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MEASURED CREATURES

ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

ABSTRACT. We prove that two basic questions on outer measure are undecid-
able. First we show that consistently

e every sup-measurable function f: R? — R is measurable.
The interest in sup-measurable functions comes from differential equations and
the question for which functions f : R? — R the Cauchy problem

y'=fl=y),  ylxo) =wo

has a unique almost-everywhere solution in the class AC;(R) of locally abso-
lutely continuous functions on R.

Next we prove that consistently

e every function f : R — R is continuous on some set of positive outer

Lebesgue measure.

This says that in a strong sense the family of continuous functions (from the
reals to the reals) is dense in the space of arbitrary such functions.

For the proofs we discover and investigate a new family of nicely definable
forcing notions (so indirectly we deal with nice ideals of subsets of the reals —
the two classical ones being the ideal of null sets and the ideal of meagre ones).

Concerning the method, i.e., the development of a family of forcing notions,
the point is that whereas there are many such objects close to the Cohen
forcing (corresponding to the ideal of meagre sets), little has been known on
the existence of relatives of the random real forcing (corresponding to the ideal
of null sets), and we look exactly at such forcing notions.

0. INTRODUCTION

The present paper deals with two, as it occurs closely related, problems concern-
ing real functions. The first one is the question if it is possible that all superposition—
measurable functions are measurable.

Definition 0.1. A function f : R? — R is superposition-measurable (in short:
sup—measurable) if for every Lebesgue measurable function g : R — R the super-
position

fo  R—R:z— f(x,g(x))
is Lebesgue measurable.

The interest in sup-measurable functions comes from differential equations and
the question for which functions f : R? — R the Cauchy problem

y/ = f(%y), y(l‘o) = Yo

Date: December 2004.

1991 Mathematics Subject Classification. Primary 03E35; Secondary 03E75, 28 A20, 54H05.

The first author thanks the Hebrew University of Jerusalem for support during his visits to
Jerusalem and the KBN (Polish Committee of Scientific Research) for partial support through
grant 2P03A03114.

The research of the second author was partially supported by the Israel Science Foundation.
Publication 736.



Paper Sh:736, version 2004-12-16_10. See https://shelah.logic.at/papers/736/ for possible updates.

2 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

has a unique almost-everywhere solution in the class AC;(R) of locally absolutely
continuous functions on R. For the detailed discussion of this area we refer the
reader to Balcerzak [?], Balcerzak and Ciesielski [?] and Kharazishvili [?]. Grande
and Lipiriski [?] proved that, under CH, there is a non-measurable function which
is sup-measurable. Later the assumption of CH was weakened (see Balcerzak [?,
Thm 2.1]), however the question if one can build a non-measurable sup-measurable
function in ZFC remained open (it was formulated in Balcerzak [?, Problem 1.10]
and Ciesielski [?, Problem 5], and implicitly in Kharazishvili [?, Remark 4]). In
the third section we will answer this question by showing that, consistently, every
sup-measurable function is Lebesgue measurable.

Next we deal with von Weizsédcker’s problem. It has enjoyed considerable pop-
ularity, and it has origins in measure theory and topology. In [?], von Weizsicker
noted that if

() non(N) def min{|X| : X C R has positive outer Lebesgue measure } = ¢,
then

(®) there is a function f : [0,1] — [0, 1] such that the graph of f is of (two
dimensional) outer measure 1 but for every Borel function ¢ : [0, 1] — [0, 1]
the set {z € [0,1] : f(z) = g(x)} is of measure zero.

Then he showed that (®) implies

(X) there is a countably generated o—algebra A containing Borel([0, 1]) such
that the Lebesgue measure can be extended to A, but there is no extremal
extension to A.

So it was natural to ask if the statement in (®) can be proved in ZFC (i.e., without
assuming (x)). A way to formulate this question was to ask

(®)yw Is it consistent to suppose that for every function f : R — R there is a
Borel measurable function g : R — R such that the set {z € R: f(z) =
g(z)} is not Lebesgue negligible ?

One can arrive to question (®)yw also from the topological side. In [?], Blumberg
proved that if X is a separable complete metric space and f : X — R, then there
exists a dense (but possibly countable) subset D of X such that the restriction
f I D is continuous. This result has been generalized in many ways: by considering
functions on other topological spaces, or by aiming at getting “a large set” on
which the function is continuous. For example, in the second direction, we may
restrict ourselves to X = R and ask if above we may request that the set D is
uncountable. That was answered by Abraham, Rubin and Shelah who showed in
[?] that, consistently, every real function is continuous on an uncountable set. The
next natural step is to ask if we can demand that the set D is of positive outer
measure, and this is von Weizsécker’s question (®),w. It appears in Fremlin’s list
of problems as [?, Problem AR(a)] and in Ciesielski [?, Problem 1].

We will answer question (®),w in affirmative in the fourth section. The respec-
tive model is built by a small modification of the iteration used to deal with the
sup-measurability problem (and, as a matter of fact, it may serve for both pur-
poses). We do not know if (X) fails in our model (and the question if —(X) is
consistent remains open).

Let us note that the close relation of the two problems solved here is not very
surprising. Some connections were noticed already in Balcerzak and Ciesielski [?].
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Also, among others, these connections motivated the following strengthening of

(®)VW:

(®)5y Is it consistent that for every subset Y of R of positive outer measure and
every function f : Y — R, there exists a set X C Y of positive outer
measure such that f [ X is continuous?

However, as Fremlin points out, the answer to (®)5, is NO:

Proposition 0.2 (Fremlin [?]). There are a set Y C R of positive outer measure
and a function f:Y — R such that f [ X is not continuous for any X CY of
positive outer measure.

Proof. Recall that a Hausdorff space Z is universally negligible if there is no Borel
probability measure on Z that vanishes at singletons. By Grzegorek [?], there is
a universally negligible set Z C R of cardinality non(N) (see also [?, Volume 1V,
439E(c)]). Pick a non-null set Y C R of size non(N) and fix a bijection f : Y — Z.

If X C Y issuch that f [ X is continuous, then we may transport Borel measures
on X to Z, and therefore X is universally negligible and thus Lebesgue negligible.
(See also [?, Volume IV, 439C(f)].) O

The notion of sup-measurability has its category version (defined naturally by
replacing “Lebesgue measurability” by “Baire property”). It was investigated in
E.Grande and Z.Grande [?], Balcerzak [?], and Ciesielski and Shelah [?]. The latter
paper presents a model in which every Baire-sup-measurable function has the Baire
property. Also von Weizsdcker problem has its category counterpart which was
answered in Shelah [?]. What is somewhat surprising, is that the models of [?]
and [?] seem to be totally unrelated (while for the measure case presented here
the connection is striking). Moreover, neither the forcing used in [?] (based on the
oracle-cc method of Shelah [?, Chapter IV]), nor the one applied in Shelah [?], are
parallel to the method presented here.

The present paper is a part of the authors’ program to investigate the family of
forcing notions with norms on possibilities, and we here further develop the theory
of that forcing notions introducing measured creatures. This enrichment of the
method of norms on possibilities creates a bridge between the forcings of [?] and
the random real forcing (including the latter in our framework), and we present
here w¥-bounding friends of the random forcing. Though they are not ccc, they
do make random not so lonely. [One of the points is that we know many forcing
notions in the neighbourhood of the Cohen forcing notion (see, e.g., Rostanowski
and Shelah [?], [?]), but this is the first time that we find many relatives of the
random real forcing].

Our presentation is self-contained, and though we use the notation of [?], the
two basic definitions we need from there are stated in somewhat restricted form
below (in 0.3, 0.4). The general construction of forcing notions using measured
(tree) creatures is presented in the first section, and only in the following section we
define the particular example that works for us. The forcing notion QP (K*, ¥*, F*)
(defined in section 2) is the basic ingredient of our construction. The required
models are obtained by CS iterations of QF"*(K*,¥*, F*); in the fourth section we
also add in the iteration random reals (on a stationary set of coordinates).

Let us point out that “measured creatures” presented here have their ccc relative
which appeared in [?, §2.1].
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Most of our notation is standard and compatible with that of classi-

cal textbooks on Set Theory (like Bartoszynski and Judah [?]). However in forcing
we keep the convention that the stronger condition is the larger one (i.e., p < ¢
means that ¢ is stronger than p).

(1) R29 stands for the set of non-negative reals. For a real number r and a set
A, the function with domain A and the constant value r will be denoted

TA.

(2) For two sequences 1, v we write v <1 ) whenever v is a proper initial segment
of n, and v < n when either v < 7 or v = 1. The length of a sequence 7 is
denoted by 1h(n).

(3) A treeis a family T of finite sequences such that for some root(T) € T we

have

(Vv € T)(root(T) <v) and root(T)dvdneT = vel.

(4) For a tree T', the family of all w—branches through T is denoted by [T], and

we let

max(7T) def {v €T : thereis no p € T such that v < p}.

If n is a node in the tree T then
sucer(n) = {veT:n<v&lh(v)=1h(n)+1} and

Tl

= {veT:nv}.

Aset F CTis a front of T if

(Mne[T)(Fk ew)(n|keF).

(5) The Cantor space 2% (the spaces of all functions from w to 2) and the space
[T N: (where N; are positive integers thought of as non-empty finite sets)

<w

are equipped with natural (Polish) topologies, as well with as with standard
product measure structures.

(6) For a forcing notion P, T'p stands for the canonical P-name for the generic
filter in P. With this one exception, all P-names for objects in the extension
via P will be denoted with a dot above (e.g. 7, X), but we do not nota-
tionally distinguish between objects in the ground model and their names
in the forcing language.

(7) For a relation R (a set of ordered pairs), rng(R) and dom(R) stand for the
range and the domain of R, respectively.

(8) We will keep the convention that sup(() is 0. Similarly, the sum over an
empty set of reals is assumed to be 0.

Let us recall the definition of tree creating pairs. Since we are going to use local
tree creating pairs only, we restrict ourselves to this case. For more information
and properties of tree creating pairs and related forcing notions we refer the reader

to [?, §1.3, 2.3].

Definition 0.3. Let H be a function with domain w.

(1) A local tree—creature for H is a triple

t = (nor, val, dis) = (nor[t], val[t], dis]t])
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such that nor € R=Z9 dis € H(X;) (i.e., dis is hereditarily countable), and

for some sequence n € [[ H(¢), n < w, we have
i<n

D#valC{(nv):n<ve H H(i)}.

i<lh(n)

(Thus for (n,v) € val we have lh(v) = lh(n) + 1.) For a tree—creature ¢t we
let pos(t) % mg(val[t]).

The set of all local tree—creatures for H will be denoted by LTCR[H], and
for n € U [ H(i) we let LTCR,[H] = {t € LTCR[H] : dom(val[t]) =

n<w i<n
{n}}.
(2) Let K C LTCR[H]. We say that a function ¥ : K — P(K) is a local tree

composition on K whenever the following conditions are satisfied.
(a) If t € KNLTCR,[H], n € [] H(¢), n < w, then 3(¢t) C LTCR,,[H]

<n
and ¢ € 3(1).
(b) If s € X(t), then val[s] C valt].
(¢) [transitivity] If s € 3(t), then X(s) C 3(¢).
(3) If K C LTCR[H] and X is a local tree composition operation on K, then
(K, Y) is called a local tree—creating pair for H.
(4) We say that (K,X) is strongly finitary if H(m) is finite (for m < w) and
LTCR,[H] N K is finite (for each 7).

Definition 0.4 (See [?, Definition 1.3.5]). Let (K, X) be a local tree—creating pair
for H. The forcing notion QY*°(K, ) is defined as follows.

A condition is a system p = (¢, : 7 € T) such that
(a) TC U ][] H(Y) is a non-empty tree with max(T") = 0,

newi<n

(b) for alln € T, t, € LTCR,[H| N K and pos(t,) = succr(n),
(c)4 for every n < w, the set

{fvreT:(VpeT)(v<p = norlt,] >n)}

contains a front of the tree T'.

The order is given by:

(th:meT) < (t2:neT?) (remember, this means that (t2 : ) € T?) is stronger
than (¢t} :n e T")) if and only if

T? C T' and ¢} € %(t),) for each n € T?.

If p=(t, :n €T), then we write root(p) = root(T), T? =T, th =t etc.

The forcing notion Q%’fee(K ,2) is defined similarly, but we omit the norm re-
quirement (c)4. (So Qf*°(K,¥) is trivial in a sense; we will use it for notational
convenience only.)

1. MEASURED CREATURES

Below we introduce a relative of the miztures with random presented in [?, §2.1].
Here, however, the interplay between the norm of a tree creature t, the set of
possibilities pos(¢) and the averaging function F} assigned to ¢ is different.



Paper Sh:736, version 2004-12-16_10. See https://shelah.logic.at/papers/736/ for possible updates.

6 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

Basic Notation: In this section, H stands for a function with domain w and
such that (Vm € w)(|JH(m)| > 2). Moreover we demand H € H(X;) (i.e., H is
hereditarily countable).

Definition 1.1. (1) A measured (tree) creature for H is a pair (¢, F') such that
t € LTCR[H] and

F:[0,1Po() — [0, 1],

(2) We say that (K,X,F) is a measured tree creating triple for H if
(a) (K,X) is a local tree—creating pair for H,
(b) F is a function with domain K, F : ¢t — F;, such that (¢, F}) is a
measured (tree) creature (for each t € K).
(3) If (K,%,F) is as above, t € K, X C pos(t), and {r, : v € X) € [0, 1]X7
then we define Fi(r, : v € X) as Fy(r} : v € pos(t)), where

« {r,, ifve X,

Tl 0 ifre pos(t) \ X.

We think of F; as a kind of averaging function. At the first reading the reader
may think that pos(t) is finite and

S{r, 1 v € pos(t)}
[pos(t)] '

For this particular function, our construction results in the random real forcing.
However in general our averaging function does not have to be additive (as long as
it has the properties stated in 1.2 below), and the result is not the random forcing
(and this is one of the points of our construction). Also having F; depend on ¢
allows us to “cheat”: if we do not like the results of our averaging we may pass to
a tree creature s € X(t) (dropping the norm a little) with an averaging function Fj
that is better for us.

Regarding the requirements of 1.2, note that they are meant to provide us with
some features of the Lebesgue measure, without imposing additivity on the aver-
aging functions F} (specifically see 1.2(53)).

Fy(r, : v € pos(t)) =

Definition 1.2. A measured tree creating triple (K, 3, F) is nice if for every ¢t € K:

(a) if (ry : v € pos(t)), (r], : v € pos(t)) C [0,1], r, < 1), for all v € pos(t), then
Fy(ry, : v € pos(t)) < Fy(r), : v € pos(t)),

(B) if nor[t] > 1, {n} = dom(val[t]), r,,r%, 7L € [0,1] (for v € pos(t)) are such

vy'v
1h(n)

that 79 +rL > r, and Fy(r, : v € pos(t)) > 272", then there are real
numbers cp, ¢; and tree creatures sp, s1 € X(¢) such that

co+er=(1- 2‘21}1(77))Ft(r,, v € pos(t))

and
(®) if £ < 2, ¢g > 0, then nor[sy] > nor[t] — 1, pos(s¢) C {v € pos(t) :
rf > 0}, and

F,,(rt v € pos(se)) > ¢,
(v) if b €]0,1] and r, € [0,1] (for v € pos(t)), then
Fy(b-ry,:vepos(t)) =b- Fy(ry, : v € pos(t)),
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(6) if (r, : v € pos(t)) C [0,1], € > 0, then there are r/, > r, (for v € pos(t))
such that for each (r]) : v € pos(t)) C [0,1] satisfying r, < r], < r, (for
v € pos(t)) we have

v

Fy(rl :v € pos(t)) < Fi(r, : v € pos(t)) + e.

(Why do we have r))’s above? Ouly to avoid notational difficulties when
r, = 1 for some v. Otherwise one may think that we demand just Fy(r), :

v € pos(t)) < Fy(r, : v € pos(t)) +¢€.)

From now on (till the end of this section), let (K, 3, F) be a fixed strongly finitary
and nice measured tree creating triple for H. Note that then the condition (c)4 of
Definition 0.4 is equivalent to

(¢)s (Vkew)(In ew)(VneT?)(lh(n) >n = nor[t,] > k).

Proposition 1.3. Lett € K. Then:
(e) If r, =0 for v € pos(t), then Fy(r, : v € pos(t)) = 0.
(¢) If (r, : v € pos(t)) C [0,1], € > 0, then there are r,, <1, (for v € pos(t))
such that for each (rl] : v € pos(t)) C [0,1] satisfying v, < rll < r, (for
v € pos(t)) we have

Fy(r, :v €pos(t)) —e < Fy(r]) : v € pos(t)).

Proof. (¢) Follows from 1.2(7y) (take b = 0).
(¢) If Fi(r, : v € pos(t)) < e, then any r], < r, (for v € pos(t)) work. So assume

Fi(r, : v € pos(t)) > ¢ and let b = F‘%’Jﬁﬁ;ﬁgz;)&m. Then 0 < b < 1. For

oo -1 if r, =0,
Y71 b-r, otherwise.

v € pos(t) put

We are going to show that these r/’s are as required. To this end suppose that
(r]) - v € pos(t)) C [0,1] is such that 7], < r]] <, (for all v € pos(t)). Then also

v

b-r, <r) (for v € pos(t)) and by 1.2(c,7y) we get

Fi(r! v epos(t)) > Fy(b-r, : v e€pos(t)) =b- Fi(r, : v € pos(t)) =
Fy(r, : v € pos(t)) —e/2 > Fi(r, : v € pos(t)) —e.

Definition 1.4. Let p = (th : n € T?) € Qj**(K, X).
(1) For a front A C TP of T?, we let Tp, Al ={ne€T?:(3pc A)(n <p)}.
(2) Let A be a front of TP and let f: A — [0,1]. By downward induction on
n € T[p, A] we define a mapping U;J;A : T[p, A] — [0, 1] as follows:
o if n € Athen pf (1) = f(n),
o if ,u]’iA(u) has been defined for all v € pos(th), n € Tp, A] \ A, then

we put Mg’A(n) =Fp (/J,ZJ:’A(V) v € pos(th)).
(3) For n € TP we define

ME(W) = inf{u’ 1 () : Ais a front of (TP and f =14},

p[”

and we let uF (p) = pp (root(p)).
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(4) For e € {0,4} we let!
QY (K,%,F) = {p € QU(K, %) : ¥ (p) > 0}.
It is equipped with the partial order inherited from Q'°(K,X).

Proposition 1.5. Assume p € Qj*°(K,%) and A is a front of T?.
(1) If fo, f1: A —[0,1] are such that fo(v) < fi(v) for allv € A, then

(Y € Tlp, AD(ul4(n) < !4 (m)).
(2) If fo: A—[0,1], b€ [0,1], and fr(v) =b- fo(v) (forv € A), then

(Y € Tlp, A (ult4(n) = b, (m)).
(3) If A is a front of TP above A (that is, (V' € A")(Fv € A)(v < V")) and
1 € Tp, A], then py (n) < phy ().

Definition 1.6. Let p € Qj**(K, %, F).
(1) A function p: TP — [0,1] is a semi-F-measure on p if
(vn € T?)(u(n) < Fyz(u(v) : v € pos(th))).
(2) If above the equality holds for each n € TP, then p is called an F-measure.

Proposition 1.7. Let p € Qj**(K,%).
(1) If p : TP — [0,1] is a semi-F—measure on p, then for each n € TP we
have pu(n) < pg (1)
(2) If there is a semi-F—measure p on p such that p(root(p)) > 0, then p €
QY (K, %, F).
(3) If p € QPYK, X, F), then the mapping n ug(n) : TP — [0,1] is an
F-measure on p.
Lemma 1.8. Assume p € Qg‘t(K, Y,F) and 0 < e < 1. Then there isn € TP such
that py, (n) >1—e.
Proof. Assume towards a contradiction that ,ug (n) <1—c¢for all n € TP. Choose
inductively fronts Ay of TP such that

e Ay = {root(p)},
o (V€ Apy1)(Fv € A)(v < m),

* “;?X:il(lf) <1l—cforallve A,
Note that then (by 1.5(1,2)) for each k < w we have

1a 1
p(p) < pyoart (root(p)) < (1— )™+t
Since the right hand side of the inequality above approaches 0 (as k — c0), we get
an immediate contradiction with the demand u¥ (p) > 0. O

Definition 1.9. A condition p € Q‘@nt(K, 3, F) is called normal if for every n € TP

we have ,ug(n) > 0. We say that p is special if for every n € TP we have ,ug (n) >

2_211,(7,)+1

Proposition 1.10. (1) Special conditions are dense in QP (K, %, F). (So also
normal conditions are dense.)

Lemt” stands for measured tree



Paper Sh:736, version 2004-12-16_10. See https://shelah.logic.at/papers/736/ for possible updates.

MEASURED CREATURES 9

(2) If p is normal, and A is a front of TP, then u¥ (p) = u[{’A(root(p)), where
fW)=py (v) (forveA).
Proof. 1) Let p € Q" (K, X, F); clearly we may assume that nor[th] > 1 for all
n € TP. Also we may assume that uF (p) > 3/4 (remember 1.8) and lh(root(p)) > 4.
Fix n € TP such that ug(n) > 2-2"" for a moment. Let 1 < a < 2. For each
v € pos(th) pick a front A, of (TP)I! such that
o if uf(v) < -2

o if ,ug(l/) 2 2_2111(n)+1

1 _ olh(n)+1

, then upﬁ,]”’Au (v) <2727
1

, then 0y (v) <a- pE(v).

Let Xo = {v € pos(th) : jiy (v) < 272"}, X1 = pos(th) \ Xo, ru = i, (v).
and
¢ | oo ifrve X,

- 0 ifve Xi_,.

Apply 1.2(B) for th, ), v}, 7, (note that Fyp(r, : 7, € pos(th)) > pup (1) > 2-2"")

7’]7 vy v
to pick s§,s{ € X(t) and cf, ¢f such that

g+t =(1- 2_21h(">)th (rv 2 v € pos(th)),
and
(®)* if £ <2, ¢ > 0, then nor[s] > nor[t]] — 1, pos(s§) C Xy, and

Fisa(ry, : v € pos(sy)) > cp.

¢
Note that, if c§ > 0, then c§ < Fga(r, : v € pos(s§)) < 2-2"""" "and thus

21h(77)) olh(n)+1

f>(1-2" Fyp(ry :v € pos(th)) — 27 > 0.

Also, letting 7 = min{a - ug(u), 1},
Fea(r, : v € pos(sy)) < Fsa(ry, : v € pos(sy)) < a- Fya (,ug(y) :v € pos(s?)).
Together
_ olh(n) a
(#)a (1=27"")Ey(r, : v € pos(it)) < a-Fy(uE(v) : v € pos(st).
Since (K,X) is strongly finitary, considering ¢ — 1 (and using 1.2(4)), we find

. 2,21h(77)+1

sy € X(th) such that nor[s,] > nor[t!]—1 and uf (v) > 2=2" " forall v € pos(sy),
and
_oth(m)+1
F, (uF(v) : v € pos(s,)) + 272"
ug(n) =Fp (/J;lj(l/) ve pos(tf’,)) < =2 1 _ 9—2m

Note that also, as 272" < uF(n),

= Hp
_olh(n)
pp () (1 —2727")

_glh(m)+1

_ olh(n)
-2 > gy () (1 =227,

SO

(0x)  pE()- (1 —272"") < By (W (1) - v € pos(sy)).-

Now, starting with root(p), build a tree S and a system ¢ = (s, : n € S) such
that succg(n) = pos(s,). It should be clear that in this way we will get a condition
in QY°°(K,Y) (stronger than p). Why is ¢ in Q" (K, X, F)? Let k* > lh(root(q)),
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A={ve S :lh(v) =k*} and f = 14. Using (**), we may show by downward
induction that for every n € T[q, A] we have

k*—1

ok __olh(n)
pd a(m) > ph () - H( (1=2""2) > pp(n) - (1-22727") >
k=1lh
n) 27211](7,)(1 _ 22721}1(7,)) > 2721h(77)+1

Now we may easily conclude that ¢ € Q{*(K, X, F) is special.

2) Let A be a front of T, p normal (so, in particular, uf (v) > 0 for v € A). Fix
a > 1 for a moment.
For each v € A pick a front A, of (T?) such that ,LL;AA’U(V) <a-pf(v). Let

B= |J A, and f(v) = pj (v) for v € A. By downward induction one can show
veA

that for all p € T'[p, A] we have u;fB (p)<a- ug,A(p). Then, in particular, we have

1F (p) < Bz (root(p)) < a- il 4 (voot(p)),

and hence (letting a — 1) uF(p) < ygﬁA(root(p)). The reverse inequality is even
easier (remember 1.5(1)). O

Lemma 1.11. Let p € Q*(K,X) be a normal condition such that u¥(p) > 3,
nor[th] > 2 for alln € TP, and let ko = lh(root(p)) > 4,0 <e < 2= (1+ko) - Suppose
that B is an antichain of TP, and that for each v € B we are given a mormal

condition q, > p*! such that
root(q,) =v and p¥(g,)>1—c.
Then at least one of the following conditions holds.
(i) There is a normal condition q € Q" (K, X, F) such that
q>p, root(q) =root(p), and TINB=4.

(ii) There is a normal condition q € QPY(K, 3, F) such that
* ¢ > p, root(q) = root(p), u* (q) > (1 —27%)u¥(p), and
e TYN B is a front of T9, and ¢! = q, for v € TT'N B, and
e ifneT? n<v e B, then nor[t]] > nor[th] — 2.

Proof. Let e, = 212" (for £ < w); note that (e,)? = 2eq1.
Fix k > lh(root(p)) for a while. Let A be a front of T? such that

{reB:lh(v)<k}CA and (WweA)(v¢B = lh(v)=k).

By downward induction, for each v € T'[p, A], we define r9, 7L € [0,1] and s, s. €
Y (t2) such that

(a) If v € AN B, then 10 =0, rl = u¥(q,).
(B) If v € A\ B, then r) = pif (v), r), = 0.
(v) fveTlp, A\ A, lh(v) = m, then:

T

1
if g (v) - (L—¢)- TT (1 — 3er) < e, then ) =7} =0,

m

~
I

k—1
else 70 +r) > pp (v) - (1 —¢) - T] (1 —3ey).

l=m
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Clauses (), (3) define 72, rL for v € A; s, sL are not defined then (or are arbitrary).

Suppose n € T[p, AJ\ A, Ih(n) =k — 1. If uF(n)- (1 —¢)- (1 —3ex_1) < ex_1,

then we let 7‘2 = r}7 =0 (and sg, s}, are not defined). So assume now that

pp () - (L—e)- (1= 3ex—1) > e
Then also (as r) + 7} > pk (v) - (1 —¢€) for v € pos(t ")

Fyp (1 + 7l v € pos(th)) > uE () - (1~ <)
WE) - (1 =€)~ (1 - 3ep_)

and we may apply 1.2(3) to pick 7“ r and Sn’ 577 € X(th) such that

(i) 7‘2—!—7“% > (1—ek_1)-th;(r,/—|—rl, cv € pos(th)) > Fm)-(1—¢)-(1—3ex_1),
(ii) if rf; >0, ¢ < 2, then nor[ ] > nor[t{;] -1, pos(sf;) C {v € pos(th) : rt >
0}, and Fi (rl : v € pos(s )) >
Suppose now that € T[p, A] \ 4, Ih(n) =m —1 < k — 1, and 79,7 have been
defined for all v € pos(t)) (and they satisfy Clause (7). If

>
k—
> ey >272

9

,up( (1-¢) H (1—3er) < em—1,

then we let ) =7} = 0 (and 59, s} are not deﬁned). So assume

,up( (1-¢) H (1—3er) > em-1.
Then for v € pos(th) we let

174

o o+l it S+l >0,
1 em otherwise,

and we note that

2m71

k—1
Fyp(ry : v € pos(th)) > ug(n) (1—¢)- H (1—3ep) > eme1 > 27
l=m

Applying 1.2(8) choose tV, t! € ¥(th) and co, ¢ such that cot+c1 > (1—€p—1)Fpr (1]
ve pos(t{’,)) and
e if ¢g > 0, then pos(t°) C {v € pos(t£) : r) +r} = 0}, nor[t’] > nor[th] — 1
and Fyo(r% : v € pos(t?)) > co,
e if ¢; > 0, then pos(t') C {v € pos(th) : r) +r, > 0}, nor[t'] > nor[th] — 1
and Fyi (1} : v € pos(t!)) > ¢;.
Now look at the definition of 7. If ¢g > 0, then Fyo(r% : v € pos(t®)) < em, so
co < em < (em—1)%. Therefore

Folrt v € pos(t) 2 e 2 (1= ) - wEG) - (1) TT (1= 8e0) — ey >
(1= e @) &) TT (1= 3e0) — e ()1~ &) - T (1= 3er) =

k—1 -1
pEm (L —e)- TT (1 —3er) - (1 —2em—1) > em1- (1 —2em_1)>27%" .
l=m
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Hence we may apply 1.2(3) again and get 7)), and s),s,; € N(t') C X(th) such

n n°n
that
oty = (1= em—1) - Fa(r) : v € pos(t!)) >
k=1
pp (N1 —e) - T (1=3e) - (1= 2em) - (I —em) >
l=m
k-1

pE)-(1—e)- T (1—3e),
l=m—1

and if 7, > 0, £ < 2, then pos(s}) C {v € pos(t?) : v, > 0}, nor[s] > nor|[t?] — 2
and Fi (rt:ve pos(sg)) > rf;. This finishes the definition of r9,rL s% and s for
v e Tlp, Al

Note that (as kg > 4)

k—1 oo

1 1 3
e+ ) B Sgnm+6 ) 5w < g
l=ko L=kq
Therefore,
- k—1 - k—1
i, (r00t(p)) 'gl_;Ig (1 —=3er) - (1 =€) = py, (root(p)) - (1 — (e + Zk 3er)) =
=Ko 0

=
pE (root(p)) - (1 — 5r25z) > 5 - 33 > ex,.

Hence also (by (7))

k—1
3
pp (100t (p)) (1 = 5=5) < gy (root(p)) [T (=3¢ (1—2) < roorp) + Toote)-
=k
Now, if rfoot(p) > 0, £ < 2, then we build inductively a finite tree Sf C T'[p, A] as fol-
lows. We declare that root(SF) = root(p), sf(’)’it(p) = sfoot(p), and succgr (root(p)) =
pos(sféfzt(p)). If we have decided that n € SF, n ¢ A (and Tf] > 0), then we also
declare sf]’k = sfl, succgr (1) = pos(sf;’k) (note 74, > 0 for v € pos(sf;k)).

Then, if S§ is defined, S5 N B = (), and, if S} is defined, S¥ N A C B. Also, if we
“extend” SF using pl*! (for v € SF N A), then we get a condition ¢ > p such that

17 (45) > Toiip) df 0.k Likewise, if we “extend” S¥ using g, (for v € Sk N A),

then we get a condition ¢f > p such that u¥ (¢f) > T oot (p) def Lk,

If for some k > lh(root(p)) we have r1:F > (1 — 27%0),F(p), then we use the
respective condition ¢¥ to witness the demand (ii) of the lemma. So assume that
for each k > lh(root(p)) we have r’* < (1 — 27%0),F(p), and thus

3 1 1
rOF > (1 W)MF(P) -(1- QTO)MF(P) = WHF(P) > 0.

Apply the Konig Lemma to find an infinite set I C w \ (kg + 1) such that for all
kKK el k<K <k’ we have

(¥n € SEY(Ih(p) <k = ne St & 08 = 0K,

Then S9 = {n : (V°k € I)(n € S§)}, s = s)* (for sufficiently large k € I)
determine a condition ¢ witnessing the first assertion of the lemma. [
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Lemma 1.12. Assume that 7 is a QP(K, X, F)-name for an ordinal, n < m < w
and p € QPY(K,%,F) is a normal condition such that u¥ (p) > %, and nor[th] >
n+2 forn € TP. Let kg = lh(root(p)) > 4. Then there is a normal condition
q € QP(K,%,F) such that
(a) ¢ > p, root(q) = root(p), ¥ (q) > (1 —27%)u" (p), and
(b) (Vn € T?)(nor[t]] > n), and
(c) there is a front A of TY such that for every v € A:
e the condition ¢! forces a value to 7,
o uf(v) > 2, h(v) > ko,
e if v In €T, then nor[tl] > m.

Proof. Let B consist of all v € TP such that

(o) Th(v) > ko and there is a normal condition ¢ € Q¥**(K, Y, F) stronger than
pl"l and such that root(q) = v, u¥ (q) > (1 —2-C+ke)) (vn T7)(nor[t}] >
m), and for some front A of T, for every n € A:

(®) piE () > 7/8 and the condition ¢/ decides the value of 7,
and

(8) no initial segment of 7 has the property stated in («) above.

Note that B is an antichain of 7%, and B N T? # @ for every condition p’ > p
such that root(p’) = root(p) (by 1.8). For each v € B fix a condition ¢, witnessing
clause («) (for v). Now apply 1.11: case (i) there is not possible by what we stated
above, so we get a condition g as described in 1.11(ii). It should be clear that it is
as required here. O

Theorem 1.13. Suppose that p € QP (K, X, F), and 7, are QP(K, X, F)-names
for ordinals (n < w). Then there are a condition ¢ > p and fronts A,, of T? (for
n < w) such that for eachn < w and v € A, the condition g decides the value
of Tn.

Proof. We may assume that p is normal, kg = lh(root(p)) > 4, u¥(p) > 3, and

nor[th] > 3 for n € TP. We build inductively a sequence (g,, A, : 7 < w) such that

(1) g, € QP(K,X%,F) is a normal condition, root(q,) = root(p), ¢, < Gni1,
do =D,
(2) A, CT™+ is a front of T+, (Vv € A,)(Tn € Any1)(v < 1),
(3) if v € Ay, then pp . (v) > %, and for each n € T%+! such that v < 1 we
have nor[t}" '] > n + 4,
(4) if root(p) I n < v € A,, then t;"* =i+
(5) for each v € A, the condition (g,41)"! decides the value of 7,
ko+n
(6) 1" (gn) = 1T (1 27°) - uF (p).
=ko
The construction can be carried out by 1.12 (q1, Ap are obtained by applying 1.12
to p and 7o; if g 41, A, have been defined, then we apply 1.12 to 7,41 and (qnﬂ)[”]
for v € A,; remember 1.5). Next define ¢ = (¢ : n € T) so that root(g) = root(p),
each A, is a front of 79, and if root(p) < n < v € A, then th = tar . Tt s
straightforward to check that ¢ is as required in 1.13. (]

W

Corollary 1.14. Let (K,X,F) be a strongly finitary nice measured tree creating
triple. Then the forcing notion QP (K, X, F) is proper and w* —bounding.
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Let us recall the following definition.

Definition 1.15 (Goldstern [?, Definition 7.17]). Let (P, <p) be a definable forcing
notion, P C w*, and let epdp be a relation on P x [P]*. We say that (P, <p,epdp)
is a Souslin® proper forcing notion if
(1) <pis an analytic subset of w¥ x w%, epdp is a X1 set (both definitions are
with a parameter ),
(2) for each (p, A) € P x [P]“, epdp(p, A) implies that A is predense above p,
(3) if (M, €) is a countable model of ZFC*, r € M and p € PM | then there is
a condition ¢ € P stronger than p and such that
(%) it Ae M and M |= “ A is predense above p 7, then epdp(q, 4).

Souslin™ proper forcing notions are nep, so the results of [?] apply to them, see
also Kellner [?], [?] and Kellner and Shelah [?].

Corollary 1.16. Let (K,X,F) be a strongly finitary nice measured tree—creating
triple. Let P = Q¥ (K, F) and for p € P and A € [P|¥ let
epd]P’ (pa A) And
there is a front F C TP such that (Yn € F)(3p’ € A)(p' < pl").
Then (P, <,epdp) is a Souslin™ proper forcing notion.
The arguments for properness (and Souslin® properness) of the forcing notion
WK, Y, F) is essentially an Axiom A argument. However, to have an explicit

representation of what was discussed above in the language of Axiom A, we need a
small technical adjustment to our forcing.

Definition 1.17. Let (K, %, F) be a strongly finitary nice measured tree—creating
triple and p € Q" (K, X, F).
(1) For n < w let

1 1
Bu(p) ={ne€T’:py(m)>5 & {reT:vank ) >3} =n}

(2) We say that the condition p is super normal if it is normal and for each
n < w the set B, (p) is a front of T?.
(3) Let Q(K,%,F) = {p € Q(K,X,F) : p is super normal }.

Proposition 1.18. Q3*(K, Y, F) is a dense subset of Q7 (K, %, F).

Proof. 1t follows from the proof of 1.13 — the condition ¢ constructed there is super
normal. ([

Definition 1.19. Let n < w. We define a binary relation <,, on Q§*(K, X, F) by:
p<pq ifandonlyif (p,qe QMK %X, F)and)

(a) p< q (in Q3"(K, X, F)), root(p) = root(q), and

(8) Tlp, Bn(p)] € T? and (VnGT[ ,B, (p)])(t%:t%),and

(v) if n € T? and nor[tq] < n, then t{ =7,

(6) if n € Bu(p), then uf(n) > (1 —7“2 " 4) - pif (n), where

r=min ({45 () — 5 v € Tlp, Balp)] & uE(0) > 5}).

Proposition 1.20. (1) For eachn < w, <, is reflezive and <,4+1 C <,, C
(2) If a sequence (p, : n < w) C QP (K, X, F) satisfies (Yn € w)(pn <n Pnt+1
then there is a condition ¢ € QF (K, X, F) such that (Vn € w)(pp+1 <n q)

A
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(3) If T C Q™(K,X,F) is an antichain, p € Q*(K,X,F), n < w, then there
is a condition ¢ € Q*(K,X,F) such that p <,, q and the set {r € T :
r,q are compatible } is finite.
(4) Ifp,q,r € Q(K, 2, F), n€w and p <p41 q <py1 7, then p <, 7.
Remark 1.21. The relations <,, on Q§"(K, X, F) are not exactly like those needed to
witness Baumgartner’s Axiom A (see Baumgartner [?, §7]). However, the properties

stated in 1.20 are enough to carry out the arguments of [?, §7]. We will use this in
4.7.

2. THE FORCING

In this section we define a nice, strongly finitary measured tree creating triple
(K*,¥*, F*), and we show several technical properties of it and of the forcing notion

WE(K*, X%, F*). This forcing will be used in the next two sections to show our
main results 3.2 and 4.15.

For each k < w, fix a function ¢j, : w — w such that
22k+7
+ “o2ktTy
log, (142 )
Let Ny = 2'tUog(vk(k+1)] (where |r| is the integer part of the real number 7),
and let H*(k) = 2Vk,
Let K* consist of tree creatures ¢ € LT'CR[H*] such that

o dis[t] = (kt, ne, ne, g¢, Pr), where ny < ky <w, n € [[ H*(4), g+ is a partial
i<k
function from Ny, to 2 such that |g:| < ¢, (k: — n¢), and

0+ P C{feH" (k):g Cf},

er(0) = 2574 and (i +1) > (2277 +1) - i)

e nor(t] = ny,

o valt] = {(n,v) :m <v e g H*(i) & v(k;) € P;}. (So pos(t) = P;.)

The operation ¥* is trivial, and for t € K*:
E*(t):{SEK*:ns:nt&nsgnt&gtggs&PsgPt}-
Finally, for ¢t € K* and (r, : v € pos(t)) C [0,1] we let

Ff(ry, : v €pos(t)) =
min{2"=Nee .S, h Cw(k) € P} ;b is a partial function from Ny, to 2,
gt Ch and |h\ g < 2FeH3).

(So this defines F* = (F} : t € K*).)

It should be clear that (K*, ¥* F*) is a strongly finitary measured tree creating
triple. (And now we are aiming at showing that it is nice, see 1.2.)

Lemma 2.1. Assume thatt € K*, nor[t] > 1, and ¢’ is a partial function from Ny,
to 2 such that g’ O g; and |g' \ g¢| < 2¥+3. Furthermore, suppose that r, € [0,1]
(for v € pos(t)) are such that

272" < old' =Nk, . Z{TV cvepos(t) & g Cu(ky)} Y

Then there is s € ¥*(t) such that
(a) morls] = norlt] - 1, ¢ C g,.
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(B) Fi(ry:vepos(s) 2a- (1-272""),
(7) if h is a partial function from Ny_ to 2 such that g, C h and |h\ gs| < 2F=+3,
then
2 Ary:vepos(s) & h C v(ks)}
2Nk, — R

is in the interval [F}(r, : v € pos(s)), F¥(r, : v € pos(s)) - (1 + 2*2k+3)],

Proof. Let k = ki, n = ny.
We try to choose inductively partial functions gy from Ny to 2 such that

(@) ¢ =90C g1 C...,|ge\g| <-2KF3, k
2k+47
(b)y 291N {r, s v € pos(t) & g Cv(k)} > a- (142777
Note that in (b), the left hand side expression is not more than 1, so if the inequality

holds, then (as a > 2’2“3)
9k+3

(< .

= logy(1+2-2777)
Consequently, in the procedure described above, we are stuck at some £y satisfying
(®). Let

9s = Guy,s ne=n-—1, ks==k n5="mn, Ps:{fept3géogf}-
So this defines s, but we have to check that s € K*. For this note that

92k+6
logy (1 + 2-227)
(So indeed s € K*, and plainly s € ¥*(¢).) Also note that

9lgs|—Ny .Z{rl, cvepos(s)t >a- (1427

(@)

gs| < |g'| + €o - 2873 < op(k —n) + 283 4 < @ik —ng).

2k+7 def
2 )ZO < > a.

Now, suppose that u C Ny, \ dom(gy), |u| < 253, Let h : u — 2. We cannot use
gsh as gg,+1, so the condition (b)g,1 fails for it. Therefore

by, < 2loslHIh=Ne . S™ 1y € pos(t) & go h C v(k)} <

a- (14272 )t = gr (1 42727,

Claim 2.1.1. For each h : u — 2, we have

2k+4

b > a* - (1—272""),

Proof of the claim. Assume that hg : u — 2 is such that by, < a*- (1 — 2_2k+4).
We know that by, < a* - (1+272""") for each h: u — 2, so

a* - 2Nk=losh <3, s v € pos(s)} <
a* - (1 =272y oNi—lgsl=lul 4 gx . (1 4 2=y (2lul — 1) . 2Nk—lgsl—lul,

Hence
2|u‘ < (1 _ 272k+4) i (1 +2722k+7) ) (2|u‘ - 1) _
2|u\(1 + 2722’”'7) _ (272’“"'4 + 2722"‘*'7)

Y

k+4 k+4 2k+T7 2k+7 k+3 2k+7 . .
and so 272" <9272 49072 < olul.9-2 <9272 " , a contradiction. [J
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Consequently, we get that
FX(ry:vepos(s) >a*-(1—-27

so s satisfies the demand ().
But we also know that for each partial function h from Ny to 2, if g C h and
|h\ gs| < 2F+3, then

2k+4 2k+3

)>a-(1-272"),

2 _92k+T7
by <a* - (142727 < Fr(r, v € pos(s)) - 2 <
Fr(r, : v € pos(s)) - (1 + 272,
and thus s satisfies the demand () as well. O

Proposition 2.2. (K*,X* F*) is a nice (strongly finitary) measured tree creating
triple.

Proof. Clauses 1.2(«, 7, 5) should be obvious, so let us check 1.2(8) only.
Lett € K*, k =k, 2,71, r, be as in the assumptions of 1.2(3). So in particular

2l9¢| =N -Z{rl, cvepos(t)y > Ff(ry, : v €pos(t)) > 27 250

2+3

For ¢ < 2 let ay = 219:/=Ne . Sl 1 € pos(t)}.

First, we consider the case when both ag and a; are not smaller than 2~
Then we may apply 2.1 and get sg,s1 € ¥*(¢) such that nor[s;] = nor[t] — 1,
pos(sg) C {v € pos(t) : ¥ > 0} and

2k+3

e & Fr (rf : v € pos(se)) > ay- (1 — 92"

Se

).
Then

_ok+3

cot+er > (ao+ar)- (1-2727") > Fy(r, v € pos(t) - (1-27%),

and we are done. s
So suppose now that a; < 272", Then

ay_g > 219¢1=Ne. Z{T‘V :v E€pos(t)} — 972" 5 g2t g2t 972"

and using 2.1 we find s;_, € ¥*(¢) such that nor[s;_,] = nor[t] — 1, pos(si—¢) C
{ve pos( ) 1=¢> 0}, and

CF i v epos(siog) > ar - (1-272") >
( ( cvepos(t)) —2727) (1 - 272" =
Fi(ry s v €pos(t)) - (1 — 272" 272" 9257y _ 92879 | g—2f¥t
Fr(ry: v € pos(t)) - (1 —2-2) 4 272" (22" _ =27 _ 920 | gatti
Fi(ry:vepos(t)) - (1—272) 42727 97927 =27 4 o200
Fr(r, :vepos(t)) - (1— 2_2k)

O

The following lemma and the proposition are, as a matter of fact, included in
2.6, 2.7. However, we decided that 2.3 and 2.4 could be a good warm-up, and also
we will use their proofs later.

Lemma 2.3. Assume that:
(i) t € K*, nor[t] > 1, k =k, v € [0,1],
(i) {ry :€ pos(t)) € [0,1], a = F7 (r, : v € pos(t)), 7+ a > 2752,
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(iii) Y is a finite non-empty set,
(iv) for v € pos(t), u, is a function from'Y to [0, 1] such that

vore Y1 <D {u(y) iy €YY
(v) foryeY we let

u(y) =sup{b: there is s € ¥*(t) such that nor[s] > nor[t] — 1 and
b< Fr(un(y) : v € pos(s))}
Then

ya-(1—2-2) < 2Au) yEV)
- Y]
Proof. Let k = ki, N = Ny,, g = g:.
First note that

a=Ff(r, :vepos(t)) <29=N.S 1, v epos(t)} <

olg|-N . % . ﬁ S Y u(y) = % . ﬁ > <29N. S ul,(y)> .

v€pos(t) yeEY yey vEpos(t)

Let C %' {yey :29-N. S 4, (y) >2"2""}. For each y € C we may use 2.1
vEpos(t)

to pick s, € £*(t) such that nor[s,] > nor[t] — 1 and

* _ _ok+3
Fy (un(y) 1 v € pos(sy)) = 297N 3" (y) - (1-2727).
vepos(t)
Hence,
1 [Y\C|  o—2k+3 11 Fr (uy(y):v€pos(sy))
sy Y] 2 TS yGZC' ’ 1—2-2F+3 =
k+3
L.2-2 +%ﬁ 1 2_12k+3'ezcu(:‘/)
Yy
Consequently,
U U
(ya—272")(1 - 272" A= S
L
and hence
Zyu(y)
_ok ye
ra(l—277) < ¥
Y|

O

Proposition 2.4. The forcing notion QP (K*, ¥*, F*) preserves outer (Lebesgue)
measure one.

Proof. Assume that A C [] N; is a set of outer (Lebesgue) measure 1. We are
i<w
going to show that, in VO (ETENFY) it s still an outer measure one set.
Let T be a QP*(K*,X* F*)-name for a tree such that T C |J [] N; and the
1€w j<1
Lebesgue measure m™?([T]) of the set [T'] of w-branches through 7' is positive, and

suppose that some condition p forces “[T] N A = ()”. Take a condition g > p such
that
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(@) g is special (remember 1.10) and lh(root(q)) = ko > 5, and nor[t}] > 2 for
all p € T9, and pF () > T
(B) for some p € [[ Nj, n < w, the condition g forces that m™P([(T)[F]]) -

j<n

H Nj > %7
j<n

(v) for some ko < k1 < ko < ..., letting F; = T9N [[ H*(m), we have that for

m<k;
each v € F;, the condition ¢[*! decides the value of TN [] Nj (remember
j<n4t
1.13).
Fix i < w for a moment, and let Y; ={y € [] N;:p <y}

j<n+i
For v € T[q, F;] and y € Y; we let

u,(y) = SUP{MF* (¢') : ¢ is a condition stronger than ¢ and such that
root(¢') =v and (Vn € Tq’)(nor[t%’] > norlt7] — 1)
and ¢ lFyeT}.

Claim 2.4.1. Ifn € T|q, F;], ko <1lh(n) = k < k;, then

ki—1
7T Y .
TTI a2 Wil ) < 3 {ualo) sy € Vi),
=k
ki—1
[If k = k;, then we stipulate [] (1 — 2’25) =1.]
=k

Proof of the claim. We show it by downward induction on n € T|q, F;]. If k =
1h(n) = k;, then ¢ decides T'NY;, and if ¢l forces that y € T'NY;, then uy(y) >
pg (n). Hence, by (B), we have L -[Y;|- puf (1) < Yo {uy(y) : y € Yi}.
Let us assume now that k = lh(n) = k; — 1. Apply 2.3 to tf, v = g, Y
defined as before the formulation of the claim, and r, = M};* (v) (for v € pos(t})).
7
8

262" Also note that

(*¥) u(y) defined as in 2.3(v) is uy(y).
[Why? First suppose that u(y) < u,(y). By the definition of u,, we may find ¢’ > ¢
such that root(¢’) = n, nor[t?] > nor[tl] — 1 for v € T, and ¢’ IF y € T, and
1F(¢') > u(y). Note that uF," (1) < u,(y) for all v € pos(t?'), and thus

u(y) < ¥ () = F:%, (MqF'* (v):v€pos(t])) < F:Z' (uu(y) : v € pos(t})).

By the definition of u(y), the last expression is < wu(y), a contradiction. Now
suppose u(y) > uy(y). Take s € X*(t}) such that nor[s] > nor[t]] — 1 and
Fi(u,(y) : v € pos(s)) > uy(y); clearly we may request that wu,(y) > 0 for
v € pos(s). Let z, < u,(y) (for v € pos(s)) be positive numbers such that if
2z, <1y < uy(y) for v € pos(s), then Ff(r, : v € pos(s)) > uy,(y) (compare
1.3). Pick conditions ¢/, such that u¥ (¢/,) > z,, ¢/, as in definition of u, (y), and
let ¢’ be such that root(q’) = n, t‘},/ = s, and (¢)" = ¢, for v € pos(s). Then

1F (') > uy(y) giving an easy contradiction.]
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Thus we get

7 * k-1

g Mg () (1=272") Vil <D {un(y) sy €Vi},
as required.

Now suppose ko < k = 1h(n) < k; — 1, and we have proved the assertion of the
k}ifl

claim for all v € pos(t}). We again apply 2.3, this time to v = % - II - 2_2l),
t=k+1
and tZ, uy, r, =y (v) (for v € pos(t?)) and Y;. We note that
7 Pt —ot x 7 et —2t\  F*
s I (0=272)-Fa(ry:veposth) =g- I A1=277) pg (n)=
(=k+1 t=k+1

_ok+1 _ok+1 a9k
%.(1_212 )22 > 9 627

so the assumptions of 2.3 are satisfied. Therefore we may conclude that

ki—1
7 r _ ot * __ ok
s 1L =272 ) (1=27%) i < D {uy(y) sy € Vi,
t=k+1
as needed. This finishes the proof of 2.4.1. |

Applying 2.4.1 to n = root(q) we get

k;—1
7 T _ot * Z Uroo (y) ‘Y S Y;
g'H(l—Qz)-MF (q) < { t(qu_‘ },
L=Fko ¢

and hence %MF* (@) - 1Yi] <3 {troot(q)(¥) : y € Yi}. Then necessarily

1 1
1‘}/1| < |{y ey;: uroot(p)(y) > :LLF (Q)H
(remember pF " (q) > 1). Let Z; = {y € Y; : Uoor(p) () = 24F (¢)} and note that

mLCb({xe HNj:x[(n—Fi)EZi}) > (4 Nj)_l.
J<w j<n
Look at the set {x € [[ N; : 3 < w)(z | (n+1) € Z;)} — it is a Borel
i<w
set of positive (Lebesgue) measure, and therefore we may pick @ € A such that
(F*i < w)(z | (n+1i) € Z;). For each i < w such that « | (n + i) € Z; choose a
condition ¢; € QPY(K*, ¥*, F*) such that
e ¢; > q, root(g;) = root(q), uF (g:) > é,uF*(q), and
e (Vn € T%)(nor[tl] > nor[ti] — 1), and
eqglral(n+i)eT.
By Koénig’s Lemma (remember (K*,¥*) is strongly finitary) we find an infinite set
I C w such that for each ¢+ < jyp < 71 from I we have
T% 0 [[Hk) =T% 0 [[H(k) and (¥ T%)(h(n) <k = t5° =ti").
k<k; k<k;
Let ¢* = (s, : n € S) be such that root(S) = root(q),
S=|J{neT¥:jel&i<j&lh(n) <k},
iel
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and if 7 € S, then succs(n) = pos(sy) and s, = t] for sufficiently large i € I. It
should be clear that ¢* € QP*(K*,¥*, F*) is a condition stronger than ¢, and it
forces that « € [T] N A, a contradiction. O

Remark 2.5. Tt follows from 1.16 and the proof of 2.4 that (the definition of) the
forcing notion P = QP (K*, ¥* F*) satisfies:
(V) For any transitive model N of ZFC*,

N E “Pisa Souslin® proper forcing notion and it forces that
the old reals are of positive outer Lebesgue measure ”.

By Kellner and Shelah [?, Corollary 9.4], any CS iteration of forcing notions sat-
isfying (V) (in particular, a CS iteration of Q}**(K*,¥*, F*)) preserves the outer
measure of sets from the ground model.
Lemma 2.6. Assume that:

(i) te K*, nor[t] > 1, k =k >1,v€[0,1],

(i) {r, :€ pos(t)) € [0,1], a = F7 (r, : v € pos(t)), 7+ a > 252,
(iii) Y* is a finite set, Y = Y* x Ny,
(iv) for v € pos(t), u, is a function from'Y to [0,1] such that

v V1<) fun(y) iy €YY,
(v) fory = (yo,y1) € Y* x N and £ < 2 we let

u(y,?) =sup{b: there is s € ¥*(t) such that nor[s] > nor[t] — 1 and
(Vv € pos(s))(v(k)(y1) =£) and b < F¥(u,(y) : v € pos(s))}.
Then
yoa-(1— 2-2"

~—

1
g?ﬁﬁzym%@.yey&6<2}

Proof. Let k = ki, N = Ny, g = g:. Note that
a=F}(r, :vepos(t)) <29=N.S{r v epos(t)} <
2oV Lo S S (Sfulo.m) : (woom) €Y & v(k) () = £}) =

vEpos(t) £<2

Loakr 2 (29 o lye ) v € pos(t) & w(k)(y1) = £}).
(yo,y1,0)EY X2
Let C consist of all triples (yo,y1,¢) € Y* x N x 2 such that y; ¢ dom(g) and
29N S (o, 1) < v € pos(t) & vik) () = €} =27,
and fix (yo,v1,¢) € C for a moment. Let ¢’ : dom(g) U {y1} — 2 be such that
9 € ¢ and g'(y1) = L. Apply 2.1 (to t,g" and w,(yo, 1) for v € pos(t), g’ € v(k))
to pick s = s(yo,y1,£) € £*(t) such that nor[s] > nor[t] — 1, ¢’ C g, and

Fo el ) 20 SPONE) 5 901 S gy 1) v € pos(t) & o € (),

1— 223
Next note that % < 2_2k+3, SO
A X (29 S{unlyo,v) v € pos(t) & v(k) () = £}) <
(Y0,y1,0) €Y x2\C' o pis pis
g 1. 9-2 1. 91-2
N A
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Therefore,
gL ogroees 11 3 Flon.o (o, y1) + v € pos(s(yo, 11, 0))
~ oy v 2-Y] 1—2-2" -
(y0,y1,£)€C
1 k+3 1 1 1
Z .91-2 Z. . _. 0.
v 2 Y] 1—22F > ulv0)
(y,0)eC
Hence,
: : 1
. 2172k+3 1 . 272764—3 < E
(va ) )<y L D).

(y,£)€EY x2
and therefore, as ya > 262" and k > 1,

ok 1
ya(l—272") < ¥ % 2] E u(y, £).
(y,£)€Y x2

O

Let W be the canonical Qt(K*, ¥*, F*)-name for the generic real (so W is a
name for a function in [[ H*(¢) such that p IF root(p) C W). Also, let h be a name
i<w
for the function from [] N; to 2% such that i(xz)(i) = W (i)(2(i)). Clearly, h is (a
i<w
name for) a continuous function.
Now comes the main property of the forcing notion QP (K*, ¥* F*).

Proposition 2.7. Suppose that A C ] N; x 2% is a set of outer (Lebesgue)
i<w
(E"25FY) the set

{we [ Ni: (@,h(x)) € A}

1<w

mt

measure 1. Then, in VUi

has outer measure 1.

Proof. Assume, towards a contradiction, that 7' is a QP (K*,¥* F*)-name for a
tree included in |J [ N, and p € QP (K*,X*, F*) is a condition such that
k<w i<k
P IFqut (i 2+ pe) © m P ([T]) > 0 and (Va € [T])((z, h(z)) ¢ A) ”.
Leb stands for the product measure on [] N;.) Passing to a stronger
i<w

condition and shrinking the tree T (if necessary) we may assume that

(@) p is special and lh(root(p)) = ko > 5, and nor[th] > 2 for all n € T?, and

(Here, m

15 () > 3,
(B) for some p € [] Nj, n < ko, the condition p forces that
j<n
e r 7
() TI N = L
j<n
(7) for some ko < k1 < ko < ..., letting F; =T N [[ H*(m), we have that

m<k;

for each v € F;11, the condition pl*! decides the value of T'N IT ;.
j<ki
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Fix i < w for a moment, and let Y** ={y € [[ N, :p <y}
j<ki
Let vg € F;, and for v € T[p[”o],FHl] and y € Y;** let

u, (y) = sup{u¥ (p') : p is a condition stronger than p and such that
root(p’) =v and (Vn € TP/)(nor[tf]/] > nor[th] — 1),
and p'IFyeT}.

So we are at the situation from the proof of 2.4 (with ¢ there replaced by p), and
we may use 2.4.1 to conclude that

kiy1—1
(®) :H (1= 272) - (V7] B () < Sy (y) 1y € Vi)

[s]EN]

Now, for each v € T'[p, F;] we define v, : Y;** x ollh(v), ki) __, [0,1] by
uy(y,0) =
sup{u¥ (p'): p’is a condition stronger than p and such that
root(p’) =v and (Vn € Tpl)(nor[tf],] > nor[th] — 1),

and 3 b <y €T & (V) € Iv), k) ) (W0 (G) = o)) 7).
(If v € F, so0 Ih(v) = k;, then 2(0(¥): %) = 10} and w?(y, 0) = w. (y).)

Claim 2.7.1. Ifn € Tlp, Fi], ko <1lh(n) =k < k;, then

kit1

H (1—272) |y - 28k B ) < S {uh(y,0) ¢ (y,0) € X0},

where X; =Y x 2[lh(77)7 kz)

Proof of the claim. The proof, by downward induction on 7, is similar to that of
2.4.1, but this time we use 2.6.
First note that if & = k;, then our assertion is exactly what is stated in (®).

So suppose that n € T[p, F;], lh(n) = k < k;, and that we have proved our claim
k)i+171

for all v € pos(th). We are going to apply 2.6 to t = th, v = % - I - 2’2[),
t=k+1

Y*={y [ (k;\{k}):ye¥;™} x olk +1, ki) (and Y = Y™* x Ny, being interpreted
as Y;** x olk + 17ki)), and r, = ug*(u), and u, (y,0) = uy(y,o0) (for v € pos(t}),
(y,0) € X?), so we have to check the assumptions there. Note that (as p is special)

kiy1—1
l=k+1

v F(r, cv €pos(t) =7 pb (n) >

%\ﬂ

(so the demand in 2.6(ii) is satisfied). Also, by the inductive hypothesis, for each
v € pos(th) we have

Y- YT X Nil o <) {ug(y,0) < (y.0) € X0}

(so 2.6(iv) holds). Finally note that if (y,0) € Y;** x olk + l’ki), ¢ < 2, and
: [k, k;) — 2 is such that o’(k) = ¢, o' | [k + 1, k;) = o, then u(y, o, ¢) defined
by 2.6(v) is up(y,0’) (by the same argument as for (x) in the proof of 2.4.1).
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So, by 2.6, we may conclude that

kip1—1 /) « k )
%'Z lk_[ 1(1—2‘2 )y () (1 =2727) -2 [y 2k kot <
=k+ )
> Auy(y,0’)  (y,0') € X7},
as needed. O

In particular, it follows from 2.7.1 that

Z klﬁl(l _ 272£) F*( ) < Z{U:Oot(p) (yvg) : (y’()') € }/z** X 2[k0, kl)}
s [V, - 2FFo ’
L=kqo
and hence
3 ) < S or ) (¥:0) + (,0) € ¥ x 2lkosKi)y
4 pe\p) = |Y;**‘ . 9ki—ko ’
Let 7: [[ N; — 2k0 be such that m(y)(j) = (root(p)(7))(y(4)). Now we define:
Jj<ko
Zi — {(y,O’) c )/Z** % Q[ko,kz) :uroot(p)(y7 ) > i ( )}, and
zt = {o) e Yy x2kiia(ylko) = o [ ko & (y,0llko, ki) € Zi}.
ki
Note that |Z;"| = |Z;| > 3|V x olko, k )\ > 1. H ki=ko and therefore
Z . 1
ki . H N; © 2ko+2 . H Nj'
J<k; j<ko

Now we may finish like in 2.4: the set
{(xo,xl) e H Nj X 2w : (E'OOZ < w)((xofki,xl “fl) € Zj)}
Jj<w

is a Borel set of positive (Lebesgue) measure, so we may choose (xg,x1) € A such
that for infinitely many ¢ < w we have (zqlk;, x1]k;) € Zj. For each such ¢ pick a
condition ¢; > p such that

e root(q;) = root(p), 1F (g;) > 24F (p), and
e (Vn € T%)(nor[tl] > nor[th] — 1), and

e ¢k “xo | k€T and (Vj S [ko,kf;)) (W(j)(xo(j)) = :cl(j))

By Konig’s Lemma, we may find a condition ¢ € Q**(K*,X*, F*) stronger than p,
and an infinite set I C w such that

(®) if i < j are from I, then i + 1 < j and

750 [ NMe=77n J] Ne and (VneT9)(h(n) <kiyr = 3 =1t9).
k<kit1 k<kit1

Then clearly ¢ I “zo € T & h(xo) =1 7, a contradiction. a



Paper Sh:736, version 2004-12-16_10. See https://shelah.logic.at/papers/736/ for possible updates.

MEASURED CREATURES 25

3. THE FIRST MODEL: SUP-MEASURABILITY

To prove the first of our main results, let us start with a reduction of the sup-
measurability problem.

Lemma 3.1. The following conditions are equivalent:
(@);up Every sup-measurable function f: R x R — R is Lebesgue measurable.

(&)gup For every non-measurable set A C R x R there exists a Borel function

f: R — R such that the set {x € R: (x, f(x)) € A} is not measurable.

(&)gup For every non-measurable set A C 2% x 2% there is a Borel function f :

2% — 2% such that the set {x € 2% : (z, f(x)) € A} is not measurable.

()2, For every set A C [] Np x 2¥ of outer measure one and inner measure

k<w
zero, there is a Borel function h: [] Nj — 2% such that the set
k<w
{ze ] Ni: (z,h(x)) € A}
k<w

s not measurable.
(Here, the sequence (N : k < w) is the one defined at the beginning of the
second section.)

Proof. The equivalences (X). < (X)2,) < (X)3, are well known (see Balcerzak

sup sup sup

[?, Proposition 1.5]; also compare with the proof of Ciesielski and Shelah [?, Corol-
lary 3]).

4 3 . 4 .
(R)gp = (X2, Assume (X)g,,, and suppose that A C 2% x 2 is a non-

measurable set. Then we may find a closed set C' C 2% x 2% of positive Lebesgue
measure and such that
e for each z € 2%, the set {y € 2% : (x,y) € C} is either empty or is of
positive Lebesgue measure,
e for every Borel set D C C of positive measure, both AND # () and D\ A # ()
(that is, both AN C and C'\ A are of full outer measure in C').
By shrinking C' if necessary, we may also pick a Borel isomorphism % = (19, 1) :

C — J] Ni x 2% such that
k<w

o if (xay)7 (‘T/7y/) S Ca then ’(/)O(J),y) = ¢0(30/7y/) < T = xl7
e if B C C is Borel, then B has measure 0 if and only if its image ¢[B] has
measure zero.

Now note that the set 1/[A] has outer measure 1 and inner measure 0 (in [[ Nj x

k<w
2), so we may apply (X)3,, to get a Borel function o : [] Nj — 2% such that
k<w
the set {z € [] Ni : (z,h(z)) € ¥[A]} is not measurable. Let B = {z € 2¥ :

k<w
(Fy)((z,y) € C)}, and let f* : B — 2% be defined by

(z, f*(2)) = ¥~ ((o(x, ), Mo (2,))))
for some (equivalently: all) y such that (z,y) € C. Easily f* is a Borel function.
Take any Borel extension f : 24 — 2% of f* - it is as required in (X)3,, for A.

()3, = (R)dp: Even easier. (Note that, since all Nj’s are powers of 2, we
have a very nice measure preserving homeomorphism 9* : [ Ny — 2%.) (I

k<w



Paper Sh:736, version 2004-12-16_10. See https://shelah.logic.at/papers/736/ for possible updates.

26 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

Theorem 3.2. [t is consistent that every sup-measurable function is Lebesgue mea-
surable.

Proof. Start with universe V satisfying CH. Let Q = (P, Qq : & < wy) be count-

able support iteration such that each iterand Q, is (forced to be) the forcing notion

QP (K*,¥* F*) (defined in the second section; of course it is taken in the respec-

tive universe VF«). It follows from 1.14 (and [?, Ch. VI, 2.8D]) that the limit Py,

is proper and w*-bounding. Also it satisfies Ny—cc, and consequently the forcing

with P, does not collapse cardinals nor changes cofinalities (and IFp,, “ ¢ =Ny 7).
We are going to prove that

IFp,,,  every sup-measurable function is Lebesgue measurable 7.

By 3.1, it is enough to show that Ip, (K)Z,,. To this end suppose that Ais a
P, name for a subset of [] Nj x 2% such that both A and its complement are of
k<w

outer measure one. By a standard argument using RXo—cc of P, (and the fact that
each P, for a < wsy has a dense subset of size X;), we may find § < wy of cofinality
w1, and a Ps—name As such that

. WO\
g, CAN (] Nk x2¥) = A5 7, and

. k<w
IFps “ As has outer measure 1 and inner measure 0 7.

Let & be the Ps.1-—name for the continuous function from [] Ny to 2% added at
k<w

stage § + 1 by Qs = (Q(K*,¥*, F*))VP‘; (as defined right before 2.7). Then, by
2.7 (applied to As and to its complement), in VFs+1 the set

f . .
X5 € {z e [ Ni: (z,h(z)) € As}
k<w
has outer measure 1 and inner measure 0. Now, in VP51 we may use 2.5 to
conclude that P,,, /Ps, ;1 preserves the Lebesgue outer measure of sets from VFs+1,
Consequently,

IFp,,, * the set X and its complement have outer measure one ”,

finishing the proof. t

Remark 3.3. Note that for the iteration (P, Qu:a< wa) to work for the proof
of 3.2 we do not need that all iterands are QJ*(K*,X* F*). It is enough that
for some stationary set Z C {§ < wq : cf(d) = w1}, for every @ € Z, we have
IFp, Qo = QP (K*,%*, F*), and that the forcings used in the iteration are such
that each P, /P51 preserves non-nullity of sets from VFs+1. So, in particular, we
may use in the iteration also other forcing notions satisfying (©) of 2.5. This will be
used in the next section, where we will add the random forcing “here-and-there”.

4. POSSIBLY EVERY REAL FUNCTION IS CONTINUOUS ON A NON-NULL SET

The aim of this section is to show that a slight modification of the iteration from
the previous section results in a model in which every function f : R — R agrees
with a continuous function on a set of positive outer measure. Let us start with a
reduction that shows how the tools developed earlier are relevant for our problem.

Proposition 4.1. Assume:
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(a) the condition (R)3,, of 3.1 holds,
(b) for every function f* : 2% — 2% there are functions f1,f and a set A
such that
o AC2% and f1: A — 2% is such that the set

{(z, fr(z)): 2 € A} C 2% x 2¥
has positive outer measure,
o fo:2% x 2% — 2% is Borel, and
o (Vo€ A)(f*(z) = falz, fi(2))).
Then for every function f : R — R there is a continuous function g : R — R
such that the set {x € R: f(x) = g(x)} has positive outer measure.

Proof. Assume f: R — R. Let ¢ : R — 2% be a Borel isomorphism preserving
null sets (see, e.g., [?, Thm 17.41]), and let f* = @ o fo et Let fi,f2, A be
given by the assumption (b) for f*. Put A* = {(z, f1(z)) : x € A} C 2% x 2%, We
know that A* is a non-null set (and consequently it is non-measurable), so applying
(X)3,, we may pick a Borel function gg : 2% — 2% such that the set

sup
{zeA: fi(z) =go(x)}
has positive outer measure, and so does ¢~ ![B]. Let g; : R — R be defined by

91(@) = ¢ (f2(¢@), (0 (@) ).

Clearly g; is Borel and for each z € ¢~![B] we have g;(z) = f(z). Finally, using
Lusin’s theorem (see, e.g., [?, Thm 17.12]) we may pick a continuous function
g : R — R such that the set {z € ¢ ![B] : g1(z) = g(x)} is not null (just take g
so that it agrees with g; on a set of large enough measure). [l

def

The iteration of 3.2 will be changed by adding random reals on a stationary
set. So just for uniformity of our notation we represent the random real forcing
as QPY(K", X", F"). Let H"(i) = 2 (for i < w). Let K" consist of tree creatures
t € LTCR[H"] such that

e dis[t] = (ki,nt, Pi), where ky <w, my € [[ H"(i), 0 # P, C 2, and
i<k
e norft] = k,

o val[t] = {(n,v) i Qv € gc H"(i) & v(kt) € Pi}.

The operation X" is trivial:
Y(t)={se K" :ns=n & Ps C P}.
For t € K" and a sequence (r, : v € pos(t)) C [0, 1] we let
> Ary s v € pos(t)}
5 .

It is easy to check that (K", X" F") is a (nice) measured tree creating triple for
H", and that the forcing notion Q}**( K", X", F") is (equivalent to) the random real
forcing.

Like in 3.2, we start with universe V satisfying CH. Let Z C {6 < wq : cf(0) =
w1} be a stationary set such that {0 < wz : cf(§) = w1} \ Z is stationary as well.
Let Q = (P,, Qa:a< ws) be countable support iteration such that

e if « € Z, then IFp, Q, = QPY(K", %", F"),

Fl(r, :v €pos(t)) =
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o if a €wy\ Z, then IFp, Q, = QP (K*, % F*).
We are going to show that

I-p,,, “ every real function is continuous on a non-null set ”,

and for this we will show that the assumptions of 4.1 are satisfied in V2. First note
that Py, IF (K)3, (see 3.3; remember 3.1). To show that, in VF2, the assumption
(b) of 4.1 holds, we need to analyze conditions and continuous reading of names in

the iteration.

Definition 4.2. Let (K,X, F) be a measured tree creating triple for H (say, either
(K*,2* F*) defined in the second section, or (K", X", F") defined above).
(1) A finite candidate for (K,%,F) (or just for (K,X)) is a system s = (s, :
n € S\ max(S)) such that
e S C U II H(®) is a finite tree, s, € K NLTCR,[H] for n € S\
n<w i<n
max(S),
e max(S) C [ H(%) for some m = ht(s) (we will call this m the height
i<m
of the candidate s),
e if n € .S\ max(S), then succg(n) = pos(sy).
We may also write root(s) for root(S) (and call it the root of the candidate
s), and write max(s) for max(S).
(2) Let FC(K,X) be the family of all finite candidates for (K, ).
(3) For candidates s°,s! € FC(K, ), we say that s' end—extends s (in short:
s% <ena s') if root(s') = root(s?), ht(s') > ht(s?) and, letting s’ = (s
n € 5\ max(5%)), we have S C S and (Vn € 5%\ max(S?))(s) = ;).
(4) We say that a condition p € Qj**(K,X) end-extends a candidate s = (s, :
n € S\ max(S)) € FC(K,X) if
e root(p) = root(s), S C TP, and
o s, =th for n € 5\ max(S), and
o 1F(v) >0 for all v € max(5).

L.
n -

Definition 4.3. (1) A finite pre—template is a tuple

t = (w* kb ¢t V) = (w,k,c,))

such that

() w is a finite non-empty set of ordinals below ws, w = {ag,...,an}
(the increasing enumeration);
let z; be rif a; € Z, and z; be * if a; € wa \ Z,

B) k:iw—w,c={Cagr-1Can)y V= Vagy---sVa,) (We treat ¢, as
functions with domain w),

(7) Cap € FCUK, 520), ht(cay) = K(a0), Yoy = {(5) : 5 € max(cay)},
and for 0 <7 <n:

(0) ¢o; : Va,_, — FC(K®i,3%) is such that ht(cq, (7)) = k(o) for each

ZESIN 7

y()ti = {17“<V0471> U= <VO<0’ ctty Vai—1> € yai—l & Vai € max(cai(ﬁ))}.
(We think of elements of ), as functions from {a, . .., o; } with values
being sequences in appropriate  [[ H®(j).)

J<k(ag)
Vo, will be also called Y, or V¢.
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(2) We say that a finite pre-template t’ properly extends a pre-template t (and
then we write t < t’) if
(a) wt Cwt, and (Vo € wt)(kb(a) < k¥ ()), and

(B) let w* = {ag,...,a,} (the increasing enumeration).

If ¢* = min{i < n:a; € w'}, then for every (Vagy, ..., Vap_,) €VS,. |
we have ¢f, . =end ¢&,. (Vags -+ Vage_y)-
If ¢ > ¢* is such that ay € w* and k < ¢ is such that a; is the
predecessor of oy in w®, then for every (Vag,...,Va,_,) € Vi, | we
have

(Va, 1 k*(as) i <l & a; ew®) € Vi, and

cgz(yai Pkb(ou) 1i <l & a; € wb) =end Cge(l/ao, ey Vay_q)-

(3) For an ordinal ¢ < wy and a finite pre-template t we define the restriction
t/ =t | ¢ of t in a natural way: w® = wtN¢ kY =kt [ wt, ¢t =ct [ w?
and ¥ = Yt | wt. (Note that t | ¢ < t.)

(4) We say that finite pre-templates t,t’ are isomorphic if |w
h:wt — wt is the order preserving isomorphism, then

e hfwtNZ] =wt NZ, and
e kit =kt oh, ct =ct oh, and Yt = Y o h.
We also may say that h is an isomorphism from t to t'.

t| = Jwt'|, and if

Definition 4.4. By induction on n = |w*| — 1 we define
(a) when a condition p € P,,, obeys a pre-template t, and
(b) if w* = {ag,...,an}, 7 = (Vags---,Va,) € VE, and p € P,,, obeys t, then
we define a condition plt-”] € P,,, stronger that p.
First consider the case when n = 0. Let t be a pre-template such that w® = {ag}
and let p € P,,,. We say that p obeys t if

2

plaglFp,, “plao) end extends the candidate ¢,

If p obeys t as above, and 7 = (Vy,) € y;o, then pt*?! is defined as follows:

o "I (w2 \ {ao}) =p I (w2 \ {a0}), and

o Pl [ ag ke, « Pl (a0) = (p(ag))eol 7.
(Plainly, pl**] € P,,; remember the last demand in 4.2(4).) Now, suppose that
w® = {ag,...,a,} (the increasing enumeration; n > 0), and that we have dealt
with n — 1 already. We say that a condition p € P, obeys t if

e pobeys t | oy, and

o for every 7 = (Vay, ... Va,_,) € Vi _, the condition pltlen?l 1 o forces

(in Py, ) that p(an,) end-extends the candidate cf, (7).

In that case we also define pl*”! for o = (v,,,...,va,) € Ve

o P 1wy \ fan} = pltlemlen] [ wy \ {an},
o P T an ke, < PP (an) = (p(an))en] 7.

Definition 4.5. (1) A weak template is a <—increasing sequence t = (t,, : n <
w) of finite pre-templates such that

vVee | w)( lim k" (a) = o).
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(2) We say that weak templates t,t' are isomorphic if
e otp( J wt) =otp( |J wtr), and

n<w n<w
o letting h : |J wb» — |J w's be the order isomorphism, we have
n<w n<w
that all restrictions h | w® (for n < w) are isomorphisms from t,, to

.
(We will also call the mapping h as above the isomorphism from t to t'.)
(3) A condition p € P, obeys the weak template t = (t,, : n < w) if supp(p) =
J w'» and p obeys each pre-template t,, (for n < w).
n<w
(4) A weak template with a name is a pair (t,7) such that t = (t, : n < w) is
a weak template, and 7 = (7, : n < w) is a sequence of functions such that

Tp t Vi — 21 and if (v, : o € whett) € )),f"“, then
Tn(Va [k (@)t € W) < Tpy1 (Vo 1 @ € wnH1).

(5) Let (t,7),(t',7') be weak templates with names. We say that they are
isomorphic provided that t and t’ are isomorphic, and the isomorphism
maps 7 to 7. (To be more precise, if h is the isomorphism from t to t’,

then for each n < w it induces a bijection g, : Yt — y:f;'; we request
that 7, = 7}, 0 gn.)
(6) Let (t,7) be a weak template with a name, p € P, and let 7 be a P,,,-name
for a real in 2%. We say that (p,7) obeys (t,7) if
e the condition p obeys the weak template t, and
o for each n < w and ¥ € Yt we have: pl*»7 Irp, 7 [ n=7,(7).

Lemma 4.6. (1) There are only countably many isomorphism types of finite
pre-templates.
(2) There are ¢ many isomorphism types of weak templates with names.

Lemma 4.7. Suppose that 7 is a P, —name for a real in 2% and p € P,,,. Then
there is a condition q € P, stronger than p, and a weak template with a name
(t,7) such that (q,7) obeys (t,7).

Proof. Let Q' = (P, Q/, : a < wy) be a CS iteration such that

(1) if @ € Z, then IFp: Ql, = Q*" (K", X", F"),

(2) if & € w \ Z, then IFp, Q) = Q(K*,T*, F*)
(where Q" is as defined in 1.17). Then P, is a dense subset of Py, (remember
1.18). For F € [wy]~% and n € w we define a binary relation <g,, on P/, by
p<rnq ifandonlyif (p,q € P, and)
p < qand qfalFp “p(a) <% q(a) 7 for each a € F

(where <% is a P/, name for the binary relation <, on Q/, defined in 1.19). As
we said in 1.21, one can carry out the proofs of Baumgartner [?, §7] for <g,, in

particular getting the following two claims.

Claim 4.7.1 (Baumgartner [?, Lemma 7.2]). Suppose that a sequence {(pn, Fyp) :
n < w) satisfies

(a) pn €P., F, € [wo]<Y (for each n < w), and

wa?

a)
(b) Pn <pF, n+1 Pnt1, Fn C Fog1 (for each n <w), and
(©) UtFn ' < ) = Ufsupp(on) - n < w).

See https://shelah.logic.at/papers/736/ for possible updates.
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Then there is a condition p € ]P’;z such that p, <p, »n p foralln < w.

Claim 4.7.2 (Baumgartner [?, Lemma 7.3(c)]). Suppose that o < 8 < wo, F €
[a]<w, n<wandpecP,. Let f be a P, —name such that IFp, f € IP’aﬂ. Then there
are f € Popg and ¢ € P, such that p <p, q and q IFp;, f=f.

Now we may start the actual proof of 4.7. The following observation should be
clear.

Claim 4.7.3. Suppose that t = (w,k,c,))) is a finite pre-template and a condition
p € P, obeyst. Let N = max (k(a): a € w) and F € [wo] <% be such that w C F.
Then p <p N q implies that g obeys t.

The main part of the inductive construction of a weak template with a name
(t,7) as required in our Lemma will be done by the following claim.

Claim 4.7.4. Assume that a condition p € P, obeys a finite pre-template t =
(w,k,¢,Y) and a is a P, -name for an ordinal. Let N > max (k(a) : @ € w).
Then there are a pre-template t' = (w',k',c’, ') and a condition q € P, such
that

(1) t=2t, w=w and (Va € w)(k(a) < k'(a)), and

(2) p <w.n q and g obeys t', and

(3) if v € Y., then the condition ¢!*?! decides .

Proof of the claim. We are going to show the claim by induction on |w|. First, let
us assume that w is a singleton, say w = {f}. Let m = N +5. It follows from 4.7.2
that we may pick a condition py € I}, and a P;, ,-name do such that

P <wmpo and polkp, a=ao.

Now, working in Vp,ﬁ‘, we may choose a condition r € Q’ﬂ and an integer k' > k(f)
such that

e po(a) <8 r and

e for each v € T" with Ih(v) = ¥, for some a/, we have 7! IF g = a/,
(possible by 1.12; remember that po(c) is super normal). Next, back in V|, pick
a condition g[8 € Py, a finite candidate /() and a system (a, : v € max(c'(53)))
so that ht(c'(8)) = K/'(8) and the condition ¢[f8 forces that k'(53),q(8),{a, : v €
max(c'(f5))) are like k', 7, (al, : v € T" & lh(v) = k') above and ¢(3) end extends
c(B). Let ¢ = q[87(q(8)) " pol[B+1,ws) and let t’ be determined by w, ¢'(8), k' (8).
It should be clear that they are as required.

Now suppose that |w| = n + 1 (and for n we are done). Let § = max(w). We

follow the procedure from the case when w is a singleton with small changes at the
end only. So let m = N + 5. Choose py € P, and a Ps, ;-name do such that

2
P <wmpo and polkp, a=ao.

Then, in VPZ?, we may find a condition r € Qg and an integer k' > k(() such that
e po(a) <8 r and
e for each v € T" with Ih(v) = &, for some a/, we have r*! IF o = a/,

and let ¢(B) be a Py—name for r as above.

Using the inductive hypothesis (for w \ {8}) we may pick a condition ¢’ € P}
and a pre-template t” = (w” k", c”, V") such that
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(a) w’" =w\{B}, tlw” <t"” and (Va € w")(k(a) < k" (),
(b) polB <wrm ¢ and ¢’ obeys t”, and
(c) if 7 € Y, then the condition (¢/)*"”] decides k', ¢(3) up to the level &’
and the respective values of al,.
Let k’(8) be an integer larger than all the values forced to k&’ by conditions of the
form (¢)*"” in (c) above. Now use the inductive hypothesis again to choose a
condition ¢* € P}y and a pre-template t* = (w™, k¥, c*, Y*) such that
(d) wt =w”" =w\{B}, t" < tT and (Va € w")(k"(a) < kT (a)),
(e) ¢ <w’.m q" and ¢+ obeys tT, and
(f) if 7 € Y, then for some finite candidate ¢(7) of height k/(3) and a sequence
(ay :n € max(c(7))) we have

(q+)[t+75] |I—% “q(B) end extends ¢(¥) and q(ﬁ)[n] - ap = af, .

Let ¢ = ¢t {q(B)) po[B+1,ws) and let t' = (w', k', ¢/, ') be a finite pre-template
such that w' = w, k'Jw™ = k™ and k/(3) is as chosen earlier, ¢/|w™ = ¢t and if
v € Y7F then c/3(7) is the () given by (f) above, and ) is determined appropriately.
It should be clear that g,t’ are as required. (I

Now we may easily finish the proof of the lemma. By a repeated use of 4.7.4
with a suitable bookkeeping we may construct a sequence (p,, Fy,, t,, my, : n < w)
such that for each n < w:

(1) pn P, Fn € [w2]<w and t,, is a finite pre—template and p,, obeys t,, and
wb = F,, and m,, = max(k* (o) : @ € w*) + 7,

(2) if 7 € Yt then the condition (p,)®? decides the value of 7[n,

(3) Pn SFn,mn Pn+1, tn = tn+1 and (Va € wtn) (ktn (a) < ktn+1 (a))v

(4) U{Fn:n € w}=U{supp(pn) : n € w}.

Finally we use 4.7.1 and 4.7.3. t

Note that there are weak templates t such that no condition p € P, obeys t —
there could be a problem with norms and/or measures! From all weak templates
we will select only those which correspond to conditions in P, (and they will be
called just templates; see 4.11 below).

Definition 4.8. (1) A cover for a condition p € Q**(K*,¥*) is the condition
q € Qj°°(K*,¥*) defined so that root(p) = root(g), ¢ < p and:
if n € T?, k =1h(n), then nor[t}] = nor[t}], g2 = g,», and

Py = {f € H*(k) : gy C f},
if n ¢ T?, k = 1lh(n), then g;s =0, P,s = H*(k) and nor[t]] = k.

(2) Let p € Q&ree(K*,E*), and let ¢ be the cover of p (note that T? is a
perfect tree). The covering mapping for p is the mapping h,, : [T — 2%
defined as follows. First we define a mapping h, : T9 — 2<W: we let
hp(root(T9)) = (). Suppose that h,(n) has been defined, n € T?, and say
hp(n) € 2", n < w. We note that |pos(t)| is a power of 2, and thus we
may pick k > n such that [pos(t)| = |2[n,k)| Now, h, maps pos(t)

onto {v € ok . hy(t}) < v} (preserving some fixed well-ordering of H(;)).
Finally we let h,(p) = J hp(p [ n).

n<w

See https://shelah.logic.at/papers/736/ for possible updates.
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(3) The cover of a condition p € Qj**(K",X") is the condition p itself and the
covering mapping hy, : [TP] — 2% is defined by h,(p)(n) = p(no + n),
where ng = lh(root(p)) (and p € [T?], n < w).

Remark 4.9. (1) The reason for “preserving some fixed well-ordering” in 4.8(2)
is that we want that the covering mapping can be read continuously from
p: if two conditions p,p’ agree up to level n, then also the covers and the
covering mappings agree up to that level. (This statement, however, should
be interpreted in the right way.)

(2) Suppose that p € Qf°(K*,¥*) and ¢ is a cover of p. Then [T] is a
Polish space with the topology generated by { [(Tq)["]] in € Tq}. It is also
equipped with a probability Borel measure m such that for each n € T? we
have

Ih(n)—1

m([(Tq)m]): H Q\th’““lka

k‘:’n()
where ng = lh(root(q)). Plainly, the covering mapping h,, is a measure pre-
serving homeomorphism from [T9] onto 2% (where 2% carries the standard
product measure and topology). The measure m on [T9] will also be called
Leb
m-e.
(3) If p,q are as above, p € QP (K*, ¥* F*), then [T?] is an m—positive closed
subset of [T7], as a matter of fact we have

m([T?]) > p; (root(p)) > 0.

In 4.10 below we will show a kind of converse.
(4) The parallel statements for the case of p € (@aree(Kr,E’“) and/or p €
QP (K", %", F") should be clear.
Lemma 4.10. Suppose that p € QP*(K*,X*, F*), and ¢* € QP*(K*,X*,F*) is a
cover for p. Let C C [TP] C [T9] be a closed set of positive Lebesgue measure in

[T9"]. Then there is a condition p* € QPt(K*,X* F*) stronger than p and such
that [T?"] C C.

Proof. For t € K* let F : |0, l]pos(t) — [0,1] be defined by
S {r, : v € pos(t)}

Fi(r, : v € pos(t)) = 9Nk, —19:

This defines a function F on K*. Plainly, (K*,X* F) is a nice measured tree
creating pair (we are going to use it to simplify notation only).

Let T C TP be a tree such that max(T) = § and C = [T]. For n € T let
t, € X*(th) be such that

pos(ty) = succr(n), mnorft,] =mnor[t)] and g, = gp.

Let ¢ = (t, : 7 € T). It should be clear that (as C has positive Lebesgue measure)
q is a condition in QP*(K*, ¥* F) (note: F, not F*!). Moreover, possibly shrinking
T and C, we may request that

e norft,| >2forallneT,

e 1F(g) >1/2, and pf (n) > 272" for each p e T
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(remember 1.10, or actually its proof). Let ko = lh(root(T)).

Fix an integer k > ko for a moment. Let A = {n € T : lh(n) = k} (so it is a
front of T'). For each n € Tq, A], by downward induction, we define s,, € X*(¢,)
and a real a, € [0,1] such that

k=1 043
Ky ay= I (1-277) - uf ).
¢=1h(n)

If n € A, then we let a,, = 1 (and s, is not defined).
Suppose that a, has been defined for all v € pos(t,) so that (%), holds. Then

k-1

F;, (ay, = v € pos(ty)) > ) 1}11(_1) (1 - 2—22+3) Fy (g (v) s v € pos(ty)) =
=1h(n)+1
kﬁl (1 B 27224-3) ) /LF(77) > 2721]1(71)-%—3
£=Ih(n)+1 ER

(remember our requests on ¢). Consequently we may apply 2.1 (for t = ty, Ty = ay
and g’ = g;,) to pick s, € ¥*(t,) such that
() mnor[s,] = norlt,] — 1, and
(8) ay & Fy (a v € pos(sy)) = (127" ) By (a, 5 v € pos(ty)) =
k—1
I (1-2727) ).
¢=1h(n)
This completes the choice of s,’s and a,’s. Now we build a system (sf; NS
Sk \ max(Sk)) such that Sy, C T'q, A] is a finite tree, root(Sy) = root(T), 57’; =
and succg, () = pos(sk) for n € Sy \ max(Sy).
Next, applying Konig Lemma, we pick an infinite set I C w and a system p* =

<tg* neTr) e Qp (K™, ¥*) such that root(T?") = root(T) and

Sn

neT” &k ks €I &h(n) <k <hky = I =sk.

It follows from our construction that necessarily p* € QP*(K*, ¥*, F*), and it is a
condition stronger than p, and [Tp*] c[T)=C. 0

Now we are going to introduce the main technical tool involved in the proof
that our iteration is OK. Fix a weak template t = (t, : n < w) for a while. Let
wt = U wt and G = otp(w ), and let w* = (a¢ : ¢ < ;) (the increasing

n<w

enumeration). For ¢ < (g let z¢ be r if a¢ € Z, and x if a¢ ¢ Z.
By induction on ¢ < (; we define a space Z;? and mappings

mE Z¢ — QPO (K ™, B%) and Ve Zf — (2w)<.
First we let 2§ = {0} and let 7§(0) € Qfe¢(K®, %) is be the unique condition
end-extending all ¢ (for n < w, ap € w) (and wz( ) =0).
Suppose now that ¢ + 1 < (§ and we have defined Zt 7TC and wc We let
ZE_H ={z(%):z ¢ ZC &z €] T”C(Z) H H* (4
<w

and let Z* = (20,...,2¢) = Z7(2¢) € ZE_H (we ignore the first term “0” of the
sequence z). To define wEH(Z*), we let ¢ € Qf°(K*¢, %) be the cover of the
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condition ﬁg(é), and let h : [T9] — 2% be the covering mapping for 772(2) (see

4.8). Put 9 1(2*) = ¥E(2) (h(z()).
If (41 < (g, then we also define 7¢ , | (*) as the unique condition in Qe (K ™+, ¥¥c+1)
such that

o if n < w, w = {ag,...,ac,} (the increasing enumeration), and ¢, =
C+1, £ < m, then ¢, (2*) end extends ctaz'e (z¢o | K" (agy)s---r2¢oy |
kb (ag,_,))-

Suppose now that ¢ < (g is a limit ordinal, and that we have defined Zg, wg and
wg for £ < ¢. We put

Zt={{z:p <) : (V<2 p <) € Z¢)}
(again, above, like before and later, we ignore the first term “}” whenever consid-
ering elements of Zg) The mapping 1/)2 : Zg — (2“})C is such that 1/}2(2) [ € =
YE(Z 1 €) (for z € 28). Also if, additionally, ¢ < (g, then for z = (2, : p < () € Z¢
we let ﬂz(é) be the unique element of Q"*°(K*¢,¥*¢) such that

t

o if n < w, wh ={agy,---,ac, } (the increasing enumeration), and ¢, = ¢,
¢ <'m, then m{(Z) end extends cg@[ (z¢o 1 KM (o), .-y 2¢, ., [ K (ag, ).

Definition 4.11. Let t be a weak template, and w* = (J wtr = (a¢ : ¢ < (g) be

n<w

the increasing enumeration. Also for ¢ < (g let z¢ be 7 if a¢ € Z, and * if a¢ ¢ 7.
We say that t is a template if for every ¢ < (f and z € ZZ we have

m(2) € QP (K™, 5%, Fr¢).

Lemma 4.12. (1) Assume that p € Py, and 7 is a P,,—name for a real in
2. Then there are a condition q € Py, and a template with a name (t,7)
such that ¢ > p, (gq,7) obeys (t,7), w < (g < w1, and for some enumeration
(Cn i n < w) of Gg we have:

(B) for everyn <w and zZ € Z¢ ,

WE(wE, (2) 2 (1-27"710),
where F is suitably F™ or F*. ~
[If a template t satisfies (B) for an enumeration ¢ = (¢, = n < w) of (g,
then we we will say that t behaves well for ./
(2) For every template t, there is a condition p € Py, which obeys t.

Proof. (1) The argument given in in the proof of 4.7 can be easily modified to
suit the current lemma (remember 1.8).
(2) Should be clear. O

For a countable ordinal (, the space (2‘*1)C is equipped with the product measure
mbeP of countably many copies of 2. We will use the same notation m " for this
measure in various products (and related spaces), hoping that no real confusion is

caused.

Lemma 4.13. Let ( < wyi. Suppose that C' C (2‘““’)C is a closed set of positive
Lebesgue measure. Then there is a closed set C* C C of positive Lebesque measure
such that for each & < (:
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(®)5. for every § € (2¥)8, the set

(€ & (7 e @)V 577 ey

is either empty or has positive Lebesgue measure (in (2"‘))[5’ O)

Proof. For a set X C (2“’)<7 £<(andye (2“’)f we let

X); 2 {7 € @) 577 e x).
We may assume that ¢ > w (otherwise the lemma is easier and actually included
in this case). Fix an enumeration ¢ = {¢, : n < w} such that {, = 0, and let

eo =274 - mbb(0), ent1 = 9-6(n+2)" . (€n)" 2.
We are going to define inductively a decreasing sequence (C,, : n < w) of closed
(non-empty) subsets of C' such that Cy = C; = C and
(®) for each m < n and 7 € (2¢)%m we have

cither (Cp)y=0  or m“P((Cp)y) > em - (1 -y 44).
l=m-+2
n
(Note that (®) implies m™"(C,,) > eg - (1 — > 47%); just consider m = 0.)
(=2

Suppose that C,, has been already deﬁned,_n > 1. Let {& : £ < £*} enumerate
the set

{Cmm <n & (n <G}
in the increasing order. By downward induction on 0 < ¢ < ¢* we choose open sets
Uy C (29)8¢. So, the set Uy C (29)& is such that (remember & = ()

o (V§ € (29)5n \ Up) (mE((C)g) = ),
o Ml (C,, N (Upe x (29)[6n:0))) < e,

Now suppose that Uy, ...,Up+1 have been already chosen so that
23n+3 0*—k
e (0 (U x (298 ) < () T e,
n—1

foreach k € {£+1,...,0*}. Let
U=Up x (QW)[&H,C) U...UUp x (2w>[£e*,0,
Note that (by our assumptions)

23n+3\ ¢*—¢—1
) e

€n—1

mP(U N C,) < (6 —0) - (

Let & =C(nand A= {7 € (ZW)Cm : mLeb((C’n N U)g) > 5325 . Note that

2311—0—3 0 —0—1
) *€n,

e €m e %
Ml (4) - S < mEP(C, N ) < (¢ = 1) (

€n—1
and hence
23n+3 0 —0—1 22n+2 23n+3 0 —y¢
mleP(4) < ( > . Sl =4) e, < ( ) “ep
€n—_1 €n—1 €n—1

s\ L=t
Pick an open set U, C (ZW)CW such that A C U, and m™**(U,) < (23 +3) “en.

€n—1

See https://shelah.logic.at/papers/736/ for possible updates.
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e
Finally we let C, 1 = Cp \ U (Ug X (2"")[&7 C)) It is easy to check that Cj,41
=1
is as required.

After the sets C), are all constructed we put C* = (| C,. It follows from (®)

nw

that the demand (®)%,. is satisfied for each & < . O

Theorem 4.14. In VP2 the condition (b) of 4.1 holds.

Proof. For a < wy let &, be a P,—name for the generic real added at stage « (so it

is a member of 2% if a € Z, and a member of [[ H*(k) if a € wq \ Z).
k<w

Suppose that f* is a P,,,—name for a function from 2% to 2%, and p € P,,.
For each & € Z pick a template with a name (£, 7%), an enumeration ¢? = (¢? :
n < w) of (zs = otp(wf(s)7 and a condition p° € P,,, such that
e (i > w, t? behaves well for ¢° (see 4.12(1)),
o p° >pand (p°, f*(i5)) obeys (¥, 77),
o 5wt and wt \ (5+1) #0.
Using Fodor Lemma (and 4.6(2)) we find a template with a name (t,7), ordinals
¢* < G = otp(w?) and € < wy, an enumeration ¢ = (¢, : n < w) of ¢z, and a
stationary set Z* C Z such that for each 4,8 € Z* we have
(i) (t°,79) is isomorphic to (t,7) by an isomorphism mapping ¢° to ¢, and
t=(t,:n<w), 7= (r:n<w), and
(ii) otp(wgﬂ nd) =", wt Né C¢&, and p € Pe and
(i) €0 1=t T¢.
Let A be the P, name for the set {i; : § € Z* & p’ € Ip,,} and let ¥ :
(2“’)[0 +1,68) 5 2% be the canonical homeomorphism (induced by a bijective
mapping from w x [¢* + 1,{;) onto w). Now, in VF«2 we define a mapping f1 :
A— oW by:

. 5. 6 .

Fiis) = W (08 (b 0 € w®) 1 (¢ +1,6)
(wg is as defined before 4.11). Let p* = p° | § for some (equivalently: all) § € Z*.
Claim 4.14.1.

”

p*lrp,, “the set {(z, fi(@)) : z € A} has positive outer measure

Proof of the claim. Assume not. Then there are an ordinal £*, a condition ¢, and
a P,,—name D such that
b ggg* < wa, qepﬁ*a andqu*a
e D is a Pe-—name for a (Lebesgue) null subset of (2“)[C*’ Cf), and
£/ £ * - ”

e qlbp, “ (Vo€ Z*)(p° €Tp,, = Vg (o € w™) (5, ¢) € D) 7.
(Note that above we use the fact that the forcing used at § € Z is the random real
forcing, and the covering mapping at this coordinate is - essentially - the identity.
This allows us to replace (i, 1/125 (o1 € wté) ¢ +1,¢G)) by 1/)2: (Tq 1 € wté) I
[€*,¢;).) Fix any ¢* € Z* larger than £* and let (¢ : ¢ < ¢*) be the increasing

enumeration of w®’ N & and let i = Za,, and z = (¢ : ¢ < ¢*). Note that the
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conditions p°  and ¢ are compatible. Also, as @4« is (a name for) a random real
over VFs*  we have

q |hp§*+1 “ the set
BY (g @)1 (wi (2 7(E5-))(¢7)) g € D)
is null 7.

Using Lemma 4.13, we may pick (a Ps-,1-name for) a closed set C* C (2%) [+ 1.¢)
such that the condition ¢ forces (in Ps+41):

¢ CTC{YE () 1[C+1,G) i{ag) az€ ZE ),
e C*NB =0, and
e the condition (®)§j* of 4.13 holds true for every £ € [(* + 1, ().

(For the first demand remember that £ is well behaving, so the set on the right-
hand side has positive Lebesgue measure.) But now, using 4.10, we may inductively
build a condition ¢’ € P, stronger than both ¢ and p° (and with the support

included in (6* +1) U wt’ ) and such that
. " * S
¢ e, “Vf (fa:acw® )I[C*+1,G)¢B7,
getting an immediate contradiction. O

Pick any 6* € Z* and let z = (2¢ : ( < (*) be as defined in the proof of 4.14.1
above. Let E be a Ps«—name for the set

{(ro,r1) €2¥ x 2 : 27(ro) € ZE 1y and Yl (7 (ro)) "W (1) € mg(f)}-
So E is (a name for) a closed subset of 2¢ x 2%, Let f2 be a name for a Borel
function from 2% x 2% to 2% such that

if (ro,71) € E, and 9.1 (27(ro)) "0 (1) = ke ({2 : ¢ < ¢V),
then for each n < w

fa(ro,m) 1 n = Tn(z¢ [ k4 (C) : ¢ € whn)

(remember (i)). It should be clear that f; is (a name for) a continuous function
and

p I, © (Vo€ A)(f*(2) = folz, fi(2) 7,

finishing the proof. |

Corollary 4.15. It is consistent that

e cvery sup-measurable function is Lebesgue measurable, and
o for every function f : R — R there is a continuous function g : R — R
such that the set {x € R: f(x) = g(x)} has positive outer measure.
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