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COMPARING THE UNIFORMITY INVARIANTS OF NULL SETS FOR
DIFFERENT MEASURES
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ABSTRACT. It is shown to be consistent with set theory that the uniformity invariant for Lebesgue
measure is strictly greater than the corresponding invariant for Hausdorff r-dimensional measure where

0<r<l.
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1. INTRODUCTION

The uniformity invariant for Lebesgue measure is defined to be the least cardinal of a non-measurable
set of reals, or, equivalently, the least cardinal of a set of reals which is not Lebesgue null. This has
been studied intensively for the past 30 years and much of what is known can be found in [?] and other
standard sources. Among the well known results about this cardinal invariant of the continuum is that
it can equally well be defined using Lebesgue measure on R™ without changing the value of the cardinal.
Indeed, equivalent definitions will result by using any Borel probability measure on any Polish space.
However, the question of the values of uniformity invariants for other, non-o-finite Borel measures is not
so easily answered. This paper will deal with the most familiar class of such measures, the Hausdorff
measures for fractional dimension. Observe that by the previous remarks, the least cardinal of any
non-measurable subset of any o-finite set will be the same as the uniformity invariant for Lebesgue
measure. In other words, this paper will be concerned with the uniformity invariant of the ideal of
o-finite sets with respect to a Hausdorff measure.
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It will be shown that given any real number r in the interval (0, 1) it is consistent with set theory that
every set of reals of size N; is Lebesgue measurable yet there is a set of reals of size N; which is not a
null set with respect to r-dimensional Hausdorff measure. This answers Question FQ from D. Fremlin’s
list of open questions [1]. However, the motivation was an attempt to resolve the following question
posed by P. Komjath.

Question 1.1. Suppose that every set of size N; has Lebesgue measure zero. Does it follow that the
union of any set of ¥; lines in the plane has Lebesgue measure zero?

It is worth noting that this is really a geometric question since [7] provides a negative answer to the
version of the problem in which lines are replaced by their topological and measure theoretic equivalents.
To see the relationship between Question 1.1 and the topic of this paper consider that it is easy to find
countably many unit squares in the plane such that each line passes through either the top and bottom
or the left and right sides of at least one of these squares. It is therefore possible to focus attention on
all lines which pass through the top and bottom of the unit square. For any such line L there is a pair
(a,b) such that both the points (a,0) and (1,b) belong to L. If the mapping which sends a line L to
this pair (a,b) is denoted by 3 then it is easy to see that 3 is continuous and that if S C [0,1]% is a
square of side € then the union of 371S has measure ¢ while S itself has measure €. In other words,
the Lebesgue measure of the union of the lines belonging to 37! X is no larger than the 1-dimensional
Hausdorff measure of X for any X C [0, 1]%. In other words, a negative answer to Question 1.1 would
imply that there is X C [0, 1]? of size X; which is not null with respect to linear Hausdorff measure even
though every set of reals of size N; is null. The consistency of this will be a consequence of Corollary 6.2.

The proof will rely partially on arguments from [5] and [6] in which a single stage of a forcing iteration
that would achieve the desired model was described. The material in §3 and §4 is a reorganized and
simplified version of §4, §5 and §6 of [6] which has been suitably modified for the current context. The
approach taken here differs from the earlier attempt in that the forcing used is finite branching rather
than infinite branching as in [6] and this allows the use of product forcing along lines similar to those in
[2]. The new ingredient needed is described in §5. The arguments presented in §6 use ideas explained
in greater detail in [4], however familiarity with that paper is not be required in order to follow the
reasoning presented here.

The logical requirements guiding the organization of the paper may not have resulted in optimal
organization for the purposes of comprehension. Some readers may prefer to start with §6 after having
read §2, Definition 3.2 and Definition 4.2.

2. NOTATION

If X CR and r € (0,1) then the infimum of all 2 (b; — ;)" where {(a;, b;)}2, is a cover of X by
intervals of length less than € is often denoted by H!(X). The r-dimensional Hausdorff capacity of X is
denoted by HL, (X) and is defined to be the infimum of all Y% (b; — a;)" where {(a;, b;)}2, is a cover
of X by arbitrary intervals. The r-dimensional Hausdorff measure of a set X is denoted by H"(X) and,
when defined, is equal to its outer measure lim._,oH’(X). Since it can be shown' that H"_(X) = 0 if
and only if H"(X) = 0, in order to establish the main result it suffices to show that it is consistent with
set theory that every set of reals of size N; is a Lebesgue null set yet there is a set of reals of size N; which
is not a null set with respect to r-dimensional Hausdorff capacity. Actually, it will be more convenient
to work with measures and capacities on the Cantor set and to replace intervals by dyadic intervals.
This amounts to dealing with net measures as described in [3]. Since r-dimensional net measures have
the same null sets as r-dimensional Hausdorff measures this will not be of significance to the results of
this paper.

1See Lemma 4.6 in [3] for example.
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Notation 2.1. For the rest of this paper let r be a fixed real number such that 0 < r < 1.

Notation 2.2. Let C denote 2% with the usual product topology. Let Q be the tree {f | n : f €
CandneN}. ForacQlet [a] ={r € C:a Cx} and for A C Q let [A] = (J,.4[a]. Let

C>® = {A CQ:) 27l < e}
acA
and let C, = {4 € C® : |A| < Ry}. For consistency of notation, let [Q]<® be denoted by C,. Let
C!l={ACQ: >, ,27M<e}. For X C C define X (X) = inf {e: (3A € C*) X C [A]}. The usual
product measure on C will be denoted by A.

Notation 2.3. Some notation concerning trees will be established. By a sequence will always be meant
a function f : n — X where n € N and X is some set. Sequences will occasionally be denoted as n-tuples
(z1,x9,...,x,) and, in particular, singleton sequences will be denoted by (z). If ¢ and s are sequences
the concatenation of s followed by ¢ will be denoted by (s,t) . This is consistent with considering X*
to be a set of sequences because if z € X* and y € Y™ then (z,y) € X* x Y™ If T is a tree then T is
a set of sequences closed under restriction to initial segments. If ¢t € T then Sp(t) = {z : (¢, (x)) € T'}.
Furthermore, T(t) = {s € T : t C sors C t}. If m € N then T[m|] = {t € T : |t| = m} and
Tl<m]={teT:|t|<m}and T[<m|={teT:|t| <m}.

Notation 2.4. For any X C C™ and z € CF the set {x € C™* : (2,2) € X} will be denoted by
X(z,-). Similarly, if FF: C™ — X is a function and z € C* then F(z,-) will represent the function
F(z,:) : C"* — X defined by F(z,-)(x) = F(z,x).

3. CONTINUOUS MAPPINGS BETWEEN LEBESGUE AND HAUSDORFF MEASURES

The goal of this section is to exploit the difference between Lebesgue measure and r-dimensional
Hausdorff measure. It will be shown that for any continuous function from the reals to the reals there
are arbitrary small sets in the sense of Lebesgue measure whose pre-image is as large as desired in the
sense of r-dimensional Hausdorff measure. For reasons which will reveal themselves in §4 it will also be
necessary to consider similar results for products of the reals.

Definition 3.1. If § > 0 is a real number and X C C define Us(X) by
Os(X) =inf{\ (X \Z): ZCCand \(Z) <d}.

Lemma 3.1. If1 >~ > 0 and € > 0 then there is n > 0 such that for all but finitely many m € N, any
measurable E C C and any measurable D C E

provided that A\(D N [s]) > AM(E N [s])e for each s € Q[m].
Proof. Let n > 0 be sufficiently small that
o
2—7 ey
and then let m € N be so large that the inequality
2m(17r)€r,yr v 477
4r 2—7v ey

is satisfied.
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Suppose that A(Z) < nand A C Q are such that D C Z U [A] and
> ol <O (B).
acA

Let A* = Q[< m|N A and let E* = E\ [A*]. Let By = {b € Q[m] : [b] N[A*] = 0} and note that
E* C [By] and that if b € By then £ N [b] = E* N [b]. Now let

Notice that A(E*) > v because Y., . 271" < O,(E) and E C E* U [A*]. It follows from a Fubini
argument that
2m\(E*) pA
3.1 Bl > > .
(3.1) | ”—2—MEﬂ—2—7

Next, let

BQZ{bGBl : A(Zﬂ[b])>@}

and in order to see that

2m+2
(3.2) By < =
€y
assume the opposite. Then the following sequence of inequalities
€ AEY) €y
n>N2)= > MNzZn[b) > 5 STANEND) =€) s 2 |Belgg >0
beB> beBs beBy

yields a contradiction. (The fourth inequality uses that By C Bj.)
Let By = By \ By and observe that it follows from Inequalities 3.1 and 3.2 that

om 2m+2 4
(3.3) By > S anm(L——n).
2—7 €y 2—7v e

It follows that

S ol > §° o2l >3O\ 2) =D (MDA ) - MZn b))

acA beBs \ acA\A*,aDb beB3 beB3

Since B3 N By = () it follows, using the hypothesis on D, that the last term dominates

r

ST AENB)e~ (2MENE) > 5 S AEAB)Y > £ S (E(f)) >

beE B3 be B3 beEB3

r *\\ T m(l—r) r.r
iaﬂA@) 5 2 e A
4r 2m 4r 2—7v ey

and hence >, 2719 > [0 (E) which is impossible. O

If X C C then F: X — C will be said to have small fibres if and only if A(F~'{z}) = 0 for each
x € C. The proof of Theorem 3.1 and the lemmas preceding it will rely on decomposing an arbitrary
continuous function into a piece that has small fibres and a piece which has countable range.
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Lemma 3.2. Let 0 < o < 1 and suppose that {X;}seq is an indexed family of mutually independent
{0, 1}-valued random wvariables, each with mean u. Suppose that C' C C is a measurable set and that
F; : C — C is a measurable function with small fibres for 1 < j < n. For any € > 0 for all but finitely
many m € N the probability that

- "AC
A ﬂ U Fl [8] = H ( )
j=1 \ s€Q|m],Xs=1
1s greater than 1 — €.
Proof. This is Lemma 3.1 in [5] or Lemma 6.2 in [6] except that it is stated here for C rather than
[0, 1]. O
Lemma 3.3. Suppose that

o £ C C is a measurable set
e F is a finite family of measurable functions with small fibres from E to C
e v >0, u>0.

Then there is p > 0 such that for any e > 0 and for any mutually independent, {0, 1}-valued random
variables { X }seq with mean p and for all but finitely many m € N the probability that the inequality

(3.4) o NFE U )] zom

FeF s€Q[m],Xs=1
holds is greater than 1 — €.

Proof. Let |F| = n. Use Lemma 3.1 to choose n > 0 and an integer k such that if D C F is a measurable
set such that for each s € Q[k]

MDA [s)) > %n)\(E A [s))

then 00, (D) > O,(E). Let € > 0. Now use Lemma 3.2 to conclude that for each t € Q[k] for all but
finitely many m € N and any mutually independent, {0, 1}-valued random variables {X;}scqpm with
mean u, the probability that

MunO e U z%nA(Eﬂ[t])

FeF s€Q[m], Xs=1

is greater than 1 — €27%. Hence the probability that this holds for all ¢+ € Q[k] is greater than 1 — e and
so the hypothesis on k£ guarantees that Inequality 3.4 holds with at least the same probability. O

Corollary 3.1. Suppose that C is a measurable subset of C**' and F is a finite family of measurable
functions from C to C such that F(x,-) has small fibres for each v € C* and F € F. If u > 0 and
~v > 0 then there is n > 0 such that for all € > 0 there is some a € (CL such that the Lebesgue measure of

{x cct.o, (m m,.)—la) > Dw<c<x,->>}

FeF

1s at least 1 — e.

Proof. This is a standard application of Fubini’s Theorem using Lemma 3.3 and the Law of Large
Numbers. 0
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Lemma 3.4. Let E C C be a measurable set and F a finite family of measurable functions from E to
C. Then for any v > 0 and any p > 0 there isn > 0 and a € C}L such that

0, (ﬂ F1a> >, (E).

FeFr
Proof. Let |F| =n. For each F € F let Yr = U{F"Hy} : ANF~Hy}) > 0} and let F be defined by

_ F(z) ifz€e E\Yp
z if z € Yp.

Since each F' is measurable and has small fibres it is possible to use Lemma 3.3 to conclude that there
is 7 > 0 and an integer m and mutually independent, {0, 1}-valued random variables { X} cqpn with
mean p/3 such that the probability that

O (O E U )] 200w

FeF s€Q[m],Xs=1

is greater than 1/2.
Since the mean of each X is /3 it is possible to choose m so large that the probability that

s€Q[m],Xs=1

is also greater than 1/2. Hence there is a’ € C,ﬁ /o such that

i (ﬂ Fla’> >0, (E).

FeF

Now for each F' € F choose a finite set Ap C C such that A\(Yp \ F~'Ap) < n/n. Then let a € C}, be
such that o' U Jp.r Ar C a. It follows that

0, (ﬂ F—1a> >0, (ﬂ Fla\ [ (ve\ F—lAF)> > [O0,(E)

reF reF FeF

because F~la D F~ta\ (Yr \ F71Ap) for each F € F. O
For the next definition recall Definition 3.1.

Definition 3.2. If © : N - R" I': N — Rt and X C C? then the relation g r(X) will be defined to
hold by induction on d. If d = 1 then Og r(X) if and only if Og(g)(X) > I'(0) whereas, if d > 1, then
Oe,r(X) holds if and only if Ogg—1)({z € C: Do r(X(x,-))}) > T'(d—1). Define ©F (i) = O(i +1) and
It)=T3G+1).

The next lemma establishes that the top-down and bottom-up definitions of the relation Ug r are
the same.

Lemma 3.5. Let d > 2. For any © : N - R* T : N — RT and X C C¥*! the relation Ogr(X) holds
if and only if Og+r+ ({z € C* : Og)(X(z,-)) > T(0)}).
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Proof. Proceed by induction on d and observe that the case d = 2 is immediate from Definition 3.2.
Assuming the lemma established for d let X C C%2. Then the following sequence of equivalences
establishes the lemma:

Oo.r(X)
Oe(a+1) ({z € C' : Dor(X(z, ))}) >TI'(d
Oegs1y ({7 € C! : Oerr+ ({w € C? : Oeo)(X(z,)(
Oe+@) ({z € C" : Ogrr+ ({w e C : Oowy(X((2,w),"))
Oo+r+ ({(z,w) € C" x C? : Do) (X((z,w),")) > I'0)})
Oe+r+ ({2 € C™' 1 Oe)(X(z,-)) > T(0)})

i

Lemma 3.6. If Ogr(X) holds and X C C¢ and n < ©(i) for each i < d and A C C? is such that
AA) < n? then Og_, (X \ A) holds where (© —n)(i) = (i) — .

Proof. Proceed by induction on d using Fubini’s Theorem. 0

Theorem 3.1. Let T' : N — RT and © : N — RT be functions such that ©(i) + T'(i) < 1 for each
i. Suppose that C is a closed subset of C? such that Oer(C) holds and that F is a finite family
of continuous functions from C' to C. If u > 0 then there is a € Ci and n : N — R* such that

Oy (Nper F'a).

Proof. Proceed by induction on d, noting that if d = 1 then this follows from Lemma 3.4 by setting
v = ©(0) in that lemma. So assume that the lemma has been established for d and that C is a closed
subset of C4*| Og r(C) holds and F is a finite family of continuous functions from C' to C and that
i > 0. For each F' € F let

Yrp={(z,9) €C*xC : \{2€C : F(z,y) = F(z,2)}) > 0}
and define F : C' — C by
Pla.y) = {F(x,w it (2,9) ¢ Y
Y otherwise.

Observe that F(z,-) has small fibres for each z € C?. By Corollary 3.1 there is § > 0 such that for all
€ > 0 there is some a € (CL /2 such that the Lebesgue measure of

B(a) = {a: e C?: Oy <ﬂ F(x, -)1a> > Oy (Clx,-)) > F(O)}

is at least 1 — e.

Since each of the relations Yz is Borel, it is possible to find a finite family of functions G from C¢ to
C such that

Ha+l
Z/ A (Ye(z, )\ F(z, ) G (2)}oeg) d < ST
FeF/eeCt
It is then possible to find a closed set D C C¢ such that
AD)>0O(i+1)+T(i+1) for each i < d (using Hypothesis 3.9)
AD) >1—§/24
A(Yp(x, )\ F(z, ) Y{G(x)}geg) < 6/2 for each x € D

each GG € G is continuous on D.
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Condition 3 guarantees that Og+ r+ (D) holds. It is therefore possible to apply the induction hypothesis
to ©F, ', G and D to get ag € C;/Q and 7 : N — R* such that

Dn,rur (D N ﬂ G_1a0> .

Geg

Let 0 < ¢ < n(i) for i < d. Now choose a; € (CL/2 such that A(B(a;)) > 1 — €. Then

holds by Lemma 3.6 and Condition 3 and note that by Condition 3

Oy ( M Fle.) " a0 Vi) \ Fle, ->1{G<x>}eeg) > 1(0)

FeF

for x € DN B(ay). Let 77 be defined by

ni—1)—¢ ifd>i>0
n(i) = ¢n(i—1) ifd<i
5/2 ifi=0

and define Z to be the set of all (z,w) € C™ such that the following three conditions are satisfied:

(3.5) r€DNB(a)N () G ag
Geg
(3.6) (VF € F) F(z,w) € ay
(3.7) (VF € F) F(z,w) € Yr(x,-) and F(z,w) # G(z)

It follows from Lemma 3.5 that Uy (7). Hence it suffices to observe that if (z,w) € Z then F(x,w) €
ap Uay. To see this note that if F(x,w) = F(z,w) this is immediate from 3.6. Otherwise F'(z,w) € Yp
and hence it follows from 3.7 that there is some G € G such that F(z,w) = G(z). From 3.5 it can be

concluded that G(z) € ay. O

Notation 3.1. For the rest of the paper, fix a pair of functions I' : N — R and © : N — R™ such that

(3.8) ©(n) > O(n+1) and nlgg) On) =0
(3.9) (Vj) ©() +T() <1

(3.10) (Vi) ©() +T(i+1) <1

(3.11) the range of I' is a dense subset of (0,1).

Definition 3.3. For any d € N and for X C C? define (X ) = e r(X) and define [J,(X) to hold if
and only if there is some 7 : N — R* such that 0, r(X) holds.
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4. A PRELIMINARY NORM

This section will introduce three norms? on subsets of C, — these will be denoted p, > and v. The
norms of [4] typically enjoy some form of sub-additivity but this will not be the case for any of these
three, at least not explicitly. Nevertheless, Lemma 4.2 can be considered a substitute for this. The
only norm used in the definition of the partial order in §6 will be . The role of the norm p will be to
establish a connection between v> and the results of §3. The norm v* is an intermediary between p
and v and, furthermore, it has the advantage of allowing the compactness argument of §5 to work.

Notation 4.1. For any Polish space X let IC(X) denote the spaces of compact subsets of X with the
Hausdorff metric and let C(X) denote the space of continuous C-valued functions with the uniform
metric.

Definition 4.1. Define p to be a function from P(C.,) to NU {oc} by first defining p*(&X’) to be
{d>1: (VC € K(CH)(VF € C(C))(3x € X)O(C) = O.(F '2)}
and let p(X) = sup(p*(X)). If p*(X) =0 but X # 0 then define p(X) = 0.
The following is a direct Corollary of Theorem 3.1.
Corollary 4.1. If 1 > 0 then p(C,,) = oo.
Lemma 4.1. Ifd > 1 then {C C K(C?) : O(C)} is a Borel set.
Proof. Tt suffices to show [J(C) fails if and only if there is some finite subset C C Q% such that
cciel= |J [l xt] x... x [t
(t1,t2,0sta) EC

and [J([C]) also fails. To prove this proceed by induction on d. The case d = 1 is easy. Assuming the
result for d let C' C C*™ be compact and suppose that (J(C') fails. Using Definition 3.2 there is C; € C,
for some v < I'(d) such that {z € C : Ogr(C(z,-))} C [Ci]. For x € C\ [Cy] it is possible to use the
induction hypothesis to find a finite C, such that C(z,-) C [C,] and Og r(C,) fails. . The compactness
of C yields an integer k, such that C(y,-) C [C,] for each y € C such that y [ k, = x | k,. Let U,
denote this neighbourhood and choose a finite A C C such that [C;] and {U,}sea cover C. It is then
easy to extract the desired finite set from the cover {[C;] x C?} U{U, X [C4]}aca- O

Corollary 4.2. For any d > 1 the set {C C K(C%) : O.(C)} is Borel.

Proof. According to Definition 3.1, [0,(C) holds if and only if there is some 7 : N — R such that
0, r(C) holds. But notice that n can be assumed to be a constant function with rational value. O

Notation 4.2. The notation (z, F') will be introduced for any z € C and any function from F : W —
P(Q) to denote {w € W : z ¢ [F(w)]}.

Corollary 4.3. Suppose that X C Co, and B : X — P(Cy). Then {z € C : p((z, B) < j} is analytic
for any integer j.

Proof. This is immediate from Definition 4.1, Lemma 4.1 and Corollary 4.2. 0
Lemma 4.2. Suppose that X C C, and p(X) =j > 2. Then

Oeg-2 ({z€C & p((z, 1) <j—1}H <T'(j—1)
for each function F from X to C;Czjfl)ﬂ‘

2This is the terminology of [4]. The exact meaning of the term “norm” is not required for the arguments used here.
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Proof. Let S = {2 € C : p((z,F)) < j — 1} and assume that the lemma fails. In other words, Og;_2)(S) >
I'(j —1). Let

ECCxKC ) xc(@
be the set of all triples (z, C, f) such that

(4.1) a(C)
(4.2) (Vo € (2, F)) -0,(C N f'z)

It follows from Definition 4.1 that S is contained in the domain of £. From Lemma 4.1 and Corollary 4.2
it follows that F is a Borel set. From Corollary 4.3 it follows that .S is measurable and so it is possible
to use the von Neumann Selection Theorem and Egeroft’s Theorem to find a closed set S* in the domain
of £ and a continuous function 7' C E with domain S* such that \(S'\ S*) < ©(j —2) —O(j — 1). Let
T(s) = (Cs, fs) and observe that the continuity of 7" guarantees that C* = | J,.q.{s} x Cs is a closed
set. Moreover, Og(;j—1)(S*) > Oe(j—2)(S) > I'(j — 1). A calculation using Definition 3.2 reveals that
O(C*) holds. Let g be defined on C* by g(c1, ¢, ..., ¢;) = fe,(ca,c3,. .., ¢;) recalling that j > 2.
Since p(X) > j it is possible to find z € X such that [, (g 'z). Let

W={z€85 : Og'2(z,))} ={z € 5* : O.(9(2,-) '2)}
and note that it follows that AL (W) > I'(j — 1). Since F(z) € Cp_1y/2 it is possible to choose

w € W\ F(z). Then x € (w,F) and so, by Condition 4.2 in the definition of E, it follows that
O, (g(w, -)~'w) fails since g(w,-) = f,. This contradicts that w € W. O

Definition 4.2. The norms v and v*° will be defined for the subsets of C., by first using induction to
define an associated sequence of sets:
No= N = {X CCu & X 40}
N =NF={X CC, : [UX]=C}
(43) N ={X CCx : (YF: X = Crype) Doy ({z € C: (2. F) £ A})}) < T(5)}

(44) N ={X CCu i (YF: X = Crgyp) Degony ({2 € C: {2, F) € N7)}) <T()}-

Then define v(X) to be the supremum of all j such that X € N; and v*°(X) to be the supremum of all
j such that X € ./\/’fo.

It must be noted that N; 2 Nj;1 and N* D N7¥, for each integer j and hence the supremum in
Definition 4.2 is taken over an initial segment of the integers. This will be used implicitly in what
follows.

Corollary 4.4. If X C Cy, then p(X) < v>(X).

Proof. Proceed by induction on j = p(&X). The case j = 0 is trivial but the case j = 1 is less so.
To see that p(X) = 1 implies that X covers C let z € C. Note that [J(C) holds by Condition 3.10
of Notation 3.1. Letting F' be the function on C with constant value z it follows from the definition
of p(X) = 1 that there is some z € X such that [J,(F~'z) holds. In particular, F~'z # () and so if
w € F~'z then z = F(w) € z.

Therefore it can be assumed that 2 < j+1 = p(&') and that the lemma holds for j. In order to show
that v>°(X) > j 4+ 1let F': X — Cy;) . By Lemma 4.2 it must be that

Oog-1 ({z € C : p({z, F)) < j}) <T().
From the induction hypothesis it follows that if v*>°((z, F')) < j then p({z, F')) < j. Hence
Oogi-1y ({z€ C = v*((z, F)) <j}) <T()
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and this establishes that v>*°(X) > j + 1. O

5. FINDING FINITE SETS WITH LARGE NORM

It will be shown that for any j there is a finite X such that v°°(X) > j. This will establish that the
¢(k) required in the definition of the partial order P in §6 actually do exist. Each of the next lemmas
is a step towards this goal.

Lemma 5.1. If X C C, then v>*°(X) < v(X).

Proof. This follows from the definitions by an argument using induction on j to show that if v>°(X’) >
j+ 1 then v(X) > j+ 1. O

Lemma 5.2. If {A,}>°, is an increasing sequence of finite subsets of Co, then

> (U An> = h_}rn v>®(Ay).
n=0

Proof. Proceed by induction on j to show that if v>°(A,) < j for each n then v*>° (|~ ,A,) < j. For
7 = 0 this trivial and if j = 1 this is simply a restatement of the compactness of C. Therefore assume
that j > 1, that the lemma is true for j, that v>°(A,) < j for each n yet v*>° (|J;—,A,) > j. Let
E, + Ay — Cyj) jp witness that v>°(A,) 2 j + 1. In other words, using Equality 4.4 of Definition 4.2,

Oog—1)(Sn) = I'(j) where S, = {z € C: v>((z, F,,)) < j}.

Claim 1. If {4, }5°, is a sequence of positive reals and and {A4,,}7°, is a sequence of elements of C{°
then there are two increasing sequences of integers {k,}>°, and {m,}>°, such that, letting

Dn = Amn N @[< kn]
the following hold:

(5.1) if i > n then D, = D; N Q[< k,]
(5.2) A <[0J[Am \Dn]> < O,

Moreover, the increasing sequence {k,}>° , can be chosen from any given infinite set K.

Proof. Let K be given and, using the fact that 0 < r < 1, let {k,}>2, C K be such that for each n

and then choose the sequence {m,,}2°, such that Conclusion 5.1 holds. Then Conclusion 5.2 follows
from the following inequalities

A (U[Ami \ Dn]) <A (U[Ami \ D;] U D1\ Di]> < Z M[Am, \ Di]) + M([Diz1 \ Dy])

i=n i=n =n

Si Z oIt 4 Z oIt Si Z o= ltiro=lt(1-r) Z o [tirg—ltl(1-r)

i=n teAmi\Di tEDi+1\Di i=n teAmi \Dz tEDi+1\Di
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< Z 2—ki(1—"') Z 2—|t‘7 + Z 2—|t|T < Z 2—ki(1—T) (1 + 1) < 4,.
i=n teA'mi\Di tEDi+1\Di i=n

0

Before continuing, let {a;}:2, enumerate J,_,.A, and, without loss of generality, assume that A, =
{ar}}_y- Using the claim and its final clause and a diagonalization argument, find two increasing
sequences of integers {k, }22, and {m, }°°, such that for each 7 and each n > i, letting F,,; = F,,,, (a;) N
Q[< k,], Conclusion 5.1 and Conclusion 5.2 of the claim hold for a summable sequence of §. To be
more precise, [,41; is an end extension of F, ; and

A (U [ij (a;) \ Fnﬂ}> < 9~in

for any n > i. Define F(a;) = |J,~, F; and note that F(a;) € (CIO“CEJ)/Q since F,; € Cr(j)/2 for each n
and the F,,; are increasing with respect to n.
Now let S = {2z € C:v>®((z, F)) < j}. Because

v (O An> >j+1
n=0

it follows that Og(;—1y(S) < I'(j) and, hence, it is possible to choose Y such that A\ (S\Y) < I'(j) and
AY) < ©(j —1). Choose M so large that letting

[e.9]

w=Ul U [Fnl@)\ B,

n=max(M,i)

it follows that A(W) < ©(j — 1) — A(Y).

Now define F*(a;) by
e
F(a;) = Furi 1f2 <M
E,i ife > M
and note that F"*(a;) C F(a;). Now let S}, = {z € C: v>®((z, F"* [ A,,)) < j} and note that S}, O S¥
and they are all compact. Indeed,

sw= U M [F()

BCAp,,v>®(B)<j \aeA,\B
and each [F*(a)] is compact.
Claim 2. If 2 ¢ W and i > M then (z, F* [ A,..) C (2, Fj,)-

Proof. Let ay ¢ (z, F,,,,) and assume that ¢ < m; since otherwise it is immediate that a, ¢ (z, F* | A,,,).
There are two cases to consider. First assume that ¢ < M. Then z € [F,,, (a;)] but since z ¢ W
and ¢ > M it follows that z ¢ [Fi,,(ar) \ Fuel. Hence z € [Fay = [F*(ar)]. In other words,

ag & (z, F* | Ay,,). If £ > M a similar argument works. O

It follows from the claim that if z ¢ W and ¢ > M then v>°((z, F* [ A,,))
Smi \

*((z, Frn,)). Hence, if
i > M and z € Sy, \ W then v>((z, F* | A,,,)) < j. In other words, .

<v
W C S* \ W. Therefore,
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Oo-1)-Ax@) (S, \ W) > Oeg—1)-rxw)(Sm; \ W) > T'(j). Since each of the S} \ W are compact it
follows that
Do (j—1)-xw) (ﬂ S \ W) > T'(j).
=M

Let S* =2, 57 Since A(Y) < O(j — 1) — A(W) it follows that X  (S*\ (W UY)) > T'(j).
Since N _(S\Y) < I'(y) it is possible to select z € S*\ (SUW UY). Then v>°((z, F* | A.,,)) < j for
each ¢ > M and so the induction hypothesis guarantees that

> (U(z,F* rAm)) <J.

=M
But -

UG P = U F* | = (2, F*)

i=M
and so v>((z, F'*)) < j. Since F'*(a) C F(a) for each a it is immediate that (z, F*) D (z, F') and so
v>°((z, F)) < j. This contradicts that z ¢ S. O

Corollary 5.1. For any 7 € N and p > 0 there is a finite set X C CL such that v(X) > j.

Proof. Combine Corollary 4.1 and Corollary 4.4 to conclude that v (CL) = 00. Then use Lemma 5.2
to find a finite X C C,, such that v>°(X) > j. Finally apply Lemma 5.1. O

6. THE FORCING PARTIAL ORDER

Using Corollary 5.1 let €(n) be a finite subset of C}_, such that v(€(n)) > n for each n € N. Recalling

the notation concerning trees in §2, let P consist of all trees T" such that:

(6.1) (Vt € T) (Vi < |t]) t(i) € €(7)
(6.2) (VEew)(VteT)(IseT)tCsand v(Sr(s)) >k

and let this be ordered under inclusion. The methods of [4] can be used to establish that P is an
w“-bounding proper partial order.

Lemma 6.1. Let V C W be models of set theory and suppose that G C PNV is generic over W. Then
WG] EAX(W N [0,1]) = 0.

Proof. If G C PNV is generic over W then let B; € [[~,€(n) be the generic branch determined by
G. Note that A([Bg(j)]) < 277 for each j and so A(U;Z,[Ba(4)]) < 0o. Also, for every T € P there is
some t € T such that V = v(Sp(t)) > 1. Since I/(ST( )) > 1 is equivalent to USr(t) = C, and this is
absolute, it follows from genericity that CNW C J7Z, [Ba(j)] for every m. O

Definition 6.1. Let P* be the countable support product of k copies of IP.

Corollary 6.1. If k > Ny and G C P* is a filter generic over V' then in V[G] every set of reals of size
less than k has Lebesque measure 0.

In light of Corollary 6.1 the goal now is to establish that if P* is the countable support product of
copies of P and G C P* is a filter generic over V' then X, (CNV) =1 in V[G].

Lemma 6.2. Suppose that p € P* and
plkps “C € C§°7

and 6 < 1. Then there are A C C and B C C such that X (A) + AM(B) < 1 and ¢ < p such that
q e “z2 € [C]” for each z € C\ (AU B).
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Proof. Let 1 > 6; > ¢ and choose a monotonically increasing function d; : N — R such that d; +

lim,, o0 d2(n) < 1. For later use, define k(i) = [[,_y[€(j)|. The proof is based on a standard fusion

argument. Induction will be used to construct p;, S;, €, a;, b; and L; satisfying the following conditions:
(1) pi € P* and py < p

) Pit+1 < Di

) S; ik — Nis 0 at all but finitely many ordinals — these will be denoted by D(.S;)

) Si(0) = Sit1(o) for all but one 0 €

) Siti(o) < Si(o)+1foralloer

) LieNand L; < Ly

) pit1(0)[Li] = pi(o)[Li] for each o € D(S;)

) if Si(¢) > 0 there is a maximal antichain C;, C p;(0)[< L;| such that v(S,,s,)(s)) > Si(o) for

each s € C; ,

(9) for each 7 € ]

(2
(3
(4
(5
(6
(7
(8

seD(S pz( )[L;] there is some finite C; ; and k;, € N such that

pi(7) IFps “CV’W =CNQ[< ki,] and C'\ CV'W e CX”

where p;(7) is defined by p;(7)(«) = pi(@){T())
(10) a; € C,, for some «; < §; and a; C a;41
(12) for each z € C\ [a; U b;] there is T, . ; € P for each o € D(S;) such that

(a) Ty € pio)[< L]

(b) if s € T,, . ;[< L;] N Cj, then v(Sy, _.(s)) > S;(0)

(c) z ¢ [Cir] for any 7 € [[,cp(s )To,z,z[Li]

(d) TU,ZJ'[LZ] = To,Z,z—irl[L ]
(13) 26ik<Li)22 < 51 —
(14) lim,,_, S, (o) = oo for each element o of the domain of some p;

Assuming this can be done, let A = J;2,[a;] and B = [J;2,[b;] and define

= Upi(cr)[L

for each o € k which is in the domain of some p;. It follows from Conditions 8 and 7 that ¢ € P*. Then
if z€ C\ [AU B] let
= U Tcr,z,j
§=0

and note that it follows from Condition 12b that ¢. € P*. From Conditions 9 and 12c it follows that
q. lFpe “z2 ¢ C7.

To see that the induction can be carried out, let 7 be given and suppose that p;, S;, €, a;, b; and L;
satisfying the induction hypothesis have been chosen. Choose ¢ according to some scheme which will

satisfy Condition 14 and define
S;(o ifo+#a
So(0) = { (0) #

SZ(O')—{—l ifaz&.

Let pg < p; be such that py = p; if S;(d) > 0 and, otherwise, py(c) = p;(o) for o # & and |po(7)[L;]| = 1.
Let m > S;11(d) be such that

L(m)

(6.3) > k(L)
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da(i + 1) — da(2)
6.5 Om—1) <
(65 m—1) < 2
and for each t € po(c)[L;] there is some t* € py(d) such that ¢ C ¢* and such that
(6.6) (S (1) = m+ 1.

Let L;11 > L; be so large that |t*| < L;y1 for each ¢t € pg(7)[L;]. Then let p; < po be such that
 Civ15={t" : t €py(d)[L;]} is a maximal antichain in p;(7)
o ift € py(d) and L; < [t| < L;4 then either
— |Sp@(H)] = 1or
— Spi(0) (1) = Spo(a) (1)
e pi(0) = po(o) for o # a.
Let Ciy1o = Cip if 0 # &. Let py < py be such that ps(o) = pi(o) for ¢ ¢ D(S;) \ {7} and if
o€ D(S;)\{c} and t € pa(0) and L; < |t| < Ly then |Sp,)(t)] = 1. Let €41 > 0 be so small that
2€i+1k3(Li+1)2(i+1) <01 — a; — Ezk‘(Ll)

Choose p;+1 < py such that p;y1(0)[Lis1] = p2(0)[Lisq] for each o € D(S;41) — this implies that
Condition 7 holds — and for each 7 € [ . D(Sie1) Di+1(0)[Lit1] there is some Citq , and k;yq , such that
Di+1 <T> H‘pn “Cv’lurl’-r =Cn Q[kﬂ,lﬂ—] and C \ C’i+1 T CSOH”.

For each t € p;(0)[L;] and v € Sp,5)(t*) and 7 € [],c psn (o) Pi(0)[Li] let p(t, z, 7) be the unique element
of [T,ep(s,,,) Pi+1(0)[Li+1] such that p(t,z,7) 2 7(0) for each o € D(S;) \ {7} and p(t,z,7) 2 t* and
p(t,z,7)(|t"|) = =. Let p*(¢,z,7) be the unique element of [, 5, pi(co)[Ls] such that p*(¢t,z,7) = 7 if
Si() =0 and p*(t,z,7) 2 7 and p*(t,z,7)(0) =t if S;(a) >

Note that Cit1 pta,r) \ Cipte,r) € Ce, by Condition 9. Deﬁne Fy:Sp6)(t*) = Copqryyi by

F’t(x) = U CiJrl,p(t,x,T) \ Ci,p* (t,x,T)
T€llsen(s,)\(ay Pi(o)[Li]

UED

and observe that Fy(x) € Cp(y/2 by 6.3 since

I pi(o)Li] < k(L)PEI < k(L)
oceD(S;)
By 6.6 it follows that
Oom-n({z € C:v((z,F;)) <m}) <T'(m)
for each t € p;(7)[L;]. Let bl,, be such that A(b!,,) < ©(m — 1) and such that there is a!,; € Cp(n)
such that

(6.7) 0] 2 {2 € C ul((z BY) < m}\ [
It follows from 6.5 and Induction Hypothesis 11 that if b;;1 is defined to be b; U U,c,, o)L b, then
Condition 11 is satisfied by b;1. Similarly, if a;; is defined to be a; U Utepi(&)[w a§+1 then a;1, € Cy,,,,
where a;11 = a; + I'(m)k(L;) < 61 by 6.4 and Induction Hypothesis 10.

In order to verify that Condition 12 holds let z € C\ [a;41 U biyq]. Let T 501 = T, if 0 # 7 and
let T, 511 be the set of all s € p;+1(7)[< L;41] such that if ¢* C s then s(|t*]) € (z, F;). In order to
show that Condition 12b holds it suffices to show that

V(1,0 () 2 1> S ()

,2,i+1
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for any t € p;(¢)[L;]. For any given ¢ this follows from the fact that z ¢ [af,, Ubl ] and 6.7.
In order to show that Condition 12c holds let T € [ cps,,,) Lo,zi[Lit1]. Let 7 =17 [ (D(S;) \ {7}).
Let ¢ € p;(7)[L;] be such that t C 7(d) and note that the definition of T} ,; guarantees that 7(a)(|t*]) €

(2, F). In other words, z ¢ [Fi(T(a)(|t"]))] 2 [Cit1,p0r)(t* \C’lp “(tr(3)(jt)),7)].  Moreover, since
p*(t, 7(@)([t*]),7) € l,ep(s, Pi(o)[Li] it follows that = ¢ [C @)1+, ] by the Induction Hypothe—
sis 12c. Hence 2z ¢ [Cit1.1)- O

Corollary 6.2. If G C P is generic over V then V|G| = A (VNC) = 1.

Proof. Suppose not and that
plrp “C € C° and VNC C [C]”

and § < 1. Using Lemma 6.2 find A C C and B C C such that A\ (A) + A(B) < 1 and ¢ < p such
that ¢ Ifpx “2z € [C]” for each z € C\ (AU B). Choose any z € C\ (AU B) and ¢’ < ¢ such that

¢ IFex “2 ¢ [C]. 0

7. REMARKS AND OPEN QUESTIONS

One might expect that the methods developed here could be used to prove that for any two reals s
and t such that 0 < ¢ < s < 1 it is consistent that sets of size N; are null with respect to s-dimensional
Hausdorff measure but that this is not so for ¢-dimensional Hausdorff measure. While this is true
of most of the argument there are some slippery spots. For example. the use of Yz in the proof of
Lemma 3.4 assumes the o-finiteness of Lebesgue measure. Lemma 3.2 might also pose some challenges
to generalization. Let ng denote the least cardinal of a set which is not null with respect to s-dimensional
Hausdorff measure Hence the following question remains open:

Question 7.1. Is it consistent that 0 <t < s <1 and n, < n,?
Question 7.2. Is it consistent that 0 < u < v <w <1 and n, < n, <n,”?
Question 7.3. How big can the cardinality of {n }sc(,1) be?

However, the main open problem in this area still remains Question 1.1. It would be interesting to
know what the answer to this question is in the model described in §6.
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