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2 SAHARON SHELAH

§ 0. INTRODUCTION

§ 0(A). Background, questions and results.

Ultraproducts were very central in model theory in the sixties, usually for regular
ultrafilters. The question of ultraproducts of infinite cardinals had been resolved
(see [CKT73]): letting D be a regular ultrafilter on a set I, (for transparency we
ignore the case of a filter)

($)1 if A = (A, : s € I) and A\, > R for s € I then [[ As/D = ul!l when

_ sel
= limsupp(A) := sup{x: the cardinal y satisfies {s € I : A\; > x} € D}.

What about the ultraproducts of finite cardinals? Of course, under naive interpre-
tation, if {\s : As = 0} # 0 the result is zero, so for notational simplicity we always
assume s € I = A\ > 1. Also for every n > 1, letting Ay = n for s € I we have
[TAs/D = n so the question was

S

Question 0.1. Given an infinite set I

(a) [the singleton problem] what infinite cardinals u belong to 67 = €7, i.e.
can be represented as { [[ As/D : D a regular ultrafilter on 1,1 < A <

sel
No}\{/\ 1< A< No}

(b) [the spectrum problem] moreover what are the possible spectra, i.e. which
sets of cardinals belong to C; which is the family of sets ¥ such that for
some D, a regular ultrafilter on I we have ¥ = upf(D) where upf(D) =
{IT As/D :1<As <RVpfor se IP\{A:1 <A< Ny}

sel
Keisler [Kei67] asks and has started on 0.1: (assuming GCH was prevalent at the
time as the situation was opaque otherwise)

()2 assume GCH, a sufficient condition for ¥ € Cj is:
(a) € is a set of successor (infinite) cardinals
(b) max(%) = |1+
(c) if u=sup{x < p:x €%} then u™ €€
(d) if u™ € € then uN ¥ has cardinality < p.

Keisler used products and D-sums of ultrafilters. Concerning the problem for sin-
gletons a conjecture of Keisler [Kei67, bottom of pg.49] was resolved in [She70]:

(¥)3 p = pio when u € €, i.e. when u = [] A\s/D is infinite, D an ultrafilter
sel
on I, each A, finite non-zero

The proof uses coding enough “set theory” on the n’s and using the model theory of
the ultra-product. This gives a necessary condition (for the singleton version), but
is it sufficient? This problem was settled in [She78, Ch.V,§3] = [She90, Ch.VI,§3]
proving that this is also a sufficient condition (+ the obvious condition p < 2111),
that is

(%) u € 61 ::U{%:%Gcl}ﬁu:umg?m.
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The constructions in [She78, Ch.VI,§3] = [She90, Ch.VI§3], use a family # of
functions with domain I and a filter D on [ such that % is independent over
D (earlier Kunen used such family .# C *X for constructing a good ultrafilter
on A in ZFC; eliminating the use of an instance of GCH in the proof of Keisler;
earlier Engelking-Karlowicz proved the existence of such .%). In particular in the
construction in [She78, Ch.VI,§3] of maximal such filters and the Boolean Algebra
B = #(\)/D are central. We decrease the family and increase D during the
construction; specifically we construct .%;(¢ < n) decreasing with ¢, D, a filter on
I increasing with ¢, D, a maximal filter such that %, is independent mod Dy;
so if %, = 0 then Dy is an ultrafilter and we have By = Z(I)/D; is essentially
<-decreasing and in the ultrapowers N’ /D, the part which B, induces for ¢ < n, is
a sequence of initial segments of NB/Dy decreasing with /.
In [She78, Ch.VI,Exercise 3.35] = [She90, pg.370] this is formalized:

()5 if Dg is a filter on I,Bg = Z(I)/Dy, D1 2 Dy an ultrafilter, D = {A/Dy :
A € Dy} so D € uf(Bg) then NBo/D{ is an initial segment of N!/D; (also
B satisfies the c.c.c., but this is just to ensure B is complete, anyhow this
holds in all relevant cases here).

It follows that we can replace Z(I) by a Boolean Algebra B; extending By. The
Boolean Algebra related to % is the completion of the Boolean Algebra generated
by {zsq: f € .%,a € Rang(f)} freely except x5, Nxsp = 0 for a # b € Rang(f)
and f € &#. So if Rang(f) is countable for every f € %, the Boolean Algebra
satisfies the Nj-c.c. (in fact, is free), this was used there to deal with lcf(x, D) for
k = Ny (for K > Vg we need Rang(f) = k) and is continued lately in works of
Malliaris-Shelah. But for upf(D) only the case of f’s with countable range is used.
The problem of the spectrum (i.e. 0.1(b)) was not needed in [She78, Ch.VI,§3]
for the model theoretic problems which were the aim of [She78, Ch. V1], still the case
of finite spectrum was resolved there (also cofinality, i.e. lcf(k, D) was addressed).
This was continued by Koppelberg [Kop80] using a possibly infinite <-increasing
chains of complete Boolean Algebras; also she uses a system of projections instead
of maximal filters but this is a reformulation as this is equivalent, see 0.11 below.
Koppelberg [Kop80] returns to the full spectrum problem proving:

(x)¢ € € C;r when ¥ satisfies:
(a) € C Card
(b) max(%) = 2!
(¢) p=ploifpe®
(d) 1fun€%forn<wthennun€‘5

Central in the proof is (x)5 above ([She78, Ch.VI,Ex3.35,pg.370]). The result
of Koppelberg is very strong, still the full characterization is not obtained; also
Kanamori in his math review of her work asked about it.

Here we give a complete answer to the spectrum problem 0.1(b), that is, Theorem
1.20 gives a full ZFC answer to 0.1, that is.

Theorem 0.2. For any infinite set 1,4 € Cy iff € is a set of cardinals such that
peC = pu=pt <2 and 2l € 7.
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‘We now comment on some further questions on ultra-powers.

The problem of cofinalities was central in [She78, Ch.VI,§3] in particular, lef(Rg, \))
(see 0.6 below). [Why? E.g. if Th(M), the complete first order theory of the model
M is unstable then M!/D is not lef(Rg, A\)T-saturated.] Another question was
raised by the author [She72, pg.97] and independently by Eklof [EkI73]:

Question 0.3. Assume f, € IN, f,11 <p fn and pu < [ fu(s)/D for every n then
sel

is there f € 'N such that f <p f,, for every n and u < [] f(s)/D?
sel
The point in [She72, pg.75] was investigating saturation of ultrapowers (and

ultraproducts) and Keisler order on first order theories. The point in [EkI73] was
ultraproduct of Abelian groups.

To explain the cofinalities problem, see 0.4. We can consider the following: for D
a regular ultrafilter on I we consider M = N*/D; fora € M let A, = [{b: b <ps a}]|
and define Eyy = {(a,b) : a,b € M and A\, = Ay > Rg}. So Ej is a convex
equivalence relation, and the equivalence classes are naturally linearly ordered and
let Apx={a€ M: )\, =A}. Soupf(D) ={\,: Ap . # 0} and Question 0.3 asks:
can the co-initiality of some Ap x be Ry. As M is Nj-saturated, in this case the
cofinality of M [{c: A. < Ay (hence ¢ <ps a)} is lef(Rg, D) which is the co-initiality
of Ap min(upt(D))-
So a natural question is

Question 0.4. What are the possible specy (D) = {(},0,0) : A € upf(D), 0 the
cofinality of Ap x and 6 the co-initiality of Ap x} for D a regular ultrafilter on 17

A further question is:

Question 0.5. Assume r = cf(k) < A\; = A[% < Ay = A2, A7 < 2% see
0.7(4). Is there a regular ultrafilter D on A such that for n; € N for i < A we have
HTLZ/D = )\ and Han/D = A7

3 3

This work was presented in the May 2013 Eilat Conference honoring Mati Ru-
bin’s retirement. In a work in preparation [ST], we try to build a counterexample
to question 0.3.

§ 0(B). Preliminaries.

We define lcf(x, D) and M®/D, when B is a Boolean Algebra and more.

Definition 0.6. For D an ultrafilter on I, x a regular cardinal let u = lcf(k, D) be
the co-initiality of the linear order (k!/D)[{f/D : f € 'k is not D-bounded by any
e < K}.

Notation 0.7. 1) B denotes a Boolean Algebra, usually complete; let comp(B) be
the completion of B.

2) uf(B) is the set of ultrafilters on B.

3) Let BT =B\{0p}.

4) Let cc(B) = min{x : B satisfies the x-c.c.}, necessarily a regular cardinal.

5) For A > k = cf(k) let \* = trp, (\) = sup{|lim.(.7)| : . C ">\ is a subtree
of cardinality < A} where lim,(.7) = {n € "Ord : n]i € J for every i < k}.

6) For a Boolean algebra B let comp(B) be its completion.
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Definition 0.8. For a Boolean Algebra B and a model or a set M.

1) Let M® be the set of partial functions f from BT into M such that for some
maximal antichain {(a; : ¢ < i(*)) of B,Dom(f) includes {a; : i < i(x)} and is
included in' {a € BT : (3i)(a < a;)} and f[{a € Dom(f) : a < a;} is constant for
each 7.

1A) Naturally for fi, fo € M® we say fi, f» are D-equivalent, or f; = fo mod D
when for some b € D we have a; € Dom(f1) A as € Dom(f2) Aa; Nas Nb > 0 =
fi(a1) = fa(az).

1B) Abusing notation, not only M® C M®2 but M®1/D; C M®2 /Dy when By <
By, Dy € uf(By) for £ = 1,2 and Dy C D, that is, for f € M® we identify f/D;
and f/Ds.

2) For D an ultrafilter on the completion of the Boolean Algebra B we define M®/D
naturally, as well as TV(p(fo,..., fn-1)) € comp(B) when ¢(zg,...,zn—1) €
L(ras) and fo,..., fno1 € M® where TV stands for truth value and M®/D |=
olfo/D; ..., fa—1/D] Hf TVar((fo,-- -, fa-1)) € D.

3) We say (a, : n < w) D-represents f € N® when (a, : n < w) is a maximal
antichain of B (allowing a, = Og) and for some f’ € N® which is D-equivalent to
f (see 0.8(1A)) we have f'(an) = n. We may omit D if D = {1} and say just
(an 1 n < w) represents f.

4) We say {(an, kn) : n < w) represents f € N® when:

(a) the k,, are natural numbers with no repetition

(b) (an :n < w) is a maximal antichain of B
(c) flan) = ky.
The proofs in [She78, Ch.VI,§3] use downward induction on the cardinals.

Observation 0.9. 1) If B is a complete Boolean Algebra and f € NB then some
sequence {(a, : n < w) represents f.

1A) If B is a c.c.c. Boolean Algebra and f € NB, then some sequence {a,, k, :n <
w) represents f.

2) For a model M and Boolean Algebra By and ultrafilter D on its completion B
we have M®' /D = M®2/D.

Fact 0.10. 1) If By C By are Boolean Algebras, B is a complete Boolean Algebra
and m; is a homomorphism from B; into B then there is a homomorphism s from
By into B extending 7.

2) There is a homomorphism 73 from B3 into B extending 7y for £ = 0, 1,2 when:

(a) By C B, C B3 are Boolean Algebras for ¢ = 1,2

(b) By,Bs are freely amalgamated over By inside Bg

(¢) B is a complete Boolean Algebra

(d) my is a homomorphism from By into B for £ =0, 1,2
(e)

(& Wog’frl and7r0§772.

Proof. 1) Well known.
2) Straightforward. Uo.10

Lfor the Dy € uf (Bg) ultra-product, without loss of generality B is complete, then without loss
of generality f[{a;:¢ < i(*)} is one to one.
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Observation 0.11. Assume By < By are Boolean Algebras and By is complete.
1) The following properties of D are equivalent:

(a) D is a mazimal filter on Ba (among those) disjoint to B1\{1g, }
(b) there is a projection ™ of Ba onto By such that D = {a € By : w(a) = 13, }.

1A) Moreover D determines m uniquely and vice versa, in particular ww(c) is the
unique ¢ € By such that c = ¢ mod D.

2) If D satisfies (1)(a) and Dy is an ultrafilter of By, then there is a one and only
one ultrafilter Dy € uf(Bs) extending D, U D.

Proof. 1) Clause (a) implies clause (b):

As D is a filter on By clearly for some Boolean Algebra BY, there is a homomor-
phism jo : By — B; which is onto, such that a € By = (a € D « jo(a) = 1g;). As
DNB; = {1, } necessarily jo|B; is one-to-one. Let B} = jo(B1) so j1 := (joB1)~*
is an isomorphism from B} onto B; hence by 0.10(1) and the assumption that
B, is complete there is a homomorphism jo from B onto By extending j;. Hence
Jjs = j20jo is a homomorphism from By onto By extending idg, , so it is a projection.

Lastly, j3 '{1g,} is a filter extending D and disjoint to B;\{1s, }. By the maxi-
mality of D we have equality.

An alternative proof is:

Let B be the sub-algebra of By generated by B;UD. Clearly every member of B,
can be represented as (aNb)U((1—a)No(a, b)) with a, a,, € D form < n = £g(a) and
b€ By, by € By for k < £g(b), o a Boolean term such that A a < ag, equivalently

k<n
A an(l—ax) =0. We try to define a function 7 from B into By by:
k<n

@ m((anb)U((1 —a)Nno(a,b)) =0 for a,a,b,b as above.
We have to prove that 7 is as promised.
(¥); 7 is a well defined (function from B into B;).

Why? Obviously for every ¢ € B), there are a, @, b, b, o as above, so 7(c) has at least
one definition, still we have to prove that any two such definitions agree. So assume
e = (aeNbe)U((1—as)Noy(ae, be)) for £ = 1,2 as above so with ay, as, a1 k, as,m € D
and by, ba, b1, by € By such that a; < ay,y for every k < fg(ay),az < ag ., for every
m < Lg(az). We should prove that by = be, if not without loss of generality by % bo
hence b := by — by > 0. Clearly a := a1 Nay € D and computing cNbNa in two
ways we get a NbNby =aNbNbs henceaNb=anNbNby =aNbNby,=aN0=0
recalling b = by — by, hence a < 1—bso asa € D necessarily 1 —b € D. But b € IB%T
so 1 —b € B;\{1p, }, contradiction to the assumption on D.

(¥)2 m commutes with “zNy”.

Why? Assume that for £ = 1,2 we have ¢, = (ay Nby) U ((1 — a;) N oy(ae, be)) with
ag, b, g, by, 0¢ as above.

So m(ce) = by and letting a = a1 Naz € D we have ¢ :=c;Neg = (aN (b Nby)) U
(1 —a)No(a,b)) where @ = a1 (a1) @z {az),b = by (b1) by"(by) for some suitable
term o.

As a € D, clearly m(c) = by Nby = m(c1) Nw(c2), as required.

()3 m commutes with “1 — z”.
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Why? Let ¢ = (anb)U((1—a)No(a, b)) hence 1—c = (anN(1-b))U((1—a)N(1—0o(a, b))
hence 7(1 —¢) =1—b=1—7(c) so we are done.

(¥)4 7 is a projection onto B;.

[Why? By ()1, (%)2, ()3 clearly 7 is a homomorphism from B} into By. So its

range is C By and if ¢ € By let b = ¢,a = 1p,,a = () = b and o(a,b) = O, so

c=(anb)U((1 —a)Nno(ab) and a,b,a,b,o are as required so m((a Nb) N ((1 —
a) N o(a,b)) = b which means 7(c) = b= c]

Now we can finish: as B; C B}, C By and 7 is a homomorphism from B} into
B, which is a complete Boolean Algebra, we can extend 7 to 7+, a homomorphism
from By into By, see 0.10. But 7 is a projection hence so is 7. Clearly (7 )" H1p, }
includes D and equality holds by the assumption on the maximality of D and we
have proved the implication.

Clause (b) implies clause (a):
First, clearly D is a filter of By; also a € B1\{1p,} = 7(a) =a # 1p, = a ¢ D.
Toward contradiction assume D> is a filter on By, D g Dy and Do NBy = {1p, }.
Choose ¢ € Dy\D and let ¢; = w(cz), consider the symmetric difference, ¢; Acs it is
mapped by 7 to ¢;Acy = Op, hence 7(1p, —(c1Ac2)) = 1, —7m(c1Ac2) = 1p, —0p, =
1p,, so 1p, — (c1Ac2) € D so ¢; = ¢ mod D, hence (recalling Dy C Dy) we have
c1 = ¢ mod Dy but ¢co € Dy hence ¢; € Dy. But

e ¢; € By being 7(c2)

e ¢y #1p, as(ca) =c1 and co ¢ D
and recall
e ¢ € Dy

so ¢; contradicts Dy N By = {1p, }. We comment that for this direction we do not
use the completeness of B .

1A) Now 7 determines D in the statement (b). Also D determines 7 because if
71, T2 are projections from By onto By such that D = {a € By : m¢(a) = 1p, } for

= 1,2 and m # 7 let a € By be such that w1 (a) # m2(a); then as in (b) = (a) in

the proof of part (1), m¢(a) = a mod D for £ = 1,2 hence m(a) = m3(a) mod D,
but m(a),m2(a) € By and Do N By = 1, and D NB; = 1, hence m1(a) = m2(a),
contradiction.

2) Straightforward, but we elaborate; clearly a € Dy Ab € D = w(anNb) =
m(a) N w(b) = aNOp, =a > Op, hence a € Dy Ab € D = anb > 0p,, hence
least one such Dy € uf(B3). For uniqueness toward contradiction assume &7, &
are from uf(Bs) and extend Dy U D. So necessarily there is a € &\&, so as
above ¢ = m(a) mod D but D C & N & hence for £ = 1,2 we have a = n(a)
mod &; so a € & & 7(a) € &. But & NBy = D; = & N By and 7(a) € By has
m(a) € & < 7(a) € &. By the last two sentences a € & < a € & contradicting
the choice of a. Oo.11

Fact 0.12. Assume B; < By are complete Boolean Algebras, Dy € uf(B,) for
¢=1,2. If D is a maximal filter on By disjoint to B\ {1lp, } and DU Dy C Dy then
NE1 /Dy is an initial segment of N¥2 /D,.
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Remark 0.13. 1) This is [She78, Ch.VI,Ex3.35].

2) We can prove: if the homomorphism j : Bo —onto B1 maps Dy € uf(Bs) onto
Dy € uf(By) then N®1 /D is canonically isomorphic to an initial segment of N¥2 /D,
as in 0.12.

Proof. The desired conclusion will follow by ()3 below:

(*)1 If . is a maximal antichain of By then {a/D : a € £} is a maximal
antichain of By/D.

[Why? First,

eac ¥ =acBf =a/Dc (ByD)*"
o ifa#be 7 then By = “anb = 0p,” hence By/D = “(a/D)N (bN D) =
Og,/p"-

Hence, obviously #* := {a/D : a € £} is an antichain of By/D. Toward contra-
diction assume .#* is not maximal and let ¢/D witness it. By 0.11 there is ¢ € By
such that ¢ = ¢ mod D and so without loss of generality ¢ € B.

As ¢/D # 0/D necessarily ¢ € Bf and if b € .# then (b/D)N(c/D) = 0/D hence
bNec=0 mod D but b,c € By hence bNc = 0, so ¢ contradicts “.# is a maximal
antichain of B;”.]

(¥)2 If f € NB2 ¢ € B1\D; and TV(f > n)Uc € D for every n then g € N¥1 =
g/D2 < f/Ds.

[Why? If g is a counter-example, then TV (f < g) belongs to Ds but 1—c € D1 C Dy
so TV(f < g)—c belongs to Dy hence to D" :={a € By : 1—a ¢ D} since D C Ds.
Let (b, : n < w) represent g as a member of N®1_ then by (¥)1, (b,/D : n < w)
is a maximal anti-chain of By/D hence for some n, TV(f < g) Nb, —c € DT but
TV(f <n)—c¢>TV(f <g)Nb, —chence TV(f <n)—ce DT, contradiction to
an assumption of (x)g2; so (*)2 holds indeed.]

(x)3 If f € NB2 g € NBt and f/Dy < g/Ds then for some ¢’ € N¥1 /D we have
f/Dy=g'/Ds.

[Why? Let (a, : n < w) represent f and let a>, = |J ax € Ba. If for some b € Do,
k>n

we have n < w = a>, U(1—b) € D then there is f’ € N®2 such that f’/Ds = f/Ds
and n < w = TV(f’ > n) € D. Now we apply (x)2 with f’,0p, here standing for
f,c there and we get contradiction to “f/Dy < g/Ds”. So we can assume there is
no such b.

Let a), € By be such that a, = a, mod D so possibly a, = Og,, such a, exists
by 0.11(1A). Clearly (al,/D : n < w) is an antichain of Bo/D, so as DNBy = {13, }
clearly (a, : n < w) is an antichain of B;.

Case 1: ¢:=Ja), ¢ D;.

First, we argue that for every n € w, TV(f > n) Uc € D as otherwise there is
some n € w such that TV(f < n) — c € DT hence for some ¢ < n,ap —c € D
hence (by the choice of a}) we have a, — ¢ € D, contradiction to the choice of c.
As ¢ € By we see by the assumption of this case that ¢ € B1\ D1, hence by (x)2 we
get a contradiction to the assumption “f/Dy < g/Ds” of (x)s.
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Case 2: ¢:=Ja, € Dy and d = J(anal) ¢ Do.

n n
As D, is an ultrafilter of By extending D1, clearly ¢’ := ¢ — d € D,. We define
g’ € NB1 as the function represented by (a/, : n < w) and ¢g” € NB2 as the function
represented by (al’ : n < w), where a!! is al, N if n > 0 and a), U (1 —¢) if
n = 0. Easily f/Ds = ¢’ /D5 because f,g" “agree” on ¢’ which belongs to Dy and
is disjoint to d and the choice of d; also ¢g"” /Dy = ¢’/ D2 because ¢ € Dy. Together
we are done.

Case 3: ¢:=Jal, € Dy and d = J(ap,Aal) € Ds.
Let d’ € B; be such that d'/D = d/D. Let dy := J(an—al,) and da := |J(a,, —ay)

n n
hence d = d; Uds. Let k < w, now modulo D we have d'N |J a,, =dN U a], =
n<k n<k

2
U (den U al,) and we shall deal separately with each term.
/=1 n<k

First, din U al, = U ((ae—ap)n U a,)U(U (ag—ay)n U a],). Now the first

n<k 1<k n<k >k n<k
term | ((ag—ap)N U a,) isequal mod Dto (|J 0)N |J aj, = Og,, by the choice
<k n<k n<k n<k
of the aj. Next, the second term in the union, (|J (a¢ — a;) N U al,) is modulo
>k n<k
D again by the choice of the aj, equal to (éUk(ag —ay)) N L<Jk ay, which is zero as
> n<
(an : m < w) is an antichain; together by the previous sentences dy N |J a], = Op,
n<k

mod D.

Similarly d2 N |J a], = Op, mod D noting that (a], : n < w) is necessarily an

n<k
2
antichain of B;. Henced'n | a, =dn Y a), = U (den Y al,)) = 0p,U0p, = O,
n<k n<k =1 n<k
mod D. But d’ € By and a), € By for every n (and DNB; = {1g, }, of course), hence
d' N U al, = 0p,. However, as this holds for every k& and the choice of ¢ it follows
n<k

that d’ Nec = 0, but by the case first assumption of the present case ¢ € D; C D5 so
d' ¢ Do, but by the case assumption d'/D = d/D and d € D5 contradiction. g 12
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§ 1. SPECTRUM OF THE ULTRAPRODUCTS OF FINITE CARDINALS

Definition 1.1. Assume D is an ultra-filter on I.
1) Let upf(D) be the spectrum of ultra-products mod D of finite cardinals, that
is; {[[ ns/D :n; € Nfor i € I and [] n;/D is infinite}.

i€l iel
2) For A € upf(D) let Ap\» = {a : a € N//D and the set {b € N//D : N!/D |=
“b < a”} has cardinality A}; we consider it as a linearly ordered set by the order
inherited from N’/D.
3) Let specy (D) = {(A,0,0) : A € upf(D) and Ap ) has cofinality 0 and co-initiality
0}.
4) Let specy (D) be the set of triples (A, 6, 9) such that:

(a) A €upf(D)

(b) (o) if A < max(upf(D)) then Ap » has cofinality 0

(8) if A =max(upf(D)) then 0 =0 (or *)

(c) 0 is the co-initiality of Ap ».

5) For D an ultrafilter on a complete Boolean Algebra B we define the above

similarly considering N®/D instead N7/D but in clause (b), 0 is the cofinality of
Ap,» in all cases.

Definition 1.2. Let K, be the class of objects k consisting of:

(9) (Ds: B < ) is C-decreasing.
Definition 1.3. 1) Above let B[k} = Bk = B(,,B[k,ﬂ] = Bkﬁ = Bﬁ,@k = <Bk7/3 :
B <a),Dxp = Dg, Dk = Di,lg(k) = ax = a(k) = a.
1A) Let K™ be the class of k € K, such that By is a complete Boolean Algebra.

2) Assume k > Nq is regular. Let Kff('{)’l be the class of k € K, such that B,
satisfies the k-c.c.
3) Let K2 be the class of k € K& such that:

o By is complete; recall that for every 8 < a,Bg is complete

e if § < o has cofinality > & then Bxs = |J Bk
B<é

o if § < o is limit of cofinality < x, then By 5 is the completion of |J B gs.
B<

3A) We may omit x when k = X; so K& = K&C(Nl)’b; if we omit ¢ we mean 1.
4) Let K = |J K, and K°(®)* = U{K&C(H)’L o is an ordinal} so K = J K¢°.

5) We say B is above By when By € B and By g < B for 8 < ax.
6) Kg(”) is the class of f consisting of:
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(a) k¢ = (B, D) as in 1.2
(b) €=

& y<a)yand T = (25¢,i:1 < K,B <, { <Ep),2p¢,i € Bk are such
that z is free except that § <&, N1 < j <k =25¢:Nxg,c,; =0

(c) the sub-algebra which (zg ¢, : ( < &,,i < k) generates is dense in By

(d) so & = &, T = 7, By = By, etc.
7) Let K, be defined like K, in 1.2 omitting clause (d) of 1.2, and define . K, as
above; not really needed here but we may comment.

Definition 1.4. 1) If § <y and m € K, then k = m|f is the unique k € Kz such
that Bx = Bm 3, Bk,a = Bm,a» Dk,a = Dm,o N Bk for a < B.
1A) If k € K, and § < «a then my g is the unique projection from By onto By g
such that Wﬂ’}ﬂ{l]}gkﬁ} = Dy p recalling 0.11; let my o = idp, , and if vy < § < «
then my g, = Tk By -
2) We define the following two-place relations on K:
(A) k <3 m where at stands for atomic iff :
(a) ax = am
(b) Bkﬁ = Bmﬁ for 5 < ok
(¢) Byak) <Bm,a(m)
(d) Dkﬁ g Dm”g for ﬂ S k.
(B) k <V m, where ver stands for vertical iff
(@) ok < am
(b) k <3¢ (mlox)
(C) k <Bor ' m_ where hor stands for horizontal iff
(a) ax =am =«
(b) Bk g <Bm,g for f < «
(¢) Dx,g € D for f <
(D) (a) f; §§§(K) fo iff £, € ng('i) and k¢, <V kg, and ¢, < Z¢, which means:
e f<ar=iInp=Ippand f=a1 = s <EupNThp =
Tt,,5188,,
(b) gj‘f“(“) is defined similarly
(E) k <} m where wa stands for weakly atomic iff
(a), (b),(d) asin Clause (A)
(¢) Bram) € Bm,a(m)-
Remark 1.5. Note that for the present work it is not a loss to use exclusively c.c.c.
Boolean Algebras; moreover ones which have a dense subalgebra which is free. So
using only free Boolean Algebras or their completion, i.e. (Kf),r (®2) Sf;((n)); S0 we
are giving for B a set of generators (and the orders respect this).

Observation 1.6. The relations S%, <E and <E° oand Sl’}?r (the last one is not
used) are partial orders on K.

We need various claims on extending members of K, existence of upper bounds to
an increasing sequence and amalgamation.
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Claim 1.7. Let § be a limit ordinal.
1) If (k; : 1 < &) is <3-increasing then it has a <3¢-lub ks, the union naturally
defined so |By,| < X{|Bx,| : i < d}.
1A) Like part (1) for <}.
2) If (k; : i < 9) is a <}-increasing sequence, then it has a <} -upper bound
k = ks which is the union which means:
(a) Lgk) = U{lg(k;) : i < d} call it
(b) if B < « then By g = By, g for every large enough i
(¢) («) if (bg(k;) : i < 0) is eventually constant (so Lg(k;) = « for everyi < ¢
large enough) then
o By o =U{By, o:i <3 is such that Lg(k;) = a}
® Dy o = {1, .}, redundant
(8) if (bg(k;) i < &) is not eventually constant then
o By, = U{]Bki,fg(ki) 1< (5}
e Dy o = {1, .}, redundant
(d) if B < a then Dy g =U{Dy, g :1 <9 is such that § < lg(k;)}.

3) In part (2) if k; € K<) cf(§) > k and the sequence ((g(k;) : i < &) is not
eventually constant then By is complete and upf(Dy) = U{upf(Dx,) : i < 0}.
4) Similarly for the K version.

Proof. Straightforward (concerning part (3) note that recalling cf(§) > x we have
NBX) — U{NB(ki) : j < §}. Oi7

Claim 1.8. 1) Ifk € K, and B is above By (i.e. Bko CBand B <a=Bxsg<B)
then there is m € K, such that k <P* m and By, o = B.

2)Ifke Ky and B C By and 8 < a = Bk g C B (hence Bk g < B) then there is
m € K, such that m <}® k and B, = B.

3) Ifk € K,,Byx <B then for some m € K,,k <3 m,B,, =B

4) In part (2) if B < By then we can add m <3 k.

5) If k <W* m and By < By, then k <3 m.

Proof. 1) For simplicity we concentrate on the main case: all the Bg and B satisfies
the c.c.c. By 1.7(1A) without loss of generality B is generated by By U {a} where
a ¢ By . So By, is uniquely defined and as required in Definition 1.2, but we have
to define the Dy, g’s and, of course, let Dy o = {18, }-

Case 1: «a =0
This is trivial.

Case 2: a=p+1

As By g < B and 7y g is a projection from By o onto By g and [Byx, C B and
By, is complete by 0.10(1) there is a projection 7 from B onto By g extending 7y s.
Now for v < « let Dy  be the filter on B generated by Dy , U {(aA7(a)}.

Case 3: « is a limit ordinal, B is c.c.c. (the main case) and « is of cofinality > N

In this case, B’ = |J By, is complete and <B so we can continue as in Case 2
<«
using B’ instead By g.

Case 4: cf(a) =N
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Let @ = Jap,a, < apt1. For B < « let mg be the projection of By onto By g

which mapsnDk,g onto 1p, ,. Let Ilg be the set of homomorphisms from B into
By s extending mg = mk g, so not empty hence (recalling By g is complete) there
are bg < cg from By g such that {m(a) : 7 € Ilg} is {a’ € Bk : bg < a’ < cs}.
Clearly v < 8 < a = by < bg < cg < ¢y in By .

Now by induction on ¢ < (||B|/l*)* we define {(bs ¢, cs.¢) : B < @) such that:

(¥)¢ (a) B = “bpc <cp” for f<a
(b) if v < B < a then By g = “byc <bgc <cge <y
(c) ife < and B < o then By g = “bg <bgc < cpc <cpe’.

Subcase 4A: For ¢ = 0 let (bg,¢,ca,c) = (bs,cg), so clause (a),(b) holds as said
above and clause (c¢) is empty.

Subcase 4B: ( is a limit ordinal
Let for 8 < «

® bg¢= U{b'y,s e < g} in By g
® Cgc = ﬂ{b%E e < C}

They are well defined because By g is a complete Boolean Algebra and it is easy to
check that (a),(b),(c) hold.

Subcase 4C: ( =e+1
Let bgc = U{me,8(by.e) 17 € (B, )}, e8¢ = Wiy (cy.e) 17 € (B, )}
Now check.
Having carried the induction, by ()¢ for ¢ < (||B||!*!)* for some ¢, < (|[B||I*)*, ((b.c, cp.c) :
B < «) is the same for all { > (, and let ag = bg ¢, for § < a.
Easily v < 8 < o = mg(ag) = a and let Dy, g be the filter of B generated by
Dy s U {(alag)}.
2) Easy.
3) By (1).
4),5) Should be easy. Uis

Claim 1.9. 1) If k € Ko, (B; : i < i(x)) is increasing with (;.) = « then there is
one and only one m € K,y such that (B, Dm,i) = (Bi,,, Dm,g,) fori < i(x).
2) Above if m <3! m; then there is ki such that k <3 ki and By, = Bm, and
thﬁi = Dml,i fori S Z(*)

24) Similarly for <.

3) Above if m <} m; € Ki(x)4j(x) then there is k1 € Ko j(x) such that k <3"
ki, Bk, = Bm,, Bk, 045 = Bm,,i0)+j> Pxiati = Dmyi(x)+j> Pxi,; = Dmy,i for
J<jlx),i <ilx).

4) Ifk € Ko and By < B1 < Bo < o then T,p,,8, = k61,60 © Tk,B2,6: -

Proof. Straightforward. Ui

Conclusion 1.10. 1) If k € K, then there is m such that k <3 m and By,
is the completion of Bk so m € K™ and k <}¥" m; so if k € Kgc('{) then
m e K& n Ko,

2)Ifa< B,ke Ky,ne€ Kgandk <y n, then for some m we have k <y m <}¢"
n and By, is the completion of By inside By; so if n € K(%) thep m € K<),
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Proof. 1) By 1.8.
2) Check the definitions. U110

Claim 1.11. There is m such that k <P m, By, =B and Y C Dy, and By <B =
k <% m when :
(a) ke K,
(b) B is a Boolean Algebra, Y C B
(c) (a) Bk CB
(8) Bk <B for 8 < ax
d) if B < ax then for some Xz we have:
( 5
(Oé) Xz CY
(8) Xg is a downward directed subset of B
(v) ifz € Xz and b € Dy g then xNb is not disjoint to any a € Bltﬁ
(8) ify €Y then for some b € Dy g and x € Xz we* have bNx < y.

Proof. By 1.8 without loss of generality B is generated by By UY and let o = ay
and let Xg be as in clause (d) in the claim for 8 < a and define m € K, as follows:

L4 Dm,a = {1153}7Bm,a =B
o for B < o let By g = By g and D, g be the filter on By, o generated by
Dk,ﬁ @] XB'

The point is to check m € K, as then k <% m and Y C D, are obvious, also Bm
is as required and D, g a filter on By, o including Dy g are obvious.
So proving ()1, (*)2, (x)3 below will suffice

(¥)1 if B <7y < athen Dy 4 C Dy g.

[Why? If @ € D,  then by the choice of Dy, - (recalling Dy ~ is downward directed
being a filter and X, is downward directed by its choice (i.e. Clause (d)(5) of
the claim) for some b € Dy, and x € X, we have bNnxz < a. So by (d)(«a)
applied to v we have € Y hence by (d)(d) applied to 8 for some b; € Dy g and
x1 € Xpg we have by Nzq <z hence (bNby) Nz =bN(b1Na1) <bNz < a but
b e DkﬁY - Dkﬂ,bl € Dkﬁ hence bN by € Dkﬁ and z1 € Xﬁ hence a € meg by
the choice of D g.]

(*)2 Dmpisa filter on Bm,o=08 disjoint to Bmﬁ\{l[ggk} = Bk,ﬁ\{lBk}-
[Why? By the definition of Dy, g and clause (d)(7).]
()3 if B < a then Dy, g is a maximal filter of By, disjoint to Bk g\{lm g} =

Bm,s\{1B,,5}-
Why? If b € B = Bm, then for some Boolean terms o(yo,y1,. .-, 20,21,---)
and ag,ay,...,€ By and zg,21,... € Y we have b = o(ag,a1,...,%0,21,...)
hence modulo the filter D 5,0 is equal to o(ag,a1,..., 1By 4, 1B, 4,...). But for
each a, there is ¢, € By g such that ay = ¢, mod Dy g hence b is equal to

o(co ¢ty 1B 45, 1By 5, - - ) Which belongs to By g.

2Does this contradict (d)(7)? No, as Dy s is disjoint to By, g\{1g, 4 }-
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As this holds for any b € B we are easily done. 0.1

Definition 1.12. 1) We say k is reasonable in o when a4+ 1 < ax (so By is
complete) and there is a maximal antichain of B,y1 included in {a € By 441 :
Tk,a+1,a(a) = Op, ., }-
2) We say k is reasonable when it is reasonable in o whenever a + 1 < ay,.
3) Let

e AL, ={f¢€ NBIK ; f e NBkol and if B < o then f/Dy ¢ NEKAl /Dy }

. Aia ={f/Dx: f¢€ All(,a}

e AL .= U All(ﬁ and A3 _, = U Aiﬁ,etc.

’ B<a ’ ’ B<a ’

4) We say f is reasonable® in (k,«, 3) when a < 8 < ai and f € NB&Al and for
some f' € NB&Al we have f//Dy = f/Dy and f’ is represented by (a, : n < w)
and 7y o(an,) = 0 for every n large enough and a,, ¢ Dy for every n. f f =a+1
we may omit it.

5) We say f is reasonable in (k, < «) when it is reasonable in (k, /3,+) for some
B+l=vy<a.

Observation 1.13. If 8 < ai, k € K™ and f € NBX is represented by (a, : n <
w), then f € Ay o5 iff U(anOmic p(an)) ¢ Di.
n

Proof. By the proof of 0.12. 0113

Claim 1.14. 1) Ifk € K&, then there is m € K&, such that k <3 m, By, is
complete and m is reasonable in a and ||Bm|| = ||Bi||™°.

2)Ifk e K¢Sy is reasonable in o and k S% m or k <" m then m is reasonable
m Q.

3) If (k; 10 < 0) is <} -increasing in K and each k; is reasonable then there is
a <Y -upper bound k of cardinality (5 || By, ||)*° which is reasonable.

4) If f is reasonable in (k, ) then it is reasonable in (k, < o+ 1).
5)If f € Ay, then [ is reasonable in (k, ).
6) In 1.7,(2),(3) if k; is reasonable for every i < § then so is k.

Proof. Straightforward; e.g.:
2) Because By < By q(k), see Definition 1.4(2) and read Definition 1.12(1).
5) Let (an : n < w) represent f.
Let a% = '/Tk,aJrl(an)a S0 7Tk,o¢+1,a(an - a;) = 7Tk,a+1,a(an) - 7Tk,a+1,a(a;1) =
al, —al, = 0. Now (al, : n < w) is an antichain (using my ) and let g € N8« be

such that g(al,) = n and g(1g, , — UJa},) = 0. So g € N®< and by “f € A
n
necessarily TV(f # g) € Dy and clearly TV(f # g) < U(a, —a,) UTV(f = 0)

but TV(f # 0) € Dy, i.e. ag ¢ Dy by the assumption on f, hence necessarily
b := U(a, — al)) € Dyx. Now define f” € NB represented by (b, : n < w) where

n
b, =an, —a, forn>1andb, =1— |J by, for n =0. So 7k «(b,) = O, , for
m>1 '
n > 1 and b, ¢ Dy for n > 0. Clearly f” is reasonable in (k, ). 0114
3Note that “some f is reasonable in (k,a)”
in h”.

is close to but not equivalent to “k is reasonable
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Claim 1.15. If (4) then (B) where:

(A) (a) ke K&
b) Bn<6n+1<B:LI_€J/Bk§a

(
(c) k is reasonable in B, for everyn € w
(B) if f1 € AL 4, ice. fr € NEFL £ /Dy ¢ U{NBIAL/Dy oy < B then there
s fo such that:
(a) fo € NPIAI
(b) f2/Di ¢ UINFIY /Dy 2y < B}
(¢) f2/Dx < f1/Dx
(d) there is {(a;, k;) : i < w) representing fo such that:
(o) for eachi, letting k(i) = k; we have a; € By g, ., ,, and T g, 1 By (@) =
0

(B) for each £ the set {i : k; < {} is finite.
Proof. For each n let {(an, : £ < w) be a maximal antichain of Bg, 41 such that
Tk, B, 41,8, (Gn,e) = 0 for ¢ < w, exists as k is reasonable in §,, for every n € w, see
Definition 1.12(2).

Let

(*)o (@) Fn={n:n€mwand kﬂ k() > 0}
<n
b 7=U3.

Hence

(¥)1 (a) (an:nm € F) is a maximal antichain of By, , on which 7y g, is zero
(b) T is a subtree of “~w.
Now choose a sequence k of natural numbers such that:
(¥)2 (a) k= (ks:s5€.T)
(b) if van then k, <k,
(¢) itk,=k, thenn=v
()3 let g, € NBA(M+ he vepresented by ((ay,ky) : 1 € F), see Definition
0.8(4).
[Why? Well defined by (*)1(a).]

(#)a let My = {¢: ¢ = (¢; : £ < w) is a maximal antichain of Bg, 41 disjoint to
Dy}.
What is the point of My? g, € Af 5(n) hence (gn/Dx : n < w) is increasing

and cofinal in U{NBKSMI/D . n < w} hence if in NB& /Dy we have a definable
sequence, the n-th try being g,/D, in “non-standard places” we have the gz's
defined below members of Aia and those are co-initial in it.

(x)5 for each ¢ € My let
(@) Sz={(,n):L<w,ne Fpand c,Na, >0}
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(b) for (£,m) € S let e,y = CeNay
(¢) ge € NB&Al be represented by ((agems k)t (£,m) € Sz)
(*)6 gn is (k, B,)-reasonable.

[Why? By the Definition 1.12.]

(*)7 gn € Allc,ﬁn+l'
[Why? Follows from the definition of g, in (*)3 and the choice of the a,’s and k,’s
in (x); and (*)s.]

(¥)s gz € Allcﬁ for ¢ € M.
[Why? As k is with no repetition and the definition.]

()9 there is ¢ € My such that gz/Dy < f1/Dx.
[Why? See explanation after (x), and 1.14(5).] O1.15
Claim 1.16. If (A) then (B) where:

(A) (a) ke K is By o infinite
(b) Bn = B(n) < a is increasing with limit o
(¢) k is reasonable in B3,
( ) f € Ak,(x
(B) there are m, g such that:
(a) k <¥ m and |[Bm| = (|Bi/™)*
(b) g€ Ahq
(¢) 9/Dm < f/Dm
(d) 9/Dm ¢ N*M /Dy,
Proof. Without loss of generality By is complete of cardinality A.
Let fa,{(an,kn) : n < w) be as in 1.15 for f1 = f and let u,, = {¢: a; € By g, },
by 1.15 clearly w,, is finite.

Let BY be the Boolean algebra extending By, generated by ByU{x. ,, ¢ : ¢ < n and

e < AT} freely except the equation zc ;¢ < @p, Te gy NTepne, =0and | zecpne =
<n

an for e < AT,0 < n,l; < fy <n and let B be the completion on B®. Let ¢g. € N®
be represented by (x,_ ¢ := U{Zc ¢ : n satisfies £ < n} : ¢ < w), clearly

(*)1 g:/D < fo/D for any D € uf(B).
For e # ¢ < AT let ccc = U(zg, Dz, ).
4

Now

(¥)2 cee =U U (@enelacne) and coc = cce.
n (<n
[Why? As (zc e : £ < n) is a partition of a,, and (a, : n < w) is an antichain of
B.]
Let B’ be the sub-algebra of B generated by Bix UY where Y := {c.¢c :e < ( <
AT}
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(%)3 we define 7} : Bk UY — Bg, by:

° 7T,11 By = Tk,a(k),B(n)
° ﬂ-}L(CE,C) = 1B13(”) fOr g # C < )\“l‘

(¥)4 7} has an extension 72 € Hom(B', Bs(n)), necessarily unique

[Why? Tt is enough to show that if dg,...,dpm_1 € B and €y < {p < AT for £ < k
and o (Yo, .-+, Ym—1,20,---,Tk—1) is a Boolean term and

B |: U(dO’ ooy, Ceg,Coy+++ cSk—th—l) =0

then Bk,ﬂ(n) ': J(W}L(do), . ,W}L(dm,l),ﬂi(cso,gg, .. )) =0. As do,...,dm_1 € By
and 7}, (ce,.¢,) = 1By 4, it is sufficient to prove: if d € By and B |= “dN [ ¢c ¢, =
1<k

077 then Bk,ﬁ(n) ': “(Wk,a(k),ﬁ(k')(d)) = 0”.
Now if for some ¢ > 1, ¢ u,,d Na; > 0 the assumption does not hold and

otherwise, necessarily d < |J ay hence the conclusion holds. So indeed 77,21 is well
LEUL

defined.]
(%)s ™5 = TiB(n+1),6(n) © Tt
[Why? See the definition of 7}, recalling 1.9(4).]
x)g there is n such that k <% n and B, = B’, 7, o) .8(n) = 7 hence Dy, DO Y.
here i h that k <3¢ dB B, T a(k),8(n) 2 h D Y
[Why? Check the definitions.]
(%)7 there is m such that n <}* m,B,, = B hence k <}* m

[Why? By claim 1.8(1),(3), the “hence” by 1.8(5) recalling that By < B by the
choice of B and By C B’ C B by the choice of B'.]

(¥)s there is e < AT such that g. € AL a(k)

[Why? As Ail has cardinality < A.]

<a(k)

(x)9 m is as required.

[By (*)7 + (*)s and 1.8(2).] U116
Observation 1.17. In claim 1.16 we can demand ||Bpm| = ||Bi||N°.
Proof. By the Lowenheim-Skolem-Tarski argument. Oq .17

Claim 1.18. Assume k € K& and cf(a) > No.
If f € NBK and f/D ¢ NBIRAl /Dy for B < a, then for some m and g we have:

(x) (a) k<gm
(b) g NEk
(©) 9/Dm < f/Dm
(d) h/Dm < g/Dm when h € NBIAL for some 8 < a
(€) [Bm| < [Bi.
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Proof. Like the proof of 1.16 only simpler and shorter. Let a = (a, : n < w)
represent f, A = ||By||. By 1.14(4), without loss of generality f is reasonable in
(k,); let {zene:e < AT, £ <n},BY B,Y,B be as there and define m; : B UY —
By, as there. 71 [Bx o = Tk a+1,0: T1(Ze,c) = 1p, , for e < < AT.

The rest is as there. U1
Claim 1.19. Ifk € K™ X\ > ||By||+2%° and p(z) is a type in the model NBX! /Dy
then for some m € K11 we have k <V m and p(x) is realized in NB[“‘]/Dm.

Proof. Easy. 0119

Having established all these statements, we can prove now the main result of this
paper:

Theorem 1.20. For any infinite cardinal X\, for some reqular ultrafilter D on A we
have upf(D) = € iff:

(x) (a) € is a set of cardinals < 2*

(b) = pRe whenever u € €

(c) 2* € € hence is the mazimal member of € .
Proof. The implication =, we already know, so we shall deal with the < implica-
tion; the proof relies on earlier definitions and claims so the reader can return to a
second reading.

Let (Mg : o < a(x)) list € in increasing order. Let S = {a: o < a(x) + 1 and
cf(a) # Ro}. We choose k,, by induction on o € SN (a(*) + 2) such that:
B (a) k, € Ko™ N KS, see Definition 1.2, 1.3(1A)

(b) kg <¥" kq for g€ anS, see 1.4(2)(B)

(c) if fe Ay 48 <athen \g=|{g/Dx:ge NE g/D < f(D)}|
(d) if cf(a) > Ng then By, = U{By, : B < a}
(e) k, is reasonable (see Definition 1.12)
(f) the set A} 5 has cardinality Ag.

Case 1: For a =0
By, is the trivial Boolean Algebra, so really there is nothing to prove.
Case 2: cf(a) > Rg
Use 1.7(2),(3) to find k,, satisfying clauses (a),(b),(c),(d). Now k,, satisfies clause
(e) by 1.14(6).
Case 3: a=0+1
We choose kg; by induction for ¢ < Ag such that
(*) (a) (o) it e S then kg <} kg, € K™ NKS
(B) if B¢ Sthenye NS =k, < kg; € K" NKS
(v) if i = 0 then there is g € NB*s.il such that /Dy, , ¢ {f/Dx,., :
f € NBI for some v € an S}
(0) By, is infinite
(b) (kga,; : j < i) is <3-increasing continuous
(c) By, has cardinality < Ag
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() ifi=j+1:
(«) bookkeeping gives us gs,; € NEKsil such that 98,5/ Dxs,; ¢
U{NBlvks] . 4 € o n S}
(B) there is fg; € NElks.il such that f6.5/Dxs. < 98,5/ Dx,, and
f8.j/Dx,, ¢ U{NBIVKel .y € a1 S}
(e) if i < A\g and g satisfies (d)(«) then for some i1 € [i, Agl, gs,i, = ¢
(f) if i = j + 1 then By, , is complete and reasonable.

Note that by 1.14(1) we can take care of clause (f), so we shall ignore it.

For ¢ = 0 we use 1.14(1) if 5 € S and we use 1.7 if 5 ¢ S.

For ¢ limit use 1.7(1).

For i = j+ 1,cf(j) > R use the claim 1.18.

If i = j+ 1,cf(j) = Ry use the claim 1.16.

For i = j 4+ 1,cf(j) = 1 we use 1.14(1).

Having carried the induction on i < Ag let ko = kg »,. In particular By, », is
complete as Ag = sup{i < Ag : By ; is complete} by clause (f) and cf(Ag) > Ry as
Ag = Ny

Having carried the induction on o < a(x) +1 clearly the pair (B, Dk, (. 41)
is almost as required. That is, (see [She90, Ch.VI,§3]) we know that for some regular
filter D, on & (I), there is a homomorphism j from the Boolean Algebra &2(I) onto

IB%ka(*)+1 andlet D={ACX:j(A) e Dka(*)+1}' 01 20
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