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Anotated Content

80  Introduction, (labels z -), pg.4
§(0A) Background and results, pg.4

[We investigate ZF +DC+ Ax, asserting it is quite strong, not like the chaos
usually related to universes without choices. We consider using weaker
versions and relatives of Axy but not in the Anotated Content.]

§(0B)  Preliminaries, pg.6

[We define Axy, Axy 5, prove that a suitable closure operation ¢/ exists, and
define “O-uniformly definable”. We also define “y-eub”, tcf and A <, B.]

§1  The pcf theorem again, (labels ¢-), pg.13

[The version of the pcf theorem proved here is quite strong. Assume § =
(0s : s € Y),cf(ds) large enough compared to Y; we do not demand “d
regular cardinals”. We prove first the existence of scales for X;-complete
filters; note that we have said “for any Y” in spite of our having Axy (or
less) only. Then we prove that we have ((D., A./D., f.) : ¢ < €,) as usual
(so D not necessarily Ri-complete) but

(a) Lg(f.) is not necessarily a regular cardinal,

(b) the cofinality of £g(f.) is not necessarily increasing

(¢) as generators, for the time being we have only A./D. not A..

However, here there is a gain compared to the ZFC version because of a
new phenomena: the results apply also when many (even all) d5 have small
cofinality but ¢ does not; expressed by cf —id¢(8). Of course, an additional
gain is that the objects above are definable (from a well ordering of some

)]

§2  More on the pcf theorem, pg.23
8(2A) When Cofinalities are smaller, pg.23

[A drawback of §1 is that we need cf —id<g(0) where 6 > hrtg(Z(2(Y))).
We weaken the assumption to Ax4 .5, With possibly £ > ¥y, If Y is
countable we can weaken the large cofinality demand to > N;. Moreover,
there is a pcf analysis of (TI6, <ct—id_,(s)) I there is a well orderable 7 C
116 which is <id—cf o (ni5)-cofinal, and we can choose generators A. under
reasonable conditions.]

§(2B)  Elaborations, pg.31

[We revisit some points. We give a sharper version of the result of [Shee]
that “) can be divided to few (really X, = W(Filﬁl (Y)) well ordered subsets
(in Theorem 2.19). We also reconsider the eub-existence (in 2.18), existence
of (ey : ) and existence of v with a minimal cf(u) such that w includes
a club of d5 for s € Y (in 2.17). We finish getting essential equality in
hrtg(“u), wilog (®u) and so called o-Depth? (“u) in 2.21. See 2.18, 2.19,

2.22.]

§(2C)  True successor cardinal, pg.37
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[See 2.26. We say that X is true successor cardinal when A = puT and
there is f = (fo : @ € [, \), fo a one-to-one function from p onto a.. We
investigate this notion in particular proving many successor cardinals are
true successor cardinals.]

§(2D)  Covering numbers, pg.39

[We prove that covering number exists. Note that we can present the re-
sults: if L[X] contain [\.]%° then “enough below \,”, L[X] is closed enough
to V by covering lemmas, singulars being true successor, etc.]

§3  Black boxes, pg. 42

[Normally theorems using diagonalization used choice quite heavily. We
show that at least for one way (one kind of black boxes), Axy suffice.]

8(3A) Existence proof, pg.42

[We show that using ZF + Axy4, we can prove a Black Box which has been
used not a few times, e.g. in the book of Eklof-Mekler [EM02] and in
the book of Gobel-Trlifaj [GT12]. We then as an example prove one such
theorem: the existence of an N;-free Abelian group with trivial dual.]

§(3B)  Black boxes with no choice, pg.49

[Here we go in another direction: we try to build examples on sets which
are are not well ordered, working in ZF only.]
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§ 0. INTRODUCTION

§ 0(A). Background and Results.

Everyone knows that the issue of weakening AC, the axiom of choice issue, is
dead, settled, as naturally the axiom of choice is true, and its weakenings lead
to bizarre universes on which there is not much to be proved, or assuming AC is
irrelevant (as in inner models).

The works on determinacy are not a real exception: it e.g. replace Borel sets
and projective sets by sets in L[R], so have much to say on this inner model, for
which the only choice missing is a well ordering of Z(N). In [Shee] we suggest to
consider several related axioms, the strongest of them being Axy4, assuming ZF +
DC of course. It is in a sense an anti-thesis to considering L[R]: it says we can
well order (not all the subsets just) the countable subsets of any ordinal. This was
continued in [Shell], [Shel4] and in Larson-Shelah [LS09]. We may wonder how to
get natural models of ZF + DC + Ax4. Such a natural model is gotten starting
with V | G.C.H. and forcing by the choiceless version of Easton forcing except for
No.

While [She97a] claims to prove that “the theory of pcf with weak choice is
non-empty”, [Shee] seems to us the true beginning of such set theory, proving (in
ZFC 4 DC + Axy or so): there is a class of successor regular cardinals, and for
any set Y, Y\ can, in a suitable sense, be decomposed to “few” well order sets (see
[Shee, 0.3] and more here in 2.19).

Much attention there was given to trying to get the results from weaker relatives
of Ax4. A major aim of this work is to try to justify:

Thesis 0.1. ZF + DC + Axy is a reasonable set theory, for which much of combi-
natorial set theory can be generalized, but many times in a challenging way and
even discover new phenomena.

In particular we consider diagonalization arguments, including in ZF alone. Re-
turning to the original issue, i.e. the position that “set theory with weak choice is
dead”, which we had wholeheartedly supported, the paper’s position here is that:

(a) AC is obviously true
(b) general set theory in ZF 4+ DC + Axy is a worthwhile endeavor

(¢) an important reason for not adopting ZF + DC was the lack of something
like (b), hence intellectual honesty urges you to investigate this direction

(d) this is just a way to look at strengthening existence results to existence by
nicely definable sets.

Let us try to explain the results.

We assume ZF + DC. Consider a sequence § = (5, : s € Y) of limit ordinals,
when can we get a cofinal <;-increasing sequence in (115, <;) for I on ideal on Y?
When can we get a parallel to the pcf-theorem?

In [Shel2, §5],[Shel4] we use AC 5y (and DC) to deal with true pseudo cofi-
nality, but here instead we continue [Shee] assuming Ax4. In [Shee, 1.8=L6.1] we
generalize the pcf-theorem (i.e. existence of (bag, fae : 0 € pcf(a))) for countable
index set Y. What about large Y, with each J; having cofinality large compared
to Y7 Here first we deal with D an Nj-complete filter in 1.5; this continues the
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ideas of [Shee, 1.2=Lr.2]. We then can® choose (A.,J., f : ¢ < &(x)), J. the V-
complete ideal on Y generated by {A; : ( < ¢}, f cofinal in (II(6]A.), <z.) and
<y.-increasing. Can we waive “Nj-complete”? For this in 1.7 we combine the
above with a generalization of [Shee, 1.6=1p.4], i.e. above I is the ideal on Y
generated by {A¢ : ¢ < e}. If I, is not Nj-complete we deal essentially with all
quotients of I. which are ideals on countable sets.

But in Theorem 1.7, what about II6 when s € Y = cf(§) small? With choice,
recalling [KS00] we cannot generalize the pcf theorem?, but here, even if each d, has
countable cofinality this is not necessarily the case. This motivates the definition of
the ideal cf —id-¢(8) noting that in general it may well be that s € Y = cf(5,) = g
but cf(I16) is large.

In our context, the set A does not in general have a cardinality, i.e. its power is
not a cardinal, i.e. an X, equivalently the set is not well orderable. But surprisingly,
by Theorem 2.34 in §(2D), relevant covering numbers exist, i.e. cov(A,03(k), K, o) is
a well defined ® when the cardinality of the sets by which we cover (< 03(k)) is large
enough compared to the ones we cover (< ). This is an additional witness for the
covering number’s naturality. This follows by moreover proving when xk = o = Ny,
there is a cofinal subset which is well orderable. In particular here it gives us a way
to circumvent the non-existence of well orders of “\.

In §(2A), §(2B) we deal with relatives of §1: pcf system, eub and more. Also in
2.19 we give an improvement of the result of [Shee, §1].

Another issue is the “successor of a singular cardinal is regular” in §(2C). Recall
that the consistency strength of two successive singular cardinal is large, but not for
“a successor cardinal is singular”. So a posteriori (i.e. after [Shee, §1]) it is natural
to hope that if u is singular large enough then p¥ is regular. In [Shee, 2.13=Ls.2]
we show that for many p the answer is yes; here we get a stronger conclusion: put
is a true successor cardinal; in fact o < pu = |a|®0 < yu suffice; see 2.28(2).

Many proofs rely on diagonalizing so seemingly inherently use strong choice.
Still we succeed to save some, see §3. As a test problem, we deal with constructing
Abelian groups and with Black Boxes. We also note that [She00] applies even in
ZF + ACy, in 0.19.

A natural question is:

() assume cf () = Ry, (Ya < ) (Jal™ < )
(a) if 4 < X < p®0 and ) is singular, is AT a true successor? or at least
(b) if u < X\ < pp(u) and A is singular is AT is regular?

We may try to use a closure operation ¢f which is only N;-well founded, hence have
to use DCy; .

How can we try to prove? We may try to prove that if g > 280 is singular then
A = pt is regular improving [Shee, 2.13=Ls.2], where there are further restrictions
on p. A natural approach is letting xy < © be minimal such that x®° >y, so y > 20,
so as there we can find Cy = (Co : a € 52,),Cy C a = sup(C,) and |Cy| < x.
But what about ng? Assume A = pp(x) so we can find (A, : n < w), each A, is
< x,J ideal on w, tcf(II\,, <7) = X and f = (f, : @ < \) is <-increasing cofinal
in (TI\,,, <s). Without loss of generality cf(a) > 2% = f, a <j-eub of fla.

Lwe temporarily cheat a little, only A./I. is defined.
2Still by [She97b], in ZFC, we can deal with (IIX, <;) if As > 6 and a relative of “2(I)/I
satisfies the #-c.c.” hold.
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Another approach is to build an AD family </ C [A\]N¢ which induces a “good”
function cly : P(N) = P(A): where cly(u) = U{A € & : ANw infinite}, maybe
let o7 be induced by f.

Naturally we may ask (and deal with some, as mentioned).

Question 0.2. 1) Can we bound hrtg(Z?(u)) for p singular? (recall Gitik-Koepke
[GK, pg.2]).
2) Can we deduce wlor(¥ ;1) = hrtg(¥ 1) when p is singular large enough? Maybe
see [Sta, Ld21].
3) In §1 we may replace 6 by several 6y, defined by the proof (i.e. 6y is minimal
satisfying some demands involving 6y, . .., 8,_1 and the pcf problem); but seemingly
this does not make a serious gain, maybe see on this in [STa, 5.2=Le4].
4) Can we generalize RGCH (see [She00], [She06, §1]), see 0.19, 2.35. Maybe see
more in [STh].

We thank the referee for checking the paper very carefully discovering many
things which should be mended much above the call of duty.

§ 0(B). Preliminaries.

Hypothesis 0.3. 1) We work in ZF + DC.

2) Usually we assume Axy g, see Definition 0.4(5) relying on 0.5(3), 0.4(4), so a
reader may assume it throughout; or even assume Axy, see 0.5(2),(1). Many times
we use weaker relatives so we try to mention the case of Axy x99 actually used. So
the case # = 0 = R; means Axy ) holds and note Axy is stronger than Axy ;.

3) So no such assumption means ZF + DC but still 9 is a fixed cardinal > 8.

Definition 0.4. 1) hrtg(A) = Min{a: there is no function from A onto a}.
2) wlor(A) = Min{a: there is no one-to-one function from a into A or « = 0AA = 0}
so wlor(A) < hrtg(A).

Definition 0.5. 1) Ax} means [A]Y° can be well ordered so A¥ is a well defined
cardinal.

2) Ax, means Ax} for every cardinality .

3) Axy 0,0 means that (A > 9 > 60 > Ry and): there is a witness . which means:

) & C (N0, 9)

(a
(b) for every u; € [N]<? there is uy € .# such that u; C us
(¢) 7 is well-orderable

)

(d) for notational simplicity: . of minimal cardinality.

3A) But we may use an ordinal 3 instead of A above. So trivially Ax} = Axy ax,.x,
because we can choose . = [\]<%o.

3B) If Axy 0,9 then we let cov(A,d,6,2) be the minimal || for . as in 0.5(3);
necessarily it is < wlor([A\]<?) which is < hrtg([A\]<?); so if =Ax4 .0, then it is not
well defined.

3C) We say (L, <) witness Axy x 90 when .7 is as in part (3) and <, is a well
ordering of .%.

3D) We say (%, <.) witness Ax} when .7, = [\]=% and <, is a well ordering of
[)\]SNO'
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4) Let Axy » 9 mean Axy o, ; note that even if 0 = Ry, Axy » 5 is not Axil\.

5) Let Axy 9 mean Axy » g for every A, so Axy g is not the same as Axg.

6) We may write < 0 instead of %, and writing an ordinal « instead of 9 means
otp(u1) < « in clause (b) of part (3); similarly for the other parameters.

We try to make the paper reasonably self-contained. Still we assume knowledge of
[Shee, §(0B)], the preliminaries, in particular, recall:

Claim 0.6. 1) For every X\, 0 satisfying Axyq x o there is a function cf, moreover
one which is (we may use « instead of \) definable from (s, <i) where (L, <)
witness Axy x 9, see 0.5(8),(5B), even uniformly such that:

(a) cl: P(\) — P(N)

() uC cl(u) C A, (but we do not require cl(cl(u)) = cl(u))

(€) let(w)] < hrtg([u]* x 9)

(¢) if Axyq and (Fs, <) witness it then |cl(u)| < [ul®0 for u C A

(d) there is no sequence (u, : n < w) such that unt1 C up € cl(ungr).

2) We can above replace Axy y p by: there is a well orderable /. C [\]<9 such that
there is no u € [A|X° satisfying v € . = Vg > |vNul.

Proof. 1) Recall .7, C [A\]<? and u; € [N]% = (Jug € 7) (w1 C ug) and <, is a
well ordering of .7, and let (w} : i < otp(.-F%, <.)) list .7 in <,-increasing order; if
Axy we can use 7, = (AN, For v € [N]SR let i(v) = i(v, S, <) = min{i : v\w}
is finite}.

For u C A let cf(u) = U{w}: for some v € [u]° we have i = i(v)} UuU{0}.

So clearly clauses (a),(b) of the conclusion hold.

For clause (c) define F : [u]* x & — X by F(v,a) = the a-th member of Wi,
when otp(wj,,) > a, and 0 otherwise; clearly F' is a function from [u]® x 9 to A
and its range is included in cf(u) and includes cf(u)\u; we like F' to be onto cf(u),
but clearly u\Rang(F) is finite, hence this last part can be corrected easily hence
cl(u) has cardinality < hrtg([u]¥ x 9) so we are done with clause (c).

Lastly, to prove clause (d), toward contradiction assume % = (u, : n < w) and
Unt1 C Uy € cl(unt1) for every n; by DC or just ACy, choose & = (ay, : n < w)
such that a, € up\cl(upt1). Now let v = {a,, : 1 < w} and i = i(v), so for
every n, v\ (v Nuy,) is finite hence i(v) = i(v Nuy) and let n be such that v\w} C
{ag,...,an-1}, 80 a, € wF C cl(up41), contradicting the choice of a,.

2) Similarly but first for any infinite v C A let i(v) = i(v, %, <.) := min{i : v N w}
is infinite}. Second, F(v, @) is:

e the a-th member of wy,) if a < otp(w;“(v))
e 0 otherwise.
Third, note:
e if u C A then u\{F(v,a) : v € [ul* and a < 9} is finite.

[Why? If not, let the difference be v* and let v = {& € v* : v* N« is finite} so v
is a subset of the difference of cardinality Ng, (infinite by our assumption), hence
{F(v,a) : @ < A} is not disjoint to v, contradiction.]
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Fourth, in the end, instead of “let n be such that v\w} C {ag,...,an_1}" we
choose n such that «,, € wf(v) N v; possible as wi*(v) Nov = wi*(v) N{a, :n <w}is
infinite and n < w = i(v) = i({ax : k > n}). Oo.s

Observation 0.7. 1) For any set Y, if u a cardinal and 0 := hrtg(Y) then
hrtg (Y x p) < (0 +p) "
2) In 0.6 we can replace clause (¢) by:

(e) |el(u)] < max{o+, hrtg([u]¥)}.

Proof. 1) Assume F is a function from Y x p onto an ordinal ~.

For < plet vg = {F(y,5) :y € Y}, so (vg: 5 < p) is a well defined sequence
of subsets of the ordinal v with union ~, and clearly 8 < p = |vg| < hrtg(Y) = 6.
Really we can use v = vg\ U {v, : @ < B}, in this case clearly (vj; : 3 < p)is a
partition of 7. Hence easily |[y| =| U vs| =] U vj| <0+ p, so the desired result

B<p B<p
follows.

2) Let @ = hrtg([u]™), if § < O then applying part (1), hrtg([u]*° x9) < (+09)T =
0% so we are done. If @ > 9, then hrtg([u™ x 9) < hrtg([u]¥ x [u]*°) and if
lu| > Ng we have |[u]™ x [u]¥| = |u|M hence we are done.

Lastly, if =(Ju| > Ng) then (as v C ) necessarily w is finite and so cf(u) = uU{0}
hence |cf(u)| < 9, so having covered all cases we are done. Uo7

Convention 0.8. 1) Let “there is y satisfying 9 (y, a), O-uniformly definable (or
uniformly O-definable) for a € A” means that there is a formula ¢(z,y,z) such
that:

o for every pu large enough if @ € A and Axy , o holds and <, well orders
some .7, C [u]<? as in 0.5(3) then (3'y)[p(y, a, <«) AY(y,a)].

1A) Note that it follows that there is a definable function A — 4 € card such that
above, u > p 4 suffice.

2) Similarly with (0, #)-uniformly definable when we use Ax4 , 9.¢; and (g, 9, 6)-
uniformly definable when we fix p.
3) If the parameter (9) or (0,6) or (i, 0,6) is clear from the context we may omit
it. We may not always remember to state this.
4) ¢ denotes an ordinal, limit one if not said otherwise.

Definition 0.9. Let D be a filter on a set Y.

1) For § € YOrd let A\ = tcf(II6, <p) means that (II5, <p) has true cofinality A,

i.e. \is a regular cardinal and there is a witness that is a <p-increasing sequence

(fa : @ < A) of members of TI§ which is cofinal in (II§,<p); but sometimes we

allow A to be an ordinal so not unique. (Why helpful? See part (2)).

2) We say that A \; = tcf(II6;, <p) when &; € YOrd for i € I and there is
iel

a sequence ((fL : a < X)) : i € I) such that (fi : o < X;) is as above for

A\; = tcf(Il6;, <p), but A\; may be any ordinal hence is not unique; so A \; =

iel

tcf(Il2, <p) and i € I = \; = tcf(I16;, <p) has a different meaning.

3) Assume f = (f,:a <) and @ < § = f, € YOrd and D is a filter on Y. We

say f € YOrd is a <p —eub of f when:

(a) a<d= fo <f mod D
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(b) if g € YOrd and (Vs € Y)(g(s) < f(s) V g(s) = 0) then (o < 0)(g < fa
mod D).

Definition 0.10. 1) Let Y be the set and let k be an infinite cardinal.

(a) FilL(Y) is the set of k-complete filters on Y, (so Y is defined from D as
U{X : X € D})

(b) Fil2(Y) = {(D1,D5) : D, C Dy are k-complete filters on Y, (0 ¢ Dy, of
course) }; in this context Z € D means Z € Do

(¢) Fil(Y,u) = {(D1, Do, h) : (D1,D5) € Fil2(Y) and h : Y — « for some
a < p}, if we omit 1 we mean p = hrtg([Y]SN x 9) Uw, recalling 0.3

(d) FilX(Y,p) = {(D1, D2, h,Z) : (D1, Dy, h) € Fil2(Y, 1) and Z € Dy}; omit-
ting © means as above.

2) Fory € Fill (Y, p) let Y = YV = Y,y = (DY, D), h0, 29) = (Dy 1, Dy 2, hy, Zy) =
(D1[v], D2[v], h[v], Z[y]); similarly for the others and let D" = D[y] be D} + Z
recalling D + Z is the filter generated by D U {Z}.

3)If k = N; we may omit it.

4) For D a filter on Y and f € ¥ Ord we define tkp(f) € Ord U {oo} by rkp(f) =
sup{rkp(g) +1:g € YOrd and g < f mod D}, (the Galvin-Hajnal rank).

We now repeat to a large extent [Shee], [Shel2]

Definition/Claim 0.11. Assume ¢ is a limit ordinal (or zero for some parts),
D=D, € Filil(Y), f = {fa:a<d)is asequence of members® of ¥ Ord, usually
<p,-increasing in ¥ Ord, f is a <p-upper bound of f but there is no such g <p f;
necessarily there is such f (using DC).

1) [Definition] Let J = J[f, f, D] := {A C Y either A =) mod D or A € D* but
there is a <pa-upper bound g <p, 4 f of f}.

2) J[f, f, D] is an R;-complete ideal on Y disjoint to D.

3) [Definition] Recalling Dy = D, let Dy = Dy(f, f, D1) = dual(J[f, f, Di]) :=
{ACY :Y\A € J[f, f, Di]}; note that, e.g. as Dy is Nj-complete then Dy is an
N;-complete filter on Y extending D;.

4) In (3), f is a unique modulo Dy, i.e. if also g € Y Ord, is a <p,-upper bound of f
and J[g, f, D1] = J|[f, f, D1] then g = f mod Ds, equivalently mod J[f, f, D1].
5) If (f is <p,-increasing, and) cf(§) > hrtg(2(Y)) then f from above is a <p,-eub
of f, see Definition 0.9(3).

Definition 0.12. Assume f € YOrd, Dy D Dy are Ny-complete filters on Y, ¢l is
as in 0.6 for a(*) and Rang(f) C a(x).

0) For some y € Filﬁl(Y),D‘f = Dy, D) = D, and the function f satisfies 1, see
below.

1) We say f:Y — Ord satisfies y € FiliO(Y) when :

(a) if Z € D) and Z C Z, then cl({f(t): t € Z}) = cl({f(t) : t € Zy}
() y € Zy = hy(y) = otp(f(y) N cl(Rang(f1Z,)))

(¢) ifteY and f(t) € cl{f(s):s € Zy} thent € Z,

(d) y e Y\Zy = f(y) =0.

3We can use any index set instead of § (in particular the empty one), except in part (5); this

applies also to Definition 0.9.
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2) “Semi satisfies” mean we omit clause (d).
3) Let “weakly satisfies” means we omit clauses (c),(d).

Definition 0.13. Let Y, f, f,D be as in 0.11 and Y, a(x), ¢/ as in 0.12.
1) We say f is the (,cf)-eub of f or canonical f-eub for y and ¢l or for (v, cf)
when :

f={fa:a<a.)
[

(f) f satisfies y (for cf).

Claim 0.14. Let Y, f, f,D as in 0.11, f,a(x),cl as in 0.12. B
1) The “the” is 0.13 is justified, that is, [ is unique given c¢f (so a(x), f,v).
2) There is one and only one v such that

(a) v € Fily ( )

(0) Dy = )

(¢) Dy2= dual( [f, f, D)
(d) f semi satisfies v).

8) For the vy from part (2), letting g = (f|Zy) U (Oy\z,) we have g is the canonical
f —eub fory (and ct), in particular it satisfies y.

Proof. Should be clear. Oo.14
Recall the related (not really used)

Definition/Claim 0.15. Assume D € Fy{ (V) and f:Y — Ord.
1) [Definition] J[f,D] = {ACY : A =0 mod D or A € D' and rkpya(f) >

rkp(f)}-
2) J is an Nj-complete filter disjoint to D.

3) If fl; f1 :Y — Ord and J[fl,D] = J[fg,D]

4) There is one and only y € Fily, (Y) such that f semi satisfies y, Dy 1 = D and
D, o = dual(J[f, D]).

5) In (4) there is a unique f’ which satisfies y and f'[Z, = f[Z,.

Notation 0.16. Let A <., B means that A = () or there is a function from B onto
A.

Observation 0.17. Assume 9 < |Y| and even 0 CY for transparency.
1) Fill, (V) <qu |2(2(3 x V).
2) Also “(Filg, (Y)) <qu 2(2(Y)).
3) If 0 = hrtg(P(2(Y)) then 0 satisfies:
o if a < 0 then hrtg(Z([o]¥ x 9)) < 0
e 50 if Axy then |a|f0 x 0 < 0.

4) Assume Axy. If a < hrtg(2(Y)) then |aff0 < hrtg(P(Y)); hence if d < |Y|
and o < hrtg(2(Y)) then |a| x 9 < hrtg(2(Y)).
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Remark 0.18. If'Y is a set of ordinals, infinite to avoid trivialities then Y x3| = |V,
justifying this see 2.13.

Proof. 1) Let Yo = Y, Y, = 2(Y,) for £ = 0,1 and let Y7 = [Vi|SR0 Yy =
P(Y7),Yy=3xY and Y/, = 2(Y/) for £ = 0,1

(x)1 |Yo] +1 = |Yo| and even |Yp| + 8 = |Yo].
[Why? As 0 < |Y] is an infinite cardinal.]

(2 [¥il =@ x [¥i] and @ x [¥| = V7| and ¥{] = [¥{ x 8] = @ x |¥{].
[Why? Both follow by (x)1.]

(#)3 [Ya| x [Ya| = [Ya| and [Yo| < [V1| < [V5] and [Y5] x [Y5] = [Y3[; moreover
(for part (2)) [*(Ya)| = [Ya| and [“(Y3)[ = [Y3]

[Why? Follows by (x)2.]
(¥)a {Dye:pe€ Fil;ﬁl(Y)} has power < |Ys| for £ =1, 2.

[Why? By the definition each D, is a subset of 2(Y) = Z(Yy) = Y1.]
()5 {Z, : 1 € Fil, (Y)} has power < |Y3].

[Why? As Z, CY =Y, so0 Z, € Y1.]
(¥)6 [Y]M0 x O has the same power as [Y]SNo,

[Why? Let Z be a set of ordinals disjoint to Y of order type 9; by (x); we have
Y| = [Y U Z]| hence [[Y]=™ = [[Y U Z]=%] > [[Y]=Y0 x [9]=%] > |[Y]=N x 9] >
[Y]=% ]

()7 [V x YT x Y]] < [2(3 x V)| < [Yal.

[Why? The mapping (y,u1,us2) — {(0,v),(1,21),(2,22) : 21 € u1,22 € uz} from
Y x [Y]R x [Y]® into £2(3 x Y') prove the first inequality, the second inequality
follows from |3 x Y| = |3 x Yy| < |Y{| = |Y1|/]

(x)g H:= {hn RS Filil(Y)} <qu Y]

[Why? Recalling ()¢ clearly |H| < |{h : h a function, Dom(h) = Y and Rang(h)
a bounded subset of hrtg([Y]=% x 9)}| < |{h : h a function from Y into some
a < hrtg([Y]SR0)} <qu [ X1] where

X1 :={(h,g): for some ordinal «, g is a partial function from [Y]<®¢ onto «,
so necessarily a < hrtg([Y]S®0) and h is a function from Y into a}.

Clearly |H| < |Xi]. Let t ¢ Y and for (h,g) € X1 let set(h,g) := {(y,u1,u2) :
y =t A{u,uz} C[Y]SR Ag(ur) < gluz) or y € Y and ug,up € [Y]SN0 satisfies
h(y) = g(u1) and g(uz) = g(u1)}. Easily (h, g) — set(h, g) is a one-to-one function
from X into X3 := #(X3) where X := (Y U {t}) x [Y]=R0 x [Y]=R0 and by (¥)7
we have |Xs| = |#(3 x Y)|. Hence |X;| < |X3]| = |ZP(X2)| < |P(Z(3 xY)).
Recalling |H| < |X1| we are done proving (*)s.]

Now [Fil§, (V)| < |Fily, (Y) x Fily, (Y) x % x Z(Y)]| by the definition of Filg,
and this is, by the inequalities above <, |Yg| x |Ya| x [Y3] x [Y{] <qu [Y3]* = |Y3].
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2),3),4) Should be clear. Uo.17

Note also we may wonder about the RGCH, see [She00], we note (not using any
version of Axy), that we can get such a result using only ACy,. From the results
of §1 we can deduce more. see 2.35.

Theorem 0.19. [ZF 4+ ACy,] Assume that p > Rg and x < p = hrtg(L(x)) < p.
Then for every A > p for some k < p we have:

(F) a0 € (K, 1) and D is a k-complete filter on 6 then there is no <p-increasing
sequence (fo 1 a < A1) of members of ?\.

Remark 0.20. In 0.19 we can replace “y < p = hrtg(L(x)) < p” by x < p =
wlor(Z(x)) < p; this holds by the proof.

Proof. Assume that this fails for a given A. We choose k,, < 6,, < p by induction
on n. Let kg = Ny, so kg = Ny < p as required. Assume k, < pu has been chosen,
note that it cannot be as required so there is 6 € [k,, ) such that it exemplifies
—(*) a5, and let 8, be the first such 6.

Given 8, let kpy1 = wlor(Z2(0,,)) 80 knt1 € (On, 1) C (K, ). SO (Kp 10 < w) is

well defined increasing and p, = > Ky, < p. Let X, = {(0,D, f) : 0 € [kn, knt1), D

n
is a kp,-complete filter on 0, f = (f, : @ < AT) is a <p-increasing sequence of
members of “A\}, so by the construction we have X,, # ) and (X,, : n < w) exist
being well defined. As we are assuming ACy, there is a sequence {(0,,, D, fn) :
n < w) from [ X,.
n

We can consider f = (f,, : n < w) (and also & = (k,, : n < w)) as a set of ordinals
(using a pairing function on the ordinals) hence V, = L[f,&] is a model of ZFC
and a transitive class. In V, we can define D/, as the minimal k,-complete filter
on 6, such that f, is <p -increasing. Clearly (2°)V~ < wlor(#V(6,,)) < p hence
V. | “u, is strong limit”. By [She00] or see [She06, §1,1.13=Lg.8] where A% is
defined we get a contradiction. Co.1g
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§ 1. THE PCF THEOREM AGAIN

We prove a version of the pcf theorem; weaker than [She94, Ch.LII] as we do not
assume just min{cf(ay) : y € Y} > hrtg(Y) but a stronger inequality. Still we gain
in a point which disappears under AC: dealing with a sequence of possibly singular
ordinals (and the ideal cf —id-¢(5), see below). In addition we gain in having the
scales being uniformly definable. Also the result is stronger than in [Shel4], as we
use functions rather than sets of functions; (i.e. true cofinality rather than pseudo
true cofinality; of course, the axioms of set theory used are different accordingly;

full choice in [She94], ZF + DC + ACg(y) in [Shel4] and ZF 4 DC + Axy here).
* * *

It seems natural in our context instead of looking at {cf(ds) : s € Y} we should
look at:

Definition 1.1. 1) For a sequence § = (s : s € Y') of limit ordinals and a cardinal
0 let cf-ideg(d) = {X C Y: there is a sequence 4 = (us : s € Y) such that
s € X = us Cds =sup(us) and s € X = otp(us) < 0}.

2) Let cf — fil.g(d) be the filter dual to the ideal cf —id¢(9).

3) We may replace § by a set of ordinals, i.e. instead of (a : a € u) we may write
u.

4)For 6 = (ds: s € Y) and 0 = (0 : s € Y) we define cf —id_g() similarly to part
(1); similarly in the other cases.

5) For 6 a sequence of infinite cardinals, let cf — fil_g(5) be the dual filter; similarly

in the other cases.

Observation 1.2. 1) In 1.1, cf —id<g(),cf —id_4(8) are ideals on'Y or equal to
2(Y).

1A) Moreover Ri-complete ideals.

2) Similarly for the filters.

Proof. Should be clear, e.g. use the definitions recalling we are assuming ACy,.
U2

Observation 1.3. Assume

a =cf — 5(0) is a well define ter (that is , 500 € rd is a
D f—fil_5(o Il defined fil h 0¢&D § € YOrd
sequence of limit ordinals, § = (0, : s € Y) € YCar, e.g. \0s=10

(b) U = (U, s €Y) satisfies Us C 0s,0tp(%s) < 05 for s €Y,
(c) g € 11§ is defined by
o g(s)issup{a+1:a € %} if this value is < d

e g(s) is zero otherwise.
Then

(a) g belongs to 118 indeed
(B) if f€ [] % C 16 then f < g mod D.

seY

Remark 1.4. Clause (b) of 1.3 holds, e.g. if  C Ord,otp(%) < min{fs : s €
Y}, U =% Nés.
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Proof. Clause («) is obvious by the choice of the function g; for clause (8) let

fe Il  and let X = {s €Y : f(s) > g(s)}. Necessarily s € X implies (by
s€Y
the assumption on f and the definition of X) that (3a)(a € % A g(s) < a) which

implies (by clause (c), the definition of g) that g(s) = 0 A sup(us) = ;. So by the
definition of cf — fil_g(8§) we have X € cf — fil_y(5) hence we are done. O3

Claim 1.5. Assume Axy g, see Definition 0.5(3); if (A) then (B) where:

(A) we are given Y, an arbitrary set, 0, a sequence of limit ordinals and j, an
infinite cardinal (or just a limit ordinal) such that:

(a) 6 ={(6s:s€Y) and p=sup{ds : s €Y}
(b) D, is an Wy-complete filter on'Y, it may be {Y'}
(¢) 0 is any cardinal satisfying:
() cf —id<g(d) C dual(D,),
(B) a<6=hrtg([a]® xd) <0 s00<0
(v) hrtg(2(Y)) <6
() hrtg(Filh, (V) < 0
(B) there are ., f, f, As /Dy O-uniformly defined from the triple (Y, 6, D..), see
0.8 such that (see more in the proof):
(a) au is a limit ordinal of cofinality > 0
(1) F=fo:0<a)
(¢) fo €118 and f € TI§
(d) f is <p,-increasing
(e) A, € Df
) F
)

Remark 1.6. 1) Note that we do not use AC 5y and even not ACy which would
simplify.

2) Note that 6 is not necessarily regular.

3) In (A)(c)(d), we can restrict ourselves to Ry-complete filters on Y extending D.,.
4) Originally we use several 6’s to get best results but not clear if worth it.
5) Why for a given Y there is 6 as in 1.5(A)(c)(8), (), (§)7 see 0.17(3).
6) In 1.5 we can replace the assumption Axy g by Axy hrtg(¥ ), 05 5€€ 0.5(4),(5).

7) Concernig (A)(c)(«) note that this holds when each d, is an ordinal < p of
cofinality > 6.
7A) In (A)(c)(8), if Ax4 then the demand is equivalent to “0 < # and a < 6 =
laR0 < 07 see 0.17(4).

Proof. We can define p by clause (A)(a) and without loss of generality 6 is minimal
such that (A)(c) holds and recall J is given so fixed.
Let

()1 (a) A =hrtg(*p)
(b) A, C[M\]<is asin 0.5(3)
(¢) <, be a well ordering of .7,
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(d) @ = (w}:i<otp(F,,<n,)) list A, in <,,-increasing order
()2 ¢l be as in 0.6 for A,
(¥)3 Q= {a <A : Xy <cf(a) <6}
(*)4 There is a sequence é (in fact, O-uniformly definable one) such that:
(a) e=(eq:a€Q)
(b) ea C a = sup(ea)
(¢) eq has order type < 6;

and we can add

(¢)1 eq has order type < 9 if cf(a) = Ny
(c)2 eq has cardinality < hrtg([cf(a)]R0 x 9).

[How?

o If cf(a) = Ny let i(a) = min{é : w} N« is unbounded in a} and e, =
Wi,y Na.

o If cf(a) > Ry let e, = cl(e) where e is any club of « of order type cf(«)
such that (Ve')[e’ C e a club of a = ¢l(e') = c¢f(e)].

[Why? Such e exists by the choice of ¢f in 0.6 and if €}, e/ are two such clubs then
e, Ne is a club of «a of orer type cf(a) and cl(e’) = cl(e’ Ne”) = cf(e”) by the
assumption on e’ and on e” respectively, so e, is well defined.]

Lastly, the cardinality is as required by the clause (A4)(e)(B) and 0.6(c); similarly
to [Shee, 2.11=Lr.9].

So ()4 holds indeed.]

Now we try to choose f, € II§ by induction on « such that 8 < a = f5 < fa
mod D,.

Case 1: a =0 B
Let f, be constantly zero, i.e. s €Y = f,(s) =0, clearly f, € II as each §; is
a limit ordinal.

Case 2: a=p+1 B B
Let fo(s) = fg(s)+1for s €Y, so fo € IId as fg € II6 and each d, is a limit
ordinal and v < o = fy < fo mod D, as fy < fg < fo mod D,.

Case 3: « is a limit ordinal of cofinality < 6.
So e, is well defined and we define f, : ¥ — Ord as follows: f,(s) is equal to
sup{fs(s) +1: B € ey} if this is < 05 and is zero otherwise.

(%)5 fa € II6.

[Why? Obvious.]

Let %u,s = {fa(s) +1: B € en}, so clearly (s : s € Y) is well defined and
sup(%a,s) is an ordinal, it is < ds as f € eq = fg € 5. Let X = {s €Y : fu(s) >0
equivalently 65 > sup(%Za.s)}

(x)s X € D,,ie. X =Y mod D,.
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[Why? For s € Y\X note that |%s| <qu lea| and [eq| < & by (x)a(c), hence
|Z. 5| < 6. By the choice of X and Definition 1.1 we have Y\X € cf —id<g(9)
hence the clause (A)(c)(a) of the assumption of the claim, X = Y mod D, as

promised.|
()7 if B < a then fz < fo mod D,.

[Why? Clearly e, has no last element so we can choose v € e,\(8 + 1) and let
X'={seY: fz(s) < fy(s)}. Necessarily X’ € D, hence X' N X € D, but clearly
se X'NX = fz(s) < f1(s) < fa(s) so (x)7 holds.]

We arrive to the main case.

Case 4: « a limit ordinal of cofinality > 6
Let

fe={fs:B<a)

D ={D: D is an N;-complete filter on Y extending D, }
D! ={D e D: f is not cofinal in (II5, <p)}

D2 = {D € D} : f* has a <p -upper bound f € II§}
D} ={D e D2 : f* has a <p -eub f € II5}.

For every D € D? let

. ﬁ?’p:{fel_[g:fisa <p-eub of (fg: B < a)}.

[e3

Note

®y if D; € D}, and f exemplifies this then for some Dy, Dy € Dy € D and
[ is a <p,-upper bound of f, i.e. f exemplifies Dy € D2; in fact Dy is
uniformly definable from f (and f<, D).

[Why? Let A = (A, : v < ) be defined by A, := {s € Y : f(s) < f,(s)}. So
(A,/D1 : v < o) is increasing (in the Boolean algebra &?(Y))/D;, of course), but
clearly [{A/Dy : AC Y} <qu |Z(Y)| and hrtg(Z(Y)) < 6 by clause (A)(c)(y) of
the assumption. Let % = {y < a: for no 8 < 7 do we have A, = Ag mod D}, so
clearly |%| < hrtg(Z(Y)) < 0 by (A)(c)(y) but by the present case assumption,
cf(a) > 0 so (Ay/Dy : v < ) is necessarily eventually constant. Let (%) = min{~:
if € (v,a) then Ag = A, mod D1 }; it is well defined (and < o). Now A, () ¢ D
as otherwise f < fu(x) < fa(x)+1 mod D contradicting the assumption on f. Let
Dy := D1 + (Y\Aq(x)). Clearly Ds is as required.]

®g if D € D2 and f exemplifies it then for some g we have:
(a) g €116
(b) 9<p f
(¢) g is a <p-upper bound of (f, : v < a)
(d) there is no h € II6 which is an <p-upper bound of (f, : v < a) such
that h <p g¢.
[Why? Use DC and D being R;-complete.]

©3 if D; € D? and g is as in ®y then for a unique pair (v, f) we have
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(a) v € Fily, (V)

(b) Dy1 =Dy

(¢) Dy = dual(Jlg, f%, D1]) from 0.11(1)

(d) Z, satisfies:
(a) Zy€ Dy
(B) Z € DyasNZC Zy= cl((Rang(glZy) = cl(Rang(glZ),
(v) ifteY and g(t) € cl(Rang(glZ,) then t € Z,

(e) hy:Zy — Ord (really into some o < hrtg(Z(Y)) is defined by g(s) =
the hy(s)-th member of c/(Rang(g[Z,)) if s € Z, and

(f) f:Y — Ord is defined by f[Z, = g[Z, and f(s) =0 for s € Y\ Z,,.

[Why? We apply 0.14(2) with g, (f, : v < a) here standing for f, f there to define
n and then let f = (g[Zy,0y\z,) as in 0.14(3).]
In particular, the “the” in ®3(c) is justified by:

O ifye Filil(Y) and f', " are (n,cf) —eub of f® then f' = f”, i.e. 0.14(3).
Also, (recalling dom(f’) = dom(f"”) = Z, by ©@3,6), see 0.11(4))

ef ifye Filil(Y) and f’, f" satisfy ®3(e) then f' = f"” mod D, .
Recalling 0.11(5), let

O P2 ={ne Filﬁl(Y) : D, C Dy and some f € ?PlOrd is a y-eub of f}
®s for each y € Y2, let f, = r%,n be the unique function f € I1(6]Z,) which is
the canonical y-eub of (f, : v < ).

Now let
©g for s € Y let %;, = {fy(s): 9 e D2}
Clearly
Or (a) (Uyis:s€Y)is well defined
(b) %5 < 0s

(c) ifseY then [%;,| <.

[Why? Clause (a) holds by ®g and clause (b) by ®5 + @¢. As for clause (c) by
O6, %, ¢ is the range of the function y — fy(s) for vy € 92,5 € Zy, so clearly
% | <qu |D2] <qu |Fily, (V)| hence |2 ,| < hrtg(Filg, (Y)) which is < 6 by
(A)(c)(d) of the claim.]

Og X :={seY :sup(%,,) <ds} =Y mod cf —id<s(0) hence X € D,.

[Why? By ®7(a), (b), (c) and Definition 1.3 we have X =Y mod cf —id<g(5) but
by (A)(c)(«), this implies X € D,.]

So define f, € Il by:
is sup(%, 5) ifseX

0 f“(s){ is 0 if s € V\X

Also clearly
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@10 fa c HS
and also
©®11 if p €92 and B < o then fz < fo mod Dy .

For B <alet Af ={s €Y : fz(s) < fals)} so Ax = (Af : B < a) is well defined
and (A§/D, : B < «) is decreasing (in the Boolean Algebra & (Y)/D,) and is
eventually constant as hrtg(2(Y)/D,) < hrtg(Z(Y)) < 6 by clause (A)(c)() of
the assumption so let y(a) = min{y < a: for every 8 € (v,a) we have A%/D, =
AS/D.}.

If A% € D, then f < a = A§ DA% o =A% mod D, = f < fa
mod Dy, so f, is as required. Otherwise, A‘j(a) ¢ D,, so A, = Y\A?;(a) € Df
so Dy = D, + A, € D. Now if D; € Dé then by ®; there is D5y such that
Dy C Dy € D2 hence there is g € TI§ as in @y for Dy hence there is y € Fil;ﬁ1 (Y) as
in ®3 hence f, € II(4) as in ©s, so Z, € Dy 5, and by the choice of %, ,(s € Y) and
fa we have fy < fo mod Dy hence f < a = fg < fo mod Dy 2 50 fy(a) < fa
mod Dy . But A, € D1 = D, ; € D, > and by the choice of As(a) and A, we have
JalAx < fy(a)[ A« contradicting the previous sentence.

So necessarily (A, € Df and) D; = D, + A, € D does not belong to D}, which
means f¢ is cofinal in (II§, <p, 1 4, ) hence letting the desired (a., f, f, A«/D.) in
(B) of 1.5 be (o, fa, f¥, Ax/D,) we are done. Ois

o

Theorem 1.7. The pcf Theorem: [Ax} g 5,0 = hrtg(¥ p) + DCJ
If (A) then (B)T where:

(A) wet are given Y, an arbitrary set, 0, a sequence of limit ordinals and p, an
infinite cardinal (or just a limit ordinal) and D, 6 such that
(@) 6=1{(0s:5€Y) and p =sup{d, :s €Y}
(b) D, is an Ni-complete filter® on'Y, it may be {Y'}
(¢) 0 is any cardinal satisfying:

() cf —id<(0) C dual(D.), note that this holds when each d5 is an
ordinal < p of cofinality > 6, see below

(B) a<6=hrtg([a]® x9) <0 s00 <0
(v) hrtg(2(Y)) <0
(6) hrtg(Fill, (v)) < 0
(B)T there are (%), D*, A*, E*,&*, g, in fact O-uniformly definable from (Y, 6, D,
such that:
(a) e(x) < hrtg(2(Y))
(b) D* = (D} : e <e()) and E* = (Ef : ¢ < &(%))

(¢) D* is a C-increasing continuous sequence (of filters on'Y , but see (f))

4Clause (A) here is as in 1.5(A) but D, is just a filter on Y, not necessarily R1-complete filter on
Y (i.e. we weaken clause (b)), noting that possibly D, = {Y'}, still we require cf —filc9(§) C D.

5This is reasonable as we normally use D, = dual(cf — id<g(8)) which is Ni-complete by
1.3(1A).
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(d) ife =(+1 then D} is a filter on'Y generated by D U{A} for some
ACY such that A € DZr

(e) D; = D.

(f) Dz is a filter on'Y for e <e(x) but D7) = P(Y),

() & =(ag:e<e(x)

(8) @* is an increasing continuous sequence of ordinals

(1) af =0,cf(az,,) > 0

(0) e(x) is a successor ordinal

o

(h) g ={(ga:a< a:(*)> is a sequence of members of 118, so of functions
from 'Y into the ordinals

(1) if B < a < aeq1 then gs < go mod D}

(§) A* = (A*/D? : e < e(x)) where A* CY, so only A*/D? is computed®
not A%, still (Y\AZL)/D? and Df + (Y\AZ) are well defined

(k) Df,y = D + Af and Ef = D} + (Y\A}) if € is a successor ordinal
and D. if otherwise

(1) {ga : « € [aZ,al,,)) is increasing and cofinal in (II6,<p.) so also

glaz q is.

Remark 1.8. 1) Note that unlike the ZFC case, the af,;’s (and even o} | —a}) are
ordinals rather than regular cardinals and we do not exclude here e < (Acf(al, ;) =
cf(ag, ;). Also we do not know that (cf(af) : € < (%)) is increasing or even non-
decreasing.

2) We may get (af,; — o : € < e(x)) non-decreasing but this is of unclear value.
[For this we proceed as below but when we arrive to € + 1 and there is ¢ < ¢ such
that aZ, | —af < O‘Z — O‘ZH’ choose the first one, we go back, retaining only g[az.
Now we try again to choose g/, for o > a¢ but demanding gtlxz-%ﬁ > Yoz +8:Gaz+p-

This process converges.]

3) However 2.11(5) below is a simpler way. Working harder we get (o}, —af : e <

g(*)) is (strictly) increasing (using increasing rectangles of functions).

4) Asin (x)4 of the proof of 1.5, without loss of generality a?,,—a? < hrtg([cf(az ,)]™) =
(fef(az,))™)*

[Why? As have first chosen (g, : @ € (o, aL,4]) and just as (g, : a € (af, o, ])

was chosen before we choose (g, : @ € (af, o, ]) by (eq as in (x)4 of the proof

even if a € A\, \Q)

o azyy = az +otp(ea, \(af +1))
o if B€eq, \(af +1)and y=otp(ea NB)\(af + 1)) then g, = gj
o if 3=al,, then g5 = gfx,ﬁl.

So we are done. ~

5) Concerning (8) of 1.7(B) ™ (e), recall that D, include cf — filc(d) by (A4)(c)(a).
6) Concerning 1.7(B)*(f), if D* y = Z(Y) then it is not really a filter.

e(x

7) Concerning 1.7 (B)* (i), note that using this clause in Definition 2.1(2) we mean
only <!, that is we may have

6But see 2.16.
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(B)* (i) if B < a < aeqq then g < go mod D.

Proof. Let .Zy,, <, (wf :i < otp(F,,<x.)) as well as € be as in the proof of 1.5.

We try to choose (af,gl(a + 1),D%),D* = <D’£ : £ < ¢) by induction on
e < hrtg(2(Y)) such that the relevant parts of (B)" holds, but if ) € D then
go: is not well defined, so g° = glal = (go : @ < af) and (A7/Df : ¢ < ¢)
are determined. Clearly the induction has to stop before hrtg(Z?(Y)), otherwise
the sequence (A¢/Df : ¢ < hrtg(Z#(Y))) gives a contradiction to the definition of

hrtg(2(Y)).

Case A: e =0
Let af = 0,Df = D, and gp is constantly zero.

Case B: ¢ a limit ordinal

Let af = U{af : ¢ <e},Df = U{D; : ¢ < e} and gla] is naturally defined and
define go. € I10 by, for s € Y letting ga: (s) = U{gaz(s) +1: ¢ <e}ifit is < d, and
0 otherwise. As in Case 3 of the proof of 1.5, clause (B)* (i) is satisfied, because
hrtg(Z(Y)) > e.

Case C: e=(+1and 0 ¢ Df.
Let (note that Aa, in (b) below is almost equal to Y\ A but we know only
Ag,/Dg,):

(#)1 (@) Je1={ACY: A€ (Df)" and Df + A is Ry-complete}

() Ucs={a:a=((4n, &) :n<w)=((Aan;&an) : n<w),
for every n < w we have
§n < Cand Df =D +(Y\Ay) and
Aa i =U{A, :n<w}#0 mod Dz};
so this concerns witnesses to D being not N;-complete and
Aa e Df C2(Y)

(¢) Jea={ACY:Ac (D" and for some a € U; we have A C A,}.

(¥)2 (a) Jg1UJTca C(DE)T is dense, ie. if A € (Df)™ then for some B C A,
we have B € J¢1 UJ¢ o

(b) if€e{1,2},A€J;1,BC Aand B € D/ then B e J¢ .

[Why Clause (a)? Because we are assuming that D, is 8;-complete in (A)(b). For
clause (b), just read the definition of J¢ .|
Now we try to choose f, (or pedantically f2 if you like) by induction on « such

that:
(*)3 (a) fa € HS
(b) B <ai=gs<fo mod Dg; follows by (c) + (d)
() B<a= fg<fo mod D
(d) fO - gaz
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Arriving to a, f = (fs : f < a) has been defined. Let J¢ , ={ACY :Ae (D))"
and f has an upper bound in (IId, <pz4.4)}-
Sub-case C1L: (J¢ 1 UJ¢2) NJE, is dense in ((D§)*F, D).

First, as in the proof of 1.5, (that is, choosing f, in the inductive step in the
proof) we can define f! , such that:

()4 (@) flo=(flaa:A€TanTL,)
() flaaclls
() fla,aisa<pgya-upper bound of {ga:} U{fs: B < a}.

Second, we consider a € U, hence A, € J¢o.
Let

o for u C af let gl"l € TI§ be defined by gl“l(s) = sup{gs(s) +1: 8 € u} if
this supremum is < §5 and 0 otherwise.

Note that

(¥)s (@) HfACY,A=0 mod Df then for every f € 115 for some finite
v C af we have {s € A: =(38 € v)(f(s) < gs(s))} =0 mod D,

(b) if ur C ug are from [of]<? then gl < glv2l mod D..

[Why? By induction on ¢ using (B)*(k), (1) recalling D§ = D. or see the proof

of 2.13. Clause (b) is proved by cf —id<5(0) C cf —id<y(0) C dual(D,) recalling
Rg < @ by (A)(c)(B) of the claim.]

(¥)g if f € T16 then f has a <Dy +Aq-Upper bound and even a <p,44,-upper
bound of the form g for some countable u C of.

[Why? Let f € II§, now for each n there is o, < O‘Za,nJrl such that f < ga,
mod (Dg‘a,n + Aa ), moreover, see (x)s(a), there is a finite set v, C O 41 such
that (Vs € Aa)(38 € v)(f(s) < ga(s)). As those are finite sets of ordinals (or use
ACy,) there is such a sequence (v, : n < w), so u = U{v, : n < w} is as required,

recalling cf —id.y, (0) C dual(D,) as in earlier cases so we have proved (a) of (x)5.]
Lastly (well defined by (%)5(b) + (x)g recalling our sub-case assumption):

(%)7 let f?a = <fg2,a,a ra € Ug) be defined by: fg’%a is g[") where u = ua € S,
is the <,_-first u € ., for which g} € II§ is a <D} +A,-COMMON upper
bound of {gar} U {fs: 8 <a}.

Note that
(*)8 if a;,as € UC and if Aal/DZ = Aa2/DZ then f?,al,a = fcz’a%a.

Having defined <fé,a,A r A€ JeainJg,) and <f§,a,a ra € UcNJg ), of course,
they all depend on (; we define f, € ¥ Ord by

(%)o fal(s) is: the supremum below if it is < §; and zero otherwise. where the
supremum is sup({fs ¢ 4(s)+1: A€ IJc1NJIE JU{fZ,a(s)+1:a € Uc}).
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So indeed f, € II§ as in the end of the proof of 1.5 and is as required for a as
hrtg(Je,1 NI ,) < hrtg(2(Y)/D,) < 0 and hrtg({fc a.a : a € Uc}) < hrtg({Aa :
a € Uc}) < hrtg(Z(Y)) < 6 because of (x)s (so even hrtg(Z(Y)/Dy) suffice);
note that we have used (A)(c)(B).
Sub-case C2: (J¢,1 NJ¢2) NJIE, is not dense in ((Df)*, D).

Let A. € (Df)* be such that A C A, ANA € (DE)T = A ¢ (Jea1UJTc2)NIZ,.
By (*)2 without loss of generality for some £ € {1,2} we have A, € J¢ .

As in the proof of 1.5, necessarily « is a limit ordinal of cofinality > 6. Now as
in Sub-Case C1 we define fgla = <f<1,a,A t A€ (Je1Ude2)NJE ) satisfying: fé,a,A
is a <p;4a-upper bound of (fs: B < ). Let f* € I be defined by

o f.(s) the supremum below if it is < §, and is zero otherwise, where sup{fgl’a’A(s)Jr
1: A€ (Jc’l @] JC’Q) N ‘]{*,oz}'

As in the proof of 1.5 there is f < « such that v € [f,a) = {s € Y : f,(s) <
fe(8)} ={s € y: fs(s) < fu(s)} mod D.

Let S, be the minimal such 3. Lastly, let Ac = {s € y: fz.(s) > fu(s)} and

o E.=FE;+ A¢

D =Dg+ (Y\Ac)
ol =al +a
gs = fp for B € (af, )
® Jar = fs-

Case D: None of the above.
So Y € D} and we are done. Oy 7

Discussion 1.9. In the results above, is (cf(a? ) : € < e(x)) without repetitions?
Certainly this is not obviously so and it seems we can manuever § and the closure
operation to be otherwise. But can we replace @* and g to take care of this? Clearly
if % C af, satisfies ¢ < () = af;, =sup(#% NaZy,) then we can replace g by
g% so by renaming get &' = (otp(%Z Naf) : € < e(x)). So cf(af) = cf(af) &
cf(al) = cf(a;) and if we have cf(al) = cf(a;) = ol —aL = ai, ) —af we can
change g to get desired implication. So if AC,(,) holds we are done but we are not
assuming it. In this case we also get (o, \a. : € < £(x)) is a sequence of regular
cardinals.
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§ 2. MORE ON THE PCF THEOREM

§ 2(A). When the Cofinalities are Smaller.

Definition 2.1. 1) Wesay x = (Y, 6,0, (%), a*, D*, E*, f) = (Yx, 0x, Ox, €x, Ox; Dx, Ex, fx)
is a pcf-system or a pef-system for § or for (II§, <p) when they are as in (B)* of
1.7, with f here standing for g there; so § = (6, : s € Y),d, a limit ordinal; now
2.3 below apply, we will use Dy = (DX : ¢ < ex) = (Dx. : € < &), similarly for
f, Dy = D¥; let e(x) = ex.

2) Above we say is “almost a pcf-system” if we demand f[[ax.e, axct1) is only
<p,.-increasing (still cofinal) so using (B)* (i)’ instead of (B)* (i), see 1.7,1.8(7).
3) Above we say x is “weakly a pcf-system” when in 1.7(B)™" - we weaken clause (i)
as in part (2) and we omit E*, i.e. omit clauses (j),(k) but retain (1) which means:
if Xo € D ;1\Dz, X1 = Y\Xo then fl[aZ,af) is <p--increasing and cofinal in
(116, <p:r+x,) and fis <pz-increasing.

Observation 2.2. 1) If 0,Y,D and § = (0, : s € Y) satisfies clause (A) of 1.7,
then there is a pcf-sytem x for (116, <p) with 0x = 0.
2) We can above use D = cf — fil.4(9).

Proof. By 1.7. s o

Observation 2.3. Let x = (Y, 6,0,¢(x),a*, D*, E*, f) be as in 1.7 (with f instead
of g) or Definition 2.1(2).

1) (I8, <p, ) has a cofinal well orderable subset, in fact, of cardinality aZyl-

2) Assume f € 116 and for e < e(x) we let B, = min{B : B € [aZ,al,,) satisfy
[ < fs mod (E} )}, then:

(a) Be € [af,af ) is well defined hence (B : € < e(x)) is well defined
(b) for some finite u C e(x) we have f < sup{fs, : € € u}

(b)T moreover (fs. : € € u) is D-uniformly definable from f and & and D}
(equivalently, f and x).

Proof. 1) By (2).
2) Easy; e.g..

Clause (b):
Let ¢ < &4 be minimal such that

(%) € = e, for some finite u C [¢,ex) we have f < max{fs, : { € u} mod Dy.

Now ¢ is well defined because e is a successor ordinal and (fs : § < a:(x
in (110, <Dyey—1) and 80 u = {B.(x)—1} s as required.

If e =(+1<exand uare as in (x) the set Z = {s € Y : f(s) < max{fs(s) :
¢ €u}lis =0 mod Ec+q and repeat the argument for € = ex — 1.

If € is a limit ordinal, this leads to contradiction as Dy . = U{Dx ¢ : {( < &}.

Lastly, if € = 0 then we are done. U2

)) Is cofinal
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Discussion 2.4. 1) In 2.3, we may restrict ourselves to Nj-complete filters only,
so replace e, by {e < e, : E¥ is Nj-complete} but use countable w.
2) Similarly for #-complete.
3) Recall that with choice or just ACy, the ideal cf —id-y(8) is degenerate: if, for
transparency,  is regular, then cf-id<g(8) = {X C Y : (Vs € X)[cf(ds) < ] and
|X| < 6}.

We have dealt with ([]ds,<p) when D D cf — fil.¢(6) and 6 > hrtg(Fily, (Y));

S
we try to lower the restriction on the cardinal § with some price.

Definition 2.5. Assume D is a filter on Y, a(*) an ordinal and f = (f, : @ < a(x))
is a <p-increasing sequence of members of ¥ Ord and f € Y Ord is not <p-below
any f,. We define

id(f,f,D)={Z CY: thereis a < a(x) such that
Z C{s€eY: f(s) < fa(s)} mod D}.

Claim 2.6. For Y, D, f, f as in Definition 2.5 above.

1)id(f, f, D) is an ideal on'Y extending dual(D).

2) [ is a <iq(y,7,p)-upper bound of f.

8) For A € DY we have: 2 (A)Nid(f, f,D) C dual(D) iff f is a <pya-upper

bound of f. B

4) If A e DTNid(f, f, D) then for every a < a(x) large enough, f < fo mod (D+
A).

5)id(f, f, D) =1id(f’, f, D) when f' € YOrd and f' =p f.

Proof. Straightforward. 0o

Notation 2.7. 1) Given § = (6, : s € Y) and set u of ordinals let hy,.5 be the
function h with domain Y such that: h(s) is sup(uNds) when it is < Js, is 0 when
otherwise.

2) For &= (us : s € Y) we define h; 5 similarly.

Claim 2.8. If we assume @ below and (A) + (B) then (C) where:

@ (a) AX4,9 AY] <N
(D)k,0  the union of any sequence of length < k of sets of ordinals
each of cardinality < 0 is of cardinality < 6
(¢) k<46
(4) (a)
(b
(c
(d) p=U{ds:s€Y}
(B) 6 is an ordinal and
fa € T 9s for a < b,

) seY
) ifa<f < then fo < fz mod D
)

f={fa:a <) is not cofinal in (] 6s,<p)
s€Y

§ = (0, :5€Y) is a sequence of limit ordinals

) D isa filler onY
) D Decf —fily(9)

(a
(b
(c
(

d) cf(6s) >k
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(C) we can O-uniformly define (or (0, k)-uniformly define) g such that:
(a) g€ [] 0s is not <p-below any f,

seY

(b) ifg<pg € I ds thenid(q, f,D) =id(g, f, D).
seY

Remark 2.9. 1) See more in 2.13.
2) Do we uniformly have the parallel of: some stationary S C S};\r belongs to

I.+[\]? See later.

3) We can weaken 2.8 @®(a) to Axy, .. Ahrtg(Y) < &, (see 0.5(3)) the proof is

written for this.

Proof. Stage A:

Let (S, <i) witness Axy ;9 x-
We try to choose g, ue, Yz by induction on € < k such that:

B (a

b)
¢)

(&

o~ o~ o~ o~ o~

[ ] Ue

ge € I 0

s€Y
ue € p has cardinality < 6 and ( < e = u¢ C u,

)

Y.={s€Y :0s =sup(dc Nue)} =0 mod D

d) ifseY\Y. and ¢ < e then g¢(s) < g=(s)
) 9= = hyy_ ), see Definition 2.7

f) if € is a limit ordinal then:

=U{uc: ¢ <e}

o g.(s)is U{ge(s) : ¢ <e} when it is < ds

is 0 when otherwise

(9) ife=(+1then

(@)
(8)

g¢ is not as required on g in clause (C)

Ue is the <,-first u € 7 extending u, such that if we define g.

as hy, 5 then it is a counterexample like g’ there

(h) ife=0,g. is defined from u, similarly.

Now we shall finish by proving in stages B,C below that:

(%)1 if we have defined g. but g. is as required on g in clause (C)(b), then we
are done; this is obvious

()2 we can choose g, if e =0

(%)s if (g¢ : ¢ <€) was defined we can define g. if € is a limit ordinal < K
(¥)s if e = ¢+ 1 and (g¢ : £ < () has been defined and g¢ fail (C), then we can

define g.

()5 we cannot succeed to choose (ge : € < K).

Stage B:
Proof of (x)s5:

Toward contradiction assume (g. : € < k) is well defined.

For e < kand a < . let Z., = {s € Y : g(s) > fa(s)} and let Y. =
{s € Y : sup(us Nds) = ds}, it belongs. By clauses (b),(c),(e) of B we have
Zey.a\Ye, € Zey o \Yz, for 61 < g2 < K, < O
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Now by clause (g)(3) of B, if ¢ = ¢ + 1 then for some o < 6., Zc o ¢ id(gc, f, D)
and let a¢ be the minimal such ae. As cf(d,) > & by Clause (B)(d) of the assumption,
vi=U{a¢ : ¢ <k} is < é.

Now the sequence (Y; : ¢ < k) is C-increasing sequence of subsets of Y because
(ue : € < k) is by H(b) and the choice of Yz. By @&(a) we have hrtg(Y) < k.

Also clearly

(D] Z5+1 g Z€+1 mod D and 5/5

Together (Z.11,\Z:,\Y: : € < k) is a sequence pairwise distinct non-empty of
subsets of Y, so recalling hrtg(Y") < &, this is contradiction to the first paragraph.

Stage C:
Obviously (*); holds.
Proof of (x)2: we can choose g, for ¢ =0

o thereis ¢” € ] &5 such that & < d, = ¢” £ fo mod D.
seY

[Why? By clause (B)(c) of the claim. For such a ¢” there is u € .%; such that
Rang(g”) C u because hrtg(Y) < x and .7, witness Axy ,,9,. We choose u € .7

as the <,-first such u € .7, and choose g € [] 05 as hyy )]
seY
So

(P gE H 55
seY

o3 ¢’ <g mod D.

[Why? Recall cf — fil.¢(§) C D by the assumption (A)(c), hence {s € Y : sup(u N
d2) < g(s)} as |u| < @ being a membre of .. So as (Vs € Y)(¢"(s) € ds Nu) we
have ¢” < g mod D by the choice of u.]

o, <, = g% fo modD.
[Why? By e3 and by the choice of ¢” in e;.]
Proof of (x)3: limit ¢
We define g. as in H(f), as it is as required because D D cf — fil.4(d) by clause
(A)(c) of the assumption recalling ®(b),,¢ of the assumption.
Proof of (x)4:

So we are assuming g¢ is well defined but fail (C)(b) as exemplified by g, let
u € % be <,-minimal such that Rang(g) C v and let h = h* L that is

s €Y = h(s) = hp,5(s) +1 < & hence g <; hy, 5 mod D and We can finish
easily as in the proof of (¥)s. Las
Observation 2.10. cf(a(x)) > 6 when

(a D is a filter on'Y

)

(b) 0 ={(ds:s€Y) is a sequence of limit ordinals
(¢) D2 cf — fil.(0)

(d) f

= (fo 1 @ < a(x)) is <p-increasing sequence of members of [] s
seEY
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(e) f has no <p-upper bound in [] Js.
seY

Proof. The proof splits into cases proving the existence of a <p-upper bound g €
IT ds.
seY
Case 1: a(x) =0
The constantly zero function g : Y — {0} can serve.

Case 2: «a(x) is a successor ordinal

Let a(x) = 8+ 1 and g be defined by g(s) = fz(s) + 1. As each 05 is a limit
ordinal, g € [] Js.

seY

Case 3: cf(a(x)) € [N, 0)

Let w C a(x) be cofinal of order type cf(a(x)), let us = {fa(s) : @ € w} for
s €Y sou:=(us:s€Y)is well defined and s € Y = [us| < 0, hence g = hy 5 is
as required. Ua.10

Claim 2.11. If B below holds then &1 = G2 = B3 where

D1 AX4,/L,9,I€
®q there is a well orderable set cofinal in (116, <p), defined (i, 0, k)-uniformly

®3 we can (0, K)-uniformly define a <p-increasing sequence f = (fo : a <
a(x)) in ([ ds, <p) with no upper bound
seY

where

) 0= {(0s:5€Y) is a sequence of limit ordinals
) D Dcf —filg(d)
d) hrtg(YV)< k<4

() pw=sup{ds:s€Y}.

Proof. &1 = ®o

Let (Z, <.) witness Axy ;9 x-

For every g € I15, Rang(g) is a subset of sup{d, : s € Y} = pu of cardinality
< hrtg(Y) < & hence there is u € % such that Rang(g) C u, so |u| < 6 hence
easily g < hy, 5 mod D, see Definition 2.7. Hence .7 = {hy, 5 : u € S} is a
cofinal subset of (I1§, <p) and being <., -7 it is well orderable. Recall b5 € g
is defined by: hy, 5(s) is sup(ds Nu) if sup(d2 Nu) < d5 and is zero otherwise.

Now .# C II§ being cofinal in (II6,<p) follows from D D cf — fil.y(d) that is
H(c).

D2 = B3

Let .# C 11§ be cofinal in (115, <p) and <, well order .%. We try to choose f,

by induction on the ordinal a.. If f* = (fz : B < @) has no <p-upper bound we

are done so assume g € [] &5 is a <p-upper bound of f* so there is h € .# such
seY

that ¢ <p h, so h is a <p-lub of f and let fa € F be the <,-minimal such h.
Necessarily for some o we cannot continue so f% is as promised. s 11
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Conclusion 2.12. In clause (C) of 2.8 letting

o Z,={seY :9(s) < fa(s)} for a < d,

o W ={a<d,:Zs# Z, mod D for every B < a}
e D, =D+ Z, for a <,

o o, = min{a <4, if a < I, then Z, € DV}

and assuming (B)(e) f has no <p-ub in 115 we can add:

(¢) (Zo/D :a € W) is C-increasing and o, < O

(d) for a € W,a > ., Dy is a filter on Y and (fot, 1 7 < 0« — a and
a+vy W) is <p,-increasing and cofinal in 110

(e) (Do : a € #\w) is a strictly C-increasing sequence of filters of Y and
0Oew

(f) f is <p,-increasing and <p, -cofinal in 110 if o € W'\

(9) if cf(dx) > hrtg(P(Y)) then # has a last member.

Proof. Easy or see [She94, Ch.IL,§2]; but we elaborate.

Clause (c): First, the sequence is C-increasing as f is <p-increasing. Second,
a, < 0, as otherwise we have o < 6 = f, < g mod D but we are assuming f has
no <p-ub in IIé.

Clause (d): D, is a filter as by clause (c), @ > o, = Z, € DT and obviously
Zo € DY = (D, is a filter).

Clause (e): By the definition of #.
Clause (f): By (C)(a),(b) and clause (d).
Clause (g): Obvious. Os13

Theorem 2.13. Assume H(a) — (e) of 2.11.

1) If cf(0) > hrtg(L2(Y)) and Axy 0., then the conclusion (B)" of Theorem 1.7
holds, i.e. there is a pcf-system x such that Yy =Y, 05 = 0,0 = 6.

2) Without the extra assumption cf(6) > hrtg(P(Y)), we get only a weakly pcf -
system (see 2.1(3)) x with 6 = hrtg(Z(Y)).

3) If there is a weak pcf-system x for 0 then 11§ has a subset which is a well-
orderable and is cofinal in (116, <p_).

4) If (116, <p) has a well-orderable cofinal subset and hrtg(2(Y)) < 0 then there
is a pcf-system x for § with Dy = D.

5) If (116, <p) has a well-ordered cofinal subset and 6 > hrtg(Y') then there is a
pcf-system x for § with Dy = D, Ox eq1 — Qxc INCTEASING.

Remark 2.14. Note that later parts of 2.13 supercede earlier ones. One reason for
this is that it may be better to avoid using inner models, developing the set theory
of ZF + DC + Axy4 per se.

Proof. 1) We repeat the proof of 1.7, but using 2.8, 2.10, 2.13, i.e. in case (c) after
()3 we use [Shec|. But a simpler argument is that by 2.11 we know that there is
a < p-cofinal subset .% of II§ which is well orderable, say by <,.

2) Like part (1).
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3) Let x be a weak pcf-system for (II8, <p), clearly {fxa : @ < x ()} is a well
orderable subset of II and so is . = {max{fxa, :{<n}:a=(w:{<n)isa
finite sequence of ordinals (o .(x)))}. Hence it suffices to prove that the set .7 is
cofinal in (IIé, <p, ).

This means to show that

%) for every g € 11§ there are n and oy < iy o(x) for ¢ < n such that g <
£(x)
max{ fxa,(s) : £ <n} mod Dx.

For this we prove by induction on € < ex that

(¥)e f X € Dy and g € 16 then we can find Z € Dy and n and ay < o ¢ for
¢ < n such that s € Z\X = g¢(s) < max{ fx,a,(s) : £ <n}.

This suffices as for € = 4 we can use X = (.

For € = 0 necessarily Z := X is as required because X € Dy . = Dx.

For € a limit ordinal, if X € Dy . then for some ¢ < ¢,X € Dy ¢ and use the
induction hypothesis for (.

For e = ( + 1, we are given X € Dy. and g € I16. By clause (B)T () of 1.7
if X € Dy ¢ use the induction hypothesis so without loss of generality X ¢ Dy .
hence Dy ¢ + (Y\X) is a filter on Yy and it is D Fx¢. So by clause (B)*(l) of
Theorem 1.7 there is @ € [ax ¢, ax,c+1) such that g < fxo mod (Dx¢ + (Yx\X)).

Let X1 ={s €Y :s¢ X and g(s) < fx,a(s)}, so X1 € Dyx ¢+ (Yx\X) hence
Xo := X U Xy € Dy so by the induction hypothesis there are n; and 8, < ax,
for £ < my and Z € Dy such that s € Z\Xs = ¢(s) < max{fxg,(s): £ <mni}. Let
n=n1+ 1 and let oy be By if £ < ny,p be a if £ =nq, so Z, (e : £ < n) witness
the desired conclusion in (*).. So we can carry the induction and as said above this
suffices.

4) Let . C 11 be well orderable < p-cofinal subset so let § = (g, : a < a(*)) list
F.
Case 1: Y C Ord

Let V1 = L[g] and V3 = V[D], using D as a predicate so V1, Vg are transitive
models of ZFC and let Dy = D N'Vy € Vg, of course, also Vo = “O a cardinal
> Y.

In Vo welet A = (A, : s € Y) be defined by A\ = cf(5,)V2. Now if u € V5 is a set
of ordinals of cardinality < # then the set {s : d5 > sup(unds)} belongs to D hence
to DN Vg; this implies that Y, = {s € Y : A\; > 6} belong to D. Now apply the pcf
theorem in Vy on (As : s € V) getting (J,, Y, : p € b) and (gaa : A € b,a < )
where a = {)\, : s € Y.}, b = pcf(a)V2, in particular such that:

e b=pcf{)\;:s5€Y}
eV, CY
e J., is the ideal on Y generated by {Yx : A € bNpu}

® (gra @ a < A) is a sequence of members of ] Ag, <+ vy, )—increasing
SEY, <pRTEATHE
and cofinal.

We can translate this to get a pcf-system for (I15, <p) in Vy hence in V.
Case 2: Y ¢ Ord
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We shall show that it essentially suffices to deal with § without repetitions. Note
that each f € % or just f a function from Y into Ord induces an equivalence relation
eqyon Yy : s1(eqy)s2 < f(s1) = f(s2)A\ds, = ds,. For any such equivalence relation
e on Yy, the set #. = {f € # : eq; = e} can be translated to one as in Case 1, and
if for some such e, .%, is cofinal in (II§, < p, ) then we are done, but in general this is
not clear. Without loss of generality & = {ey : f € .Z} is closed under intersection
and assume there is no e as above. We can define a function F' from & into a(x) by
F(e) = min{a: thereisno f € .Z such that ey = eAgy < f}, it is well defined by the
present assumption and let u = Rang(F'), so |u| < hrtg(&) < hrtg(Z(Y xY)) < 6,
and we can finish easily.

5) Let uo := Rang(gq),v := {ds : s € Y} so all of them are subsets of p of cardinality
< hrtg(Y), so @ = (uq : @ < a(*)) is well defined and let V| = L[a,v]; it is a well
defined universe, a model of ZFC. In V/ we define ', listing v in increasing order
and g’ = (g, : @ < alpha(x)) where g, = hy,_ 5. In 'V define fr={(g":a<a(x)
where g5 = hy, 5. As 6 > hrtg(Y) clearly go < g, mod cf — fil.p(8) hence
Jo < g mod D hence without loss of generality g = g. As there is no real
difference between ¢ and ¢’ and we can deal with g’,d" via L[g’, '] as in Case 1 of
the proof of part (4) and finish easily. Os.13

Discussion 2.15. Alternate proof: suppose we can uniformly choose f = (f, :
a < 4,) which is < p-increasing and cofinal in (TI5, <p).

We define an equivalence relation E on |Z| by: aES iff e;, = eg,; let 8 =
(Be = B(Q) : ¢ < (%)) list {a < |#| : @ = min(a/E)} in increasing order and let
C 1P| = C(+) be ¢(a) = min{C : a € B /E}. )

Let £ = (£ : ¢ < (%)) where” £ = pr(otp(Rang(fa.)), otp(Rang(d)) and for
a < |F| let g, be the function from fg‘(a) to Ord defined by g§,(§) = =y iff for some

s € Yx we have fq(s) = A& = pr(otp(Rang(gs,,,) N ga(s)), otp(Rang(0) N d)).

Lastly, let R = {(¢1,(2,&1,&): for some s € Y for £ = 1,2 we have (, <
C(x),& < &,,& = pr(otp(Rang(ga,,) N ga, (5), otp(Rang(0) N J5))}. Now we use
Vi =L[6,g,E,R,£*] let D = (D¢ : ¢ < ((%)),D¢ = Dy(eg,, ), V2 = Vi[Dy] and
for ¢ < C(¥) let Ac = (A\ee 1 € < &), Aee = cf(ds) when € = pr(€,s) for some
appropriate €.

Clearly ¢ < ((x) = & < 6, as before without loss of generality A¢ r = cf(A¢¢) >
0 and 6 > hrtg(Y) by an assumption hence the pcf analysis in Vy of II\¢ is O.K.;
moreover and {A, ¢ : § < ¢} does not depend on.

Now the analysis for g recalling eq; = ey, = €4, is enough.

«@Q

Claim 2.16. If x is a pcf-system then there is Y defined uniformly from x such
that (so may write Y* = (YX 1 e < ex)):

(a) Y =(Ye:e<e(x)

(b) Y C Yx

(¢) DXy = DE+Y..
Proof. Fix ¢ < e, if ex = €+ 1 let Y. = Y, hence assume ¢ + 1 < . So
for some Y C Yy we have Dy .11 = Dx o + Y hence Ex . = Dy + (Y<\Y); and
Jx,ax.. 188 <p, ., ,-upper bound of fy[[ox,c, @xcq1). But fx[[axc, x,c41) is cofinal

recall the one-to-one function from Ord x Ord onto Ord such that (o € a A 1 < B) =
pr(ai, 1) < pr(e, B).
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in (Ildx, <g, .) hence we can find 8 € [ox.,ax,c41) such that fxa, ., < fxj

mod FEx .
Let 8. be the minimal such 5 and easily Y; := {s € Yx : fx.5.(s) < 9x, @x c+1(5)}
is as required. s 16

§ 2(B). Elaborations.

Claim 2.17. Assume Axy4 5.

For any A we can -uniformly define the following.
1) For 6 < X\ of cofinality Ro, an unbounded subset es of § of order type < 0.
2) For § = hrtg(Y),6 = (6, : s € Y) a sequence of limit ordinals < \ of uncountable
cofinality satisfying Y € cf —id-y(8), (see 1.1) a closed u. C sup{d, : s € Y},
unbounded in each &5 of cardinality < hrtg([61]<9) where

o 61 =min{|u|: (Vs)[s €Y — §; =sup(uNds)} is necessarily < 6.
3) For 6 < )\, an unbounded subset es of cardinality < hrtg([cf(5)]N0).

Proof. 1) See [Shee] or as in the proof of ()4 inside the proof of 1.5.
2) Let Us = {u: u C sup{d, : s € Y} of cardinality < 6 and u N d, an unbounded
subset of d; for every s € Y}. By the assumption “Y € cf — id<y(d)” clearly
U; # 0, hence Uy = {u € Uy : u is closed} is non-empty . Using ¢/ from 0.6, the
setl\?* = N{cl(u) : u € U%} has cardinality < hrtg([min{|u| : u € Us}]<?).

ow

e, if u, € Uj for n <w then u:=N{u, :n <w} belongs to Uj.

[Why? Clearly it is a subset of u of cardinality < 6, being C wug and it is closed
because each u, is. But for any s € Y, why is v unbounded in §,7 Because §, has
uncountable cofinality

ey for some u € U, |u| < 01 and without loss of generality u is closed, so
lu.| < |cl(u)] < hrtg([61]SN0) as promised.

By 1 + o5 we are done.
3) By the proof of (x)4 inside the proof of 1.5. Os 17

We give a sufficient condition for <p-eub existence, try to write such that we get
the trichotomy.

Claim 2.18. The eub-ezistence claim: -
Assume Axqp or just AXy heeg(vpy,0- The sequence f has a <p-eub (see Defini-
tion 0.11(5)), even one 0-uniformly definable from (Y, D, f) when :

H

~—

(0,Y) satisfies clauses (A)(c)(B), (7), (d) of 1.5

D is a filter on'Y, so not necessarily Ny -complete

f: <foc < 6>
fa € YOrd is <p-increasing

cf(0) > 0 and cf(0) > hrtg( [ ¢s) when (s < hrtg(L(Y)) for s€ Y.
s€Y

a

A~ N N N
QO
 — —

9]
~—
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Proof. Toward contradiction assume that the desired conclusion fails. Let af =
U{fa(s):a < d} for seY and o, =sup{al+1:s€Y}.
We try to choose g¢ and 5¢ < § by induction on ¢ < hrtg(£(Y)/D) < hrtg(£(Y))
such that:
@ (a) gce [[(ag+1)
seY
(b) if &« < ¢ then f, < go mod D
(¢) ife < then g¢ < g. mod D and g¢/D # g./D
(d) gc and B < 6 are defined as below.

Clearly impossible as cf(d) > hrtg(Z(Y)) by assumption H(d), so we shall get
stuck somewhere. If ¢ = (g. : € < ¢) is well defined, we let @ic = (ucs : s € Y) be
defined by u¢ s = {: for some ¢ < ¢ and n we have v +n = g.(s) or y+n = o},
50 uc,a C af + 1 and |ueo| < N + [(| even uniformly. Next for a < ¢ we let

5t € 11 (as+1) be defined by f$1(s) = min(u¢ s\ fa(s)), clearly well defined and
se€Y
belongs to [] (af 4+ 1) and is <p-increasing. Now {f{' i < 6} C [] ucs so as
seY seY
cf(8) > hrtg(¥ (1 +¢)) > hrtg(JTuc,s), necessarily (f$1/D : oo < §) is eventually

constant. Let Bc1 = min{B < & if a € (B,6) then f$! = fg’l mod D} so
a<d= fo<p f[§<11 mod D and let g¢ 1 = fcéyll. If gc1 is a <p-eub of f we are
done, otherwise the construction will split to cases.

Let Yo ={seY: fgcll (s)=0}LYr={seY: fggll(s) is a successor ordinal} and
Yo={seY: fgcll (s) is a limit ordinal of cofinality < 6} and Y3 = {s € Y : fé(ll (s)
is a limit ordinal of cofinality > 6}, so (Yo, Y1, Y2, Y3) is a partition of Y’

(x) without loss of generality Y; € D, g¢1 is not an lub and even Y; =Y from
some ¢ < 4.

[Why? For each ¢ < 4 such that Y, € D, clearly we can replace D by D +Y; hence
(by the present assumption) a <py,-eub g, exists; if Y; ¢ DT let g, be constantly
zero. Lastly, U{g; Yz : ¢ < 4} is as required.]
Case 0: Yoe Dso Yy =Y

Trivial.
Casel: Y7€DsoY, =Y

Define g; € ] (as + 1) by: gc(s) = gc1(s) — 1. Clearly it is still a <p-upper

SE1
bound of f as f i: <p-increasing, and g¢ < g. mod D for every ¢ < (. Lastly, let
Be = Bea-
Case 2: Yo € D
Let {(eq : o < ay) be as in 2.17(1),(3) for a < §, then we define f$2 € ] (as +

sEYs
1) by f$2%(s) = min(e%l(s)\fa(s)) and let (, = otp(egcﬁl(s)) < 6, this holds by
1.5(A)(c)(8) which in turn holds by H(a) of the assumption of the claim.

Now as cf(6) > hrtg( [T ¢) = hrtg( [ eg.,(s)) clearly (f$%/D : a0 < 6) is
s€Ys s€Ys

eventually constant, so B¢ = min{3 < §: if o € (3,9) then f$?/D = f§’2/D} is
well defined. Let ¢ = sup({B¢,1,Bc2} U{Be +1:e < (}) itis < 6,cf(d) > |(| and
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let gc = fgf. Clearly e < ( = g¢ = féf < fééll < ¢g. mod D, so (gc, B¢) are as
required.
Case 3: Y3 =Y
Let f' = (fl, - a < 0), fl, € [19¢c1(s) defined as fo(s) if < g¢ 1(s), zero otherwise.
Now g¢1 is not a <p-eub of f hence there is h € Y Ord such that h < g¢ 1
mod D and for no a < ¢ do we have h < f, mod D. But h was not canonically
chosen. Clearly the assumption of 2.2, i.e. 1.7 holds with Y, 0, g¢ 1, f/ here standing
for Y, 0,0, f here. So there is a pcf-system x with Yy =Y, 0x =0, Dx = D, fx = I
and 5x =9c¢.1-

Hence by 2.3(1) we can define a pair (%, <,) such that # C [[ g¢1(s) is cofinal
s€Ys
and <, a well ordering of .%#.

So as g¢,1 is not a <p-eub of f there is h € .# witnessing this and let h, € F
be the <,-first one.
Let

Bea=min{8 <a: ifae (B then{sec ¥ : fo(s) <gc(h((s))} =
{s €Y : fa(s) < h.(s)} modD+Ys},

well defined as before. Lastly, let gc € ¥ Ord be defined as follows: g¢(s) is

o hu(s) if fi 5(5) < ha(s)
® focs(8)1f fo5(8) > hals).

* * *

Now we give a version of the main theorem of [Shee, §1]. From this we may try
to understand better "\ and use it in constructions, i.e. to diagonalize.
Theorem 2.19. [Ax4 ) 5]
For k < X letting X,, = ‘*’(Filﬁl(n)), we can O-uniformly define (S, <¢) : t €
Xy) such that:
(a) {4t e X ="
(b) <t is a well ordering of %
(c) there is an equivalence relation E on "\ such that:
(o) ("N)/E is well ordered
(8) each equivalence class is of power < X,
(d) moreover for some § = (gy : § € Xy, a € Sp) and S = (Sy : § € X,) and
F = (F5: 0 < B(x)) we have
() B(x) < hrtg(a(*)]° where a(x) = sup{rkp(\) : D € Fil,ﬂl(Y)}

{950 : 9 € X, a € Sy} is equal to "\
951,01 = G5z, IMplies ap = ao

F = (Fp: B < B(*)) is a partition of "\
| Z5] <qu | Xal.
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Remark 2.20. 1) We may compare with [Shee, §1].
2) Recall 0.17(2).

Proof. Fix a witness ¢/ of Axy 9. For every y € Filg L (Y) and ordinal « there is
at most one f € Y (XA + 1) such that f satisfies a = tkp(f) and so f[(Y\Z,) is
constantly zero and Dy = dual(J[f, D}]), see 0.12, 0.15; if in this case call it f, o
and let Sy » be a set of o such that fy , is well defined.

So (fya : 0 € Fily, (Y),a € Sya) is well defined. For every f € A and -
complete filter Dy on Y for some y € Filil(Y) satisfying Dy 1 = D; and ordinal
a we have f = f, o mod Dy (in fact a = rkp, (f) < rkp(A) < a(x), a(*) from
(d)(«) of the Theorem).

Now

(¥)1 for every f € Y (A + 1) there is a countable set §) C Fili1 (Y) such that
(o) f semi-satisfies each y €

B) Y =U{Z,:veD}
() for each vy € Q), for some o we have f[Zy = fy olZy.

[Why? Let & = {Z, : y € Fil;ﬁl(Y) and for some a € Sy we have f[Z, =
fy.alZy}. If Y is the union of a countable subset of 2 then recalling ACy, we
have Y = U{Z,, : n} for some {y, : n < w} C Filg, (Y) and we are easily
done. If not, Dy := {Z C Y : Z includes (Y\|JZ,: for some (y, : n < w) €

W(Fﬂ;ﬁo (Y)) satisfying Z,, € Z for n < w} is an Ny-complete filter and we easily
get a contradiction.]

Recall Sy, = {a < a*) : fyo well defined} and by Axy we can find a list
(15 B < B(4) of {n: 1 € “a(x)}, B(x) < hrtg(“ () and even A(x) = [A(x)"}.

Now for every § € X, = “(Filg, (Y)), let Wy = {8 < B(x) : ng(n) € Sy,  for
each n and U{fy . (a)[Zy, : n < w} is a function, in fact one from Y to A+1}. For
B € Wylet g5 s be U{fy, sy :n <w}andlet S5 ={8€ Wy :955 & {95+:3€ X«
and v < 8}}.

Note that

(¥)2 (a) (Sy:pe X,) exist
(b) LUJSa C B(x)
(¢) (Sp:pe X,) exists and U{Sy : § € X,.} = B(x).

Note also that clause (d) of the theorem implies clauses (a),(b); (let 5 = {g5. :
a € Sy} and <y= {(99,a> 95,0, 95,8) : @ < [ are from the set Sy of ordinals).

Also clause (d) implies clause (c) letting E = {(95,,a,, 95,02) : D¢ € Xy, a0 & Sy,
for £ =1,2 and oy = ay } recalling (d)(9).

So it is enough to prove clause (d).

Now

e clause (d)(a) holds by the choices of a(x), B(x)

e clause (d)(3): we have only S(x) 2 U{Sy : § € X}, but we can replace
B() by otp(U{S; : § € X}
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e clause (d)(7): gg,8 € "\ are defined above but why “A = {g5.o : 9 € Xy, €
Sp}? As said above, if f € ®X by (x); there is a countable ) C FIL;&1 (Y) as
there, hence for some sequence ((9,,, o) : 7 < w) we have Y = {y,, : n < w}
and f1Zy, = fy..anZy. Hence § := (9, : n < w) € X,; and for some v <
B(x) we have n, = (an : n < w). So f=U{fy, » )2y, :n<w}=gsp
so f € Wy, and f = g5,4, hence by the choice of S5 there are 3 € X, and
B* < such that 8 € wi and f = gz 5, so we are done

e clause (d)(9): look again at the choice of Sy
o clause (d)(e): let 3 ={gy,p: 0 € X, and § belongs to Sy}
e clause (d)(¢): check.
Ua.19

Conclusion 2.21. Assume Axyg. If 0 < k < p and hrtg(Filfgl(/{)) < p. Then
the following cardinals are almost equal (as in [Sheld, §(3A)]:

(a) hrtg("p)
(b) wlor(" )
(¢) o-Deptht (") = sup{o — Depthf () : D a filter}.

Proof. By 2.19. U021

A drawback of the pcf theorem is the demand 6 > hrtg(Filil(Y)) rather than
just 6 > hrtg(Z(Y)) or even 6 > hrtg(Y). Note: in [She82, Ch.XII,§5] we work
to assume just the parallel of § > hrtg(22(Y)), i.e. Min(a) > 2/°l rather than the
parallel of 8 > hrtg(£2(2(Y)), i.e. Min(a) > 22" and only in [She90] we succeed
to use just the parallel of 6 > hrtg(Y).

We may try to analyze not 116,86 = (6, : s € Y) but rather all 11(§[2),Z € &
simultaneously where &/ C Z(Y), demanding Z € & = 0 > hrtg(Filﬁl(Z)) but
less on |Y|; hopefully see [STa].

We may consider

Definition 2.22. Let Axs r say: if Y = x € Card then Axs , p(.) Where Axsyg
means that: if § = (J, : s € Y) is a sequence of limit ordinals and D = cf — fil 4 (0)
then there is a pcf-system x; for (Hg, <p), see 2.13. Moreover, the choice of x; is
O-uniform.

Definition 2.23. 1) We say p is a pcf-problem when it consists of:

(@) 0={(6,:5€Y)and y=sup{d,:s€Y}and &/ C 2(Y)
(b) Dy = Dy is afilter on Y, it may be {Y'}
(c) 8 =0[Y,0,D,] =0[Y,6,D,,d] is any cardinal satisfying:

() cf—id<g(d) C dual(D,), note that this holds when each d is an ordinal
< u of cofinality > 6, see below

(B) a < 6= hrtg([a]M x 9) <60 so d < 6 and so if Ax, then the demand
is equivalent to “0 < # and a < 0 = |a|Y < 67

) hrtg(Fille(Z)) < 0 for every Z € 4.
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2) For p a pcf-problem let dp = 8,8, s = Js, etc., if clear from the context p is
omitted.

3) For D a filter on Y}, extending Dp, let c¢fp(D) = cl(D,p) ={ACY,: if Z € o,
then AU (Yp\Z) € D.

4) p is nice if hrtg(Z(Y)) < 0p.

Definition 2.24. We say x is a wide pcf system when x consists of (if we omit
(), (9)(@), (B), (as in 2.1(3)) we say “almost wide”):

(a

(

p, a pcf-problem let Dy = Dy, 0 = 6, etc.

=

an ordinal ex = e(x)

—

)

)

c) a* = (af : e < ey) is increasing continuous

(d) (o) D = (D, :¢e < eyx) is a continuous sequence of filters on Y except that
possibly D, = Z(Y)

(5) D, = CKP(DE)

(v) for limit e, D, = ¢fp( U D¢)
(<e

—
8
~

Dy = Dy is cf — filg(9)
(f) E=(E.:e<ey)
(g) for each € < ex < 0 there is A. € DI such that
(a) D6+1 =D, + Ac
(B) E:.=D.+ (u\A)
(v) there are a. C k and h. € [] u; such that {(¢,he(4)) : i € a.} ¢ D,
i€
e but A. is not necessarily unique, only A./D. is, and of course, also
ae, he are not necessarily unique

(0) thereis Z € & such that Z € dual(D.11)\dual(D;)

(h) f={fa:a<ex), fo€Tld
(i) flaeyq is <p.-increasing

(7) fllae, aey1) is <g.+z-cofinal for some Z € D7 .

Theorem 2.25. Assume Axyp. Assume p is a pcf-problem and hrtg(erp) <
0p,0 < Op. Then there is a wide pcf-system x such that px = p.

Proof. As in §1 we try to choose ae and (f, : a < a¢), D¢, E. by induction on &
satisfying the relevant demands. The main point is having chosen (g, De : € <
(), (fa : & < a¢), we try to choose for e = ( + 1. So we try to choose f, for
a > a¢ by induction on o satisfying the relevant conditions. Arriving to limit o
let &) :={Z € o : Z ¢ dual(D.)} and &2 = {Z € &} : (fs : B < @) has a
<p.+z-upper bound in I16}. If &7} = () we are done. If 72 # () by §1 we can define
(fo.z + Z € @/?) such that f, z € 11§ is an <p_y z-upper bound of {fz : 8 < a)
and let f, € TI0 be defined by fu(s) = sup{fa.z(s) : Z € 2} if < &5 and zero
otherwise. As 6 > hrtg(#,) > hrtg(#2), clearly B < a AN Z € &2 = f5 < fa
mod (D + Z). If &2 = &/} # (), then f, is as required as we are assuming
D. = clp(D.). If &2 + o), let a1 = a and f, is as required. Os 05
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§ 2(C). True successor cardinals.

Contrary to our ZFC intuition, without full choice successor cardinals, may be
singular. On history we may start with Levy proving ZF + “N; is singular” is
consistent and end with Gitik proving ZF + (V) cf(A) = Vg is consistent, using
suitable large cardinals. Note: “two successive cardinals are singular” has quite
high consistency strength.

A major open question is whether ZF 4+ DC + (VA)(cf(A) < N;) is consistent.
But when ZF + DC + Ax4 holds the situation is very different. Also contrary to
our ZFC intuition, successor cardinals may be measurable.

For a cardinal to be a true successor is saying it fits our ZFC intuition. In
particular, it avoids the two anomalities mentioned above, and eventually itwill
enable us to carry various constructions; all this motivates Question 2.27.

We continue the investigation in [Shee| of successor of singulars, not relying on
[Shee].

Definition 2.26. 1) We say A is a true successor cardinal when for some cardinal
u, A = pt and we have a witness f, which means f = (f, : @ € [, \)) and f, is a
one-to-one function from « into p.

1A) We say f is an onto-witness when each f, is onto ju, see 2.28(1) below.

2) We say a set % C Ord is a smooth set when there is a witness f which means
that f = (fa : @ € %), f is a one-to-one function from a onto |a|.

We may naturally ask

Question 2.27. Assume, e.g. ZF + DC + Axy.

1) Is there a class of successor of regular cardinals which are true successor cardinal?
See 2.28(2).

2) Assume p is strong limit (i.e. a < p = hrtg(P(n)) < p) of cofinality Ry, so pu*
is regular, but assume in addition that u*+ is regular < pp(u), see® [She94, Ch.II].
Is u™F truely successor?

3) Assume p is strong limit of cofinality Ny and ™2 is singular, is u
successor cardinal?

3 a true

Claim 2.28. 1) If A is a true successor, then A is reqular and has an onto-witness
(computed uniformly from a witness).

2) [Ax;lﬁr or just Axy ,+ 5] Assume p is singular and (Yoo < p)(hrtg([a]®0 x9) < p).
Then pt is a true successor cardinal.

3) [Axy x or just Axy o] The set % of ordinals o < X such that || is singular and
(VB < |a|)[hrtg([B]% x 9) < |al]} is a smooth set of ordinals.

4) For every ordinal a., . € cf —id (hrig([ef(a)]%0 x0):a<an) (@ 1 @ < ).

Proof. Let pr be the classical one-to-one function from Ord x Ord onto Ord such
that pr(a, ) < (max{a, 3})? and pr,, = pr|(p X u).

1) Let f = (fo : @ € [u,uT)) witness X is truely a successor. First define, for
a € [p, p) a fuention f), : o — p by f1(8) = otp(Rang(fa)N fa(B)); obviously it is
a one-to-one function from « into p with range an initial segment; but |[Rang(f.)| =
|| = u so Range(fL) = p, (fl : @ € [u, u™)) is as promised.

8generality with weak choice there is a choice to be made, but assuming Ax4 or so and cf(u) =
Np, there is no problem
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Second proving A is regular, toward contradiction let % be such that % C
A =sup(%),% Np =0 and otp(Z) < A, so without loss of generality < pu.
Now we shall combine (f, : @ € %) to get |A\| < p by getting a one to one
function f from A into p x p; for i < A let @; = min{a € % : a > i} and define
f(@) = pr(otp(Z N «;), fa,(@)). So f exemplifies |A| < |u X p| but the latter is p,
contradiction.
2) By part (3) applied to % = [, pt).
3) Let .7 C [\]<9 witness Ax4 o and <, a well ordering of .. Let a, = U{a+1:
a € U} let ¢l : [N — i be as in 0.6, let <, be a well order . and let ug for
B < ay be defined by

e if 3 =10 then ug =0

o if 3 =741 then ug = {v}

e if cf(8) > Vg then ug = N{U{cl(v) : v € [u]¥} : u a club of B}

o if cf(8) = Ny the ug = vz N B where vg is the <,first v € . such that

B = sup(vN p).
Now choose f, for o € % by induction on « using pr|,| as in the proof of part (2).
4) By (*)4 in the proof of 1.5, in particular, (c)o there. Oo.08

Recalling cf —id<(d) from Definition 1.1.

Claim 2.29. 1) If X = u™ then X is a true successor iff X € cf —id<(,41)(N),
(which means X € cf —idc(11)((a:a < A))) iff X € cf —ide,({a : a < N)) for
some ¥ < .

2) When 1 is singular, we can add: iff X € cf<,((o: a0 < A)).

Proof. 1) First condition implies second condition:
So assume \ is a true successor, let (f, @ « € [p, u")) witness it. For each
a < pt = X\ we choose u, as follows:

Case 1: up =aifa<

Case 2: a > p

For any j < plet %, ; ={f < a: fo(B) < j}, 50 (Za,j:j < p) is C-increasing
with union « and |%,,;| < |j| < p. If for some j the set %, ; is unbounded in « let
Jj(a) be the minimal such j and uy, = %, j(a)-

If for every j, %, ; is bounded in « let uy = {sup(%a,;) : j < p}, so easily
otp(ua) < p. S0 (uq @ a < A) witness A € cf — ide(,41)()), i.e. the second
condition holds.

Second condition implies third condition:
Trivial.

Third condition implies first condition:

Let v < X and let @ = (uq : @ < ) witness A € cf —idey((a : o < A)); let
f« © v — p be one-to-one. Defined a one-to-one function f, : @« — p by induction
on « € [u, ), the induction step as in the proof of 2.28(1).

2) Lastly, assume p is singular; obviously the fourth condition implies the third.

Second condition implies the fourth condition:
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Let (uq @ a < ) witness A € cf —id(,11)({a : a < A)), let f, be the unique
order preserving function from w, onto otp(uy). Let w C p = sup(u) has order
type cf(u) or just < p. Let ul, be uq if otp(us) < p and be {S € uq : fo(B8) € u}
if otp(uq) = u. 0509

The next claim says that quite many partial squares on A = pu™ exists.

Claim 2.30. [Axy o] Assume X is the true successor of u,0 < k = cf(u),0 < 0; <
1,0 < 0 and o < p = hrtg(*Za) < p and a < 0 = hrtg([o]<?) < 6;.
Then we can find C = {(Ce o : € < pr,a € Sg) such that:

Proof. Let X C X code:

e a witness to “A is the true successor of py”
— QA _ X
e the set S5 1= 52,57 = 524,
e a witness to cf(u) = &
(eq 1€ < A) as in (k)4 of the proof of 1.5 so @ € Sf = |eq| < 6.

So LIX] = “A=pt,cf(u) =k >0 and x < p = x~? < p. M LX] | “uis
regular”, by [She91, §4] and if L[X] = “u is singular” by Dzamonja-Shelah [DS95]
we get the result in L[X] and the same C works in V. 0> 30

For more on successor, see [Shel4, §(3A)] and in [STa, 0x=Ls3].
§ 2(D). Covering number.

Definition 2.31. 1) Let cov(), 6, < Y,0) be the minimal cardinal x such that (if
no such y exists, it is oo (or not well defined)): there is a set & of cardinality x
such that:

(a) 2 [N
(b) if f € Y\ then there is &’ C & of cardinality < o such that Rang(f) C
U{u:ue £}

1A) Writing » instead “<Y” means f € |J *A.
a<k
2) If 0 = 2 we may omit it.
3) Writing “< #” instead of § means 0%, i.e. 2 € [\]<Y.

Definition 2.32. 1) We say ([7]%, €) strongly® has cofinality < y when there is
f = {fa:a < a,) such that |a.| = x and f, : @ — u and for every u € [y]? there
is a such that v C Rang(fy).

(19l

2) We replace “ < x” by “x” when in addition ([y]’, C) has cofinality x.

Iwithout “strongly” we have only fo : Yo — p where vy, < %
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Claim 2.33. If ([7]?, ) has cofinality x and 07 is a truely successor then ([y]?,C)
strongly has cofinality x.

Proof. Easy. U2 33

Theorem 2.34. Assume Axyp,0 < 0,,(0y =0(Y):Y € 0.) is such that (0y,Y)
satisfies the demands on (0,Y) in 1.5 and Oy < 0. and so 0, is strong limit in the
sense that Y € 0, = hrtg(Fily, (Y)) < 0., equivalently x < 0, = hrtg(P(P(k)) <
0. (and 0, > 0; see 0.17).

1) For all cardinals X\ > 0, we have cov(\, < 04, < 0.,2) is well defined (i.e. < c0).
2) Even O-uniformly and in some inner model L[X], X C Ord we have witness for
those covering numbers.

Proof. Let A, = U{hrtg("“}\) : & < 0.}
M1 (a) let (S, <) be such that ., C [\,]<? satisfy
(Vu € [A\JR0)(Fv € Z)[u C v] and <, is a well ordering of .7,
(b)  wedefine cf and A, C [\]<9, <x, s, (wy, ;,1 < otp(Aa,, <«))s Qs €5

as in (%); — (%)4 in the proof of 1.5 with  here standing for ¥
there, from (Z, <i).

So we can choose F' = (F! : k < 6,) where
My (a) F}is a function
() Dom(F})={f:fer(A+1)andi< k= cf(f(i) >0}
(¢) Fi(f)is apair (F},<j}) such that
() f} C I f() is cofinal, i.e. modulo the filter {x}

1<K

8) <} is a well ordering of ﬁ}

[Why possible? By 2.2 and 2.3(2).]
Let (0p+1(k)) exist and is < 0, see [Shee, 0.14] where

Bs for k < 0., let Og(k) = 0, and O, 41(k) := min{o: if (u; : i < k) is a
sequence of sets of ordinals each of cardinality < 6,,(k) then o > | |J w;|}.
1<K

Choose ((#2,,<%,) : & < 6,) by induction on n, so ((Z2,,<2,) :n < w and
ordinal k < 0, exists, such that:
B (a) ifn=0then .72, ={f2}, f2 € "(A+1) is constantly A
(b) if fe FZ, then fis a function from « into {u C A+1: Ju| < 0,(k)}

(¢) <2, well orders 2,

(d) if fe.Z2, then for £ <4 we let gf@ be the following function;
its domain is xk and for ¢ < Kk we let:

~
I
<
Q
=
I
—
Q
m
~
=
Q
I
e
—
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Il
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Q

B O SN

~
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I
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vV
>
X
—
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(d)(e) if f1 € #2,, then for some fo € F2, 1, f2(i) =
{B:8+1€g} ()}
(B) if fi € F#2,, then for some fo € F72, | we have fo(i) = U{exa:
o € g7 (i) and cf(a) < 6},

() iffLreF, letting u := otp(u{g?1 (1) i< k}),le (=(f =
otp(u) < 0,95, = (05, : ¢ <) increasing 7, , € u and

otp(df,,, Nu) = ¢ then Foltp(u) (6,) C 7?2

(e)(a) 2,41 is minimal under the conditions above

(8)  <Z,.1 is chosen naturally.

We can choose a set Xy of ordinals such that <9‘3n i Kk € 0,,n < w) belongs to
L[X5] hence a list (w}, : @ < a(x)) € L[Xs] of {Rang(f) : f € .Z2, for some
Kk < 0.,,n <w}and alist & = (u, : @ < az(*)) of a cofinal subset of [az()]N and
X35 such that Xo, 4 € L[X3].

Now for any ordinal k < 6, and f € "X we can choose finite v, C aa(*) by
induction on n such that:

(#)n (a) AeU{wt:a€v,}forn=0

(b) ifi<k, f(i)¢ H{wk:a€v,}thenmin( J wil\f(?)) > min( J wi\f(i)).

aCvy aCvy

So (v, : n < w) exists hence v = |Jv, € L[X3], hence w = |J w}, € L[X3] has
n acv

cardinality < 6, and includes Rang(f) because if i < k A f(i) ¢ U{w) : o € v}

then (min( |J wi\f(i)) : n < w) is a strictly decreasing sequence of ordinals. So
Qa€vn

we should just let & = {u C X\ : u € L[X3] and L[X3] &= “|lu|] < 0.} witness the
desired conclusion. (s 34

Now (like [Shel4, §(3A)] see definitions there)

Conclusion 2.35. Assume Ax4. If p is a singular cardinal such that Kk < p =
0, :=hrtg(P(P (k)" < pand X\ < k then for some k < p we have: cov(\, pi, ji, £) =
A

Proof. Use [She00] in L[X] where X C Ord is as in 2.34(2). Os.35

Discussion 2.36. 0) From 2.34, 2.35 we can get also smooth closed generating
sequence (see [She96, §6], [Shed] (an earlier version is [Shea]).

1) We would like to get better bounds. A natural way is to fix s, consider 8 > &
and f : K — [\<% and ask for # C {f : kK — [\<%2} such that for every g €
[T U {1}\{0}) and g; € ][] g«(é) there is f € % such that (Vi < )(f(i) N
<K <K

91 (1), 9+ (1)) # 0).

2) We can get also strong covering, see [She94, Ch.VII].

3) Can we get something better on p singular strong limit? a BB?, (BB means
black box, see [Sheb| and in §3, possibly see more in [STc].

4) We like to improve 2.34, in particular §(2C), for this we have to improve §(2A).
We would like to replace Fil;ﬁl(Y)7 ie. hrtg(Fil;‘Ql(Y)) by hrtg(#(Y)) and even
hrtg(Y), as done in ZFC in [She90]. We do not know to do this but we try a more
modest aim: suppose we deal only with [Y]<* or so. So hopefully in [S*a], we still
have hrtg(Filil(/{)) but hrtg(Z(Y)) only.
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§ 3. BLACK BOXES

There are many proofs in ZFC using diagonalization of various kinds so they seem
to depend heavily on choice. Using Axy we succeed to generalize one such method
- one of the black boxes from [Sheb], it seems particularly helpful in constructing
abelian groups and modules; see on applications in the books Eklof-Mekler [EMO02]
and Gobel-Trlifaj [GT12].

The proof specifically uses countable models and Ax,. Naturally we would like
to assume we have only Axy p. But existing versions implies &Z(N) is well ordered
and more, whereas Ax4 s does not imply this.

§ 3(A). Existence proof.

Hypothesis 3.1. ZF + DC + Axy [so 9 = ¥4]

The following is like [Sheb, 3.24(3)], the relevant cardinals provably exists but
may be less common than there: conceivably true successor are only successor of
singular strong limit cardinals.

Theorem 3.2. If (A) then (B) where:

(A) (a) X =pT is a true successor
(b) p=p
(¢c) S={d<X:cf(0) =Ry and p divides 6} or just S is a stationary
subset of A such that 6 € S = cf(6) =Ng A p <A (p]0)
(d) 7= (¥ :0€S8) withy; = (75, :n <w) an increasing w-sequence
of ordinals with limit §
(B) we can find w = (o, W, C, h, K) = (0w, Wi, Cars hws K ) such that (we may
denote o, by Lg(w) and may omit it):

(@) (@) W ={(Ny:a<ay)
(B) Na = {(Nan:n <w) is <-increasing sequence of models
(7)) T(Namn) € H®o) and 7(Nan) € 7(Nant1)
(

) k= (ka:a<ow) ka= (kan :n <w) is increasing,
let kW(a7n) = k(aan) = ka,n

(5) |Na,n C ‘Na,n-l-l' c A but Na,n 7é Na,n+1

(¢) let Ny = No = lim(N,), that is, T(Nu o) =

U{T(Napn) :n <w} and (Naw!T(Nan)) 2 Nan

n)  the universe of Ny s a countable subset of A

) ¢ is a function from aw into S, non-decreasing
B) if{(a) =20 then § = sup{";,, 1 n <w} = sup(N,)

) ifa<ay and{(a) =8¢ S andn < w then Nu.ni1\Nan
- (7§,k(a7n)77§7k(a,n)+1) and ‘Na,n| - 'V;,k(a,n)

(c) if M is a model with universe A\ and vocabulary C H(Xo) then for
stationarily many 6 € S, there is a such that ((a) = §, No, < M.
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(d) (o) if () =06 =¢(B) then No = Ng,|No|Np = |Ng|Np, ko = kg;
moreover, otp(|Ny|) = otp(|Ng|) and the unique order preserving
mapping is an isomorphism from N, onto Ng, for every n
and is the identity on |No| N and on Ny N N and so maps
N, N 7§,k(a,n) onto Ng N 'yg"k(ﬁ,n)
(B) if C(a) =0 =((B) but o # 3 then
e N, N Ng is an initial segment of both N, and of Ng
e N, ﬂng - Na,n+1 n Ng,n+1 and Ny N Nﬁ D) Na,n = Nﬁ’n
for some n.

Remark 3.3. 1) The existence proof is uniform (that is, w can be defined from
(<«, f) where: <, is a well ordering of [y]® for x large enough and f is a witness
for X\ being a true successor. Moreover, also ¥* can be chosen uniformly (as well as
the witness for A-being a true successor.

2) We would like to add (A)(e) to the assumption and add (B)(e) to the conclusion
of 3.2 where:

(A)(e)

a) C={(Cs:6€8)
B) Cs C 6 =sup(Cs)
7) otp(Cs) = w and let 75 = (75, : n < w) list Cs in increasing order

o~ o~ o~ o~

§) C weakly guess clubs, i.e. for every club E of X for stationarily many
6 € § we have (Vn)(E N (V5 1, %5.n11) # 0), moreover

(6) (S.:e <)) is a partition of S such that C'S. weakly guess clubs

for each ¢

(B) () Nan+1\Na,n is included in [v5,,,75,,,1), that is kw(a,n) = n.

But not clear if (A) is provable in our context. Still, repeating the ZFC proof works
in ZF + DCy, and gives even “C' guess clubs”, i.e. “Lysm :n <w} CCs”. But we
ask only for “weakly guess”, see 3.3(2), (A)(e)() so using Axy just adding AC 5,
suffice!?. However, clause (B)(d)(3) is a reasonable substitute.

2) We may strengthen clause (B)(d) by adding:

() if (@) = 8 = ¢(B) then |Na| N ~(d,0) = [Na| N 7(68,0) call it us.

For this in (x)g the partition should be (S, : ¢ < A) as ¢ should determine also Nj,
etc.

3) The use of x possibly > N; in 3.4 is not necessary for 3.2.

4) Note that in proof we need p = p™° for proving ()3. Note that for (x)g(a), (b), (c)
we need just “X is a true successor of . To get clause (d) too, it suffices to have
= pio.

5) We may prove also 3.7 inside the proof of 3.2.

Proof. Now

B, there are ¢°, g" such that
(a) ¢°,g' are two-place functions from A to A which are zero on

10That is, having S = (Se : € < ) for each e choose the first increasing function f € “w such
that ('yg,f(n) : 6 € Se) weakly guess clubs.

See https://shelah.logic.at/papers/1005/ for possible updates.
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(b) (o) if a € [u, A) then (¢°(c,4) : i < p) enumerate

{j : 7 < a} without repetitions

if ,i < Xand o < p Vi > pthen ¢%ca,i) =0

g (e, g%, i) =i when i < p<a <\

if & < pand i < A then g*(a,i) =0

if @ <i < X then g'(a,i) =0

ere is v« € (u, A) such that for every countable u C X closed under
g' there is v such that:

S
e e
52 L ™

S N~

(d)

Q
[=)

a) v C 7, is countable
B) otp(v) = otp(u)
) vNu=uNp

o o

—~ o~ —
0

) w is closed under ¢°, g*

) the (unique) order preserving function from w onto v commute
with g%, g!

() we can arrange that v, = u + p.

[Why? As A is truely successor there is no problem to choose g%, g' satisfying
clauses (a),(b),(c). On % = {u C u* : u countable closed under ¢°, g'} we define
an equivalence relation E by (d)(8), (7), (¢). Now as u = u*°, % /E has cardinality
1 hence recalling ) is regular we can prove that there is v, as required in (d)(a) — (¢)
exists. In fact, J-uniformly we have a well ordering <4, of %; without loss of
generality u; <g ug = sup(ui) < sup(uz).

To have vy, = p+p, let 7. be the vocabulary {Fy, F} } with Fy, F, binary function
and let M = {M : M is a 7,-model with universe |M| a countable subset of u + p
such that o, 8 € M Np = Fy(a,B) = 0 = Fi(a,B) and the functions FM, FM
satisfies the relevant cases of the demands (a), (b), (¢) on (g%, g!)}.

Clearly M has cardinality @ and moreover we can (uniformly) define a list (M, :

See https://shelah.logic.at/papers/1005/ for possible updates.

e < py of M.
Let i. = otp(|M:|\p) and by induction on & < p we choose (he, ) such that:
Biz (a) 70 =p

(0)
(©)

(v¢ : ¢ < ¢) is increasing continuous
he is an order preserving function from |M.|\x onto [Ye, Yet1)-

Next let N. € M be such that h. Uid|as o, is an isomorphism from M. onto N..
Now we define the two-place function g§, g7 from A to A as follows

Hﬂl.g (a)

ife <pand v. < a < 741 then

e if i € N. Ny then gi(a,i) = Fy'*(a,1)

(0)
(©)

(d)

(95 (ay ) = 1 € p\N;) lists @\ N, without repetition and is derived from
(¢°(,i) : i < p) and N as in the proof of the Cantor-Bendixon
theorem (that |A| < |B|A|B| < |A] = |4| = |B|):
if o € [+ p, A) then i < p = gi(a,i) = ¢°(a, i)
if « € [u,A) and j < « then g7 («,j) is defined as the unique i < p
such that g§(a,i) =j

in all other cases the value is zero.
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Now g§, g7 are well defined, just recall H; (a), (b), (¢). So H; holds indeed.]
Clearly

()1 if uy,us C A are closed under ¢°, ¢' and uy N w= o N then uy Nug is an
initial segment of u; and of us.

Let N be the set of tuples (N, ) satisfying

(¥)2 (@) N =(N,:n<w)

N, is a model with vocabulary 7(N,,) C H(No)

N :=U{N, : n < w} is countable with universe C =,

d) 7(Np) C7(Npt1) with N, € Npjq 7,

e) 7= {vn:n <w)is an increasing sequence of ordinals satisfying
Wy in<wl=U{a+1l:ac U{N, :n <w}t} <7

(f) N = (Nog1I7(N)) [7n

(9)  sup(Nn) < v = min(Npy1\Ny)

(h) N, is closed under go, g;.

Recalling Hy, (7) = {u : u a countable set such that u N Ord C v and y € u\y =
ly] < Ry Clearly N C Hoy, (7) so as uR0 = u = |y.|, clearly N is well orderable
so (and using parameter witnessing, Ax5 + “\ is a true successor cardinal” to
uniformize) let

(*)3 (a) <7(NE7:YE) re<p) list N

(b)) Ne=(New : n<w),¥e= (Ve :n<w)
(¢) Ne=N.y:=U{N., :n<w} ie N.=lim(N.).

Next

(¥)4 for each e < u let N be the set of pairs (IV,¥) such that:
(@) N=(N,:n<w)
(b)) N =U{N,, :n <w}isa7(N.)-model
(¢) N, isa 7(Ney)-model with universe C A
(d)  there is h, an order preserving function from N, onto N
commuting with ¢°, ¢! mapping N. ,, onto N,
(i.e. h[Ngy, is an isomorphism from N, , onto N,,)
and being the identity on N, Ny and so mapping Ve n
to T
()5 for § € S and € < p let N5 be the set of pairs (N,%) € N, such that
sup{v, : n < w} = ¢ and for clause (B)(b)(7y) for every n for some

k, Npy1\Nn C (7§,ka7§,k+1)
(¥)6 there is a partition S = (S. : € < ) of S to stationary sets.

[Why? By Larson-Shelah [LS09].]

(*)7 there is (¥5 : 6 € S) such that each ¥} is an increasing w-sequence with
limit 6.

[Why? By Axy.]
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(*)s thereis, (in fact as in all cases in this proof, uniformly definable), a sequence
{(Na, Yo> Ua) : @ < a(*)) and function ¢ : a(*) — S such that:
(a) ¢ is non-decreasing
(b)) (Nuay¥a) € N, ¢(a) When ((a) € S., moreover
(b)  ife < pand § € S, then {(Nga, 7o) : o < o) satisfies ((a) = 0}

list N 5
()9 let Ny = U{Ngn:n < w}.
[Why? By ()5, (*)¢ and using a well ordering of [A]X0.]

Now ignoring clause (c), clauses of (B) should be clear. Lastly, clause (c) holds
by the following Theorem 3.4, in our case kK = Nj. Us.o

Theorem 3.4. If (A) then (B) where:

(A) (a)(a@) A > Kk are regular uncountable cardinals
(B) a<A=lalf <A
a) if a <X then cf([A\]<",Q) is < A
(8) U, C[N<" is well orderable and cofinal (under C)
(v) JUN[a]<" <X fora< A

(¢) M is a model with universe A and vocabulary 7,7 not necessarily
well orderable

(d) if a <k then A > hrtg({N : N a 7-model with universe a; may add
that some order preserving mapping is an elementary embedding

of N into M})
(B) there is N, uniformly defined from witnesses to (A) such that:
a) N=(N,:ne€“>N\)
b) T(Ny) =7

¢) N, has cardinality < k and N, Nk is an ordinal < k

(0)

—

d) N, is an elementary submodel of M

e) ifvan then N, is a (proper) initial segment of N,

f)  ifn<wandn,v e\ then there is an order preserving function
from N, onto N, which is an isomorphism

(9) ifn<w,n€"Xand~y < X then there is v such that n<v € "T1)
and min(N, \N,) > 7.

Remark 3.5. 1) We may consider adding: N,(n € “)\) has ¥;-property and use:
hrtg(the set of expansions of N*) < .

2) The ZFC version of 3.4 is from Rubin-Shelah [RS87].

3) Note that in 3.4 the vocabulary is constant whereas in 3.2 it is not. But the dif-
ference is not serious as in 3.2 the vocabulary is C H(Ng) so there is one vocabulary
which is enough to code any other.

4) We may continue in [Sta, 8.2=Lg19].

Proof. Now

(x)o without loss of generality U, C [A]<" is closed under countable unions and
initial segments.

See https://shelah.logic.at/papers/1005/ for possible updates.
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[Why? By (A)(a),(b), the point is that the closure retains the properties.]

(¥)1 let N be the set of N such that
(@) N=(N,:n<w)
() (o) N, < M has cardinality < &

(8) moreover, |N,| € U,
(¢) |Ny| is an initial segment of |Ny,11]
(d) Ny, has cardinality < x and Ny N« is an ordinal < &
() T(Nn) =7
Now

()2 N is well orderable

[Why? Recall U, is well orderable so let (u, : oo < a) list it. Now N,, is determined
by |Ny,| (because N,, < M) and |a,|M0 is well orderable so we are done.]

()3 let (Ny :a < ) list N and let (uf : a < a,) list U,.
[Why exists? By ()2 and (A)(b)(B) of the theorem assumption.]

()4 (a) wesay N',N” € N are equivalent and write N'&N"" when
for every n, otp(| N} |) = otp(N/) and the order preserving function
from |N},| onto |N//| is an isomorphism and Nj = N/
(b) letN'={N:N=(Ny,:¢<n)=N'[(n+1) for some N’ € N,n € N}

()  we define the equivalence relation &’ on N’ by N'&'N? if N, N? has
the same length and the parallel of clause (a) holds
(d) & and &' have < p equivalence classes.

[Why? E.g. clause (d) by clause (A4)(d) of the theorem’s assumption.]

(*)5 By is a club of A where By := {0 < A : ¢ is a limit ordinal such that
MT[§ < M and if N € N and sup(Ng) < § then there is N’ € N which is
&-equivalent to N with Nj = Ny and sup(U{N}, : n < w}) < d}.

[Why? Think, noting that we can consider only {Na :a < aue and N, is not
&-equivalent to Ng when 5 < a}.]
(¥)g for N* € N and N € N’ such that Ny = N§ we define tk(N, N*) €

OrdU{—1, 00} by defining when rk(N, N*) > «a by induction on the ordinal
« as follows:

(@) a=0: tk(N,N*) > o iff N&'(N*[lg(N))
(b) a limit: tk(N, N*) > a iff 3 < a = tk(N,N*) >
() a=pB+1: tk(N,N*) > «a iff for every v < A there is NT such that
e NaNTeN
° rk(N+,N*) >p
o (g(NT)=1{lg(N)+1
o if n=/lg(N) then v < min(N,/\N,,_1).

Consider the statement
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X for some N* € N, tk({Ng), N*) = .

Why enough? Reflect.
Why true? First

B, FE- is a club of A\ where

Ey={§€Ey: if N* € N,sup(U{N} :n<w}<J§NeN,
sup(U{Ny : £ < £g(N)} < § and 0 < rk(N, N*) < oo, then there is no
N’ such that N <N’ € N’,tk(N’, N*) = tk(N, N*) and £g(N') = lg(N) + 1
such that letting n = ¢g(N) we have min(N/,\N,,_1) > §}

[Why? Reflect.]
Now choose

B there is an increasing sequence (J, : n < w) of members of Fy with limit
0 € E5 (in fact can do this uniformly; e.g. let &, be the n-th member of
Es).

Lastly, choose (u, ¢ : n < w) by induction on n such that

(@) Un,e € Uy N o)<

(D) un,et1 is uk, for the minimal o such that u}, C d,, and it includes Up p41 Nd,
where Uy 41 18 the M-Skolem hull of the set

o (U{umirU{dm} m<wk<l}U{a:a<sup(upeNk)},
(the Skolem function are just “the first example”; note that the sup(uy, ¢Nk)

may be zero).

Let up = U{upe : £ < w}, N = M|u,. Now we are done by (*)o(a) so H is indeed
true and said above is enough. W

Conclusion 3.6. Assume A\ = um is a true successor and p = 0. Then there is
an Ni-free Abelian group of cardinality X such that Hom(G,Z) = {0}.

Proof. Straightforward by Theorem 3.2 as in [She84] or see in §(3B). Os.6

Theorem 3.7. 1) We can strengthen the conclusion of 3.2 by replacing (B)(c) to

(B) ()t if (N] :me“?X) is as in 3.4 (B)(a),(c)-(f) for k = Ny, replacing
(B)(b) by “r(Ny) € H(No),|N/| € [N|<N” then for stationarily
many § € S for some a < ayw and n € Y\ we have é(a) =0 and
No = (N}, 10 <w).

2) In 3.2, if Kk < X\ as in 8.4 and we can replace (N,7) by (N, : n € “> k).

Discussion 3.8. There is a recent BB helpful in constructing N, -free abelian
groups, (usually is the product of n BB’s); in [She(07] it is proved to exist, and
using it construct W,,-free Abelian group G such that Hom(G,Z) = 0. This is con-
tinued, Gobel-Shelah [GS09], Gobel-Shelah-Striingman [GSS13] use it to deal with
modules and in Gobel-Herden-Shelah [GHS14] use it to construct R,-free Abelian
group with endomorphism ring isomorphic to a given suitable ring. Lately is [Shear].
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We try to generalize a version of it but note that we cannot use BB for A\, 11
with | N,|| = A, as in the ZFC-proof. But instead we can use 3.7! See §(3B) below
and maybe more in [STa].

§ 3(B). Black Boxes with No Choice.

Context 3.9. We assume ZF only (for this sub-section).
Here we try to deal with ZF-proofs.

We now define a black box, BB suitable without choice (even weak ones).

Definition 3.10. 1) For a natural number k we say x is a k-g.c.p. (general
combinatorial parameter) when x consists of (so Y = Yy, etc.):

(a) the set Y and the sets X,,, for m < k are pairwise disjoint
b) AC{7:7=(Nm :m < k) and 0, € “(X,,) for m < k}
(¢) Y| < |Xo| and moreover
(¢)* fo:Y — Xq is one to one
(d) if m € (0,k) then | X,,| > X<m)Y where X_,,, = [[ “(X,), moreover
L<m
(d)™ fm:{t:ta function from X_,, to Y} — X,, is one to one.

1A) We say a k-g.c.p. x is standard when fx ,, is the identity for every m < k and
we fix y, €Y.

2) For x a k-g.c.p. (as above) we say w is an x-BB, i.e. an x-black box when w
consists of (x = Xy, and):

(a) A =Aw C Ax; (if A = Ax we may omit it)
(b) (@) h:A— &)XY 5o we write h(7]) = (hm.n(7) : m < k,n < w) so
R, is a function from A into Y
(B8) for every g: Q) — Y, see below for some 77 € A we have
(Vm < K) (V1) (hmn () = g(71 1 (m,n))
(¢) notation:
() ifj€Axthen v =171 (m,n) when v = (v, : £ < k) and v, is n
ifl<kANlF#mandisvy=mnnif {=m
B) Qn={71(mn):n<wandn € Ag}so Q,, C{G:7=(ne: £ <k)
and for £ <k, [l #m =n € “(Xy)] and [{ = m = n € “~ X,|}

() 2= U .
m<k
3) Above kyx = k(x) =k, Qy = Q, Qw m = Oy, etc.
4) In Claim 3.13 below we call Z simple when it has the form (a5 2 : 77 € Ax,n < w)
where ag,,, € Z.

Claim 3.11. 1) For every Y,y. € Y and k there is, moreover we can define a
standard k-g.c.p. xx (with witnesses fxm = identity).
2) For every such xy we can define an x-BB w = Wy, .

Remark 3.12. Why we do not choose Ay, = Ax? We can have Ay, = Ay using a
constant value € Y for the additional cases, so for definability choose a fixed y, € Y
in 3.10(1), see 3.10(2).
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Proof. 1) By induction m < k we define (X, fm) b

e X, =Y ifm=0

o X,, = {t:tisa function from X, = [[ (X¢) toY}ifm >0
£<m

e f, =idx, (sois one to one onto).

Now check.
2) Case 1: k=1

Let Aw = “(Rang(fo)), s Q = Qwo = “7(Rang(fo)), hw,n or pedantically
hw.,o,n is a function from Q¢ = = {(n) : n € “(Rang(fo))} and Qyw = {(n) :
0 € “> (Rang(fo))} and (1) € Ay, =>< >1 (0 ,n) (nin).

Now for n < w we let hw o : Aw — Y be defined by

o hywon((n)=mn(n)eY forne Ay.

Obviously clauses (a),(b)(«) from 3.10(2) holds but what about clause (b)(8) of
3.107
Now for any g : Qw — Y we choose y, € Y by induction on n as follows:

yn = g({folye) : £ <n)) = g({ye : £ <n)). Son:=(y: £ <w) € “Rang(fy)) is as
required.

Case 2: k > 1

Let Aw = {7 : 7 = (§m : m < k) and n,, € “(Rang(f,,)) for m < k} hence
Qp, = Qw.m and Q, = €, are well defined.

We now define Ay, = hw,m,n for m <k,n <w

(¢)1 for 7 € Ay, = {71 (myn) : 7 € Aw and n < w} we let hy, o (7) =
(i (m(n))) (AIm) i m > 0 and .y (0) = £, (M (n)) if m = 0.

Why well defined and € Y? Clearly if m = 0 then hy, »,(7) = fl(nm(n)) € Y
as m € “(Xo) = “Y and if m > 0 then n,,(n) € X,, hence f 1(nn(n)) €
(X<m)Y so0 is a function from X, = [T “X¢ into Y so flm € X, hence
l<m

(fr(m(n)))(iilm) € Y. So clause (b)() of Definition 3.10 is satisfied. What
about clause (b)(3) of Definition 3.10(2)? so let a function g :  — Y be given and
we shall prove that there is 7 € Ay as required, in fact define it. Toward this we
choose 7, € “(Rang(fmn)) C “(X,,) by downward induction on m, and for each
n, we shall let 7, = (fim(tm,n) : n < w), where we choose t,,,, € Dom(f,) by
induction on n < w as follows:

()2 if m > 0 then ¢, ,, is the following function from {7[m : 7 € Aw} = X<y, =
IT“(Xe) toY: if 0= (vp: € <m) € Dom(tp, ) then t, ,(7) is g(p) € Y

<w

where p = (p; : £ < k) is defined by:

e if £ > m then p; = 1y, is well defined by the induction hypothesis on
m

o if { = m then py = (frm(tm,0),--s fm(tmmn—1)), well defined by the
induction hypothesis on n

e if / < m then p;, = vy, given

(%)3 if m = 0 then t,, , = g(p) where p is chosen as above except that there is
no 7.
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Now check. Osz.11

Claim 3.13. Let x be a k-g.c.p. see 3.10(1) and w an x-BB, see 3.10(2) and
A=Ay, Q=Qq, etc. Then G € Y = Gxo C G Cpurely Gx,1 where Cpurely @5
from 3.16(0) and G € 9 iff some z,G = Gy z, which means:

® Yn,0 = Yq,

® nlYsni1 = Yqgn — Zk Ll (m,n+1) — 2@,n
m<

(e) G is the (Abelian) subgroup of G1 generated by {z5 : 7 € QY U{ysm : 7 €
An<wlU{z}.

Proof. Straightforward. Us.13

Claim 3.14. Let k,x,w, z be as in 3.10, 3.10(2), 3.13.

1) Gx,z is almost Ry(x)-free (see below Definition 8.16 and 3.15) provided that z
has the form {aznz : 7 € Ax,n < w) where agn € Z (or less as in [She07]).

1A) If k > 2 then Gx 3 is strongly Ry -free.

2) In Claim 3.13 above, Gx 5 is definable (in ZF!) from (x,%).

3) For x a k-g.c.p. and w an x-BB such that Z C Yy we can define Z = Zy, such
that Gx z (is well defined and) satisfies h € Hom(Gx,z,Z) = h(z) = 0.

4) For x a k-g.c.p. and w an x-BB we can define an Ry(x)-free Abelian group G
such that Hom(G, Z) = {0}.

Discussion 3.15. 1) Assume H C G = Gz is a subgroup of cardinality < Nk(x).
For each t € G let Y; be the minimal Y C Yy = {z, : p € Qx} U {2} U{y5 : n € Ax}
such that ¢t € ®{Qz : z € Y}. If Qx U Ay is linearly ordered then U{Y; : t € H}
has cardinality < Ny(y) but in general this explains the “weakly” or “almost” in
3.14. However, it may occur that this holds for the “wrong” reason say N £ |A|
in Definition 3.16(2). But the proof of 3.11, 3.10 gives “many” such subsets of the
set A.

2) For proving 3.14(1) note that in the definition of % in [She07] there is a use of
choice: dividing the stationary set S,, C A, to A, pairwise disjoint sets or just the
choice of Z = (2 : € Ayw). However, we can just “glue together” copies of the G
constructed above; i.e. start with G and for every non-zero pure z € G, add G, of
h, : G = G, identify x.~ with z, etc.

Definition 3.16. Let G be a torsion free Abelian group (the torsion free means
GE“ne=0",n€Z,z € G impliesn=0Vz=0g).

0) Recall H C G means H is a subgroup. Let H C,uely G mean H is a pure
subgroup of G, which means H C G and n € Z\{0},nz € G,ne € H = z € H.

1) We say G is a weakly -free when: there is a set A such that the pair (G, A) is
k-free, see part (2).

2) We say (G, A) is k-free when: A C G and PCg(A) = G and if B C A has
cardinality < x then PCg(B) C G is a free Abelian group recalling PCg(A) = the
minimal pure subgroup of G which includes A.
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3) We say G is almost x-free when there is a set A such that the pair (G, A) is
almost k-free, see part (4).
4) The pair (G, A) is almost x-free when: (G, A) is x-free and A is independent in
G (ie. > apxg=0= A ay =0 when zg,...,z, € A without repetitions).
L<n L<n

Proof. Proof of 3.14:
1) Let A ={z, : p € A} U{z} U{ys : 7 € Ax}. It is easy to check that A is
independent in G (see 3.16(4)) and PCg(A) = G so for any ¢t € G there is a unique
finite Y; C A such that ¢t € PCs(Y;),Y: of minimal cardinality.

Now if B C A has cardinality < Ny(x), then also Yp := {p : x, € B} U {7 |
(m,n) : yy € B,m < k(x) and n < w} has cardinality < Ny(x).

For some Y C Ord in L[Y] there is a k-c.p. x} and Z; such that Gx, 5, € L[Y]
is isomorphic (in V) to PCg(B). So by [She07] we are done.
2) Should be clear.
3) We shall define uniformly (in ZF) from k-g.c.p. x and w an x-BB a sequence Z
such that the Abelian group G = Gx ., satisfies h € Hom(G,Z) = h(z) = 0.

For each 77 € A let @ = (aw,5,n : 1 < w) € “Z be defined by:

(*) aw,ﬁ,n iS
o > hpnt1(7) when {hy, (7)) :m <k} CZ
m<k

e 0 when otherwise.
We shall choose by g3,, € Z for n < w such that

(%) if aw,5,0 # 0 then there are no ¢, € Z for n < w such that for every n we
have
(eqy,) nltni1 = tn — Gwgnt1 = bwgn - Gw, o
Why then can we choose? We choose by 5, € N C Z as minimal such that we
cannot find tg,...,t, € Z such that ty = {-n,—n—1,...,—-1,0,1,m...,n} and
for every m < n+ we have Z |= “nlt,, 1 =t — Gw,gm+1 — bw,gm — Qw, o
Now we define

(%) 2=2w = (bw,gn - 2:7 € A, n < w).
So

(x) (a) Gxz is well defined
(b) if g € H(Gx,z,Z) then h(z) = 0p.

[Why? Clause (a) is obvious. For clause (b) if g is a counterexample by the choice

of w there is 7 € Ay such that m <k An < w = g(T5(m,n)) = Pmn(7) that is

n<w= > 9(T5(mnt1) = Gw,qn- Now use the choice of (bw 5, : 7 < w) to get
m<k

a contradiction.

4) We derive an example from Gy, from part (3).

Let ' = Q) = {p: p a finite sequence of members of N} and for p € V' let
(*) (a’) XP = Xx,p = {‘Tp,ﬁ : ﬁ c Qw}

(0) Y, =Yxp={yp5:1€Aw}
(x) (a) Gy =Gyo=Gho®Ghy where
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(b)) Goo=G%00=P{Zpi:p € Ny E Qw}

(c) 6,1 = ;,0,1 =1z

(x) (@) GY=Gy1®Gw21®Gwa21®Gw,12 where
( 1.0=Gwi10=0{Qz,5:p€Q and € Ok} 2 Gy,
( 11=Gw11=Q22G),
(d) 1o =Gwi2=0{Qy,5:p € Qy and 7 € Ax}.

(%) (a) =z, bezif p= () and z,1 ) if B € Q\{<>}
(0)  let Yp5,0 = Yo,z
(¢) for p e Q, and 77 € Ax we define y, 5 » by induction on n > 0

* Ypim+1 = Wpan + 2o Tpqi(m,n) + Gqn2y Where
m<k

(agpn:n <w) €“Z was defined above using h(7)
() (a) forevery t € G} let supp(z) be the minimal subset X; of Xg = {z, 7:
pe,NENU{y,s:pecQ and 7 € Ay} such that:
t € 2{Qzx : z € X,}; used in part (2)
(%) for p € Q' we define an embedding h, from Gy, into G by (see Hy below):

—
=
>

hS)

—
8

=

—

=x,5 for j € Qyw
(C) hp(yﬁfﬂ

~

= Yp,i,n-

Now

B let Gy, be the subgroup of G, ; generated by {X,; : p € Qf, and 7 €
QwtU{z}U{ypan:p€Qy, i€ Ay and n < w}
B, (»v,O C G’ is dense in the Z-adic topology.

Why? Just look at each y, 7 5.
p,,

Bs for p €
(a) h, is a well defined homomorphism
(b) h, is indeed an embedding
(¢) Rang(h,) C G,
(d) Rang(h,) is a pure subgroup of G
() hesis?

[Why? For clause (a) note the definition of y, 5., also the other clauses are obvious. ]

B, Hom(G,,,Z) = 0.

[Why? Let g € Hom(GY,,Z). For each p € Q, the function g o h, is a homomor-
phism from Gx into Z hence by the previous claim 3.14, (G o h,)(z) = 0. This
means that 0 = (g o h,)(z) = g(h,(2)) = g(2,) hence g(z) = 0, using p = () and
9(xp ) = 0 for p € Q7 € Qx using 2,y = X, 5. By the choice of Gy,  this
implies g[GY ¢ is zero and by B3 this implies g[G', is zero, as promised.] Os3.14
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