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§ 0. INTRODUCTION

In [She98b] we prove the consistency of “there is no NWD-ultrafilter on w” (see
below, non-principal, of course). This answers a question of van Douwen [vD81]
which appears as question 31 of [Bau95]. Baumgartner [Bau95] considering this
question, dealt more generally with J-ultrafilters where:

Definition 0.1. 1) An ultrafilter D, say on w, is called a J-ultrafilter where J is
an ideal on some set X (to which all singletons belong, to avoid trivialities) when
for every function f:w — X for some A € D we have f”(A4) € J.

2) The NWD-ultrafilters are the J-ultrafilters for J = {B C Q : B is nowhere
dense}, (Q is the set of all rationals; we may use an equivalent version, see [She98b,
2.4]).

3) An ultrafilter D is called a J!-ultrafilter for a (countable) ordinal o > 1 when
it is Jl-ultrafilter where J. = {A C w® : otp(4) < w®}, where w® is an ordinal
exponentiation.

3A) An ultrafilter D is called an a-ultrafilter when it is a JO-ultrafilter where
Jo={ACa:otp(4) < a}.

4) A van-Dowen ultrafilter is one on Q such that the family of A C Q dense in
themselves is dense in it.

The non-existence of NWD ultrafilters is also relevant for the consistency of
“every (non-trivial) o-centered forcing notion adds a Cohen real”, see [BS01].

The most natural approach to a proof of the consistency of “there is no NWD-
ultrafilter” was to generalize the proof of CON(there is no P-point) (see [She82,
Ch.VI1,§4] or [She98a, Ch.VI,§4]), but for some time I (and probably others) have
not seen how.

We use in [She98b] an idea taken from [She92], which is to replace the given
maximal ideal I on w by a quotient; moreover, we allow ourselves to change the
quotient. In fact, the forcing here is simpler than the one in [She92]. A related
earlier work is Goldstern Shelah [GS90], it uses a “one real” version of Q} from §1.

We similarly may consider the consistency of “no Jl-ultrafilter” for non-zero
a < wi (see [Bau95] for discussion of a—ultrafilters). This question and the problems
of preservation of ultrafilters and distinguishing existence properties of ultrafilters
was promised in [She98b] to be dealt with in the subsequent work [ST]; we try
to deal here with the first and with van-Dowen ultrafilters; the second is still in
preparation.

We still do not know whether we can have different answers to different such o’s.

Discussion 0.2. In §1 we use i € FPy, a forcing parameter. We will have Qf for
¢=1,2,3 and Qf. Now ¢ = 1,2 are as in [She98b]; for £ = 1, a kind of power of
[GS90], for ¢ = 2 a kind of power of [She92]. Now for £ = 1, all n/EP behave as in n,
hence <% does not work. For £ = 3 we make <% work but it is not good enough for
our purpose (no a-ultrafilter). In §2 we combine forcing from §1 with creatures, see
[RS99]. The Q; for i € FP3; from there combine the desired properties mentioned
above.

How do we prove in [She98b] that by suitable iteration q of (@il’s in VPa there is
no nowhere dense ultrafilter? In the end, i.e. in VPa toward proving “no nowhere
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dense ultrafilter” for a candidate D we try (n, : n < w), so toward contradiction
pe b “X € fil(I,) satisfies {n, : n € X} is nowhere dense”. Without loss of
generality above p, we can read X promptly, i.e. if n € AP« and f : {z]" : m €
AP~ (n+1),i < h(n)} = {—1,1} then pl/l read (i.e. forces a value to) X N(n+1)
and even p, forces u,NX # () and moreover if n; < ngy are from A then XN[ny,na| #
) and moreover the members of u,, are not in U{m/E? : m € AP N (n + 1) and
t, € min(AP\(n + 1))}. Then find g above p, forcing density.
We continue this in our proof in §3.
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§ 1. THE BASIC FORCING

In Definition 1.2 below we define the forcing notion Qf which will be the one
used in the proof of the main result 3.10, 3.17. Among the other forcing notions
defined below, Q7 is the closest relative of Q}. Various properties may be easier to
check for some relatives but it is more complicated to define, anyhow unfortunately
it does not do the job but we feel are of interest. In [She00] we have eventually
used only Qf.

Definition 1.1. Let I be an ideal on w containing the family [w]<™° of finite subsets
of w.
1) We say that an equivalence relation E is an I-equivalence relation when :

(a) dom(F) C w,
(b) w\ dom(FE) €I,
(c) each E-equivalence class belongs to I.

2) For I-equivalence relations Ey, Fy we write Ey < Fs if:

(i) dom(FE>) C dom(E}),
(ii) Fp | dom(Ey) refines Fs,
(i) dom(Es) is the union of a family of Ej-equivalence classes.

3) We say [ is a P-c.c.c. ideal when:

(a) I is an ideal on w containing all the finite subsets

(b) I is a P-filter, i.e. if A, € I for n < w then for some A € I we have
n<w=A4,C"A

(¢) P(w)/Iis a c.c.c. Boolean Algebra.

Definition 1.2. 1) Let FP; be the set of (forcing parameters) i which means it
consists of:

(a) I, an ideal on w to which all finite subsets of w belong; let D; = dual(I)
(b) h:w — w be a non-decreasing function
(¢) h goes to infinity (if h(n) = n we may omit it).
2) For i € FPy and ¢ = 1,2,3 we define a forcing notion Qf intended to add
(Y i < h(n),n < w) with y* € {—1,1}. We use z as variables.
3) p € Qf if and only if p = (H, E, A) = (HP, EP, AP) and:
(a) E is an I-equivalence relation, so on dom(F) C w,
(b) A={ne€dom(E):n=min(n/E)},
(c) if £ =1, then H is a function with range C {—1,1} and domain B} = {27 :
i< h(n),n €w\dom(E) or n € dom(E) Ai € [h(min(n/E)), h(n))},
() if £ = 2, then
(a) H is a function with domain dom(H) = B U Bf, where
BY ={z" :m <w, AN (m+1)=0,i < h(m)} and
BY = {z™ : i < h(m) Am € dom(EP)\ AP or m ¢ dom(EP) but
AP Nm # 0,0 < h(m)},
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(B) for x* € BY, H(xzj") is a function in the variables {7 : (n,j) €
wp(m, 1)} to {—1,1}, where wy(m) = wp(m,i) = {(4,7) : £ € APN'm
and j < h(f)}; for n € AP we stipulate HP (z}') = a7

(v) H | Bb is a function to {—1,1}.

(e) if £ = 2 and n € Dom(EP),z? € BY,n* = min(n/EP) < n and y" €
{=1,1} for m € AP Nn\{n*},i < h(m) and 2} € {-1,1} for j < h(n*),
then for some y?* € {-1,1} for j < h(n*) we have j < h(n*) = 2] =
(H;D(mgt))( .- vyzmv . ')(mﬂ‘)ewp(mj)

(f) if £ = 3 then HP? is a function from Bf U BY into {—1,1} where (BY is as
defined above and) B = {27 : n € Dom(E?)\ AP and i < h(min(n/EP)}.

4) For a C AP we define %, = {f : f is a function with domain {z} : i < h(n),n €
a} such that f(z}) € {—1,1}}.

When it cannot cause any confusion, or we mean “for £ = 1,2, 3”, we may omit
the superscript /.
5) Defining functions like H(z!"), 2™ € BY (when ¢ = 2), we may allow to use
dummy variables. In particular, if HP(z") is —1,1 we identify it with constant
functions with this value.
6) We say that a function f : {z] : ¢ < h(n), n < w} — {—1,1} satisfies a
condition p € Qf when :

(a) f(zl) = HP(z}) when one of the following occurs:

(a) 27 € BY and £ =1,3

(B) " € BY and ¢ =2,
(b) fla}) = HP(P)(-. s F(@]), - ) m.j)ewy(n,i) When £ =2 and z € B}
(©) f(zm) = (f(@™™"/F))) when ¢ =1, n € dom(EP) and i < h(min(n/EP))

(d) f(ar) = (HP@@?)-(f(@™/ED)) when ¢ = 3,27 € B?, ie. n € dom(EP)\ AP
and ¢ < h(min(n/EP)), i.e. ' € BY.

7) The partial order <=< is defined by p < ¢ if and only if:

(a) EP < E9, ie.
e dom(FE?) C dom(EP)
e if n € dom(E?) then n/EP C dom(EY)
e EPldom(E1?) refines B
(B) every function f : {z : i < h(n), n < w)} — {—1, 1} satisfying ¢ satisfies
.
Proposition 1.3. (Qf, <qt) is a partial order.

Remark 1.4. We may reformulate the definition of the partial orders <g¢, making
them perhaps more direct. Thus, in particular, if p,q € Q} then p <! ¢ if and
only if the demand («) of 1.2(7) holds and

(%) for each z € Bf:
(i) if 27 € BY then HY(zl') = HP(z}),
(ii) if n € dom(EP) \ dom(E?),i < h(min(n/EP)) and n ¢ AP then
H(a) = H (2™ ED),
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(iii) if n € dom(E7) \ A”,min(n/E?) > min(n/E9) and h(min(n/E1)) <
i < h(min(n/EP)) then Hq(x?) _ Hq(xmlrl(n/E )).

3

The corresponding reformulation for the forcing notions Q%, Q3 is more complicated,
but it should be clear too.

One may wonder why we have h in the definition of Q¢ and we do not fix that,
e.g. h(n) =n. The reason is to be able to describe nicely what is the forcing notion
Qf above a condition p like. The point is that Qf[{q : ¢ > p} is like Q{ but we
replace I by its quotient by EP and we change the function h.

More precisely:

Proposition 1.5. If p € Qf and A? = {n), : k < wh,ng < N1, h* : w — w
is h*(k) = h(ng) and I* = {B Cw: | (nk/E) € I} and m* = (I*,h*) then
keB

Qf I {q:p <q! q} is isomorphic to Qf,..
Proof. Natural. Uis

Definition 1.6. We define a Qj-name 7 = (n,, : n < w) by: 7, is a sequence of
length h(n) of members of {—1, 1} such that 1, [Gg,](1) = 1 < (Ip € Gg,)(HP (z}) =
1An < min(AP)). [Note that even if we omit “n < min(AP)” in all cases £ = 1,2, 3,
if H?(z?') = 1,2 € dom(H?) and ¢ > p then H?(z}) = 1; remember 1.2(2).]

Proposition 1.7. 1) If n < w,p € Q; and AN (n+1) = 0 then p I+ “n, =
(HP(2) : i < h(n))”. )

2) For each n < w the set {p € Q; : AP N (n+1) = (0} is dense in Q.

3) If p € Q; and a C AP is finite or at least |J (n/EP) € I, and f € Z, then for

nea
some unique q which we denote by pf!, we have:

(a) p<qeQi,
(b) E1=FE? [ |J{n/EP :n € A\ a},
(¢c) forn € a,i < h(n) we have H1(x}') is f(xl).

Proof. Straightforward. U7

Definition 1.8. 1) p <,, ¢ (in Q) iff p < ¢ and: if k € AP and |A? N k| < n then
ke AL

2)p<iqiff p<gqand: if k€ AP and |[AP Nk| < n then k € A? and k/EP = k/E1.
3)p<®qiff p<,i1qand: n>0=p <’ qand dom(E?) = dom(EP).

4) For a finite set u C w we let var(u) := {2 : i < h(n),n € u}.

Proposition 1.9. 1) If p < q,u is a finite initial segment of AP and A1 Nu = (),
then for some unique f € Fy we have p < plf! < q (where plf! is from 1.7(3)).
2)Ifpe Qf and u is a finite initial segment of AP then :
(¥)1 f € Fyu implies p < plf1 and plI1 I “(¥n € u)(Vi < h(n))(nn(@) = f(2}))",
(¥)2 the set {plf]: f € F,} is predense above p (in Qf).

3) <, is a partial order on Qf, and p <pi1 ¢ = p <, q. Similarly for <* and <.
Also
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h p<Pa=p<,a=p<,q=>p=<q

(x)2 P<T a=p<nt1 0
4) Ifp e Qf,u is a finite initial segment of AP, |u| =n and f € Fy and plfl < q €
Qf then for some r € Qf we have p <* r < q and v/l = q.
5) Let £ = 3. If p € Qf,u is a finite initial segment of AP, [u| =n+1 and f € Fy
and pl < q, then for some r € Q} we have p <% r < q and rlifl = q.
Proof. 1) Define f € %, by: f(«') is the value of H9(2]); that is, if £ = 2, it is a
constant function by 1.2(3)(d)(«a); if £ # 2 this is just HI(z}).
2) By 1.7(3) and 1.9(1).

3) Check.
4) First let us define the required condition 7 in the case { = 1. So we let
dom(E™) = U (n/EP) U dom(E?),E" = {(n1,n2) : n1E%ngy or for some n € u

neu
we have: {ni,n2} C (n/EP)}, A" = uU A9 (note that if nyE%ny then n; ¢ u).
Next, for 2 € B} (where Bj is given by 1.2(3)(c)) we define

Hi(z?) ifné¢ |J k/EP and 2P € dom(HY?),

H" (2™) = k€u
@)=Y Er@n) itne U k/BP and 27 € dom(HP).
k€u

It should be clear that r = (H", E", A™) € Qf is as required.

If £ = 2 then we define r in a similar manner, but we have to be more careful
defining the function H”. Thus E" and A" are defined as above, Bj, Bj and
wy.(m, 1) for 2 € BY are given by 1.2(3)(f) and 1.2(3)(d)(83). Note that B} = BY
and BS C BY.

Next we define:

if 2" € BY then H" (z]") = HP(a]"),

if zI" € B, mN A" C u then H"(z") = HP(z]"),

if " € B and min(dom(E?)) < m then

HT(‘T;”LX ] 33?, .- ')(k,j)GwT(m,i) =
HP () (@ HU@h) (k) oy wg (6,5)) ey € (i), (6 7)€y (i) o (i) -

Note that if (K, ) € wy(m, i) \ w,.(m,7), zI* € BY then k' € AP\ (uU A?) and
we(k',j") C wp(m, ).

For ¢ = 3 similarly and in part (5) we say more.

5) Like the proof of (4). Let n* = max(u). Put dom(E") = dom(EP) and declare
that n1 E"nsy if one of the following occurs:

(a) for some n € u\ {n*} we have {ni,n2} C (n/EP), or

(b) n1 E%ns (so n € u= —nkEPn;y), or

(¢) {n1,n2} C B, where B := n*/EPUJ{m/EP : m € dom(E?)\dom(E?), min(m/E?) >
We let A" = uU A? (in fact A" is defined from E"). Finally the function H" is
defined exactly in the same manner as in (4) above:

(d) H"(27") = H(z") when 27" € w\Dom(EP) or n := min(m/EP) <mAj €

[h(n), h(m))

(e) H"(x}') = HP(2}") if n € U{m/EP : m € u}
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(f) 7 () = F(e VHO@P) if m € (n*/E7)\(n*/ E).
Uig

Corollary 1.10. Ifp € Qf,n < w and 7 is a Qf-name of an ordinal, then there
are u,q and & = (ay : f € Fy) such that:

(a) p<iqeqy,

(b)y u={fe AP : |{N AP| < n},

(c) for f € Fy we have g1 |- “7 = af”,

(d) glF “7 e {ay: fe Fu}” (which is a finite set).

Proof. Let k = [] 29, Let {f; : £ < k} enumerate .%,. By induction on ¢ < k
feu
define r¢, g, such that:

® 7o =P
o 70 <X 1o €QF
° ré{f]l H-Q;z “T=ay,”.
The induction step is by 1.9(4). Now ¢ = 7 and (o : f € #,) are as required.
T

Corollary 1.11. If £ = 3 then in 1.10(a) we may require p <% q € Qf.
Proof. Similar: just use 1.9(5) instead of 1.9(4). O .11

Definition 1.12. Let I be an ideal on w containing [w]<N¢ and let E be an I-
equivalence relation.
1) We define a game GM;(E) between two players. The game lasts w moves. Both
players choose I-equivalence relations, where those of player I are denoted by E}
and those of player II are denoted by E2.

In the n-th move the first player chooses an I-equivalence relation E} such that
E} = E,[n > 0= E2_, < E}], and the second player chooses an I-equivalence
relation E2 such that E! < E2. In the end, the second player wins if

U{dom(EZ) \dom(E} ;) :newtel

(otherwise the first player wins).

2) For a countable elementary submodel N of (J#(x), €, <*) such that I,E €
N we define a game GMY (E) in a similar manner as GM;(E), but we demand
additionally that the relations played by both players are from N (i.e. E}, E2 € N
for n € w).

The following propositions 1.13,1.14 are needed for the case Q7 but not for Q.

Proposition 1.13. 1) Assume that I is a maximal (non-principal) ideal on w
and E is an I-equivalence relation. Then the game GM(FE) is not determined.
Moreover, for each countable N < (J(x),€,<*) such that I,E € N the game
GMPY (E) is not determined.

2) For the conclusion of (1) it is enough to assume that P(w)/I = ccc.

Proof. 1) As each player can imitate the other’s strategy.
2) Easy, too, and will not be used in this paper. 0113
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Proposition 1.14. 1) Let p € Q. Suppose that the first player has no winning
strategy in GM;(EP) where, of course, I = I;. Then in the following game, Of,
Player I has no winning strategy:

(A) in the n-th move, Player I chooses a (@f—name, Tn of an ordinal and Player
II chooses py,uy,w, such that: w, is a set of < [] 20 ordinals, p <

éEUn
Dn <3 Dntils Pn <nt1 DPn+1, Uy iS a finite initial segment of AP» with n
elements and p, IF “7,, € w,”, moreover f € Fy, = po] forces a value to
In

(B) In the end, the second player wins if for some q > p we have
gk “(Vn e w)(rn € wy,)”.

2) The result of part (1) still holds when we let Player II choose k,, < w and demand
lup| < ky, and in the end Player IT wins if iminf(k, : n < w) < w or there is q as
above.

3) Let p € Qf and let N be a countable elementary submodel of (H(x), €, <*) such
that p,I,h € N. If the first player has no winning strategy in GMYN (EP) then
Player I has no winning strategy in the game like above but with restriction that
Tn,Pn € N.

Proof. 1) As in [She92, 1.11,p.436].

Let St, be a strategy for Player I in the game Of from 1.14. Our goal is to show
that St, cannot be a winning strategy. We shall define a strategy St for the first
player in GM;(EP?) during which the first player, on a side, plays a play of the game
of from 1.14, using St,,, with (p, : £ < w) and he also chooses (g, : £ < w).

Then, as St cannot be a winning strategy in GM;(EP), in some play in which the
first player uses his strategy St he loses, and then (p; : £ < w) will have an upper
bound which shows that St, is not a winning strategy for player I, as required.

In the n-th move (so E}, EZ, qs, pe, ug, wy for £ < n are defined), the first player
in addition to choosing E} chooses ¢y, pn, Uy, such that:

a) p=p_1<qo="po, Pn €Qf, ¢, €Qj,
) P <} Py € Qf,

(c) ug is 0,
) Wpy1 = u, U {min(A%+ \ u,)}, so [up41]| =n+1,
) By = B7, B}y = B7 | (dom(EP)\ U i/EP"),

i€uy
(f) ¢n is defined as follows:
(fo) if n =0 then E9" = EZ,

(f1) if n > 0 then dom(E%) = dom(EP"-') and zFIy if and only if
either xE%y, or for some k € u,_; we have z,y € k/EP»—1 or x,y €
(dom(E}) \ dom(E?)) Umin(dom(E?2))/E2,

(f2) H is such that Pn—-1 < qn;
(8) Prn <5 Gnt1 Shg1 Pt Pr <nt1 Gnt1 (S0 Pn <pg1 Pnyi)s

(h) if f € F,, then po] forces a value to 7.
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In the first move, when n = 0, the first player plays E} = EP (as the rules of
the game require, according to (e)). The second player answers choosing an I-
equivalence relation EZ > E}. Now, on a side, Player I starts to play the game of
1.14 using his strategy St,. The strategy instructs him to play a name 7y of an
ordinal. He defines g by (f) (so go € Qf is a condition stronger than p and such
that E% = EZ) and chooses a condition py > qo deciding the value of the name 7o,
say po forces 7o = . He pretends that the second player answered (in the game of
1.14) by: po, ug = 0, wo = {a}. Next, in the play of GM;(EP), he plays E{ = EPo
as declared in (e).

Now suppose that we are at the (n+1)'" stage of the play of GM(EP), the first
player has played E} 41 already and on a side he has played the play of the game
1.14 as defined by (a)—(h) and St, (so in particular he has defined a condition p,
and B}, = EP»[(dom(EP~)\ |J i/EP") and u, is the set of the first n elements

€U,
of APn). The second player plays an I-equivalence relation E2 | > E} ;.

Now the first player chooses (on a side, pretending to play in the game of 1.14):
a name 7,11 given by the strategy St,, a condition g¢n4+1 € Qf determined by (f)
(check that (g) is satisfied), u,1; as in (d) and a condition p,41 € Qf satisfying
(g), (h) (the last exists by 1.10). Note that, by (g) and 1.9, the condition py41
determines a suitable set wy41. Thus, Player I pretends that his opponent in the
game of 1.14 played pp41, Wnt1, Wny1 and he passes to the actual game GMy(EP).
Here he plays E} , defined by (e).

The strategy St described above cannot be a winning one by the assumptions
of the theorem. Consequently, there is a play in GM;(EP) in which Player I uses
St, but he looses. During the play he constructed a sequence {((py, u,, w,) : n € w)
of legal moves of Player II in the game of 1.14 against the strategy St,. Let
E? = lim EP~ (ie. dom(F%) = () dom(EP~), z E%y if and only if for every

n<w n<w
large enough n, x EP y) and let H?(x*) be HP(z1") for any large enough n (it is
eventually constant). It follows from the demand (g) that E?-equivalence classes
are in I. Moreover, dom(E} ) \ dom(E2,,) C k/E?, where k is the (n + 1)*™
member of A9.
Therefore w \ dom(E?) = w \ () dom(E?") C w\ dom(EP°) U [J{dom(E2) \

new

dom(E} ) : n € w} € I (remember, Player I lost in GM;(EP)). Now it should be
clear that ¢q € Qf and it is stronger than every p, (even p, <¥ ¢). Hence Player II

wins the corresponding play of 1.14, showing that St, is not a winning strategy.
2),3) The same proof. D14

Proposition 1.15. If in 1.14 we assume ¢ = 3 and demand p, <% p,.1 instead
of pn <} Pn+1 then Player II has a winning strategy.

Proof. Using 1.11, the second player can find suitable conditions p,, (in the game of
1.14) such that p, SS?H Pni1- But note that the partial orders <% have the fusion
property, so the sequence (p, : n < w) will have an upper bound in Q?. U415

Remark 1.16. We could have used <% also in [She92].

Definition 1.17. [See [She98a, Ch.VI,2.12,A-F].] 1) A forcing notion P has the
PP-property when :
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@FP for every n € “w from VF and a strictly increasing » € “w NV there is a

closed subtree T' C <¥w such that:

(o) n € im(T), i.e. (Vn<w)(n|neT),

(8) T N™w is finite for each n < w,

(v) for arbitrarily large n there are k, and n < i(0) < j(0) < (1) <
Jj(1) < ... <i(k) < j(k) < w and for each ¢ < k, there are m({) < w
and %0, ... nt™ € T NI®y such that j(¢) > z(i(¢) +m(£)) and
(Vv € TNI®W) (3 < k)Fm < m(l)(n>™ < v).

2) We say that a forcing notion P has the strong PP-property when :

@PP for every function g : w — V from V¥ there exist a set B € [w]® NV
and a sequence (w, : n € B) € V such that for each n € B, |w,| < n and
g(n) € wy,.

Observation 1.18. Of course, if a proper forcing notion has the strong PP-
property then it has the PP-property.

Conclusion 1.19. Assume that for each p € (@f and for each countable N <
(H(x), €,<*) such that p,I,h € N, the first player has no winning strategy in
GMP} (EP) (e.g. if I is a mazimal ideal).

Then

(x) Qf is proper, a-proper, strongly a-proper for every o < wi, is “w-bounding
and it has the PP-property, even the strong PP-property.
By [She98a, Ch.VI,2.12] we know

Theorem 1.20. Suppose that (P;,Q; : j < a,i < «) is a countable support iteration
such that Ibp, “Q; is proper and has the PP-property”.
Then P, has the PP-property.
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§ 2. CREATURE FORCING

We try to combine the good properties of the Qf’s from §1 by putting a creature
on finite intervals of AP.

Definition 2.1. 1) Let FP5 (forcing parameters) be the set of objects i consisting
of (so I = I; = I[i], etc.):
(a) I be an ideal on w to which all finite subsets of w belong and D = dual(I)
its dual, a filter
(b) let h: w — w be a non-decreasing function
(¢) h goes to infinity
(d) S = (S : k < w) is a partition of w to intervals (each interval is finite
non-empty)
(e) min(Sky1) = max(Sg) + 1 for every k
(f) each h|Sy is constant and let b’ : w — w be such that n € S, = h/'(k) =
h(n)
(¢) notation: let By = Eg = {(m,n) : (3k)[n,m € S|}
2) Let FP3 be the set of i consisting of:
(A) asin part (1)
(B)1 the simple creature version:

(a) CRy := &7 (Sn) := 2(S.)\{0}

(b) nor,, : CR — R+ is monotonically C-increasing

)
(¢) (norp(Syp):n < w) goes to infinity
)

(d) we also let val, : CR,, — CR,, be the identity and X,(S) = 2 (95)
for S € £~ (n), we stipulate nor, (§) = —1

(B)2 full creature version:
(a) ( CR, :n < w) where CR,, = (CR,, val,, nor,, %,)
(b) the CR,,’s are pairwise disjoint, each finite
(c) val,(c) € Z7(S,) for n < w,c € CR,
(d) nor,(c) € Ryg for c € CR,
(e) if ¢ € CR,, then X,,(¢) C CR,, and ¢ € £,,(¢)
(f) if 0 € 3,,(c) then val,(d) C val,(c) and ¥,(9) C 3,,(c) for ¢, € CR,,.

3) We define FP, similarly to FP5 but we add “i has the ultrafilter property”, which
means:

(B)1 (g) nor,(S; US2) < max{nor,(S1)+ 1,nor,(S2) + 1} for S1,5; € Z~(n)
(B)2 (g) for ¢ € CR,, if val,(c) = S"US”, then for some ? € X,,(¢) we have
nor(d) > nor(c) — 1 and (val(d) C 5’) V (val(d) C S”).

4) We say that i has the strong ultrafilter property when in addition: (Qj is defined
below):

(h) if p e Q, and B € D/E (i.e. B € D and (Vn € dom(E?))(BN (n/EP) €
{0,n/EP}) then there is ¢ € Q; above p such that:
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o E9 = EP|dom(EY)
e if £ € w? then nor(cq ) 2 nor(cp ) — 1.
5) For « = {1,2,3,4}:
(A) let FPy; be the set of i € FP, such that D; := dual(f;) := {w\A : 4 € L;}
is an ultrafilter on w, necessarily non-principal

(B) let FP;, be the set of i € FP, such that D; = dual(l;) is a filter on w such
that the Boolean algebra 2(N)/D; satisfies the c.c.c.

(C) let FP;,,, be the set of i € FP,; this is just so that we can write “for each
x € {uf,cc,nn} in FP; we have ... 7.
6) If (Vn)(h'(n) = n) then we may omit h.
7) We say i € FP3 is fast when: if ¢ € CRy, nor(c) > 1 then we can find 0 = (0; :
i < k) such that:

(a) 9; € Zk(c) and nor(d;) > nor(c) — 1

(b) val(c)\val(d;) has at least 2"'(*) members

(¢) (val(c)\val(dy) : £ < k) are pairwise disjoint.
Remark 2.2. 1) The “i is fast” is used for the bounded game for Qj, see 2.15 below
assuming i € FP?C.
2) For i € FPj3 alternatively to the assumptions on “i is fast” and & (w)/I; satisfies
the c.c.c. used in 2.15 we can use:

(a) if uy, € [Sk]=F for k < w then U{uy : k< w} € I;

(b) if ¢ € CRg,nor(c) > 1 then there is @ € ¥ (c) such that val(c)\val(d) has

> 2" (k) elements and nor(d) > nor(c) — 1.

3) Is it helpful to allow non-unary ¥ (in Definition 2.1(2))?
4) The property “i is fast” is crucial: the ultrafilter property (and the stronger one)
presently not but they are for definining families of ultrafilters.

Claim 2.3. 1) In Definition 2.1(2),(3), clause (B)1 is a special case of clause (B)s.
2) In Definition 2.1, if Sy, = {n} for every n and clause (B); holds with nor,,({n}) =
n, then i essentially belongs to FPy. Also every i € FPy can be interpreted in this

way.
3) Any i € FPy is a special case of FP3.
Proof. Read the definitions. Os .3

Definition 2.4. For i € FP3 we define the forcing notion Q; = Q} and some
auxiliary notions as follows:

(A) pe@Qifandonly if p= (H, E, A,¢) = (HP, EP, AP ¢P) satisfies:
(a) F is an I-equivalence relation, so on a set called dom(FE) which belongs
to Dj hence is C w,
(b) A= AP :={n € dom(E) : n = min(n/E)},
(c) H is a function with range C {—1,1} and domain BY = {z' : i <
h(n) An € (w\ dom(E)) or n € dom(E) Ai € [h(min(n/E)), h(n))},
(d) (o) t=(cx: k€w)
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(8) w=wP C w is infinite
(7) e € CRy,
(0) A=U{val(ex) : n € w}
(e) oo = limsupj(nory(cy) : n € w) which means that for every % € I,
the set {nory(cp ) : k € wP\%} is unbounded (in w).
(B) For a C w we define .%, = {f : f is a function with domain {z!' : i <
h(n),n € a} such that f(z?) € {—1,1}; let a <wP mean that a is a finite
initial segment of w?; later in 2.9 we shall define f, 4

(C) We say that a function f € %, satisfies a condition p € Q; when:
(a) f(27) = HP(2}) when z € BY
(b) f(z7) = (f(&™™F"))) when n € dom(EP) and i < h(min(n/EP)).
(D) The partial order <=<q is defined by p < ¢ if and only if:
(a) EP < E9|ie.
e dom(E9) C dom(EP)
e if n € dom(E?) then n/EP C dom(E9)
e EP[dom(E?) refines E?
(8) every function f € 7, satisfying ¢ satisfies p
(7) w? CwP and if k € w9, then ¢g € Xg(cp k).
Proposition 2.5. (Qs, <g,) is a partial order.
Proof. Easy. U5

Remark 2.6. 1) We may reformulate the definition of the partial order <g,, making
it perhaps more direct. Thus, if p,q € Q; then p <q, ¢ if and only if the demand
() of 2.4(D) holds and

(8)* for each z:
(i) if 27 € BY then HY(zl) = HP(z}),
(ii) if n € dom(EP) \ dom(E?) and i < h(min(n/EP)) then H(a}) =
H ),
(iii) if n € dom(E?) \ AP, min(n/EP) > min(n/E?) and h(min(n/E?)) <
i < h(min(n/EP)) then HY(z") = HI(z""/F")y,
Remark 2.7. One may wonder why we have h in the definition of Q; and we do not
fix that, e.g. h(n) = n. This is to be able to describe nicely what is the forcing

notion @Q; above a condition p. The point is that Q;[{q : ¢ > p} is like Q; but we
replace I by its quotient by EP and we change the function h.

More precisely:
Claim 2.8. Assume i € FP3 and p € Q;. Then Qj is isomorphic to Qi[{q : q is

<q,-above p} and j € FP3 and j belongs to FP,/FP3;/FP2, when i does, provided
that:

B j is defined by: letting go : wP — w be increasing and onto w and g1 : AP —
w be increasing and onto w, we have:

(a) hj is defined by if go(h) = £ so k € wP then h;(€) = hi(¢)
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(b) if go(k) = £ then
o Sje={g91(n):nevali(cpr)}
(] CRj,g = Ei(tp,k),ELg = Zi,k rCRj,Z and valj(c) = {gl(n) nc
vali(¢pw)
(c) [ ={C Cw:U{n/EP :n € AP and g:(n) € C} € I}.
Proof. Straightforward. O s
Definition 2.9. 1) We define a Q;-name 7 = (9, : n < w) by: 7, is a se-
quence of length h(n) of members of {—1,1} such that 7,[Gg](i) =1 & (Fp €
Go,)(HP(2}) = 1 Axj € BY)).
2)Forp e Qiand a C wP let ) o = {f[{a} : n € U{(m/E;) : (Fk € a)m € S }NA?P
and ¢ < h(n)} : f satisfies p} equivalently {f : f is a function from {a : n € AP
and n € Sy, for some k € a and ¢ < h(n)} into {1, —1}.
3) Let (for i € FP3 and p € Q)
e set, (AP) = {{ € AP: the set APN(({+1)/E;) has n+ 1 members} recalling
2.1(1)(g)
o sete, (AP) = U{set,,, (AP) : m < n}
o set<, (AP) = set.(n41)(AP).

4) We say f € #,, is p-rich when a C wP has a last element and {{f(z}) : i <

h'(max(a)) : n € Spax(a) VAP } is equal to h'(max(a))9 that is, all possibilities occur.

5) yp,<n = yset<n(AP)~

Proposition 2.10. 1) If n < w, AP N (n+1) =0 then p - ‘N = (HP(2}) 14 <

h(n))”.

2) For each n < w the set {p € Q; : AP N (n+ 1) =0} is dense open in Q;.

3) If pe Qi and a C wP is finite or at least b =U{n/E, :n € (|J Sk) N AP} €I,
k€a

and f € F, then for some unique g which we denote by plf1, we have:

(a) p<qeQi,
(b) E9=EP [ J{n/EP : n € AP\ b},
(c) forn €b,i < h(n) we have H1(x') is f(al)

(d) ke wq\a = Cqk = Cp k-
4) For every p € Q; there is ¢ € Q; above p such that:

@y the sequence (nory(cq ) : k € w?) is increasing and k € wP = nor(c}) >

k4 | Zp wenk| and dom(E?) = dom(EP).

5) Moreover, if p € Qi,u C wP is a finite initial segment of wP and (nor(cy ) : £ €
u) is increasing and k € u = nor(c}) > k + |Fp unkl|, then for some q € Q} we
have p Sfi‘ q, see Definition 2.11(3) below and @, above holds.
Proof. Straightforward. Os .10
Definition 2.11. 0) For p € Q; and n < w let k,(n) = k(n,p) be the minimal k&
(actually unique k) such that:

(a) ke wP

(b) [kNwP|=n
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1) p <n q (in Qy) iff:

(a) p<gq
(b) if k € w? Nkp(n) then k € w? and ¢q 1 = ¢p k-
2) p <, q if p <y qand:

(%) if kK € wPNky(n), then not only k € w9, ¢q 1 = ¢, 1 but also m € val(cqr) =
m/EP =m/E1.
3)p<®qiff p<p41qand: n>0=p<¥qand dom(E?) = dom(EP).
Proposition 2.12. 1) If p < q,u is an initial segment of w? and w?Nu =, then

for some unique f € F, ., we have p < pf1 < q (where pl!! is defined in 2.10(3)).
2) IfpeQ; and u<w?, i.e. is a finite initial segment of w?P then :

(¥)1 f € Fpu impliesp < plfl and plf1 IF “(¥n € u)(Vi < h(n))(nn(i) = f(27))",

()2 the set {plf): f € 7, .} is predense above p (in Q).

3) <, is a partial order on Qi, and p <,41 ¢ = p <, q. Similarly for <}, and <2.
Also
h p<Pa=p<,q¢=p<,q=>p=<q
(¥)2 p <} =D <nt1 ¢
4) If p € Qs,u=wP Nky(n) and f € F,y and p¥l < q € Q; then for some r € Q;
we have p <} r < q and rlifl = q.
5)Ifpe Qu=wPNk,(n+1) and f € F,u is rich (see Definition 2.9(4)) and
plfl < q, then for some r € Qf we have p <® r < q and rlifl = q.

Proof. 1) Define f: {a :i < h(n) and n € u} — {—1,1} by: f(«F) is the value of

H(zl).

2) By 2.10(3) for (x); and direct inspection for (x)s.

3) Check.

4) We define r € Q; by: w" = uU w? dom(E") = U{(n/EP) : n € S N AP
for some k € u} Udom(E?),E" = {(n1,n2) : n1EIngy or some k € u satisfies

min(ny/E?) = min(ng/EP) € S, N AP}, A" = U{S, N AP : k € u} U A1
Next, we define ¢, for k € w" by:
® Cri = Cpk ifkeu
® Cri=Cqk if ke wi.

Lastly, for 7 € B} (where B] is defined in 1.2(1)(e)) we define

Hi(z!') ifné¢ |J k/EP and 2 € dom(HY),
Hr(xr_z) _ ) k€u
HP(z?) ifne U k/EP and zF € dom(HP).

keu

It should be clear that r = (H", E", A", ") € Q is as required.
5) We choose n(n) € val(c) max(w)) for n € ' ™ax(W)2 such that 7 = (Fa™y
i < h(max(u))); note that there is such n(n) € val(cp,,) because f is p-rich, see
Definition 2.9(4). Now we define r.
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Put dom(E") = dom(EP) and declare that X is an E"-equivalence class iff (at
least) one of the following occurs:
(a) for some m € val(c)) and ¢ € u\ {max(u)} we have X = (m/EP)
(b) X =m/E1 for some m € A?
(¢c) X =m/EP for some m € val(c, i (n)) Which ¢ {n(n) : n € ¥’ (max(w)2}
(d) for some 5 € M Max(W)2 X is equal to X, = (n(n)/EP) U J{m/E? : m €
AP\u and m ¢ Dom(E?) and (H%(z}) : i < h/(max(u))) = n}.
We let A" = uU A? (in fact A" is defined from E"). Finally the function H" is
defined naturally:
(x) H"(z') = H(27') when m € w\Dom(E") or m € Dom(E") A m' :=
min(m/E") <m A j € [h(m’), h(m)).

The reader may wonder: how come HP does not appear in the definition of HP?
The answer is that H? C HY. U212

Corollary 2.13. Ifp € Q;,n < w and T is a Q;-name of an ordinal, then there
are u,q and & = (o : f € Fpu) such that:

(a) p<;qeQ,
(b) u=wP Nky(n)
(c) for f € Fpu we have ¢¥ - “7 = a7,
(d) glF “T € {ay: f e Fu} (which is a finite set).
Proof. Let k = [] 2"915¢l. Let {f, : £ < k} enumerate .%,. By induction on ¢ < k

leu
define 74, ay, such that:

ro =D, 1¢ < Te41 € Qi,er]l ko, “7 = ay,”.

The induction step is by 2.12(4). Notice that g Ik “r = ay,” since 7"%%]1 < gl
Now ¢ = rj, and (ay : f € %) are as required. Uo.13

Corollary 2.14. As in 2.13 but replacing (a)-(d) there by:

(a) p<PqeW

(b) u=wP’Nky(n+1)

(c) if f € Fpu is p-rich then q¥) IF “1 = a;”, see 2.10(3)

(d) qlFg; “if {nn :n € val(cpx,p)} = k(n)2 then q I “r € {ay: f € Fpu is

p-rich}.

Proof. Similarly to the proof of 2.13 using 2.12(5) instead of 2.12(4). Os 14
Claim 2.15. 1) Assume i € FP>_ is fast (see part (7) of 2.1; alternatively see
2.2(2) and i € FP3). The COM player has a winning strategy in the bounding
game D%‘ip for p € Qs recalling:

(a) a play last w-moves

(b) in the n-th move

e INC chooses a Qi-name T, of an ordinal
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e then the COM player chooses a finite set U, of ordinals

(c) in the end the COM player wins iff there is ¢ € Q; above p forcing T,, € U,
for every n.

2) This is true even for the game D%?,p defined similarly but we change clause (b)
to:

(b)" in the n-th move
o first, the COM player chooses ms,
e second, the INC player chooses a Qi-name 1,, of an ordinal
o third, the COM player chooses a set %, of < m? ordinals

3) This is true even for the game O, , defined similarly but we change clause (b)
to:

(b)" in the n-th move
(o) first, the COM player chooses m2
(8) second, the INC player chooses €3,
(gamma) third, they play a subgame with €3, moves in the {-th move
o, the INC player chooses a Q;-name T, ¢ of an ordinal

oy then, the COM player chooses a set U, ¢ of < my, ordinals.

4) Moreover, Q; is strongly bounding (see [She, 4.1] or 2.26 below).

Proof. 1), 2) Follows by part (3).

3) Without loss of generality let pg = p(0) = p be as is ¢ in 2.10(4),(5). Now on the
side, COM chooses in the n-th move also (pp e : £ < €2), ppt1 = p(n+1), k, = k(n)
such that:

(*)L (a) p, € Q; is above p and (nor(cy k) : k € wP) is increasing
(b) if n =m + 1 then p,, <§ P and ky, < ky,
(¢) pny1lF¢ 1f< N+ M € SpnyNAP™) is pp-rich then £ < €5 = Tp 0 € Up 0"
(d) Pr = Pn,o ®pnl <E < Pn.es = Pn+1
(e) Pn,e+1 I« Tne € %ng
(f) pn is as ¢ is in 2.10(4),(5)
(8) hp, () =kefor £ <n
(h) po = p and ko = min(w?).

Why is it possible? That is, why is it a legal strategy for COM?

In the n-th move so p,, is well defined, let k% = sup{nor(c,.¢) : £ € wP™nk,, (k;+
1) for every i < n} + 1. Let k,, be min(w?°) = min(w?) when n = 0, otherwise let
k =k, > kp, (n) be from wP~ such that k > k, A (k € wP* = nor(cp, 1) > kp + 2
and ky, > sup{k;: £ < n}.

Let p% be such that p, <€ p® wPr Nk, = {k; : £ < n} and wPr\k, = wP~\k,
and ¢pe ;= ¢, 1 for k € wPn, clearly exists. Let u = {k, : £ < n} so u<qwPn
and for parts (2),(3) let my, = |.%,, u,| be the move of COM. For parts (1),(2)
after INC choose 7, let p,+1 € Q; be as in 2.14 for the triple (p?, ky,, 7,,). For part
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(3), Pn, kn are well defined and we choose p,, 0 = p}, and (py e+1, %ne) such that
Pt <8 Dnyt1 and pu i1 ko “Tnye € Xy’ by 2.14.

Why this is a winning strategy? So assume {((k,,p,) : n < w) and (for part
(1),(2)) (11, %,) : n < w)y and (for parts (2),(3)) (m, : n < w) and (for part (3))
(Tnos Unp + £ < £3) were chosen. Let ¢ = lim(p, : n < w) € Q; be naturally
defined. Clearly p,p, <g, q for n < w.

Now we use “i is fast”, consider ¢, r, = ¢qk, and choose m,, ,, € val(cp, k.)
for n € W #M)2 | < k,, and 9, € B,,(¢p, £, ) such that:

e nor(d,) >n+1
e val(d!) is disjoint to {my,, :n € (k) 9}
e for each ¢ < k,, the sequence (my, ,, : 1 € h,(k(”))2> is without repetition

o (val(c,)\val(dy) : ¢ < ky,) are pairwise disjoint.

For v € []ky, let A = Dom(E?)\(U{m/E?: for some n,m € Val(DZ("))}). Clearly
we can find A C [[k, of cardinality 2% such that v # p € A = |{n : v(n) =

p(n)}| < Ro.

Also (Dom(q)\A$ : v € A) has pairwise finite intersection so as i € FP3; or just
i€ FP?,, for some v € A, A% =w mod I;.

Now we can define r as desired:

(x) (a) dom(E™) = A?
(b) E" = E9]A®,
(¢) w" =w!
(d) ¢ is

o 0" if m = kp,n >0

® ¢, if otherwise
(e) H" extends H?
(f) if n < wk = kyp,n € W(k()Q m = My ) and £ € m/E? then
(H"(2%) 1i < h(ky)) = 7.

Now check. Oa.15

Conclusion 2.16. 1) Ifi € FP?, is fast (see 2.1(7), alternatively use 2.2(2)), then
Qi is bounding (i.e. |- “every f € “w is < g for some g € (“w)V”). Hence this
holds, in particular, whenever i € FPif,i is fast.

2) Moreover, Q; has the PP-property (even the strong one) see [She98a, Ch.VI1,2.12]
or Definition 2.19 below.

3) Each of the properties from part (1) and (2) is preserved by CS iteration.

Proof. 1) By 2.15(1).

2) By 2.15(2).

3) For bounding by [She98a, Ch.V], for the P-property by [She98a, Ch.VI,2.12A-
F] Ua.16

Claim 2.17. Let an ideal I O [w]<N on w be given.
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1) For any function h' : N — N going to infinity, if n = (ng : k < w) satisfies
ng = 0 and ngy1 — ng > 2h/(k)k, then letting Sy = [ng,nk+1), there is i € FPy
which is fast.

2) If dual(I) is an ultrafilter then some i as above has the uf-property, i.e. belongs
to FP4

3) With stronger bound on ngy1, we can demand that every (CRy,Xg) has bigness
(see [RS99]) which means: if ¢ € CRy,val(c) = us Nug then for 0 € 3,(c) and
v € {1,2} we have nor(d) > nor(c) — 1 and val(d) C u,.

Proof. As, ignoring the numerical bounds but are not important here, part (3)

implies part (1),(2) we do elaborate in their proof.

1) We use 2.1(2)(B); and we define nory, : 27 (S)) by nory(X) = || X|/2" *®) ],
Now check.

2) We use 2.1(2)(B); choosing:

(%) if X C Sy then norg(X) = [logy(nory o(X))| where nory, o(X) = || X]/2" *)],
the use of log, is to help prove “the uf property”. Easy to check.

3) For k < w we define CR,, as follows:

(*)1 (a) ¢ € CRy iff ¢ C %2 is not empty
(b) for ¢ € CRy, let val(c) = {n € Sj: for some n,v € ¢ we have n(n) #

v(n)}

(c) for ¢ € CRy let norg(c) = m log, (log,(J¢))
(d) 2,(c)={0eCR,:0C ¢}
(x)2 CRy is as required in Definition 2.1 - check.
[Why? Easy.]
(¥)3 CRy has bigness.
[Why? Obvious by the definitions.]
*) 4 , has the ut-property.
CRy, has the uf

[Why? Assume ¢ € CRg,norg(c) > 1. For S C S let me s = max{|[{p €c:p D
v} v e SENSI1,1}} hence S = uUv = [¢| < [meu| X |meo|. Soif h: S — {0,1},
then for some ¢ < 2 we have |¢,| > /¢ where ¢, = {p € 52 : p D v} where
v, : {n € Sk : h(n) = 1} — {—1,1} is chosen such that |c,| is maximal. Now
compute.]

(x)5 CRy is fast.

[Why? Assume ¢ € CRy, and norg(c) > 1.
Now we try to choose (ng, t¢, ¢¢) by induction on £ <m =k - oh' (k)

(%)5.1 (a) ¢ = {n €« if k < £ then n(ng) = o}
(b) ng € valg(c)\{n; : j < £}
(c) [eel > [e|- 27"
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Now as norg(c) > 1, clearly |¢|] > 2™ hence valg(¢c) > m, so we can carry the
induction. For ¢ < k we let 9, = 0 = ¢;_p/(x) and for each £ < k let (my,:n €

W)2) Tist {n; : j € [2M B, 2" F) (0 4 1))},
Lastly, norg(9,) = norg(¢,,) > m log, (log, ([¢| - 27™) > nork(c) — 1.

()¢ if norg(c) > 1 then for some partition uq,us of Sy and c1,c2 € X(c), we
have val(c,) C u,,norg(c,) > norg(c) — 1.

[Why? We can find a maximal u C Sy such that |2 ,| < \/|¢[, so u & Sk. Let
n € Sp\u hence | Z. .| < \/[¢| <[P wuinyl < [Pl -2 < 24/]¢, s0

° [Pl € [\/MJN)

Let v = S\u, similarly

o |Zeul > [Vel
Oa.17

§ 2(A). Further Comments.

We deal with “On Q; and the PP-property”.
Remark 2.18. We could have used <% also in [She92].

Definition 2.19. [See [She98a, Ch.VI,2.12,A-F].] 1) A forcing notion P has the
PP-property when :

®FF for every n € “w from V¥ and a strictly increasing z € “w NV there is a
closed subtree T'C <“w NV such that:

() n e im(T), ie. (Vn<w)(nlneT),

(8) T N™w is finite for each n < w,

() for arbitrarily large n there are k, and n < i(0) < j(0) < (1) <
J(1) < ... <i(k) < j(k) < w and for each ¢ < k, there are m({) < w
and 70, ..., nt™0 ¢ T NI®y such that j(¢) > x(i(¢) + m(¢)) and
(Vv € TNI®W) (3 < k)Fm < m(l))(n"™ < v).

2) We say that a forcing notion P has the strong PP-property when:

@sPP for every function g : w — V from VT there exist a set B € [w|¥ NV
and a sequence (w, : n € B) € V such that for each n € B, |w,| < n and

g(n) € wy,.
Observation 2.20. Of course, if a proper forcing notion has the strong PP-
property then it has the PP-property.

Conclusion 2.21. Assume that for each p € Q; the first player has no winning
strategy in D;b(@i), see 2.26 below (e.g. if I is a mazimal ideal).
Then

() Qy is proper, a-proper, strongly a-proper for every a < wy, is “w-bounding
and it has the PP-property, even the strong PP-property.

By [She98a, Ch.VI,2.12] we know
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Theorem 2.22. Suppose that (P;,Q; : j < o, i < &) is a countable support iteration
such that Ikp, “Q; is proper and has the PP-property”.
Then P, has the PP-property.

Definition 2.23. For i € FP3 we define the forcing notion Q7 as follows (compare
with Definition 2.4):

(A) pe Q?iff p=(H,E, A,7) satisifes (a),(b),(d),(e) as in Definition 2.4
(¢)' H is a function from w to {—1,1} such that H|AP is constantly 1
(B) as in Definition 2.4
(C) afunction f: {2 :n < w,i < h(n)} — {—1,1} satisfies a condition p € Q}
when:
(a) if n € w\Dom(EP) and i < h(n) then f(a) = HP(z})
(b) if n € Dom(EP) but ¢ € [h(min(n/EP), h(n)) then f(z}) = H(z})
(c) if n € w\Dom(EP) and h(n) < i < h(min(n/E?)) then f(z}) =
f(x?lin(n/Ep)) . Hp(x;nin(n/Ep)), yes the product
(D) Qf E “p < ¢ iff:
(a) p,g € Qf
(b) EP < E1
(c)if f: {2l :n<wandi<h(n)} — {-1,1} and f satisfies ¢ then f
satisfies p.
Definition 2.24. We repeat Definition 2.9 for Q7.
Definition 2.25. We repeat Definition 2.11 for Qiz.

Definition 2.26. 1) For a forcing notion Q and p € Q we define Oy, = DZb =
D;b((@) = D%jp, the strong bounding game between the null player NU and the
bounding player BND as follows:

(a) a play last w moves and
(b) in the n-th move:
() first the NU player gives a (non—empty) tree 7, with w levels and no
maximal node and a Q-name .%,, of a function with domain .7, such
that n € 7, = plrq “Zn(n) 3 buc% (n)”
(8) then BND player chooses 1, € 7,
(c) in the end, the BND player wins the play (7,,n, : n < w) iff thereis ¢ € Q
above p forcing that “(Vn < w)(3k < level(n))(Frn(mnlk) <z, nn Ak is
even)” where 7, [k is the unique v <g, n, of level k.

2) Omitting p means NU chooses it in his first move.
3) A forcing notion Q is strongly bounding if for every condition p € Q player BND
has a winning strategy in the game D?Qtfp.

See https://shelah.logic.at/papers/1174/ for possible updates.
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§ 3. ON NO a-ULTRAFILTER

Observation 3.1. For an ultrafilter D on N and «,2 < a,a < wy the following
conditions are equivalent:

(A) D is an a-ultrafilter, see Definition 0.1, i.e. J!-ultrafilter where
o Jl={ACw*:otp(A) <w®}
(B) D is anid o -ultrafilter for some (equivalent all) 7 € T1 such that dp™(T) =
«, see Definition 3.3 below.

Recall (this justifies the restriction to w®, a > 2):

Observation 3.2. Assume «, 3 are countable non-zero ordinals and D is a non-
principal ultrafilter on w.

1) If B < a+ B then D is not an (a + B)-ultrafilter.

2) If « = w then D is not an a-ultrafilter.

3) If a < B and D is w**P wltrafilter, then D is w*-ultrafilter.

4) If the ultrafilter D on w is a P-point and o > 2, then D is an a-ultrafilter.

Proof. E.G.
3) By 3.4(3) below. Us.2

Definition 3.3. 1) For v € “”w let T be the set of 7 such that 7 is a well
founded subtree of ((“”w)[>.],<), so downward closed (up to the root) where
(“Zw)zy = {n€“w:v dn}, let rt(.7) = v called the root of 7.

2) Let Ty = U{T,, : v € “Zw}.

3) For 7 € Ty let dp* (7)) = dpy (rt(F)) where for n € 7 ,dp’y(n) is the minimal
ordinal o such that:

e o = sup{dpz(p) : p € sucz(n)}
e a > limsup(dp%(p) +1: p € sucs(n)) when sucy(n) is infinite.

4) Let Tg be the set of .7 € T such that:
e {nv}C T An<av =g dp*(v) < dp%(n) moreover
e ne J Asucg(n) #0=sucg(n)={n"(n):n<w}.

5)For 7 € T1,v € T let Ij>,) ={n € 7 : v < n}, hence >, € T}, dp* (F>y)) =
dpz(v) and F € Tz = Jj>,) € To.
6) For 7 € T; and A C 7 let:

o Ja={ne 7 :(FveA)ndv}
7) For 7 € T; and antichain A of 7 let:
e idgy(A) ={B C A:dp"(Ip)) < dp*(Ja)}-
8) For 7 € T let idy = idg (max(7)).
Observation 3.4. 1) For every countable ordinal v there is T such that:
(a) T € Tb

(b) dp™(F) =~
(c) ifn € T\ max(T), then:
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(@) sucz(n) = {n"(n) :n <w}
(8) ifdps(n) = a+1 then dpy(n"(n)) = a forn < w
(v) if dp'o(n) is a limit ordinal, then (dp%(n™(n)) : n < w) is increasing
with limit dpy ()
(d) (follows) T € Ts.

2) If 74 € Ty and o = dp*(F1) then there is T5 such that:

(a) o eTy
(b) P C A and 1t(%) = rt(7)
(c) if n € T then dpy,(n) = dp (1)
(d) ezactly one of the following occurs for each n € J:
e 1 € max(%),n € max(%)
o dp5 (1) = dp’y, (v) for some v € sucg () and sucg,(n) is a singleton

e sucg,(n) is infinite and sucz, (n) = {v € suc () : dpz, (v) < dp, (1)}
and so the set sucg, (n)\sucg,(n) is finite

(e) if v e Ty then max((%)[zy]) = max((%)[z,,]) modulo id(gl)[zu]'

3)If I, € T1,dp™(7) = «, v is a countable ordinal, v = w® ordinal exponentiation,
then id g, is isomorphic to Ji.

4)If 7 € T1,ACmax(.7) and n < w and B = {n € max(.7): for some v € A we
have n = v Alg(v) < n or (tg(n) = Lg(v) > n) A (nl[n, £g(n)) = vI[n,Lg(v))), then
Beid(7).

Proof. E.g.
3) Without loss of generality 7 is like 5 in part (2). Let <jex be the lexicographic
order on 7, and we prove by induction on g < «
(x)g if T € Tit(%) and n € .7 and dpy(n) = 8 then
(a) w’ < otp(max(Tjsy), <iex) < w’H?
(b) if B is a limit ordinal or .7 C .7, then otp(max () = w”.
Us.a

Question 3.5. Define a family of ideals J for which the proof works.

Definition 3.6. Let FPj3 , for o € [1,w1) be the set of j which consists of:
(A) (a) i€ FP? or at least i € FP2,
(b) iis fast
(c) we may write Qj instead of Qj, etc.
(B) J asin3.4(1) and 5 = (s, : » < w), s, a finite subset of max(.7), increasing
with n such that |J s, = max(.7); note that .7 is uniquely determined by
n
jysolet F5=T.

Remark 3.7. Should we use the (s, : n < w), sj.n, ¢, max(.7;) increasing with n with
union all, to define the norm? Presently, no need.

For our purpose (in order to apply Q; from §2) we code members of 7 ’s as follows:
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Choice 3.8. 1) We choose a one-to-one function cd from “~>{—1,1} onto “~w such
that:
() if g € “>{-1,1} and p; = cd(m) <p2 € “”w, then for some 7, as have
o m<an € “7{-1,1}
o ppacd(nm).
2) For i € dom(cd) let k[n] = £g(cd(n)).

3) For & € Ty and n € “w, let pz[n] = o[n, 7| be the v € max(.7) such that
v < cd(n) if there is one and undefined otherwise.

Main Lemma 3.9. There is no ae-ultrafilter in V¥ extending D; when :

(x) (a) ae €[2,w1)

(b) i € FP3,, so D; is a non-principal ultrafilter on w

(c) Qo = Q} where i € FP3; is fast, see 2.1(7)

(d) Q1 is a Qo-name of proper bounding forcing, (instead proper we may
demand CH+ forcing with Qy preserves Ry )

(e) ]P) = QO * @1.

Proof. Toward contradiction assume:

@ p = (po,p1) € P forces D is an ultrafilter extending D; which is an -
ultrafilter.

Now
()1 P is a bounding forcing notion.

[Why? First, Qqp is by clause (c) recalling 2.16. Second, also Q; is by clause (d).
Together we are done.]
Now

(¥)2 any member of id(.%) from V¥ is included in another member which is from
V where 7 is from 3.6(B).

[Why? We use just that P is bounding. Let p € P,pIF “A € id(.%) is non-empty”,
let B={ne % :(3veAlnIv)}soplr “Bis anon-empty subtree of %",
without loss of generality p I- “dp%; (B) = a” s0 o < .

Define the P-name dpy : % — (o + 1) U{=1} by: dpy(n) = dpp(n) if n € B
and —1 otherwise. So there is ¢ € P above p and functions ¢; € V from 7 into
[(a+ 1) U{=1}]<® and go : % + w such that for every n € %

o1 gl “dpp(n) € 91(n)”
oy if n € Z\ max(%) then ¢ IF “if {n:n"(n) € B} is finite then it is included
in [0, go(n)) U{-1}".

We define a function go from % into (a+1)U{—1} by defining g2[{n € % : lg(n) =
n} by induction on n and proving:

(a) it is well defined

(b) v<an = ga() > g2(n) V g2(v) = =1 = g2(n)

(¢) g2(n) = =1 =gk “n ¢ B”
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(d) if g2(n) = B > 0 then g I “dpj(n) # B and g IF “dpy(n) < B”
(€) it n= v (k) € 7 and g2(n) = go(v) then k < go(0).
Let B = a+ 1.

In stage n, for any relevant 7 let go(n) = max{f € ¢1(n) : B < B and q ¥
“dpl(n) # B” and if n = v (k) then § < g2(v) and k > go(v) = B < g2(n)}. Why
is it well defined? If n = 0 then n = () and clearly g1(n) is necessarily non-empty,
in fact, @ € g1({)) N Be and ¢ IF “dpp(n) = . Ifn =m+ 1, let 8 = ga(n|m),
so there is ¢; € P satisfying ¢1 > ¢ and forcing dp%(nm) = B and without loss
of generality forcing a value to dp%(n), say 7. Necessarily v € ¢1(17) and we can
prove the other demands, so g»(1) is well defined.

Now let By = {n € 7 : g2(n) > 0}. Now easily g2(()) = o, dp*(B2NT>y) < g2(n)
for every nn € .7 (by induction on g2(n)), hence By € id(.%). So we are done proving

*)9.
( )R]ecalling Definition 3.8(3):

(x)3 there is a P-name 7 such that p IF “7 € D and A° € id(.%) and if A' € D

then 7 C A'” where:
o Al ={n: 07[n,] is well defined}

o A% ={oz[nn] : n € T satisfies 0[] is well defined}.
[Why? Consider the function f, i.e. the P-name f defined by:
o1 f(n) =0 iff 07[n,] is well defined and equal to o.
Clearly

e Ikp “f is a partial function from w into max(J)”
o3 dom(f) = A"

We now finish by @.]

()4 there are ¢ = (qo,q1), B such that:
(a) ¢ € Pis above p
(b) Be€id(%)so BeV
(c) qlF“A° C B”.

[Why? By (*)2.]

(¥)s Now by induction on ¢ < w we choose k(£) > £ and v, € “*(O1{ -1 1} such
that for every n € “{—1,1}, 07 [n"v¢] is well defined and ¢ B.

[Why can we? By 3.4(4).]
Hence

(¥)¢ we choose ny € w?® by induction on ¢ such that ngi1 > k(h(ng)), now
without loss of generality % := U{n/E?: n € [nost+1,n2e42) Nw? for some
¢ < w} € Dj. For each £ < w let gy be a function from ([n2pi1,n2e42) N
A%) Uwval(cf,,) into val(cZ_ ) which is the identity on val(cZ,, ).

n2e+1

Now we define r € Q] by:
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()7 (a) Dom(E") = U{n/E? : n € val(c3,) for some { < w}U{m/E?:m €
[2g41,n2e42) N A? for some £ < w}
(b) W™ ={ng: £ < w}
(¢) (m1,mz) € E™ iff for some £ we have g¢(min(m;/E?)) = g;(min(msq/E?))

(d) H" extends HY
(e) if n € [naes1,n2042) N AP then for every m € n/E] the sequence
(H"(27) : £ € [I (n2e), h[(m)]) extends v, -

So

(s () @ <reQ]
(b) the set U{m/EY: for some {,m = ngp and if n € AL N [nopy1,N2rt1)
then (H"(z}) : i € [n,h(n))) is extended by no member of B} is
included in #\ U {n/E9:n < na}.

[Why? Should be clear.]
So we are done. Os.0

Conclusion 3.10. 1) For some forcing notion P, in V* there is no a-ultrafilter
on w for any ordinal € [1,w1).
2) P is as in part (1) above when :

(%) (a) V= 2R =Ry and $(senyict(s)=x,}”
(b) 4 = (P0, Qs : o < wa, B < wa) is a CS iteration, each Qg is proper
bounding forcing of cardinality R, and Py =P,,
(c) if D is aPq-name of a non-principal ultrafilter onw, then for some d <
K, cf(8) = Vi, D5 = DIP(N)VIFl is a Ps-name, Q5 = Q}(5), Dis) =
Ds and i(6) € FP3 is fast.

3) P is as in part (2) above when :

() (a) V | 2% =Ry and Og where S C {§ < k : cf(§) = N} so k =

cf(k) = k<", S stationary in x

(b) P = (P, : a < K) is <-increasing sequence of forcing notions each
bounding, k-c.c. and o < k= |Py| < K

(¢) if D is aP-name of a non-principal ultrafilter on w, then for some § <
K, cf(8) = Ry, Ds = DIP2(N)VIPsl is o Ps-name, Qs = Qi) Disy =
Ds and i(0) € FP3  is fast.

Remark 3.11. As in [She98b, §2] but easier because of 2.15, 2.16.

Proof. 1) By a preliminary forcing without loss of generality 2% = Ry, 2% = R,
and {(s<w,:cf(5)=x,} holds. Hence clearly there are q,Pq as in (x) of part (2) by
[She98a] so we are done by part (2).

2) By [She98a] forcing by P collapse no cardinal, P has cardinality Xy and lFp “2%0 =
N,” and by 2.16, for each @ < wy,Pq/Pqy1 is bounding (and Q,, of course). So if
p lFp, “D is a non-principal ultrafilter on N”, let ¢ be as in clause (c) then we can
apply 3.9 with VPJ,@(;,IP’q/IP’(;H here standing for V,Qo, Q; there.

3) Also straightforward. Os.10

LCan use 8 C {8 < k :lFp “cf(6) = Ry}
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Discussion 3.12. 1) We may replace in the Main Claim id%, (id2)V[®) by the
ideals Ji, Jo, J; an ideal on a countable set and J5 the ideal it generates in VF.

Remark 3.13. 1) We have freedom in choosing « when a < ws,cf(a) < Ry or
cf(a) = Ry but the diamond does not give Ds as requried. Of course, Q, has still
to be bounding, proper and of cardinality < Nj.

2) Note that the forcing P above works also for “no P-point” if we demand P has
the PP-property; and for no “nowhere dense ultrafilter on w”, when every nowhere
dense A C “>w from V¥ is included in one from V see [She98a, Ch.VI,§2]; so “each
Qq does” suffice; see [She98b].

Problem 3.14. Can we distinguish between the properties “there is an a-ultrafilter”
for distinct ordinals o € [1,wq)?

Definition 3.15. We say & is a van-Dowen ultrafilter when & is an ultrafilter
on Q, the rationals such that every member contains a closed infinite set with no
isolated points.

Recall that van-Dowen [vD81] asked:

Question 3.16. Can we force to have no van-Dowen ultrafilters?
It seems that with a proof like 3.9, yes.

Claim 3.17. 1) In 3.10 we can add: in VT there is no van-Dowen ultrafilter
provided that IFp “every nowhere dense A C “Zw is included in an old one such
B”.

2) In 8.9 we can add “in V¥ there is no van-Dowen ultrafilter D and one-to-one
function 7 from Q into w such that (D) extending Dj.

Proof. 1) By part (2).
2) First:
()1 (a) let c be the following function from “>{—1, 1} into Q : c(n) = X{n(¢)/2° :
€< tg(n)}

(b) note that Q' = Rang(c) is a subset of Q dense in itself, hence is order
isomorphic to Q.
()2 in VF for A C Q'
(a) we define dp, : Q' — Ord U {oo} by defining when dp,(a) > a by

induction on the ordinal a : dp4(a) > « iff one of the following cases
holds:

o, a=10

e, o = 1 and for every open interval I around a, we have TN A # ()

o5 o > 2 and for any 5 < « and open interval I around a, there is
be AnI\{a} such that dp4(b) >

(b) let ga be a function with domain Q' such that if a € A then ga(a) is
an open interval around a such that

o ifdpy(a) =0then INA =1

o, if dpy(a) > 1 then if possible (equivalently if dp4(a) < o0), for
nobe AnI\{a} do we have dp,4(b) > dp4(a)
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(c) we say A is scattered if oo ¢ Rang(dp4) equivalently Rang(dp,) is a
countable ordinal (call it v4) equivalently A has no (infinite) subset
dense in itself

(x)3 without loss of generality g4 € V.
[Why? Because P is bounding, |
(%)4 there is a function d : Q — 4 from V such that:
(a) dpy(a) < d(a) fora € Q
(b) if a € Qand b e gaa)\{a} then d(b) < d(a) or d(a) = 0 A d(b) = 7.

[Why? As in the proof of 3.9.]
We continue as in the proof of 3.9. Os.17
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