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STABLE THEORIES AND REPRESENTATION OVER SETS
[COSH:919]

MORAN COHEN AND SAHARON SHELAH

ABSTRACT. In this paper we give characterizations of the stable and Np-stable
theories, in terms of an external property called representation. In the sense of
the representation property, the mentioned classes of first-order theories can

be regarded as “not very complicated”.

§0. Introduction

0.A. Motivation and main results. Our motivation to investigate the properties

under consideration in this paper comes from the following

Thesis: It is very interesting to find dividing lines and it is a fruitful approach
in investigating quite general classes of models. A “natural” dividing prop-
erty “should” have equivalent internal, syntactical, and external properties.

( see [4] for more)

Of course, we expect the natural dividing lines will have many equivalent defi-
nitions by internal and external properties.

The class of stable (complete first order theories) T is well known (see [8]), it
has many equivalent definitions by “internal, syntactical” properties, such as the
order property. As for external properties, one may say “for every A\ > |T'| for some
model M of T we have S(M) has cardinality > \” is such a property (characterizing
instability). Anyhow, the property “not having many k-resplendent models (or
equivalently, having at most one in each cardinality)” is certainly such an external
property ( see [5] ).

Here we deal with another external property, representability. The results are
phrased below, and the full definition appears in Definition 1.2, but first consider
a simplified version. We say that a a model M is ¢-representable for a class £ when
there exists a structure I € € with the same universe as M such that for any n and

two sequences of length n from M | if they realize the same quantifier free type in I
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then they realize the same ( first order ) type in M. Of course, T is €-representable
if every model of T is t-representable. We prove, e.g. that T is stable iff it is
gnay_representable for some k where €% is the class of structures with exactly
k unary functions (and nothing else).

There are some relatives characterizing “I" is Ng-stable, T' is superstable and
K(T)<k,|T|=pn’.

Originally we hoped to characterize “T is dependent”, using classes which have
in addition a linear order. However this would have as application to the existence
of enough indiscernible sequences. This was proved for strongly dependent T | in
[6], but for a general dependent theory by Kaplan-Shelah [2], it is false.

Still this raises various further questions

Problem:
(1) Can we characterize, by representability “T" is strongly dependent ”,
similarly for the various relatives (see [Sh:863])
(2) For a natural number n , what is the class of T representable by €7 of

structures with just s n-place functions (or relations).

The main results presented in this paper are:
Characterization of stable theories (Theorem 2.1):
For a complete first-order theory T, the following conditions are equiv-
alent
(1) T is stable
(2) T is representable in EX|1T|+7|T|({%Q‘1) (cf. definitions 1.2, 1.19, and 1.5).
(3) For some cardinals p, k1, to, k2, it holds that T' is representable in
Ex}“m(Eximm (€°9)) (cf. definition 1.20).
(4) T is representable in Exzﬁ(kcq) for some cardinals p, % (cf. definition
1.17).
(5) T is representable in Exg_’m({’,eq).
Characterization of Xj-stable theories (Theorem 3.1):
For a complete first-order theory T, the following conditions are equiv-
alent
(1) T is Ng-stable.
(2) T is representable in EximNo (€°9).
(3) T is representable in EX%QO’2 (teq).
(4) T is representable in Exg’olfz (€°1) (see definition 1.18)

In the attempt to extend the framework of representation it seemed natural,
initially, to conjecture that if we consider representation over linear orders rather
than over sets, we could find an analogous characterizations for dependent theo-

ries. However, such characterizations would imply strong theorems on existence of



Paper Sh:919, version 2012-12-10_10. See https://shelah.logic.at/papers/919/ for possible updates.

STABLE THEORIES AND REPRESENTATION OVER SETS [COSH:919] 3

indiscernible sequences. Lately (see [2]), some dependent theories were discovered
for which it is provably “quite hard to find indiscernible subsequences”, implying

that this conjecture would fail in its original formulation.

0.B. Set-theoretic Preliminaries. We use the greek letters u, k, A for cardinal
numbers. T will be used to denote a first-order theory, € a monster model for it.

The set-theoretic facts that are used in this article are stated here for the sake
of completeness. We also prove the special version of the A-system lemma that is

used later.

Theorem 0.1. (Fodor) Let A a regular uncountable cardinal, f : A — X such that
fla) <a forall0<a< X, Then {a < X: f(a) = B} is a stationary set of A for
some B < A. (see [1])

Corollary 0.2. If f : A\ — u, A\ > p regular, then f~1({a}) is a stationary set of

A for some o < pu.

Theorem 0.3. Let A be a regular cardinal, |W| = A,|Sy| < p ( fort € W) such
that x < XA — x<#* < X\. Then:

(1) (The A-system lemma) There exist W/ C W, |[W’| = A and S such that
s#t—5;NSs; =25 holds for all s,t € W'.

(2) If z; = (29 : @ < «(t)) enumerates S; for ¢ € W, then we can add:

(a) t € W = a(t) = ap holds for some ayg.
(b) For some U C g it holds that s £t € W = z, [ U = z, | U,
U={a<ay:z=22}
(c) For some equivalence relation E on «q it holds that t € W/ = 2z =
2’ & (a,B) € E.
Proof.

(1) See [1, 8§].

(2) The map t — «(t) fulfills the assumptions of Theorem 0.1 (a(t) < p <
A), therefore (a) holds for some Wy C W. By part 1 there exist S C
{z&:a<ag,t € Wy}, Wy C Wy of cardinality A, such that S = S; N S
for all ¢ # s. Define a map Wi > t — U, where: U, = {a < ag : 2 € S},
Since the range has cardinality 2/%c! < 2<# < X\ this map also fulfills the
assumptions of Theorem 0.1, and we get that for some Wy C Wj of car-
dinality A and U it holds that ¢t € Wy — U, = U. The range of the map
t— 2 | Uis YS whose cardinality is < \a0|la°‘ < A, and by another use
of Theorem 0.1 we get W3 C Ws of cardinality A such that (b) holds. The
map t — FE; where E;, = {(a,ﬁ) Dagt = ztﬁ, a, B < ao} has cardinality at

||a0\

most |ayg and again by Theorem 0.1 the result holds for some E and

W’ C W3 of cardinality A, now W’ is as required.
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0.C. Model-theoretic and Stability-theoretic preliminaries. This subsec-

tion is organized in three parts - General, Stable and Ry-Stable theories.

General. For the rest of this paper, T is assumed to be a complete first-order theory.
EC(T) is the elementary class of T', i.e. the class of all models satisfying 7. EC(T)
denotes the class of models of cardinality A satisfying T. We will use the name
“structure” for any triple consisting of: a set (the structure’s universe or domain),
a vocabulary (i.e. function symbols and relation symbols with prescribed arities ),
and an interpretation relation. Structures will be denoted by I, J and their domains
by I, J, respectively. The word “model” will only be used for the elements of EC(T).
Models will be denoted by M, N and their domains by |M|, |N| respectively.

The German letter £ will denote a class of structures in a fixed vocabulary .

Remark 0.4. Although any model is a structure, we shall use the words “structure”
and “model” carefully since in this paper we use structures to analyse models of
the theory T'. Usually we will deal with quantifier-free properties of the structures,

but with general first-order properties of the models.

Definition 0.5. (1) For a model M and set A C |M|, S™(A, M) denotes all
the complete m-types in M over A.
(2) If M = &1, we may omit it.

Definition 0.6. For a set A C &r, let FE(A) denote the set of formulas ¢(x,y,a)

such that T = “p(x,y,a) is an equivalence relation with finitely many classes”

Definition 0.7. The formula (T, a) divides over a set A iff there exists a sequence
(@n 1 n < w) such that tp(a,, A) = tp(a, A) for alln < w, but there exists an m < w
such that |= ~3T N\, .., ©(T,an) holds for all w € [w]™ .

The type p(T) forks over A if there exist formulas ¢;(Z,a;) (i <n), such that for
all i < n, @; divides over A and p(T) F\/,,, 0i(T,a;).

Theorem 0.8 (Forking preserved under elementary maps). If p(Z) forks over A,
and [ is an elementary map in M, Dom(f) D Dom(p) U A, then f(p) forks over
f(A). (see [8,II1.1.5])

Definition 0.9. (1) We say that a formula ¢(x,€) ( with parameters from €) is
almost over A C € iff for some E(x,y) € FE(A) and some d; € €, (i < n) it holds
that T = E(x,d;) < ¢(z,¢).

(2)A formula is over A C € iff it is equivalent in T to a formula with parameters

taken only from A.
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Theorem 0.10. (see [8] II1;2.2(2)) There are (up to logical equivalence mod T ) at

most |T| + |A| formulas almost over A.

Theorem 0.11. (the order property) T is unstable if and only if there exist a

formula p(Z,7) and a sequence (@, : n < w) such that = ¢(a;,a;)<7) holds for
alli,j <w. (see [8,11.2.13])

Stable theories.

Definition 0.12. (1) T is called k-stable iff |S™ (A, M)| < & for every M =T,
set AC M, |A| <k and m < w.
(2) T is called stable if T is k-stable for some k.

For the rest of this subsection, T is assumed to be stable.

Theorem 0.13. (Type definability in stable theories) For every formula ¢(Z,7)
there exists another formula ¥, (y,Z) such that: For all b € ¢ there exists a € such
that if AC M, |A| > 2 then

E ¢(b,a) e ¥,(a@,0)
foralla e A (see [8,11.2.2]).
Theorem 0.14. For stable T, distinct types p,q € S(B) non-forking over A C B,
there exists E € FE(A) (cf. Definition 0.6) such that
p(z)Ugly) - ~E(z,y)
(see [8, II1.2.9(2)] )

Lemma 0.15. For a stable T, AC M =T, and a € M, there exists B C A such
that:
o [Bl < T
o For every o(T,¢) over A which is almost over B there exists (%, d) over B
such that =V (0(Z,d) < ¢(T,7)).
e tp(a, A) does not fork over B.

Proof. First, define an increasing sequence B,, by induction on n.
Let |Bo| < w(T) < |T|", By C A such that tp(a, A) does not fork over By.

Now assume B,, was defined and let
Sy ={¢(T,¢) € Ly :¢ C A, (T, ¢) is almost over B, }

By Theorem 0.10 there exist at most |T| + |B,| = |T| non equivalent formulas

almost over B,,. Therefore w.l.o.g |S,| < |T| and define B, as follows:

B,y1:=B,U{c: o(z,C) € S, }
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That the required properties of B := B,, hold is easily verified. ([

n<w

Definition 0.16. x(T) is the first cardinal such that for any model M = T, in-
creasing sequence of sets (A; C |M|:i < k) and type p(T) € S™(Ay) it holds for
some i < K that p | Ajy1 does not fork over A;.

Theorem 0.17. T and «(T') satisfy the following (still assuming T is stable):
(1) w(T) <|T".
(2) For every B C |M| and type p(Z) € S™(B), there ezists A C B, |A| < x(T)
such that p does not fork over A.

No-Stable theories. For the rest of this subsection, T is assumed to be Rg-stable.

Theorem 0.18. Let p € S(A). For a given B O A there are only finitely many
non-forking extensions of p in S(B). (see [8], III)

Corollary 0.19. Forp € S(A) there exists a finite B C A such that p is the unique
non-forking extension of p | B to S(A).

Proof. By 0.18 there are finitely many non-forking extensions of p [ B in S(A4),
therefore there exists a finite By C A such that gy [ By # ¢1 | By holds for every
distinct go,q1 € S(A) non-forking extensions of p. Also p does not fork over some
finite B; C A. Now, the conclusion easily follows for B = By U Bj. [l

Theorem 0.20. A formula ¢(T,¢) is equivalent to a formula over B if and only if
o(Z, f(T)) = ¢(T,¢) holds for every f € Aut(€/B) . (see [8, 111.2.3(2)] )

§1. Structure classes and representation

Convention 1.1. (1) The vocabulary is a set of individual constants, (partial)
function symbols and finitary and relation symbols (=predicates), each with the
number of places (= arity ), so for a function symbol F, arity (F) is the number
of places. Individual constants may be considered as 0-place function symbols; here
function symbols are interpreted as partial functions. (2) A structure I = (1,1, =)
is a triple of vocabulary, universe(domain) and the interpretation relation for the
vocabulary: let |I| = I, ||I|| the cardinality of I and 71 = 7; 1 is called a T-structure,
sol € ¢ = 1Tisate-structure. (3) € denotes a class of structures in a given
vocabulary Te. (4) Ll denotes all the quantifier-free formulas with terms from Te.
That 1is, finite boolean combinations of atomic formulas, where atomic formulas
(for T) have the form P(og,...,0n_1) or o9 = o1 for some n-ary predicate P € T,
0o... are terms in the closure of the variable by function ( and partial function

) symbols. (5) If A is a set of formulas in the vocabulary T, I a T-structure,
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a=(a; i< a)e*l, then
tpa (@, B,T) = {(,0) : ¢(#,9) € A: 1= p(a,b), b B}
1.A. Defining representations. We now reach the central definitions

Definition 1.2. Consider a structure I and a set of formulas A C Ly. (in our use

here they are either as in 1.1 (4) ( for structures I ) or just first order ).

(1) For a structure J, a function f : |I| — |J| is called a A-representation of I
mn J iff

tqu(f(a)v 0, J) = tqu(f(5)7 0, J) = tpA(a7 0, I) =tpa (Bv 0, I)

for any two sequences @,b € <“I of equal length.

(2) We say that I is A-represented in a class of models ¢ if there exists a J € ¢
such that I is A-represented in J.

(3) For two classes of structures €y, we say that ¥y is A-represented in € if
every I € g is A-represented in ¢.

(4) We say that a first-order theory T is A-represented in ¢ if EC(T) is A-
represented in €. We may omit A from the notation for the set of first order

formulas or use qf for the set of quantifier-free formulas.

Definition 1.3. (1) For a structure I, A C L and sequences a,(t € I) from
Cr we say that' a = (@, :t € I) is a A-indiscernible sequence over A in
M if tpa(az, A, M) = tp(as, A, M) holds® for all 3, C I with the same
quantifier-free type in 1.
(2) For a class of structures ¢, M = T and subset A C |M| we denote by
Inda(, A, M) the class of structures a = (@, :t €Iy (I € ¢, ap C |M]| )
which are A-indiscernible in M over A C |M]|.

Convention 1.4. We omit the respective symbol from the above notation in the
specific cases A = L(tp) , M =€ and A =10.

Definition 1.5. €9 denotes the class of structures of the vocabulary {=}.
1.B. The free algebras M, .

Definition 1.6. For a given structure I, we define the structure M, .(I) as the
structure whose vocabulary is tU (Fy g 1 « < p, B < k), with a B-ary function sym-
bol Fo g for all o < p, 8 < k. (the vocabulary of I includes a unary relation symbol

I for the structure’s universe, and we will assume F, g ¢ 11). The universe for this

L This definition also appears in [3],[7, 1I]

2fora sequence 5 we use the shorthand @z :=as,™ .. .Aasfg(g)i1



Paper Sh:919, version 2012-12-10_10. See https://shelah.logic.at/papers/919/ for possible updates.

8 MORAN COHEN AND SAHARON SHELAH

structure is3:

Muw@ = | Mpurs(D)

~v€0rd
Where M¢ = M, ¢(I) is defined as follows:

o My(I) := I
e For limit ¢: M¢(I) = Ugo Me(I)
e For(=~v+1

Me=MyU{F,50b):b€’M,, a<p, B<r}

Where F, g(b) is treated as a formal object. The symbols in 71 have the same
interpretation as in I. In particular, a-ary functions may be interpreted as (« +
1) — ary relations. The S-ary function Fy, g(T) is interpreted as the mapping @ —
F,5(@@) for all @ €#|M,, .(I)|, where F, 5(a@) on the right side of the mapping is
the formal object. If u = k = Ny we may omit them.

k  Kk=cfk

Definition 1.7. We denote reg(k) = for every cardinal k.
Kkt otherwise

Remark 1.8. Since reg(k) > k is reqular, for all B < k and sequence of terms
0i(Ci) € My reg(n), (1 < B) there exists v < reg(r) such that o;(¢c;) € M., for all
i < B. Therefore Fop ((0i(Ci) 11 < B)) € Myy1 © M, reg(n), hence My, (S) =
My, . reg(x)(S) and particularly M, .(S) is a set (though defined as a class).

Observation 1.9. [ M, .(S)|| < (u+|S) <" M| < (u+ [5]) 75" can be
proved by induction on v < reg(k).

Definition 1.10. For a sequence@ C M, .(S) we define its closure under subterms
as the set cl(a) defined by induction on the construction of the term and the sequence
length as

c(a) :=a fora C S. If g(a) = 1 and a9 = F, p5(b) then cl(@) = {ao} U
U{cl(b;) : i < B}. Otherwise, cl(a) :=J{cl(a;) : i < &(a)}.

Observation 1.11. For any set S, and sequence @ C (M, .(S)) of length <

reg(k), the closure of @ under subterms has cardinality less < reg(k).

Remark 1.12. If X\ is reqular, A > k then for every set S and sequence @ €
X (M,.x(S)) there exist a subset S' C S of cardinality x < A, and a term &(b) €

M, (S") such that @ =7 (b).

Definition 1.13. Denote 0,,, := (reg(/i)—i—,u)qeg(”). (In particular, 0, , =
M (D] for [T} = reg(x).)

3This defines a set and not a proper class by remark 1.8.
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Definition 1.14. Consider a free algebra M(S). We shall say that a set A of
Tm-terms, is a minimal system of terms for M, if and only if for every term
o(v) € M(S) there exists a single o'(T) € A such that for some uw € S without
repetitions it holds that o(v) = o' ().

Observation 1.15. Every free algebra has a minimal system of terms. This follows

from the axiom of choice.
1.C. Extensions of classes of structures.

Discussion 1.16. For a class of structures €, we define several classes of structures

that are based on t.

Definition 1.17. Exg,ﬁ(f) is the class of structures IT which, for some I € € satisfy
It = I|;+ = mU{Pa:a<p}U{Fs:8 <k} for new unary relation symbols
P, and new unary function symbols Fg; such that if p > 0 then <PCI;r a< u> 18

a partition of |I|; and, <Fé+ B < n> are partial unary functions.

Definition 1.18. Exg’}i(é) is the class of structures in EX?L’K(E) for which the clo-

sure of every element under the new functions is finite. (1f stands for “locally
finite”).

Definition 1.19. Exiw(k) is the class of structures in EX?W(E) for which Fg(P,) C
P g, = Uw<a P, holds for every a < p, 8 < K.

Definition 1.20. Ex?  (¥) is the class of structures of the form It = M,, .(I), for

K

some I € t (c¢f. Definition 1.6 ).
Convention 1.21. Ex, , will be one of the above classes.

1.D. Some properties of representation and extension classes. Let us note

several properties of representation

Observation 1.22. Let 1,15, I3 be structures. If f : Iy — I is a A-representation
of I in Iy and g : Iy — I3 is an C%j—representation of Iy in I3, then go f is a

A-representation of Iy in I3.

Observation 1.23. Ex{f(t), Ex), .(¢) C Ex) , (¢).

Observation 1.24. For k finite, Exﬂ’},ﬁ(?) 2 EXL’H(E). Let I € Exi’n(ﬁ) and fix
a € |I|. To see this, consider the tree formed by finite sequences §j € <“[x| for
which (F,,_, o...oFy)(a) is well-defined (i.e. (F;, o...0F, )(a) € DomF,_  for
every s < { — 1, where £ = {gij). Now, since it holds that Fg(P,) C P<, for any
B < k,a < u, and by the well-ordering of the ordinals each branch of this tree is

finite. Konig’s Lemma implies that the tree is finite, and since there is a map from
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the tree onto the closure of a under the functions, we see that I is actually locally
finite.

Observation 1.25. ¢ is gf-representable in all the extension classes of € defined

above, for any two cardinals w, K.

Observation 1.26. The classes Exy, iy 01410 (8) and Exy, ., (Ex,, «, (8)) are gf-
representable in each-other (for Ex = Ex?, Ex® Ex!, Ex?).

Observation 1.27. If po < p1, ke < K1 then Ex,, «, () is gf-representable in
Exy, 6 (8) (BEx = Ex’, EXO’H, Ex', Exz).

Observation 1.28. Ex? _ (Ex. . () is qf-representable in Ex, . (Ex? . (¥)),

H2,R2 H1,K1 H1,R1 H2,R2

for any p1, po, Ko, K1 > Ng.

Proof. Indeed, Note that Exilm(-) expands each structure of the class ¢ by pre-
serving the structure and enriching it with a partition and partial functions between
classes of the partition ( particularly such that the order of the classes is preserved
). On the other hand, Exi2m(~) extends the structure by adding formal terms.
Now, consider structures I € €, It € EX}HM(E), It e Exizm2 (Extwil (€)), such
that It is formed from IT which is formed from I in the obvious way, using the
extension classes we defined. In order to show that It is gf-representable in the
latter class, we extend I to a new structure I* by defining the partition P/ as
follows: we will take the partition {P,} (of |[I"| only) and extend it to a partition
of [I™*|. Define (as sets) P, = P,_; for all 2 < n < w, P, = P, for all w < q,
and P = [I"|\|I*|. Note that we did not extend the domain of the structure, nor
have we changed any of the partial or full functions. It should be clear that the

identity map It+ — I* is a gf-representation as required. (I
Observation 1.29. Exéh-,,m(ﬁeq) is qf-representable in EXé,R({%eq).

Proof. Let (I, (P, : a <2%),(Fp: 3 < k)) be the vocabulary of I*. Without loss

of generality ‘Pg+ > 2 (every model such that ’P(F’ = 1 can be represented in such

a model). We select two distinct to,t; € PY and let b : 2% — P(k) a bijection.
Consider the structure! I' = (I, (Fjs : 8 < k), (Gp : B < K)) whose universe is [I*|,
FBI = FﬂIJr and also define for all v < &, x € Pf,

/ t €h
G}; () = o 7 (B)
ti v € h(B)
it is easy to verify that the identity is a E;‘i—representation of ITin I'. (]

4Here, I means that Py € TI/,PgI =1
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Observation 1.30. EXiNo (€°9) is qf-representable in EX}MQ(ECQ) for > RVo; ( the

2 here means only two unary functions ).

Proof. Consider a structure from EXi’N0 (€°9). By the definition, we may assume
that the structure is M, x,(5) for some S € £°9. Let (04 (To) : o < p) be a minimal
system of terms of M, x,(S) (see definition 1.14, w is the upper bound on function
symbol arities, p is the number of functions). W.lo.g g (To) = 1, oo(xg) = zo. We
now construct a structure It whose vocabulary is (I, fiast, fhead, (Ps : 8 < p1)) and
whose universe is

1t

I' ={{a,i,80...8) ra<p,i<ly(Ty), so...5i €S}

Let ({ag,ig) : B < ) enumerate the pairs {(a,i) : @ < , i < g (To)} in increasing
lexicographic order. Let PE be the set of sequences in |IT| whose head is (ag, ig),
and let

fgst((oz,i,so...si» = (0,0,s;)
fE L (aniyse...s:) = {a,i—1,80...8-1) (i>0)

we define a map h : M, x,(S) — |IT| as follows:

h(0a (D)) = {0, g (Ta) — 1, Vo, .- -, Vgg(z)—1)

That h is a gf-representation of M, x,(S) in I'" is easy to verify.
O

Definition 1.31. We say that a function f with domain and range contained in a
structure I is a partial automorphism when for every sequence @ € |I| of members
of Dom(f), it holds that tp(a,0,T) = tp.(f(a),0,T).

§2. Stable theories

The central result for this section is

Theorem 2.1. Let T be a complete first-order theory, then the following conditions
are equivalent:
(1) T is stable
(2) T is representable in EX5)|T|(Eeq) (cf. definitions 1.2, 1.19, and 1.5).
(3) T is representable in EX|1T|+7|T|(Eeq).
(4)
(5)

T is representable in Exé‘T‘,lTl(Eeq).

For some cardinals p1, K1, 2, K2, it holds that T is representable in EX}JM€1 (Exiw€2 (te1))
(¢f. definition 1.20).

(6) T is representable in Exz’,{({%eq) for some cardinals u, k (cf. definition 1.17).

(7) T is representable in Ex8,|T|(Eeq).
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Remark 2.2. We can add in the above ( better as this is a condition only on one
EC\(T), and similarly for 2,3,4,6,7 )
5. For some pi1, K1, fla, K2, and X > (1 + |T|) <" + (pe +|T')<"2, it holds that
EC\(T) is representable in Ex’ _ (Ex? _ (£9))

H1,R1 H2,R2

Proof. Theorem 2.15 below proves 1 = 3. Observation 1.27 implies 2 = 3 = 4
immediately. Similarly, 4 = 5, 7 = 6 are immediate by properties of representa-
tions. 5 = 1 follows from Theorem 2.5. 4 = 2 follows from Observations 1.22,1.29.
So far we have equivalence of conditions 1 — 5. Now, 2 = 7 is immediate since
Ex87‘T|({’eq) ) Ex(lj_"T‘(Eeq). We leave 6 = 1 without a complete proof, since it is

very similar to 5 = 1. ]
2.A. Stability of representable theories.

Discussion 2.3. We shall first prove the first direction of the main theorem.
Namely, that a theory which is representable in ExibN2 (Exil’nl(ﬁeq)) is stable.
The method relies on the combinatorial properties of models of stable theories, par-

ticularly that all order indiscernibles are indiscernible sets.

Theorem 2.4. Assume that
(1) T is representable in EXig,m (Ex}“,ril (Eeq)) , for fized cardinals py, pi2, K1, k2.
(2) p>reg(ra) + py -
(3) A>p+0,, ., + k1 a reqular cardinal (see definition 1.13).
(4) X > x=* for all cardinals x < .
Then, for every sequence b = @a < /\> C <H[€r] of length < p there exists
S e[\ such that (b : e € S) is an indiscernible set.

Proof. Let M = T such that b, € <#|M]| for all & < A and assume that f :
M =T = (My, ., (1), Pa>F5)a<m,5<m
(Py : v < p1) is a partition of I, Fg : P, — |J

G = f(ba) for all o < A.

w.l.o.g we can add the following assumptions

is a representation, I = P, where

a<py

P, (So, Dom(Fg) = I) and let

<o

e Each a, is closed under subterms in M, ., (I) since u > k9 is regular, so
apply 1.11 for (u, k2).

o The set {F3: 3 < p1} is closed under composition, ( including the empty
composition which is the identity, recall that those are unary functions )

e Each @, is closed under the partial functions Fjg: To find the closure of @,
under the functions we need to add at most u; elements, so the closure of
gy is < p.

o lga, = &=|¢] for all @ < A: since A = g, {a <A:{=as} and A > p

is regular, and by reordering.
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The rest of the proof is by taking subsequences of the original sequence, while
preserving the length A, as follows (in brackets we note the common property of
the sought subsequence):

First subsequence (sequences constructed by the same terms): By Remark 1.12,
for each i < &, o < A there exist terms 04,i(Zqa,;) in the language of M, ., and
sequences tq ; e <reg(r2) [ guch that Ua,i = 0a,i(la,i), and also | J{Za,ia<rice}| <
reg(kg). since A > [6?#2,,@]E is regular, there exist (o4(T;) : i < &) €, Sp € [A]" such
that (04,:(Ta) 11 <) = (0:(T;) i <§) forall a € Sp .

Second subsequence (the quantifier free type of @, relative to the P,): since
(k1)* < A, there exists a S1 € [So]” such that the function

am {(i,B) €& x k1 :al, € Ps}

is constant on S7 ( denote this constant as the relation Ry ).
Third subsequence - ( the quantifier free type of a, relative to the F,): since
gmFE < €<k < ), there exists a Sy € [S1] such that the function

a = {(B,¢0, 1) G0, 1 <& B< pa, Fa(al) =al}
is constant on Sz ( denote this constant as the relation R ).
Final subsequence: By the A-system theorem (0.3(2)) there exist S5 € [Ss]”,
UC¢, ECEx € such that:

o ay [U=uag [U forall o, 5 € Ss.
e E is an equivalence relation such that for all « € Ss: a!, = @/, + (4,5) € E.

. ag:aé%i,jeUforallaaé,BeSg.

We now show that for any finite w,7 C S5 of length ¢ without repetition, it holds
that @ and @z have the same quantifier-free type in It.
Let ¢(Tyx¢) an atomic formula. By symmetry, it suffices to show that p(az) —
p(ar).
o Case ¢(Tixe) = "01(Texe) = 02(Toxe)":

proof is carried by induction on the complexity of the term o;.

— For 01(Tyxe) = Fa,3(0; (Texe)) it follows from properties of the free al-
gebra that for some sequence of terms 5 (T ¢) it holds that o9(ZTexe) =
Fo5(05(Texe)) and also o7 ;(az) = 03 ;(az) for all i < a. The induc-
tion hypothesis implies that o} ;(@7) = 03 ,(a) and thus o1(ay) =
o9(ay) as required.

— For 01(Tyxe) = Fa:(07(Trxe)), the validity of ¢(@z) implies that
o2(ag) = o1(ag) € I. Tt is easy to verify (by induction on the com-
plexity of the term) that the terms os(s = 1,2) contains only symbols

from Tyyx¢, Fo ( since Dom(F,) € I ). Now, for a finite sequence of



Paper Sh:919, version 2012-12-10_10. See https://shelah.logic.at/papers/919/ for possible updates.

14 MORAN COHEN AND SAHARON SHELAH

ordinals @, denote Fi := Fu, 0...0 Fy, ., (Fyy - the identity). It is
easy to verify that the term o4(Tyx¢) takes the form Fg_ (x;, ¢, ). for
some sequence o.

And the formula ¢ can be rewritten as:

Fay (i) = Faty (5.6,

Since the family (F, : a < uq) is closed under composition ( see above
), there exists an 85 < py such that Fy, = Fp . The sequences
@y, are closed under (F, : a < 1), hence for some ¢ < ¢ it holds
that Fp, (au,, ¢.) = Gu,, ¢: and @y, ¢; = au,;, ;- The former implies
(Bs,Cs,CE) € Ry and the latter implies that (§,¢ € U and (¢}, (5) €
E. Now, since @, [ U =ay,, | U it follows that Fg_(av,_ c.) = av;_c:
and ay, ¢c; = Qy,, ¢z S0 easily | o(ag).

o ©(Tyxe) = Pou(0(Toxe)): | ¢(aw) implies that o(Tpxe) = Fa(zic) for some
i < £,( < & Now by the closure of the functions under composition, formula
is equivalent to P,(Fs(xic)). And for some (* we get that Fg(ay, ) =
@y, ¢+ and Py (ay, ¢+ ) implying (8, (,(*) € Ry and (o, (*) € Ry, respectively.
Similar arguments give = ¢(az).

O

Theorem 2.5. If T' is representable in Ex? . (Ex’ _ (¢9)), then T is stable.

H2,R2 H1,K1

Proof. Assume towards contradiction that 7' is unstable. By the order property

(Theorem 0.11), and compactness, we can construct a sequence (a; : i < A), where
A=To (4 Ouymy +51)", p=reg(ra) + pf

such that = ¢(@;,a;) " (*<9) holds for all 4,5 < .

Now by the assumptions let f : M — I' be a representation of M in ExfmNZ (Ex}“ﬁ1 (ge9)).
It is easily verified that the conditions in 2.4 hold. Hence, there exists S € [)\]A
such that {@; : i € S} is an indiscernible set and particularly = ¢(@;,@;) <> ¢(a;, a;)

holds for all 4,5 € S, contradicting the assumption. O

2.B. Stability implies representability. Here we turn to proving the other di-
rection of the main result. We recall several facts about stable theories ( from [8,
I1, I11])).

Theorem 2.6. Monotonicity of forking: If p(T) forks over A and B C
A, qF p then q forks over B.
Moreover, for a stable T,
Symmetry: tp(a, AUb) does not fork over A iff tp(b, AUa) does not fork

over A.
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Transitivity: For sets A C B C C such that tp(a,C) does not fork over B,
and tp(a, B) does not fork over A it holds that tp(a,C) does not fork over
A.

Equivalence of Forking and Dividing: a type p forks over A iff it divides

over A.

Definition 2.7. A set C' C &€ will be called strongly independent over A if

® For any a € C, the type tp(a, AU (C\ {a})) is the unique extension in
S(AU (C\{a})) of tp(a, A) which does not fork over A.

Definition 2.8. We say that a sequence (Zp:a<7v) (Zo # 0, a < 7), is a
strongly independent decomposition of M of length v iff for all o < =y, it holds
that I is strongly independent over I, (in M), and that |M| = I.., where
Teo =UZs: B < a, of course.

Lemma 2.9 (Symmetry of strong independence). Let a1,as € €, A D By, By such
that tp(a;, AU{as_;}) does not fork over B; and tp(a;, A) is the unique non-forking
extension of tp(a;, B;) in S(A) for i =1,2; Then, (x); < (x)2 where:

(x¥); The type tp(a;, B;) has a unique extension to A U {as—;} which is non-
forking.

Proof. By symmetry it suffices to show that —(x)s = —(x);.

Assume that p := tp(aq, B2) has two different non-forking extensions pq,ps €
S(AU{a1}).

Since both types are complete, there exists a formula ¢ = ¢(x,a;,¢) withe C A
such that ¢ € p;, —¢ € pa. Let by, by realize py, ps, respectively.

So, tp(b;, A) = p; | A is a non-forking extension of p, by uniqueness it follows
that p; [ A = po | A. Hence, for i < 2 there exist elementary maps F; in € such
that F; | A =1ida, Fi(b;) = as.

Let ¢; € S(AU {b;}) be a non-forking extension of tp(ai, By).

Then F;(q;) € S(AU {az}) is a non-forking extension of tp(ay, By), (since F; |
A =idy, and non-forking is preserved under elementary maps).

Now, note that = (b1, a1, ) A—(ba, a1, ¢) which implies p(ag, z,¢) € F1(¢1) and
also ~¢(ag,x,¢) € F5(q2). This implies that Fy(q1), Fa(go) are distinct extensions
of tp(a1, B1), as needed. O

Proposition 2.10. If (Z, : a < v) is a strongly independent decomposition of M,
then every order-preserving refinement of this partition is also a strongly indepen-

dent decomposition of M.
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Remark 2.11. An order-preserving refinement is a partition (Jo : a < ') which
refines (Lo, : v < 7y) such that for all o < B <7, &, <+, Lo 2D T Ipg 2 Tp
imply o < 8.

Proof. Using the basic properties of non-forking O

Theorem 2.12. Assume T is stable, and let A C B such that for every formula
@ over B which is almost over A, ¢ is equivalent (in T) to a formula over A. If
p,q € S(B) are distinct and non-forking over A, there exists a @.(x,¢) over A such

that p b ¢x, g s

Proof. By 0.14, there exists an equivalence relation E € FE(A) such that p(z) U
q(y) F ~E(z,y).
Let {b; : i <n(E)} C € enumerate representatives for all the distinct equivalence

classes of E/ and let
w:={i <n(E):p(x) U{E(x,b;)} is consistent}

W.lo.g assume that b; realizes p for all i € w . Let p(z) := \/,c,, E(x,b;). Tt
can be easily verified that p(z) F ¢(x) and similarly, g(z) F —¢(x). We will show
that p(x) is preserved by every f € Aut(€/B):

Since p is over B and E is a formula over B, they are preserved by f and so:

o p(x) U{E(z,b;,)} < p(x) U{E(z, f(b;))} holds for all i < n(E) .

o —E(b;, b;) holds for every 4, j < n(E), i # j and hence also ~E(f(b;), f(b;)).
Hence, f can be regarded as a permutation on {b;/F :i € w}, the equivalence
classes of E in €:

Fe@) = f(Jbi/B) = | £0)/E = ¢(©)
1€Ew iEw
Consequently, = ¢(x) = f(o(z)). Now use Theorem 0.20, which gives the

required equivalent formula. O

Lemma 2.13. Let = |T|". For a stable T, for each model M =T there exists a
strongly independent decomposition of length v <

Remark 2.14. Since our definition of a decomposition does not allow empty sets,
we use ordinals v < p. Such a decomposition is trivial for | M| < u (e.g. by taking

an enumeration of |M| and converting to singletons).

Proof. We choose by induction a sequence (Z,, : @ < p) such that Z, is strongly
independent over Z., and is also maximal in | M | \Z.,, with respect to this property

for every v < p. Indeed this process may end within at most u steps, so we define
v=min({a < p:Zy =0} U{u}).
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Assume towards contradiction that the elements of M were not exhausted after
o iterations, then there exists an a € M\Z.,. Recall that for a stable theory
K(T) < w (see [8, I11;3.2,3.3]) and so, by the definition of x(T') there exists a set

BCI.,, |B|<k(T)<pu

such that p(z) := tp(a,Z<,) is non-forking over B, and by regularity of p there
exists ag(*) < p such that Z, () 2 B. Now, recalling Theorem 0.10, let

I':= {ap(x;é) - p(z,¢) almost over B, ¢(x;7) € L, ¢ €9V I<M},

and choose I'y C I'" a minimal set of representatives up to logical equivalence
from T'. By Theorem 0.10 we have |I'y| < |B| + |T| < cf(n), and since pu is
regular, there exists ay(*) < p such that b C Z,, () for all ¢(z,b) € T'y. Let
o) = max {ag(x), ai(x)}. Let B' = J(b: ¢(z,b) € I'.) U B be such that B’ C
Toa(x), |B'| <|T|. We will now prove that the type p [ Z<o(,) is the unique exten-
sion in S(Z<qx)) of p [ Tea(s)-

Clearly p [ T<qa(x) extends p [ Z.q(y), now assume that ¢ € S(Z<q(x)) extends
P [ Zoa(x), and does not fork over T (4.

By the transitivity of non-forking, ¢ does not fork over B. Assume towards
contradiction that p # ¢. By fact 0.14 there exists E € FE(B) such that ¢(z) U
p(y) b —E(z,y), and particularly ¢(x) - —E(z,a).

The formula E(z,a) is almost over B, so by the choice of ay(x) (¢ F —=E(x,a)
implies that =F(x,a) is logically equivalent to a formula in  over Z.,,), there exist
a b C Z_q(x) and p(z,b) logically equivalent to E(z,a).

Now since E(a,a) holds, we also get = ¢(a,b), and since b C Teax), we get
@(z,b) € tp(a,Zcn(x)) = ¢ | Z<a(s), a contradiction.

So we have proved that tp(a,Z<q()) is the unique non-forking extension of
tp(a,Zca(x) in S (Z<a(s)\ {b}). Recall from the choice of Z,(, that for all b €
Zos) tP(b, Z<a(x)\ {b}) is the unique extension in S (Z<(+)\ {a}) which does not
fork over Zo () . Also, Lemma 2.9 implies that tp(b, Z<o(x)\ {b} U {a}) is the
unique non-forking extension of tp(b, Z.q(x)) in S(Z<qax)\ {b} U {a}).

From the last two sentences it follows that the condition ® above holds for

To+) U{a} over Iy, which contradicts the maximality of Z,.). a
Theorem 2.15. A stable first order theory T is representable in EX|1T|+ |T|({%eq).

Proof. Let M |=T. By lemma 2.13 we get a strongly independent decomposition
of M: <Ia ra<y < |T|+>. By Proposition 2.10 we can assume w.l.o.g that |Z;| =
|Zo| = 1.

Define IT = <Fi*, Py, Fomg), <7y, i <|T|, p(z,7) € L, j < k¢(m7§)> € ted

as follows:
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ITt| = | M|, PL" =T, for all a < 7.
By Lemma 0.15 we can find some B(a) C Z, for all a € Z,,, with the following
properties:
(X)) |B(a)| < |T|; For every formula ¢(Z,¢) over Z.,, which is
almost over B(a), there exists a formula 6(Z,d) over B(a) such that = VZ(0(Z,d) <> ¢(Z,¢));
if « > 0, then Zy C B(a); and, tp(a,Z,) does not fork over B(a).
Now, we define the functions <(F;‘)I+ 1< |T|> on Dom(F;) = |[M|\ (Zo UTy)
for all ¢ < |T|. Fix @ > 1, a € Z,. We define F}(a) = b;(a), (i < |T|) for some
enumeration (b;(a) : i < |T|) of B(a), possibly with repetitions.
Now, let 9, be a formula which is guaranteed to exist from Theorem 0.13 and

define the partial unary functions

It .
{Fw(w,y),j(x) 1< ’%(m)}

as follows: Let a € Dom (F;?I,y))j) = |M|\ (Zy UZy), and let a < p be such that
a € Z,. Since [Z.,| > 2 forall 2 < a < p, it follows from the definition of 1, ( recall
Theorem 0.13 ) that there exists ¢, €9¢) T_,, such that |= ¢la,b] < ¥,[b, ).
Now we define ng,y)d(a) i= (Ca);, for all j < fy(Z,). Thus we have defined I'* and
we define f: M — IT as f(a) = a for all @ € |[M|. Now, to prove that f is indeed
a representation, it follows by Proposition 2.16 that if would suffice to prove that
tp(h(a),0, M) = tp(a,0, M), for every @ C Dom(h) and partial automorphism h
of I™ with domain and range closed under functions.

Let D, = Z, NDom(h), R, = Z, NRang(h). It is easily verified that for o < =,
h | D, is a partial automorphism of I* from D, onto R,. We will prove by

induction on « < v that

Mont h(tp (@, Deq, M)) = tp (h(@), Rco,M) forall @ € D, of length n

and don’t have repetitions.

holds for all n < w.

Now, K, ,, holds for o < 2 since by the definition, |Z,| = 1. Now let @ > 2 and
assume that Mg ,, holds for all n < w, 8 < a. We prove by induction on n < w that
Xa,n holds.

First, X, 1: Let a € Z,, ¢ = ¢(z,¢) a formula over D.,. W.lo.g assume =
¢la,¢]. by the definition of the functions it follows = ¥, [¢, Fyo(a) ... F, 4z—1(a)].
This formula contains only constants from D_,, so by the induction hypothesis,
E= Yo [h(©), h(F,0(a)) ... h(F,4z—1(a))] holds. Since h is a partial automorphism
(with closed range and domain) of IT, h commutes with the functions on I so
= Yulh(C), Fpo(h(a))...Fyuz—1(h(a))] holds. By the definitions of Fi,; (j <
Wz), Y, we get M = p[h(a), h(c)], as needed.
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For n > 1 we continue by induction, but first we state the following property of

I'" ( to be proven later)

(e): If A CIT is closed under the partial functions in the vocabulary 73+ then

ANZ, Is strongly independent over A NZ_,,.

Now, let @ € D, of length n and b € D, \a. By the induction hypothesis (on n),
it follows that h | (D<, Ua) is elementary. By (o), D, is strongly independent over
D,. Hence, tp(b, D<,\ {b}) does not fork over D.,, and particularly tp(b, D, U
@) does not fork over D.,,.

By the induction hypothesis, h | (D<,Ua) is elementary, and so g := h(tp(b, D<,U
a)) does not fork over h(D<,) = R<n. Note that ¢ 2 h(tp(b, D<,)) and by K, 1
(see above) h(tp(b, D<y)) = tp(h(b), R<q) holds. Hence, ¢ extends tp(h(b), R<q)
to a type over R., U@ and does not fork over R.,. Therefore there exists an
extension ¢ C ¢’ € S(R<q\h(b)) which does not fork over R,.

Since R, is closed under the partial functions, it follows from (e) above, that R,

is strongly independent over R.,, meaning that ¢’ = tp(h(b), R<o\ {R(b)}). Now
we reduce both types to the domain R., U k(@) to get

tp(h(a), Req Uh(a)) = h(tp(b, Dcy Ua)
and the induction step on n:
tp(h(b7@), Ren) = h(tp(b-a, D<y,))

Hence, f is a representation. (Il

Proof of () from the proof of Theorem 2.15, above. Let A, =Z,NA, a € A,, and
recall that B(a) = {F;(a):i < |T|}. We prove that tp(a, A N Z<,\ {a}) is the
unique non-forking extension of tp(a, ANZ.,) in S(ANZ<,\{a}).

Since A is closed under the F, it follows that B(a) C A, and consequently
B(a) € Ac,. Also, tp(a,Z.,) does not fork over B(a) (Recall () above). By
transitivity of non forking tp(a,Z<,\{a}) which is a non-forking extension of
tp(a,Z<,), does not fork over B(a) either. By the definition of B(a), we also get
that every formula over Z., which is almost over B(a) is equivalent to a formula
over B(a) (again, see ("K)).

Now, by monotonicity of non-forking we get that tp(a, A<, \ {a}) C tp(a,Z<.\ {a})
does not fork over A,.

To prove uniqueness, let go € S(A<,\ {a}) a non-forking extension of tp(a, A<y ).
go has a non-forking extension ¢ € S(Z<,\{a}). By transitivity, ¢ does not fork
over B(a) . Recall that the functions F;* are defined so that every formula over
T, and almost over B(a) is equivalent to a formula over B(a). The types ¢ |

Z<a, tp(a,Z<,) are both non-forking over B(a). Since g extends tp(a, A<y) 2
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tp(a, B(a)) we get that ¢ | Z<n, tp(a,Z<s) (both non-forking over B(a)) agree
on all formulas over B(a), and by theorem 2.12 this implies ¢ [ Z<, = tp(a,Z<q).
Now, since ¢ is a non-forking extension of tp(a,Z,) and Z,, is strongly independent

over L., we get that ¢ = tp(a,Z<.\) and so

90 = q | (A<a\ {a}) = tp(a, A<a\ {a})

as required. ([
Proposition 2.16. Let It € Ex),  (¢%) and f: M —IT. If
h(f(@) = f(b) = tp(@ 0, M) = tp(b, 0, M)

holds for every partial automorphism h of It with domain and range which are
closed under the partial functions, and sequences @,b € M. Then f is a represen-

tation.

Proof. Let f be as described above. Now assume towards contradiction that f is
not a representation. Therefore there exist @, b € M which have different types in
M such that the map f(a@) — f(b) is a partial automorphism of IT. It is possible
to extend this partial automorphism to one with domain and range closed under
the partial functions, contrary to the definition of f. (I

§3. No-stable theories

In this section we will prove the following result:

Theorem 3.1 (Characterization of Rg-stable theories). for a complete, countable

first-order theory T, the following conditions are equivalent

(1) T is Rg-stable.

(2) T is representable in EximNO (€°9).

(3) T is representable in Exioa(feq).

(4) T is representable in Exg’;;(?eq) (see definition 1.18)

Proof. Theorem 3.5 gives 1 = 2 and Observation 1.30 gives 2 = 3. 3 = 4 is
immediate since Exizoz(feq) C Exg’;fg(éeq) by Observation 1.24. 4 = 1 is the
content of Proposition 3.2. |

Proposition 3.2. If T is representable in Exg’sfz({%eq) then T is No—stable.

Proof. To prove Ny-stability it suffices to show that |S(B, M)| < Ng for every model
M =T and countable B C |M|. Now, suppose that f : M — I is a representation,
then for any a,b € M such that tp(a, B, M) # tp(b, B, M), it also holds that
tpy(f(a), f(B),1) # tpy (f(b), f(B), 1), so if suffices to show that [Sq¢(I, A)] < Ng
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for every structure I € Exg’sfz(kcq), and countable A C I = [I|. Let I, A be as

above, then

(1) Without loss of generality A is closed under the functions of I.
(2) tpy(@,I) € Sqe(I) is determined by formulas of the following types

Po(o(b)) (bea)
O‘l(bo)ZO'Q(bl) <b07b1 Ea)
Ul(b()) =b (bo € a, b, € A)

for terms o0, 01,09 € 71, and so necessarily unary.
3) Moreover, since I is locally finite, tp¢(a, I) is determined by a finite subset
qf

of these formulas.

So, the number of unary types over A is at most |A|<% < Ry a
Convention 3.3. We assume for the rest of this section that T is stable in Ny.

Lemma 3.4. Let M =T, andZy C |M|. There exists a sequence of sets (I, : 0 < n < w)
such that
(1) Foralla € I, n < w there exists a finite By, C L, such thattp(a,Z<,\ {a})
is the unique non-forking extension of tp(a, B,) in S(Z<y,\ {a}),
(2) Z,NZcp =0, and
(3) Zew = |M|.

In particular, (Z,, : n < w) is a strongly independent decomposition of M.

Proof. We choose the sequence Z,, by induction on n > 0. The case n = 0 is
given in the assumptions. For n > 0 assume that we have Z,, and choose Z,,;1 as
a set T,4+1 C M\Z<,, which is maximal (possibly empty) under the requirements
1,2 above. Now, assume towards contradiction that a € M\Z.,. By Corollary
0.19, there exists a finite B, C Z,, such that tp(a,Z.,,) is the unique non-forking
extension of tp(a, B,) in S(Z,,). Similarly, for any b € Z,,, let B, C Z,, be such
that tp(b,Z.,) is the unique non-forking extension of tp(b, By) in S(Z.,). Let
0 < n, < w be minimal such that B, CZ,,,.

Now, for any b € S(Z,,) it holds that tp(b, By) has a unique non-forking exten-
sion in S(Z<,, \{b}). Also, tp(a, B,) has a unique non-forking extension in S(Z<,, )
( since it has a unique non-forking extension in S(Z.,,)). Now by the symmetry of
strong independence (Lemma 2.9) it follows that Z,,, U {a} is strongly independent

over Z.,,, which contradicts the maximality of Z,, . ]

Theorem 3.5. Let M =T, A = |M||, Zy a set of indiscernibles in M. Then M
can be represented in Myyn,(Zo UN) € Exio,m (£°9) by an extension of the identity

function on Zy.

Proof. Let (Z,, : n < w) as in Lemma 3.4. Let g : |[M]| — A a one-to-one function.

T is Ny-stable and so S™(f)) is countable for all m < w. For convenience we use
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the symbols {F),,, : n < w, p € S<¥(0)} as the function symbols of My x,(Zo U A),
such that for each m-type p, F}, , is an m-ary function symbol.

We define an increasing sequence of one-to-one functions f; : Z<; — Myyx,(Zo U
A) by induction on n < w:

Define fy as the identity on Zp.

Assume that f,, was defined and now define f,,41 2 f, as follows. For each
a € T,y recall B, from Lemma 3.4. Let ¢, €° (Z<yp) enumerate B,. Now define
p € S“1(P) and f,,11(a) as follows:

p tp(d"Cq, 0, M)
fn+1(a) = Fp,n(fn(éa)v g(a))

Let f =, <., fn- We will use (proof is omitted) an analogue of Proposition 2.16

to show that f is a representation:

Proposition 3.6. Let f: M — M(S). If
h(f(@)) = f(b) = tp(@,0, M) = tp(b, 0, M)

holds for all @,b € M and every partial automorphism h of M(S) whose domain

and range are closed under subterms, then f is a representation.

First note that a € Z,, and also f(a) = F}, . (f(a),9(a)), sop =tp(a —~ ,, 0, M)
and tp(a,Z<,\ {a}) is the unique non-forking extension of tp(a,c,).

We now show that f fulfills the conditions of the Proposition. Let h a partial
automorphism of M(Zp U A) with domain and range closed under the functions.
Fix n < w and sequences @,b € Z<,, such that h(f(@)) = f(b). Since f is one-to-
one, w.l.o.g @, b are without repetition. We prove that tp(a@,®, M) = tp(b, (), M) by

induction on n:

For n = 0: the Proposition holds since Z; is an indiscernible set.
For n =m + 1:: Proof by induction on ¢ = [aNZ,| = [bNZ,| (the latter
equality is easy to verify).
For ¢ = 0:: This is the Proposition of the induction hypothesis (on n).
For ¢ = (o + 1:: Let ag,by € I, a1,b1 €° I,,, by, by €<% I, such that
h(f(ag@ias)) = f(bobibs). By the definition there exist ¢,,, e, such
that f(ao) = Fyn(f Fas)»9(a0)); £(bo) = Fyn(£(@y)s 9(b)) for some
sequences and types. Since Dom(h) is closed under subterms we get:

Fpr n(f(Cv), 9(b0)) = f(bo) = h(f(ao)) =
h(Ep.n(f (Cay), 9(a0))) = Fp.n(h(f(Ca,)); 1(g(a0)))
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and by the definition of the free algebra p’ = p and h(f(Cs,)) = f(Cby)-
The induction hypothesis implies that the map G defined as

G(ay) = by, G(az) = b2, G(Cay) = Co,

is elementary. Now, let ¢ = tp (ap, @1 U a2 UC,,). Since tp(ag Co,) =
p=p =tp(by"Cp,) holds, it follows that G(q) I ¢, = tp(bo, Cs,). The
definition of Z,, implies that tp(ao,Z<x\ {ao}) is non-forking over ¢,,,
and so is tp(ag, @1 UaaUC,, ). On the other hand, since G is elementary,
G(q) does not fork over ¢,. Let S(Z<,\{bo}) > ¢ 2 G(q) a non-
forking extension. Since tp(bo,Z<,\ {bo}) is the unique non-forking
extension of tp(bg,c,), and by transitivity ¢’ is also a non-forking
extension, it follows that ¢’ = tp(bo, Z<y\ {bo}) and after reduction (b
is without repetitions, so by ¢ by andby U by U by, € Z<p\ {bo}):

G(q) = q’ rgl UEQ UEbO = tp (60751 UEQ Ugao)

Hence, G U {(ag, bo)} is elementary and the proof is complete.
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