+|1g(i”. O

4.3.3. Large directionality.

Example 4.29. Let L = {P,Q,H, <p,<q} where P and Q are unary predicates, H is a unary
function symbol and <p, <q are binary relation symbols. Let TY be the following theory:
e PNQ=0.

e H is a function from P to Q.

(P,<p,/\) is a tree.

(Q,<q) is a linear order.
Proposition 4.30. T has large directionality.

Proof. This is similar to the proof of Proposition 4.28.

Let M = T. Let B be a branch in PM. Let p(x) € S(M) be a complete type containing
I :={b < x|b € B} saying that H (x) = m for some m € QM.

Let c = p (so ¢ € M). For each cut I C QM let:

pi(x)=pU{e<H(cAx)<flee fe Q"\I}.

Then py is finitely satisfiable in M as in the proof of 4.28. So for every cut in Q we found a coheir
of p, and since M was arbitrary T is not small nor medium (because for every linear order, we can

find a model such that Q contains this order). d

4.3.4. RCF. Tt turns out that even RCF has large directionality, as we shall present now.
Apparently, that RCF was not small was already known and can be deduced from Marcus
Tressl’s thesis (see [Tre96, 18.13]), but here we give a direct proof that RCF is in fact large and

even more.

Definition 4.31. Let M = RCF. A type p € S(M) is called dense if it is not definable and the

differences b — a with a,b € M and a < x < b € p, are arbitrarily (w.r.t. M) close to 0.
For example, if R is the real closure of Q, then tp (7t/R) is dense.

Fact 4.32. Any real closed field can be embedded into a real closed field of the same cardinality

with some dense type.



Paper Sh:946, version 2013-07-18_10. See https://shelah.logic.at/papers/946/ for possible updates.

EXAMPLES IN DEPENDENT THEORIES 27

Proof. [due to Marcus Tressl] Let R be a real closed field. Let S be the (real closed) field R ((t©))
of generalized power series over R. Let K be the definable closure of R(t) in S and let p be the
1-type of the formal Taylor series of et over K: tp (1 +t /T2 /20 4 - - /K) . Then p is a dense

1-type over K. O

Claim 4.33. Suppose p is dense and q is a definable type over M = RCF and both are complete.
Then q and p are weakly orthogonal, meaning that p (x) U q (y) implies a complete type over M.

Proof. [Remark: this is an easy result that is well known, but for completeness we give a proof.]

Let w E q,x Ep.

Note that since p is not definable over M, for every m € M, and even for every m € € such
that tp (m/M) is definable, there is some ¢, € M such that 0 < ey < |t — mJ.

Now, suppose that @ (x,y) is any formula over M. Then, as q is definable, there is a formula
P (x) := (dqy) @ (x,y) over M that defines @ (M, w). We claim that p (x) U q(y) = ¢ (x,y) if
and only if p (x) = (dqy) @ (x,Y).

We know that 1 is equivalent to a finite union of intervals and points from M. We also know
that ¢ (€, w) is such a union, but the types of the end-points over M are definable over M (since
we have definable Skolem functions). So denote the set of all these end-points by A. Let 0 < e € M
be smaller than every ¢,, for each m € A. Let a,b € M such that a < a < band b—a < e.
Then:

«) holds if and only if

° m, w) holds for all m € M such that a < m < b if and only if

P (

e 1 (m) holds for all m € M such that a < m < b if and only if
@
o

)
o, w) holds.

O

We claim that RCF has large directionality. Moreover, we seem to answer an open question

raised in [Del84] (at least in some sense, see below), as she says there:

Mais il laisse ouverte la possibilité que la borne du nombre de cohéritiers soit
ded M| dans le cas de la propriété de 1'ordre et (ded |M|) (@) dans le cas de Pordre

multiple.

So let us make clear what the question means:

Definition 4.34. (Taken from [Kei78, Kei76]) A theory T is said to have the multiple order
property if there are formulas @y (x,yn) for n < w such that the following set of formulas is

consistent with T:

I'= {(Pn (Xn)yn,k)n(k)<n |11 € ww}.
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Remark 4.35. If T is strongly dependent (see 2.10), for example, if T = RCF, it does not have the

multiple order property.

Proof. Suppose T has the multiple order property as witnessed by formulas ¢,,. Consider the
formulas ¥y, (x,Y,2) = @n (X,Yy) & ©n (x,2). It is easy to see that {ib, [n < w} exemplify that
the theory is not strongly dependent. O

Fact 4.36. [Kei78] If T is countable and has the multiple order property, then for every cardinal
A, sup{S (M)|M ET,|M| =A} > (dedA)®. If T does not have the multiple order property, then
sup{S (M) M E T,IM| = A} < ded A.

So the question can be formulated as follows:

e Is there a countable theory without the multiple order property such that for every A >
No, sup{[uf (p)||p € Scw, (M),IM| =A} = (dedA)® (recall that S_, (M) is the set of all
finitary types over M).

It is a natural question, because of 2 reasons:

(1) In general, the number of types (in o variables) over a model of size A in a dependent
theory is bounded by (ded ?\)ITM“HN" (by [She71b, Theorem 4.3]), so by Fact 4.10 this
is an upper bound for sup{|uf (p)||p € S(M), M| =A}.

(2) Tt is very easy to construct an example with the multiple order property that attains this

maximum: for example, one can modify example 4.29, and add Ny independent orderings

to Q.
Definition 4.37. For M = RCF, let Sgense (M) be the set of dense complete types over M.

Theorem 4.38. Suppose M = RCF. Then there is a type p € Sz (M) such that Juf (p)| >
‘Sdense (M)|w

Proof. We may assume Sgense (M) # (. Suppose T, is a dense type. Let o = 1., and let w € €
be an element greater than any element in M. Then q = tp (w/M) is definable and we can apply
Claim 4.33. Let p(xw,X«) = tp(w, o/ M).

For every dense type 1 (x) over M, choose a realization a, € €. For every sequence ¥ =
(ri]i < w) of positive dense types over M (i.e., 1 = x > 0) , we define a coheir ps of p as follows:

Fix @ = {a,, |1 < w). For every sequence b = (bi|i < w) € M® such that 7; F x < b;
for all i < w, and for each n < w let f (@,x) = a+ Y -, (a;,/x"*") and gn (a,b,x) =
o+ YT (@ /X)) o /X

Now, let ps (xw,X«) be:

Pr (XwyXa) = P XwyXa)U {fn (@, Xw) < Xa < gn (d,b,xw) |’t_) as above, 1 < w} .
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Claim. ps (Xw,X«) (which is over M U {a} U {a,, |1 < w}) is finitely satisfiable in M.

Proof. Suppose we are given a finite subset po C pr (Xw, X« ), and a finite set of inequalities S =
{fk (ayxw) < Xxo < gk (d,’t_),xw) |k <n,be B} where B is some finite set of tuples (b;[i < mn)
such that r; = x < by for i < n.

Let b be a tuple (b;[i<n) € M™! such that for i <, r{ = x < b; and b; < b{ for any
tuple (b/|i <m) € B. We may assume that po = 74,0 (X&) U qo (X)) where 1, o C 1, and qo C q.
We may assume in addition that both r. o and qo are intervals over M (i.e., types in the language
{<}). Finally, we may assume that B = {B}

We will show:

®© For all o € M large enough, there is some 0 < ¢, € M such that for all k,1 < n,
€0 < gk (@,b,0) —fi (a,0).
Once © is established, let o be large enough so that it has such an ¢,, o satisfies qo (x, ) and for
every k <n, fy (a,0), gk (EL, b, 0) E 1.0 (X«) (s0 also every element between fy and gi). Suppose
1l < n is such that f (a,0) is maximal and k < n is such that gy (6,5, o) is minimal. For i < n,
let c; € M be such that a,, < cjand ¢ci —ar, < &g - (0”1) / (1+ 2) (these exist since the 1i’s are
dense), and let o < otg € M be such that oo — < €5/ (L +2). Let d = xo+ 3 1_, (ci/o'1) e M.
Then f, (a,0) < d and d—f (a,0) = (o — &) + Z}:o (ci —ar,) /0" <. So d < g (a,b,0),
and so (0,d) E po.
So we only need to show ®©. It is enough to show that for each k,1 < mn, for all large enough
0, there is some 0 < €4 x,1 € M such that €, k1 < gk (d,B, 0) —fi1(a,0). Suppose k > 1. In that
case,

gk (@,b,0) — 1 (@,0) > by /0" >0

(since the types 1; are positive). Suppose k < 1. So,

1
g« (@,b,0) — fi (@,0) = (bx —ay,) /0" — ( Z ari/OiH) )

i=k+1
Since 1y is dense, there is some 0 < ¢ € M such that € < by — a,,. Also, there are some a/ € M

such that a,, < af. The difference above is greater than:

1
g/okH1 Z ai//ole] eM,
i=k+1

and for o large enough this number is positive, so let it be o k1. O

Note that for T # 7/, pz Ups/ is inconsistent. Also, since 14, 1.+ 1,1, +2,... are all dense types,
[Sdense (M)] > N, so the number of positive dense types over M is equal to the number of all

dense types over M. Together, we are done. (]

We conclude:
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Corollary 4.39. RCF has large directionality. In addition, RCF does not have the multiple order
property but for every A > No, with cof (dedA) > w,

sup{luf (p)|IM [= RCF, p € $2 (M), M| =2} > (dedA)®.

Proof. We will use results from Section 6.

By Theorem 6.2, we know that:
sup{Juf (p)||p € S2 (M), IM| = A} > sup {ISaense (M)|” [IM] =A}.
On the other hand, Corollary 6.8 says that:
sup {ISense (M) [IMI =2} = sup { (A1) ™ [ < A, cof () =},

so this already implies that RCF is large (by Fact 6.4, the right hand side is > ded A). Corollary
6.10 says that for any cardinal A, if cof (dedA) > Ny, then

sup { (?\<“>tr)w [u < A cof (n) = u} = (dedN\)®.
Together we are done. O

Remark 4.40. For an easy proof that RCF is large, using the same notation from the proof of

Theorem 4.38, for every bounded cut I C M, define:
P1 (XwyXa) = Tu (Xa) U q (xw) Ut + a/xw < xa < x+b/x¢aeljb g},

Marcus Tressl has pointed out the type tp («, w) to us as a type with infinitely many coheirs
(this follows from [Tre96, 18.13]). We thank him for that. This proof that the theory is large is

ours.

4.3.5. Valued fields. We can combine the techniques of Theorem 4.39 and Example 4.29 in order

to prove a similar result for valued fields.

Definition 4.41. The language L of valued fields is the following. It is a 3-sorted language, one
sort for the base field K equipped with the ring language {0, 1, +, -}, another for the valuation group
I equipped with the ordered abelian groups language Lr = {0, +, <}, and another for the residue
field k equipped with the ring language Lx. We also have the valuation map v : K* — T and an
angular component map ac : K — k. Recall that an angular component is a function that satisfies
ac(0) =0 and ac [ KX : K* — k* is a homomorphism such that if v (x) = 0 then ac (x) is the

residue of x.

For more on valued fields with angular component, see e.g., [Bé199, Pas89], which also gives us

the following fact:
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Fact 4.42. [Pas89, Theorem 4.1] The theory of any Henselian valued field of characteristic (0,0) in
the language L has elimination of field quantifiers: every formula @ (xx, Xk, xr) (where xx, xx and
xr are tuples of variables in the base field, the residue field and the valuation group respectively) is
equivalent to a Boolean combination of formulas of the form @ (ac (fo (xk)),...,ac (fn_1 (xx)),xx)
and X (v(go (xk))y-++sV(gm—1 (xx)),xr) where @ is a formula in Ly, x is a formula in Lr and

gi and f; are polynomials over the integers.

Theorem 4.43. Let T = Th(K,[[k) be any theory of valued fields in L which eliminates field

quantifiers. Then T has large directionality.

Proof. Let My = (Ko, To,ko) E T be a countable model such that Ty contains a copy of the
rationals {yq | q € Q} with the usual order and group structure, so yo = Or (by compactness, one
only needs to embed a copy of a finitely generated subgroup of (Q,+,<) in a model of T, but
any such subgroup is contained in a subgroup generated by one element, which is isomorphic to
(Z,+,<)).

Let S be the tree 25 and let So € S be 2<%, so Sy is countable.

Let Z (xs|s € So) be the following set of formulas with variables in the field sort (over Mg):
{V (Xs _Xt) = Ylev(sAt) |S»t € SO) sAt< S)t} U {V (Xs _Xt) > Yiev(s) |S)t € SO) s < t} .

Then X is consistent with Mg: to realize £ | 2<™, choose a; € Ko with v(a;) = v; and let
Xs = Zi<lev(s) s (i) a; for s € 2<™. Let M = (K1, T4, k1) be a countable model containing My and
some {as|s € So } realizing X.

For each 1 € S with domain w (this is a branch of Sp), let py, (x) be the following type in the
valued field sort:

{v(x—as) > Yiews) Is <n}.
It is consistent since any finite subset if realized by a; for any t < n large enough.

If n1 #mn2 then py, Upy, is inconsistent:

Suppose s =17 Anz and s <t <my, s <t’' <my. If py, is consistent with v (x — a¢) > Viev(t),
then there is some a such that v(a —a¢) > Yiey(r) and v(a —a¢/) > Yiey(rr). So v(ag —ag/) >
min {chv(t/))YICV(t]}7 but t At’ =s < t,t" and so v(a¢ — a¢/) = Yiey(s). This is a contradiction
since Yiev(t)s Yiev(t’) > Yiev(s)-

Let Q be the algebraic closure (as a valued field) of the monster model € of M. let M =
(K] , I:1,l€1) be the algebraic closure of M as a valued field in Q. Since M is countable, there is
some branch 1 € S such that py, is not realized in M. Then for every polynomial f (x) over K;
and every s < 1 large enough, py = ac (f (x)) = ac (f(as)) Av(f(x)) =v(f(as)) (decompose f
into linear factors [ [ (x —by). For every large enough s, v (bi — as) < Yiey(s) for all i, and so if

d |y in €, then ac (f(d)) = ac (f (a;)) (because res ({2

i
)> =1 — we do not assume that ac
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extends to M) and v (f (d)) = v (f (as))). Since field quantifiers are eliminated in T, this implies

that p;, is a complete type. Moreover, we have the following claim:

Claim. For any type 7 (y) € S (M) such that y is a tuple of variables in the valuation group sort,

Pn and q are weakly orthogonal, meaning that py (x) Ut (y) implies a complete type over M.
Proof. By elimination of field quantifiers, we need only to determine whether

x(v(go (x))y..yv(gm—1 (x)),y)

is in py (x) U q (y) for any formula x in Lr over M and polynomials g; over M. By the remark
above, py = Vv (gi (x)) =V (gi (as)) for any s < 1 large enough and all i < m. So py Ut = x iff
rEx(go(as)),...,v(gm-1(as)),y). O

Let r (y) € S(M) be a type in the valuation group sort which is finitely satisfiable in {y4|q € Q}
and contains {y > vq[q € Q}. By the claim, r and p,, are weakly orthogonal. Fix some d = py
in €. For each bounded cut I C Q, let pr (x,y) be the following type:

P (X)UT(YU{y+yg<vix—d)<y+vqlqgel q ¢I}.

Then p; (x,y) is finitely satisfiable in M:

Suppose we are given finite subsets po C py and 10 C 1, Ip C I and I(’) C Q\I. Let g = max]Ij
and q’ = minIj. Note that there is some s < 1 such that for any a € Ky, if v(a — as) > Viey(s)
then a = pg. Let qo € Q be larger than lev (s), larger than lev (s) — q and such that yq, = 7o.
Let q” € Q be in the interval (qo + q,qo +q’) and let b € Ky be such that v(b) = yq~. Let
s <t <n be such that lev (t) > q” and let a = ay +b € K;. Then po (a) Ut (vq,) holds, and in
addition,

via—d)=v(ag—d+b)=v(b) =vyq~.
Moreover,
Yao +Yq =Yqo+qa <Yqa” <Vqo+q’ =Yqo +Yq’-

Obviously, for different cuts I and ], the types p1 and pj contradict each other.

Together this shows that, letting p (x,y) be the complete type determined by py (x) U T (y),
luf o (p)| > 250 where A ={¢ (x,Y;20,21,22)} and:

¢ (%,Y;2z0,21,22) = yYy+z1 <v(x—z0) <y+2zs.
So T is large as promised. O

There are other languages of valued fields in addition to the one in Definition 4.41 that would
make the proof above work. The only requirements are that we can construct the tree S inside
the field, that T" is a sort and that field quantifiers are eliminated. This can be done in the theory

of the p-adics, when we add to the language ac,, for n < w as in [Pas90], and also in ACVF —
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algebraically closed valued fields (where there is quantifier elimination in any reasonable language,

and in fact there is no need for ac).

Corollary 4.44. The theory of any Henselian valued field of characteristic (0,0) (in the language
described in Definition 4.41), ACVF (in any characteristic and any reasonable language with
quantifier elimination and a sort for the valuation group), and the theory of Qp (in the language

of Pas with acy ) are large.

5. SPLINTERING

This part of the paper is motivated by the work of Rami Grossberg, Andrés Villaveces and
Monica VanDieren. In their paper [GVV] they study Shelah’s Generic pair conjecture (which is
now a theorem — [She, Shel2a, Shell]), and in their analysis they came up with the notion of

splintering, a variant of splitting.

Definition 5.1. Let p € S (€). Say that p splinters over M if there is some o € Aut (€) such that
(1) o(p) £p.

(2) o(plm) =pIm.
(3) 0(M) =M setwise.

Remark 5.2. [due to Martin Hils] Splitting implies splintering, and if T is stable, then they are

equal.

Proof. Suppose p € S (€) does not split over M, then, by stability, it is definable over M, and p is
the unique non-forking extension of p|p. Then for any o € Aut (&), o (p) is the unique non-forking
extension of o (plm). So if o (plm) = plm, this means that o (p) = p so p does not splinter over

M. O
Claim 5.3. Outside of the stable context, splitting # splintering.

Proof. Let T be the theory of random graphs in the language {I}. Let M = T be countable, and
let a #b € M with an automorphism o € Aut (M) taking a to b. Let p (x) € S (€) say that x [ c
for every ¢ € M and if ¢ € M then x I ¢ if and only if ¢ is connected a and not connected to b.
Obviously, p does not split over M. However, let ¢’ € Aut (€) be an extension of 0. Let ¢ € € be

such that ¢ is connected to a but not to b. Then x Ic € p but x I ¢ ¢ ¢’ (p). O

However,
Claim 5.4. If T = Th (Q, <), then splitting equals splintering.

Proof. Observe that by quantifier elimination every complete type 7 (xi|i € 1) over a set A is

determined by tp ((xi|i € I)/0) UJ{tp (xi/A)|1 € I}. Assume ¢ (xi|1 € I) is a global type that
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splinters but does not split over a model M. Then it follows that for some i € I, q | x; splinters,
so we may assume |I] = 1. Suppose o € Aut (€) is such that 0 (M) = M, o(qlm) = q/m and
0(q) # q. Note that G(q(‘“)) = (r(q)(“’)7 so by Fact 4.10, G(q(‘“)) IM # q@ . We get a

contradiction by quantifier elimination again. O

We shall now generalize Claim 5.3 to every theory with the independence property. In fact, to

any theory with large or medium directionality.
Theorem 5.5. Suppose T has medium or large directionality then splitting # splintering.

Proof. We know that there is some p and A such that ufa (p) is infinite. Let us use Construction
4.5:

We may find a saturated model N = (N(’),NO,MO,QO,%) of Th(M*) of size A where A is
big enough. Then there is ¢ # d € Qo such that tp (c/0) = tp(d/0) in the extended language
(with symbols for No, Mo, Qo and fy). So there is an automorphism o of this structure (in
particular of NJ) such that o(c) = d. By definition, 0(No) = Npo and 0(My) = Mo. So
tp (¢/Np) is finitely satisfiable in My and hence does not split over My. But it splinters since
o (tp (¢/Mo)) = tp (d/Mo) = tp (¢/Mo) but o (tp (¢/No)) = tp (d/No) # tp (¢/No) as witnessed
by .

If there are no saturated models, we can take a big enough special model (see [Hod93, Theorem
10.4.4]).

Note that we may also find an example of a type p € S (M) with a splintering, non-splitting,
global extension, with [M| = [T|: consider the structure (N}, No, Mo, 0, ¢, d), and find an elemen-

tary substructure of size [T|. O

Definition 5.6. Let T be a complete theory. We say that (M, p, @ (x;y),A1,A3) is an sp-ezample
for T when:
e MET; Aj,A; € M are nonempty and disjoint; p = p (x) is a complete type over M,
finitely satisfiable in Aq; Th (My, A7) = Th (M;, A;) (see Definition 4.16); For each pair
of finite sets s1 C Ay and s; C Ay, M =Ty (/\(1651 @ (a,Yy) A Apes, 7@ (b,y)).

Proposition 5.7. T has an sp-example if and only if there is a finitely satisfiable type over a

model which splinters over it (in particular, splitting is different than splitting).

Proof. Suppose (M,p, ¢ (x,y),A1,A;) is an sp-example for T. Let M be the structure (M, A1, A3)
(in the language L, U {Py,P2} where Pq,P, are predicates). Assume [T| < p = p=*, and let
N’ = (Ng,B1,B;) be a saturated extension of M’ of size p where N = N’ | L and q = q" is as
in Remark 4.17. Since (Ng,B1) = (Ng, B2), there is an automorphism o of Ng, such that o takes
B; to By and so 0(q) = q. Let q’ be a global extension of g, finitely satisfiable in By and o’ a

global extension of o.
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So q’ does not split over N, but it splinters:

Consider the type {¢ (a,y)|a € By }U{—@ (b,y)|b € B, }. It is finitely satisfiable in N by choice
of @. Let ¢ € € satisfy this type. Then ¢ (x,c) € q’ but ¢ (x,c) ¢ 0(q’) (because o (q’) is finitely
satisfiable in B;).

If we do not assume the existence of such a p, we can use special models.

Now suppose that splitting is different than splintering, as witnessed by some global type p
that splinters over a model M but is finitely satisfiable in it. Then there is some automorphism o
of € that witnesses it. There is a formula @ (x,y) and a € € such that ¢ (x,a) € p,—@ (x,a) €
o(p). Let By = {meM|¢(mya)A\=¢ (m,0 " (a)) }, B2 = o(By). It is easy to check that
(M, p, @,B1,B>) is an sp-example O

The following theorem answers the natural question:
Theorem 5.8. There is a theory with small directionality in which splitting # splintering.

Proof. Let L = {R} where R is a ternary relation symbol. Let My = (Q, <) and define R (x,y, z)
by x<y<zorz<y<x,ie.,yis between x and z. Let T=Th (M [ L).

Claim. T has small directionality.

Proof. Suppose M = T. Let (a,b) denote {c|R(a,c,b)}.

Then, for any choice of a pair of distinct elements a, b there is a unique enrichment of M to a
model M’ of Th (Q, <) such that R is defined as above and a < b:

For w # z, w < z if and only if

(a,b)N(a,z) #0 and ((a,w) C (a,z) or (a,w) N (a,z) =0) or

(a,b)N(a,z) =0 and (z,b) C (w,b).

From this observation, it follows that there is a unique completion of any type p € S (M) to a
type p’ € S(M’). So if A is a finite set of L formulas and ufa (p) is infinite, then ufa (p’) is also

infinite — contradiction to Example 4.24. O
Claim. T has an sp-example

Proof. Let M =M | L. Let p (x) =tp (r/M). Let A; ={x € Q|x > m} and A, = Q\A1, and let
© (x;Y1,Y2) = R(y1,%,y2). We claim that (M, p, ¢ (x,y1,Y2),A1,A2) is an sp-example:

First, let M’ be the reduct of (QU{n},<) to L. There is some o € Aut (M’/n) such that
0 (A1) = Az. Hence (Mp,Aq) = (M, Az). Also, since tp (m/My) (in {<}) is finitely satisfiable in
both A; and A; (by quantifier elimination), p is finitely satisfiable in both A; and A,. Finally,
for finite s7 € A7 and sy C A,, there exists cq,c; € Q such that R(c1,a,cz) for all a € s7 and

—R (C],b,Cz) for all b € s5. O

O
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6. APPENDIX: DENSE TYPES IN RCF

Definition 6.1. For M | RCF, let Sgense (M) be the set of dense complete types over M (see
Definition 4.31).

Here we will prove the following theorem:
Theorem 6.2. ded A = sup{|Sgense (M)|| M = RCF M| = A}
For the proof we will need some definitions and facts:

Definition 6.3. (1) By a tree we mean a partial order (T/<) such that for every a € T,
Toa ={x € T|x < a}is well ordered. For a € T, the order type of T4 is a’s level. By a
branch in T we mean a maximally linearly ordered subset of T. Its length is its order type.

(2) For two cardinals A and , let A(*)w be:

sup{k | there is some tree T with A many nodes and k branches of length pn}.

Fact 6.4. (See [Bau76, Theorem 2.1(a)]) The following cardinalities are the same:

(1) dedA.
(2) sup{k|there is a reqular n and a tree T with x branches of length w and |T| < A}.
(8) sup {7\<“>tr [l <Ais 'regular}.

It is somewhat easier to consider trees which are sub-trees of A<# (with the usual “first-segment”
order) for some A, . Given any tree T, and any cardinal |, suppose we are interested in computing
the number of branches of length . For this we may assume that the level of each element in T
is < w. Suppose |[T| = A, so we may assume that its universe is A. Let T’ be {Too|a € T}. This is
easily seen to be a tree with the inclusion ordering, and moreover it is isomorphic to a complete
sub-tree T" of A<F (in the sense that if 1 € T” and v is an initial segment of 1, then v € T”): if
lev (a) = o, map Toq ton: o« — A where n () is the f’th element in T_. If B C T is a branch of
length u, let B’ ={T_q|a € B}. Then B’ is also a branch of length u, and in addition if By # B,
are branches of T, then Bf # B} in T’. This shows that T’ (so also T”) has at least as many

branches as T, and so in calculating ded A we can add to our list of cardinalities from Fact 6.4:
(4) sup{k|there is a regular p and a tree T C A<H with k branches of length p and [T| <A}

Theorem 6.2 follows from:

Proposition 6.5. For every tree T C A<H of size A, there is a model M = RCF of size A such

that |Sgense (M)| is at least the number of branches in T of length w.

Proof. We may assume that p < A. Fori< u, let T, =TnN I\, Toy = Tna<h By induction on

i < u we construct a sequence of models M = (M; |1 < p) and (an, by M € T<i) such that:
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M is an <-increasing continuous sequence of models of RCF; For alln € T_;, an, by € Migm)+1;
an < by by —ap <cforall0 <ce Mym;; fa< B <Aandn —~ (o),n ~ (B) € T then
by~ () < An~(py; For v.<m, ay < a, < by <by.

The construction:

Let Mo be any model of size A.

For 1 limit, let M; = U]-<i M; (there are no new (an,by)’s).

For i = j + 1 for j a successor, let Mj be a model of size A containing M; and an increasing
sequence (Cq |0t < A) such that 0 < cq < dforall0 <de M. Forne Tj_;,ifn ~(x) €T, let
On—~(a) = Qn + €26 and by — 4y = ay + C2a41 (nOte that by (o) < by).

For i = j+ 1 for j limit (or j = 0), let M; be model of size A containing M; and an, by, for
N € T where ay}jr < ay < by < by for all j < j (so for j = 0 this just means aj, < byy) and
by, —a, < dforall d e M;.

Finally, we let M = |J;_,, Mi. For each branch n € YA of T, let py, = {an;i < x < by i< p}

i<p
This is easily seen to be a dense type. Also, it is very easy to see that py, # py for n #n'. O
Remark 6.6. Note that this proof only used the fact that the order is dense, and so this holds in

any densely ordered abelian group.
Next we will show that Proposition 6.5 is “as good as it gets”.
Proposition 6.7. If M |= RCF, IM| = A, and pu = cof (M, <), then |Sqense (M)] < AlHer,

Proof. We shall construct a tree of size A with |Sgense (M)| branches of length .

Let (di|i < p) be an increasing cofinal sequence of positive elements in M. Let <* be a well
ordering on M?. We define a sequence of pairs ((ai,pybip) 11 < 1P € Sdense (M)) by induction
on i < pu such that:

(aip,bip) € M? is the <*-first pair such that p (x) = aip <x < bip, bip—ajp <1/d; and

fOI‘j <A, A p < Qi,p, bi,p < bj,-p.
Claim. (a;p,bip) exist for all p € Sgense (M) and 1 < .

Proof. Fix some p € Sqense (M). Suppose i < p is the first such that (ai p,bip) do not exist. For
j <1i,let 0 <cj € M besuch that p (x) Ex+c¢j <bjp, and p(x) | a;p +¢j < x (exists since p is
dense, since otherwise it would be definable). Since the cofinality of M is p, there must be some
e € M such that e > d; and e > 1/cj for all j < i. Since p is dense there must be some a,b € M
such that p (x) Fa <x <band b—a < 1/e. By choice of e for all j <1, aj, <a, b<bj, and
b—a<1/d;. O

For i < u, let:

T = {ﬂ 1> MZ‘HP S Sdense (M)V] < i[Tl (]) = (aj,p»bj,p)]}-
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Claim. If n € Ty thenn [j € Tj for all j < 1.
Claim. |Ty| < A.

Proof. By the first claim, if n € T; then it can be extended to some v in Ti 7. So it is enough to
show that |Ti.1| < A. For that it is enough to show that the map n — 1 (i) from Ti11 to M? is

injective. But this follows from definition of (ai,p,bip). O

Let T=J;_,Ti- Then T a tree, and for each dense type p € Sgense (M), we can find a branch

i<p

Mp il — M? defined by n (i) = (ai,p, bi,p). The following claim finishes the proof:

Claim. For p1 # P2, Mp, # Mp,-

Proof. Suppose p1 (x) Ex < b and p2(x) E b < x, and let 0 < e € M be such that p; (x)
x+e < band pz(x) E b+ e < x (exists since p; and p, are not definable). For some i < u,

d; > 1/e. Then it follows that ny,, (i) #nyp, (1) . O

O

Corollary 6.8. The following equality holds for all cardinals A > Ny :
sup {[Saense (M) IM = RCF, IMJ = A} = sup { (AW ) ™ [ < Ay cof (1) = }.

Proof. The inequality < follows immediately from Proposition 6.7. For > we will show that for
every regular p <A, (?\<“>tr)w < sup {|SdcnSC (M)w| [IM| = ?\}.

Suppose A" is attained, i.e., there is a tree of size A with A{*« branches of length p. Then
by Proposition 6.5, for some model M = RCF of size A, [Sdqense (M) > Al 50 in that case we
are done.

Suppose Al is not attained. In that case cof (?\<”>tr) > A. Indeed, if not, then A{Me =
Ui 01 for some cardinals oy < AW For each i < A, there is a tree Ty of size A with more than
oi branches of length p. Let T be the disjoint union of T; for i < A. Then T is a tree of size A,
with at least A{*)w branches of length u — contradiction. In particular, cof (7\<”>tr) > W, SO every

function f : w — A{®e is bounded, and hence:
w
(?\<“>tr) = sup {K“’ ‘ k< AW } .

So it is enough to show that for each k < A{*u there is a model M of size A with more than

dense types, which follows from Proposition 6.5. O

Example 6.9. In [CKS12, Section 6] it is shown that it is consistent with ZFC that there is an
uncountable cardinal A such that:

(1) cof (dedA) = cof (A) = Ry, so (dedA\)“ > ded A.

(2) For all regular cardinals p < A, A* < ded A.
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So in this case,

sup { (7\<”>tr>w [ < Ajcof (1) = p} = ded A.

However,

Corollary 6.10. For any cardinal A, if cof (dedA) > Ny, then

sup{(A<”>tx')w [ < A, cof (1) = u} = (dedN)®.

Proof. < is clear. For >, we use a similar argument as in the proof of Corollary 6.8. Since

(dedA)® = U{k® |k < ded A}, we only have to show that every k < dedA, k < AW for some

regular p < A. But that already follows from Fact 6.4. O
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