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PROPERNESS WITHOUT ELEMENTARICITY

SAHARON SHELAH

ABSTRACT. We present reasons for developing a theory of forcing notions
which satisfy the properness demand for countable models which are not neces-
sarily elementary sub-models of some (#(x), €). This leads to forcing notions
which are “reasonably” definable. We present two specific properties mate-
rializing this intuition: nep (non-elementary properness) and snep (Souslin
non-elementary properness) and also the older Souslin proper. For this we
consider candidates (countable models to which the definition applies). A ma-
jor theme here is “preservation by iteration”, but we also show a dichotomy:
if such forcing notions preserve the positiveness of the set of old reals for some
naturally defined c.c.c. ideal, then they preserve the positiveness of any old
positive set hence preservation by composition of two follows. Last but not
least, we prove that (among such forcing notions) the only one commuting with
Cohen is Cohen itself; in other words, any other such forcing notion make the
set of old reals to a meager set. In the end we present some open problems in
this area.
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ANNOTATED CONTENT

Section 0: Introduction We present reasons for developing the theory of forc-
ing notions which satisfy the properness demand for countable models which are not
necessarily elementary submodels of some (H(x), €). This will lead us to forcing
notions which are “reasonably” definable.

Section 1: Basic definitions We present two specific properties materializing
this intuition: nep (non-elementary properness) and snep (Souslin non-elementary
properness). For this we consider candidates (countable models to which the defini-
tion applies), and we also consider the older Souslin proper. We end by a criterion
for being ”explicitely nep”.

Section 2: Connections between the basic definitions We point out vari-
ous implications (snep implies nep, etc.). We also point out how much the properties
are absolute.

Section 3: There are examples We point out that not just the reasonably
definable forcing notions in use fit our framework, but that all the general theo-
rems of Rostanowski and Shelah [RS99], which prove properness, actually prove the
stronger properties introduced earlier.

Section 4: Preservation under iteration: first round First we address a
point we ignored earlier (it was not needed, but is certainly part of our expecta-
tions). In the definition of “q is (N, Q)-generic” predensity of each Z € pd(NV, Q) was
originally designed to enable us to say things on N|[Gg], i.e. N[Gg] " H(x)Y = N,
but we should be careful saying what we intend by N[Gg] now, so we replace it by
N(Gg). The preservation theorem 4.8 says that CS iterations of nep forcing notions
have the main property of nep. For this we define p{{¥)) if N =« p € Lim(Q) .
We also define and should consider (4.4) the “K-absolute nep”.

Section 5: True preservation theorems We consider three closure opera-
tions of nep forcing notions (cly,cls, cls), investigate what is preserved and what
is gained. The main result is a general preservation theorem for nep (5.18). This
is done for the “straight” version of nep, which however is a further restriction on
the definition of the forcing but not really on the forcing itself (as proved there).
We then deal with restricting the iteration to a subsequence (of the sequence of
forcing notions) and conclude that such iteration tend not to add an intersection to
families of Borel sets from the ground model. In particular, considering iterating
nice forcing notions, what a countable length iteration cannot do, iteration of any
length cannot do.

Section 6: When a real is (Q,7n)—generic over V.= We define the class K of
pairs (Q,n), in particular when 7 is the generic real for QQ, and how nice is the
subforcing~ Q' of Q generated by 1~] We then present FS iterations of c.c.c. forcing
notions satisfying: each elements is ord-hc such that this holds also for the limit of
the iteration.

Section 7: Preserving a little implies preserving much We are inter-
ested in the preservation of the property (of forcing notions) “retaining positiveness
modulo the ideal derived from a c.c.c. nep forcing notion”, e.g. being non-null (by
forcing notions which are not necessarily c.c.c.). Concerning such preservations,
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[She98, Ch.VI,§1,52] dealt with cases such that “every new real belong to some
perfect set of reals from the old universe which is small (according to a definition
we choose for the specific application), §1 there deal with the framework whereas
§2 there deal mainly with several examples.; and [She98, §3, Ch.XVIIL,§3] replace
perfect by F, with some price including dealing mainly with the limit case. Our
main aim is to show that for “nice” enough forcing notions we have a dichotomy:
retaining the positiveness of any X C “w is equivalent to retaining every positive
Borel set. This implies preservation of the property above under, e.g., CS-iterations
(of proper forcings).

Section 8: Non-symmetry We start to investigate for c.c.c. nep forcing:
when do we have “if ng is (Qo,79)-generic over N and 77 is (Q1,71)-generic over
Nfno] then ny is (Q,, go)—generié over N[n;]”? This property is known when both
are Cohen reals and when both are random reals above.

Section 9: Poor Cohen commutes only with himself We prove that com-
muting with Cohen is quite rare. In fact, c.c.c. Souslin forcing which adds 7, a
name of a new real which is (absolutely) nowhere essentially Cohen does not com-
mute with Cohen. So such forcing makes the set of old reals meager. This continues
[She94]. Papers continuing this are [She06] and [She05].

Section 10: Some absolute c.c.c. nicely defined forcing notions are not
so nice  We define such forcing notions which are not essentially Cohen as long
as Np is not too large in L. This shows that “c.c.c. Souslin” cannot be outright
replaced by “absolutely c.c.c. nep”.

Section 11: Open problems We formulate several open questions.
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0. INTRODUCTION
The theme of [She82], [She98] is:

Thesis 0.1. It is good to have general theory of forcings, particularly for iterated
forcing.

Some years ago, Haim Judah asked me some questions (on inequalities on cardi-
nal invariants of the continuum). Looking for a forcing proof the following question
arises:

Question 0.2. Will it not be nice to have a theory of forcing notions Q such that:

(@) if Qe N C (H(x),€), N a countable model of ZFC™ and p € NNQ,
then there is ¢ € Q which is (N, Q)-generic.

Note the absence of < (i.e. N is just a submodel of (H(x), €)), which is the
difference between this property and “properness”, and is alluded to in the name of
this paper. This evolved to “Souslin proper forcing” (see 1.13) in Judah and Shelah
[JS88], which was continued in Goldstern and Judah [GJ92].

There are still some additional desirable properties absent there:

(a) not all “nicely defined” forcing notions satisfy “Souslin proper”, in fact
quite many and not so esoteric ones: the Sacks forcing, the Laver forcing
(the “reason” being that incompatibility is not ¥1); we like to have all of
them;

(b) actual preservation by CS iteration was not proved, just the desired con-
clusion () hold for P, when (P;, Q:i<aj< ) is a countable support
iteration and i <a = IFp,“ Q, is a Souslin proper forcing notion”;

(¢) to prove for such forcing notions better preservation theorems when we add
properties in addition to properness.

Martin Goldstern asked me some years ago on the inadequacy of Souslin proper
from clause (a). I suggested a version of the definitions, and this was preliminarily
announced in Goldstern [Gol].

The intention here is to include forcing notions with “nice definition” (not ones
constructed by diagonalization like e.g. Baumgartner’s “every N;-dense sets of reals
are isomorphic” [Bau73] or the forcing notions constructed for the oracle c.c.c., see
[She82, Ch.IV], or forcing notions defined from an ultrafilter).

Our treatment (nep/snep) in a sense stands between [She98] and Rostanowski
and Shelah [RS99]. In [She98] we like to have theorems on iterations Q, mainly
CS, getting results on the whole Lim(Q) from assumptions on each Q;, but with
no closer look at Q; — by intention, as we would like to cover as much as we can.
In Rostanowski and Shelah [RS99] we deal with forcing notions which are quite
concrete, usually built from countably many finite “creatures” (still relative to
specific forcing this is quite general).

Here, our forcing notions are definable but not in so specific way as in [RS99],
which still provides examples (all proper ones are included), and the theorems are
quite parallel to [She98|. So we are solving the “equations”

x /theory of proper forcing [She82],[She98]/
theory of forcing based on creatures [RS99]
“theory of manifolds” /general topology/
theory of manifolds in R3.
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Thesis 0.3. “Nice” forcing notions which are proved to be proper, normally satisfy
(even by same proof) the stronger demands defined in the next section.

History: The paper is based on the author’s lectures in Rutgers University in
Fall 1996, which results probably in too many explanations. Answering Goldstern’s
question was mentioned above. A version of §8 (on non-symmetry) was done in
Spring of ’95 aiming at the symmetry question. The rest was developed in the
Summer and Fall of '96. The material was revised in Fall 2000 (in the Mittag-
Leffler institute) and again in fall 2001 , spring 2002. I thank the audience of the
lectures for their remarks and mainly Andrzej Rostanowski for correcting the paper.
Moreover, I thank the two referees and Jakob Kelner for detecting many unclarities
and mistakes and asking for details, and I thank the logic group in Helsinki and
particularly Jouko Vaananen for their generous help.
The reader may be helped by a list of defined notions at the end.

Notation: We try to keep our notation standard and compatible with that of
classical textbooks on Set Theory (like Bartoszyiiski Judah [BJ95] or Jech [Jec03]).
However in forcing we keep the older/Cohen tradition that a stronger condition is
the larger one.

For a regular cardinal y, H(x) stands for the family of sets which are hereditarily
of size less than y. Tcord(x), the hereditary closure relative to the ordinals, is
defined by induction on rk(z) =« as follows:

(1) if v = 0 or z is an ordinal then Tc*™(z) = 0
(2) if v > 0 and z is not an ordinal then

Tcod(z) = U{Tcord(y) ry€xtUx

The collection of all sets which are hereditarily countable relatively to &, i.e.,
Tc*™(z) is countable and Tc®™(z) N Ord C &, is denoted by Moy, (k), equiva-
lently Hoy, (k) = {z € V,, : Tc”™(x) is countable and Ord N Tc(x) is a bounded
subset of k}. Let “x is an ord-hc-set” (or sometimes he-set, abusing our notation)
mean that z is a member of Hcy, (k) for some k. Let "z is a strict ord-hc set”
mean that x is an ord-hc set but is not an ordinal.

We say that a set M C H(x) is ord-transitive if

r € M & x is not an ordinal = 1z C M.

So every set of ordinals (e.g., any ordinal) is ord-transitive and for any non ordinal
x, we have: z is ord-transitive iff Tcord(x) = . Clearly for every model M C
(H(x), €) satisfying existension for non-ordinals there is a model M’ C (H(x), €)
ord-transitive and isomorphic to M over M N Ord.

We should consider the ordinals as urelements, ie., w # {n : n < w}; the
disadvantage is that this is not standard hence we have tried to avoid it, but it is
closer to the spirit of the paper. Without this, a Borel operation giving {z,, : if y, is
true } may be the ordinal « instead of being the set {8 : § < a} and if a candidate
N 7thinks” that w; is countable, then B(x1,...,%1,...) = 2z is not absolute from
N to V.

WARNING: So () is not the ordinal 0 !

Notation 0.4. We will keep the following rules for our notation:

(1) a,8,7,9,¢,&,¢, 4,7 ... will denote ordinals,
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(2) 0,5k, u, x ... will stand for cardinal numbers, if not said otherwise, some-
times we use them for ordinals,1

(3) a tilde indicates that we are dealing with a name for an object in a forcing
extension (like ),

(4) a bar above a name indicates that the object is a sequence, usually X will
be (X; :i < £g(X)), where £g(X) denotes the length of X,

(5) For two sequences 7, v we write v <1  whenever v is a proper initial segment
of n, and v < n when either v << or v = 1. The length of a sequence 7 is
denoted by fg(n).

(6) A tree is a non empty family of finite sequences closed under initial seg-
ments. For a tree T the family of all w—branches through T is denoted by

lim(T).

(7) The Cantor space “2 and the Baire space

Ww are the spaces of all functions

from w to 2, and to w, respectively, equipped with natural (Polish) topology.
(8) The fixed “version” ZFC, normally is such that the forcing theorem holds
and for any large enough Y, the set of (B, @, 6)—candidates (defined in 1.1)
is cofinal in {N : N C (H(x), €) and N is countable} and in the scheme of
ZFC, we allow some extra relation (from 9B etc) and whatever else we shall
use (fully see 1.15). Usually, dealing with the simple case, we can restrict
ourselves to (H<y,), which follows by collapsing N to an ord-transitive

model.

(9) ¢, %B... will denote models (with some countable vocabulary). For a model
¢, its universe is denoted |€| and its cardinality is ||€||. Usually €’s universe
is an ordinal a(€) and k(B) C |B| C Hx, (k(B)), £(B) a cardinal (or an

ordinal).

Let A denote a subset of L, ,(7a), (usually closed under subformulas
but this is not required) and B; <a B mean that for any p(z) € A,
a € (@B, and B, = p(a) implies that By = (a); similarly for €.

(10) K will denote a family of forcing notions including the trivial one (so a
K—forcing extension of V is V[G] when G C P € K is generic over V) and
we demand IFp“ Q € KV'" = Px Q € K. Usually K is the class of
(set) forcing notions; as we need to say “Q € K" clearly K is a definition
of such a family. )

Definition 0.5. We define “the family of ord-hc Borel operations” to be the min-
imal family F of functions such that the following conditions are satisfied:

(a) Each B € F is a function with < w places and with a designation of the
possible results as ord-hc sets or strict ord-hc sets or as ordinals or as truth

values.

(b) For every B € F, each place of B is designated to an ord-hc-set or to
an ordinal or to a truth value or to strictly ord-hc sets. We also allow a
sequence of ordinals of length < w or a sequence of truth values of given
length < w.

(¢) F contains the following atomic functions (with obvious interpretations):
() —z for truth value z;

(8) x1 V x4y for truth values z; and xa;
(7) Nico i for a <w and truth values x;;
(6) the constant values true and false;



Paper Sh:630, version 2003-05-03_11.

6 SAHARON SHELAH

(e1) for all @ < w and x,, varying on truth values and for all y,, varying on
he- sets (or on ordinals or on strict ord-he sets) for n < w:
e if ,, but not z,, for m < n then y,;
o if -z, for every n < «a then y,;
(e2) similarly for ordinals,
(€) {vi:i < a,m; is true}, where @ < w and each y; varies on ord-hc-sets
or on ordinals, x,, on truth values;
note that by our conventions this is always a strict ord-hc set, never
an ordinal.
(n) the truth value of “z is an ordinal” where x vary on ord-hc-sets,
(d) F is closed under composition (preserving the designation to [strict] ord-
he-sets, ordinals and truth values).

Observation 0.6. The family of ord-hc Borel operations is closed under the fol-
lowing perations:

e countable unions;

e set difference;

e definitions by cases + default;

o cvery such B(....) with values ord-hc-sets can be represented as

1 . .
{Bn(y07-~-aylm-~-7x07--~7x27~-~)k<a,€<,8 'n < w and
2 . .
B2 (Yo, s Uks - 3205 - -y Tpy - - Dk<a i< 1S tTue }.

where o, B < w and yp vary on ordinals and x, vary on truth values;

e if N is an hc-ord model (i.e., {x : © € N} € Hex,(Ord) then |N| as
well as each relation (and function) first order definable in N possibly with
parameters from N can be represented as an ord-hc Borel function operating
on any list of N N Ord;

o for every such B1(Z), Bo(Z) with values ord-he-sets, there are B3(T), B4(Z)
with values truth vlaues, such that:

B;s(z)=true iff B1(Z) = By(Z); and
B4(i):true fo Bl(i’) S BQ(SE)
Similarly if one or two of them has values ordinals.

Definition 0.7. We say that “Z is a predense antichain above p in Q" if
plkg “ Z N Gg has exactly one element 7.

So when we write {p, : n < w} instead Z we mean that p lFg 3n(p, € Gg). In
order to allow {p, : » < w} to enumerate also finite sets, we may use the constant
value false or {p, : n < a} for some o < w. Note that we allow ¢ € Z which are
incompatible with p but they have little influence.

1. BASIC DEFINITIONS

Let us try to analyze the situation. Our intuition is that: looking at Q inside IV
we can construct a generic condition g for N, but if N £ (H(x), €), then QNN might
be arbitrary. So let @ be a definition. What is the meaning of, say, N =“r € Q"7
It is N |=“r satisfies po(—)” for a suitable q. It seems quite compelling to demand
that inside N we can say in some sense “r € Q”, and as we would like to have

gl “Ggn QY is a subset of QV generic over N 7,

we should demand

See https://shelah.logic.at/papers/630/ for possible updates.
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(x)1 NE“reQ” implies VE“reQ”.
So g (the definition of Q) should have this amount of absoluteness. Similarly we
would like to have:

(¥)2 if N =“p1 <q p2” and py € Gg, then p; € Gg.
So we would like to have a o1 (or <¥') (the definition of the partial order of Q)
and to have the upward absoluteness for .

But before we define this notion of properness without elementaricity, we should
define the class of models IV to which it applies.

We may have put in this section the “straight nep” (see 5.13) and/or “absolute
nep” (see 4.4).
Advice: The reader may believe in the”nice” names, that is concentrate on the
case of correct explicit simple and good nep forcing notions which are normal and
local for K the class of set forcing notions (see Definitions 1.3(11), 1.3(2), 1.3(5),
1.15(11), 1.3(1), 1.15(4 1) 1.11, 1.3, respectively), remeber that politeness is always
assumed (see 1.1(4)).

The intention is that our forcing Q is a subset of Hx, (k). To find a witness for
“p € Q”, we consider general structures B such that kK CB C Hy, (k).

The Fasy Life / The Lazy Man Plan

; (a) B and € denote models with vocabularies C H(Rg) such that their universes
are ordinals (usually cardinals) denoted by x(8) and «..(€) respectively (€
may code very general information, 8 may code an iteration).

(b) ZFC, is a weak set theory extending ZC~ (which tells us what (H(x), €)
with x > Wg satisfies, i.e., ZFC without power set and without replacement
but with comprehension) with individual constants for 8, €, and for an
ordinal # saying:

() both 3,,(|0]) and 3, (||B]| + ||€||) exist.

(8) IfPis a forcing notion and 3, (|P|) exists then forcing with P preserves
ZFC, .

(7) % and € are models as in (a) (ZFC, does not require more on them).

The reader may add the power set axiom.

(c) A candidate is a countable model N of ZFC} such that eN=¢| N, Ord" =
ordV n N, BN =B | N,e¢V =€ | N (or at least BY, ¢V are submodels
of B, € resp.) and for every x, N = “x is countable” implies that z C N
and for every x € N, N “think” that = is an ordinal iff it is.

We assume that ZFC, is recursive or at least definable in € | w This is
in order to make “N = [N’ is a candidate]” well defined. Note that:
if N E “N’is a candidate” and the candidate N is ord-
transitive, then N’ is a candidate.
Also
if N |= [N’ is an ord-hc candidate | and N is a candidate,
then N’ is a candidate.
Without ord-transitivity, this only almost follows, mainly as the implication
N | “z is countable” = x C N may fail.

(d) Qs a forcing, or more exactly, a definition of a forcing using B and 6 (and
possibly @), such that Q C Hy, (0) (i-e., simple), @ is the definition of it,
and for all p,q we have p <g ¢ holds iff some relevant candidate “thinks”
so (i.e., correctness).

See https://shelah.logic.at/papers/630/ for possible updates.
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An Alternative Plan

[e (a) xo is a strong limit cardinal'. Note that yo serves also as an individual
constant.
(b) x1 =3Jw+1(x0)" and ZFC, is ZC™ together with the following demand:
“Xo is as in (a) and the class H(3,11(x0)) exists”.
(¢) € just “codes K.
(d) 0<x, k<x.

) all the Q, Q we shall consider are from H(x’), for some X' < xo (i.e., a
definition of such an object inside H(x’)). Each Q, Q; is a creature forcing
as in [RS99] or the limit of a CS-iteration of such forcing notions defined
so that 1g(Q) < 6 and Q C Hy, (6).

(e)™ So all the forcings we use are provably (in ZFC, ) nep.

(f) B codes CS iteration of such forcing notions with Q; defined by (5;,B;),
objects and not names for simplicity. The universe of B is 0 and B has a
countable vocabulary. p is trivial.

(g) Candidates are countable N C (H(xo), €) such that they are models of
ZFC, = ZC, the relations of B and € together with “x € §” and “x € Kk =
BN Ord” are allowed as predicates, and for every z, N = “z is countable”
implies that x C N.

(h) We concentrate on ord-transitive ones, so when we use N < (H(x) €) then
we replace it by its ord-transitive collapse.

Hence we get all the good properties, and enough absoluteness.
NOW ( assuming [J; or ()

() Glance at 1.1, 1.3, 1.15, pipe at §3 (containing lots of examples and 1.18.1!!)

to see that the plan fits.

(8) Read 7.17 (and 7.16) if you like to know how to quote preservation theorems

on CS-iterations of nice forcings,

() Read §6,87 if you like to know why (3) holds using only n € “w.

(6) Read §8,89 if you like to know how special is Cohen forcing among nice

c.c.c. forcings.

(¢) Read §4 if you like to know that CS-iterating nep forcing preserves its main
properties.

) Read §5 if you like to know that CS-iterating nep gives you nep.

) Read §10 if you like to know the reason of some limitations.

) Read 5.39 if you like to know when iteration of nice forcing, does not add a
real in the intersection of some family of pregiven Borel sets, in particular
if short iteration add no real to the intersection then also long ones does
not; (and read 5.28-5.39 if you like to understand why).

If you like to do («)—(#) you may consider just reading.

When we consider “preservation by iteration”, it is natural to define the follow-
ing:

Definition 1.1. (1) Let € denote a model with universe «,(€) (an infinite
ordinal) and vocabulary 7¢ C H(Np), where the equality = is one of the
relation symbols (for the notational convenience).

1Why? Then forcings of cardinality < xo preserve the theory ZFCy .
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Let Ay denote a countable subset of L, .,(7¢) which includes the atomic
formulas and is closed under subformulas (e.g., first order or quantifier free).
Let B denote a model whose vocabulary 7 is a countable subset of H(Rg)
so that equality = is one of the relation symbols. Moreover, suppose that for
some ordinal k(B) (possibly a cardinal) we have k(B) C |B| C Hx, (B).

Let A = Ay be a countable subset of L, ., (7% ), which is closed under
subformulas.

A pre-semi-candidate or a pre-semi (€, A1, B, Ay)-candidate is a model

N = (|N|, eV, 0rd", B8N, eN),

where (note that we write NV instead of |N|):

(a) N isaset withw+1C N;

(b) €N=€| N is a two place relation;

(¢) OrdY = OrdN N is a unary relation;

(d) &V is a unary relation on N defined in the following way:
a tuple (R, ai,...,ay,) is in €V iff R is an n-place predicate?® in ¢,
(ai,...,a,) € R®, and ay,...,a, are in |€V|, where |¢"| is some set

(not necessarily belonging to NV though included in |N|) which is closed
under the functions of ¢ and which satisfies that |¢N| € Ord" is an
initial segment of Ord". Additionaly, €V is a <a, submodel of €
whose universe is a subset of N, and Ay € N (recall that 7¢ C H(Rg)
hence Ay C H(Ng) and 7¢ € N).

So essentially € | [€V] is defined in the model N.

We may omit € if it is clear from the context.

(e) Similarly for BY and A,, except that x € B implies x € Hy, (Ord)V
and if they are not present, B% is the empty unary relation (in order
to fix the vocabulary).

N is called polite if Ord"Y = Ord N N, and we keep polite company here.
K denotes a definition of a family of forcing notions.
ZFC, is an appropriate version of the set theory, if

(a) it is in the vocabulary of a pre-semi-candidates;

(b) it contains the axioms of ZC™; so w exists, this does not include the
power set axiom, but in the subset schema we allow all formulas in the
vocabulary, including 7, 7¢;

(c) it cannot say more on B (we may allow saying more on €).

For given €, B, ZFC,, we say that N is a semi class candidate (or a
(¢,B, ZFC, )—candidate) if:

(a) N is a pre-semi (€, B)-candidate;

(b) N is a model of ZFC, ;

(c) for all z, N |= “ x is countable ” implies z C N.

We may say B-candidate if € and ZFC,_ are clear from the context.

We omit “semi” if NV is countable. We replace class by set if N = “BY is
a set”. If neither set nor class appear we mean set.

N7 is a strong sub candidate of No, written N7 < Na, if N1 C Ny (see part
(16) below), and €M and B are definable in N, (with parameters).

We say that (B, p, ) is a frame if:

(a) B is as above;

we treat “F(x1,...,%n) = Tn4+1 as an n + 1-place predicate

See https://shelah.logic.at/papers/630/ for possible updates.
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(b) 6 is a cardinal (or ordinal);
(¢) p is a finite sequence (usually a sequence of formulas).

(11) We say that N is a [semi] [class] (B, p,§)-candidate (with € and ZFC,
understood from the context) if:

(a) N is a [semi] [class] B-candidate;

(b) 6 € N, moreover N |= “ the set Hy, (0) exists” but in the class case,
we allow also § = Ord and N = € § means x € Ord";

(¢) p € N, ususally p is ¢, a finite sequece of formulas with parameters
in H<N1 (9)

(12) K = a () UK(B)UO and K" = k' + ||B]].

(13) We say that a formula ¢ is upward absolute for (or from) [class] (B, p, 6)-
candidates when:

if N1 is a [class] (B, p, 0)-candidate, N1 | “p[Z]”, Na is
a [class] (2B, p, #)-candidate or it is (H(x), €), for x large
enough, and N7 < N (see part (9)),
then Ny |= ¢[Z].
We say above “through [class] (9B, p, §)-candidates” if Ny is demanded to
be a [class] (B, p, §)-candidate (i.e., we omit the second possibility).
If 9B, p, and 6 are clear from the context, we may forget to say “for
[class] (B, p, §)-candidates”.

(14) We say that “p defines X absolutely through (B, p, §)-candidates” if
(a) ¢ = p(x) is upward absolute from (B, p, #)-candidates,

(B) X = U{XVN : Nisa (B,p,0)-candidate }, where XV = {z € N :
N = (o)}
If only clause () holds then we add “weakly”.

(15) We say that N is ord-hereditary if |[N| = Tc®™(|N|). Hence if in addition
N is a candidate (not only a semi-candidate), then |N| C Hcy,(Ord),
moreover N € Hy, (Ord).

(16) For candidates Ny and Ny let Ny C Ny mean that

(a) IN| C [Nal:

(b) €N <u, €Nz,

(C) BN <A BNz,

So we allow that [€™Vt| # |€N2|N|Ny|. (The reason is that when we collapse
some N to an ord-hereditary N’, maybe N' N8B # N NB \ Hy, (k(B)).)

Discussion 1.2. (1) Should we prefer |B| = a an ordinal (here o = 0) or |B| C
Hx, (a)? The former is more convenient when we “collapse N over 6” (see
2.12). Also then we can fix the universe, whereas for |B| = Hcy, (a) this
is less reasonable as it is less absolute. On the other hand, when we would
like to prove preservation by iteration the second is more useful (see §5).
To have the best of both we use 98, &

(2) Note that, for most of the properties listed, we know that we can usually
assume all of them. But even though both standard and ord-hereditary
are desirable, they are contradictory. A plus for ord-hereditary N is that
if N &= “Q is a small forcing” (e.g., set forcing is the nice case) and G C
(PN, <pn) is generic over N, then N[G] is well defined and it is a candidate
(see more later). A plus for standard is the normality (see Def 1.16).

This motivates (nep abbreviates “non—elementary properness”):

See https://shelah.logic.at/papers/630/ for possible updates.
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Definition 1.3. (1) Let @ = (@0, 1) and B be a model as in 1.1, k = K(B),
of course of countable vocabulary C H(Rg), the formulas ¢, are first order
in the vacabulary of pre-semi (€, A1,B, Ay)-candidates + a predicate for
6. We say that @ or (¢,B) is a temporary (k,8)—definition, or (B,6)—
definition, of a nep-forcing notion® Q if, in V:

(a) ¢o defines the set of elements of Q and ¢q is upward absolute from
(B, @, f)—candidates,

(b) ¢1 defines the partial (or quasi) ordering of Q, also in every (B, @, §)—
candidate, and ¢; is upward absolute from (98, @, #)—candidates,

(c) if N is a (B, @,0)candidate and p € QV, then there is ¢ € Q such
that p <@ g and

ql=“Ggn QY is a subset of QY generic over N 7

where, of course, QN = {p: N |= po(p)}. Of course, “G is a subset of
QN or (QV, <g) generic over N” means that: G C QV is gg—directed
and N |= “Z C Q is dense in (QV, <g) implies G NIV # ().
We omit the “nep” when omitting clause (c).

(2) We add the adjective “explicitly” if ¢ = (@0, ¢1, p2) and additionally

(b)™ we add: 9 is an (w+1)-place relation, upward absolute from (B, @, 6)—
candidates and @o({p; 1 i <w)) = “{p; i <w} CQand {p; : i <w}
is predense antichain above p,,”, not just in V but in every (98, @, 0)—
candidate which satisfy ¢o((p; : ¢ < w)); in this situation we say:
{pi : i < w} is explicitly predense antichain above p,,

(c)* we add to clause (c): if N | “Z C Q is a predense antichain above
p” (so T € N) then for some list (p; : i < w) of ZN N we have
wa({pi + i < w)™(q)). We then say “q is explicitly (N,Q)-generic
above p”.

(2A) We add the adjective “class” if we allow ourselves (in clauses (b),
(c) of part (1) and ()T of part (2)) class (B, @, §)-candidates N; so
in clauses (c), (¢)T, Z is a class of N; i.e. first order definable with
parameters from N, and use the weak version of absoluteness

(3) For a class (B, @, 0)-candidate N we let pd(N,Q) = pdg(N) = {Z : T is

a class of N (i.e. defined in N by a first order formula with parameters

from N) and is a predense subset of QV}. If N is a set candidate, it is

{Z € N : N E“T is predense subset of Q 7}, i.e., note that N thinks that

pdg(V) is a set if it is a set candidate and ZFC, say that power set of Q

exists; we also let

pdac(N,Q) = {Z : N = “ T is a maximal antichain in Q ”}.
In part (2) to allow {p; : i < w} to be finite we allow p; to be false (i.e., 0

in the Boolean algebra terminology). Similarly,

pdac(p, N,Q) = pdac(p, N, Q) =
{Z:N [ “Z CQ is a predense antichain above p ”}.

(4) We replace “temporary” by K if the relevant proposition holds not only in
V but in any forcing extension of V by a forcing notion P € K. If K is
understood from the context (normally: all forcing notions we will use in
that application) we may omit it.

350 in the normal case (see 1.15(3), 1.17), @ defines Q
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(5) We say that (@, ) is simple [explicitly] K—(k, #)—definition of a nep—forcing
notion Q, if:

(o) (@,B) is [explicitly] K—definition of a nep-forcing notion @,

(B) Q € Hey, (0); e, P € K implies I-p “if @o(z) then z € Ho, (6)”,
moreover this holds for any (B, ¢, §)-candidate,

(7) B, k,0 and possibly some elements of 8 are the only parameters of
@ (meaning there are no others, but even B, ,0 do not necessarily
appear).

(0) ¢ is absolute between H(x) and V for x large enough, hence

(e) if N is a Q-candidate and M is the ord-hereditary collapse of N, then:
M is a candidate, QM <gf are the images of QY <{Q\f and ¢ is (NQ)-
generic iff ¢ is (M, Q)-generic, etc.

(6) We add “very simple” if in addition:

(5) Q C “6.

(7) We may say “Q is a nep-forcing notion”, “N is a Q-candidate” abus-
ing notation. If not clear, we write Q7 or (Q?)V. Conversely, we write
(B,3,0) = (B, ¢2,09) and ZFCY for the relevant (B, @, Q) and ZFC] .

(8) We say “Z C QY is explicitly predense antichain over p,,” if pa((p; : i < w))
for some list {p; : 4 < w} of a subset of Z.

(9) If we use (B, p,0) we mean ¢ is an initial segment of p.

(10) We say (B, @, 0) (or abusing notation, Q) is a class=set frame if every class

(B, ¢, 6)—candidate is a set (B, @, §)—candidate.

(11) In 1.3(1) we add the adjective “correctly” (and we say that (B, @,0) is

correct) if, for a large enough regular cardinal x:

(a) the formula ¢ defines the set of members of Q absolutely through
(B, ¢, 0)—candidates from H(x), that is

Q= U{QN : N is a (B, @, 0)—candidate, and N C H(x)},

recalling QY = {z: N |= ¢o(2)},
(b) the formula ¢; defines the quasi order of Q absolutely through (B, @, 6)—
candidates, that is

<o= U{(SQ)N : N is a (B, @, 0)—candidate },

where (<o) = {(p,q) : N [= ¢1(p,q)}-
(12) Similarly when we add “explicitly”, (see 1.3 (2)).

Convention 1.4. (1) So for correct frames, abusing our notation, we can ignore
(H(x), €) = we(x) and just ask for satisfaction in suitable candidates. So in
particular in 1.3(1)(a),(b) it is equivalent if we replace “absolute from” by
“absolute through”. (Note: being correct is less relevant to snep.) Alter-
natively, use the “absolutely through” version rather then the “absolutely
from”, but this seem to just “move the dirt”.

(2) We may say “Qis ...” when we mean “(8,,0)is...” or “(B,p,0)is...”
and more fully adding ZFC, .

)

Remark 1.5. The main case for us is candidates (not class ones), etc; still mostly
we can use the class version of nep. Also we can play with various free choices.
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Discussion 1.6. (1) Note: if x € T € N, N E“T C Q", possibly z ¢ Q,
x ¢ IV and so those s are not relevant (e.g., though a < x(%B8) have a
special role).

(2) We think of using CS iteration Q = (P;, Q, : i < d), each Q, has a definition
@' and we would like to prove things on P, for a < 6. So the relevant family
K; of forcing notions we really should consider for @* is {Ps/P; : 3 € [i,6)},
(in V%), at least this holds almost always (maybe we can look as help in
other extensions).

(3) Note that a significant fraction of iterated forcing of proper forcing related
to reals are forcing notions informally called “nice” in the introduction; the
proof that they are proper usually gives more and we think that they will
be included even by the same proof.

(4) If K is trivial, (i.e., has only the trivial forcing notion as a member) this
means we can replace it by “temporarily”.

(5) See also 4.4 for “K-absolutely”.

(6) Note a crucial point in Definition 1.3, the relation “{p,, : n < w} is predense
antichain above p” is not demanded to be absolute; only a “dense” family
of cases of it is demanded (in our definition other important relations are
not required to be upward absolute, e.g., —po(z), 7p1(x,y), that is, z ¢ Q,
x £9 y). This change may seem technical, but is central being the difference
between including not few natural examples and including all those we have
in mind.

(7) Note that the demand described in 5 is close to implying “incompatibility
is upward absolute from N7, but not quite.

Discussion 1.7. A variant of explicitly nep from Def 1.3(2) is exzplicitly’ nep: in
(b)* replace
Pw IFo “ Go N {pn : n < w} has one and only one element ”
by
PwlFg “ GoN{pn:n<w}#0".
We may ask ourselves: What is the difference?

Then in clause (c) it does not matter if we use Z € pdac(p, N,Q) or Z €
{Z* : N = I* C Q is predense above p}. Now in the definition as it stands we
have the fact below, but if we use explicitly’ nep this is not clear. The problem
is that possibly p,q are incompatible in Q¥ but not in Q (so if ¢ IF “G N QY is
gg—directed”7 then all is OK).

Fact 1.8. If p € QV, and N is a Q-candidate, and p <g q € Q and ¢2(p,q) for
some list p of IN for every T € pdac(p, N,Q) then ¢ is (N, Q)—generic.

PROOF  Easy (as if py,p2 € QY, then there is T € N such that N | “T is a

predense antichain above p, and if » € Z then r is above p’ or r is incompatible
with p’ for every p’ € {p,p1,p2}". [T

Let us consider a more restrictive class, where the absoluteness holds because
of more concrete reasons, the usual ones for upward absoluteness, the relevant
relations are X1, or more generally, x—Souslin.

Definition 1.9. (1) We say that T is a temporarily (x, #)—definition of a snep—
forcing notion Q if (the temporary mean just in the present universe):
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(a) T = (Tp, T1) where Ty C “>(0 x k) and T} C “~ (6 x 6 x k) are trees
(i.e., closed under initial segments, non-empty)
(b) the set of elements of Q is

projo(To) def {re«“f: for somen e “k we have
vk def {((v(n),n(n)) :n <w) € lim(Ty)},

(¢) the partial order of Q, {(po,p1): Q Epo < p1}is

def

proj(Th) = {(vo,11) : vo,v1 € Q and for some 1 € “k we have

Vo * Uy % 1) def ((vo(n),v1i(n),n(n)) : n < w) € lim(Ty)},

(d) for a large enough regular cardinal x, if N C (H(x),€) is a (B, 0)—
candidate (on B4 see below) and p € QN then there is ¢ € Q such
that p <g q and

gl-“Ggn QY is a generic subset of QV over N 7,

where B+ is the model with universe H<y, (%) and the relations “x €
T,
(2) We add “explicitly” if T = (Ty, Ty, T») (so x € Ty is a relation of B) and
we add
(a)T also To C“>(0 x 6 x k) and we let

projs(73) def {(vi i <w): for some n € “k we have v x 1, * 1 € lim(T3)
where v = code({v; : £ < w)) is the member
of ¥ satisfying V((€+’§+1) +0) = ve(k)}
and (v; : i < w) € projy(T2) implies {v; : i < w} C Q (even in candidates;
the natural case is that witnesses are coded).
(d)T we add: ¢ is T—explicitly (IV, Q)-generic, which means that

if N |= “Z is a predense antichain above p in Q”
then for some list (p, : n < w) of IV we have (p, : n < W)™ {q) €
prOjQ(TQ)a

(e)T ify; € Qfori < w and for some n € “k we have code(vg, v1, . . .)*v,*n €
lim(7Ty), then {vg,v1,...} C Q is predense antichain above v, (and this
holds in (B, §)—candidates t00).

(3) We will also say “Q is a snep-forcing notion”, “N is a Q—candidate”, etc.
(4) We say 7 is a witness for v € Q if v x 7 € lim(Tp); similarly for T1,T>. We
say that Z is explicitly predense antichain over p,, if code({p; : i < w)) €

proj,(T2) for some list {p; : i < w} of Z.

Remark 1.10. In clause (a)™ we would like the proj,(7%) to be an (w + 1)-place
relation on Q, but we do not like the first coordinate to give too much information
so we use the above coding, but it is in no way special. Note: we do not want to
have one coordinate giving (v¢(0) : £ < w).

Another possible coding is code(vg,vq,...) = ((veli: £ < i) 1 i < w),s0T C
w>(w>(w>9) X 0 % N).

Definition 1.11. (1) Let Q be explicitly snep. We add the adjective “local”
if in the “properness clause, i.e., 1.9(2)(d)*” we add:
(®) the witnesses for “¢ € Q7, “(pZ : n < w) is Q-explicitly predense
antichain above ¢” are from “(N N k).
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(2) Let Q be explicitly nep. We add the adjective “K-local” if in the “proper-
ness clause, i.e., 1.3(2)(c)t” we add:
for each candidate N which is ord—transitive we have
(@) for some K-extension NT of N (see below), we have: NT is a Q-
candidate (in particular a model of ZFC} ) and N* = “QY is count-
able” and for every p € QN thereis ¢ € N*, Nt |= “p <@ ¢ and for
each Z € pdac(p, N,Q), ZV is explicitly predense over ¢”.

(Note that BN = BN ).

(3) If K is the family of set forcing notions Q for which every 3,,(Q) exists, or
constant understood from the context, we may omit K.

(4) Assume N, Ny are candidates and N; = “Q a forcing notion from K7,
and G C QM is generic over N;. We say No = N;[G] if this is true in
Ny, so |Ny| C [Ny|, Ord™ = Ord™, Ny = “z € 47, y € Ny = x € Ny,
eM = N2 BNz = BN (50 if Q € Ny then G € Ny) and if we use
Mostowski collapse Mosy, then Mos(N2) = (Mos(N))[Mos(G)]. Tt is more
natural here to use the transitive collpase over the ordinals. In this case we
say “Ny is a K-extension of N” (on the existence see §2).

Discussion 1.12. (1) Couldn’t we fix § = w? Well, if we would like to have
the result of “the limit of a CS iteration Q of such forcing notions is such
a forcing notion”, we normally need 6 > £g(Q). Also xk > ¥ is good for
including I1}-relations.

(2) We may in Definition 1.11 have two versions of ZFC,, one before the forcing
and one after. Helpful mainly if we are interested in such theories not
implying “3, (|Q|) exists for each n”.

(3) In “Souslin proper” (starting with [JS88]) the demands were as in Definition
1.13 below.

Definition 1.13. A forcing notion Q is Souslin proper if (Q C “w and) it is proper
and: the relations “z € Q”, “z <%y are ¥} and the notion of “incompatibility in
Q” is X1 (noting that, of course, the compatibility relation is ¥1). So eally we have

((PO(x)7 (P1($7 y)7 902(:1"7?/))'

Remark 1.14. This makes “{p, : n < w} is predense antichain over p,” a IIj—
property?, hence an R;-Souslin one. So we can get the “explicitly” cheaply, however
possibly increasing x. Note that for a Souslin proper forcing notion Q, also p €
QN & pe Q & p € N and similarly for p <g ¢.

* * *

If you like to be more pedantic on the ZFC_ , look at the following definition,
if not go directly to 1.16-1.18. Normally there is no problem in having ZFC, as
required and we are assuming enough goodness.

Definition 1.15. (1) We say ZFC, is a K-good version [with parameter €,
possibly “for (B, p,#)” for B, p, 0 as in 1.3 from the relevant family] if :

(a) ZFC, contains ZC™; i.e., Zermelo set theory without power set [as in

1.1(6) the axioms may speak on relations of €, only through the axiom

schemes (of comprehension, also of cases of replacement if used), i.e,

4We express it as: Vq [if ¢, po are compatible then \/(g, pn are compatible)]
n

See https://shelah.logic.at/papers/630/ for possible updates.
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we allow to substitute formulas with relations of € (and of B, we may
also restrict the use of the relations of 2B, no lose as at present]

(b) € is a model with countable vocabulary (C H(Rp)) (given as a well
ordered sequence) and its universe |€| is an ordinal a.(€),

(c) for every x large enough, if X C H(y) is countable then for some €—
candidate (or (B, p, §)—candidate) N C (H(x), €), we have X C N. If
we have the “for Q” then for every countable set X there is candidate
N extending it such that

a) XCN

) XnQc QY

) <P X c<g

(0) if = po[(pi 1 i < w)™{p)] and (p; : i < w),(p) € X, then N |=
©2[(pi : 1 <w)™(p)].
We may need a substitute for the “bare” nep with explicitly.
In the simple case (which is the main one), we may restrict the
assumption to the case N C Hn(x) and add to the conclusion
€ Her(x)

(d) ZFC; satisfies the forcing theorem® (see e.g. [She98, Ch. I]) at least
for forcing notions in K,

(e) those properties are preserved by forcing notions in K (if P € K, G C P
generic over V[G] then KVI¢ will be interpreted as {Q[G] : P+ Q €
K1), so after forcing with Q € K we still have a model of ZFC_, and
we normally allow, e.g., Levy (R, 219/)

(f) ZFC, as well as Ay, Ay are recursive or at least definable in say € [w
(this® to enable us to say “N is a candidate”).

(2) If K is the class of all (set) forcing notions P such that ZFC, says that
J,.(|P|) exists for each n, we may omit it. If K = {(}, we replace K by
“temporarily”.

(3) We say ZFC; is normal when” [for (B, p,0)] if for x large enough any
countable N < (H(x), €) to which € [as well as (B, p, 0)] belongs is O.K.
(for clause (1B)(c) above).

(4) We say ZFC, is semi-normal for Q [that is for (9B, @,0)] if for x large
enough, for any countable N < (H(x), €) to which &, 3¢, B2 0 (€ H(x))
belong, for some P € N such that N =“P is a forcing notion” we have:

() if N’ is countable N C N’ C (H(x),€), N'Nx = NNy and

(Vz)[N' = “z is countable ” = a C N'],

5That is: if N = ZFC; and N =“P is a (set) forcing notion in K”and G C PV is generic
over N thus N[G] is a model of ZFC} if we do not need to prove the existence of a candidate
N2 = N[G], we can ignore V and think on N only, recall that BNIC] = BN NGl = ¢N | gee
Definition 1.11(3)]. So this is an axiom scheme. We can weaken the demand if we use more
than one set theory, and we say that ZFC; > ZFC7 if the forcing theorem for ZFC] belongs to
ZFC5 , but the gain seems meager. In addition for 7.9 we need: if P, Q are forcing notions, G is
a P-name for a subset of Q such that [F“ G is a generic subset of Q 7, and ¢ € Q = Iffp“q ¢ G
then for some Q—name R of a forcing notion, Q * R, P are equivalent

bwe may say “ZFC, , as a set of sentences belong to every candidate or even better put this
demand in the definition of a (B, P, #)-candidate, but we can just make it definable by having the
set (C H(Xp)) appearing in P or as a relation of € or B.

7If we use nice ZFC; (see Definition 4.5), then it would be natural to restrict ourselves to
strong limit uncountable x.
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and N’ is a generic extension of N for PV,
then N = (N, € [N’,OrdY B[ N) is (Q, €| N)—candidate and

QY IN=QIN, Y IN=p}IN.

We say “K-semi-normal” if we demand N =“P € K”.

(5) We say ZFC, is weakly normal for (9B,, 0) if clause (c¢) of part (1) holds;
similarly weakly K-normal is defined.

(6) In parts (4), (5) we can replace (9B, p, #) by a family of such triples meaning
N is a candidate for all of them.

(7) In parts (4), (5), (6) if (B, p,0) = (B, $%, 0%) we may replace (B, p,0)
by Q.

Discussion 1.16. (1) What are the points of parameters? E.g., we may have
k* an Erdos cardinal, € codes every A € H(x) for each x < k*, ZFC, =
ZFC™+ “k* is an Erdos cardinal, € as above”, K = the class of forcing
notions of cardinality < x*. Then we have stronger absoluteness results to
play with.

(2) On the other hand, we may use ZFC, = ZFC™ + (Vr € “2)(r# exists) +
“J7 exists”. This is a good version if V |= (Vr € “2)(r# exists) so we can,
e.g., weaken the definition snep (or Souslin-proper or Souslin-c.c.c).

(3) What is the point of semi-normal? E.g. if we would like ZFC,_ + CH,
whereas in V the Continuum Hypothesis fails. But as we have said in the
beginning, the normal case is usually enough.

Proposition 1.17. (1) Assume ZFC, is {0}—good. Then the clause (c)* of
1.3(2) follows from clause (c¢) + (%), where
(x) if p € Q and Z,, is predense antichain above p (for n < w) and each
T, is countable,
then for some ¢, p < q € Q, and for some sequence (p} : { < w) such
that Z,, = {p} : £ < w} we have p2({p} : { < w)(q)).

(2) If ZFC, is normal for (B,p,0) then in Definition 1.3(1),(2) there is no
difference between “absolutely through” and “weakly absolutely”.

(3) If Q is a definition of a forcing (so clauses (a),(b) of Definition 1.3(1)
apply) and M is a Q-candidate and M |= “p,q € Q are compatible 7, then
p,q € Q are compatible (in Q, that is in 'V ).

(4) If Q is explicitly nep, M is a Q-candidate and M = “p € Q, T C
Q s countable 7, and in 'V, T is a predense antichain above p then also
i M this holds.

(5) If Q is explicitly nep, and p € Q, Z,, is a predense antichain in Q above p
for each n < w, then for some q we have p <qg q and, for each n < w, some
countable subset of I, is an explicitly predense antichain above q.

PrOOF (1) So given a Q-candidate M, and p € QM we can find ¢ € Q which
forces that Go N QY is generic over N. Now, if Z € pdac(p, N, Q), then necessarily
¢ IF“Gg N T has one and only one element”. Let (Z,, : n < w) list pdac(p, N, Q) so
¢, (TN :n < w) are as in the assumption of (x) for p and (Z,, : n < w) hence there
is 7 such that Q = ¢ < r, and @3 ((p} : i < w)™(r)) where {p : i < w} =ZIN. So
i, (p5 1 i < w) are as required in (c)T.
(2) Easy
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(3) As otherwise for some r we have M = “p <@ ¢ <@ ” hence this holds also in
V, contradiction.

(4) If the set Z is not a predense antichain above p in M, then we can find ¢ such
that

M= “qeQ, p<ggq, and g is incompatible with every member of Z”.
Let g. € Q be such that ¢ <g ¢. and
qIF “G N QM is a generic subset of (QM, §(]QY)”.

Now easy contradiction.

(5) By part (2), it suffices to prove (). So assume p and (p : i < w) for n < w are
as there. By the weak normality (see 1.15(6)) which we assume (see 1.15(1)), there
is a Q-candidate M satisfying clauses (8), (7), (0) of 1.15(1) and {p} U {p} : i <
w} € QM. Now, by part (4) for each n the set {p!' : i < w} is predense antichain
above p in M. Using clause (c)™ of 1.3(2) we get ¢ as required. m

Proposition 1.18. Assume ZFC, is normal for (B, $,0) and Q (= Q%) is (tem-
porarily) nep then Q is proper. |

Discussion 1.19. We may wonder: is normality necessary for 1.187 Yes. Consider:

(a) V satisfies CH,

(b) ZFC; is ZC™+%2%0 > N7,

(¢c) Q is {p: p is a function from some countable ordinal &« = Dom(p) into
Hy, (8) such that for every limit § < «, Rang(p[d) is a model of ZFC, +
“2%0 exists and is > N;”}

ordered by inclusion.

Now

(d) ZFC; is semi normal,

(e) Q is explicitly nep (in fact for any Q-candidate N7 any generic condition
determine G N N and has an upper bound),

(f) forcing with Q make |(“2)V| < |wy| and even |Hw, (O(N3)V] < [wY|

(g) forcing with @ collapse Ny (why? if 7= (n; 1 i < wy) list ¥2in V, G C Q
generic, f =J{p:p € Q},if NY[G] =N; then {§ < w; : Rang(f[d)N¥2 =
{m; : i < §}} should be a club, but it is disjoint to some club of w; from
V).

A sufficient condition for replacing pdac(p, N, Q) by pd(N, Q) is (this splits “Z,
is an explicitly predense antichain” into two components):

Observation 1.20. Assume that Q is nep. A sufficient condition for its being
explicitly nep is that for some ¢}, s we have

(%)1 ¢5(z,y,2) is an upward absolute formula for Q-candidate and it defines
incompatibility (i.e., the three have common upper bound in V and in Q-
candidates).

(%)2 w2(x0,X1,-..,%,) 18 upward absolute for Q-candidate and oo({p; : i <
w),po) tmplies {p; : i < w} C Q is predense above p, in Q; this holds
in candidates too.
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()3 If N is a Q-candidate, p € QN, then for some ¢ € Q we have p < q, q is
(N,Q)-generic and for every I € pd(Ny,Q) for some po,p1,... € IV (not
necessarily listing it) we have a(po,P1, .- -, Dw)-

ProOF  Easy. [ |

A sufficient condition for explicitly nep is given by the following observation (and
used in section 3).

Observation 1.21. (1) Assume

(a) wo(x) is a Borel definition of a set, say a subset of P(H(Rg)), the set
of elements of Q.

(b) ¢1(z,y) is a Borel quasi order on {x : po(x)} defining <g.

(c) B = (B, :n < w), each B, a Borel function from Q to Q such that
p <@ Bu(p) for every p € Q.

(d) if N is a Q-candidate, so @o,p1 € N, N a model of appropriate ZFC, ,
and p € QN,
then there is ¢ € QN such that:

T € pdac(p, N,Q) A q<greQ = \/ \/ P <@ Bn(r).
n<wp/eI[N]

Then for some @2 (a relation which is the conjunction of a 11} and a ¥} for-
mula), Q is explicitly nep (temporarily and absolutely when the conditions,
mainly clause (d) are absolute)

(2) We can® in (d) replace <g in r <q B, (r) by any X}-relation guaranteeing

compatibility.
PROOF  Straightforward using 1.20, note that incompatibility being a IT} relation,
is upward absolute from candidates. W o
Observation 1.22. (1) Assume
(a) @o(z) is a Li-formula defining a subset of P(H(No)), this is member-
ship in Q.
(b) ¢1(z,y) is a Xi-formula defining a quasi order on {x : ¢o(z)}, this is
X SQ Y.
(c) B = (B, :n < w) is a sequence of Borel functions satisfying po(x) =
x <g Bp(z).

(d) If N is a Q-candidate, p € QN, then there is q such that p <g q
and: for every T € pd(N,Q) we can find (¢g- : n < w) such that:
q<g ¢ forn <w, (Vn)(3r € IV)(r <g ¢%) and for every r we have
4<qr = (Bn<w)lg <qBa(r).

Then the conclusion of 1.21 holds.

(2) In the clause (d) we can replace <g in ¢z <g Bn(r) by any X1 (or just
absolute for Q-candidates) relation implying <g-compatibility.

PROOF  Easy, really the same proof work. [ ]

8Useful, e.g., in preserving the measured creature forcing of [RS06]
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2. CONNECTIONS BETWEEN THE BASIC DEFINITIONS

We first give the most transparent implications: we can omit “explicitly” and
we can replace snep by nep (this is 2.1) and the model B can be expanded, &, 0
increased, (see 2.2). Then we note that if x > 6 + N; and we are in the correct
simple nep case, we can get from nep to snep because saying “there is a countable
model N C (H(x), €) such that ...” can be expressed as a k—Souslin relation (see
2.3) and comment on the non-simple case. Then we discuss how the absoluteness
lemmas help us to change the universe (in 2.4), to get the case with a class K from
the case of temporarily (2.7) and to get explicit case from snep or from Souslin
proper (in 2.9).

Proposition 2.1. (1) If (p,B) is explicitly a K-definition of a nep-forcing

(2)
3)

(4)

PrOOF

notion Q, then @[2 is a K—definition of a nep-forcing notion Q (of course

for the same €, ZFC", so we normaly do not mention this). B
If T is explicitly o K-definition of a snep-forcing notion Q, then (T'12) is

a K—definition of an snep-forcing notion Q,

If T is [explicitly] a K—(k,0)-definition of a snep-forcing notion Q, and B

any model with universe k coding the Tp’s and @y is defined as proj,(Ty) and

ZFC, is natural (e.g., ZC+ “B exists (as a set)”+ “Qp (k) exists for each
n”), then (@, B) is correctly very simple [explicitly] K—(k,0)—definition of

a nep forcing notion Q (and let B = By, ¢ = o7 ).
Very simply implies simply (see 1.3(5) 1.3(6)).

Read the definitions. |

Proposition 2.2. (0) If we increase Ay we essentially just have fewer candi-

dates; fully, assume Ay C A} C L, (7e) and € codes the set A1, e.g., by
quantifier free formulas, then every candidate in the new sense is a candi-
date in the old sense, all relevant properties being preserved except ZFC,
being nice (see Definition 4.5 below) and semi-normal (but normal is in-
cluded). Hence if Q is [explicitly] nep in the old sense it will be so in the
new sense [and all relevant desirable properties are preserved.]

Assume A" C Ly, ,[rw/] and B is definable in B’ (that is, every R € Ty

including the equality, has a definition 9p € L, o[mw/]) and A C {¢ €

Ly, w[m8/]: making the substitution R — ¥ in 1 (and restrict ourselves to

{z:9=(x,x)}) we get ' € A’}.
Assume further that @ is as in 1.3 and @' is gotten from @ when we
make the substitution R — Y (and restrict ourselves to {x : 9_(z,x)}).

Lastly assume that Ay, Ay are naturally related (see 2.1(1) or just B [ H(Ng)
stmply codes them).

(a) If N is a (B, ¢, 0")—candidate, then N is also a (B, @, 0)—candidate;
pedantically

(a’) Assume N' is a (B',¢',0")—candidate, for A} of course; so N' =
(|N’|,EN/,OrdN/,%N/,(’:N/) and we let

N = (IN'|, e, orad’, (3N, &N,

where’ (%’)%N/ =B |BN.
Then N is a (B, @, 0)-candidate for Ay, of course.

9if we allow more complicated situations than BN = B | | BN | we have to say more here
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(2) Assume that (p,B) is [explicitly] a K—definition of a nep-forcing notion
and B is definable in B’ (and change Ay accordingly to the interpretation
as done in the previous part).

Then (@,B’) is [explicitly] a K-definition of a nep-forcing notion; more-
over, if B is the only parameter of the g, we can replace it by B’ (changing
trivially the @;’s).

(3) Hence we can increase k and 0 and add/or “simply” (to the assumption
and to the conclusion of the previous part); we may also add “very simply”.

ProoOF  Straightforward. [ |

A converse to 2.1(1)+(2) is the following.

Proposition 2.3. (1) Recall that k" = 60 + Xy + [|B|| + . (€) and assume
(@) (¢,B) is a correct very simple [explicit] K —(k,0)—definition of a nep
forcing notion Q.

Then some T codes the relevant relations (€ Q, €g and “explicit predense
antichain”). If every Br-candidate is a Q-candidate, then T is an [ex-
plicitly] K—(k",0)—definition of a snep forcing-notion Q (the same Q as a
forcing notion).

(2) If k = 0 = K" = Rg we get a similar result with the @, being T3 -sets.

(3) If in clause (®) of 2.3(1) we replace very simple by simple (so we weaken
QC¥h toQC Hen,(0)), then part (1) still holds for some Q' isomorphic
to Q.

Proor 1) This is, by now, totally straight; still we present the case of ¢q for
part (1) for completeness; for simplicity assume that € is interpretable in 9B, say by
quantifier free formulas and A; = A,. If in Definition 1.1(2), clause (e) we use <,
let (L (y,wo,..., T, ,):n < w) list the first order formulas in the vocabulary of B
in the variables {y,z,: £ < w}, (so in ¥} no zy, £ > n appears, but some x4, £ < n
may not appear); if we use <a let it list the ! such that Jyi! is a subformula of
member of A. Similarly (¥2(y,x3,...,2k,_,) : 4 < n < w) for the vocabulary of
set theory plus that of B. Let us define Ty by defining a set of w-sequences Yy, and
then we will let Ty = {p[n:p € Yy and n < w}. For a < wy let {Ba ¢ : £ < w} list
{B:B<a}.

Now let Yy be the set of w-sequences p € “(0 x ") such that for some (25, @, 0)—
candidate N C (H(x), €) (so you can concentrate on the case B, 6, x belong to N,
e.g., in the normal case) and some list (a,, : n < w) and w—-sequences v, n we have:
p= v e, pn) = (v(n),n(n)) and

(i) ap =B, a1 =0,a3 =k, a3 =v,and |[N| ={ap: £ € [3,w)}
(i) {n:n>3and N a, €'} ={nBn+1): 0 <n < w},
(iii) every n(8n + 2) is a countable ordinal such that:

N E “rk(a,) <tk(am)” iff nBn+2) <n@m+2) <V <K,

(iv) if B = Fy)vL (Y, a0, - - -, an_1) then B = ) [ansmnr1)+3): a3, - - e, —1],
(v) N E wolv];ie. N | polas],

(vi) N E“ag€an ” iff nB(("7T) +0)+4) =0,

(vil) if n >4 and N = (Jy)v2(y,as,...,ak, 1),

then N |= 92 [a,(sn45), a3, - - -, ak,—1] and n(8n +6) =1,
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(viii) if N =“a,, is a countable ordinal” and ay = S, ¢,
then n(8((“"5T) +0) +7) = k.
(IX) N ': w%(a:),,ag, ‘e ,akn_l) iff 77(871 + 8) =0
Let To = {p[n:p € Yo,n < w}.
Claim 2.3.1. (1) Yy is a closed subset of (0 X k).

(2) Q={ve“0:(@n)ne“ () & vxneYo(=1lim(Tp))} = projo(To)-
Proof of the claim: 1) Given vxn € lim(Ty) we can define a model N’ with set
of elements say {a;, : 3 <n < w} such that N’ |= “a;,, € ay,,” iff 77(8((“7;“) +0)+
4) = 0, that is according to clause (vi). We similarly define BY". Now 7(8n+8) = 0
iff N’ |= 42 (ah,ah, ... ,ap, _1); we can prove this by induction on the formula P2
starting with atomic, the first aj is just to save another list of ¢’s; during the
induction we use clause (vii) for the existential quantifier. So N’ is a model of
ZFC, by clause (vii) (and the demand N = ZFC, ), it is well founded by clause
(iii) (and the earlier information).

We start to define an embedding h of N’ into H(x) and we put h(aj) = B,
h(a}y) = 0, h(ah) = k (in the case we demand that 98,6, k belong to V our can-
didates) and h(al,) = n(8n+ 1) if N' = al, € a, n > 3. Then let h(ajs) € “0 be
such that h(a})(¢) = v iff letting n be such that ¥2 = [y = x3(¢)], so necessarily
N" = a5(0) = ayg,,45)"» we have (8(n +5) + 1) = (see clause (vii)).

Lastly we define h(a/,) for the other a/, by induction of rk™ (a,), note that we
should add to h(a],) when N’ |= “a, is an ordinal” and n ¢ n(8m—+1): 0 < m < w}
dummy elements to retain Rang(h) Nk = {nB(n+1)+1) :n < w}.

The model h[N’] above should be built in such a way that it is ord—transitive.
This (and clause (viii)) will ensure that the clause (g) of the demand 1.1(2) is
satisfied.

Note that, actually, the coding (of candidates) which we use above does not
change when passing to the ord—collapse.

2) Should be clear from the above noting: p € Q iff for some N as above, N |
vo(p) [as < holds by the definition and =- holds as there are countable N <
(H(x), €) to which p,B,0, x belong]. L

Continuation of the proof of 2.3

This finishes the proof of the claim and so the proof that there is ¢ as required;
we can similarly define ¢; and prove the other statement in the first part of the
proposition.

(2), (3) Easy. L]

What if in 2.3 we omit “the only parameters of ¢ are 9,6, k”; so what do we
do? Well, the role of 9B is assumed by the transitive closure of (@, 8,6, k), which
we can then map onto some k* > Kk we can use p instead.

Now we look at the connection in the situations in two universes.

Proposition 2.4. (1) Assume ZFC, is {0}-normal for (B, @,0) (see Defini-
tion 1.15(8)), and, in V, @ is a (B, 0)—definition of an [explicit] nep forcing
notion. Then we get “correctly” (see Definition 1.3(11)). For this, semi
{0}-normal and even weakly {0}-normal (see Definition 1.15) suffice.

(2) Assume @ is a K—(B,0)—definition of a forcing notion Q (“nep” part is not
needed). Let V' be a transitive class of V such that
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i) @ and B belong to V' (and of course €),
Q s correct in V.

1

(i)
(i)
Then:

(a) if V' £ €Q (ie., polp) then V = € Q7,

(b) if V' = <@ q” (ie., p1(p.q)) then V |Ep < ¢”,

(¢) if in V', N is a (B, p,0)—candidate then also in V, N is a (B,p,0)-

candidate; this does no require assumption (ii).

2a. Assume @ is a K — (B,0)-definition of a forcing notion Q; let V' be a

transitive class of V such that

(i) @ and B belong to V' (as well as €, of course),

(ii) Q is correct in V.

Then

(a) if p € Hen,(0)Y and V |=“p € Q7, then V' |=*p € Q7,

(b) (i) ifp.g€Han,(0)Y and V =p <gq”, then V' =p <g ¢,

hence
(ii) if p,qg € Her,(0) and V = “p,q are compatible in Q”, then
V' & “,q are compatible in Q7

(¢) if N e Vand N € Hey, (k)Y and V =N is a (p,B)candidate”
then V' =N is a (@, B)-candidate”; note that here assumption (ii)
is not used. (it’s natural to assume that Q is simple in V)

(3) If in (2) we add “explicitly” (including the “correct”), then

(d) if (pn : n < w) and p* belong to Hex, ()Y and V' = @o((p; : i < w)),
then V = oo ({p; 1 i < w)),

(e) if in V', N is a (¢,B)-candidate and q is explicitly (N, Q)-generic,
then this holds in V.

3a. Similarly for (2a).
That is

(d) if (pn : 1 < W) and p* belong to Heyw, (k)Y and V E4p, : n < w}
is an explicitly predense antichain over p¥ (in Q)”, then V' E¥p, :
n < w} is an explicitly predense antichain over p* (in Q).

(4) If in (2) we add “p is a temporary explicit correct (B, 0)—definition of a nep
forcing notion” (in V), then also in V', @ is a temporary explicit correct
(B, 0)—definition of a nep-forcing notion.

(5) Ifin (4) we add “local” to the assumption, then also in V', @ is a temporary
explicit correct (9B, 0)—definition of a local nep-forcing notion.

Discussion 2.5. Note that in part (2) there is no implication between the two
versions of clause clause (iii), for V and for V’. The reason is that possibly, e.g.,
V' satisfies CH while V satisfies its negation and ZFC, decide it.

PrROOF 1) Straightforward.

2) For clauses (a), (b), by the correctness in V' (i.e., assumption (ii)) there is a
witness in 'V’ which continues to be so in V (using upward absoluteness). Clause
(c) is immediate.

2a) For clause (c) note that N € H_y, (x)V is required as there may be a € N,
a ¢ N, a is countable in V but not in V’; anyhow clause (c) is immediate.

For clauses (a), (b) there is a candidate N in V witnessing the relevant fact hence
(see 2.12 below), we can find M C Hy, (x)V isomorphic to N over NNHyx, (x)V
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(in particular, M N Ord = NN Ord, M NB = NN B). Now use Shonfield-Levy
absoluteness lemma.

3), 3a) Straightforward.
4) We concentrate on the main point: clause (¢)* in 1.3(2). Suppose that
V' |= “ N is a (¢, B)-candidate and p € QY 7.

In V', let (Z, : n < w) list the Zs such that N E“Z is a predense antichain above
pin Q”. We know (by 2.4(2)(c)) that N is a candidate in V. Hence, in V, there
are ¢, (py : { < w,n < w) such that:
(i) (pp : £ <w) lists Z,, N N,

(i) p<®qeQ,

(ill) w2((p} : £ < w)(gq)) for each n < w.
Soin V there is a (*B, ¢, #)—candidate Ny such that N € Ny, (p} : { <w) :n < w), ¢
and (Z,, : n < w) belong to Ny, and Ny =“p <@ ¢”, and Ny = w2({p} : £ < w){q))
for n < w (by “correct”). It is enough to find such Ny € V', (and ¢, ({'p} : £ <
w) : n < w) which follows as in 2.7 below.
(We use an amount of downward absoluteness which holds as V' is a transitive
class including enough ordinals).

5) Similar proof. W 4

Proposition 2.6. Assume that T is in V a temporary (k,0)-definition of a snep
forcing notion which we call Q. Let V' be a transitive class of V containing T (and
all ordinals or just (k')T) and satisfying ZFC, . Then:

(a) va/ ': up c QH then V ': ¢:p c Q”,

(b) if V' % <q a” then V! = <q 1"

(c) if in V', the model N is a (B7, p5, ky)—candidate then also in V, N is a
(B 7, o7, k1) —candidate,

) also in V', Q is snep,

) if VE 9cQandp € Hen, (0)V”, then V! = e Q7,

) ifVE D9<gqandp,q € Hon,(0)V7, then V' = “p <g q”,

) if VE “o((pr:<w))” and (p; 11 <w) € Hen, (O)Y 7,
then V' = “po((p; 11 < w))”.

—~~
o

Proor By Shonfield-Levy absoluteness lemma; e.g., for clause (d) repeat the
proof of 2.6(4). LN

Proposition 2.7. (1) Assume that (p,B) is a simple correct local explicit tem-
porary (k,0)—definition of a nep forcing notion Q. Then for any extension
V1 of V this still holds, provided that:
(x)a  ([K"]=N)VY s cofinal in (["]SN0, C)V1 recalling
' =k + 0+ a.(C) + ||B]].
(2) Assume T is a local explicit temporary (k,0)-definition of a nep [snep]-
forcing notion Q. For any extension Vi of 'V, this still holds if (x)4 of

above holds. So we can replace “temporary” by K = class of all proper set
forcing notions.
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Proor 1) We concentrate on the main point (other ones are similar and cer-
tainly not harder). Let a € [x” UB]®° and consider the statement
X, if N is a (B, @, §)-candidate satisfying N N (k" UB) C a and p € QN (i.e.,
N = ¢olpl),
then there are N’ a generic extension of N (so have the same ordinals and
N is a class of N’ and the same B, €, ) which is a (28, @, §)—candidate such
that!® N’ =“P(0)" is countable” and

N' = “(3g)[qg € Q & p <V q & ¢ is explicitly (N N P(Q), Q)-generic] 7.

Note: in order to guarantee [x € N’ A N’ =%z is countable” =z C N'] just
use a suitable collapse, see 2.12 below.

Now, only (N, a)aca/ = and the choice (inside N) of the forcing notion are
important and we can code N as a subset of a (as all three are countable). Also
the issue of saying “N’ is well founded” does not arise as N’, N have the same
ordinals. Thus the statement X, is essentially

(VN)[(NV is not well founded (or not B[ (N Na) <A B, etc.)V
V(IN')(N' as above)].

As in V| the set a is countable, it can be treated as w so this is a II} statement,
hence it is absolute from V to V. Now recalling in particular the definition of local
(1.11(2)), both in V and in V; the statement “Q is simply, locally, explicitly nep” is
equivalent to (Va € [ UB]"°)X,, which is equivalent to S = {a € [k UB]™ : K,}
is cofinal in [k” U B]®0. But by the previous paragraph it suffices to prove that
S[V] is cofinal in S[V1]. Now (x)4 gives the needed implication.

2)  Similarly. W7
Remark 2.8. (1) So for the local version, we can replace “temporary” by “for
the class of proper forcing (or just preserving “([x”]<%°)V is cofinal in

(5],

(2) We can replace this assumption (i.e., (x)4 of 2.7) by enough absoluteness (so
large enough cardinals). If those are strong enough, we can omit “local”.
The problem with local (even when k = 6 = 8g) is that we have to say “N’
is well founded” arriving to II3.

Proposition 2.9. If Q (i.e. (o, ¥1)) is a Souslin proper forcing notion (see 1.13)
and B codes the parameter (so has universe k = Yo and let 8 = Rg) and the
parameter of a X1-relation equivalent to incompatibility, then (p,B) is a simple
explicit temporary (k, 0)—definition of the nep-forcing notion Q; in fact it is locally
(No, Ng)—snep.

PrROOF  Straightforward. [ |

Definition 2.10. Assume that (@,B) is a temporary (k,6)—definition of a nep
forcing notion Q, and N is a Q-candidate. We say that a condition ¢’ € Q is
essentially explicitly (N, Q)—generic if for some candidate N', N C N', N € N/,
¢ is explicitly (N’,Q)-generic and for some ¢ € QV', gy <% ¢/ and N’ |=%qq is
(N, Q)—generic”. We say “over ¢” if we can choose ¢y = gq.

Opote that P(6)Y is countable in V
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Note: if Q is a snep-forcing for T, this relation is (k 4 6 + R;)-Souslin, too.

Proposition 2.11. Assume Q is an explicitly nep-forcing notion, say by (@,B)
and ZFC,_ is weakly normal for Q.

(1) If q is (N,Q)-generic, then for some ¢ we have
q<q €Q and (¢ is essentially explicitly (N,Q)-generic above q.

(2) Ifq is essentially explicitly (N, Q)—generic (or just explicitly (N, Q)—generic),
then ¢’ is (N, Q)—generic.

(3) In 1.17 we can add: and every essentially explicitly (N, Q)—generic is ex-
plicitly (N,Q)-generic (changing @3 slightly).

Proor 1) Let N’ C H(x) be a countable Q—candidate satisfying
{N,q} € N'.

Such N exists by clause (c) of definition 1.15. By our assumptions there is ¢’ such
that: ¢ < ¢ € Q and ¢’ is explicitly (N’, Q)—generic.
2), 3) Easy .2.11

The following claim tell us that asking about being nep looking for [explicitly]
(N, Q)—generic, we may restrict ourselves to ord-hereditary Q candidates.

Proposition 2.12. (1) If N is a (B,0)-candidate, so in particular'!
[NE “a<k'”] = a€lVaca(€)Vack(B)

then there is one and only one hereditary over k' model N' = N; that is:
there are N' = Mos,(N) and f such that (recalling k' = kU0 U o, (€)):
(a) f is an isomorphism from N onto N’,
(b) fla)=a if NE= “a<r’”and f(a) =B if N = “(y is an ordinal) N
(y> k)" and 8=k +otp({x: N = “ (x an ordinal) A—(x < K')7),

(c) if z € N\Ord" then f(x)={f(y): N =% € z”},
(d) N’ is a B-candidate.

(2) Note that if N |E=“c € Hen, (k)" then f(z) = = (but BN N = BY does
not necessarily implies BN N’ = EBNl).

(3) For N,N' as above and q € Q we have: q is [explicitly] (N, Q)-generic iff
q is [explicitly] (N, Q)—generic.

PrROOF  Easy but by a request we give details:

1)  We try to define by induction on ¢ < w; a function f; with domain C N,
increasing continuous with 3.

Case 1: =0

Let Dom(fy) be the set ordinals which belong!? to N and fo(a) is @ if « € NN &’
and is k' + otp(a\k') otherwise (so fo(k’) = k' if K’ € N); we are using clause (f)
of Def 1.1(4).

CASE 2: 1 is a limit ordinal

fi=Uli:0 <}

11
12

as in some other place “ordinals are urelements” simplifies this
as we are assuming politeness; otherwise OrdY = {z : N |= “z is an ordinal ”
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CAsSE 3: i=j+1
Let

Dom(f;) = {x € N : z € Dom(f;) or (Vy)(y € N Ay €z — y € Dom(f;)}.

For « € Dom(f;) let fi(z) = f;(x) if z € Dom(f;) and f; = {f;(y) : y € N,y € z}
otherwise.

So we can carry out the induction. As (Dom(f;) : 4 < wi) is an increasing (not
necessarily strictly) sequence of subsets of N that is, of | V| which is countable, it
is necessarily eventually constant, say for ¢ € [i(x),w;)). As € is well founded, by
the definition of f;(,)41 necessarily Dom(f;.)) = N. So let f = f;(,) and define N’
by [N'| = {f(x) : € N}, and V' =¢| [N'|, BN = f(BN), V' = f(eN).

Now we prove by induction on ¢ that f; is one to one. For ¢ = 0 check the
definition, for ¢ limit trivial, for i = j 4+ 1, use “f; is one to one and N satisfies
the comprehension axiom”. So f = fj.) is one to one. Clearly f is the identity
on [¢€V]| and also on BY, as we can prove this for x € B by induction on the
rank: if 2 is an ordinal then z < Kk’ hence f(z) = =, if z is not an ordinal,
recall that |BY| C H_y, (k) and by the definition of a candidate, z C |N|, so
fl@) ={fly) :y€ea}t ={y:y € x} =2 We can prove similarly by induction
on i that z,y € Dom(f;) = [z € y = fi(z) € fi(y)]. So f is an isomorphism
from N onto N’. This (and the definition) suffice for proving clause (a), (b), (¢)
in part (1) which we are proving. As N'N«’ = N N«' clearly N'[x = N [&,
N'10 = N0, N'Ta.(€) = N[a.(€) and x € N N Hey, (') implies f(z) = =
recalling clause (c) of Def 1.1(7). This implies that N'[B = N[B <a, B as
Kk C|B| C Hen, (k) C Hey, (K'), similarly for €. Now it should be clear that clause
(d) holds too, i.e., N is a B-candidate.

This proves there is one and by the proof it is clear that there is only one. By 15

Fact 2.13. (1) In the definition of nep (or snep) in the “properness” clause,
it is enough for each N to restrict ourselves to a family I of dense subsets
T of Q (in the sense of N) such that:
(*) # T € pdac(N, Q)
then for some J € I we have N |= (Yp € ZNN)(3q € J)(p <g q)-

(2) For the explicit version we should speak of “predense antichains above p”
(or use a variant as in 1.17).

(3) We can in (*) use T € pdac(p, N,Q) for the p € QN in clause (c) of 1.5.

PROOF  Straight [ ]

Moving from nep to snep (and inversely) we may ask what occurs to “local”. It
is usually preserved.

Proposition 2.14. (1) Assume T defines an explicit (k,0)—snep forcing no-
tion. Let ¢ = @1, B = By (see 2.1(3) and ZFC, as there). If QT is local,
then Q% is local, in fact as in Definition 1.11(2).
(2) If (ZFC; is K -good and) ZFC, says that it is preserved by collapsing 2!%
and that (B, 9, 0) is explicitly nep, and @ is correct, then (B?,p,0) is
explicitly nep and local.

PrROOF (1) The point is that if N’ C (H(x, €) “thinks” a tree T is countable
and has no w-branch, this is true as N’ “thinks” it has w;.
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2) Straight. LR

3. THERE ARE EXAMPLES

In this section we show that a large family of natural forcing notions satisfies our
definition. Later we will deal with preservation theorems but to get nicer results
we better “doctor” the forcing notions' but this is delayed to the next section.

In fact all the theorems of Rostanowski and Shelah [RS99], which were designed
to prove properness, actually give one notion or another from §1 here (confirming
the thesis 0.3 of §0). We will prove them without giving the definitions from [RS99]
and give a proof of (hopefully) well known specific cases, indicating why it works.

Lemma 3.1. (1) Suppose that Q is a forcing notion of one of the following
types:

(a) QUee(K,X) for some finitary tree-creating pair (K,Y), where e = 1
and (K,X) is 2-big or e = 0 and (K,X) is t-omittory (see [RS99,
§2.3]; so, e.g., this covers the Sacks forcing notion),

(b) Qi (K,X) for some finitary creating pair (K,X) which is growing,
condensed and of the AB—type or omittory, of the ABY—type and sal-
isfies @g, D3 of [RS99, 4.3.8] (see [RS99, §3.4]; this captures the Blass—
Shelah forcing notion of [BS87]),

(¢) Qi (K,X) for some finitary creating pair which captures singletons
(see [RS99, §2.1])

(d) Q}(K,X) for some finitary, 2-big creating pair (K, X) with the Halving
Property which is either simple or gluing and an H-fast function f :
wXw— w (see [RSY9, §2.2]).

Then Q is an explicit Xg—snep forcing notion, moreover, it is local.

(2) Assume that Q is a forcing notion of one of the following types:

(a) QUe(K,X) fore < 3 and a tree-creating pair (K, X), which is bounded
if e =2 (see [RS99, §2.3]; this includes the Laver forcing notion),

(b) Qx (K, X) for a finitary growing creating pair (K,X) (see [RS99, §2.1];
this covers the Mathias forcing notion).

Then Q is an explicit Ng—nep forcing notion, moreover, it is local.

PrROOF  Actually it should be immediate if you know [RS99] (and 1.20+ our
present definition) particularly if using 1.21; that is let (B,, : n < w) list {B; : t is
the root of some p € Q} and we let B, (p) be pl¥), that is p when we restrict ourselves
to increasing the root to ¢ (and no more) and is p if this is impossible. Without
this you can use 1.20 to justify ignoring the “antichain” part in what follows.

As usual we concentrate on the main point, the properness clause. Let N be a
Q-candidate and p € QN. Let (7, : n < w) list pdac(p, N,Q). Then there is a
sequence ((pn,Zy) : n < w) such that p,,Z, € N, N |E pp < pnt1, L, is a countable
set such that for some function f, from Z,, into J,, we have r € Z,, = p,(r) <g r,
(pn : n < w) has an upper bound in Q and Z, is predense antichain above p, 1,
moreover, in an explicit way as described below (see the respective subsections in
[RS99]). Moreover,

13alternatively, we can directly prove that they are very straight, see Definition 5.13 below
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(%)1 if 7y # ro are in Z,, then for some k and Z,, ,, , predense in an explicit way
above p,, (as above), for each r € Z,, ,-, ,, in an explicit way, {r1,r2, p,} has
no common upper bound, (this happen to hold, but is not so needed.

()2 in part (1) of 3.1 cases (a)+(c), Z, is finite and moreover, we can say “Z,
is predense above p,,+1” in a Borel way.

For example for the Sacks forcing notion: for some k < w, Z,, = {pgﬂ+1 1 €
Prt1,Lg(n) = k}, so Z,, corresponds to a front of p,1, which necessarily is finite.
This property serves as o (compare with more detailed description for the Laver
forcing below).

In part (1) case (b) (e.g., the Blass—Shelah forcing notion) Z,, is countable. We
do not know which level will be activated, but if in the generic, we use the m—th
creature in lim(py : £ < w), then we get into Z,,, so Z,, is countable but the property
(i.e., the ¢3) is Borel not just ITj.

Now, in part (2), Z, is countable and again it corresponds to some front A of
Pn+1 in an appropriate sense. So Z,, = {pZ'J]rl :m € A}, but to say “A is a front” is
T} (in some instances of 2(a) we have e-thick antichains instead of fronts, but the
complexity is the same).

Recall that for a subset T C “>w, A C T is a front of T if

(Vn € im(T))(3n)(nln € A)
(usually members of A are pairwise incomparable).

Specifically, for the Laver forcing notion, we can guarantee Z,, = {p%ﬁ]rl :n € A},
where A is a front of p, ;1. Now being a front is a IT{-sentence (see the definition
above) which is upward absolute and this is our choice for ¢y. Let us write this
formula in a more explicit way (for the case of the Laver forcing notion):

w2({p; : 1 <w)) = each p; is a Laver condition and
A 3n)(n € po & pa =ph)
[call Ztehois unique 1 by 7;]  and
A ni € n; (incomparable) & (Vp € lim(p.,))(V V pln = nm)

i£] n m
[this is: {p; : i € w} is explicitly predense above p,,].

So it is I} (of course, 3 is okay, too.)

Note that even for the Sacks forcing notion, “p, ¢ are incompatible” is complete
1. So “{p, : n € w} is predense above p” will be I1}. For Laver forcing we cannot
do better. Now, generally I1} is not upward absolute from countable submodels,
whereas TI} is. [

Proposition 3.2. All the forcing notions Q defined in [RS99], [RS97], are simple
correct, very straight ( see Definition 5.13) and we can use ZFC, = ZC™ which is
good and normal (see 1.15). Also the relation “p,q are incompatible members of Q”
is upward absolute from Q-candidates (as well asp € Q, p ¢ Q, p < ¢, and “p,q
are compatible”).

PrOOF  Just check. |
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4. PRESERVATION UNDER ITERATION: FIRST ROUND

We give here one variant of the preservation theorem, but for it we need some
preliminary clarification. We have said “there is ¢ which is (NN, Q)—generic”; i.e.
qFg“ Go N QY is a generic subset of QY over N”. Note that we have said QY
and not Q N N as we intended to demand QY C QN N rather than QY = QN N,
in other words

NE“reQ” = VE“reqQ”
rather than
reN = [NE“eQ” & VE“reQ”]
(the version we use is, of course, weaker and so better). A trivial example of the
possible non equality is the following;:

Example 4.1. let po(z) say z = (; 1 i < a), @« < wy, p; € Y2 and i < j =
n; € Lq[n;] for some countable «; ¢i(z,y) is @ <y. So if ny € L[], but N ¢
no,m € “2, o & L[m] 7, then (ng,m1) € QN N\ QV; clearly we can find such
N, no,m (using generic extensions of countable models inside V).

Now, using properness we usually use N[G] (e.g., when iterating). But what
is N[G] here? In fact, what is the connection between N |=“7 is a Q-name” and
V =% is a Qmname”? Because [x € Y € N % z € NJ, there is (in general) no
implication between the two statements.

For our purpose, the usual N[G] = {7[G] : 7 € N is a Q-name} is not appro-
priate as it is not clear where being a Q-name is defined. We use N(G) which
is N[G N QY] when we disregard objects in V\N. Of course, if the models are
C Hy, (Ord) life is easier; but we may lose the case N < (H(x), €) (see Definition
1.1(15)), which is not so bad by 2.12.

We then prove (in 4.8) the first version of preservation by CS iteration. We
aim at proving only that P, = Lim(Q) satisfies the main clause, i.e. clause (c) of
Definition 1.3(1) (but did not say that P, is nep itself). For this we need again to
define what is N(G). The second treatment (in §5) depends just on Definition 4.4
from this section.

A reader who is not happy with Definition 4.4, may restrict himself to ord-
transitive candidates consoling ourselves with Proposition 2.12. Also, instead of
changing the Q’s we may use free iterations instead of CS ones, see [She98, Ch.
IX], and cl3(Q) in §5; the two are quite related.

Definition 4.2. (1) We define P-names and their ranks for a forcing notion P
slightly different than usual; We define by induction on the ordinal v what
it means for 7 to be a P-name of rank < ~, and for G C IP generic over V
what 7[G] mean
(a) 7 = 0,7 = & and 7[G] =z,
(b) v >0, 7is {(pi,73) : i <"}, and 7[G] = {1;[G] : i < i"&p; € G}
where p; € P, 7; are P-names of rank < . (Pedantically, we may use
z = (0,z) in (a) and 7 = (v, (p;, ™) : ¢ < ¢*) in clause (b) but we
normaly forget to use this). )
(2) For aregular cardinal k we define when 7 is (< )-hereditary'* by induction
on the rank v: if v = 0 always, if v > 0,7 = {(p;,7:)} : © < i*} then each
7; is and ¥ < K.

My §3 hereditary countable mean over the ordinals but the notions are different

See https://shelah.logic.at/papers/630/ for possible updates.
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Definition 4.3. (1) Assume N =“Q is a nep-forcing notion” and G C QV is
generic over N. We define N(G) = N(GNQY) “ignoring V” and'® letting
BN(G) = BN (and of course €N = ¢N and Ord™ (@) = Ord™) for the
relevant B (and €). In details,

N(G) o {zM(G) : N |= “ 7 is a Q-name "},

where 7V(G) is defined by induction on rk™(r) (see above in Definition
4.2):
(a) if for some p € GNQYN and x € N we have N = [plkg“r = 2] then
™V(G) ==,
(b) if not (a) then necessarily N |=%r has the form {(p;,7;) : i < i*},
pi € Q, 7; a Qname of rank < rk(7)”; now we let 7(G) be 7(G N)
(see below) if 7(G, N) ¢ Tc(|N|) and be (7(G, N))U{|N|} if 7(G, N) €
Tc(|N|), where
7(G,N) = {()N(G) : 7 € N and for some p € G N QY we have (p,7') € TN N}.
(2) If N |=“r is a Q name” we define a Q-name 7V) as follows: it is implicitly
defined in part(2)), assuming G C Q is generic over V and GNQY is generic
over N.
(3) We say “q is (N,Q)-generic” if ¢ IFg“ Go N QY is a subset of (QV, <@
generic over N”; see Definition 1.3(1).

A relative of 1.3(4) is

Definition 4.4. (1) Replacing “temporarily” by “K-absolutely” in Definition
1.3(1) means:
(a) if V1 is a K—extension of V (i.e., a generic extension of V by a forcing
notion from KV), then
(i) VE“2eQ® = V;[E“%eQ?,
(i) VE2 <y = ViEa<@y,
(iii) in the explicit case we have a similar demand for y9; otherwise, if
N is a Q%?—candidate in V, g € Q7 is (N, Q)—generic (see 4.3(3))
in V, then'® ¢ is (N, Q)-generic in V7,
(b) if V; is a K-extension of V, then the relevant part of Definition 1.3
and clause (a) here holds in V7,
(¢c) if Vg1 is a K—extension of V, for £ € {0,1}, Vo =V then Vi is a
K—extension of V.
(2) We omit K when we mean: any set forcing.

Note that (a)(i) + (ii) of 4.4 is automatic for explicitly snep, also (a)(iii). One
can make “absolutely nep” to the main case.
The following is natural to assume.

Definition 4.5. (1) We say ZFC, is nice if ZFC_ says ZC (so that the power
set axiom holds) and ZFC, is preserved by forcing by set forcing notions.
(2) We say Q is nice (or ZFC, nice to Q) if (it is a set definition and) for every
axiom ¢ of ZFC_, ZFC_ F “IFrevyro, @) ¥ -
(3) We say Q is weakly nice (for ZFC, ) if:

151f N is ord-hereditarily countable, this is the usual N[G], as forcing add no ordinals, recalling

that the ordinals are ureelements.

1656 the explicit nep case seems not to imply the nep case.
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(a) 3, (k") exists for each n < w,
(b) ZFC; is K—good for for K = {R : R is a forcing notion of cardinality
at most 3,,(x’) for some n < w }.

Remark 4.6. An alternative is: We say'” ZFC, is x-nice if x is a strong limit
uncountable cardinal, which is > 0, k(B), a..(€), it serves as individual constant of
ZFC_, which say that it is strong limit, ZFC_ says that it is preserved by forcing
by forcing notions of cardinality < .

Claim 4.6.1. (1) IfZFC; is nice, Q a (definition of a) set forcing, then ZFC,

s nice to Q.
(2) Assume ZFC, is nice to Q and

(a) Q is explicitly nep,
(b) ZFC, F“Q is explicitly nep”.
Then
() Q is local for ZFC,
(8) Q is absolutely local explicit (6, k)—definition nep forcing for ZFC, .

PROOF  Straight. [ |

Proposition 4.7. If N is a Q-candidate, Q is a nep-forcing notion, G C Q is a
subset of (QV, <¢\£) generic over V. and Go N QY is generic over N then:
(a) If N =T is a Q-name” and N is ord-hereditary (see Def 1.1(15)) or just
N = “ris ord-he 7, then TV(G) = 7'M [G] = 1[G].
(b) N{(G) is a model of ZFC, and moreover it is a Q-candidate and is a forc-
ing extension of N for QN, provided that the forcing theorem applies, i.e.,
ZFC, is K-good, Q € K (see Definition 1.15).
(¢) N(G)NKk' = NNk, so N(G)NO = NNO, moreover N(G)NOrd = NNOrd.
(d) If N’ is the ord-collapse of N (see 2.12) and Mosy is the isomorphism from
N onto N’ and G’ = Mosy,(GNQY), i.e., G’ = {Mosy(p) : p € QV}, then
(a) G is a subset of (QN, <g/) generic over N,
(B) Mosy gy estends Mosy and is an isomorphism from N(G) onto N'(G).
(e) Assume that Q is simple (the main case anyhow). Then in clause (d) we
can add
() QN = QY and Mosy [QV is the identity,
(5) NG N) = N'[G),
() q € Q is (N,Q)—generic iff q is (N',Q)—generic.

Proposition 4.8. Assume

(a) Q= (Pi,@j i< ayj<a)isa CS iteration,
(b) for eachi < «
IFp,  “(@:,Bi) is a temporary (k;, 0;)—definition
of a simple nep-forcing notion Q. 7,

so € is a constant and for simplicity A;Bi 18 quantifier free and the only
parameter of @; is B;, so we are demanding ((@;,B;) 1 i < a) € V, and
for simplicity B; has universe k; (rather than Hex, (k;)),

17For natural ¢’s we have in mind it is natural to omit ax(€) < x, but then we have to prove
a suitable absoluteness lemma; so we avoid the issue here
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(c) B is a model with the universe'® r*, or including xk* and included in

Hex, (K*), where k* > a, k* > k; = k(B;), & > 0; (for i < a) and
K* > a.(€) and B codes ((Bi, @;,0;) 11 < a) (see below) and the functions
a—1,a+1,
(d) ZFC™ is nice.
We can use a vocabulary C {P, ,, : n,m < k*(< w)}, where P, ,, is an n-place
predicate to code (B :i < a): let
P7?+12m_{<ivxla~--axn>:<x1;-~-7 >6Pn%m}
Py ={(a,a+1):a+1l<a*}
(and AT is the set of first order formulas).
Then: if N C (H(x), €) is an ord-hereditary (B, k)—candidate, p € PY , then some
condition q € Py, is (N, P,)—generic (in particular Py, is defined from %) which s
defined below, and it satisfies

qlFp, “if B € Dom(p) then p(8)(Ge,) € G, ”
Definition 4.9. Under the assumptions of 4.8, inside N we have a definition of the
countable support iteration Q = (P;, @j 11 < a,j < a). We define by induction on
j€NN(a+1) when g € P; is (N,P;)-generic:
(®) if ¢ € G; C P, and G; is generic over V, then G]<-N> is a generic subset of
IP);V over N, where
(a) G; def{p NE“peP;” and pM) € G;},
(b) pY™)) is a function with domain Dom(p)™, and p(7) is the following P.—
name: if p(y)N{EOND) ¢ @7, then it is p(7); if not, then it is g .

(N
J
(N

Remark 4.10. The major weakness of 4.8 is that P, is not proved to be in some
of our classes (nep or snep). We get the “main original property” without the
“support team”, i.e., the Q, are nep, but on P, we just say it satisfies the main
part of nep. A minor one is that 9; is not allowed to be a P;—name in any way,
both are dealt with in section 5. In later theorems (in the next section), we use
P!, C P, consisting of “hereditarily countable” names.
Note: inside N, if “N = p € P,” then Dom(p,) € [2]<¥° in N’s sense hence
(see Definition 1.1(7)(c)) Dom(p,) € N and similarly the names are actually from
N, members outside N do not count, they may not be in P, at all.

PROOF OF 4.8 We imitate the proof of the preservation of properness. So we
prove by induction on j € (a4 1) N N that:
(x); ifpe PN i€ jNN, q€Pis (N,P;)-generic, and ¢ lFp, “(p[4)N) € Gp,”,

then we can find a condition r € P; such that r is (IV, P;)—generic, Dom(r)\
i C N,and r]i=gq, and rl-p,“ (p 1)) e Gp, 7

CAse 0: j=0.

Left to the reader.

CASE 1: j=j;+1.

So j1 € N (why? use P,; and 1.3(2)(e)), and by the inductive hypothesis and the

form of the conclusion without loss of generality ¢ = j;. Let ¢ € G; C P;, G; generic

over V. So N(G§N>>ﬁ/€* = NNk (by 4.7), and hence B[N <G<N>> BIN <a, B.

18116 real need for k* to be a cardinal.
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But i € N, so this applies to B, too. So V[G;] ¢ N<G§N>> is a B;—candidate”.
Also N(Ggm) =« p(i)<N<C'V§N>>> € Q;” because G§N> is a generic subset of PN =
{r:ze N, NE“zeP;”} over N and use the property of Q;.

CASE 2: j is a limit ordinal.
As in the proof for properness (see [She98, Ch.ITI, 3.2]). Mg

Remark 4.11. Note that if N =“w is a subset of &” then we can deal with P,,, see
later in §5.

5. TRUE PRESERVATION THEOREMS

Let us recall that Q is nep if “p € Q”, “p <g ¢” are defined by upward absolute
formulas for models N which are Q-candidates so N = (|[N'|, €] |N|, B, ¢N) where
(|N], €l IN|) € (H(x),€) countable, BL € N a model on some k (or Hy, (k)),
BUIN <a, B2 N model of ZFC, and for each such model we have the properness
condition. Usually Q C “6, or Q C Hy, (0) or so. We would like to prove that
CS iteration preserves “being nep”, but CS (countable support) iteration may give
“too large” names of conditions (of @, i > 0) depending say on large maximal
antichains (of ;). Note: if Qg is not c.c.c., typically it has maximal antichains
which are not absolutely maximal antichains: start with a perfect set of pairwise
incompatible elements and extend it to a maximal antichain. Then whenever a real
is added, the maximality is lost. Finally, c.c.c. is normally lost in P,,. So we will
revise our iteration so that we consider only hereditarily countable names (as in 4.7
above).

But in the iteration, trying to prove a case of properness for a candidate IV and
p € P, considering ¢ € P, which is (N,PY)-generic, we know that in V[Gp,]
(if ¢ € Gp,), there is ¢’ € Q_[Gp,] which is (N[Gp,], Qa[Ga])-generic. But under
present circumstances, we have no idea where to look for ¢’, so no way to make a
name of it, ¢/, which is hereditarily countable, without increasing q € P,. Except
when Q is local (see 1.11), of course; it is not unreasonable to assume it but we
prefer not to and even then, we just have to look for it in, essentially, a copy of the
set of reals. The solution is to increase Q; insubstantially so that we will exactly
have the right element ¢, essentially it is:

@& AV op

Zepdg(N) peZ[N]

as explained below. We give two variants. That is, toward the iteration theorem
5.18 the derivation of the first variant of the forcing is done in 5.2, 5.3, 5.4, and
the second is done in 5.7, 5.8. But Definition 5.10 + Proposition 5.12 dealing with
hc-names are essential, as well as 5.13, 5.14 being straight and very straight in
particular. Those are stronger properties for the ¢ though not for Q, as we deduce
to be the case in 5.14(3) for the first variant and in 5.14(4) if you use the second
variant. Being straight will be clear if you recall Observation 1.22.

Notation 5.1. Let

pdg(N) =pd(N,Q) ={Z: N |= “ T is a predense subset of Q " },
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and Z[N] =Z" =ZN N and

pdaCQ(p7 N) = pdac(p, Q) N) =
{Z : N |= “is a predense antichain of Q" above p ” },

and similalry without p. Let
dog(N) =do(N,Q) ={Z: N = “T is dense open subset of Q 7 };
note that Z is here a set and not a definition, as we are dealing with set candidates.

Definition 5.2. Let Q be an explicitly nep-forcing notion. Then we define Q' =
cl(Q); this depend on our choice of the family of the candidates, e.g., on (ZFC, , €, B),
as follows:

(a) the set of elements 19 is

Qu {p & /\ \/ r: peQY¥ and Nisa chandidate}
Zepdac(p,N,Q) reZ[N]

[we are assuming no incidental identification] but
(a) code them in any reasonable way, if Q is simple, as members of Hx, (6),
(8) for snep (or very simple) Q we work slightly more to code them as
members of “6, pedantically easier in “ (0 + w),
(b) the order <@g given by ¢1 <¢ g2 if and only if one of the following occurs:
(@) q1,¢2 € Q, and q1 <q ¢2,

(6) Q1€Q, (I2:p& /\ \/ T) andq1 ng,
Zepdac(N,Q) reZ[N]

(’y)qlzp&< A \ r)andqge(@,p<@q2andif1€
Zepdac(p,N,Q) reZ[N]

pdac(N,Q), then

3¢ €QFpn new)(d <g a2 & ¢3(. Pny-.,q) &
{pn:n<w}CIV)

(0) ¢ = pe & < A V 7“) (for £ = 1,2) and: ¢4 = ¢2 or
Zepdac(p,N¢,Q) r€Z[N,]
¢1 < pa by clause (7).
Remark 5.3. (1) In [She98, Ch.III], for a hereditarily countable name, instead
of

AN

Zepdac, (N,Q) reZ[N]

we use the first member of @Q; which forces this. Simpler, but when we
ask whether this guy is < ¢ (for some ¢ € Q) we run into uncountable

antichains.
19T he sentence p & A \/ ¢ is not accurate, our intension would be better
Zepdac(p,N,Q) i€Z[N]
served by adding p & A A Y (r1 Aranp) but anyhow we do not really use

Zepdac(p,N,Q) r1#r2€Z[N]
the meaning. We could have used can(p, N’), N 22 N’ N’ is hc-ord (“can” for canonical explicitly
generic) and, e.g., OrdN C k' +wy



Paper Sh:630, version 2003-05-03_11. See https://shelah.logic.at/papers/630/ for possible updates.

36 SAHARON SHELAH

(2) We may weaken the demand on N being a candidate, by demanding less
than ZFC_ . Anyhow at present we are not sensitive to the exact choice of
ZFC, so using two such versions of set theory as done in 5.4 suffices. We

can consider there ZFC, = ZFC,, but it will be somewhat artificial: in
some Q candidates, N we will have (Q" ) = QV.
(3) We could allow pisp & A \/ r but the gain is small — if

Tepdac(p,N,Q’) reZ[N]
there are canonically (N, Q)—generic we do not have to increase p.

Proposition 5.4. (1) Assume Q is explicitly nep. Then:
(a) in Definition 5.2, Q" is a (quasi) order,
(b) <g' [Q =<q,
(¢) Q is a dense subset of Q.
(2) Assume in addition:
(Xy) for some suitable versions of set theory ZFC,, we have
() Q is explicitly nep for ZFC,,,
(8) ZFC F ZFC,,
(v) ZFC, + “ZFC,, is weakly normal for Q', Q is explicitly nep for
ZFC..”,
(M3) Q' = cl(Q) is defined®® as in Definition 5.2 for ZFC,,.
(Xy) ZFCq is ZFC, and B are defined inside the proof.
Then:
(d) if N is a Q' —candidate, and N =“p € Q' 7 then for some ¢ € N we
haveN):“ng, qg& qeQ 7,
(e) Q' is explicitly nep (with the same B and parameters)
(f) if N is a Q'-candidate, p € QN and g =p & A V{r:rezl},
Zepd(N,Q)
then ¢ is (N, Q') —generic.
(g) Q' is correct if Q is correct
(3) We can replace above (in the assumption and conclusion) nep by snep, or

nep by simple nep; similarly for K—-absolutely.

Remark 5.5. The definition of “local” (in 1.11(1)) can be handled a little differently.
We can (in 1.11(2)) demand less on N’ (it is not a Q-candidate), just have some
of its main properties and in X3 of 5.4(3), ZFC, says that P(0) is a set (so has a
cardinality) and is a Q-candidate. So we may consider having ZFC, for several £’s,
ZFCj speaks on xo > ... > x¢—1 and the generic extensions of a model of ZFCy_
for the forcing notion Levy(Xo, x¢) is a model of ZFC, . Similar remarks hold for
§7. But, as we can deal with the nice case (see Definition 4.5 above), we may start
with a countable N < (H(3,), €) (or even better (H(3,,), €) so that “countable
depth can be absorbed”), we ignore this in our main presentation.

ProOOF OF 5.4 (1) Clause (a): Assume q; < g2 < g3; we have 2% = 8 cases
according to truth values of g, € Q:

Case (A):  q1,q2,q3 € Q.

Trivial (as <@ is transitive).

20we could have alternatively change B, but this seems more straightforward.
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CAsE (B) q1,q92 € @7 q3 ¢ Q
Check (i.e., ¢1 <g g2 and clause (5) of Definition 5.2(b) apply to ¢2 < g3, so letting

=ps & ( /\ \/ r)

Zepdac(ps,N,Q) r€Z[N]

we have ga <@ p3; but ¢; <9 g2 50 ¢1 <g p3 50 q1 < g3 by clause (b)(3) of Def 5.2.)

Case (C): 1 ¢Q, q2,q35€Q.
Check (similar to case (B), using clause (b)(7) of Def 5.2, using the same witness
¢ for any Z € pdac(py, N, Q).

Case (D): 71€Q,¢¢Q,¢3€Q.

Let g = po & A V7, hence g1 <% py (because g1 < g by 5.2(b)(8))
Zepdac(p2,N,Q) re€Z[N]

and ps <g g3 (because g2 < g3 by 5.2(b)(v)). Hence ¢; <@ g3 follows.

Cask (E): 71€Q,¢¢Q,q¢Q.

Let qo = pe & A \V  rforf=2,3. Soq <g p2 (because ¢1 <g g2
Zepdac(pe,N¢,Q) TE€Z[Ny]

by 5.2(b)(8)) and pe <g p3 (because g2 <g g3 by 5.2(b)(7), (4)). Hence ¢1 <g p2
(as <@ is transitive) and so q; < g3 (by 5.2(b)(8)).

Case (F): 1¢Q q¢Q ¢€Q.

Let go = pe & A \/ r for £ = 1,2 and suppose that ¢1 # ¢
Zepdac(pe,N¢,Q) rEZ[Ny]

(otherwise trivial). Then, by 5.2(b)(d), ¢1 < p2 and by 5.2(b)(7), p2 < g3 so by the

previous case (C), ¢1 < g3 as required.

Cask (G): 01 ¢Q,2€Q,q¢Q.

Let go = pe & A \/ rfor £ =1,3. Now, by 5.2(b)(8), ¢2 < ps and
Zepdac(pe,N,Q) r€Z[N]

by the previous case (C), ¢1 < p3 and hence, by 5.2(b)(8), ¢1 < g3 as required.

Case (H): /}qz ¢ Q.

Let o = pe & A V rfor £=1,2,3. If ¢ = ¢ or ¢o = ¢3 then the
Zepdac(pe,N,Q) r€Z[N]
conclusion is totally trivial. So assume not. Thus

q1 < po (by clause 5.2(4) a case defined in 5.2(%))
g2 <ps  (by clause 5.2(9)).

Hence ps < p3 < g3 (see clause 5.2 (7)), so the previous case (G) applies.
This finishes the proof of the clause (a) of 5.4(1).

Clause (b): Totally trivial.

Clause (c): Let ¢ € Q' if ¢ € Q, then there is nothing to do; otherwise for

some Q-candidate N and p (€ QV) we have ¢ = p & A \/ rand use
Tepdac(p,N,Q) r€Z[N]

nep (i.e., clause (c) of 1.3(1)) on the Q-candidate N and p (€ QM) and 5.2(b)(y)
from the definition of the order on Q’.

2) Assume (Xy).
Clause (d): Proved inside the proof of clause (e).
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Clauses (e), (f), (g): We have to define

3,0t 05, BY, 09
and then prove the required demands for a Q'—candidates. We let B = B
69 = 62, the formulas will be different, but with the same parameters. But recall
that the versions of set theory are different, so we know only that every Q'—candidate

is a Q—candidate, but not inversely. We say that M is an str Q—candidate if M is
a Q-candidate and

M E “ Q is nep and weakly normal ”;
clearly ZFC, implies that every countable set is included in a str Q-candidate.
What is 2 ? Tt is

od(x) V “ x has the form  p & A V o where
Zepdac(p,M,Q) reZ[M]

M is a str Q-candidate (so countable) and M = ga(OQ(p)”.

Why is “M is a str Q—candidate” expressible in the relevant language? As we
can define ZFC,, (see definition 1.15(1) clause (f)), and the way we have phrased
Definition 1.1. ,

Clearly if Q is correct then %Q defines Q' through Q’—candidates so correctness
is preserved, i.e., clause (g). Note that if N is a Q'—candidate (or even just Q-
candidate) and N E=“M is a Q-candidate”, then we have M C N, because N |=
“lz : x € M} is countable”, also M E=“x is countable”, implies x C M C N;

hence M is really a Q—candidate, similarly for str Q-candidate. Consequently, <pg,
is upward absolute for Q'-candidates and it defines the set of elements of Q'. So
clause (a) of Definition 1.3(1) holds.

Now we pay our debt proving clause (d). Let N be a Q'—candidate and assume

N E=eQ”, ie, N E (pBQ/ (p). By the definition of Q’, either N =“p € Q” and
we are done, or for some p’, M € N we have

N |= “M is a Q-candidate, p’ € Q™ and p = (p’ & /\ \/ r)”‘
Zepdac(p;,,M,Q) reZ[M]

By clause (7) of the assumption (X)), for some ¢ € QV we have
N |= “ ¢ is explicitly (M, Q)—generic ”
and N =“p’ <@ ¢”. By Definition 1.3(2) for some
((rze € <w):T € pdac(p, M,Q)) € N
we have:
o N E“{rz,: ¢ <w} enumerates Z[M] ”, and
o N =4 02(rs, 0,771 --,q)

It follows from the definition of Q' that N =“p <g ¢”, so ¢ is as required.
Now clause (f) follows easily.

What is @?l? Just write the definition of p <g ¢ from clause (b) of 5.2. Clearly

also w?/ is upward absolute for Q'—candidates and it defines the partial order of
Q' (even in Q'—candidates and even in Q-candidate). So clause (b) of Definition
1.3(1) holds.

What is cpg? Let it be:
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/ def
03 (D0, D1, - -+ Pw) = (93 (Do, - -, D) OF

“there are M, p, q such that: M is a str Q—candidate and p € QM

and ¢ = (p & A V 7") satisfying ¢ <g¢/ p. and
Zepdac(p,M,Q) r€Z[M]

pn € (Q)M and form < n < w, in M |= “p, pp, Pm has no common
upper bound” and for some J € pdac(p, M,Q), if r € J[M] then
there is £ such that M |= “py <g r]”.

To show that apgl is upward absolute for Q'—candidates suppose that N is a Q'—
candidate and N | gog)/ (po,P1,---sDPw). Then, in N, if w(g@(po, ..., Pw) holds we are
done easily so assume the second clause in the definition of Lpg/ holds, say for M,
p, q. So in particular, in N, M is a str Q—candidate, p € Q, ¢ € Q' and for some
J € pdac(p, M,Q) we have:

if r € J[M], then there is ¢ such that p, <g' r.

By the known upward absoluteness all those statements hold in V too, and in any
Q'-candidate N’ satisfying N C N’. Next we prove that

(X) <p(2Q’ (po,p1,- - -,Pw) implies {po, ...} is a predense antichain in Q" above p,,,
inside N/, where N’ is a Q'—candidate or N’ is V.

So assume (ignoring the trivial case) that gpgz/ (Po, P15 - - - s Pw) holds as witnessed by
N and p,q € QY and J € pdac(p, N, Q).

Let G C Q' be generic over V or just G’ C (Q')N' generic over N, such that
po € G'. Let G be G NQN'. Now clearly G/ is a subset of QV', and by part
(1) (which holds also in every ZFC, —candidate) we know that G is <g~-directed,
and moreover is generic over N’. Similarly, as p, € G’ hence p,, € G, and clearly
there is ¢ € G such that p, <@ ¢. But ¢ < p. (by the choice of N,p,q,J).
As <q is transitive, clearly ¢ < ¢’ for <q, and so (by clause (b) (y) of Definition
5.2 of the quasi order <g/) there is ¢’ € Q such that ¢ <g ¢’ and ¢” is explicitly
(N,Q)-generic. As ¢’ <g ¢/, ¢ € G and G is a subset of QV generic over N,
clearly ¢” € G. So G N QY is generic over N and of course p € G N QY.

Now

(x) if ¢, € G’ N (Q")N, then for some ¢. € GNQY we have N = ¢, <g ¢..

[Why? If ¢, € QN we let ¢. = ¢., and we are done. So we may assume that for
some M, p, we have

NE“d=p & /\ \/ r and M is a Q-candidate and p, € QM .
Zepdac(p,M,Q) reZ[M]

In N we can define

J ={reQ: r satisfies one of the following:
(a) r, p. are incompatible (by <g),
(b) ps« < r and for some Z € pdac(p«, M, Q) we have
rlbg [Go NIM| # 1
(c) for some 1, p. <g ' <g " <@ r and for some Q-candidate
M/ we have r', M € M, and
M/ E “p. <7 and 1’ is (M, Q)—generic and is above p, ”
and r” is explicitly (M, Q)—generic }

Clearly N |= “J is a dense open subset of Q” (recalling that IV is a str Q—candidate).
But GNQY is generic over N and hence there is 7* € ZV NG, so r* satisfies (a) or
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(b) or (c). If it satisfies clause (a), then p,7* € GN QY but GN QY is generic over
N, so they are compatible in Q¥ a contradiction.
If r* satisfies clause (b) say for Z, then

N E7* kg “GNZ™ is not a singleton ”,

hence N(GNQY) & “(GNQN)NZM is not a singleton”. Therefore (by absoluteness)
N'[G] E “GNIM = (GNQY)NIY is not a singleton”. But ¢, € GNQYN, so we
may easily show that “G N QM C QM is generic over M”, a contradiction.

So necessarily r* satisfies clause (c), say for ', 7, M. Now as r* € G and

N = “r" is explicitly (Q, M)-generic above ' ”

and G N QY is generic over N, and r’ <g r” <g r* € G, clearly G N QM is generic
over M. Moreover, N = ¢, <g r* because pdac(p., M,Q) C pdac(r’, M],Q) (and
read clause (b)(y) of Definition 5.2), so r* is as required and (x) holds ].

(x+) If T € pdac(p, Q', N), then G' NIV is a singleton.
[Why? In N define

Zo ={r € Q: risincompatible with p, or r is above p and
above some member of 7},

so N E“Zy C Q is dense open ”, so there is a maximal antichain Z; C Zy of
Q' in N. Choose such Z; so G NIV is a singleton say {r*}. As “GN QY is a
subset of QY generic over N7, clearly r* cannot be incompatible with p (in N
sense), hence r* (by the definition of Zy) is above p, and r* is, in N, <g—above

some member 7 of ZV, so G’ NIN D {r} # 0. If also ' € G' NIV \ {r} we
can find r2, v/ Sg r2 e QN NG = QY NG. Similarly we can find 73 such that
P §g PeQVNGE =QVNG. Sop,r3r* e Q¥ NG =QN NG, but there is no
common upper bound in QV (as in (Q')V,r%,7* are above 7/,7 € IV and N = T
is a predense antichain above p). But, as said above, Q¥ N G is generic over N,
giving a contradiction. Thus (*x*) holds.]
It follows from (*x) that G’ N (Q')Y is generic over N.
(k% %) {pn:n <w}NG is a singleton.
[Why? The intersection has at most one member as for any n < m < w,

N E “{p,pn,pm} has no common upper bound in Q' 7,

so as G' N (Q')V is generic over N we are done. The intersection has at least one

member as by the definition of 309/ there is J € pdac(p, N, Q) witnessing this so in
particular each member of 7V is above (by S(g,) some p,,, but

INNG #0 & G n(Q)Y is < -downward closed (and <§-directed).

Together we are done.]
We are left with clause (c¢)* but its proof is actually included in the proof of
(b)*.

3) Similar proof. Us.q

Discussion 5.6. The closure from 5.2 is somewhat artificial and we cannot express
in it Borel compositions of conditions, i.e., we may like to be closer to the free limit
of [She98, IX, §1]; a natural closure is Q from part (3) of Definition 5.7 below. Note
that there: cly(Q) cannot serve as a forcing notion as it contains “false” (e.g., the
empty disjunction), cla(Q) is the reasonable restriction, and cl3(Q) has the same
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elements but more “explicit” quasi order. We do not define a quasi order on cly (Q),
but it is natural to use the one of clo(Q) adding: ¥ < ¢ if p € c1(Q) \ cla(Q).
No harm in allowing in the definition of cl; (Q) also — (the negation). The previous
cl(Q) is close to cl3(Q).

Definition 5.7. Let Q be a forcing notion.

(1) Let cl;(Q) be the closure of the set Q by conjunctions and disjunctions over
sequences of members of length < w [we may add: and — (the negation)];
wlog there are no incidental identification and Q C cl; (Q).

(2) For a G C Q (possibly outside V) and ¢ € cl1(Q) let ¢[G] be the truth
value of ¢ under G where for ¢ = p € Q, ¢¥[G] is the truth value of p € G.
(We will use t for “true”.)

(3) Q = cly(Q) = {® € c1;(Q) : for some p € Q we have p I-“Y[Gg] = ¢’} is
ordered by g@zgg defined by:

Y1 <g¥2 & (VpeQ)plrq “YoGol =t" = plkq “d1[Gol =t7].
(4) Let Q be explicitly nep. We let cl3(Q) be the following forcing notion:

(a) the set of elements is cla(Q) but now the formula ¢(x) says that “there
are ¢, 7 such that r = (r,, ; : n < w,{ < w), for each n < w the sequence
(rn,e : £ < w) is explicitely a predense maximal antichain above ¢ and
they give explicit witnesses for the truth value of ¢ being trutl}m,”

(b) the order §9=§9=§§13(@)=§Cl3(Q) is the transitive closure of S(g which
is defined by
(A Sg o iff one of the following occurs

(i) ¥1,92 € Q and 1 <q 2,
(i) 41 is a conjunct of ¥y (meaning: ¢ = or Yo = A 99,, and

n<o
11211 S {wQ,n n < Oé}),
(iii) 92 € Q and there is a sequence 7 = (rp¢ : 1 < w,{ < w) such
that together with 3 witness that ¢ € Q%2

Proposition 5.8. (1) Q C Q as sets, §@ is a quasi order, and <g 1Q =
{(p,q) : qlFo“p € Go”} and Q is a dense subset of Q, and IFo “GoNQ is

a generic subset”, so if Q is separative, then: <@ 1Q =<©,

(2) Assume Q is temporarily explicitly nep. Then the two definitions of the set
of elements of Q, cls(Q) given in clause (a) of Definition 5.7 are equivalent,
and:

(a) Q C cl3(Q) as sets and <3 [Q 2<? and <IC<Q,
(b) Q is a dense subset of cl3(Q) and p € cl3(Q) = p € cla(Q).
(3) Assume in addition
(®3) Q is correctly explicitly nep in 'V and moreover this holds in every
Q-candidate.

2lthat is, for each subformula ¢’ of 1 for some n(*) < w, for every £(x) < w, for some n
we have 7, (4) 0(%)> (rne :m =k mod m,{ < w) explicitely witness the truth value of ¢’ is, say,
ty’ n(x),0(+), Which is naturally defined by induction on formulas. This is done for variety, as we
could have acted as in Definition 5.2

22[f in clause (a) above we have choosen to immitate Definition 5.2, then we would have said
here: ¥ € Q and there are a Q—candidate M and p such that p,1 € M, p e QM p <g VY2, V2
is explicitly (M, Q)-generic and M =“p I 91 [Gg] = t".
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Then
(d) if N is a Q-candidate and N =“p € cl3(Q)”, then for some ¢ € N we
have N |=“p <c,(0) ¢ & ¢ € Q7,
(e) cl3(Q) is explicitly nep and correct.

PrROOF  Straight, e.g.,

(2) The equivalence: The implication “<” is trivial. Assume ¢ € cly(Q), so
for some p € Q we have p lFg“Y[Gg] = t”. There is a Q—candidate M to which p
and ¢ belong (as ZFC, is -good). Let p; be such that

N |= “p1 € Q and [p1 g ¢[G] = true or p; kg ¥[G] = false] ”.

Let ¢ be explicitly (M, Q)—generic satisfying Q = p1 < ¢. If N = “ p1 Iq ¢[G] =
false 7, let G C Q be generic over N such that ¢ € G. Then GN QY is generic over
N, so N(G) E “ ¢[G] = false 7. But N[G] | “ ¥[G] = true 7, contradicting easy
absoluteness. Thus N = “ p; IFg ¥[G] = true ”.

Clause (b): Let ¢ be as said in ¢y (and Z € pdac(p, N, Q) be as required). By
clause (iii) of 5.7(4)(b), we have cl3(Q) =“y < ¢”, as required.

(3) Clause (d): By the formula defining cl3(Q).

Clause (e): Let 3(7) be as in the definition?®. Let 3 (z,y) say the definition of
g?. Lastly, o3 ({x; : i < w)) says that for some (y; : i < w) we have

Py i <w), o <§ 7 (i @i (urr)) and N\ 25 <§ ui.
<w j<w

;5

Remark 5.9. Instead of using cl(Q) from 5.2 (or the ones from 5.7) we can have
in ¢, a function which from an w-list of the elements of N and from p computes

an element of Q having the role of p & A \/ r. The choice does not
Zepdac(p,N,Q) reZ[N]
seem to matter. Similarly to 4.2 we define:

Definition 5.10. For a forcing notion P and a cardinal (or ordinal) s, we define
what is an he-x-P-name (here he stands for hereditarily countable), and for this we
define by induction on ¢ < w; what is such a name of depth < (.

¢=0: It is a, that is & = (0, a), for some a < k and &[G] = «a.
¢>0:
(o) It has the form 7 = {{(p;, 1) : ¢ < i*}, where i* < wy, p; € clj(P) from
Definition 5.7(1) and 7; an hc-x-P-name of some depth < (; that is for
G C P generic over V, we let

7[G] = {1:|G] : p:|G] = t and 74[G] is defined }.
(B) it has the form 7 = {(pi,7:) : ¢ < i*}, where i*,p;,7; are as above and
7[G) = 74[G] if p;[G] is truth and j < i = p;[G] =false, and is () otherwise,
ie., if j <i = 7[G] =false.

An hc-k-P-name is an hce-x-P-name of some depth < wi. An hc-x-P-name 7 has
depth ( if it has depth < (, but not < ¢ for £ < (.

231f we have immitated Definition 5.2 we should say that there is a Q—candidate M such that
M E“x € cl3(Q)”.
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Remark 5.11. (1) Why did we use above p € cl;(Q) and not p € cl3(Q)? As
the membership in cl; (Q) is easier to define and we do not need to worry
if p; is “false”.

(2) The undefined case is not necessary as we can add ¥« = A —p;.
i<i*
Proposition 5.12. (1) If T is an he-k-P-name and G C P is generic over V

then 7[G] € Hew, (k). If in addition P C Hox, (k), then 7 € Hey, (k).

(2) Let p(zg,...,2n—1) be a first order formula and Tg,...,Tn—1 be hc-x-P—
names. Then there is p € cli(P) such that for every G C P generic over
Y

(U T (zlG)) €) E o(z0[Gl, - 1 a[Gl) i p[G] =t

l<n
(So if p ¢ cla(P), then we get always “false”.)

(3) The set of he-k-P-names is closed under the following operations as hc— k-
objects, i.e., recalling ordinals are urelements (see 0.6, 2.12)
(a) difference,
(b) wunion and intersection of two, finitely many and even countably many,
(c) definition by cases:  for p, € cli(P) and he-k-P-names T, (forn < w)

there is a hc-k-P-name 7 such that for a generic G C Q over V we

have
(G i palGl=t& A —pG] =t
Gls ey Al =t
I<w
PROOF  Straight. u -
Definition 5.13. (1) A forcing notion Q (or @) is temporarily, explicitly straight

(K, 0)-—nep for B if: all the conditions from Definition 1.3(1),(2) (for explic-
itly (k,8)—nep) hold but possibly K C B C Hy, (k); and

(d) QC Hen, (0) (ie., Qis simple) and Ny + 60 < k&,

(e) for ¢ < 3 the formula @9(5:) is of the form

(Tt € How, (k) & t = T (1) & (3s)(s €tV s = ) AY(T, 5))],

where in the formula WQ the quantifiers are of the form (3s’ € s) and

the atomic formulas are “z € y”,“z is an ordinal”, “z < y are ordinals”

and those of BN ¢V ie., for BY | R(z).
(2) In clause (e) of part (1), we call such ¢ an explicit witness for ¢ (7). We
call t a weak witness, if for every Q-candidate N satisfying z € N, ift € N
then N = “(p?(i) & tishe” and Bt C BY. We call such ¢t an almost

witness if:
(i) £ =0 and it is an explicit witness, or
(ii) £ =1 (so & = (xg,x1)) and t gives k, Yo, - -, Yk, L0, - - - tk—1, S0, - - , Sk

such that: s, explicitly witnesses ¢o(y¢), t¢ explicitly witnesses yo <g
Yeyr and yo = o, Yp = 1 (SO Yye €1, 50 €L, 14 € 1),

(iii) £ =2 (so T = (x; : i < w)) and t gives (y; : i < w), (k; : i < w),
(m; + i < w), (s; : © < w4+ 1) such that s, is a witness as in (i)
or (i) to ¥ < T, Swp1 is an explicit witness to P ((y; : i < w)),
m; # m; = ki # k;j for i # j < w, s; is an almost witness to
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T, <Q Yk, for some k; < w (so also they all belong to t, as well as
witnesses to z;,y; € Q).
(3) We say that Q is very straight if it is straight and in addition
(f) for some ord-hc Borel?* functions By, By, if N is a Q-candidate, a =
{a; + i < w) list N, and p € QV, then ¢ = By(p, N,a) is explicitly
(N,Q)-generic, and By(p, N, a) is a witness.?” For such ¢ we say it is
canonically generic [the main case is as in Definition 5.2, Proposition
5.4]
We can make yB depend on N N Ord, i.e., for each such intersection we
give a different ord—hc Borel function.
(4) In part (3) we say that the By, Bo witness Q is very straight. For notational
simplicity, if not said otherwise they are coded uniformly by B | w.

Proposition 5.14.

(1) Assume Q is temporarily explicitly straight (k,0)-nep for B. Then Q is
temporarily simple explicitly (k,0)-nep for B. Sufficient conditions for
“K —absolutely” are as in 5.3A.

(2) Assume Q is temporarily correctly simple explicitly (k,0)-nep for B and
0 + Ny < k. Then we can find @' such that
(a) Qf =Q (i.e., same members, same quasi order)
(b) Q¥ is temporarily straight ezplicitly (k,0)—nep for B and is correct.
[Nevertheless, “simple” and “straight” are distinct as properties of (B, @, 0),
i.e., the point is changing @.]

(3) In Proposition 5.4, cl(Q) is very straight for ZFC_ (not ZFC,, ) with wit-
nesses as in the proof there.

(4) Assume that Q is correct , simple and explicitely nep. Then cl3(Q) is
stmple, correct and very straight.

ProOOF (1) We have to check the demands (), (3), () in Definition 1.3(5).
Clause () is part of preliminary demands in definition 5.13(1).

Clause (8) holds by (d) of Definition 5.13(1).

Clause () holds by clause (e) of definition 5.13(1).

(2) Let ¢{(x) say that “there is N, a (B, @, #)—candidate, with |N| € Hx, (),
IN| = Tc"4(|N]), N Nw; € wy and N = po(z)”. We define ¢} (z,y), ¢} similarly.
Now check.

(3), (4) Straightforward. L ERY

Definition 5.15. Let cl'(Q) be defined as in Def 5.2 but the candidates mentioned
are ord-transitive and from?® Hy, (k'(Q) + w1)

Proposition 5.16. (1) Assume
(a) ZFC, is normal,
(b) Q= (B, ,0) is correct,
(c) Q is simple nep in every K -extension.
Then we can define Q' = (B',@,0),ZFC,, such that
(o) Q,Q are equivalent as forcmg notions in every K-extension of V,

24Gee Definition 0.5, B (p, N, 7) means that By (Z), where Z is as in 5.17 below

25that is, it witnesses p < ¢ and w2({pz,n : n < w),q) for some sequence (pz, : n < w) of
members of ZV for every Z € pdac(p, N, Q)

26may use coding to show «’(Q) suffices.
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ZFC_, F “ZFC_ and ZFC, is weakly normal for Q'7,

Q' as a forcing notion is cl'(Q) from Definition 5.15 above,

Q' is correct simple very straight explicitly nep,

ZFC_, is normal for Q',

(€) k(B) = K(Q') + w1, with little more work k(B) = k' (Q) suffices.

(2) Similarly for semi-normal

PROOF  Let B’ has universe |B| U (k'(Q) + w1) so k(Q') = £'(Q') = k(B’) and
it expand B, ¢ and (' (Q) + wi,<). Let @)(z) say that = € cl'(Q) where for
p € cI'(Q) a witness is naturally defined. Let ¢1(x,%) be defined similarly as in
Definition 5.2, i.e., it contains the finite chain of the “easy” cases which witness
z <g y. Let ph({z; : i < w),x) say that for some ord-transitive Q-candidate M,

peQM z=p& N \V rand {z; :i < w} is a list enumerating ZM
Zepdac(M,Q) reZ[M]
for some Z € pd(N, Q). The proof as in 5.4. m;

A variant of “straight” (for which a parallel of 5.18 works) is:

Definition 5.17. (1) Q, ie., (B,5,0) = (BL 52,609 is real nep whenever
@ = (¢0, %1, 2, B), and (Q-candidate means (B, @, §)-candidate):
(a) o defines the set of elements of Q which is upward absolute for Q-
candidate and for simplicity x € Q = z € Hy, (),
(b) ¢1 defines the quasi order <g and is upward absolute for Q-candidates,
(c) there is an ord-hc Borel function B such that if NV is a Q-candidate
and a = (a, : n < w) list of the members of N and Z is an w-list the
following elements then B(Z) is (IV, Q)—generic where Z lists:

" an, if N [Eap € Hep, (k)
0 if otherwise ’

(a
(8
(7) (R,a) such that BY = R(a )
(6) (R,a) such that ¢V |= R(a),
(2) We add 7explicitly” if we have ¢3 as usual, B(Z) is explicitely (N,Q)-
generic and B(7) is explicitly given, i.e., we have (B9, 2, 62 BQ).

)
) Truth value(a, € am),
)
)

Claim 5.17.1. (1) The forcing notions from §3 are real nep.
(2) Real nep implies very straight correct (and more).

Proor  Should be clear. [ |

Definition/Theorem 5.18. We assume (not really necessary but in the cases we
have in mind)

(¥) ZFC, is normal and nice to forcing notion of cardinality < A® (A% an
individual constant of €) and Ay, Ay are the set of quantifier free formulas.

or just

(¥)~ ZFC; is nice?” to forcing notion cardinality < A® (an individual constant
of €) and Ay, Ay are the set of quantifier free formulas.

By induction on the ordinal o we define and prove the following:

2TWe can replace this by demanding below that for each 8, if N is B8 -candidate, Gg C Pg
generic over V, N E“R a forcing of cardinality < (k®)¥0” (or more restricted, like Pg), and GNR
is generic over N then N[G] is a Qg[Gg]-candidate.
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(A) [Definition] Q = ((P;,Q,, ps, Bi, By, ki, 0;) : i < ) is nep-CS-iteration
for ZFC, and €.

(B) [Definition] k% = k[Q], in short x* abusing notation when a = lg(Q).

(C) [Definition] We define B¢ and call it in short also B* when a = £g(Q)
and Q is as in clause (A).

(D) [Definition] Limype,(Q) =P, for Q as in clause (A).

So P is a temporary (B*, k%)-definition of a forcing notion (so BFe =
B PP = kg G = (g, ©1>) but py* is defined later and also for each
B < a we define P, a temporary (B, #/)-definition of a forcing notion (so
BFE = B gFa = xP) (this is a variant of Pg, the same as forcing notion;
naturally @*% has 3 as a parameter).

(E) [Claim] 1f Q is a nep-CS-iteration, and 8 < a = £g(Q), then Q[f is
a nep-CS-iteration, Limye,(Q[8) = Pg if B < a; and Pg C Hey, (57).
For 8 < «, (%g,@Pg,nﬁ) is another definition of Pg as in claim 1.1 for
quantifier free formulas, moreover the derivation of @Pg from (B, g7, K°)
is uniform. So P§ is explicitly straight correct x“—nep.

(F) [Claim] For Q as in (A), a Bcandidate N, v < 8 < a and p, q € Ps we
have:

(a) pis a function with domain a countable subset of 8 (more, see in clause
(D) below ),

(b) Pgs is a forcing notion (i.e. a quasi order) satisfying (d) + (e) of 5.13
and (a), (b), (b)T of 1.3(1),(2),

(c) ply €Pyand Pg =“py < p”,

(d) Py E“plvy < ¢” implies Pg =“p < (¢Up[[v, B))”,
(e) P, C Pg and even P, < Pg,

(f) pePg iff p a function with domain € [3]=%° and

¢ €Dom(p) = pl((+1)e€Pey,

(8) [Pa] < (+5)™.

(G) [Definition] For a B*—candidate N and f3,~ such that v < 8 < a, v € N,
B € N, and q € Pg, p € N such that N =“p € Pg” and ¢y is (N,P,)—
generic we define when ¢ is [y, 8)—canonically (N, Pg)—generic above p. We
also define @5 .

(H) [Theorem]

(a) If ¢ € N is a [y, )—canonically (N,Pg)—generic above p, then ¢ is
(N,Pg)-generic and Ps =p < gq.

(b) “q is [0, B)-canonically (N,PPg)—generic above p” can be defined as in
5.13(3), i.e., by an ord-hc-x-Borel function.

(c) If Gz C Pg is generic over V and 8 < «, then Qg[Ggl, i.e., defining it
by its defining formulas (@s), and Psi1/Gs are essentially the same
modulo renaming).

(I) [Theorem] P, is explicitly straight correct K%mnep for (B, g~ k) with
ZFC,; in fact very straight.
(J) [Theorem] For any k > K%,

e, ¢ (Hen, () VE) = {7][Gp.] : T is an hc-k-P,name })”.
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(K) [Definition] For a nep-CS-iteration Q = (Pi, Qi, @i, By, ki, 05 1 1 < ) we
define F[Q] = (P} : i < o).
(L) [Claim] F[Q] is CS iteration such that P; C P, even IP; is a dense subset

of P} for i < a.

Let us carry out the clauses one by one.

CLAUSE (A), Definition: Q = (P, Q,, @i, By, kiy 03) 1 1 < ) is a nep-CS-
iteration if: )
(a) B<a = QB is a nep-CS-iteration,
(B) if a = +1 then
(i) Pg = Limpep,(Q[B) (use clause (D))
(ii) g = (g : € < 3) is formally as in the definition of explicitly nep (the
substantial demand is (v) below, but the parameter B3 is a namel)
(ili) kg, 0p are infinite cardinals (or ordinals)
(iv) Bp is a Pg—name of a model with universe®® kg whose vocabulary is
a fixed countable set 79 C H(Xg) (fixed means “does not depend on
B7) definable in € [w, but for each atomic formula ¥ (zo, ..., 2,—1) and
Qg, - .., an_1 < kg the name of the truth value B =“¥(ag, ..., an-1)"

28

is an he—k-Pg—name (i.e., is defined by one p = pﬁ* € cli(Pg)) where
Pv* = ¢Y(ag,...,an_1) so actually Bg is the function
(B9 (00, -, 1)) = Pl (a1
this function is from V.
(v) IFp,, “ the Q 5 defined by (g, is temporarily very straight?® correct

explicitly (k,03)nep as witnessed by B, 7, so we should add it to Q
or to ¢. But
(o) B, is a Pg—name such that we can write it as an ord-hc Borel
function having extra w variables in which we put p, € cl1(Pg),
(8) B, may depend on a countable set of ordinals (the N N Ord).
(vi) Qp has a minimal element (g, , e.g., just () for notaional simplicity,
(v) ZFC; is good for {Pg : f < a} or even for forcing notions of cardinality
< E{Kgo 1B < al.

CLAUSE (B), Definition: We define k* = sup[{x; + 1,6; +1 : i < a} U {a}]
(ordinal is here more natural; of course, if the result is an ordinal we can replace it
by min{k : k a cardinal K > « and & > k;,0; for i < a}. We use x;+1, 6;+1 just to
clarify, “B% codes them”. We could here allowed &;, §; to be hC*FL?Jrl — PP;—mnames
but then let K% = min{¢ : || > o and for any < «, IFp, “ £, 0; are < ¢ ”}. Why
the “< ¢” instead of “< (”? Formally to allow such names).

CLAUSE (C), Definition: We define B = B9 a model with universe included
in Hex, (k%) or write kK and the usual vocabulary such that:
(*) B> codes (by its relations uniformly) o, {(8,9s,k3,03) : f < a} and
(Bs : B < a); ie., for every atomic formula ¢ = (xo,...,zp—1) in the
vocabulary 7 (so is of Bg), for some function symbol Fy, we have:

28t he reader can concentrate on this case, we shall just remerk on the changes needed to assume
just that the model has universe just a subset of H .y, (NB)V[G%]

29there are many such by 5.14(3).

which includes kg
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if ap < kg for £ < n then Fyiz)(8;a0,...,0,-1) is pi(am“_,%il) (see
clause (A)(iv)) and
if the B’s are on k, we have also Fy, ¢, functions of B such
that:
if ay < kg for £ < n then {Fy (8,4, ag,...,0n_1): £ < w}
lists the ordinals in Tc®"d (pﬁ(ao’m anil)) (the condition in
Pg saying...) and Fql codes how p was gotten from them

(so we need K > wy).
So in any case
(xx) if N is a B> candidate, and 8 € aNN then N essentially is a B -candidate.

Better, note that as 87 is so easily definable in B* by some parameter, we
can for Pg use B,-candidates to which § belongs. Formally done in clause
(D) below.

Similarly with the (Bg: 8 < «).

CLAUSE (D), Definition:

Case 1: If « =0 then P, = {0}.
Case 2: If a =+ 1 then
P, ={p: pisa function, Dom(p) C o, p| B3 € Ps and if 3 € Dom(p)
then we have r = rj, 3 € cl;(Pg) determined by p such that
(o) if g appears in r then Dom(q) € Dom(r)
(8) p(B) is defined by cases:
if r[Gp,] = t, then p(B) is a hc-0-Pg-name in Qg
and an explicit witness is provided (say p(8) codes it
and having r[Gp,] = t says so),
if not, p(5) is 0 = (Z)@ﬁ = min(Qﬁ)}.

In details, p € P, if and only if p has the form p" U {(8,{(¢,z¢) : ¢ < 3})} where
p € Ps, zo € cli(Pg), 21,22 are he—k,—Pg—names of members of Hy, (63) and
z0[Gp] is the truth value of “z2[Gg] is a witness to z1[Gg] € Qg”, see Proposition
5.12(2) and Definition 5.13(1) clause (e).

Case 3: If « is limit, then

P, = {p:pis a function, Dom(p) € [a]S™ and f < a = p|BecPs}.

The order:

For a = 0 nothing to do.

For o limit: p < ¢ if and only if A Pg E“p[8 < ¢[B” (equivalently:
B<a

N BeE“pl(B+1) <ql(B+1)7).
BEDom(p)
For « = B+ 1: the order is the transitive closure of the following cases:
() pePg, g€ Py and Pg =“p < ¢qlp”,
(8) p(B) = q(B) and Pg |="p[ 8 < q[p7,
(7) p!B = q!B and there is a B*—candidate N and p’ € PY such that ¢|f is
a [0, B)—canonical (N,Pg)-generic above p’ [ 3, hence Pg =“p'[5 < ¢q]5”,
and (i) or (ii) where
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(i) p’ € Pgand N =*[p" IFp, p(B) <q, 4(B)]”,

(i) N ' I BlFp, “p(B) <@, p'(B)” and ¢(B) is canonically generic for
(Qs[Gp), N(Gps]) over p(B), i.c., is BY (¢ (8), NG5],alG]) where for
an w-list of N we produce on w-list @ of N[Gg] by

, an N = “a,, not a Pg-name”
an(Gg) N = a, is a Pg-name”

We have so far define P, just as a forcing notion. But <p]g“ is implicit in the definition
of the set of the element, and @?“ is explicit in the definition of the orders. As for
@g‘* we do define it, yet this will be done in clause (G), so pedantically we should
write P;,. We also have to define P§ for § < a, this is obvious.

Crausk (E), Claim: Trivial.

Crause (F), Claim: Subclauses (a) and (c)—(f) are trivial.

Subclause (b): Here we should be careful concerning transitivity of <p, as we
did not ask just that the order is forced but there is a hc witness. However we
define the order as the transitive closure of cases with a witness so we can combine
them, i.e., use almost witness in the sense of Definition 5.13. See more in the proof
of clause (I).

CLAUSE (G), Definition:
Case 1: For 8 < a note that N is also a BP-candidate as § € N and use the
definition for Q| g, i.e., the induction hypothesis.
Case 2: If y = =« — trivial.
Case 3: For f =a, a =0 — trivial.
Case 4: Suppose y < f=a,a= /" +1.
Then: ¢[p is [y, 8")—canonically (N, Pg)—generic and for some 7, and r = ((p;, 1) :
i < w) we have
(o) {p; i < w} list a subset of IP’JﬁV, which is predense in it for SI@;,,
(B) ri € N and N | “r; is an he-kg-Pg-name of a member of Qg which is
above p(f3), )
(v) ris r; for the first ¢ such that p; € Gpﬁ,, and @@ﬁ if there is no such ¢ and

q(B) = B?ﬁ (1, N,a[Gg]) for some w-list a of N.
(0) Dom(g) \y=Nn~y\p
Case 5: 7< f=a, (0 alimit.
Say that diagonalization was used (and for 8’ € N NG\ v use the induction); see
more in clause (H) below.

Lastly we define @5 ((p; : i < w)™(q)) it say that for some B*candidate N,
which is hereditarily countable, ¢ is [0, a]-canonically (N, P, )—generic (above some
p € PY) and {p; : i < a} list some subset of PY predense under Sé}i (or dense
open if you prefer). Note that it does not matter if we use N or its ord—hereditary
collapse (see 4.7; this applies to the proof of (H)).

CLAUSE (H), Theorem: First about the [0, 8]-canonical (N,P)—generic being
defined by a witness the zero case is trivial. In the limit case this holds as all the
construction is carried in N, and any w-list of the members of N (and N N Ord)
suffices to make all the free choices. So we first compute from it a set (5, : n < w)
of ordinals in N N g such that By = 7, B < Bny1 and (V8 € NN B)(An)[B" < Bal,
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recall that by the definition of B%, N N 3 is closed under the successor function
hence N N 8 has no last element. Second choose (Z,, : n < w) listing pdac(N,Pg).
Third we choose @n :n < w) by induction in n, such that pnisa he-kPn-Pg, -name
of a member® of Pg, Po = P, Pn+1 is the first member of ]P’f,_gv (by the list above)
such that if Gg C Pg is generic over V, then p,41 |58, = pn [ Brn, and for some Z,
N = “T is a maximal antichain of Py, and if 7 € ZN Gp, then Pn+1 is the first
p" € P} /G, satistying pn[Gp,] <p, p' € In, p' | Bn <p,, r- The successor case is
easy using B?ﬂ’.
We turn to proving that canonically generic is generic, that is we have to prove
®o if N is a BP-candidate v < 8 < a, {7,8} C NN (a+ 1), and ¢q € Py is
canonically [, 8]-generic above p, p € Pjﬁv, then ¢ is (N,Pg)—generic, i.e.,
q Ik “Gp, NPg is not disjoint to ZN for IV € pd(N,Ps) and is directed by
<p, and p belongs to it”.
We do it by the same cases as in clause (G).
case 1: [ < a: By the induction hypothesis (pedantically we define N’ which is
the same as N except BV = (B as defined inside B), etc or just use “essentially
a candidate”.
case 2: v = 3 = a: In the Definition (G) we assume ¢ is (N, [P,)-generic.
case 3: «a = 0: Trivial
case 4: Yy<fB=a=0+1:
So assume that Gz C Pg is generic over V and ¢ € Pg. Let Gz = Gg N Py,
clearly it is a generic subset of Pg over V and ¢’ € Gg. By the definition in
stage G, the condition ¢’ = ¢/’ is canonically (N,Pg )—generic as N is essentially
a Pg-candidate. So by the induction hypotheses:

®1 Gg ﬂIP’/gV/ is not disjoint to any ZV,Z € pd(N,Pg ) and is directed by §NB,.
Let NT = N(Gg NPg)), so

®y N7 is a generic extension of N for Pg.
Now as ZFC_ is {Pg}-good

®3 V[Gg]E “N* is a Qg [Gp]-candidate”.
So by Definition 5.13(3) clause (f) and our definition of “g is [0, §]-canonically
(N,Pg)-generic” we have

®1 VIGpl | “a(B)[Gp]is (NT, Qp [Gp])-generic”.
In V[Gg] we have Qs = Qp/[Gp/], i.e., (BplGp], Ps,05) defines it, and we have
Qs = Ps/Gp. Now every member of Qg belongs to Hy, (fg) and has a witness
in Hey, (k%), a Pg-names say 1[G a], 22[Gp] hence by Proposition 5.12(2), there
is 2o, a he-k*-Pg-name of the truth value of this, So p € G/ which forces z, 21, 22
to have those properties, that is z¢ to be truth. So pU{(8’,{({,z¢) : £ < 3})} € P,
and so ¢ = 71[Gg] € Qp is actually p(f’). The inverse inclusition is also easy.
Similarly for the order; so

®s5 Qp/[Gp] is (essentially) equal to Py /Gpr.

®¢ Similarly inside N[Gg N IP’]ﬁV,]

®7 GgNIN #( for T € pdac(N,0,Pg).

30but in general, itself not a member of N
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We leave the checking to the reader as it is the same as the usual CS iteration and
prove that

®s GgNPY is directed by gﬂ]]};

Why? Let p1,p2 € Gg N Pg, hence p1 [B,p2[B € Gz N I%V, hence by ®; above,
there is r, € G N IP’IJBV, such that N | “pi [ 5 <p,, 7 and ps el <p, 7.

In V[G], the condition ¢(8")[Gpg] is (N, Qp)—generic, by the def of canonical
generic so V[Gy/] = [q(8)[Gp] IFos “Go, ﬂQf}ﬁ is directed by Sg;”]- Asqe Gg
we can finish.

X9 p rﬂ/ S G@/.
Why? By the inductive hypothesis.

®10 p(B)[Gp] € Gg/Gpr.

Why? By the assumption on Bg/. Now, it follows from ®g + ®1¢ that

®11 p € Gp.
case 5 [ = « is a limit ordinal > ~.

Should also be clear.
CrLAUSE (I), Theorem: We have defined B and s (so 0% = k%). The formulas
@y (¢ < 3) are implicitly defined (in the induction).

Why is cpIS” absolute enough? As the demand on p(3) above says that r), (541,85
the witness for p(8) € cl(Q), is such that 7[Gp,] = t gives all the required informa-
tion.

Why is cp]f" absolute enough? Because the canonical genericity is about ¢- and
the properness requirement, see clause (G), are designed such that they fit.

Now one proves by induction on § < «:
(®) if N is a B>—candidate, 70 < v1 < B, {70,71,8} € (a+1)NN, p € P¥,
q € Py, piv < ¢, qis [y0,71)canonically (N,P,,)-generic, then we can
find ¢T such that:
(@) ¢t €Pg, q" Iy =g,
(B) p<dq",
(7) ¢* is [y, B)-canonically (N,Ps)-generic.
CLAUSE (J), Theorem: Straight.
CLAUSEs (K),(L): Done elaborately in 5.19 below. W s

Proposition 5.19. Assume (%) of 5.18 (i.e., that ZFC, is normal and nice to
P;’s for i < « below). The iteration in 5.18 is equivalent to a CS iteration. More
formally, assume

Q={(P,Q,, i, Bi, ki, 0;) : i <) is a CS-nep iteration.
We can define Q' = (]P’;,@; ti < a) and (F; 10 < a) such that for i < «
(a) Q'1i is a CS iteration (and P!, is the limit),
(b) F; is a mapping from P; into P}, such that Dom(F;(p)) = Dom(p) for
p € P;, mapping Op, to QP; (the minimal elements),
(c) if j <ithen F; = F;[P;, andpeP; = Fi(p)lj=F;({pli),
(d) F; is an embedding of P; into P, with dense range,
more exactly:

i) PsEp<q = P Fip) <Fi(q),
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(ii) if p € P; and P, = Fi(p) < p/, then for some q we have P; = p < ¢
wnd P, = p' < Fi(g),

(iii) if p(v) = 0q, and p € Pg, then (Fs(p))(v) = Op,,

hence

(iv) if G; is a generic subset of P; over V, then

{p' €P}: for somepeG;, P, =p < Fi(p)}

is a subset of P, generic over V,
(v) if G is a generic subset of P, over V, then F, *(G%) is a subset of P;
generic over V,
(e) Q, is mapped by F; to @i,
(f) IFp: “Q; is proper ”

PROOF  Straight. Still, by (simultaneous) induction on i (of course, F;, Q' | i
depend only on Q [ 7).

Case 1: =0 Trivial.

Case 2: i=¢e¢+1

By clause (d) for €, F; maps P.-names to P.-names naturally. Let Q. = F.(Q.), it
is a P.-name of a forcing notion, so Q' i is defined naturally. So for every p € P;
we define F;(p) by (recall clause (b)):

(i) for j € Dom(p) Ne, (Fy(p))(4) = (F=(p€))(h);
(ii) if j = ¢ € Dom(p), then (F; 4( p))(j) is the F.—image of the P.—name p( )

(see 5.18 clause (D)). AslFp, “p(e) € Q.” clearly I-p, “(Fi(p))(e) € Q'.”,
F;(p) actually belongs to P;.

Now clauses (a), (b), (¢), (d)(i)+(iii) should be clear and we shall now prove
clause (d)(ii), then clause (e) will follow. So we are given p € P; and p' € P}
such that P; = F;(p) < p/, and we should find ¢ such that P; = p < ¢ and
P, = p’ < Fi(q). Applying the induction hypothesis (clause (d)(ii)) to ple, p' e
we can find go € P, satisfying P. = p'[e < F.(qo). Note that p'(i) is a P.—name
of a member of Q. Let x be large enough, N a countable elementary submodel of
(H(x), €) to which {€,B,Q,¢, F.,p,p’, q,qo0} belongs, and hence is a P.—candidate
(we are assuming normality).

We can find ¢; € P, which is (N, P.)-generic and Pe E“gp < ¢1”. Let r = p/(e);
by the inductive hypothesis F'(q) is (N, P,)-generic, hence above ¢1, 1 is equivalent
to some ' which is as in 5.18(D) case(2). By the induction hypothesis there is a
P.—name r such that g IFp. “F(r) = r"".

Now ¢; U {(e,7’)} is as required.

Case 3: i a limit ordinal of countable cofinality

Define F(p) = q iff p € P;, Dom(q) C i and (Vj < i)(Fi(p)[j = Fj(q)). Now F;(p)
is well defined by clause (¢). As P; = {p : Dom(p) C ¢ and (Vj < i)(p[j € P;)}
and we let P, = {p : Dom(p) C i and (Vj < i)(plj € P)} clearly clauses (a), (b),
(¢), (d)(i) hold. Also clause (d)(iii) holds by the inductive definition of the order
in both cases, and clause (e) will follow (if ¢ < «) once we prove clause (d)(ii); for
proving it we prove that for any iy <4, <7 from IV the statement X, ;, , see below
(for (ip,41) = (0,4) and appropriate N we get the desired conclusion): for x large
enough:

X, Assume N < (H(x),€) is countable, and {€,B,Q,Q’ i1, F;,,io,i1} € N,
andpe NNP;,,qePy,, Py E pMo <gq,qis (N P;, )—generic (may add
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canonically) P} = Fi, (p) <p' and p’ € N and P; | p'[ip < gq.
Then we can find ¢* such that ¢* € P, ¢t lig = ¢, P;, E p < ¢F,
P; = p < Fi(¢") and ¢ is (N, P;,)-generic (may add canonically or at
least) Dom(q™) \ ip = N N [ig,i1)-

This is done as usually by induction on 4y W

Discussion 5.20. If we have a CS iteration (P;,Q; : i < a) in mind, and each Q;
is a correct explicit nep for (B, @;,0;), still we may not translate it to a CS—nep
iteration when those names are too complicated. By whatever we have in mind
we can first define it as a CS—nep iteration and then we are assured by 5.19 that
actually we have the CS iteration we have in mind to begin with, using of course:

Proposition 5.21.  For any function F and an ordinal a we can find a CS-nep
iteration Q = ((Ps, Qi, @i, B, ki, 0) i < B) such that
(a) fOT’L. < ﬁ7 (@%%%K’iaei) = F(Q M)7
(b) B Ca,
(c) if B < a then F(Q) is not as required in 5.18 clause (A)(B3) with Limyep,(Q),
F(Q) here standing for Pg, (Bg, pprrp) there.

ProOOF  Obvious. W5

Proposition 5.22. In the context of 5.18:

Assume that each Bg is essentially a real; i.e., kg = w and so for R in the
vocabulary of Bg we have RP# C By, If a < wy then so is the By. (If a > wy
we get weaker results).

PROOF  Left to the reader. |

Remark 5.23. (1) Note that 5.18, 5.19 (and 5.22) say something even for o = 1

so it speaks on cl3(Qp) = Py (or cl(Qg) = Py).

(2) Concerning 5.22 note that if x(B) > wy, the difference between nep and
snep is not large, however the case o < wy has special interest.

(3) In 5.18, 5.19, we can replace the use of cl3(Q) from Definition 5.7 (using
5.8) by Q' = cl(Q) from 5.2.

(4) We can derive a theorem on local in 5.19, but for strong enough ZFC_,
then it anyhow follows.

Of course, we can get forcing axioms.

Proposition 5.24. (1) Assume for simplicity that V = 280 = Ry & 281 = N,.
Then for some proper Ro—c.c. forcing notion P of cardinality No and we

have
(®) P is the limit of a CS iteration of (N1,Ry )-nep forcing notions and we
have in VF
(®) Axy, [(Rq,Ry)-nep]: if Q is a (k,0)-nep forcing notion, k,0 <

N1 and Z; is a dense subset of Q fori < wy and S; as a Q—name
of a stationary subset of wy for i < i(x) < ws,

then for some directed G C Q we have: for any i < wy we have
GNZ; #0 and

S:[G] def {¢ < wy : for some q € G we have ql¢ “¢ € 5; 7}
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s a stationary subset of wi.
(2) We can demand that P is explicitly (Na, Ra)-nep provided that in (©) we
add “explicitly simply” to the requirements on Q.
(3) Assume K is supercompact with the Laver indestructibility, and we replace
Ny by k. Then in parts 1) and 2), we can strengthen (®) to Ax,,[nep)].

PROOF  Straight (as failure of “Q, i.e., @, is nep” is preserved when extending
the universe). |

Proposition 5.25. In 5.14-5.19 we can replace CS countable support (CS) by free
limit (see [She98|, Ch. IX, §1.8, p. 436-443) this influences just how the elements

of Limy,e, (Q) look like, essentially what we have done to each Q; (replace it say by
cl3(Qy)) is done also in limit of countable cofinality.

Proposition 5.26. We can generalize the definitions and claims so far by:
(a) a forcing notion Q is (Q, <, <y, 0g), where <, is a quasi order, p <, q =
p < q and Og the minimal element;
(b) in the definition of nep in addition to @1 we have @1 pe defining <p,
which is upward absolute from Q-candidates, and in Definition 1.3(2)(c)
we strengthen p < q to p <y q;
(c) the definition of CS iteration (P;,Q, : i < ) is modified in the following
way:
P, = {p: p is a function, Dom(p) is a countable subset of i,
Jj € Dom(p) = Ik, “p(j) € @j 1,
with the order given by: p < q if and only if
e Dom(p) € Dom(q),
e S €Dom(p) = qlBIFp(B) <q, q¢(B), and

o {8 €Dom(p) : ~(qIB Ik p(B) <pr, q(B)} is finite.
(d) Similarly for the CS-nep iteration.

PrROOF  Left to the reader. W o6

Discussion 5.27. (1) Why not {8 € Dom(p) : ¥p, “Dg, <p: p(3)"} finite? Let
(P;,Q; : i < wi) be such iteration (just CS or CS-nep but with purity
condition as above), and assume that 7; is a Q,name, such that

Fp, “thereispe Q,, plkg “7i =07, but Q, = g <, p implies
that there is ¢ satisfying Q, Ep<mwqandqltqg 7, #07.
~ ~J

This is a very reasonable demand. Now let w be the P,,—name w = {i :
7;[G] = 0}, and 4,, the n—th member of w. So w C wy, and for every p € P,
and j < wy we can find ¢, such that p < ¢ € P,,,, 7 € Dom(q) and for some
finiteu C j, g lFp, “wNj Cu”,infactu = {i <j:qlikp, “¢g, §% q(@)”}.
Also obviously IFp,, “w is infinite”. SolFp, “sup{i, :n < w} =w” (so Py,
is not proper). See more in [She98, XIV, §2].

(2) In fact being able to define for Q a nep-CS iteration (see in Proposition
5.18) the forcing notion P, for any subset w of a = lg(Q) is one of the
advantages of using nep forcing. As we like to deal with the connection
between iteration and “subiteration”, it is convenient to have the following.

See https://shelah.logic.at/papers/630/ for possible updates.
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Definition 5.28. (1) For any set w of ordinals we can define when Q =
(P;,Q; : i € w) is CS iteration of forcing notions and its limit Lim(Q),
by induction on otp(w):

(a) Q; is a P;ny,-name of a forcing notion,
(b) Pi = Lim(Q] (w N 4),
(¢) Lim(Q) = {p : p a function such that Dom(p) € [w]=N¢ and IFp, p(i) €
Q; for i € Dom(p)},
(d) with the usual order
(2) We can define similarly CS-nep forcing

Observation 5.29. Definition 5.28(2) gives nothing new.

Definition 5.30. Assume that Q = ((Ps,Qi, @i, Bi, kiy 0; 1 < «) is a nep-CS-
iteration, and k“,B* are as in 5.18. For 8 < « we define what is supp(p) for
p € Pg and supp(7) for T a he-k-Pg-name, by induction on § as follows:

case 1 if B = 0 they are both the empty set;

case 2 if B is limit

For p € Pg let supp(p) = U{supp(p[v) : v < B8}

For 7 a hc-k-Pg-name let supp(7) = J{supp(q) : ¢ is a condition from Pz which
appears in T7}.

case 3if f=~v+1

For p € Pg, if p € P, we are done otherwise supp(p) = supp(plvy) U {7y} U
U{supp(z¢) : 2 is one of the hc-x®t1'-names appearing in p(vy)}. For 7 a hc-s-
Pg-name let

supp(7) = U{supp(q) : ¢ is a condition from Pg which appears in 7}.

Definition 5.31. Let Q = ((P;,Q;, @, B4, ki, 0;) : i < a) be a nep-CS-iteration.
By induction on 3 < a we define for w C « the meaning of “w is Q-closed” and
HJ)w = IP>w [Q]
(A) We say w C 8 is Q-closed if
(a) i € w=wnNiis Q-closed,
(b) if w has a last member, say ¢, then the name B; involves conditions
from Py,n; only, that for each of the he-k(9;)-P;-names z in the defi-
nition, supp(z) C w N .
(B) If w C B is Q-closed, P, = {p € P3 : supp(p) C w} and let the order <p,,
be §]pn [Pw

Discussion 5.32. (1) A natural case is B; = B;, then every w C lg(Q) is Q-

closed.

(2) A more general natural case is when for each 9B; there are hc-x-P;-names
Tin for n < w such that all B; is computed from then. So w is Q-closed if
B €w= J(supp(zs,n) :n <w} Cw.

(3) In the more general case for w C «, we can allow to “compute” 9B; only as
far as we can by P;n,,, seems reasonable, but no urgent need now, so not
included in Definition 5.31.

Observation 5.33. Let Q be as in 5.18

(1) Ifp e Py, v < B < «a, then supp(p) does not change if we use the definition
for Q or for Qp.
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(2) If w C B < a then w is Q-closed iff w is (Q[B)-closed, and similarly for
Py.
3) Ifwy Cwy thenpe P, = peP,,.

Proor  Trivial ;33

We know that P,,, <Py, in general fails for Q-closed w; C wy. Still we intuitively
feel that there is a connection of this sort and we shall have a substitute for it. The
first step is

Observation 5.34. Let Q-be a nep-CS-iteration (as in 5.18). If w and wy C we
are Q-closed, then

(a) Py, C Py, as quasi orders,

(b) if p <p, ¢ then Dom(p) € Dom(g),

(c) if p <p, q then supp(p) C supp(q) € w.

ProoF  First note that clause (b) is a property of the CS-nep iteration which we
can prove by induction on § < « for p,q € Pg. For § = 0, § limit trivial. For
8 = 8 + 1 we define the order on Pg as the transitive closure of some “atomic
cases”. So check each using the induction hypothesis on Pgs:.

The proof of clauses (a),(c) is similar. W3y

Observation 5.35. (1) Assume Q = ((P;, Qi, @i, Bi, ki, 0;) 1 i < ) is a nep-
CS-iteration, and each B; is an object in 'V not just a P;-name.
(A) Every w C « is Q-closed.
(B) If w C a and Q' = (P}, Q' :i < otp(w)) is the CS iteration satisfying
(*) below, then P, .\ = Py, where ]f”’otp(w) = Limpep (Q'):
(*) if j = otp(yNw) & v € w, then Q} is the forcing notion defined
by (B, Py, 0y) in VL
(C) If N is a (B*,¢*,0%) —candidate with (B>, >, 0%) as in 5.28, and
NE UCa”andw=1{i: N EicU}C a) and p € PY, then for
some q we have
(a) Pl=p<q,
(b) q € Py,
(c) qlrp, “Gp, NPY is a (Py,N)-generic (i.e., directed subsets a
(PY, <) generic over N)”, and moreover
(d) clause (c) also holds forlFp,.
(2) Similar to (1) above, but each B; is “almost” an object in 'V : it is computed
by an ord-hc Borel function from some hc name x; of a real.

PrROOF  Should be clear.
Observation 5.36. In 5.35 we can deal with Q [w instead of mapping to otp(w).

Observation 5.37. Assume Q is a nep-CS-iteration as in 5.18 so o = 1g(Q).
(1) If NNna Cw C a and w is Q—closed, and N is a (Qw)-candidate (if you
assume normality, as normally done, then any countable N < (H(x), €, <%)
to which Q, w belong is fine) and q is canonically (N,P,)-generic, then q
is (N,P,)-generic.
(2) If N is a Py-candidate and q is [0, o] —canonically (N,P,)—generic, and w
is Q-closed containing N N «, then q € Py, is also (N, P,)-generic.
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PROOF  Repeat the proof that canonically generic implies generic. W3,

Conclusion 5.38. (1) Assume that:
(a) Q° = (Qc, @e, bc) for € < € is a definition of a very straight correct
simple explicit forcing notion even for

K = {P: P the limit of CS-iteration of forcing among {Q° : e < €*} }

for ZFC,_ |, which is normal,

(b) Q = (P;,Q; : i < ) is a CS iteration, each Q; is QY™ for some
€ < €,

() N < (H(x),€,<5) is countable, p € P.

Then for some q we have

(@) p<qePy,,

(8) q is (N,P,)—generic,

(v) if we let wN N and Q¥ = (P¥,QY : i € wU {a},j € w) be the CS

iteration with QY = (Qe(j))vpj , then we have P¥Y C P, (but not in
general P¥ <P, ), ¢ € P¥ and

qlFpw “ Gpw NN is a generic subset of (P,)N over N 7,
and
qlFp, “Gp, NPY is a generic subset of (PN, SHIQL) 7,

(0) Note that P is a CS-iteration of countable length of cases of Q°.
(2) Asin 5.85(2).

Proor  Should be clear.

Conclusion 5.39. (1) Assume that:
(a) Q= (P;,Q; : i < ) is a CS iteration.
(b) each Q; is one of the creature forcing proved in [RS99] to be proper,
or more generally is a very straight nep forcing with definition in 'V,
being nep in Vi,
(c) {B;:i<i*} is a family of Borel sets (i.e., definitions of Borel subsets
say of R or “2), or just I13 sets,
(d) for every countable w C «, IFp, “[
Then VUm(@) = « N B, =0
i<i*
(2) In part (1), we can allow Q; to be as in 5.37.
(3) In parts (1) and (2), in the definition of Q;, we can allow a P;-name 7;
of a real provided that n; = B} ((vj(in) : 1 < w)) with j(i,n) < w, v; is
hc-Qj-name.

B, =0".

1<i*

PrOOF  (Recall that a II3 set is the intersection of 8; Borel sets.)
By 5.18 we can deal with CS-nep iteration. Assume toward contradiction that

P ‘F]P’a « Z] c m Bz "
i<i*
Let x be large enough and let N < (H(x), €, <) be countable and such that Qe N.

Let ¢1 be as in 5.38, so w = aN N is countable and ¢ € P,, C P, and ¢ I+ n= y’
where ' is computed from the truth values of ¢ € G for g e P—anNN C P,. By
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hypothesis (d), ¢I- 7" € (] B;. Hence there are g1, such that P, = q < q1, 1 < 4"
i<i*

and q1 IFp, “ 7" ¢ B; 7. Let N1 < (H(x), €, <}) be a countable model such that

N,Q,ql,g’ € N;. Let ¢o be (N1, P, )—generic above ¢;. Now, ¢ € P, and

g2 IF “ Gp, NNy NP, is a generic subset of IP’le over Ny 7,

so we get an easy contradiction. H; 39

Discussion 5.40. Inside a forcing Q we may be able to find ¢ € Q and a forcing
notion Q, definable in IV such that

qIF “Go N N is a directed subset of (Q, §g) generic over N”.

This looks like a cheating so we call it faking; one example occurs in 5.35(3).
Another example for faking is gotten by considering the Miller rational perfect
forcing Q =, which is {T' : T C “”w is a subtree such that for every n € T for
some v we have n < v € T and sucy(n) infinite }. With the order <=<;= inverse
inclusion. Let

p<oq iff ¢Cp&splq)=sp(p)Ng,
where sp(p) = {n € p: (3*n)(n"(n) € p}, and let

p<aq iff p<oq& (Yn)(tr(q) In € q & n€sp(p) = n €sp(q)).
Now for every r € Q the quasi order ({p € Q : r <5 p}, <s) is isomorphic to Laver
forcing. So if Q is nep-CS-iteration of rational perfect forcing, we can define also
S?Pi. Then

(a) SIQPI, is a quasi order on P;, p SIQFQ q=p<p, q,
(b) if N is a Q-candidate, p € (Lim(Q))", then there is ¢ such that: p <2

—PLim(Q)
q and q IFp, “Gp, N N is a subset of PV directed under §i’iﬁ(@) and not

disjoint to ZV to which p belongs” whenever N |= “Z is a subset of Lim(Q)
dense under giim(@”. Now Q is nw—nep ( see [She00], [She05]) whereas
Laver forcing is just nep. Here the “nw-nep” dominates, i.e., we succeed
even for non-well-founded models by thinning each ¢(i) naturally (think on

the case a = 1).

6. WHEN A REAL IS (Q,7)—GENERIC OVER V

A first time reader may be advised that the case 7 € {2,w}, 0 = w is typical,
interesting and may suffice for you hence we write “n < o”.

Definition 6.1. (1) We say that (Q, W) is a temporary (8,6, o, 7)-pair if for
some Q-name 7 the following conditions are satisfied:
(a) Q is a nep-forcing notion for (B, @, ); possibly B expands B,
b) Ikgy € 777,
c) W= (W,:n<oa),
d) for eachn < o, W,, C{(p,a) :p€ Q and o < 7},
e) if (pg,ap) € W, for £ = 1,2 and «, ay are not equal, then pi,ps are
incompatible in Q,
(f) for each n < o the set Z,, = Z,,[W] e {p : Ba)[(p,a) € W,]} is a
predense subset of Q,
(g) so 0 = o[W] = o[Q,W] and (abusing notation) let 7 = 7[W] =
7[Q, W].

—~ N —~

See https://shelah.logic.at/papers/630/ for possible updates.
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(2) For (Q, W) as above, n = n[W] = n[Q, W] is the Q-name
{n.a) : (3p € Go)l(p.) € W, som < o).

(3) We replace the temporary by K if this (specifically the demand (f)) holds
in any K—extension of V; similarly below.

(4) We may write (Q,7), W = W7 abusing notation. If we omit B we mean
B = BL If 1 = Ry we may omit it; if 7 = 0 = Xy we may omit them, if
Kk(B) =60 = 0 =7 =Ny, we may write .

(5) We say that n[Q, W] is a temporarily generic real (or function) for Q if for
no distinct G, Gy C Q generic over V do we have 5[G1] = 1[Ga].

(6) In part (5) we add directly if for every p € Q there is an ord-hc Borel
function which from 7[Q, W] computes the truth value of p € G.

(7) Instead (Q, W) we may write ((B2,5%,0%),W) (or with 7 instead W).

Definition 6.2. (1) Let Ky 0,6, be the class of all (Q,n) which are temporary
(8,0, 0, 7)pairs for some B with x(B) < k, |B] < &.
(2) Let (Q,n) be atemporary (k, f)-pair (actually more accurately write ((B, ,6),W));
andU:~N027'22.
Let N be a Q-candidate and 17 € “w. We say that 7 is a (Q,7)-generic
real over N if for some G C QY which is generic over N we have 1 = n[G].
We add satisfying ¢ if above ¢ € G (note that “satisfying” has more
direct meaning if Q is generated by 7 as in the proof of 6.5).
(3) We say that n = n[W] is hereditarily countable if each W,, is countable
(note: the generic reals of the forcing notions from [RS99] are like that, but
for our purpose just “absolute enough” suffices).

Definition 6.3. (1) (Q,W) is a temporary explicitly (98,6, o, 7)-pair (or nep
pair) if for some Q-name 7 we have:
a) Q is an explicit nep forcing notion for (B, @, 0),
b) lkgy € 777,
¢) W= (poe:a<o,(<T),
d) Yac€ch(Q) fora<o, (<,
(e) IFg* n(a) = C iff g0 c[Go] = t
(2) In this case n = n[W] = n[Q,W] is the Q-name above (it is unique).
Abusing notation we may write (Q, 1) instead (Q, W) and then let W =

~ o~ —

Wiy = W[Q, ).
(3) We introduce the notions from 6.1(3)—(6) for the current case with almost
no changes.
Definition 6.4. K% . = {(Q,n) € Kyp,0,- : (Q,n) is temporarily explicitly

(8,0, 0, 7)-pair for some model B with x(B) < k, [|B| < k}.

Proposition 6.5. Assume that:

(a) Q is an explicitly nep forcing notion which satisfies the c.c.c.
(b) kg “p € “w” and (for a < o and m < w) Ya,m € cli(Q) are such that

IFg “g(a) =m iff Yam[Gol=1t"
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(c) Q %ef By(Q,n) is the following suborder of cla(Q): the set of elements is
clo N B'(Q,7n), where
)

B'(Q,n) =:{p € cl2(Q) : p is generated by the
Ya,m 1.e. it belongs to the closure of
{Yam :a<o,m < w}
under =, N\ fory <wy in cli(Q)}
1<y
(i.e., it is the quasi order <3 restricted to this set).
Then:
(1) Q < cla(Q) and n € “w is a generic function for Q'.
(2) Assume additionally that
(%) if M is a Q—candidate, M |=“T is a mazimal antichain of Q7,
then ZM is a mazimal antichain of Q.
Then we also have
(a) Q' is (k,0)-nep and strong c.c.c. forcing notion (see 6.12),
(8) if Q is simple, then Q' is simple, (really (*) is not needed),
(v) #f Q is K-local, then Q' is K-local,
(0) if Q is Souslin, then so is Q.

PrROOF  Straight. M 5

Now the hypothesis (*) in 6.5(2) is undesirable, so we use B3(Q,7) (see 6.6(c)
below), which has a suitable quasi order.

Proposition 6.6. Assume that:

(a) Q is a correct explicitly nep forcing notion which satisfies the c.c.c.
(b) kg “n € 7w” and Ya,m € cl2(Q) for a < o,m < w are such that

H_Q “17(0‘) =m Zﬁ wa,m[G@] =t7

(¢) QY et B3(Q,n) is a forcing notion defined as follows:
the set of elements is like Ba(Q,n); i.e. it is the closure of {am : a <

o,m < w} under -, \ fory < w; inside cly(Q);
i<y
B3(Q,n) . .
the quasi order <g=<, $@ 4 <3(Q) restricted to B3(Q,n),
(d) Q is correctly explicitly nep forcing and c.c.c. in 'V and in every Q-
candidate. (This strengthens clause (a))

Then:

() Q' is a complete suborder of cl3(Q); including v € Q' = ¥ € cl3(Q), and
for 1,19 € Q' we have: 1 <3y & Wy <T@ gy,

(B) nis a Q' -name, - “n € “w” and 1 is a generic function for Q',

(v) Q' is explicitly nep c.c.c. forcing notion with BL = BQ, g = @)
69 = Q,

(v)* each forcing extension of V which preserves the assumption (a) (hence also

(b)) preserves (),

(6) if Q is simple (or straight) then Q' is simple (or straight).

PROOF  Straightforward, still we elaborate [note that in the proof of clauses (),
(8) we do not use (d)].
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Clause (a) By the choice of Q' we have <@ =<(Q Q. Also if Q' =“iy, 1o
incompatible” then they are incompatible in cl3(Q), otherwise ¥1 A 1y € Q' is a
counterexample. So the only problem is for Q' <¢ cl3(Q). So assume Z = {¢; : j <
i*} is a maximal antichain of Q' and we shall prove that it is a maximal antichain of
cl3(Q), this suffices as we are assuming the Q satisfies the c.c.c., also cl3(Q) satisfies
c.c.C..

Hence necessarily ¢* is countable, so if Z is not a maximal antichain of cl3(Q),
let ¢¥* € cl3(Q) be incompatible with every v, let p € Q, p I “*[Gg] =truth”.
Consider p = A —y;

i<i*

(i) ¥ belongs to cl; (Q),
(ii) ¢ is in cl3(Q) as pl-* [Gg] =truth”, by the choice of p and ¢*,
(iii) v is incompatible with each v; (see its definition),
(iv) % € BY(Q, ) (as ¥ € Q' for i < i),

(v) b €@ (by (i) +(iv)).
So Q' < cl3(Q), i.e., clause («) holds.
Clause (8) The first two statements are obvious and the third one follows by

(%)y if G1, Go are subsets of Q' generic over V (in some generic extension of V)
and n[G1] = 1[G2] and ¢ € Ba2(Q,n), then ¥[G1] =¥[G]
We prove (x) by induction on the depth of ¢. For depth zero we use n[G1] = n[Gs]
and in the other cases the inductive definition of ¢[Gy]. ) )
Clause (7) As Q' <o cl3(Q) by the c.c.c. most clauses of Def 1.3(1),(2) follow
by 5.8(3)(e) except clause (c)T. So let N be a Q'—candidate so a Q-candidate, and
p € (Q)Y hence p € cl3(Q)N by the definition of Q. Let

= p & /\ \/r and Y= p & /\ \/r.
Zepdac(p,N,Q') reZN Zepdac(N,cl3(Q)) reZN
By 5.8 95 is explicitly (N, cl3(Q))—generic. Now also N E“Q" < cl3(Q)”, hence
pdac(p, N, Q) C pdac(p, N, cl3(Q)), because by clause (d) as we have not used it in
the proof of clauses («a)4(8) above so they are satisfied by N too.

So clearly cl1(Q) E 91 < 19 hence ¢ € cl3(Q), and its definition (and the
definition of Q') we have i1 € Q'. Obviously ¢, is (N, Q’)—generic by its definition,
but what about explicitly? Just let ¢} say that there is 15 as above (and use cl3(Q)
is correct explicitly nep by 5.8(3), as (®) of clause (d) here implies ((®3)) there.)
Clauses ()", (§) Left to the reader. [

Proposition 6.7. In 6.1-6.6 above, we can replace Q by Q[ (> ¢q¢) = Q[{p€ Q:
p > q} preserving the properties of (Q,n). ]

Fact 6.8. If Q is simple correct nep for K, Q is in V, and V1 is a K—extension
of V, then
(i) in Vi, QY <;. QVr which means: for p,q € Vo, “p € Q7, “p < q7,
““(p < q)”, “p,q compatible”, “p,q incompatible” all in the sense of Q are
preserved from V to Vq,
(ii) for p,pn € V the statements “p ¢ Q7 and “T = {p, : n < w} is predense
above p in Q” are preserved from V to Vq,
(iii) of Q satisfies the c.c.c., then in clause (ii) above we can omit the countability

of T.
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PrROOF (i) Straight, for example:
“p, q are incompatible” iff there is no Q—candidate M such that

M E “ p,q have a common <g-upper bound ”.

So by Shéenfield-Levy absoluteness, if this holds in V, it holds in V.
(ii) Similarly.
(iii) Follows (and repeated in 7.13 below). M s

Proposition 6.9. Let (Q,?j) be temporarily explicitly nep pair. Assume N is a

Q*candidate. IfN ': Mn* 8 ((@,p)fgeneric over the chandidate M”} then 77* is a
(Q,n)-generic over M.

PROOF  Straight. e

Proposition 6.10. Assume that:

(a) Q is explicitly nep,

(b) Q is c.c.c. moreover it satisfies the c.c.c. in every Q—candidate,

(¢) incompatibity in Q is upward absolute from Q-candidates (but see 6.8),

(d) n is a he—+(B)-Q-name of a member of Yw defined from B (so we
demand this in every Q-candidate).
Furthermore, suppose that

(A) N1, Ny are Q-candidates, No is a generic extension of Ny for a forcing
notion R, (so BY2 = BNt and Ny |=“R is a forcing notion”),

(B) Ny = for every countable X C Q there is a Q-candidate Ny <x,, Ni to
which X and R belong, moreover Ny-s being a Q-candidate is preserved by
forcing for R” for each m < w; recall Ny is in particular countable,

(C) n* € Yw is a (Q,n)-generic real over Na.

Then n* € “w is a (Q,n)-generic real over Nj.

Remark 6.11. (1) In clause (B), we can replace X by “a maximal antichain of
Q or just of B3(Q,n)”.
(2) Clearly we can replace “maximal antichain” by “predense set” or “predense
set over p” (note ZV2 = TNt as Ny = N}).
(3) We can weaken “Ng <x_ N;” in clause (B).
PROOF OF 6.10 Clearly, it suffices to prove that (assuming (a)-(d),(A),(B) and
(©)):
() 4f Ny =T is a maximal antichain of Q”,
then IN* =ZI™2 and N, =“T is a maximal antichain of Q”.
Assume that this fails for Z. Then some r € RY forces this failure (in N7). By
assumption (b), in N; the set ZV1 is countable so let Ny =“Z = {p, : n < a}”,
where o < w. Let m < w be large enough. By clause (B) in N; there is a Q-
candidate Ny to which Z and r and R belong and Ny <x Nj. Since (all the
properties mean Ny = “...”

N1 | “(3r € R)[rIFg “Z is not a maximal antichain of Q
(and N1[Gr] is a Q—candidate)”]”,

there is 79 € R™ such that

No E “[rolFr “Z is not a maximal antichain of Q
(and Ny[Gg] is a Q—candidate)]”.
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Now, as Nj satisfies enough set theory and N; “thinks” that Ny is countable and
RNo is a forcing notion in Ny, there is in N; a subset Gg of RNo generic over Ny
to which o belongs. So in Ny[G%] there is p € QNolG] incompatible (in QNolGk])
with each p,,. By the assumption (c) this holds in N7, contradiction to the choice
of T (See (*)) LT

Definition 6.12. (1) We say that @ or (@,B) is a temporarily (k, #)-definition
of a strong c.c.c.-nep forcing notion Q for (B, ¢) if:
(a) ¢o defines the set of elements of Q and ¢q is upward absolute from
(B, @, 0)—candidates,
(b) ¢1 defines the partial ordering of Q (even in (*B, @, #)—candidates) and
1 is upward absolute from (B, @, §)—candidates,
(c) for any (B, @, 0)—candidate N, if N E“Z C Q is predense”, then also
in V, IV is a predense subset of Q,
(d) incompatibility is upward absolute from Q-candidates.
(2) We say that ¢ or (@,B) is a temporarily [explicitly] (x,#)-definition of a
c.c.c.—nep forcing notion Q if
() it is a temporary [explicitly] (k, 6)-definition of a nep forcing notion,
(8) for every Q-candidate N we have N =“Q satisfies the c.c.c.”.
(3) The variants are defined as usual.

Proposition 6.13. (1) If Q is temporarily strong explicit c.c.c.—nep forcing
notion and N1 C Ny are Q—candidates, then every n which is (Q,n)—generic
over Ny is also (Q,?j)fgenem'c over Nj. )

(2) If ZFC, is normal and Q is temporarily c.c.c.—nep then Q satisfies the
c.c.c.

ProOF 1) By 6.10 (and Def. 6.12).
2)  Easy too. Ms.13

Comment 6.14. We can spell out various absoluteness, e.g.

(1) If Q is simple nep, c.c.c. and “(p, : n < w) is predense” has the form
(3t eHen,(k+0)[tE=..] (e.g. k% =w and it is I1}) then predensity of
countable sets is preserved in any forcing extension.

(2) Note that strong c.c.c.—nep (from 6.12(1)) does not imply c.c.c.—nep (from
6.12(2)). But if ZFC,, F ZFC, and ZFC,, says that ZFC, is normal and
Q is strong c.c.c.—nep for ZFC_ , then Q is c.c.c.—nep for ZFC .

The following is similar to 6.10, but for a simpler case so we make it self contained:
it is really from [She98, III] (in earlier version this was said offhand in §8).

Definition/Theorem 6.15. By induction on the ordinal o we define and prove
the following

(A) [ Def ] Q=
P; = PY = P;[Q] etc and o = 1g(Q),

(B) [ Def ] 62 = 6[Q)] for Q as in (A),

(C) [ Def ] 7 is a hereditarily countable Pg-name of a member of Hy, (¢) or
he-¢-Pg-name,

(D) [ Def ] Lim(Q) denoted also by Py = P2,

((P;,Q4,0:,0; : i < ) is a c.c.c-simple-FS-iteration, in full
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(E) [ Claim ] Assume Q is a c.c.c-simple-FS-iteration as in (A)
(a) P, is a c.c.c. forcing notion with set of elements C Hy, (6a),
(b) if B < a(= 1g(Q)), then QIS is a c.c.c.—simple-FS-iteration and
Lim(Q1B) = P,, 0]Q] = 6, (hence Pg C Hx,(03)) and Pz C P,
(¢) p € P, iff p is a function with domain a finite subset of « such that v €
Dom(p) implies that p(7y) is an he-P-name of a member of Hx, (6,41)
which is forced to be a member of Q. and of Hx, (6),
(d) the order on P, is as usual,
(e) if y<B<aandpePs, thenplyeP,and P |= (p[v) < p,
(f) ify<B<a,pePsand P, = (pl7y) <gq,
then Py = “p < (¢ U (p[ [y, B1)",
(g) if vy < B < a, then P, < Pg,
(h) if B < a, then |[Bs| < (85),
(i) P, is c.c.c.
(F) For any 6 > 62,

IFp,, “(7—[<R1(0))V[P“] = {7[Gp,] : 7 is a hc-k-P,-name }”

Let us carry out the obvious induction.
Clause (A)
Q= ((P;,Q;,0:,0;) : i < ) being a c.c.c.-simple-FS-iteration is defined by cases

case 1 « = 0 trivial

case 2 « limit
Q is c.c.c.-simple-FS-iteration iff
Q1B is a c.c.c.-simple-FS-iteration for every 8 < a.

case 3 a=0+1
Q is a c.c.c.-simple-FS-iteration iff Q3 is such iteration, P = Lim(Q|j),
05 > 0]Q1 A, if equal we say standard; 5 a Pg-name of cardinal or ordinal
and IFp “Qp is a c.c.c. forcing notion with minimal element (g, being for

simplicity () and set of elements C Hy, (03)”.

Clause (B)

¢ is the minimal cardinal (or ordinal) 6 such that 3 < a =60 > 6z and a = B+ 1
implies 6 > B+ 1 and IFp, “0p < 07.

Clause (C)

As in §5

Clause (D)

We define P, = Lim(Q) by clauses (c) + (d) of clause (E).

Clause (E)

As in the classical proofs on FS iterations of c.c.c forcings.

Clause (F)

Easy too. M 15

Definition 6.16. We say that Q = ((P;, Q;, 5i, B%, @4, 05, k', B, @) 11 < a) is a
c.c.c.-nep-F'S iteration if ) )
(a) Q' = ((P;,Q;,0;, k") : i < ) is a [strong] c.c.c.-simple-FS-iteration;
(b) (K4, B, gpi,iﬁi,(:@i) are P;-names and it is forced (Ip,) that Q; is a (i, Q;)-
definition of a [strong] c.c.c.-nep forcing for (B, @;), see Def. 6.12(1); it
follows that this is done through (%8, @i, Qi)—candiaates;



Paper Sh:630, version 2003-05-03_11. See https://shelah.logic.at/papers/630/ for possible updates.

PROPERNESS WITHOUT ELEMENTARICITY 65

(c) B" is a model with universe .y, (') and the relation € and the (finitely
many) relations implicit in Q [, P, K4, B, @4, 0 so in particular - “x;, 0; <
Iﬁi” :

(d) ¢° define P; in B? naturally.

Proposition 6.17. (1) In Def 6.16, for every B < «, (B, @) is a [strong]
(K1, k1)-definition of the [strong] c.c.c.-nep forcing notion P;.
(2) If N is a (B, @', k')-candidate and j < i and j € N, then N is a (B7, @7, k7)-
candidate.
(3) If N is a (BT, g/l kitl)-candidate, j € N and G; C P; is generic over
V, then G = PYNG; is (N,PY) -generic and N(G) is a (B;1G], ¢;(G], 0,(G]) -
candidate with (N (G))P316 = B (G) defined naturally.

PrROOF 1) We prove by (1) by induction on i. Let N be a (B, @, x*)-candidate
Case 1 N N7 has no last element (i.e., ¢ is a limit ordinal).

So assume N | “Z C Qs predense”’, and let ¢ € P;. For some j € N N i,
Dom(q) N (N Ni) C 4, and in N define J = {plj:p € I}, so clearly N = “T is a
predense subset of P;”. Now N is a (%{, @7, 67)-candidate by part (2) below. Hence
by the induction hypothesis ZVV is predense in P; so there is p’ € J N compatible
with ¢ in P;, so there is r € P; above both. As p’ € JV, for some p € IV we have
N Eplj=1p, hence p’ =pljand rN (pl[i,j]) € P; is a common upper bound of
g and p € IV in P; as required.

Case 2 i =j+1

Similarly using part (3)

2), 3)  Left to the reader. | T
Proposition 6.18. (1) For every function F' and ordinal o there is a unique
c.c.c.-nep-FS-iteration Q = ((P;, Qi, i, Bi, @i, 0i, K B *) i < B) such
that
(a) B <a,

(b) if i < B, then (Qi, ki, Bi, @i, 0:) = F(QT1),
(¢c) if B < a, then (ki, Bi, @i, 0:) is not a P;-name, or it is but is not forced
(i.e. IFp, ) to be as in Def 6.10(b).
(2) The parallel of 5.19 holds.

PROOF  Straight [ ]

Proposition 6.19. We can do the parallel of 6.15, 6.18 replacing ffinite support
and c.c.c. by countable support and proper.

7. PRESERVING A LITTLE IMPLIES PRESERVING MUCH

Our main intention is to show that, for example if a “nice” forcing notion P
satisfies IFp“(“2)V is not null”, then it preserves “X C ¥2 (X € V) is not null”.

By Goldstern and Shelah ([She98, Ch.XVIII, 3.11]) if a Souslin proper forcing
preserves “(Yw)V is non-meagre” then it preserves “X C “w is non-meagre” and
more (in a way suitable for the preservation theorems there).

The main question not resolved there was: is this preservation special for Cohen
forcing (which is a way to speak on non-meagre), or does it hold for nice c.c.c.
forcing notions in general, in particular does a similar theorem hold for “non-null”
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instead of “non-meagre”. Though there have been doubts about it, we succeed to
do it here. In fact, even for a wider family of forcing notions but we have to work
more in the proof.

The reader may concentrate on the case that Q is strong c.c.c. nep and P, Q are
explicitly Xg—nep and simple. It is natural to assume that 7 is a generic real for Q
but we do not ask for it when not used. )

Convention 7.1. (1) Q is an explicitly nep forcing notion.
(2) n e “w is a hereditarily countable Q-name which is $3-definable, so as in
6.2(1).

We would like to preserve something like: “z is Q—generic over N”.

Definition 7.2. (1) Igy o {A € Borel(w) : I-q“n ¢ A”} (this is an ideal
on the Boolean algebra of Borel subsets of “w).
(2) Iy, is the ideal generated by I(q,,) on P(“w). (So for A € Borel(“w) we

(Qmn)
have: A € I(q, < A€lf,)
(3) Let ~

I(déf ) = {X C%w: for adense set of ¢ € Q, for some Borel set B C “w,
~ we have X C B and qH—“ggéB”},

(4) For an ideal I [an ideal on Borel sets], the family of I-positive [Borel,
respectively] sets is denoted by I.
Thus, for a Borel subset A of Yw, A € I'". = iff there is ¢ € Q such that
(Qn)

qH—Q“g € A”).

Definition 7.3. (1) A forcing notion PP is I(q ) —preserving if for every Borel
set A i
Ae(Igm)t = ke AV e (Igg@)*”

(AV means: the same set, which is AVF 0V).
(2) A forcing notion P is strongly I(q,,)-preserving if for all X C “w (i.e. not
only Borel sets)

X e (Igi@y))+ = IFp“X e (155@))”.

[See 7.4(7) below for Q which is c.c.c.]
(3) We say that a forcing notion P is weakly I(q ,)—preserving if lFp* (Yw)V €
ex + » -
(I(Q,y)) )
(4) P is super-I(g,)preserving if for all X C “w we have:

X e (1;*67,_7)# = FpXe (Igg@)#

Proposition 7.4. (1) Iiq,y) is an Ni—complete ideal (in fact, if (A; i < a) €

V, each A; € Borel(Yw) and Iq «AVICl ¢ U AZV[G] 7 (if a is a countable
<o
ordinal this is equivalent to A, C UKQ A;) and A; € Iq,y fori < o, then

A, € I(Q’F))'
(2) If (Q,n) is not trivial (i.e., kg “y ¢ (Yw)V), then singletons belong to
Iq.p-
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(3) Yw & Iiqy-
(4) Assume (ZFC, is K—good and) Q is correct. If in V, X € 1?6’17) and

; P ; ex
P e K, then in V" still X € I(Q,y)‘

(5) Assume (ZFC, is K-good, particularly (c) of 1.15 !!! and) Q is correct.
If, in V, B is a Borel subset of “w from gy and P € K and Vi = VP,
then also Vi =“B € Iy,,” , of course here B mean BV.

(6) Iy 1?6,17) are ideals of P(Yw) and e I&‘y,

Tgm = I(eé’y) [ (the family of Borel sets) = Igg’y) [ (the family of Borel sets).

(7) If Q satisfies the c.c.c. then Iggn) is generated by I(q.,), so equal to I(e@ 0

(8) Iy, is Ri—complete. ~ ~

(9) If for some stationary S C [x]® the forcing notion Q is S—proper then
I(d(éf m is Ny —complete.

(10) If Q is c.c.c., V1 an extension of V (normally generic) and n € (“w)V1,

then : there is G C Q generic over V such that n = n[G]iff (VB € I((\é (¢

BV1); of course this applies to suitable candidates.

PrOOF  We will prove parts 5) and 4), 6) only, the rest is left to the reader.

5) First work in VF. If the conclusion fails then for some ¢ € Q we have ¢ I-“n €
B”. So there is a Q-candidate M to which ¢, B (i.e. the code of B) belong. There
is ¢’ such that ¢ <@ ¢’ and ¢’ is (M, Q)-generic. Now for every G C QV[! generic
over V¥ to which ¢’ belong, 1[G] € BV'IG]. By absoluteness, also M{G N QM) =
n(G N QM) € BM(®) and hence (by the forcing theorem) for some p € G N QM we
have M E [plko “n € B”]. Now, returning to V, by Shéenfield-Levy absoluteness
there are such M’ p’ in V. Let p” be (M’, Q)-generic, p’ <@ p”. So similarly to
the above, p” I-g“n € B”.

4) As X € If&?), clearly for some Borel set B € I(@,g) we have X C B. By part

(5), also in V¥ we have B € I(eé ) and trivially X C BY C BV,

6) E.g. assume B is a Borel set and it belong to I(d(éf,n), then the set Z={p € Q:
for some Borel set B; we have B C B; and p g “y ¢ B;”, is a dense subset of Q.
But for p € 7 let BY witness it, now B C BY, p - “n ¢ By, i.e., n ¢ (BP)V®”. But
the inclusion of Borel sets is absolute, so p IFg “BV? C (Bf)V@ and 7 ¢ (Bf)V@”.
Hence p I-q “n ¢ BV®”. As this holds for a dense set of p € Q (i.e. p€Z) clearly
kg “n ¢ BV® s0 B € Iiqy)- So we have shown I&w [{B : B Borel set} C I@wp .

Bl
The other parts are even easier. Wy

Proposition 7.5. (1) If a forcing notion P is I(q,-preserving, then P is
weakly I(q ) —preserving.
(2) If P is super I,y —preserving, then P is strongly I, —preserving. If P is
strongly I(q,,) —preserving, then P is I(q,)—preserving.
(3) Assume that Q satisfies the c.c.c. and (Q,n) is homogeneous (see (®) be-
low). Then: P is I(q,, preserving iff P z's]ueakly I(q,n)—preserving, where

See https://shelah.logic.at/papers/630/ for possible updates.
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(®) (Q,n) is homogeneous if: for any (Borel) sets Bi, By € (Iiq,y)" we
can find a Borel set B} satisfying B C B1, B} € (Iiq,y)" and a Borel
function F' from B} into By such that i

(o) for every Borel set A € Iig,), F7'[AN By € I g, and this
holds even in VT, we say this F is (Iig,n)) T —preserving in VP,
(B) this is absolute (or at least it holds also in V).
(4) If Q is strong explicit c.c.c.—nep forcing and N is a Q—candidate in generic
for Q, then By = {v € “Yw : v is not (Q,n)—-generic over N'} is Borel and
belongs to g,y -

Proor 1),2) Easy.

3) By part (1) it suffices to show “non—preserving” assuming “not weakly pre-
serving”, and toward contradiction assume that this fails. So there are p, B* 6 A
such that B* € (I(qg,,)™" is a Borel subset of “w and

plkp ¢ (a) A is a Borel set
(b) A€ Iq,y, thatis Iq “n ¢ A”
(c) v € A for every v € (B*)V. 7
Let
J={B: Be (Igy)", soaBorel subset of “w, and
for some Borel function F from B into B* we have
Fis (I(g,,)) " —preserving even in VF}.
Choose (in V) a maximal family {B; : ¢ < i*} C J such that i #j = B;NB; €
Iiq,y- As Q satisfies the c.c.c. necessarily i* < wi, so without loss of generality
i < w. By the assumption (®), clearly, “w\ |J B; € I(q,,). Let F; witness that

i<i*
B; € J. Let
Ai={ne%w:ne B; and Fi(n) € A, recalling F; is Borel}.

Then A; is a (Q-name of a) Borel subset of Yw and plFp“A; € Lo asplFp“A €
Iqy) and A C A;” and the choice of F;. Hence i

plb* (JAu®Ew\ | B)elgy”
i<i* i<
(call this set A*). Now for every v € BY, F;(v) € (B*)Y hence (by clause (c) in
the choice of p, B*, A) we have p IF“F;(v) € A” hence by the definition of A; we
have pl-“v € A;”. So

plke “ (“w)V = “w\ [JB)VUulJ BY € “w\ |B)U |J4iclgn”
i<i* i<i* i<i* i<i* )
so we are done.

Example 7.6. 1) It is easy to find a forcing notion P which is I(g,,)-preserving,
but not strongly I(q,)—preserving, e.g. for Q = Cohen (see Exaple 7.11 below).
However, for sufficiently nice forcing notion P, “I(qg,)—preserving” and “strongly
I(q,y)-preserving” coincide, as we will see in 7.9. (Par~allel to the phenomenon that
for “nice” sets, CH holds).
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2) It is even easier to find a weakly I(q,,)~preserving forcing notion P which is not
I(q,n—Ppreserving.
Assume that for £ < 2 we have (Qg¢,n¢) as in 7.1, e.g. Qg is Cohen forcing, Q; is
random real forcing. Let Q = {0} U | {¢} x Q¢, § minimal, (¢1,q;) < (o, q2) iff
<2

6y =ty and Qp, Fq1 < q2. We define a Q-name 7 by defining for a generic G C Q
over V: )
G is (0)(no[Go]) if {0} x Qo NG # 0, and Gy = {g € Qo : (0,¢) € G}
T ) 2ul6]) i {1} x QNG #0, and Gy ={g € Qi : (1,q) € G}.

Then usually (and certainly for our choice) we get a counterexample.

Proposition 7.7. Assume that A is a Borel subset (better: a definition of a Borel
subset) of Yw, M is a Q-candidate (so neM, ie (Yam:a<wm<w) €M
as in Def. 6.2) and A € M (i.e. the definition). Further, suppose that ¢ € QM is
such that q kg “n € A”. Then

() MEglrgneA”,

(B) there is m € A which is a (Q,n)-generic real over M satisfying®! q.

PROOF  As for (a), if it fails then for some ¢’ € QM we have
M = “qg@q’andq’\h@ggéA”,

and let r € Q be (M, Q)-generic above ¢’. So if G is a subset of Q generic over
V to which r belongs then ¢’ € G and G N QM is a subset of Q™ generic over M
to which ¢ belongs. Hence M(G) =“p(G N QM) ¢ A” and n(G N QM) € Yw. By
absoluteness also V[G] = n[G N QM] ¢ A and n[GNQM] € Yw. But as n € M
clearly n(G N QM) = n[G] and as ¢’ € G also ¢ € G, so we get contradiction to
q'Fo “17~€ A”. )

By clause (a) clause () is easy: we can find a subset G € V of Q¥ to which ¢
belongs which is generic over M. So 7[G] € “w and it belongs to A as M =“qlq
ne A”. ;-

Proposition 7.8. Assume Q is correct and satisfies the c.c.c., Xg = 6% + k@ +
[BQ||+ |||+ 1I€2|| and 1, an ord-hc-Q-name, is generic for Q. Then the following
conditions are equivalent for a set X C “Yw:
(A) X e I(e@y),
(B) for some p € “2, for every Q-candidate N to which p belongs there is no
n € X which is (Q, y) —generic over N,
(C) for every p € Q for some Q-candidate N such that p € QY , there is no
n € X which s ((@,y)fgeneric over N satisfying q

ProoF  (A) = (B): So assume (A), i.e. X € Ifg . Then for some Borel set
A € Iig,y we have X C A. Let p € “2 code A. Since Ikg“n ¢ AVIGal” it follows

from 7.7 that

(*) for any Q-candidate N to which p belongs, N |=“ql-q n ¢ AVIEel” hence
there is no (Q, n)-generic real n over N which belongs to X (or even just
to A).

3lie n= n[G] where G is (N, Q)-generic and ¢ € G
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(B) = (C): Easy as Q is correct. That is given p € Q, by correctness there is
a Q-candidate M such that p € QM. Also there is a Q-candidate N such that
IM|U{p} € N where p witness clause (B); there is such N as ZFC, is weakly
normal (see 1.17). Now N is as required.
(C) = (A):  Assume (C). Let
ZT={peQ: for some Borel subset A= A4, of “w
we have pl-“n ¢ A,” and X C A,}.

Suppose first that Z is predense in Q. Clearly it is open, and we can find a maximal

antichain J of Q such that 7 C Z. As Q satisfies the c.c.c., necessarily J is

countable. So A % N A4, is a Borel subset of “w (as J is countable) and it

includes X (as each Azegoes). Moreover, since J is a maximal antichain of Q (and
pedJ = pel = plong A" = ple“n ¢ A”) we have lFg“n ¢ A”.
Consequently (A) holds.

Suppose now that Z is not predense in Q and let p* € Q exemplify it, i.e. it is
incompatible with every member of Z. Let N be a Q-candidate such that p* € QV
as is guaranteeded by clause (C) which we are assuming. Thus p* € QY and no
n € X is (Q,n)-generic over N. Let ¢ be a member of Q which is above p* and is
(N,QN)-generic (i.e. ¢I-“GF N QY is generic over N”). Let A e {ne%w:nis
not (Q,n)-generic over N}. Now

(a) A is a Borel subset of “w.
(Why? As N is countable and 7 being generic and hereditarily countable name, of
course without 7 being generic for Q, we get only %1, but see next proof.)

(b) X C A.
(Why? By the choice of N according to clause (C).)

(c) gligty ¢ AVIEaD,
(Why? By the definition of A.)

(d) geI.
(Why? By (a)+(b)+(c)).

Thus p* < q € 7 and we get contradiction to the choice of p*. T

Theorem 7.9. Assume that:

(a) Q, 1 are as above (see 7. 1), and Q is correct,

(b) P is nep-forcing notion with respect to our fixed version ZFC,,

(c) P is I (g, preserving, moreovers?,

(c)t if M is a P-candidate and a Q-candidate, p € P™, and ¢ € QM then

there are p; € P and n € “Yw such that p <p p1, p1 is (M,P)—generic and
p1 ke “n is (Q,n)-generic both for M and for M(Gp) satisfying q”.

(d) ZFC,, is a stronger version of set theory including clauses (i)—-(v) below for
some>3 x

(i) (H(x),€) is a (well defined) model of ZFC,,
(ii) (a), (b) and (c) and (c)* hold (with BF, B, n as individual con-
stants), )

32This follows from clause (c) if Q satisfies the c.c.c., by 7.5(4).
33but we can with more care, using several x-s weaken the demands
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(iil) Q,P € H(x) and (H(x),€) is a semi P-candidate and a semi Q-
candidate with (BY) interpreted as (BY)N 1H(x) and similarly for Q,
so (natural to assume) BF, BL € H(x) (remember: “semi” means
omitting the countability demand, see 1.1(7),(8))

(iv) forcing of cardinality < x preserves the properties (i), (i), (¥i), and
X 1$ a strong limit cardinal,

Then:
(o) if, additionally,

(e) ZFC,, is normal (see Definition 1.15(3)!!!)

then P is strongly I(Q,y) —preserving,

(8) if N is a P—candidate and Q—-candidate and moreover it is a model of ZFC_,

and N |E“p € P” and n* is (Q,n)—generic over N,

then for some p’ we have: )

(i) p<pp andp' €P,
(i) p’ is (N,P)-generic; i.e. p' I-p “Gp NPV is generic over N7 (see 4.3),
(i) p'lkp “n* is (Q,n)-generic over N[PN N Gp]”.
(a)™ We can strengthen the conclusion of (a) to
P is super-I(q,,)—preserving”.

Remark 7.10. 1) We consider, for a nep forcing notion Q
(¥)1 Q satisfies the c.c.c.
We also consider
()2 being a predense subset (or just a maximal antichain) of Q is K—absolute.

By results of the previous section, (x¥); = ()2 under reasonable conditions. You
may wonder whether ()2 = (%)1, but by the examples in section 10 the answer
is not.

2) Note that in (a), (o)t we can use only weak normality if Q satisfies the c.c.c.,
see 7.13. We do not use “P is explicitly nep” so we do not demand it (though would
not mind it).

Before we prove the theorem, let us give an example for a forcing notion failing
the conclusion and see why many times we can simplify assumptions.

Example 7.11. Start with V. Let § = (s; : ¢ < w1) be a sequence of random reals
over Vy, i.e. generic sequence for the measure algebra on “*(%“2). Let Vi = V5],
Vo = V][], r a Cohen over V; and

V3 =Vs[t] wheret= (;:i <wi) is a sequence of random reals,
i.e. generic over Vy for the measure algebra “1(%2).

Then in V3 (in fact, already in V3), {s; : i < w1} is a null set, whereas {t; : i < w1}
is not null. But ¢ is also generic for the measure algebra over V1. So Vi = V][] is
a generic extension of V. We have V3 = V}[r|, where r is generic for some forcing
notion from V), | more specifically for

R (Cohen * measure algebra adding t)/t.

So in VY, the sets ¢ and § are not null and R makes 5 null, but not ¢.
How can R do that? R uses (t; : ¢ < wi) in its definition, so it is not “nice”
enough. LI
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Remark 7.12. ;1) In the proof of 7.9, of course, we may assume N < (H(x), €)
if (H(x),€) = ZFC,,, as this normally holds. In («) the use of such N does not
matter. In (B) it slightly weakens the conclusion. Now, () is our original aim. But
(8) both is needed for («) and is a step towards preserving them (as in [She98]).
So typically N is an elementary submodel of appropriate H(x).

2)  Below we use 7.5(4) to get (¢), may consider 7.8 too.

PrROOF OF 7.9  Clause («): To prove (a) we will use (3). So let X C “w,
X € (I§g,,))" Then there is a condition ¢* € Q such that

(x)1 for no Borel subset B of “Yw and ¢ satisfying ¢* < ¢ € Q do we have:
X CBandqlrqg“n ¢ B”.

Let x be large enough. We can find N C (H(x),€) as in (3), moreover N <
(H(x),€) a model of ZFC,, (and so a P-candidate and a Q-candidate) [it exists
because by clause (e) of the assumptions for («), ZFC,, is normal so for y large
enough any countable N < (H(x),€) to which &, B2 BP belong is a model of
ZFC_, and is a P-candidate and a Q—candidate, so is as required].

Towards a contradiction, assume p* € P and p* IFp“X € 1(96

”

m So for some

P-name A we have
p* I-p “A is a Borel subset of “w, X C Aand A € Iigm), le. lFgn ¢ A”.

Without loss of generality the name A is hereditarily countable and A, p*, ¢* belong
to N. In V| let

B={nec%w: nisa (Q29, n)-generic real over N, which means that
n = n[G] for some G C QY generic over N such that ¢* € G}

Clearly, it is an analytic set (if 1 was generic real then it is actually Borel; both

holds as the relevant statement follows from ZFC,,). So for some sequence B =
(B; : i < w1) we have B = |J B, each B; is Borel (absolutely as long N is
i1<wi

not collapsed). Let ¢ € Q be (N,Q)—generic and ¢* < ¢. Then ¢ lF¢“p € B”
by the definition of B and hence possibly increasing ¢, for some i < w; we have
ql-g“n € B;”. Since ¢* IFq“n ¢ “w\ B;)” (as q I=“n € B;”), we may apply ()1
to the set “Yw \ B; to conclude that X € “w\ B;. Choose n* € X N B; (so it is
(Q,n)-generic over N by the choice of B and B). So by clause (3) (proved below),
there is a condition p € P, p > p* which is (N, P)-generic (i.e. it forces that GpNPY
is generic over N, generally not necessarily Gp N NV, but in our case N < (H(x), €)
hence they are equal) and such that

plkp “n* is (Q,n)-generic over N[Gp N PN).

Choose Gp C P generic over V, such that p € Gp. In V[Gp], N[Gp NPV] is a
generic extension of N (for PV!), a Q™ —candidate, and n* is (Q,7n)-generic over
N[Gp N N] (and over N). As p* < p € Gp, clearly if Gg € QVI®¥ is generic
over V[Gp], then n[Gg] ¢ A[Gp] in V[Gp, Ggl, simply by the choice of A. But
N[Gp N PN] < (H(x)VIC*] €) by the choice of N, so N[Gp N PN] satisfies the
parallel statement.

Since n* is (Q,7)-generic over N[Gp NPN], it cannot belong to A[Gp N PV,
all in V[Gp|. But easily A[Gp NPY] = A[Gp| as definitions of Borel sets and
X C A[Gp] by the choice of A as p* € Gp. But n* € X by the choice of n*, hence,
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n* € X C A[Gp], a contradiction to the previous paragraph. This ends the proof
of clause () of 7.9.

Clause (a)": Similar to the proof of clause («). We start as there so toward
contradiction we assume p* IFp “X € Izg n)” but now we choose functions r*, A*, 7
such that i

(¥)2 Dom(r*) = Dom(Z) is the set of all hereditarily countable canonical P—
names for elements of Q (so each is a member of Hox, (k(P) + k(Q))),
and*

Dom(A*) ={(p,q) : p € Z(g), ¢ € Dom(r")},
each A*(p,q) is a P-name,

()3 for each ¢ € Dom(r*) = Dom(Z), Z(q) is a predense subset of P above p*
such that for each p € I(g) we have: )

¢

plke “ A*(p,q) is a Borel subset of “w”,

plte [r*(g) kg “n & A*(p,q) "],

plke “ X CA*(p,q) 7,

plbp“ QEg<ri(g)”.
Those functions exist by the definition of I&‘n. Without loss of generality, the set
X, and the functions r*, A*,Z belong to N choosen as above. We choose also
conditions ¢ € Q, p € P and a real n* € X and a generic filter Gp C P over V in a
similar manner as in the proof of clause (). We note that by (x)3

g € Dom(r*) N N = “I(g) a predense subset of P”
= P¥NZ(g)nGp #0,

so we can choose plg] € PN NZ(g) N Gp for ¢ € Dom(Z N N. Since n* is (Q, 1)~
generic over N[Gp NPV, there is G* C QNI generic over N[Gp NPN] such
that n* = n[G*]. By the choice of the function r* the set {r*[¢][Gp] : ¢ € Dom(r*)}
is a dense subset of QVI®¥l hence also N[Gp N PV] satisfies this hence there is
g € N nDom(r*) such that r L r*[g][Gp NPN] € G*. Now, A = A*(plg], q)[Gp] €
N[GpNPN] is a Borel subset of “w and N[GpNPN] |=“r kg n ¢ A”, hence N[GpN
PN[G*] E“n[G*] ¢ A”. But N[GpNPN] = “X C A”, so (H(x), )V = X C A,
hence V }= X C A. Therefore, recalling A C V, we have N[Gp NP][G*] E“X C A
that is X \ A = (”. But this contradicts n[G*] = n* € X \ A (see the choice of G*
and n*). )

Clause (f): So N,n*,Q,P,p are given; if below the use of N{G1)(G2) seen
suspicious, we may without lost of generality assume N is ordinal transitive, so if
G C PxRY is generic over V then N(G) = N[G] and N[G] is ord-transitive. Let
N; = N[G*] be a generic extension of N by a subset G* € V of QY generic over
N such that n* = 7[G”], note that G* € V exist by an assumption and N being
countable (see 6.2). As ZFC_, b “x is strong limit”, clearly the power sets of P and
Q belong to H(x). Now choose (in N) for £ = 1,2 a model My < (H(x), €)Y such
that

Iz’l (1) P? Qa[hp S Mb

34if we change Dom(r*) to be Dom(A*) we can ask also 7* (p, g) to be a hereditary countable

name.
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(11) QN - M( and PN - M(,
(iii) the family of maximal antichains of P and of Q from N are included
in Mg,
(iv) M, € N, moreover M, € H(x)",
(V) M1 U PN(Ml) - Mg.
Hence, by assumption (d), clause (iii)
[y My is a P-candidate and a Q-candidate and

N = “My is a semi P-candidate and semi Q-candidate”.

Let R, = Levy(Rg, |M;|)V i.e. {f : a function from some n < w into M, in N-s
sense} ordered by inclusion; of course we can replace |M,| by ||M||"V; lastly let
R =Ry, M = Ms. In V let Gg C R be generic over N; = N(G*) (note that as N;
is countable, clearly Gy exists) and let Ny = N1[Ggr] = N(Gr) (note that it too is
a P-candidate and a Q-candidate), by clause (iv) of clause (d) of the assumption of
7.9. Note that

L3 7’]* € N1 C Ns.
Note: n* is (Q,y)fgeneric over M too and G* is a subset of QM generic over M
(by clauses (ii) + (iii) of [J;) and QY = QM, PV = PM (note that in Ny the model
M is countable).
Now we ask the following question:

@® Is there p’ € PV2 such that
Ny E“p <p p/, p/ is (M, P’)-generic and p’ IFp“n* is (Q,n)-generic over
M<G]P’ ) PM>” ”9
Depending on the answer, we consider two cases.

Case 1: The answer is “yes”.
Choose p’ as in ® and choose p” € P, such that p’ <p p” and p” is (Na, PV2)—generic.
Then we have

p"IFp ¢ in V[Gp], Gp NP2 is generic over No, {p,p’'} € Gp, and
in Na(Gp NPY2), n* is (Q, n)-generic over M (Gp NPM),
hence also over N{(Gp NPN)”.

[Why does p” force this? As:

(A) “Gp NPN2 is generic over No” holds because p” is (Na, PV2)—generic;

(B) “p,p’ € Gp” holds as p < p' <p"” € Gp

(C) “in Na(Gp NPN2) n* is (Q,n)-generic over M (Gp N PM)” holds because
of clause (A) and the choice of p/ (i.e. the assumption of the case and as
P € Gp);

(D) “n*is (Q,n)-generic over N(GpNPN)” holds by clause (C) above and clause
(iii) of the choice of M that is [ ]

Wk

So, p” IFp“n* is (Q,n)-generic over N|[Gp N PN, i.e., p” is as required.

Case 2: The answer is “no”.
Let ¢(x) be the following statement:
be z is (Q, n)-generic real over M and there is no p’ satisfying:
p P, PED <P, pis (M,PM)—generic and p’ IFp“x is a (Q,n)-generic
real over M (Gp NPM)”. i
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So 1) is a first order formula in set theory, all parameters are in N C Ny = N(G*) C
Ny = N(G*)(Gr,), and by the assumption of the case

N(G")(Gr,) = 9"

As Gr C R is generic over Ny = N(G*) for R, necessarily (by the forcing theorem),
for some r = ro € Gr we have

NG rlkn ] 7.

Since R is homogeneous we may assume that » = . So necessarily, for some
g€ G* C QN =QM we have

N k= (qlkq [rIFr ©(n]Gol)]).-
Now R =Ry € N (by its definition, as M € N) so

Os N = ((g,7) Foxe ¥(n[Gal))-

For the rest of the proof we can forget n*, and derive, eventually, a contradiction
thus finishing. Next, we deal with Ry, let Gg, C RN be generic over N hence over
M. For a time everything said on N holds for Ms as well, so N(Gg,) is a generic
extension by a “small” forcing of N which is a model of ZFC_,, so N(GR, ) satisfies
(i), (ii) and (iii) of the clause (d) of the assumptions. Note that N E“M; is a
semi Q-candidate and a semi P—candidate”, see clause (d)(iii) of the assumptions
and the choice of My, so also N{Gg,) satisfies this. Moreover, N(Gg,) E“ M
is countable”, so N(Gg,) =“M; is a Q-candidate and a P—candidate”. Hence by
assumption (d)(ii), that is in (¢)* there are p',n®, G% € N(Gg,) such that:

g N{(Gg,) E“ p'€P, p<ppi, p'is (My,PM)-generic and
plIFp [% is a (Q,n)-real over M;[Gp NPM]
and over M satisfying ¢
more explicitly, p; IFp “n® = p(G%)”, where
G%’ C QM1 is a generic set over M such that ¢ € G%’ 7.

[Why such pt, 7%, Gg exist? As N(GR,) satisfies the assumption (c)*, (apply
clause (iv) of the assumption (d) to Ry).]

As said above, wlog in [Jg we can replace N by M, and in particular p', n®, Gg
belong to M. Let pl,y‘g’,gg € N, moreover € M, be Ri—names such that
n%(Gr,) = 1%, GS = G(%(GRJ and p'(Gr,) = p', and some r; € Gg, forces
all this. Now, without loss of generality, r1 = (g (again by homogenity of R) so in
N we have

By rilbg, © 1% is a(Q, n)-generic real over M satisfying ¢ and p* € P and
p! forces (IFp) that )
n® is also (Q,n) generic over M;(Gp NPM1) satisfying g,
and Gg is a subset of QM1 generic overMy, y® = n[GS]”.
Let G, € Ry be a generic over N(GR,), to which ry belongs, N|[Gg,][Gg,] is a
forcing extension of N[Gg,]. So both are generic extensions of N by a small forcing
and Gg, x Gp, is generic for Ry x Ry over N.

Now Gg is essentially a complete embedding of Q[(> ¢) in N into Ry (by
basic forcing theory, see the footnote to 1.15(1)(d)); and we can use the value for
0 of the function | J{f : f € Gg,} to choose ¢, ¢ < ¢’ € QN = QM2 recalling
r1 = (). Hence, in N, possibly increasing ¢, for some Q-name R* = R} we have



Paper Sh:630, version 2003-05-03_11. See https://shelah.logic.at/papers/630/ for possible updates.

76 SAHARON SHELAH

(@Q[(> q) * R* is Ry, more exactly Ry [{r : r is above some member of Z} for
some non empty subset Z of R;. So Ggr, = Gg * Gr~ for some Gg+ € N(Gg,),

where R* = R* [G%’], R* a QV¥-name. So we can represent N(Gg,)(Gp,) also as
N3 & N(GS)(G]’RQ)(GRQ; i.e., forcing first with QY [ (> ¢), then with Ry, lastly
with R*(G%’). Now let N2 & N(GS)( &,)> 50 N? is a generic extension of N and
N3 is a generic extension of N? (both by “small” forcing), and in N3 we have p'
and n® = y(G%) and G%. But G%’ x Gp, is a generic subset of (QV| > ¢) x R,
over N, so essentially a generic (over V) subset of Q% x R, to which (g, 72) belongs,

hence (by s above) N2 |= w(y<G%>). Therefore by the choice of 1) above (see Dfp)
we have
X, there is no p’ € N? such that":
(Ky) N2 | [p € Pis (M,PM)-generic, p < p’ and p’ IFp“n® is (Q,7n)-
generic over M (Gp NPM)"]. )
Recall that p', G2, y®, R* belong to My. Now in N(GS), the forcing notion R* <Gg>
has cardinality at most ||M;||V.

So N(G%) E “the cardinality of P(R* <GS>) is < 2[Mill " see [, (iii) hence if we
force with Ry, we can find a generic for R* <GS>”.

Hence there is G’ € N(G§)(Gr,) = N? such that N? |= “G’ is generic of R*(G{))
over N (G%’ ), i.e., it is a directed and meet all relevant dense subsets”.

So in N2, Gg is a generic subset of QM2 over My, to which ¢ belongs and G’ is
a generic subset of R* (G%) over My [Gg], hence G, = Gg * G* is a generic subset
of Ry over My, and so M3 EC VA [Gr,] € N? satisfies

e M is countable and a P-candidate and a Q-candidate and a generic exten-
sion of My for R;.
Cl; e GS € M3 is a subset of Q™2 generic over My,
e ¢ €GY,

n®(Gr,) = n(Gg), call it 17/,

pt = p'(Gg,) belong to PMz and is (M, PM)-generic,

M3 = [pt -y’ is (Q,7n)-generic over My (Gp NPM1)7]

[Why? See [g.]

Now in N2, by [, M2(GR,) is countable and a P—candidate (see the assump-
tions) so there is pj which is (Mz(Gg, ), PM2(G=1))generic and p; <p p5. Now p3
contradicts (g, that is GS X Gr, C Q x Ry is generic over N and (g, r2) belongs to
it, but by (7 above N(GS)(G%’Q = ¢[n®] where n® = Q®<Gg> hence p} can serve
as the “no p’” in the definition of ¥ (z) , see Bj. So we are done. [P

Proposition 7.13. Assume (a),(b),(c) and (d) of 7.9 and

(e) ZFC_, is weakly normal,
(f) Q is c.c.c. and simple (for simplicity) and correct,
(g) No = 0% F K% +[|B2| + | (Q),
(h) n € “w is a generic for Q.
Then P is super I(q,,)—preserving.

35of course, we can use a weaker demand on Gg
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PROOF  First note by 7.4(7) that Iy = I&’g - Now, if the conclusion fails in

V as witnessed by a set X, then, by 7.8, the statements (A), (B), (C) of 7.8 fail in

V. Hence, by —(A), X € (156717)# and by —=(C) there are p € P and a hereditarily

countable canonical P-name y~such that

plFp “ y € Hon, (Q) and for no Q-candidate M to which y, p belong
there is v € X which is (Q, n)-generic over N[Gp|”.

As ZFC,, is weakly normal we can find a model N of ZFC_, which is a P-candidate
and a Q—candidate and to which y and p belong. Let n* € X C “w (in V) be (Q,n)—
generic over N (exists by the negation of (B) of 7.8). By (53) of 7.9 there is ¢ eEP
such that p < ¢, ¢ is (N, P)—generic and ¢ IFp“n* is (Q, n)-generic over N|[Gp]”, a
contradiction. i ;3

Conclusion 7.14. Assume (a), (b), (c) of 7.9. Let P,Q be normal K-good for
K = {R : R a forcing notion of cardinality < 3, (k") where K* = oF + 62 +
[[BP|| + ||BQ| + | (€)| for n(x) large enough (3 suffices) and
(c)* if x is large enough and M < (H(x),€) is countable and P,Q,n € M and
p € PNM, ¢ € QNM then there are p1,n such that py € P is (M, fP’) —generic,
n s (Q, n)—generic over M satisfying q¢ and p1 I+ “n is (Q,n)—generic over
M[Gp] satisfying q”. )
Then
() P is super I(q,,) -preserving,
(B) for x large enough, if N < (H(x),€) is countable (and €, B2 BF n e N)
and N |=“p € P” and n* is (Q,n)-generic over N then for some q we have
(i) p<q q€eP,
(ii) q is (N,P)-generic; i.e., qlFp “Gp NPY is generic over N7,
(ili) ¢lp “n* is (Q,n)-generic over N[PN N Gp]”.

PrROOF  Let x;1 be a large enough strong limit, and x2 = 3, (x1), X3 = 3w (X2),
and repeat the proof of 7.9 (that is of clause (a)™) using N < (H(xs), €) to which
¢, B2 BF and P,Q, 0, x1, x2 belong. W,y

Observation 7.15. Assume Q is strong c.c.c.-nep. and n generic for Q. Then in
7.9 we can omit assumption (c)t as it follows.

PrOOF Let M,p,q be given. Choose p; € P which is (M,P)-generic and is
above p, and let G C P be generic over V such that p; € G. In V[G], M(G) is a
P-candidate, hence by 7.5(4) the Borel set By = {v € Yw : v is (Q, n)-generic over
M(Gp NPM)} satisfies “w \ By € I(q,). Let ¢, ¢ < ¢ € QY be ~<M, Q)—generic
in V, the Borel set By = {v € Yw : v is (Q,7n)-generic over M and is above ¢'}
belongs to I(Em)' But as (by clause (c)) the forcing notion P is I(q,y)—preserving,

so BY ¢ IGy i V1. As Yw\ By € I(g,,) necessarily BY N By # 0, and choose

n* € BY N By, lastly, some p} € Gp which is above p; (hence p) forces this so we
are done. W5

We can conclude (phrased for simplicity for strong-c.c.c. nep).
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Conclusion 7.16. Assume that
(a) Q is strong c.c.c. explicitly nep (see Definition 6.12) and simple and correct,
(b) ne Yw generic for Q, a hereditarily countable Q-name.
If Py is nep, I(q,,) —preserving andl-p, ‘P1 is nep, I(q,,) -preserving”, then Py * Py
is (nep and) I(q ) -preserving. [ ]

The reader may ask: what about w-limits (etc)? We shall address these problems
in the continuation [She06] and [She05].

The point is to combine the results here with, e.g., the proof say in [She98, XVIII
§3]. The following example is characteristic for many cases, and is central in itself

Conclusion 7.17. Assume Q = (P;, Q; 1 i < «) is a nep-CS-iteration, and forcing

with Q; does not make “2 null (forcing over VP but normally this is absolute).

Then forcing with P, = Lim(Q) preserve non-nullity of any X C “2 (from V).

PrROOF By §5, all P; are correct simple very straight forcing for good ZFC_ . We

prove this by induction on a. For a = 0 trivial, for successor by theorem 7.9; for

« a limit ordinal we like to apply claim [She98, Ch. XIV claim 3.8C(2) page 914].

For this we have to show that some more explicit property is preserved.

The property which we call Pr(PP) is defined by:
V = Pr(P) when: if S C [A\]*° is stationary and g = (g, : a € S) is positive in V,
then it is positive in V, where
(*) & = (ga : a € S) is positive if for any x large enough and x € H(x) there is

a countable N < (H(x), €) such that NN (U{a:a € S}) € S and g, € ¥2
is random over N, i.e., belongs to no null Borel set from N.

Now by [She98, Ch. XVIII, claim 3.8C, p. 914] it suffices to prove that VFi |=

Pr(Q;); this is immediate by theorem 7.9. u

8. NON-SYMMETRY

The following hypothesis 8.1 will be assumed in this and the next section. Some-
times (including the main theorems 9.11-9.15) we assume snep (i.e., 8.2). The FS
iteration we use is from the end of section 6.

Hypothesis 8.1. Q is correct c.c.c. simple, strongly c.c.c. nep, 7 is a hereditarily
countable name of a generic real for Q, so (Q,7) € K (see Definition 6.2; by 6.5
the assumption that 7 is generic real for Q is not a great loss) and ZFC, and

ZFC™ (and the properties above) are preserved by a forcing of cardinality < x*,
|Q|Y < x*, for all the Q-candidates we shall consider, e.g., x* is an individual
constant.

Hypothesis 8.2. Like 8.1 with snep.

Definition 8.3. Let Q,7n be as in 8.1 and let a be an ordinal.
(1) Let Q[ be P, where <Pi,@j :i < a,j < a)is a FS iteration and @j =
QVIPsl,
(2) We let 27[0‘] be (n; : i < ), where 7; is n “copied to Q,” (see 8.4(1) below).
(3) (Q<">,p<°‘>) is defined similarly as a F'S product.
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(4) For a finite set u C o with n < w elements we define the function F = Fg*

from Q™ into Qmj by induction on n naturally.
(5) The FS iteration Q = (P;, Qi< i) of nep means (@j,yj) ek.

Proposition 8.4. (1) In Definition 8.3(4), for finite u C o, F = Fg" is a
complete (<—) embedding, as “p < q”, “p,q compatible”, “p,q incompat-
ible”, “p, 1 n < w) is predense set above q” are upward absolute from
Q-candidates (holds as Q is strongly c.c.c. by 8.1). So 14 is F(S"{o‘}(g) if
a € Uu.

(2) QI satisfies the c.c.c.

(3) The same holds for Q').

(4) (Q[a],g[a]) for ao < wy are as in 8.1, too.

(5) If “y is generic for Q” is absolute, then g[o‘] is generic for Q[ (and I]<O‘>

is generic for Q(®)).

(6) Similarly for non constant sequence of such (definitions) of forcings (so we

have Fg“)

PrROOF  For example:

3) It is enough to prove it for finite «, and this we prove by induction on « for
a = n + 1. For the c.c.c. use “incompatibility is upward absolute” for forcing by
Q™ so we can use the last phrase in 8.1.

4) The main point here is the strong c.c.c.-nep, so let N be a Q-candidate (and
a+1C N) and

NE“TC Q! is predense 7.
Let Gl C Q) be generic over V and for 8 < o, GIFl = Gl N QA Show by
induction on f that GI#IN (QIP)N is a generic subset of (QI®1)N over N(GIPl). This
is clearly enough. |

Definition 8.5. (1) We say that Q is [n]-symmetric whenever:

if (ng : £ < n) is generic for Q" = (Py, Q,,ne : £ <n) and 7 is a permuta-
tion of {0,...,n — 1},
then () : £ < n) is generic for (Py, Q,,ms : £ < n).

(2) If (Q',7'), (Q",n") are as in 8.1, we say that they commute whenever:
if ' is (Q',n')-generic over V and r” is (Q”,n")-generic over V[r'],
then 1" is (Q',n')-generic over V[r"].
(Note that n" is (Q”,n")-generic over V is always true by 6.6.)

(3) For (Q',7'), (Q",n") we say that they weakly commute if (Q'[(> ¢'),7'),
(Q"1(>q"),n") commute for some ¢’ € Q" and ¢’ € Q".

(4) Similarly for a set or sequence of such pairs.

Proposition 8.6. (1) “Commute” is a commutative relation.

(2) Forn > 2 we have:
Q is [n]-symmetric  iff
Q, Q"1 commute and Q is [n — 1]-symmetric  iff
Q is [2]-symmetric.

(3) IfP,QM™ commute, m < n, then P,QI™ commute. Similarly, if P,Q com-
mute and Q' < Q, then P, Q' commute.

(4) In part 3) we can replace [—] by (—).
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(5) If(Q', 1), (Q",n") weakly commute and Q', Q" are homogeneous, then they
commaute.

(6) <(Q¢,[7¢) 11 < %) commute iff for every i < j < i* the pair (Q;,m:), (Q;,1n;)
commutes.
(7) Similarly for a sequence (Qq : £ < n), ((Qe,ne) : € < w).

Proor 1) Let (Q',7'), (Q",n") beasin8.1. Then “(Q',7), (Q”,7") commute”
says Q' * Q" = Q" x Q', which is symmetric.

2) For the second “iff”, use “the permutations my = (¢,£ + 1) for £ < n generate
the group of permutations of {0,...,n —1}".

3)-7) Left to the reader. [

Proposition 8.7. (1) If Q! and Cohen do not commute, then for some n <
w, QM and Cohen do not commute.
(The inverse holds by 8.6(3), second phrase.)
(2) If Q) and Cohen do not commute, then for some n < w, Q™ and Cohen
do not commute.

Proor 1) Since Cohen and Q! do not commute, there is a Q“!-name Z of a
dense open subset of Cohen (i.e. of (¥*2, <)) such that for some condition (p,q) €

Cohen x* @M we have i
(p,q) I~ yCOhen has no initial segment in Z .

Without loss of generality (possibly increasing p) for some n* < w we have
P IFcohen DOm(q) - {O, . ,n* — ]_} 7.

Let Z/ be the Q" l-name for the following set:
{n €“>2: for some p e Q¥ pln* e G+ and plgu “n e I7}.

It should be clear that IFgp+ “Z” is a dense open subset of (“~2, <1)”. We interprate
7 also as a (Cohen *(N@["])fname naturally. Now we ask the following question.

Does (p, q) IFconensginl © 79" [ ¢ I’ for each n < w 7?7

If yes, we have gotten the desired conclusion (i.e. Cohen and @[n*] do not commute).

If not, for some (p', ¢’') such that (p,q) < (p',¢') € Cohen*Q["*] and for some n < w
and v € "w we have:

(p/7gl) H_Cohen*@["*] «“ Z]Cohcn rn —ve Z/ 7,.
So (by the definition of Z') for some (p”, ¢") € Cohen * Q" above (p',¢') for some
S (Q[w])v we have (p”, q") ‘F“(Q,T rn*) S GCohcn*Q["*]” and r \FQ[W] “vel”. So

wlog p” IF Q! = [rIn* < q"]. Then (p”,q" Ur[[n*,w)) forces (in Cohen x @M)

that pc‘“he“ [n =v €Z, a contradiction.

2) Similar to part (1), just easier (replacing Q™, Q! by Q™ Q) and q by q).
Mg 7

Proposition 8.8. (1) If Q™ and Cohen do not commute (Q as before), then

Q and Cohen do not commute in v (for some m < n (we get “do not
commute in V7 if both “absolutely”).



Paper Sh:630, version 2003-05-03_11. See https://shelah.logic.at/papers/630/ for possible updates.

PROPERNESS WITHOUT ELEMENTARICITY 81

(2) The following conditions (for nep forcing notion Q as in 7.9) are equivalent:
(i) Q commutes with Cohen,
(ii) kg ““2)V is not meagre”,
(iii) (VA)[V E“A C Y2 non-meagre” = g “A is non-meagre”
(all three clauses are interprated “absolutely”, i.e., not only in the present
universe but in its generic extensions too, for all set forcing or just for large
enough K ).

(3) In part (2) we can replace Cohen by others to which 7.9 applies and are
homogeneous (see 7.5).

PrOOF 1) Assume toward contradiction that Q and Cohen commute when forc-
ing over v for every m < n (i.e., the conclusion fails). Let € “’2 be a Cohen
real over V. Let Gy C QVIGo-Ge11] he generic over V[Go,...,Ge—1,n] for £ < n,
and let n, = n[G¢]. We now prove by induction on ¢, that 7 is a Cohen real over
VI[Go,...,G¢_1]. The induction step is by the assumption “Q and Cohen com-
mute in V@7, The net result is that n is a Cohen real over V[ng,...,nn—1],
contradicting the assumption.

2) The second clause implies the third by 7.9. The third clause implies the second
trivially.

Let us argue that the implication (i) = (4¢) holds.

Add ®; Cohen reals {n; : i < w;} and then force by Q, i.e., let G C QV{mi<wi)]
be generic over V[(n; : i < wy)], and n = ng[Gg]. Then (i) implies that for
every j < wi we have: 7; is Cohen over V[ : i < wi,i # j),n). Hence in
V(i : i <wi),n] = V[(m i < w)][Ggl, the set {n; : i < w1} is not meagre and
consequently (ii) holds.

Lastly, assume (ii) and let v € “||Q|| be generic for Levy(Ro,||Q||). Let n be
(Q, n)-generic real over V[v]. By (ii), we can find in V[v] a real p € “2 which is in
no meagre Borel set from V] (note that there are countably many such meagre
sets from the point of view of V[v]). Now we easily finish.

3) Same proof. Mg

9. POOR COHEN COMMUTES ONLY WITH HIMSELF

Definition 9.1. (1) We say a Q—name g of a subset of some countable a* €
V is [somewhere] essentially Cohen if By(Q,z) is [somewhere] essentially
countable; i.e., [above some p] has countable density; on By(Q, z) see 6.5.

(2) We say (Q,n) € K™° (a non-Cohen pair) if:
(a) (Q,n) is as in 8.2,
(b) (Q,n) (see Definition 6.5) is nowhere essentially Cohen (i.e. above every
condition).

Hypothesis 9.2. In addition to Hyp 8.2 x is regular large enough cardinal, and
(Q,n) € K¢ will be fixed as in 9.1, and ZFC, is normal (see Definition 1.15).

Definition 9.3. (1) D =Dy, (H(x)) is the filter of clubs on [H(x)]<Ne.
(2) Co = {a:a < (H(x),€) is countable, and (Q,7) € a (i.e. their definitions)
so a, i.e., (a, €) is a Q-candidate}.

Definition 9.4. We say that ¢ € Q is influential on a € Cy if:
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(®)q,q theset {p € aNQ: p,q are incompatible in Q} is dense in the (quasi) order

Qla.
Proposition 9.5. (1) For every a € Cy there is ¢ € Q which is influential on
a.
(2) Moreover, for every p € Q and a € Cy there is q influential on a such that
P < Q¢

Proor 1) Follows by 2).

2) Let p,a be given. Clearly Gg Na is a Q—name of a countable subset of an old
set Q N a, so it can be considered as a real. We restrict ourselves to be above our
fix p € Q. Note that
(¥)1 Gg Na is not somewhere essentially Cohen.
[Why? Toward contradiction assume that this fail, say above ¢, ¢ > p. From GgNa
we can compute 1) (as 7 € a, i.e., the relevant (countably many, countable) maximal
antichains belong to a), so 1 can be considered a B3[Q, Gg N aJ-name. But “any
(name of) a real in an essentially Cohen forcing notion is essentially Cohen itself”,
so 7 is essentially Cohen Q-name, contradicting Hypothesis 9.2.]
Consequently, p IFg“GgNa is not a generic subset of Q [a (over V)”. Thus there
are ¢ and Z such that:
(i) p<qeq,
(i) Z C QnNa is a dense open subset of Q [a,
(iii) ¢lF@“Go is disjoint to Z7.
But this means that
(*)2 ¢ is incompatible with every r € Z.
[Why? Otherwise ¢ lffo“r ¢ Gg”.]
So {r € anNQ: ¢q,r incompatible (in Q)} is a subset of Q N a including Z hence it
is dense in Q [ a. My 5

Choice 9.6. We choose p = (p, : a € Cp) such that p, € Q is influential on a
(possible by 9.5).

Definition 9.7. (1) For R C Q let A[R) ef {a €Cp: p, € R}.
(2) Dy = Doy < {RCQ: A[R] € D).
The family of Dp—positive sets will be denoted D; (so for a set S C Q, we

have S € Dy iff RN S # 0 for each R € Dy).
(3) For RC Q and ¢ € Q let R[q] ef {p € R : p,q are incompatible in Q} (so
RJq] is in a sense the orthogonal complement of ¢ inside R).

Fact 9.8. (1) Dy is an Ry—complete filter on Q.
(2) For R C Q we have R € Dy < A[R] € DT.

PrROOF Immediate u
Proposition 9.9. If R € D; then the set

R® < {g e Q: Rlg € D} }

is dense in Q.



Paper Sh:630, version 2003-05-03_11. See https://shelah.logic.at/papers/630/ for possible updates.

PROPERNESS WITHOUT ELEMENTARICITY 83

PrROOF  Assume not, so for some ¢* € Q we have
(%)1 there is no ¢ € Q such that ¢* < ¢ € Q & R|q] € D;{.
Thus
¢*<qeQ = Rljg=0mod D; = A[R[q]] =0 mod D
= for some club C, C Cy of [H(x)]=™ we have (Va € C;)(q € a)
and (Va € Cy)[pa ¢ Rlql, i.e., pa,q are compatible].

Let C* ={a€Cy:q¢" €aand (Vq)[¢ <qg€anNQ = a€(l} Aseach(,is a
club of [H(x)]=™° clearly C* (as a diagonal intersection) is a club of [H(x)]=N, i.e.,
C* € D. Since R € D by 9.8 we have A[R] € DV, so together with the previous
sentence we know that there is a* € A[R] N C*. By the choice of p (see 9.6, and
Definition 9.4) as ¢* € a* N Q (see the choice of C*) for some ¢ we have:

¢ <qg€a* and pu,q are incompatible.

Now this contradicts “a* € C”. Wy 9

Definition 9.10. Assume x; = (2X)% (so H(x) € H(x1)) and N is a countable
elementary submodel of (H(x1), €) to which {x, Q,p} belong (so D € N).

(1) We let Coheny = Coheny g be (D&]57 D) I'N (so this is a countable atomless

forcing notion and hence equivalent to Cohen forcing).

(2) If Gy € Gen(N, Dé,ﬁ) o {G : G C Coheny is generic over N for the
partial order ((D&p, D)[N)} (possibly in a universe V' extending V),
then let px|[G] be the sequence (i.e., in “w or just member of “6(Q)) such
that for each ¢ < w and ~

(n[GND(O) =7 & (BReG)(Vp e R)[p(f) =]

Proposition 9.11. Assume (9.2 and, additionally), Q is Souslin c.c.c. (i.e., the
incompatibility relation is 21 )°%. If x1, N and G € Gen(N, Dg) are as in 9.10 (so
G is possibly in some generic extension Vi of V but Coheny is from V), then

(a) pn|G] is an w-sequence (i.e. for each £ there is one and only one 7),

(b) pn[G] € Q,
(c) pn[G] is influential on N (which belongs to Co ).

PRrROOF  For every p € Q there is v, € “w which witnesses p € Q, i.e., p*xv, €
lim(ng). So choose such a function p — v,. Now in V, for n < w the function
Pa > (Pa [, vp, [n) is a mapping from {p, : a € Cp} € D with countable range.
Since D is Nj—complete

(¥)1 in V, if R € D and n < w then for some R’ C R and (1", ™) we have
ReDf and (vpe R)((pln,vpln) = (", "),

This is inherited by N, so wlog the function p ~ v}, belongs to N, hence py[G]
satisfies clauses (a), (b) (in fact

V[G] = U{V* : for some n < w and R € G we have (Vp € R)[v, [n =v"]}

36if we have more absolutness, we can omit this
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is a witness for py[G] € Q). Also for each ¢ € QN N the set

Ty = {R € Dg : for some ¢’ € Q stronger than ¢ we have:
(Vp € R)[p,q' are incompatible (in Q)]}

is a dense subset of (D;{ ,2) (remember p, is influential on a; use normality of the
filter D). Clearly J, belongs to N, so by the demand on G we know that GNJ, # 0.
Choose R, € GN J, and let ¢ € QN N witness it, so

R, €eDf NN and (Vp € Ry)[p,q" are incompatible].

Now “incompatible in Q” is a X} -relation (belonging to N) hence as above, pN[Gl,d
are incompatible. As g was any member of Q N N we have finished proving clause
(c). Wy 1;

Proposition 9.12. Assume 9.2 and let Q be Souslin c.c.c. Then Q! (see 8.3)
and Cohen do not commute.

PrOOF  Assume that Q[ and Cohen do commute. Let y be large enough, N <
(H(x), €) be countable such that (Q,7) € N (as in 9.10 and we whall use freely 9.6,
9.7, 9.10). Now we can interpret a Cohen real v (over V) as a subset of Df NN
called g,. Thus it is Coheny g-generic over V so pN[gl,] is well defined, and it
belongs to QY (by 9.11). Moreover, in V[v] we have:

{g€e Q" :qand pn(gy) are incompatible in Q } is dense in QN.

Let (n; : ¢ < w) be generic for (Q], 7)) over V and let v be Cohen generic over
V[(n : £ < w)]. For each ¢, clearly 7, is (Q,7)-generic also over V, so let n, = n[G],
where Gy C Q is the unique such generic set over V. Clearly G, N N is a subset
of QN generic over V (by “Q is strongly c.c.c.”). So (G, N N,g,) is a subset of
QN x (Df N N, D) generic over N. By 9.11, for any ¢ € Q~ and R € (D} N N),
for some R’ C R and ¢’ we have R' € (Df NN), N E“¢ < ¢ € Q" and

N E (Va € R')(pa,q are incompatible).

So look at the set
def N + . : :
= {(¢;R) €Q” x(Dy NN): (Ya € R)(pa,q are incompatible)}.

By the previous sentence, this is a dense subset of Qv x (’D;{ NN, D). Hence there
is (¢, R) € (G¢N N) x g, which belongs to it. Hence, as in 9.11, for each ¢, pyg,]
is incompatible with some q € Gy.

By the assumption that the forcing notions commute we know that (n, : £ < w)
is generic for (QM,?M) over V[v]. Necessarily (by FS + genericity) for some ¢ we

have F&{Z}@N lgn]) € Ggl{ne : £ < w)]; a contradiction to the previous paragraph.
My 12

Conclusion 9.13. Assume 9.2 and let Q be Souslin c.c.c. Then (Q,7) does not
commute with Cohen but possibly only in some generic extensions of V (by Q)
(even above any q € Q).

PrROOF  If we restrict ourselves above gy € Q, the Hypothesis 9.2 still holds so we
can ignore this. By 9.12 we have (Q[“’], 17[‘*’]) does not commute with Cohen. So by
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8.7 we have that, for some n, (QI,7[™) does not commute with Cohen and by 8.8

we finish. Hy 3

Proposition 9.14. If Q is Souslin c.c.c., (Q,n) € K7, then Q satisfies 9.2 for
suitable ZFC, .

PROOF  Let p € “2 be the real parameter in the definition of Q. Let ZFC, say:

(a) ZC (i.e. the axioms of Zermelo satisfied by (H(32,), €)),
(b) Q (defined from p which is an individual constant) satisfies the c.c.c.,
(¢) for each n < w, generic extensions for forcing notions of cardinality < 3,
preserve (b) (and, of course (a)).
The “strong” comes for “being a maximal antichain is absolute from Q-candidates”.
Now the desired properties are easy. My 4

Conclusion 9.15. IfQ is a Souslin c.c.c. forcing notion which is not Y w—bounding
(say |- there is an unbounded 1) € “Yw 7), but adds an essentially non-Cohen real,
then Q does not commute with itself.

PrROOF By 6.5(2)(9), wlog 7 is the generic of Q and Q is as in 9.5 if Q is.

By [She94], Q adds a Cohen real; now by the assumptions, for some Q-name 7,
(Q,n) € K. By 9.13 we know that Q and Cohen do not commute, so by 8.6(3)
we are done. My 15

Conclusion 9.16. If Q is a Souslin c.c.c. forcing notion adding a non-Cohen real,
then the forcing by Q makes the old reals meagre.

10. SOME ABSOLUTE C.C.C. NICELY DEFINED FORCING NOTIONS ARE NOT NICE
ENOUGH

We may wonder can we replace the assumption “Q is Souslin c.c.c.” by the
weaker one in §8 and in [She94]. We review limitations and then see how much we
can weaken it.

Proposition 10.1. Assume that n* € Y2 and X; = N{‘W]. Then there is a defini-
tion of a forcing notion Q (i.e. @) such that
(a) the definition is X} (with parameter n*), sop € Q, p <@ q, “p,q incom-
patible”, “{p, :n <w} Ca is a maximal antichain of Q” are preserved by
forcing extensions,
(b) Q is c.c.c. (even in a forcing extension; even o—centered),
(c) there is he-Q-name n of a generic for Q,
(d) n is everywhere not eissentially Cohen (preserved by extensions not collaps-
Eng Ny ), in fact has cardinality Ny,
(e) Q commutes with Cohen.

PrOOF  For notational simplicity we ignore n*.

A condition p in Q is a quadruple (E,, X,,, u,, w,) consisting of:
a 2-place relation £, on w, a subset X, of w, a finite subset u, of X,,, and a finite
subset w,, of w such that:

N, def (w, E,) is amodel of ZC™ 4V = L (let <% be the canonical

ordering of N,, we do not require well foundedness) such that:



Paper Sh:630, version 2003-05-03_11. See https://shelah.logic.at/papers/630/ for possible updates.

86 SAHARON SHELAH

(Np, Xp) E ¢ (o) every € X, is an infinite subset of w,
(B) if © # y are from X, then 2 Ny is finite,

() if ¢ € X, then there is no y satisfying
y<r & (Vz € X,)(2 <
(y an infinite subset of w) &

n

A (Vzi...zn € Xp) (N 2 < p= (F*m <w)(m ¢ yu U 2)).
n<w l=1 {=1

The order is defined by:
p < ¢ if and only if (p,q € Q and) one of the following occurs:

(A) p=gq,
(B) there are Y Cw and a € N, and f € Y such that:
(i) reY& N, Eyex’] = yev,
(i) [Ny E“k(z) =9y" &yeY] = =z€VY,
(iii) Ny E“ck(z) =y" &Y = yev,
(iv) the set {z : N, E=“z an ordinal”, ¢ Y} has no first element by E,,,
ie., if N, = “y is an ordinal ,y ¢ Y, then for some = € w\Y we have
N, E “z <y, xis an ordinal”.
) Ny =*“a is a transitive set”,
) f is an isomorphism from N, [Y onto N,y [{b: N, =b € a},
) f maps X, NY onto X, NRang(f),
iii) f maps u, NY into u, N Rang(f),
)
)

x = z Ny finite) &

—
<
=
=

—~ <

wp € wg,
if n € wy\wp, and x € uy\ f'(up), then N, =“the n-th natural number
does not belong to x”.

The reader can now check (note that w = [ J{w? : p € G} is forced to be an infinite
subset of w almost disjoint to every A € A, A a reasonably defined MAD family in
L); see more details in the proof of 10.4. [ T

Remark 10.2. Is Q nep? Not; let N be a Q-candidate, A € A\ N, and let w* C w
be such that for some G C Q" generic over N, w* = w|[G], and w*NA = . Clearly
there is no ¢ which is which is (N(G), Q)—generic. Is there such G’? If N € Ln*]
and G € QY is generic over N, they will do.

The following show that we cannot improve too much the results of [She05]
(compare with the conclusion in the end of section 7).

Proposition 10.3. Assume V = L. There is Q = Qg * @1 such that:

(a) Qo is as nep c.c.c. not adding a dominating real,

(b) g, “Q, is as nice as in 10.1, in particular, c.c.c. not adding a dominating
real”,

(¢) Q adds a dominating real,

(d) in fact, Qq is the Cohen forcing (so in any Vi it is c.c.c. and strongly
c.c.c., correct, very simple nep (and snep), and it is really absolute, i.c., it
is the same in V1 and 'V, and its definition uses no parameters),

(e) moreover, Q1 = Qq is defined in L, really absolute, and in any Vi it is
c.c.c. (and even snep). In Vi, Qi adds a dominating real iff (Yw)¥ is a
dominating family in V.
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PrOOF Let Qg be Cohen. We shall define Q; in a similar manner as Q in the
proof of 10.1.

A condition in @1 is a triple (Ep, up, wp) such that E, is a 2-place relation on w,
up, is a finite subset of w and w,, is a finite function from a subset of w to w and:

N, def (w,Ep) is a model of ZFC™ +V = L (let < be the

canonical ordering of N,, we do not require well foundedness); so
in formulas we use €.

[What is the intended meaning of a condition p? Let
M, = N, [{z : (Tc(z)N», E, | Tc(x)N?) is well founded},

where Tc(x) is the transitive closure of z. Let M, be the Mostowski collapse of
M, and hy, : M;, — M, be the isomorphism. Now, p gives us information on the
function w = J{w, : p € G} from w to w, it says: w extends the function w, and
if £ € M, Nuy, is a function from w to w then for every natural number satisfying
n ¢ Dom(w,) we have z(n) < w(n). Note that h,(z) is a function from w to w iff
M, = z is a function from w to w ” iff N, =% z is a function from w to w ”.]
The order is defined by: p < ¢ if and only if one of the following occurs:

(A) p=4q,
(B) there are Y Cw and a € Ny and f € Y, such that

(i) [reY&N,Fyez] = yev,

(i) [Ny E“ck(z) =y" &yeY] = zev,

(iii) [N, F'rk(z) =y" & z€Y] = yevY,
) the set {z : N = “o an ordinal”, « ¢ Y} has no first element (by E,),
) Ny =“a is a transitive set”,
vi) f is an isomorphism from N, Y onto N, [{b: N, E=b € a},
) f maps u, NY into u, N Rang(f),
) wp € wg,

) if n € Dom(w?)\Dom(wP) and = € wu,, N, =“r is a function from
the natural numbers to the natural numbers” and z* = f(z), so in
particular z € Dom(f) = Y, then N, E“f y is the n-th natural
number then wi(y) > x(y)”.

Clearly Q is equivalent to Q" = (the Hechler forcing)¥, just let us define, for p € Qy,
g(p) = (w?, F?) where F? = {h,(x) : € M,}. Now, g is onto Q' and
QUEp<qe = QkEgbp)<yl@ =
=(3p")(p <L p’ & ', q are incompatible in Q).
The rest is left to the reader. M3

Proposition 10.4. (1) Assume that:
(a) @ = (wo(x), p1(x,y)) defines, in any model of ZFC_ , a forcing notion
Qg with parameters from L, , but we may write x <,, y instead of

v1(z,y) (or, say, © <, y in N),
(b) for every f < wy such that Lg = ZFC,, for every x,y € Lg we have:

L L., L . L,
[teQ) & x2cQz] and [z<yinQz’ & z<yin Q"]

(¢) for unboundedly many o < wy we have L, = ZFC,,
(d) any two compatible members of Qg“’l have a lub,
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(e) like (b) for compatibility and for existence of lub.

Then there is a E% forcing notion Q equivalent to ngl ; the relations have
Just the real parameters of ¢ and are actually Borel.
(2) We can use a real parameter p and replace Lo, by Lo [p].
PrROOF It is similar to the proof of 10.1. Let @Q be the set of quadruples p =
(Ep, np, @p,ap) such that:
(o) E, is a two-place relation on w,
(8) N, ¥ (w, E,) is a model of ZFC] +V =L,
() for some n = n, we have
ap = (ape: ¥ <n, ap = (ap¢: ¥ <ny),
(0) Np E“ap is an ordinal, ap ¢ € Ly, ,; La, , F ZFC,, and for k < £ < n we

have Lq, , = wo(apk), apre <o, aper1”, and
(e) if m <k </l <nthen N, F“Lq,, F ¥1(apan,pa,) "

The order is given by:
po <@ p1 if and only if (pg,p1 € Q and) for some Yy, Y] C w and f we have:

(i) for £ =0,1: Yy is an E,—transitive subset of INV,,, and
(Vz € Np,)(z € Yo = 1k™re(z) € V),

(ii) f is an isomorphism from N, [Yy onto N, [Y7,

(ii) in {x € Ny, : = ¢ Yo, N, E“zis an ordinal”} there is no E,—minimal
element,

(iv) f maps {ap, e £ <n*}NYyinto {ayp, , 1 £ < np, FNY7,

(V) if f(apa,k) = Opy,m then Npl ):“ Lap1,7n ): ‘Pl(f(a;voyk)a am,m) i

Claim 10.4.1. Q is a quasi order.

Proof of the claim: Check.
Now for every p € Q define Ny, M, hy, MI’, as in the proof of 10.3.

Claim 10.4.2. The set
Q {p € Q: N, is well founded, n, > 0}
is dense in Q.
Proof of the claim: Check.
Define g : Q' — Qg”l by g(p) = hp(apm,—1)-

Claim 10.4.3. g is really a function from Q' onto ngl and and for py,p1 € Q'
we have

po<opm = Q%1 g(po) <y 9(m),
po,p1 are incompatible in Q' = g(po),g(p1) are incompatible in Q1.

Proof of the claim: The first statement is trivial, the second is immediate by
clause (v) in the definition of <gp. For the last clause recall clause (e) of the
assumptions.

Now 10.4 should be clear. W4

We may consider possible “inputs” to 10.4. Instead of looking at the case NlL["] =
N1 we may look at other cases in which X; is not large in inner models. For example:
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Proposition 10.5. Assume that p = @(x,y) is such that

(i) ZFC, & “for every infinite ordinal x € X o {a:a=w orw®* =« (ordinal

exponentiation)}, there is a unique A,, an unbounded subset of x of order
type x such that p(x, Ay), and ¥(-) defines a set S C X not reflecting”,

(i) ZFC, F if m1 < po are from X then A,, € A,

(ili) wy =sup{a: Ly = ZFC, }, and the truth value of “B € A, €87 is the
same in Ly, for every a < wy for which L, |E ZFC_,

(iv) the set S, i.e. {f <wy: (Fa)(La E ZFC, & ¥(B))}, is a stationary subset
of wy
[this is close to saying “NY is below first ineffable and is not weakly compact
inL” ].

Then for some @ as in the assumptions® of 10.4, and n we have:

(a) @;“’1 is a c.c.c. forcing notion,
(b) ne w2 is a generic real of ngl , and is nowhere essentially Cohen,

(c) Q;“l commute with Cohen.

PrRoOOF  Let pr(a,B) = (a4 B)(a + B) + «, it is a pairing function. By coding,
without loss of generality

(ii)" if @, 21, ..., 2, are distinct cardinals in Ly, , then A, ¢ |J A,,.

=1
[Why? E.g., letting
A:)[ = {pr+(n7prn(ﬁla e aﬁn)) n<w, {617 e aﬁn} g Aoc}7

where pri(8) = B, pro1(B1, .-, Bat1) = pr(pra(Bis. .., Bn), Bat1)). So replacing
A, by AL, we have (ii)’.]

For § € X let fo(6) = min(X \ (6 + 1)) and let f} be the first (in the canonical
well ordering of L) one-to-one function from fy(d) onto J; exist by the definition of

X. Let Cs be the first club of ¢ disjoint to S. For a € [w,w1), let §, = sup(X Na)
and let

B = {pr3(e,(,&) :e€Cs,, (= f&la(a), £e€As, ande > (, e > &}
Note that
(*) BZ is an unbounded subset of J, such that
(a) peSNna = [>sup(Binp),
(b) if ag,...,ap € [w,wy) \ {a} then BX \ZO B is unbounded in 4.
=1

ay

[Why? For (a), suppose that § € SNa is a counter example. Trivially, min(B%) >
min(Cy,), so v = sup(Cs, NP) is well defined. But C5, NS = () whereas 8 € S, hence
B ¢ Cs,. Also f < dq = sup(Cs,) and hence necessarily 5 > sup(Cs, N 3) = 7.
Now,

BN B C{prs(e, () re<yand (€ <e} C(y+y+7)" <p

(see the sefinition of B} and note that e < pr3(e, (£); the last inequality follows from
n
the fact that 5 € X). To show (b) suppose that 9 < do and choose § € Ay \ | Aq,-
=1

3750 we can “translate” it to be Borel
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Let ¢ = f§ (a) and let € € Cs, be large enough. So pry(e,(,€) € By (by definition)
and pr3(e, ¢, &) ¢ B}, (use the third coordinate) and prs(e, ¢, &) > € > 70.]
Let I, be the ideal of subsets of B} generated by

{BoNBi:w<B<wy, B#aU{B,NB: B <da}

Let Q be the set of finite functions p from w;y \ w to {0, 1,2} ordered by:
p < q if and only if p C ¢ and:

if & € Dom(p), 8 € Dom(q) N B \Dom(p)
then ¢(8) = p(a) V ¢(B8) = 2.

Claim 10.5.1. Q is a partial order.
Claim 10.5.2. For each « € [w,w1) the set T, = {p: o € Dom(p)} is dense in Q.
Proof of the claim: Let p € Q and suppose that o ¢ Dom(p). Let ¢ = p U

{(a,2)}.
Let f be the Q-name defined by I f = [J Go.
Claim 10.5.3. For a € [w,wr).
kg  “for some £ < 3, for any m < 3 we have
{BeB;: f(B)=m}#0 modZ, iff me {2,¢} "
Proof of the claim: Take p € Gg such that o € Dom(p) and let
B = B\ Dom(p)

so B = B;1,. Clearly, pl-*if 8 € B}, \ B, then f(8) € {2,p(a)} ”, hence

plkg “if m € {0,1,2} \ {2, p(a)} then m ¢ Rang(f [ (B, \ B)) ”.

Now, if B’ € Z,,, and p <q ¢ then there is v € A, \ B’ \|U{B; : v € Dom(q) \ {a}}
and hence ¢ U {(y,p(a))} as well as ¢ U {(v,2)} belong to Q and are above q.
Reflecting we are done.

Claim 10.5.4. One can define f from flw € “3.
Proof of the claim: Define f[a by induction on « € X using 10.5.3.
Claim 10.5.5. The forcing notion Q is nowhere essentially Cohen.

Proof of the claim: For every a* < w; and for every large enough v < wq, the
condition qg = {(v,2)} is compatible with every ¢ € Q such that Dom(p) C a*,
but ¢} = {(y,1)} is incompatible with it. Together with 10.5.4 we are done.

Claim 10.5.6. The Q-name f (for a real), hence flu, is nowhere essentially
Cohen.

Proof of the claim: By 10.5.4, 10.5.5, as obviously f is generic, i.e., G = {p:
pCf}

Claim 10.5.7. The forcing notion Q satisfies the demands in 10.5.
Proof of the claim: Check.
Claim 10.5.8. The forcing notion Q satisfies the c.c.c.
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Proof of the claim: Use “S C w is stationary” and clause (a) of (*), (that is, if
Pa € Q for a < wy, for each limit o € S we let

Yo = sup ({Bs N : B € Dom(p) \ {a} and 3 > w} U{Dom(ps) N a}),
so by (*)(a) we have v, < «, hence for some stationary S’ C S we have
aeS = vu=7"&p.la=p",

and wlog f < a € S’ = Dom(pg) C a. Now if a1, 0 € §’, then p = po, Upa, € Q
is a common upper bound of p,,,Pa,, as required. M5

Remark 10.6. (1) Of course, such forcing can make X; to be N{‘[n]. But it seems
that we can have such forcing which preserves the L, —cardinals (and even
their being “large” in suitable senses). For this it should be like “coding the
universe by a real” of Jensen, Beller and Welch [ABW82], and see Shelah
and Stanley [SS95].

(2) Instead of coding X;—Cohen we can iterate adding dominating reals or what-
ever.

Definition 10.7. (1) We say that forcing notions Qg, Q1 are equivalent if their
completions to Boolean algebras (BA(Qp), BA(Q;1)) are isomorphic.
(2) Forcing notions Qg, Q; are locally equivalent if
(i) for each py € Qp there are qg, ¢1 such that

Po<qo € Qo & q1 € Q1 & BA(Qo [ (= q0)) ZBA(Q1 (= q1))s
(ii) for every p; € Q there are g, g1 such that

g € Qo & p1 <q1 € Q1 & BA(Qo [(> q0)) = BA(Q1 [ (= q1))-

Now we may phrase the conclusions of 10.4, 10.5.

Proposition 10.8. (1) Assume @1 = (@5, p1) and @3 = (pE,p3) are as in
10.4. Then we can find @3 as there, only with the parameters of ¢, p2 and
such that:

(a) if in Ly, there is a last cardinal p (i.e., XY is a successor cardinal in
L), then Qg“’l is locally equivalent to

U{Q}a‘f s <, L, | pois the last cardinal},

(b) if in Ly, there is no last cardinal (i.e. XY is a limit cardinal in L),

then Q;:l is locally equivalent to
U{ng‘a : L, E « a cardinal}.
2

(2) In 10.4, 10.5(1) we can replace Ly, by Ly, [n*], n* € Yw.

(3) In 10.4, 10.5(1) we can replace Ly, by L, [A] where A C wy but have
N1 -snep instead of Ny-snep.

PROOF  Let ¢3,0(z) say

(i) = = (a%,B*%,a%,b%), a® = (af : £ < n%), ((Bep + kb < kf) + £ < n¥),
a” = ((af : k <kj):0<n®),a" = (af : £ <n"), b" = (b : £ < n"),

(i) af <Bfy<pBf,-.., and Lgg =“a’ the last cardinal”,

(iii) Lz =5¢10(07)"s Lag,, F"p2.0(af)” for £ <n”,
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(iv) Lgs,
(V) Tor., 0 (af,af,)".
Let B(z) = z. Let ¢31(z,y) say:

)
/671131 S g,y7

E“aj is a cardinal”,

(a)

(8) {af : € <n® and Lgy [=“af is a cardinal”} is a subset of {af : £ < n¥},

v) if %, is maximal in {af : £ < n% Lgv a¥ is a cardinal”} then
if a7, is maximal in {af : ¢ < n% Ly E“af i dinal} th
a” M(x) = a¥ [U(x), BT[L(x) = BYL(x), a®[L(x) = a’[L(x), b" [L(x) =
bY 1L (),

(8) oGy = gy,

(e) Bf(*) < ﬂ?(*) and LB;’(*) = 90(1),1(17?(*)’1)?(*))'

Now check. LR

Remark 10.9. Compare with 6.14.

Are such forcing notions nep? Generally not. E.g., (for Q from 10.3), if in
V, (Yw)l is not bounded (by any function from V) then for any candidate N,
there is an increasing sequence € (Yw)¥ not dominated by any f € (Yw)V;
let n* € “Yw be defined by n*(0) = 0, n*(n + 1) = n*(n(n) + 1). Then there
isv <n* ve [] (nn)+1) which is Cohen over N. So N[v] is a candidate,

n<w

N[v] = “IFp “n does not dominate v”. But
V El-p “n dominates n* hence v”.

Probably this is a general phenomena.

11. OPEN PROBLEMS

Problem 11.1. (1) Can we in [She94] weaken the assumptions (from Souslin
c.c.c.) to “Q is nep and c.c.c.”? (See [She05, §2] for partial answer.)
(2) Similarly in the symmetry theorem.
(3) Similarly other problems here have such versions too.

Problem 11.2 (von Neumann). Is every c.c.c. “w—bounding atomless forcing no-
tion a measure algebra? We may now rephrase: is the non-existence consistent?

A relative of the von Neumann problem is a problem which Fremlin [Fre| stresses
and has many equivalent versions (see [Fre| on its history). Half way between them
and our context is the following.

Problem 11.3. Assume Q is a Souslin c.c.c. “w-bounding forcing notion. Is every
Q-name of a new real essentially a random real?

Problem 11.4. (1) TIs it consistent that every c.c.c. forcing notion adding an
unbounded real adds a Cohen real? (See Blaszczyk and Shelah [BS01] for
a proof of the o-centered version).
(2) If P satisfies [She94, 1.5], does it imply P adds a Cohen real?

Problem 11.5. Are there any symmetric (or (< w)-symmetric) c.c.c. Souslin forc-
ing notions in addition to Cohen forcing and random forcing?
[“Yes” here implies “no” to 11.3 so not of present interest.]
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Problem 11.6 (Gitik and Shelah [GS89], [GS93]). (1) Assume I is an ®y—complete
ideal on r such that P/I is atomless. Can I* (as a forcing notion) be a
c.c.c. Souslin forcing generated by a real?

(2) Replace Souslin by “definable in an (H<,(0), €,B), B has universe x or
Ho(k), and I is (0 + k) T—complete (see [GS89]).

(3) Generalize the results of the form “if P(k)/I is the measure algebra with
Maharam dimension p (or is the adding of p Cohen reals) then A is large
enough”, see [GS93], [GS01] for those results.

(4) Combine (2) and (3).

Problem 11.7. When do iterations (CS,FS) of Souslin c.c.c. forcing notions not
adding a dominating real have this property? Is each almost “w-bounding? (See
[S*]; generally try to continue 7.9, replace “n* is generic real for (N, Q,7)” by less].

Problem 11.8. (1) Is there a pair (Q,r) such that:

(a) IFg“r € “2 is new no-where Cohen”,

(b) if P is a Souslin c.c.c. forcing notion with no P-name 7’ of a real such
that the forcing notion Bp(r’) is “w-bounding but P adds a nowhere
essentially Cohen real,
then forcing with P adds a (Q,r) real, i.e. for some P-name 1 for a
real we have I-p“for some G” C QV generic over V, 7' [Gp] = r[G"]”".

(2) As above, P is o—centered.

(3) If P is a Souslin c.c.c. forcing notion adding new reals but not adding a real
r" with Bp(r’) being “w-bounding,
then forcing with P adds a new real r”’ such that Bp(r”) is o—centered.

Problem 11.9. Develop®® the theory of “definable forcing notions” when we allow
an ultrafilter on w as a parameter.

Problem 11.10. Does nep#snep? (The case § = k = Ry, of course.)

Problem 11.11. Try to generalize our present context to A—complete forcing no-
tions (see Rostanowski and Shelah [RS01], [RS07]). Is AT-c.c. preserved by (< \)—
support iterations of such forcing notions?

Problem 11.12. When does QV <o QVW?

Problem 11.13. Does Ax,,, [(R,R;)-nep] imply 280 = Ry?

Or does Ax,,, [nep] imply 2% = Ry?
[The parallel question for Souslin proper was formulated in Goldstern and Judah
[GJ92]]

Two other relatives of 11.3 are

Problem 11.14. Assume Q is a Souslin c.c.c. forcing notion which is snep and
even “z € Q7, “z <®y”, “{p, : n < w} predense above ¢'” are ¥} relations. Does
Q add Cohen or random real?

Problem 11.15 (Judah). Can a Souslin c.c.c. forcing notion add a minimal real?
(Note: this is of interest only if the answer in 11.3 is NO and/or the answer to
11.16 is NO.).

We may also ask:

38But see [SS95].
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Problem 11.16. (1) Let Q be a Souslin c.c.c. forcing notion and Ikg “r € “2”.
Is B2(Q, ) also a Souslin c.c.c. forcing notion?
(2) Similarly for nep c.c.c.
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List of defined concepts
absolute
absolute nep
absolutely through (B, p, 0)
absolutely upward
cin K¢
Co
cl (Ch, CZQ, Clg)
candidate
set—candidate
class—candidate
semi candidate
Q-candidate
c.c.c nep
strong c.c.c. nep
Cohenpy
(somewhere) essentially Cohen
commute
weakly commute
correct
D, a filter, D = Dy, (H(x))
Dy
essentially explicitly (N, Q)-generic
explicit
nep explicitly predense
nep
equivalent (forcing)
explicitly (M, Q) generic
frame
good (ZFC, is good, K—good)
G generic
N{(G)
(G
generic / (M, Q)—generic
hc, hereditary countable
hc—k—P-name
I(Q,y)
IRy

dx
I(Q%y)

5.10
7.2

7.2
7.2
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impolite 1.2
influential 9.4
K (family of forcing) 0.4(10)
K family of pairs (Q, 1) 6.2(1)
Joex i 6.4
e 9.1(2)
local
nep 1.11(2)
snep 1.11(1)
nep 1.1(3)
nep iteration 5.18
straight nep 5.13
nice 4.5
ZFC, nice to 4.5
normal 1.15(31)
semi normal 1.15(4 1)
weakly normal 1.15(5 1)
pair (on (Q, 7)) 6.1
Q 1.3
Q is nep 1.3(7)
(Q,n) 6.1
Q 5.18
Q 5.7
QM 8.1(1),(2)
Q™ 8.1(3)
DN, PN [G} 9.10
polite 1.2
R[q] 9.9
simple 1.3(5)
snep 1.9(1)
Souslin proper 1.13
straight 5.13
strong 6.12(1)
symmetric ([n]-) 8.5(1)
temporary, temporarily
nep 1.3(1)
snep 1.9(1)
witness 5.13(2)
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Glossary

§0  Introduction
0.1 Thesis : General theory, particularly iterated forcing.
0.2 Question : Can we have non elementary properness (nep)?
0.3 Thesis : Nice forcings are nep.
0.4 Notation
§1  Basic Definitions
1.1 Definition :
(1) Fix ZFC], €, a, B, (D), p,
(2) class (B, p,#)—candidate,
(2a),(2b) politeness and €—candidates,
(set) candidate,
semi candidate (no countability),
omitting parameters,
upward absolute; and absoluteness through candidates,
@ define X absolutely through. . ..

e e e T

3
4
5
6

~—_ DT

(7

1.2 Discussion
1.8 Definition :

(1) temporary (k,8)—definition of nep,
explicitly nep,

pd(N,Q),

K-nep,

simple,

very simple,

Q is nep, Q—candidate, ...,
explicit predenseness,

class=set frame,

) correct.

—~
=~~~ o~~~

—~

1.3a Convention (in the correct case)
1.3¢ Convention : Q instead of (9B, @, 0).
1.3¢ Remark
1.6 Discussion
1.9 Definition :
(1) snep (T a temporary (,6)-definition of snep forcing),
(2) explicit,
(3) “Qis snep”, “N is a Q-candidate,
(4) n witness v € Q.

0.5 Remark
1.11 Definition :

(1) local (snep),
(2) local (nep).

1.12 Discussion
1.18 Definition : Souslin proper.
1.15 Definition :

(1) ZFC, is K—good (for €, for (B, p, ),
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(2) omitting K,
(3) normal (for ZFC, ),
(4) semi normal,
(5) weakly normal,
(6),(7) several (B, p,0)’s replaced by Q.

1.16 Discussion
1.17 Proposition :
(1) Equivalence to “explicitly’” nep (under good ZFC, ),
(2) “absolutely through” and “weakly absolutely” (from definition 1.3)are equiv-
alent for normal ZFC, .

1.18 Proposition
1.19 Discussion
§2  Connections between the basic definitions
2.1 Proposition : We note the the very obvious implication (so Souslin proper =
snep = nep; in 2.1) and note what what occurs when we replace 8 by B’ in which
it is definable.
2.2 Proposition : We can replace 28 by B’ if B is interpretable in B’ hence we can
increase k, 6 and add simple.
2.8 Proposition : If kK > N; nep implies snep (in the correct very simple case,
preserving explicitness; simplicity is enough).
2.4 proposition :
(1) Correctness normally follows.
(2),(2a),(3) We relate “p € Q’, in different universes the satisfaction of p <g ¢, being
candidate”, “explicitly predense” and “explicitly generic”.
(4),(5) Being nep is preserved shrinking the universes.

2.6 Proposition : Similar implications for snep.
2.7 Proposition : Under Locality, nep/snep is preserved when we increase the uni-
verse.
2.9 Proposition :
(1) When for a snep definition we can add explicitly,
(2) Souslin proper implies nep, even snep.

2.10 Definition : “q’ is essentially (N, Q)—generic”.

2.11 Proposition:
(1) There is essentially generic above any generic (for (V,Q))),
(2) essentially explicitly generic implies generic.

2.12 Proposition : Can “collapse” N over ordinals.
2.14 Proposition :
(1) Translating snep to nep preserves local,
(2) Localness holds usually (ZFC, strong enough, Q correct explicitly nep).

84  Preservation under iteration: first round
4.8 Definition :

(1) N(G),

(2) 7.

4.4 Definition :
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(1) K-absolutely nep,
(2) no K means set forcing [better or “small” for ZFC_].

4.5 Definition :
(1) ZFC; is nice to xi,
(2) Q is nice (ZFC; to Q).

4.7 Proposition : Forcing theorem for 4.7.
4.4A Remark
4.8 Proposition : CS iteration Q of nep forcing has main property of nep.
4.9 Definition : Interpreting Q inside a candidate N.
4.10 Remark
85  True preservation theorems
5.1 Notation : pdg(N) = pd(N, Q).
5.2 Definition : cl(Q).
5.2A Remark
5.4 Proposition :
(1)—(3) cl(Q) is nep too,
(3) cl(Q) is snep too.

5.5 Remark :
5.6 Discussion :
5.7 Definition :
(1) ch(Q),
(2) ¥[G] for G generic,
(3) Q= ch(Q),
(4) c5(Q).

5.8 Proposition : Properness inherited by clg((@)7 for £ =1,2,3.
5.9 Remark
5.10 Definition : hc—x—P-name (hc = hereditarily countable).
5.12 Proposition :

(1) plF“7[G]...” for 7 he—k—P—name,

(2) in V[G],

(3) closure of the hc—x—P-name.

5.18 Definition :

(1) straight (nep Q),
(2) witness.

5.14 Proposition :
(1) straight = simple,
(2) correctly = straight.

5.18 Definition/Theorem : Iteration theorem for nep.

5.19 Proposition : The iteration in 5.14 is equivalent to CS iteration.

5.22 Proposition : More on 5.19.

5.24 Proposition : Forcing axioms.

5.26 Proposition : Generalising to having §%, pure extension, and have finite a
pure support

See https://shelah.logic.at/papers/630/ for possible updates.
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§6  When a real is (Q,n)-generic over V
6.1 Definition : (Q,n)
6.2 Definition : )

(1) Properties of (Q,n),

(2) nis (Q,y)fgenerié over N,

(3) n=n[W]is he.

6.3 Definition : (Q,n) or (Q, W) is a temporary explicit (8, 0, o, 7)-pair (main case
c=w,TE(2w).

6.4 Definition : K , . family of such (Q, 7).

6.5 Proposition : When the subalgebra of BA(Q) which 1 generates is a <o
subalgebra (and properness preserved). )

6.6 Proposition : The “Q has c.c.c.” has good consequences

6.7 Proposition : We can replace Q by Q[ (> q).

6.8 Fact : What is preserved by K—forcing.

6.9 Proposition : Absoluteness of being “(Q,n) —generic over M”.

6.10 Proposition : When Q has enough c.c.c., if v is (Q, n)—generic over Ny then
also over N when Ny C N5. .. -

6.11 Remark

6.12 Definition :

(1) Strong c.c.c. nep,
(2) c.c.c. nep.

6.13 Proposition :

(1) For Strong Q, N1 C Ny if i is (Q, n)—generic ever Ny then also over Na.
(2) By normality temporarily c.c.c. is upgraded to c.c.c.

87  Preserving a little implies preserving much
7.1 Convention : Q explicitly nep, n he-Q-name, B-definable.

7.2 Definition : We define the ideal I(q,y), I{g ) I(déin) (and IT).

7.3 Definition : P is Ig,,)—preserving, strongly, weakly, super.

7.4 Proposition : Basic properties of the ideals from 7.3.

7.5 Proposition : Basic properties of the preservation properties from 7.3.

7.5A Comment : Difference between preserving and strong preserving, “artificial”
examples.

7.7 Proposition : Absoluteness of g I-g“n belongs to the (Borel) set A”, and exis-
tence of (Q, n)—generics. )

7.8 Proposition : For c.c.c. Q, equivalent conditions for X € I(eéw).

7.9 Theorem : If you preserve some you preserve all.

7.10 Remark

7.11 Example : For not so nicely definable forcing the parallel of 7.9 fails.

7.18 Proposition : Assuming mainly c.c.c. the condition (¢)* can be omitted (using
just the related (c)).

7.14 Proposition : A variant of 7.9.

8.14A Claim : c.c.c. nep.

7.16 Conclusion : Under Strong c.c.c., composition of two I(q,,)—preserving forcings
is I(q,,—Ppreserving too. i

§8  non-symmetry
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8.1 Hypothesis : Q correct c.c.c. simple, strongly c.c.c. —nep, n hc for ZFC, good
enough. )
8.2 Hypothesis : Like 8.1 with snep.
8.3 Definition :
(1),(2) Q! is the limit of FS iteration of Q of length a, g[a] =(nii<a),
(3) Q) nt®) similarly for FS product,
(4) natural mappings.

8.4 Proposition : Basic properties.
8.5 Definition :

(1) Q is [n]-symmetric,

(2) @,7), (@Q",79"),

(3) weakly commute.

8.6 Proposition : Basic properties.
8.7 Proposition :
(1) 1f Q~!, Cohen do not commute then Q™, Cohen do not commute for some

n?
(2) similarly Q(), Q™

8.8 Proposition :

(1) if Q| Cohen do not commute then Q, Cohen do not commute,
(2) equivalent conditions to commuting with Cohen,
(3) on generalising.

89 Poor Cohen only commutes with himself
9.1 Definition :

(1) z is [somewhere] essentially Cohen (Q-name),
(2) (@) e £
9.2 Hypothesis : (Qn) € K™¢ and more.
9.3 Definition :
(1) D =D<n,(H(x)), the club filter,
(2) Co.
9.4 Definition : g € Q is influential on a € Cy.
9.5 Proposition : For every a € Cy some g € Q is influential in fact densely.
9.6 Choice : p= (pg : a € Cp)
9.7 Definition :
(1) A[R] for RCQ,
(2) Dp = Do,
(3) Rlql.
9.8 Fact :
(1) Dp is Ry—complete,
(2) RCQ = ReDf + AR €D

9.9 Proposition : If D then R®{q € Q: R[q] € D;f } is dense in Q.
9.10 Definition :
(1) Cohenpy,
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(2) pldl.

9.11 Proposition : Properties of Coheny, pgg].

9.12 Proposition : If Q is Souslin c.c.c. then Q! and Cohen do not commute.
9.13 Conclusion : If Q is Souslin c.c.c., (and (Q,n) € K¢ etc. of 9.2) then Q do
not commute with Cohen. )

9.14 Proposition : Finding ZFC, as in 9.2.

9.15 Conclusion : If Q is a Souslin c.c.c. not Yw-bounding but add an essentially
non Cohen real then Q does not commute with itself.

9.16 Conclusion : If Q is Souslin c.c.c. adding non essentially Cohen real then Q
make old real meagre.

8§10 Some c.c.c. nep forcing notions are not nice enough :

10.1 Proposition : If Ny = NlLW] then some nice c.c.c. forcing commute with Cohen
but are not essentially Cohen.

10.8 Proposition : “Not adding dominating real” is not preserved by composition
of two quite nice forcings.

10.4 Proposition : Sufficient conditions to translate a forcing defined in L, to a
Borel one (so getting more examples as above).

10.5 Proposition : if X; is not so large in L, then we can define in L,,, a c.c.c., nis
nowhere essentially Cohen, but Q commutes with Cohen and Q fits 10.4. )
10.6 Remark

10.7 Definition : When Qq, Q; are equivalent.

10.8 Proposition : On defining nice forcing Q through Ly, .

§10 Open problems
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