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CREATURE FORCING AND LARGE CONTINUUM: THE JOY OF HALVING
JAKOB KELLNER AND SAHARON SHELAH

AssTrACT. For f,g € w® let c}g be the minimal number of uniform g-splitting trees needed to cover the

uniform f-splitting tree, i.e., for every branch v of the f-tree, one of the g-trees contains v. Let c?g be the dual

notion: For every branch v, one of the g-trees guesses v(m) infinitely often. We show that it is consistent that

ci o = c}&gs = k¢ for continuum many pairwise different cardinals «. and suitable pairs (f¢, g¢). For the proof

we introduce a new mixed-limit creature forcing construction.

INTRODUCTION

We continue the investigation in [4] of the following cardinals invariants:

Let f, g be functions from w to w such that f(n) > g(n) for all n and furthermore lim(f(n)/g(n)) = oo.
An (f, g)-slalom is a sequence Y = (Y(n)),e such that Y(n) C f(n) and |Y(n)| < g(n) forall n € w. A family
Y of (f, g)-slaloms is a (V, f, g)-cover, if for all r € [],,c,, f() there is an Y € VY such that r(n) € Y(n) for
all n € w. The cardinal characteristic c\f’.yg is defined as the minimal size of a (V, f, g)-cover.

There is also a dual notion: A family Y of (f, g)-slaloms is an (3, f, g)-cover, if for all r € [],.c,, /(1)
there is an Y € M such that r(n) € Y(n) for infinitely many n € w. We define c?.’g to be the minimal size of
an (3, f, g)-cover

It is easy to see that Ny < c?’g < cj,’ g S 2o,

Answering a question of Blass related to [1], Goldstern and the second author [2] showed how to force
N1 many different values to c;’g. More specifically, assuming CH and given a sequence (fe, gc, Ke)eex, Of

natural functions f, g with “sufficiently different growth rate” and cardinals . satisfying K0 = k., there

is a cardinality preserving forcing notion that forces c; o = Ke for all € € N;. In [4] we additionally forced

&l — v —
fege Cfevgs = Ke.

In this paper, we improve' this result to continumm many characteristics ¢ v

= ¢’ _ in the extension
fe:8e C.fe’ge

(something which is a lot easier for ¢¥ only; this was done in [3]).
So the main theorem is:

Main Theorem. Assume that CH holds, that u = ™, and that k. < u satisfies K?" = ke forall € € u. Then
there is an w®”-bounding, cardinality preserving forcing notion P that forces the following: 2% = u, and

there are functions f.,gc for € € usuch that ¢l =c¢ Ke.

N v =
Je:8e Je:ge

(We can find such u and (k¢)ec, such that the k. are pairwise different. Then we get continuum many
pairwise different invariants in the extension.)

The construction builds on the theory of creature forcing, which is described in the monograph [5] by
Rostanowski and the second author. However, this paper should (at least formally) be quite self contained
concerning creature forcing theory; we do however (in 2.1) cite a result of [4].

This paper has two parts: In the first part, we introduce a new creature forcing construction (to give some
“creature keywords”: somewhat in between a restricted product and an iteration, with countable support,
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INote that once we have N; many different cardinals between ¢ and the continumm, then the continumm has to be much bigger
than Nj.
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basically a lim-inf construction but allowing for lim-sup conditions as well). Using this construction, we
get a much nicer and more general proof of properness compared to the construction in [4].

This construction (actually a simple case, in particular a pure lim-inf case without downwards memory)
is used the second part to construct the required forcing. It turn out that we can use very similar proofs to
the ones in [4] to show that the forcing notion constructed this way actually does what we want.

1. THE CREATURE FORCING CONSTRUCTION

1.1. The basic definitions.

Definition 1.1. Let I* be some (index) set, and for each i € I" and n € w fix a finite set POSSZ, ;..
Foru C I" and n € w we set

POSS,., = {n : nis a function, dom(n) = n X u, and n(m, i) € POSS? ]for allmenandi € u}.

m, (i

The name POSS is chosen because this is the set of possibile trunks of conditions, see below.

We will use the following notation for restrictions of € POSS,,,;: For 0 < m < n and for w C u we
use n [ m € POSS,,,, n [ w € POSS,,,, and n | (m X w) € POSS,,,, (with the obvious meaning). We will
sometimes identify an € POSS,, ;;, i.e., a function with domain n X {i}, with the according function with
domain n.

Definition 1.2. VAL, , is the set of functions f : POSS,, — POSS,.,, satisfying f() I n = n for all
n € POSS,, ..

(This is the set of possible elements of the value-set val(¢) of an n-ml-creature, see below.)

Definition 1.3. Fix n € w. An n-ml-creature parameter p, consists of

o K(n), the set of n-ml-creatures,
e the functions supp, supp'®, nor, nor’®, val and E, all with domain K(n),

satisfying the following (for ¢ € K(n)):

(1) supp®(c) C supp(c) are finite? subsets of I*. We call supp(c) the support of c.
(2) nor(c) (called norm) and nor'(¢) are nonnegative reals.’
(3) val(c) is a nonempty subset of VAL, supp(c)-
For n € POSS,, supp()» We set ¢[n] = {f(n) : £ € val(c)}. So c[n] is a nonempty subset of
POSS,,+1,supp(o)» and every v € ¢[17] extends 7.
(4) X(¢), the set of ml-creatures that are stronger than (or: successors of) ¢, is a subset of K(7) such
that for all d € X(¢) the following holds:
(a) if ' € X(D), then ' € X(¢) (i.e., X is transitive).
(b) ¢ e X(c) (i.e., X is reflexive).
(c) supp(d) 2 supp(c) and suppls(b) N supp(c) € supp's(c).
(d) d[n] I supp(c) C c[n | supp(c)] for every n € POSS(n, supp(d)).

Of course, with d[n] [ supp(c) we mean {v [ supp(c) : v € d[n]}.

Remarks 1.4. e “ml” stands for “mixed limit” (the construction mixes lim-sup and lim-inf aspects).
“Is” stands for lim sup; supp"® and nor" will correspont to the part of the forcing that corresponds
to a lim-sup sequence. The objects supp and nor will correspond to the lim-inf part.

e Our application will be a “pure lim-inf” forcing: We can completely ignore supp'® and nor", or,
more formally, we can set supp'(c) = supp(c) and nor'*(¢c) = n for all n-ml-creatures c.

e Usually we will also have: if d € X(c¢) then nor(d) < nor(c) and nor'*(d) < nor'(c), but this is not
required for the following proofs.

2We will later even require: There is a functions maxsupp : w — w such that every n-ml-creature ¢ satisfies |supp(c)| <
maxsupp(n).

3More particularly, elements of some countable set containing Q and closed under the functions we need, such as In etc. We can
even restrict nor and nor™ to values in N. However, this sometimes leads to slightly cumbersome and less natural definitions.
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e In our application (as well as in other potential applications) we will not really use val(¢) (i.e., a
set of functions f each mapping every possible trunk 7 af height n to one of height n + 1). Instead,
we will only need (c[57]);eposs, .. oo (i.e., the function that assigns to each 7 the (nonempty, finite)
set of possible extensions ¢[n]).

We can formalize this simplification in our framework as the following additional requirement:

Assume that £ € VAL, qupp(o) is such that for all 7 € POSS,, supp(o) there is a g € val(c) such that
f() = g(1). Then £ € val(¢). Or, in other words: f € VAL, qpp(o) is in val(c) iff £(57) € ¢[#] for all
n € POSS,, .

e We could have required the following, stronger property instead of 1.3.(4d) (however, in the case
referred to in the previous item, the two versions are equivalent anyway):

For all f € val(d) there is some g € val(c) such that for each 57 € POSS,, supp()

f(m) I supp(c) = g(n [ supp(c)).

e Our application will even have the following property: c[#] is essentially independent of 7; there
is no “downwards memory”, the creature does not look at what is going on below.
More exactly: We will define p, in a way so that for all n,7" in POSS, spp) and v € c[n] the
possibility " U (v N ({n} X I)) is in ¢[7’].
o So while the application in this paper only uses a simpler setting, we give the proof of properness
for the more general setting. The reason is that this properness-proof is not more complicated for
the general case, and we hope that the general case can be used for other applications.

Definition 1.5. A forcing parameter p is a sequence (P, )., such that each p, is an n-ml-creature parameter.
Given such a p, we define the forcing notion Q,: A condition p consists of trnklg(p) € w, the n-ml-creatures
p(n) for n > trnklg(p) (i.e., p(n) is in the K(n) defined by p,,), and an object trunk(p) such that:

e supp(p(n)) C supp(p(n + 1)) for all n > trnklg(p).

e We set dom(p) = |, supp(p(n)), and for i € dom(p) we set trnklg(p, i) = min{n > trnklg(p) :
i € supp(p(n))}.

o trunk(p) is a function with domain {(m, i) : i € dom(p), m < trnklg(p, i)} such that trunk(p)(m, i)

is in POSSim’m. For i € dom(p), we set trunk(p, i) = trunk(p) | {i} (which we identify with a
function with domain trnklg(p, 7)).

e liminf, . nor(p(n)) = co.

e For each i € dom(p) the set X = {norS(p(n)) : i € suppls(p(n))} is unbounded, in other words:
lim sup(X) = co. In particular there are infinitely many n with i € supp*(p(n)).

For better readability, we will write supp(p, n) instead of supp(p(n)), and the same for nor etc.

Note that Q, could be empty (for example, if all norms of ml-creatures are bounded by a universal
constant). In the following we will always assume that Q, is nonempty.

We still have to define the order on Q,. Before we can do this, we need another notion: poss(p, n), the
sets of elements of POSS,, gom(p) that are “compatible with p”:

Definition 1.6. For a condition p (or just an according finite sequence of creatures together with a sufficient
part of the trunk), we define poss(p,n) as a subset of POSS,, gom(p) by induction on n. If n < trnklg(p),
then poss(p,n) contains the singleton trunk(p) [ (rn X dom(p)). Otherwise poss(p,n) consists of those
v € POSS,, gom(p) such that v is compatible* with trunk(p) and such that v | nxsupp(p,n—1) € p(n—1)[n |
(n— 1) x supp(p, n — 1)] for some n € poss(p,n — 1).

Definition 1.7. For p,q € Q,, we set g < p if the following holds:
o trnklg(q) > trnklg(p).
o If n > trnklg(q) then
— q(n) € 2(p,n),
— supp(g,n) N dom(p) = supp(p,n), (This implies: trnklg(g, i) is the maximum of trnklg(p, i)
and trnklg(g) for all i € dom(p).)
— supp"(g, ) N dom(p) < supp®(p, n).

4I.e., v(m, i) = trunk(p)(m, i) for all m < min(n, trnklg(p, i)).
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e trunk(q) extends trunk(p) (as function), i.e., trunk(q)(m, i) = trunk(p)(m, i) whenever i € dom(p)
and m < trnklg(p, 7).
o trunk(q) | (trnklg(g) X dom(p)) € poss(p, trnklg(g)).

Remark 1.8. Note that our ml-creatures have an “answer” ¢[5] to all € POSS,, supp(c); S0 in particular
p(n) has answers to all 7 ¢ poss(p,n). In this respect, our creatures carry a lot of seemingly irrelevant
information. This is neccessary, however, to allow simple proofs of properness and rapid reading: this
way we can, e.g., start with a condition p, then increase the trunk to some height A, strengthen this new
condition to some ¢, and then “merge” p and g, by setting r(n) = p(n) for n < h and r(n) = g(n) otherwise.
This would not be possible if we dropped the information about “impossible” € POSS,, supp(c) from the
creatures.

Facts 1.9. e Assume that p is a Q, condition, n > trnklg(p), choose u such that supp(p,n—1) Cu C
dom(p) and € POSS,,,. Then we can modify p by enlarging the trunk-length to n and replacing
part of the trunk by 5. Let us call the resulting creature p A n. (More formally: trunk(p A n)(m, i) =
n(m, i) if m < n and i € u, and trunk(p)(m, i) otherwise.)

e pAn < pifneposs(p,n).

e {p An: n € poss(p,n)}is predense below p.

e We set y&" to be the name for |, trunk(p). So Q, forces that y*" is a function with domain
w X J for some J C I*. Note that it is not guaranteed that J = I*. (But p forces that dom(p) € J
and that y&*" | (n x dom(p)) € poss(p,n) for all n € w.)

o Ifneposs(p,n),then pAni-eiff pirncC y&" — o.

One simple way to guarantee that J = I* is the following: Giveni € I* and a creature ¢, we can strengthen
¢ by increasing the support by (not much more than) {i} while not decreasing the norm too much:

Lemma 1.10. Assume that for all i € I* there is an M € w and a u € [I*1N containing i sucht that for all
n > M and all ¢ € K(n) with nor(¢) > M there is a d € X(¢) such that

e nor(d) > nor(c) — M and nor*(d) > nor*(¢c) — M,
o supp(d) = supp(c) U u and supp™(d) = supp™(c) U u.
Then the domain of y8¢" is forced to be w X I"*.

Proof. Given p € Q, and i € I* we can find a g < p such that i € supp(g): For sufficiently large n we get
nor(p,n) > M and dom(p) N u C supp(p, n). So we can set set g(n) = d € X(p(n)) as above. O

1.2. Properness: Bigness and halving.

Definition 1.11. e For ¢ in K(n) and x > 0 we write d € Xi(c) if d € X(¢), supp(d) = supp(c),
supp's(d) = supp'(c), nor(d) > nor(c) — x and nor'(d) > nor'*(c) — x.
e The n-ml-creature ¢ is (B, x)-big, if for all functions G : POSS, ., suppy — B there is a d € X% (¢)
and a G’ : POSS,, supp(y — B such that G(1) = G’(v) for all € d[v]. Le., modulo d the value of
G(n) only depends on 1 | n.
o K(n) is (B, x)-big, if all ¢ € K(n) with norm bigger than 1 are (B, x)-big. (Note that we do not
require that ¢ has large nor’s.)’

Definition 1.12. e A condition p decides a name T, if there is an element x € V such that p forces
T=1X
e 7is n-decided by p, if p A nj decides 7 for each i € poss(p, n).
e p essentially decides 7, if 7 is n-decided by p for some .

S0f course there are some other natural definitions for bigness. We briefly mention two of them, however the reader can safely
skip this. In our setting, all these notions are more or less equivalent: Firstly, we will assume that k := | POSS,;; supp(o) | is “very small”
compared to the bigness B. Secondly, val(c) will be determined by the sequence (c[7]).

— The n-ml-creature ¢ is weakly-(B, x)-big, if for all € POSS,, supp(¢) and all G : ¢[57] — B there is a d € X (c) such that G | d[y]

18 constant.

— The n-ml-creature c is (B, x)-big*, if for all G : val(c) — B there is a d € X () such that G restricted to val(d) is constant.

‘We obviously get: (B, x)-big implies weakly-(B, x)-big.
Weakly-(B, x/k)-big implies (B, x)-big: We just iterate bigness for all 7 € POSS,, supp(c), i.€., at most k times.

(B*, x)-big* implies (B, x)-big: Apply big* to the function that maps f € val(c) to the sequence (f (1))nePOSS,, qupp(o -
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e Letr: w— wbea Qy-name. p reads r continuously, if p essentially decides r(n) for all n.
e p rapidly reads r (above M), if r I n is n-decided by p for all n (bigger than M).

Sufficient bigness gets us from continuous to rapid reading:

Lemma 1.13. Fix B : w — w. Assume that
o K@) is (I1,,<, B(m), 1)-big for all n € w.
e p continuously reads® r € ] B.
e M > trnklg(p), and nor(p,m) > 1 for allm > M.
Then there is a g < p such that
o trnklg(q) = trnklg(p), trunk(q) = trunk(p), and q(n) = p(n) for trnklg(p) < n < M,
e q(n) € Zi(p(n) forn = M,
e g rapidly reads r. Le., r | nis n-decided by q for alln > M.

Proof. For n € w, let h(n) > 0 be maximal such that r [ h(n) is n-decided by p. So h(n) is a weakly
increasing, unbounded function. Set
Xpy = r [ min(h(n), ).
Note that x,,, is n-decided by p, and that there are at most [],,.; B(m) many possibilities for x,, ;.
For all n > M, we define by downward induction for [ = n,n —1,..., M + 1, M the creatures d,; €
2! (p(1)) and the function ¥, ; with domain poss(p, n):
® d,, = p(n), Y,,(n) is the value of x,, as forced by p A n.
e Forl < nand n € poss(p, ! + 1) we know by induction that ¥, ;,;(17) is a potential value for x,, ;.
Let y,,,,(n) be the corresponding value of x,;. Using bigness, we get a d,; € X! (p(])) such that
z//"l’m(n) only depends on i | [ € poss(p,[). We set y,,;( I ) to be this value l//,:,1+1(77)~
For every n € w, sety, = (val(d,;), ¥ni)m<i<n- For all [ there are only finitely many values for val(d, ;)
and for ¢,,;. So the set of the sequences y, together with their initial sequences form a finite splitting tree.
Using Konig’s Lemma, we get an infinite branch: A sequence (], 47);>» such that d} € 2! (p(1)) and such
that for all n the sequence y, = (val(d}), ¥})m<i<x 18 initial sequence of y,, for some m > n.
We define g < p by g()) = p(I) for n < M and g(/) = d; otherwise (and, of course, trunk(g) = trunk(p)).
Fix n > M. We claim that r [ n is n-decided by g.
Pick some m such that h(m) > n and some k such that y;, is initial sequence of y;. Recall the inductive
construction of dy:

(1.1) Modulo p and dy , Dk p-1, - - -, Dk ANy 17 € poss(p, n) already decides xi .

Also, x;, contains r [ n (since h(k) > n). In fact even h(m) > n, so r | n is decided by p A v for all
v € poss(p, m). Therefore we can improve the previous equation:

(1.2) Modulo p and dg 1, . .., Dk any i € poss(p, n) already decides x .
Now recall that d 1, . . ., Dk are conditions in g, so x, (and therefore r | n) is n-decided by g. |
To get properness, we need another well established creature forcing concept:

Definition 1.14. The n-ml-creature ¢ is x-halving, if there is a half(¢) € X} (c¢) satisfying the following: If
b € X(half(c)) has non-zero norm, then there is a ' (called the un-halved version of d) satisfying:

v € X(0),

supp(d’) = supp(d), and supp®(d") = supp"(d),

nor(d’) > nor(c) — x and nor®(d) > nor's(c) — x,

v'[17] € d[n] for all n € POSS,, suppev)-’

K(n) is x-halving, if all ¢ € K(n) with nor(c) > 1 are x-halving. (Note that we do not require nor'(c) > 1.)

Definition 1.15. A forcing parameter p has sufficient bigness and halving, if there is an increasing function
maxposs : w — w such that for all n € w

OLe., ris a name, p forces that r(m) < B(m) for all m € w, and p continuously reads r.
7An alternative, stronger definition would be: val(d’) C val(d). In the special case mentioned in Remark 1.4 these versions are
equivalent.
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(1) |poss(p,n)| < maxposs(n) for all p € Q.
(2) K(n)is (2, 1)-big.
(3) K(n) is 1/ maxposs(n)-halving.

Remark 1.16. The natural way to guarantee (1) is the following: There is an increasing function maxsupp :
w — w such that for every n € w

e every n-ml-creature ¢ satisfies |[supp(c)| < maxsupp(n),
e There is an M(n) € w such that |POSS*=HW.) | < M(n)foralli e I* and m < n, and
e maxposs(n) > M (n)maxsupp(n=1))
A bit of care will be required to construct such creatures, since on the other hand we will also need

o the norm of a creature does not decrease by, say, more than 1 if we “make the support twice as
big” (we need this to prove N;-cc, cf. Definition 1.20), and
o there is an n-ml-creature ¢ with nor(c) > n (this guarantees that Q, is nonempty).

Lemma 1.17. Assume that p has sufficient bigness and halving, that T is the name for an element of V, that
Po € Oy, that My > trnklg(po), ng > 1 and nor(py, m) > ng + 2 for all m > M. Then there is a g < po such
that®

o g essentially decides T,

* g(m) = po(m) for trnklg(po) < m < Mo,
e nor(g,m) > ng for all m > M.

Then the usual standard argument gives us properness and w“-boundedness, and Lemma 1.13 gives us
rapid reading:

Corollary 1.18. Assume that p has sufficient bigness and halfing.

o (O, is proper and w*-bounding. Moreover, for each condition py and name r : w — w there is a
q < po continuously reading r.

e [fadditionally every K(n) is ([ [,,<, B(m), 1)-big, we get rapid reading: If r is a name for an element
of 1 B then for every p there is a g < p such that r | m is m-decided by q for all m € w.

Let us first give a sketch of the (standard) argument of the Corollary:

Proof. e w“-bounding: Assume that r is a name for a function from w to w and that py is in Q,,.
Using the previous lemma, we iteratively construct M, € w and p,.; < p, such that
— M, is big enough to satisfy the following: for some i € dom(p,,n) (chosen by suitable
bookkeeping) there is an m < M, such that i € supp"(p,,m) and nor's(p,,m) > n. Also,
M, > trnklg(pg) = trnklg(p,) and nor(p,, k) > n + 2 for all k > M,,.
= Pnr1(m) = py(m) forallm < M,,
— nor(p,+1,m) > nforallm > M,.
— pn+1 essentially decides r(n),
This guarantees that the sequence of the p,’s has a limit g, which essentially decides each r(n).
This in turn implies that (modulo g) there are only finitely many possibilities for each r(r), which
gives us w®”-boundedness.

e Properness: Fix N < H(y) and py € N. We need a ¢ < p which is N-generic, i.e., which forces that
7[G] € N for all names for ordinals that are in N. Enumerate all these names as {79, 7; ...}. Now
do the same as above, but instead of r(n) use 7,; and construct each p, inside of N. (The whole
sequence of the p,’s cannot be in N, of course.) Then g leaves only finitely many possibilities for
each 7, each possibility being element of N, which gives properness. O

Proof of Lemma 1.17. (a) Halving, the single step S¢(p, M, n):
Assume that
e peP,
o M > trnklg(p),
e n>1,nor(p,m) > nforallm> M.

8hote that in contrast to the previous lemma, the supports of g(n) will generally be bigger than those of p(n).
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We now define S°(p, M,n) < p. Enumerate poss(p, M) as ',...,1'. So I < maxposs(M). Set p° = p. For
1 <k <1 pick p* such that
e trnklg(p¥) = M and p* < p*! A 1. (So in particular, trunk(p¥) | dom(p) = n.)
e Forallm> M, nor(pk, m) > n — k/ maxposs(M).
e One of the following cases holds:
dec: pt essentially decides 7, or
half: it is not possible to satisfy case dec, then p*(m) = half(p*~!(m)) for all m > M.

So in case half, we get dom(p*) = dom(p*~!), but in case dec the domain will generally increase.
We now define ¢ = S¢(p, M,n) by q(m) = p(m) for m < M and g(m) = p'(m) otherwise.” Note that
nor(q,m) >n—1forallm > M.
(b) Iterating the single step:
Given pg, My and ng as in the Lemma, we inductively construct p; and M; for k > 1:
e Choose by some bookkeeping an @ € dom(py_1).
e Choose

(1.3) My > k+ My

big enough such that
— thereisan/ < M with a € suppls(pk_l, ) and norls(pk_l, D>k,
— nor(pi—1(m)) > k + ng + 2 for all m > M.
o Let py be Se(pk_l, M,k +ng +2).
Assuming adequate bookkeeping, the sequence p; has a limit gy < po, and nor(gg,m) > ng + 1 for all
m > M.
(c) Bigness, thinning out g,
We now thin out g, using bigness in a way similar to the proof of Lemma 1.13.
For all n € w, we define by downward induction for / = n,n - 1,..., My + 1, My, a subset A,; of
poss(qo, [) and ml-creatures d,; € Z}r(qo(l)):
e d,, =qo(n);andn € A, , iff go A 1 essentially decides 7.
e For!l < n, we use bigness to getd,; € Zi(qo(l)) such that for all € poss(qo, /) either d,,;[17] S Ay 41
or d,;[n] N A, 141 = 0. We set A, to be the set of those i7 € poss(qo, [) such that d,;[n7] € Ay 141-
So by this construction we get: If n € poss(qo, Mo) N A um, then every v € poss(qo, n) that extends n and is
compatible with (d,,;),<1<n satisfies go A v essentially decides 7.
If on the other hand
e 1 € poss(qo, Mo) \ Anmys
e v is in poss(qg, M) for some My < M < n,
e vextends 7, and
e v is compatible with (b, ;)s,<i<m then

(1.4) qo N v does not essentially decide 7.

We claim that there is some ny > M, such that

(1.5) poss(qo, Mo) S Any m,-

Then we define g < go by g(m) = d,,,, for My < m < ng and g(m) = go(m) for m > ny. According to
the definition of A, u,, we know that gy A v essentially decides 7 for all v € poss(g, np), so g essentially
decides 7. This finishes the proof of the Lemma, since g satisfies the other requirements as well.

So it remains to show (1.5). For every n € w, we define the finite sequence

Xn = (Val(bn,l)’ An,l)MgﬁlSn-
For each [/, there are only finitely many possibilities for val(d,;) and for A,,;, so the set of the sequences x,
together with their initial sequences form a finite splitting tree. Using Konig’s Lemma, we get an infinite
branch. So we get a sequence (3], A7) <i<w Such that d} € 2! (go(D) and for all n there is an m > n such
that the sequence
xj, = (Val(b;), A?)MQSZSVL

9And, of course, we set trunk(g, i) = trunk(p, i) if i € dom(p) and trunk(qg, i) = trunk(pl, i) otherwise.
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is an inital sequence of x;,.
We claim

(1.6) poss(qo, Mo) S Ay, -

Then we get (1.5) by picking any ng such that A, v, = A .

To show (1.6), assume towards a contradiction that there is some 779 € poss(qo, Mp) \ A’;WD. Define
q1 < qo by qi() = qo()) if I < My and g;(I) = d; otherwise. Find an s < g; A 19 deciding 7. Without
loss of generality, trnklg(s) = My > M, for some k, where M; was chosen in (1.3). Also we can assume
nor(s, m) > 2 for all m > trnklg(s). Let trunk(s) extend some v € poss(q;, My) € poss(qo, My). In particular,
v extends 779. We claim:

1.7 qo N v does not essentially decide T

Pick m such that x,, extends x;‘m. In particular, A, p, = Ajwo, s0 10 & Amm,. Since v € poss(qi, My), v is
compatible with the sequence val(d})y,<i<m, and val(d;) = val(d,,;). So by (1.4) we get that go A v does not
essentially decide 7. This proves (1.7).

By (1.7) we know: when we were dealing with v in stage k, we were in the half-case. In particular, s is
stronger than some pf{_l that resulted from halving pf{‘_ll. Let M’ be such that nor(s, m) > k + ng + 2 for all
m > M’. We can now un-halve s(m) for all My < m < M’ (and leave it unchanged above M’), resulting in
a condition s’ that is stronger than pi‘_'l and essentially decides 7, a contradiction to the fact that p,](_1 was
constructed using the half-case. So we have shown (1.6). O

Remark 1.19. The proof actually shows that it is not required that all n-ml-creatures are 1/ maxposs(n)-
halving. It is enough to have an infinite set w C w such that for all M € w and n > M every n-ml-creature
is 1/ maxposs(M)-halving. (Just choose all the M} in the proof to be in w.)

1.3. N,-ce. To preserve all cofinalities, we will use N,-cc in addition to properness. To guarantee that Q,
is Ny-cc, we need additional properties of p and we have to assume CH in the ground model.

We will argue as follows: Assume towards a contradiction that A is an antichain of size §,. By a standard
A-system argument we can assume that any two conditions in A have (more or less) disjoint domain; we
assume that there are only continuum many different conditions “modulo isomorphism of the domain”; and
then we have to argue that two identical (modulo domain) conditions with disjoint domain are compatible.

There are many ways to achieve this, one sufficient conditions is the following:

Definition 1.20. Fix n € w. The n-creature-parameter p(n) has the local A-property, if we can assign one
of continuum many'® “local types” to each pair (¢, 7), where ¢ is an n-ml-creatue and 7 : |supp(c)] — supp(c)
is bijective, such that the following holds:

If

e (c1,11) and (cz, ip) are as above and have the same local type,
e nor(¢;) = nor(c;) > 1 and nor"(¢;) = nor®™(c,),
e the enumerations i; and 7, agree on supp(c;) N supp(cs).
More formally: if i € supp(c;) N supp(cy), then there is an m such that ij(m) = i>(m) = i,
then there is a d € X(¢;) N X(¢y) such that

e supp(d) = supp(cy) U supp(cz) and supp"(d) = supp(c;) U supp®(c2),
e nor(d) > nor(c;) — 1 and nor™(d) > nor’®(¢;) — 1.

Lemma 1.21. Assume CH and that p(n) has the local A-property for all n. Then Q, is R,-cc.

Proof. Assume towards a contradiction that A is an antichain of size N,. We can assume that there is a
A C I such that dom(p) N dom(g) = A for all p # g in A, and that |dom(p)| = M < w for all p € A. Pick
for all p € A a bijection i : M — dom(p).

We can also assume that the following objects and statements do not depend on the choice of p € A for
PeAm<Mandne w:

e The trunk of p “modulo the enumeration of the domain”, i.e., trnklg(p), trnklg(p,i”(m)) and
trunk(p, i’ (m)).
e The norms, nor(p, n), nor'(p, n).

101y practise, we can get finitely many.
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The local type of (p(n), j4), where j is i? restricted to supp(p, n).!!
Whether i (m) € supp(p, n).
Whether i (m) = i®.

Now pick p # g in A. We show towards a contradiction that p and g are compatible: Pick & such that
nor(p,n) > 1 for all n > h. The local types of (p(n), j5) and (g(n), j!) are the same. If i* € supp(p,n) N
supp(g, n), then i® = iP(m) = i4(m) for some m < M, and i’(k) € supp(p,n) iff (k) € supp(q,n) for
all k < m, therefore i* = jh(l) = j!(I) for some L. So we can apply the local A property and get d €
X(p(n)) N X(g(n)). The sequence of these creatures, together with the union of the stems of p and ¢, form
a condition r < p, q. O

2. CONTINUUM MANY INVARIANTS

We now apply this creature forcing construction (actually, only the pure lim-sup case and the simplified
setting described in Remark 1.4) to improve the result of Decisive Creatures [4]. We have to make sure to
define the ml-creatures and the norms in a way to satisfy sufficient bigness and halfing (see Definition 1.15
and the Remark following it). Once we have done this, it turns out that the rest of the proof of the Main
Theorem is a rather straightforward modification of the proof in [4].

2.1. Atomic creatures, decisiveness. We will build the ml-creatures from simpler creatures, which we
call atomic creatures. An atomic parameter is a tuple a = (A, K, val, nor, X) such that

e A is a finite set.
e Kis a finite set (the set of a-atomic creatures),
e val, nor and X are functions with domain K
such that for all a-atomic creatures w € K the following holds:
nor(w) > 0,
val(w) C A is nonempty,
X(w) is a subset of K,
w € X(w); and if wp € X(w;) and w3 € X(w,) then w3 € X(w)),
if v € X(w) then val(v) C val(w) and nor(v) < nor(w),
if | val(w)| = 1 then nor(w) < 1.

As usual we get notions of bigness and halving, as well as decisiveness as introduced in [4]:

e v € X} (w) means v € X(w) and nor(v) > nor(w) — x.

o w e Kis (B, x)-big, if for all F : val(w) — B there is a v € X (w) such that ' [ val(v) is constant.

e w is hereditary (B, x)-big, if every v € X(w) with norm at least 1 is (B, x)-big.

e The atomic parameter a is (B, x)-big, if every w € K with norm at least 1 is (B, x)-big.

e w € Kiis x-halving, if there is a half(w) € X} (w) such that for all v € X(half(w)) with norm bigger
than O there is a V' € X (w) with val(v') C val(v). We call this v' “unhalved version of v”, or we
say that we “unhalve v’ to get v'.

e The atomic parameter a is x-halving, if every w € K with norm bigger than 1 is x-halving.

o w e Kis (K, m, x)-decisive, if there are v, v* € X¥(w) such that

.1 |valv?)| < K and v'is hereditarily (25", x)-big.

v~ is called a K-small successor, and v* a K-big successor of w.

e wis (m, x)-decisive if w is (K, m, x)-decisive for some K.

e Kiis (m, x)-decisive if every w € K with nor(w) > 1 is (m, x)-decisive.

e An atomic-parameter is M-nice with maximal norm m, if it is (2™, I/MZ)-big, 1/M-halving and
(M, 1/M?)-decisive and m = max(nor(w) : w € K).

Facts 2.1. (1) Given M, m € w there is an M-nice atomic-parameter with maximal norm .
Another way to formulate this:
For all M, m € w there is a K(M, n) € w such that for all k > K(M, n) there is an atomic-parameter
a = (A, K, val, nor, X) which is M-nice with maximal norm m such that A = k.

More formally, 77 : |supp(p, n)| = supp(p, n) is defined by j7(I) = i (k) for the minimal k such that ¥’ (k) € supp(p,n) \ j2”L.
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(2) Assume that an atomic paramter is M-nice, that nor(w;) > 2 foralli € M, and that F : [];c;, val(w;) —
2™ Then there are v; € Zi/ M(wi) such that F | [];e,, val(v;) is constant.

Proof. This is shown in [4]: (1) is Lemma 6.1, (2) is Corollary 4.4. |
2.2. The forcing.

Definition 2.2. We define by induction on n € w the natural numbers maxposs(n), maxnor(n), maxsupp(n),
BM"(n), k*(n), gmi“(n) and f™™(n); as well as f, ,, and g, ,, for m € k*(n):
(1) Set f™™*(—1) = maxsupp(—1) = 1.
(2) Set maxposs(n) = 1 + (f™%(n — 1)) maxsupp(n=1),
(By induction, we will see that | poss(p, n)| < maxposs(n) for every condition p.)
(3) Set maxnor(n) = 1 + 27maxposstn)
(This will later be used to guarantee there is an n-ml-creature with norm #, i.e., that Q,, is nonempty.)
(4) Set maxsupp(n) = 1 + 2maxnort),
(We will later define the n-ml-creatures so that |[supp(¢)| < maxsupp(n) for all ¢ € K(n).)
(5) Pick B™"(n) large with respect to maxsupp(n).
More specifically: larger than f™*(n — 1)/ " =) g larger than 2 maxsupp(n)>.
(6) Pick k*(n) large with respect to B™"(n), which means that we can fix a B™"(n)-nice atomic
paramter a, . = (k;, K, ., val, ., nor, ,, X, ) with maximal norm maxnor(n). (Use 2.1(1).)
(7) Pick g™"(n) = g, large with respect to k*(n).
More specifically, we will need: larger than f™3 (i — 1)"™asUPP() . maxposs(n) - k*(n)™>SUPP() and
than f™*(n — 1)y~ =D,
(8) Pick f,,, large with respect to g,,, which means that we can fix an g, ,-nice atomic parameter
anm = (fom> K, valy m, N0, 4, Xy ) with maximal norm maxnor(n). (Again, use 2.1(1).)
(9) Pick g, 41 large with respect to f;, .
More specifically, we need: larger than ( fn,m)f'“"k*(").
(10) Set f™™(n) = furm)-1-
We choose an index set I* containing ¢ and sets I, for all € € u:
e For every € in y, pick some I, of size k. such that u and all the I, are pairwise disjoint. Set
"= pU Ueey Le.
e Wedefinee: I\ u — I" by e(a) = € for a € I.. A subset u of I* is e-closed, if for all e(a@) € u for
alla e u\ p.

For € € u we set POSS_,,, ¢ to be k*(m), and for @ € I" \ u we set POSS_,, (4) to be f™*(m).

Definition 2.3. We define the ml-parameter p(n): An n-ml-creature ¢ is a triple (u‘, w*, d°) satisfying the
following:

e u‘ C I is nonempty, e-closed, and of size at most maxsupp(n).

e w* consists of the sequences (W¢)eeury and (W;!k)aeu‘ﬁlf,keval(wi) such that w{ is an a,.-atomic-
creature and w;!k is an a, x-atomic-creature. We will write A (or Afy,k) for val(w;) (or Val(w;!k),
respectively).

o de Rzo.lz

Given such an ml-creature ¢, we define the creature-properties of ¢ as follows:

e supp(c) = u’.

e val(c) is the set of those f € VAL, that satisfy the following for all € POSS,, c: If € € u‘ Ny,
then f(7)(n, €) € A¢, and if @ € u* N I and £(i)(n, €) = k then f(n)(n, @) € A ,.

e nor(c) := (1/ maxposs(n)) - log, [minnor(c) — log,(|supp(¢)|) — d], where we set minnor to be the
minimum of the norms of all atomic creatures used, i.e.,

(2.2) minnor(¢) := min ({norn,*(w;) reeunubUnor, (wi,): @ €unleke AZ}).

(If nor(c) would be negative or undefined when calculated this way, we set it 0.)
e supp"(c) := supp(c) and nor'(c) := n (so here we have the pure lim-inf case).

12%e could restrict this to a countable set; moreover given w* we can even restrict d° to a finite set.
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So our ml-creatures have rather “restricted memory”, they do not “look down” at all, and horizontally
only “look from « to e(a)”. More exactly:

Fact. n € poss(p, n) iff
e 77is compatible with trunk(p),

o for all m with trnklg(p) < m < n, ¢ := p(m), and @ € I. N supp(c) we have: n(m,e) € A; and
nim,a) € A*

a,n(m,e*
Lemma 2.4. o K(n) is (f™*(n— 1YY" =D 1)-big.
o K(n) is 1/ maxposs(n)-halving.
e p satisfies the local A-property.
o The generic element lives on all of I" (i.e., the domain of the generic sequence is w X I*).

So we can use Lemma 1.21 and Corollary 1.18 (since maxposs(rn) witnesses that p has sufficient bigness
and halving, as defined in 1.15), and get:

Corollary 2.5. Q, is proper, w*-bounding and N,-cc. If p € Q, forces that r(n) < f™(n)"™ for all n,
then there is a q < p that n-decides r | n for all n.

Proof of Lemma 2.4. First note a few obvious facts: For all n-ml-creatures ¢, we have

(2.3) [POSS,,suppo| < /™ (n = 1yrmaxsupp(n
and for a condition p we get, according to 2.2(2),
2.4 [poss(p, m)| < f™(n = 1)*™*P"=D < maxposs(n),

According to 2.2(4), we get: If |supp(¢)| > maxsupp(n)/2, then
2.5) nor(c) < 1/ maxposs(n) log, (maxnor(n) — log,(maxsupp(n)) + 1) = 0.

The local A property: We only have to check that “taking the union of identical creatures with disjoint
domains” decreases the norm by at most one, the rest is just notation:

Given an n-ml creature (1, w*, d°) and an enumeration i : |u‘| — u‘, we define the local type to contain
the following information for m,m’ < |u|: d°, [u‘|, whether i(m) € u, whether £(i(m)) = i(m’), and the
sequence of the atomic creatures (enumerated by 7).!* Take ¢; and ¢, as in the Definition 1.20 of the local
A property. Since nor(c;) > 1, we know by (2.5) that |supp(c)| < maxsupp(n)/2. So we can define the
n-ml-creature d by d° = d = d?; u® = u' U u®; and for € € u we set w? to be w¢' or wZ, whichever is
defined (if both are defined, they have to be equal, since the type is the same); and in the same way we
define ) , for @ € I and k € A,

As already mentioned, the only thing we have to check is that nor(d) > nor(¢) — 1 (for ¢ = ¢; or

¢ = ¢, which does not make any difference). Since d consists of the same atomic creatures as ¢, we get
minnor(d) = minnor(c), and therefore

nor(d) > 1/ maxposs(n) log, (minnor(d) — log,(2|supp(¢c)|) — d)

> 1/ maxposs(n) log, ((minnor(c) — log,(|supp(c)|) — d) /2)
= nor(c) — 1/ maxposs(n).

The domain of the generic: Given « € I*, we can just enlarge any n-ml-creature creature ¢ = (u, w, d°)
in the following way: Increase the domain by a and (if @ ¢ w) additionally by (@), and pick for the new
positions atomic creatures with norm maxnor(n). The same argument as for the local A-property shows
that the norm of the new creature decreases by at most 1/ maxposs(n). So we can modify any condition to
a stronger condition with a domain containing @ (as in Lemma 1.10).

Halving: Halving follows directly from the definition of the norm: Given ¢ = (uf, w*, d°), set half(¢) =
(u,w,d") with

d’ =d° + 1/2 [minnor(c) — log,(supp(c)) — d] .
Fix d = (u®, w®,d") € L(half(c)) (so in particular, @® > d’). We can unhalve d to d = (u°, w®, d°). Straight-
forward calculations show that the halving properties are satisfied. In particular: If nor(d) > 0, then

minnor(d) — log,(supp(d)) — & > 1.

C -
and (W;O,,)k)m<|u|,i(m)¢;4,keA(

<
£(i(m))

13 . -
More formally: the sequences (Wi(m))m<|u\,i(m)€p
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To calculate nor(d), we use
minnor(d) — log,(supp(®) —d‘ > 1 +d* —d* > 1 +d' - d* >
> 1/2 [minnor(c) — log,(supp(¢)) — d‘].

So nor(d) > nor(c) — 1/ maxposs(rn).

Bigness: Let ¢ be an n-ml-creature. Set B := f™*(n — 1YY" =1 To show (B, 1)-bigness, we pick
some G : POSS,..1 suppy — B, and we have to find a d € Z}r(c) such that G only depends on n [ n. (More
formally: there is a G’ : POSS,, supp(y — B such that G(n) = G{(v) for all € d[v].)

Set S = POSS,; suppe) and M = []eequpp(oynu A°(€)- (S and M stand for “small” and “medium”, respec-
tively.) Note that according to (2.3) and 2.2(7),

(26) IS X M| S fmaX(n _ l)nmaxsupp(n) . k*(n)maxsupp(n) < gmin(n).

If we fixp € S and x € M, then G can be written as a function from [ [,equpp(\u A to B.

We get:
e All the atomic creatures involved are gmi“(n)—nice.
o lsupp(c) \ | < maxsupp(n) < g"™"(n).
o B<28™m,
So we can apply Fact 2.1(2) and get successors v, € X
to the new creatures).
We can iterate this for all (7, gc) € § X M, each time decreasing the norm of some of the atomic creatures
on supp(c) \ u by at most 1/g™"(n). By (2.6), in the end we get v, € Zi(wfy o) forall @ € u* \ u and
ke A;(a) such that (modulo these new creatures) G only depends on (17, x) € S X M; or, in other words, G

4
a.x(g())

L/g (n) (W

w(g(a))) such that G is constant (with respect

can be written as function fomr M to BS.

It remains to get rid of the dependence on M. For this, just note that all the atomic creatures w{ (for
€ € ut N p) are B™"(n)-nice, maxsupp(n) < B™"(n) and B™"(n) > BS, so we can find successors on which
G is constant. O

2.3. Proof of the main theorem.

Definition 2.6. o v; == y&" [ {i} for all i € I". (We interpret v; as a function from w to w.)
e fc(n) = fu,. (@ for € € u, and analogously for g..

e ¢/ :=c" fore ey, and analogously for c?.

fe:8e

So Q, forces that v.(n) < k*(n) for all n € w, and that v,(n) < f.(n) for all but finitely many n. (There
might be finitely many exceptions, since the initial trunk at @ might not fit to the initial trunk at &(@).)
To prove the main theorem, it is enough to show the following:

Q, forces 2% = prand 2 = ¢! = k. forall € € p.

This will be done in Lemmas 2.7, 2.3 and 2.12.
Lemma 2.7. Q, forces 2% = p.

Proof. First note that trivially all v; are different: Fix p € Q, and i # j in I*. We already know that O,
forces that the domain of the generic is w X I*, in particular we can assume that i, j € dom(p). Choose n
so that nor(p, n) > 1. In particular, all the atomic creatures involved have norm bigger than 1 and therefore
more than one possible value. So we can choose an 7 € poss(p, n + 1) such that n(n, i) # n(n, j). Then pAn
forces v; # v;.

This shows that the continuum has size at least u in the extension.

Due to continuous reading of names, every real r in the extension corresponds to a condition p in Q,
together with a continuous way to read r off p.

More formally: For each n € w there are h(n) € w and a function eval(n) : poss(p, h(n)) — w such that
p A n forces r(n) = eval(n)(n) for all n € poss(p, h(n)).

Since there are only 4~ = y many such pairs of conditions and continuous readings, there can be at
most ¢ many reals in the extension. O

We now mention a simple but useful property of the atomic creatures:
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Lemma 2.8. Assume wy and wy are two atomic creatures that appear in some n-ml-creature ¢. Then there
are v; € 228" (w,) (for i € {0,1}) such that val(vg) N val(v;) = 0.

Proof. Apply decisiveness to get successors w* of wy and w” of w; (or the other way round) such that the
norms decrease by at most 1/B™"(n) and | val(w*)| < K and w” is hereditarily K + 1-big for some K € w.

[In more detail: Since wy is decisive, there is a natural number K such that there is a K-small successor
w;, as well as a K-big successor wg of wy. On the other hand, again using decisiveness, w; has a successor
w] that is either K-small (then we set w® = w/ and wh = wg) or K-big (then we set w’ = wi and w¥ = wy).]

Enumerate val(w®) as {xo, ..., xk_1}, and define G from val(w?) to K + 1 as follows: If [ € val(w’) is
equal to x; (for some k € K), then set G(I) = k + 1. Otherwise, set G(I) = 0.

Using K + 1-bigness, we get a G-homogeneous successor v of w?, i.e., G | val(v) is constant m for some
m € K + 1. Of course m has to be 0. (Otherwise val(v) = {x,,+1} is a singleton and therefore nor(v) = 0.)
Therefore val(v) N val(w*) = 0, so v and w* are the required successors wy and wy. |

A simple application of this Lemma gives us “separated support™:

Lemma 2.9. For p € Q, there is a q < p such that q(n) € T\ (p(n)) for all n > trnklg(q) andAZé") ﬂAZl(”) =0
for all n and € # € in supp(q,n) N .

Proof. Fix n and a pair € # € in supp(p,n) N . According to Lemma 2.8, we can find v, € £>/% (”)(wfi(”))
for i € {0, 1} with disjoint values. Iterate this for all pairs in supp(p,n) N u (note that there are less than
rnaxsupp(n)2 < B™"(n)/2 many, according to 2.2(5)). m|

Lemma 2.10. Fix € € p. Then Q, forces that ¢!, < ke,

Proof. SetI’ = {e} U I,,. We will show that in the O, extension of V the family of those (f,, g¢,)-slaloms
that can (in V) be read continuously from I’ alone form a Y-cover. This proves the Lemma, since there are
only K:;‘ = K, many continuous readings on I’.

Assume that r is a name for an element of [] f,,. Fix p € Q,. Using Corollary 2.5, without loss of
generality we can assume that p rapidly reads r (i.e., r [ n is n-decided by p) and that it satisfies separated
support as in the previous Lemma.

We will construct a g < p and a name for an (f,, g¢,)-slalom Y that can be continuously read from g | I
such that g forces r(n) € Y(n) for all but finitely many n € w. (This proves the Lemma.)

Fix ng such that nor(p, n) > 2 for all n > ny and set g(n) = p(n) for n < ny. We construct Y(n) and g(n)
by induction on n > ng. We set supp(q, n) := supp(p,n) and trunk(q) := trunk(p). Le., the supports and
trunks do not change at all. So by induction poss(g, n) C poss(p, n).

Let us denote the n-ml-creature p(n) by ¢. We have to define the n-ml-creature g(n) (let us call it d) with
u® = u® (call it u). We set d® := d*. On yu, we do not change anything: For € € u N we set w? = wt (call
it we, and set A, = val(we) = AL = AD). It remains to define wz’k € Ei(w;’k) fora € unl, and k € w,.
Then, since the norms of all the atomic creatures only decrease by 1, we know that nor(d) will definitely be
bigger than nor(c) — 1, as required.

Let T (for “trunk”) be the set of pairs (77, x) such that i € poss(q, n) and x € [[eeuny Ae-

Q@.7) IT| < g™"(n).

We now partition supp(c) \ u into sets called S, M, L (small, medium, large): Set M = supp(c) N I,.
Using separated support, we know that every € # € in u N u satisfies either x(€) < x(&) (then we put all
elements of 1. N u into §) or x(€) > x(€y) (then we put them into L).

Rapid reading implies that (modulo the pair (7, x)) the natural number r(n) can be interpreted as a

function
o [ <[ X[ ] = e
L

N M

[ 1= A0

X aeX
Our goal is to get a name Y (n) for a small subset of f; ) that only depends on M and and contains r(n).

where we set (for X € {S, M, L})
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First note that we can rewrite r(n) as a function

) s [ ] - £l
L
Using the fact that the atomic creatures in L are nice enough,'* we can find successors of these creatures
that evaluate r(n) to a constant value, and such that the norms decrease by less than 1/g™"(n). We define
W, e o be these successors for € € L; and leave the other atomic creatures unchanged. Now for every
y € I1), there are only |I1g| many possible values for r(n), call this sets of possible values Y(n, x, y).

Iterate this procedure for all pairs (17, x) € T. The same atomic creature may be decreased more than
once, but at most gmi"(n) many times, according to (2.7). So in the end, the norms of the resulting atomic
creatures decrease by less than 1. This finishes the definition of g(n).

We still have to define Y(n) as a function from the possible values (kg, yo) on {€} U IEO, i.e., as a function
with domain {(ko,yo) : ko € Ag, Y0 € ]—IQE,EU A;ko}. We set Y(n) to be U ver, xe)=ko Y(n, x,y0). This set

has size less than g, 4,, as re uired.'? |
SKO

Lemma 2.11. Fix|J| < maxsupp(n) and for each i € J an atomic creature w; that is (maxsupp(n), 1/g"" (n))-
decisive. Then there are w! € Zi/k (”)(W,') foralli € J and a linear order <; on J such that each w is
hereditarily 1 ;| val(w;)| big.

Proof. For any i € J, apply decisiveness to the atomic creature w;. This gives some K; and a K;-big as well
as a K;-small successor of w;. Pick the i with a minimal K;, let this i be the first element of the <;-order,
set w; to be the K;-small successor, and pick for all other j the K;-big successor. Repeat this construction

for J \ {i}.
So in the end we order the whole set J, decreasing each creature at most maxsupp(n) many times by at
most 1/g™"(n). O

It remains to be shown:
Lemma 2.12. Q, forces that ¢ > ke,

Proof. Note that it is forced that f (n)/ g, (n) converges to infinity, therefore (by the usual diagonalization)
it is forced that c?o > No. So if kg, = N; there is nothing to do.

So assume that N; < 1 < k¢, and assume towards a contradiction that some p forces {Y; : { € A} is an
d-cover.

For each { € A we can find a maximal antichain A; below pg such that every condition in A, rapidly
reads Y. Let D be the union of the domains of all elements of any of the A, for { € A. Due to N,-cc, D has
size [No X N1 x 4| = A which is less than «,,. So we can pick a8 € I, \ D and a p; < pg deciding the Y that
J-covers vg. From now an, we will call Y, just Y. Pick some p < p; that is stronger than some element of
A;. To summarize:

p restricted to dom(p) \ {B} rapidly reads Y. (I.e., Y does not depend on the values at 3.)
p forces that Y(n) is a subset of f (n) of size less than g, (n) for all n,
p forces that there are infinitely many 7 such that vz(n) € Y(n)

We will now derive the desired contradiction: We will find an ny € w and a g < p forcing that vg(n) ¢
Y(n) for all n > ny.

Pick ng such that nor(p,n) > 2 for all n > ny. We will construct g(rn) =: d by induction on n > ny.
Denote p(n) by c. We set trunk(g) := trunk(p) and u® := u‘ (call it u), so the supports and the trunks do not
change at all, and by induction poss(g,n) C poss(p,n). We also set d° := d°. On u, nothing changes: For
€ €unusetwd = w (call it We, and set A = val(we) = AS = AY).

It remains to construct w © € x! (wa pforaeunlandk € Ae.

Let T (for “trunk™) con51st of all pairs (7, x) such that 7 € poss(q, n) and i € []ceyny, Ae. Note that [T is

smaller than g™"(n), as already stated in (2.7).

Mthey all satisfy gy, x(¢)+1 niceness, and in 2.2(9) we assumed that g, x(¢)+1 is bigger than f, PXKZ)”M ,since [[S X [] M has size
k* (n)

less than f . Now use Fact 2.1(2). So the norms decrease at most by 1/g x(¢)+1 < l/gmi“(n).

15y (n,x ))l < g, so [Y(n)| < |T xTIg| < maxposs(z) - k* () m2Xsupp() ;ff;;x_ullpp("), which is smaller than g, s, according to 2.2(9).
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. . . . . .
Given (1, x) in T, we apply the previous Lemma to J := u \ u and the sequence (wa!x(g(a))),yE J- This
gives us successor creatures (w/,)qes as well as an order <; of J. Partition J into S = {i <; £}, {8}, and

L=1{i>;p}.

So (given iy and x), we can write Y(n) (which does not depend on () as a function from [],; val(w/,) X
[Tees val(w),) to the family of subsets of f, y,) Of size less than g, ). Therefore we can use bigness
to once more strenghen the atomic creatures indexed by L and thus remove the dependence of Y(n) from
L. We now take the union ¥ of all the remaining possibilities for Y(n) and get a set of size less than
8nx(e) - | [aes val(w),)l, which is smaller than the bigness of w;g. So (just as in the proof of Lemma 2.8) we

can strengthen this creature w/, to be disjoint to Y.

B
As usual, we now iterate this construction for all pairs (17,x) € T. The resulting n-ml-creature g(n)
guarantees that vg(n) is not in Y(n), as required. |
REFERENCES

[1] Andreas Blass. Simple cardinal characteristics of the continuum. In Set theory of the reals (Ramat Gan, 1991), volume 6 of Israel
Math. Conf. Proc., pages 63-90. Bar-Ilan Univ., Ramat Gan, 1993.

[2] Martin Goldstern and Saharon Shelah. Many simple cardinal invariants. Arch. Math. Logic, 32(3):203-221, 1993.

[3] Jakob Kellner. Even more simple cardinal invariants. Arch. Math. Logic, 47(5):503-515, 2008.

[4] Jakob Kellner and Saharon Shelah. Decisive creatures and large continuum. J. Symbolic Logic, 74(1):73-104, 2009.

[5] Andrzej Rostanowski and Saharon Shelah. Norms on possibilities. I. Forcing with trees and creatures. Mem. Amer. Math. Soc.,
141(671):xii+167, 1999.

Kurt GODEL RESEARCH CENTER FOR MATHEMATICAL LOGIC, UNIVERSITAT WIEN, WAHRINGER STRASSE 25, 1090 WIEN, AUSTRIA
Email address: kellner@fsmat.at
URL: http://www.logic.univie.ac.at/~kellner

EINSTEIN INSTITUTE OF MATHEMATICS, EDMOND J. SAFRA CaMPUS, GIvAT RaM, THE HEBREW UNIVERSITY OF JERUSALEM, JERUSALEM,
91904, IsRAEL, AND DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, NEW BrRUNSWICK, NJ 08854, USA

Email address: shelah@math.huji.ac.il

URL: http://www.math.rutgers.edu/~shelah



	Introduction
	1. The creature forcing construction
	1.1. The basic definitions
	1.2. Properness: Bigness and halving
	1.3. 2-cc

	2. Continuum many invariants
	2.1. Atomic creatures, decisiveness
	2.2. The forcing
	2.3. Proof of the main theorem

	References

