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SWEET & SOUR AND OTHER FLAVOURS OF CCC FORCING
NOTIONS

ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

ABSTRACT. We continue developing the general theory of forcing notions built
with the use of norms on possibilities, this time concentrating on ccc forcing
notions and classifying them.
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0. INTRODUCTION

The present paper has three themes. First, we continue the research started
started in Judah, Rostanowski and Shelah [JRS94] and Rostanowski and Shelah
[RS99], [RS97], and we investigate the method of norms on possibilities in the
context of ccc forcing notions, getting a number of constructions of nicely definable
cce forcings. Most of them belong to the class of nep—forcing notions of Shelah
[She04], [She06], [She05] (giving yet more examples to which the general theory
developed there can be applied).

The second theme of the paper is a part of the general program “how special
are random and Cohen forcing notions (or: the respective ideals)”. Kunen (see
[Kun84, Question 1.2]) suspected that the null ideal and the meager ideal on 2%
can be somehow characterized by their combinatorial properties, but in [RS97] we
constructed o—ideals (or rather forcing notions) that have nice properties, however
are different from the two. (But see also Kechris and Solecki [KS95] and Solecki
[Sol99] for results in the opposite direction.) Shelah [She94] shows that the two
forcing notions may occupy special positions in the realm of nicely definable forcing
notions. In this realm we may classify forcing notions using the methods of [She04],
[She05] and, for example, declare that very Souslin (or generally w—nw-nep) ccc
forcing notions (see 1.3.1) are really nice. Both the Cohen forcing notion and the
random forcing notion and their FS iterations (and nice subforcings) are all ccc
w-nw-nep, and [She00a, Problem 4.24] asked if we have more examples. It occurs
that our method relatively easily results in very Souslin ccc forcing notions (see
1.3.4(3), 1.5.8(2), 1.5.11, 1.5.15(3)).

The third theme is sweet & sour and it is related to one of the most striking
differences between the random and the Cohen forcing notions which appears when
we consider the respective regularity properties of projective set. In [She84], Shelah
proved that the Lebesgue measurability of 2% sets implies wy is inaccessible in L,
while one can construct (in ZFC) a forcing notion P such that V¥ |= “projective
subsets of R have the Baire property”. The latter construction involved a strong
version of ccc, so called “sweetness” (see 4.1.2). The heart of the former result is
that the composition of two Amoeba for measure forcing notions is sour (see 4.3.2)
over random. Also from a sequence of wq reals we can define a non-measurable set,
but not one without the Baire Property.

It seems that sweet—sour properties of forcing notions could be used to classify
them as either close to Cohen or as more random-like. Again, our methods result
in examples for both cases. Surprisingly, there are sour examples which may appear
to be not so much different from the sweet ones - see 4.4.3.

Let us postpone the discussion of the general context of this paper till Epilogue,
when we can easier refer to the definitions and notions discussed in the paper. (But
the curious reader may start reading this paper from the last section.)

We try to make this work self contained, citing the most important definitions
and results from [RS99], [RS97] whenever needed. However, at least superficial
familiarity with those papers could be of some help in reading this paper.

0.1. The content of the paper. Like in [RS99], the basic intention of this paper
is to present “the general theory” rather than particular examples. Therefore, we
extract those properties of an example we want to construct which are responsible
for the fact that it works and we separate “the general theory” from its applications.
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But to make the paper more readable, in most cases, we sacrifice generality for
clarity.

In the first section we uniformize and generalize the constructions of [JRS94]
and [RS97]. We investigate the complexity of the resulting forcing notions as well
as properties like “adding unbounded reals”, “preserving unbounded families”, etc.

The next section introduces more ways in which creatures (or tree—creatures) can
be used to build ccc forcing notions. We discuss mixtures with randoms, some rela-
tives of the Universal Meager forcing notion, as well as as “artificial” modifications
of previously introduced forcings.

The third part formalizes definitions of o—ideals corresponding to our forcing
notions.

The following section discusses sweet—sour properties of our forcing notions. We
recall the notions of sweetness and introduce yet another sweet property, and we
show that very often our constructions are (somewhat) sweet. However, there are
exceptions to this rule. So we define some strong negations of sweetness (sourness)
and we show how our schema may end up with very sour results.

Finally, the last section is (in some sense) a continuation of the introduction.
We discuss the results of the paper and formulate some problems.

0.2. Notation. Most of our notation is standard and compatible with that of clas-
sical textbooks on Set Theory (like Bartoszynski and Judah [BJ95]). However in
forcing we keep the convention that a stronger condition is the larger one.

Basic NoTATION: In this paper H will stand for a function with domain w and
such that (Ym € w)(JH(m)| > 2). We usually assume that 0 € H(m) (for all
m € w); if it is not the case then we fix an element of H(m) and we use it when-
ever appropriate notions refer to 0. Moreover we demand H € H(w;) (i.e., H is
hereditarily countable.

MORE NOTATION:

(1) R2% stands for the set of non-negative reals. The integer part of a real
r € R20 is denoted by [r].

(2) For two sequences 1, v we write v <1 ) whenever v is a proper initial segment
of n, and v < i when either v < or v = 1. The length of a sequence 7 is
denoted by 1h(n).

(3) A treeis a family T of finite sequences such that for some root(T) € T we
have

(Vv € T)(root(T) <v) and root(T)dvIneT = veTl.

For a tree T, the family of all w—branches through T is denoted by [T'], and
we let

max(T") ef {v € T: there is no p € T such that v < p}.
If i is a node in the tree T then

sucer(n) = {veT:n<v&lh(v)=1h(n)+1} and
7] = {veT:nAv}.

(4) The quantifiers (V*°n) and (3°°n) are abbreviations for
(m ew)(Vn>m) and (Ym € w)(In > m),

respectively.
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(5) Foraset X, [X]S%, [X]<¥ and P(X) will stand for families of countable,
finite and all, respectively, subsets of the set X. The family of k-element
subsets of X will be denoted by [X ]k The set of all finite sequences with
values in X is called X <% (so domains of elements of X <% are integers).
The collection of all finite partial functions from w to X is X<,

(6) For a relation R (a set of ordered pairs), dom(R) stands for the domain of
R and rng(R) denotes the range of R.

(7) The Cantor space 2% and the Baire space w* are the spaces of all functions
from w to 2, w, respectively, equipped with the natural (Polish) topology.

(8) For f,g € w¥ we write f <* g (f <* g, respectively) whenever (V*°n €
@)(f(n) < g(n)) ((¥°n € w)(f(n) < g(n)), respectively).

(9) For a forcing notion P, T'p stands for the canonical P-name for the generic
filter in P. With this one exception, all P-names for objects in the extension
via P will be denoted with a dot above (e.g. 7, X). The weakest element of
P will be denoted by (p (and we will always assume that there is one, and
that there is no other condition equivalent to it).

W

0.3. Some classical examples of ccc forcing notions. Many classical ccc forc-
ing notions for the reals are covered by the general methods introduced in this
paper. Let us recall some of those forcing notions and point to which cases of our
method they belong.

Often, a forcing notion for the Reals fits the following pattern. A condition
determines an initial segment of the generic real W and it puts some restrictions
on possible further extensions of the initial segment. When we pass to a stronger
condition we extend the determined part of the generic real and we put more
restrictions on possible extensions. To guarantee that the forcing notion satisfies
the ccc we require that the set of allowed values for W (n) is “large” (and “large”
sets are supposed to behave somewhat like a filter). Let us look at two most
popular examples: the Hechler forcing notion D and Miller’s Eventually Different
Real forcing notion E.

A condition in I is a pair (s, f) where s € w<% and f € w"¥ are such that s C f;
the order of D is defined by

(s, f)<p (¢, f) ifand onlyif sC s and (Vn <w)(f(n) < f'(n)).

A condition in E is a pair (s, F) where s € w~% and () # F € [w¥]<%; the order
of E is defined by

(s, F) <g (', F’) if and only if sCs', FCF' and
(Vn € [Ih(s),Ih(s")))(Vf € F)(s'(n) # f(n)).

In both examples the part of the generic real decided by a condition is the first
coordinate s. Let us look at the restrictions on possible extensions: in D, a condition
(s, f) says that (basically) the generic real Wp € w* extends s so that it never gets
below f, i.e., Wp(n) > f(n) for all n. Thus, the possible values of Wi (n) (from
point of view of (s, f) € D) are elements of the set {m € w: m > f(n)}. Similarly,
in the case of E, a condition (s, F) in this forcing decides that the generic real
W € w¥ extends s and satisfies Wg(n) ¢ {f(n) : f € F}.

Both D and E could be represented as follows. A condition is a sequence
(s, A, A1, As,...), where s € w<% and () # A, C w, and the sets A, are “large”

See https://shelah.logic.at/papers/672/ for possible updates.
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in appropriate sense (see later). The order is such that

s ) < (s if and only 1
( aA07A1aA27 ) ( /7A6’A/17A/25 ) f y f
5 C s, (Vn € [Ih(s),Ih(s"))(s'(n) € Ap_in(s)) and
(Vn < w)(A], C Akyn), where k =1h(s") — lh(s).

The difference between DD and E comes from deciding the meaning of “large”: for
the former forcing we just demand that all sets A,, are co-finite, in the case of E we
demand that the sets w\ A,, are finite and their sizes have a common upper bound.
Thus the two forcing notions fit the scheme of subsection 1.1 for local creating pairs
(so no ¥4; in relation with E see Example 1.5.9).

In a similar way we may look at the Mathias forcing with an ultrafilter. Let D
be an ultrafilter on w. A condition in the forcing notion Mp is a pair (u, B) such
that u € [w]~%, B € D and max(u) < min(B). The order of Mp is such that

(u,B) < (v/,B") ifand only if wCwu', B'C B, and v \uC B.

We may think of this forcing notion as adding a real WMD € 2% and then treat
conditions in the forcing as sequences (s, Ag, A1, Ag,...), where s € 2<% A, €
{{0},2} and “large” means “equal to 2”, but here we demand also that A,’s are
large on a set from the ultrafilter. This type of constructions is considered in the
first part of subsection 2.2.

But we have also ccc forcing notions with conditions of a different nature: forcing
with trees. Let us recall the “Laver with an ultrafilter” forcing notion. Suppose
that D is an ultrafilter on w. A condition in Lp is a tree T' C w<% with root
root(T) and such that if v € T then the set {n : v"(n)} is in D. Thus again,
we may think that a condition T' € Lp gives us a finite part of the generic real
Wi, (it is root(T)) and then it gives some possibilities for the successive values
of Wi, (n), but this time the possibilities for W, (n) depend on Wi, [n. Still, if
v € T (so it may be the initial segment of I/V]LD)7 then the set of all possible values
for Wi, (Ih(v)) is “large” - it belongs to the ultrafilter D. Note also that conditions
T € Lp may be thought of as systems (4, : v € T') where A, = succr(v) (and our
demand is that each A, belongs to D). This is exactly the setting of subsection
1.2. (The particular case of Lp is also covered by the construction of subsection
2.1.)

Yet another type of classical ccc forcing notions is represented by the Universal
Meager forcing UM. A condition in UM is a pair (N, T) where N < w and T' C 2<%
is a tree such that [T] is a nowhere dense subset of 2. The extension relation is
defined by

(N,T) <gm (N, T") ifandonly if N <N, TCT', and T'N2=Y = 72=H,

The generic object here is a nowhere dense subtree of 2<%, and to really reflect all
the properties of this type of forcing notions, in subsection 2.3 we introduce another
variation of our method: tree forcings determined by universality parameters. (For
the representation of UM as one of those forcing notions see Example 2.4.7.)

1. BUILDING SOUSLIN CCC FORCING NOTIONS

In this section we will review methods for building ccc forcing notions announced

or present in some form in [JRS94], [RS99], and [RS97].
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1.1. Glue and cut — the method of [Sh:628]. Here we re-present the method
of building ccc forcing notions with use of (semi-) creating triples from [RS97]. We
will slightly modify the definitions loosing some generality. However, we will gain
more direct connection to the method of [RS99] and (hopefully) a better clarity
of arguments. Note that the main difference is that here we do not worry about
“the permutation invariance” of our forcing notions, so the creatures get back their

My, Mi, (and they are like those of [RS99)]).
Definition 1.1.1. Let H: w — H(w1).

(1) (See [RS99, Def. 1.1.1, 1.2.1]) A creature for H is a triple
t = (nor, val, dis) = (nort], val[t], dis[t])

such that nor € R=°, dis € H(w1), and for some integers mf, < mflp <w

0 # val C {{u,v) € H H(i) x H H(i) :u < v}
i<mb i<mi,
The set of all creatures for H will be denoted by CR[H ], and for my <
my < w we let CRypgm, [H] = {t € CR[H] : mfy, =mo & ml,, =m1}.
(2) (See [RS99, Def. 1.1.4, 1.2.2, 1.2.5]) Let K C CR[H]. We say that a func-
tion ¥ : [K]<¥ — P(K) is a composition operation on K whenever the

following conditions are satisfied.
(a) If S € [K]<% and Z( ) # 0, then for some enumeration S = {to, ..., %}

we have mli, = m5+ for all i < k [from now on, whenever we write
¥(to, .- .,tx), we mean the enumeration in which ml, = mg‘f] and
(b) if s € S(to,...,tx), then m3, = mf and my, = mik, and

(c) t € X(¢t) for each te K, X(0) =0, and
(d) [transitivity] if s; € E(té, ..., t}.) (for i < n), then

2(507...,sn)§2(t§-:ign&jgki),

(e) [niceness & smoothness] if s € X(to, ..., 1), mi, = mi+ (for i < k),
then dom(val[tg]) = dom(val[s]) and

(V{(u,v) € vals])(Vi < k)((vIm§,,vIml) € vallt;]).

(3) (See [RS97, Def. 1.1]) A function L+ : K — [K]<% \ {0} is called a
decomposition operation on K if for each t € K:

(a)t if S € BL(t), then for some enumeration S = {sq,...,s;} we have
mi, = my (fori < k) [from now on, if we write {so, ..., sp} € 4(¢),
we mean the enumeration in which m$i, = mJ;"'], and

(b)* if {so,..., s} € BH(t) then my, = mfy,, m3k =mt,

(O {1} € B4,

()t [transitivity] if S = {s0,...,sk} € B (t) and S; € Bt (s;) (for i < k),

theHS()U...USk GEJ'()
()t if {so,..., sk} € (L), mi = my" (for i < k), then

dom(val[t]) = dom(val[sg]) and (Vi < k)(rng(val[s;]) € dom(val[s;{1])),
and

{{u,v) : u € dom(val[sg]) & u < v & (Vi < k)((vImy,,vImy) € vals;])} C vallt].
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(4) If K C CR[H] and X is a composition operation on K, then (K, X) is called
a creating pair for H. If, additionally, =1 is a decomposition operation on
K, then (K,%,¥1) is called a ®—creating triple for H.

(5) Iftg,...,t, € K aresuch that my, = my+ (fori < n) and w € dom(vallto)),
then we let

pos(w, to, ..., tn) e {ve H H(j): w < v & (Vi < n)((vlmb,,vimi) € vallt;])}.
j<m€\7}’;
Definition 1.1.2. Let (K, %, %) be a ® creating triple for H. We say that
(1) 4 is trivial if $+(t) = {{t}} for each t € K;
(2) (K,X) is simple if $(8S) is non-empty for singletons only; if additionally ¥+
is trivial, then we say that (K,%, %1) is simple;
(3) K (or (K,X) or (K,%,%4)) is local if m!, = mf, + 1 for each creature
t € K (so then necessarily (K,Y, %) is simple);
(4) K is forgetful if for every creature t € K we have

[(u,v) € vallt] & w € H H(i)] = (w,w vl[my,, my,)) € valt];
i<mb
(5) K is full if dom(val[t]) = ][] H(i) for each t € K.
i<mb,
Definition 1.1.3. [See [RS99, Def. 1.1.7, 1.2.6], [RS97, Def. 1.3]] Let (K, %, %4) be
a ®—creating triple for H and let C(nor) be a property of w—sequences of creatures

from K (so C(nor) can be thought of as a subset of K“). We define a forcing
notion Qé(nor)(K, ¥, ¥4 as follows.

A condition in Q¢ (K, X, 1) is a sequence p = (w?, 5,7 t5,...) such that

» P

(a) t¥ € K and ma, = m;’gl (for i < w),

(b) w € dom(val[th]) and (t5,¢7,t5,...) € C(nor),

(¢) pos(wP,tg,...,t7) € dom(valt}, ,]) for each i < w.
Qj(K, %, 5+) is defined similarly, but we skip the demand “(¢5,¢7,...) € C(nor)”
in clause (b) above (or we just let C(nor) = K%“; it is perhaps unfortunate to use
() in this context, but that notation was established in [RS99]).
The relation < on Q(’E(HOT)(K7 ¥, %4) is given by:  p < ¢ if and only if
(wi,td,t],t1,...) can be obtained from (w?,t, ], t5,...) by applying finitely many
times the following operations (describing the operations, we say what are the re-
sults of applying the operation to a condition (w, to, t1,t2,...) € Qz(nor) (K,%,%4)).

Deciding the value for (w,tg,t1,ta,...):
a result of this operation is a condition (w*,t,,tnt1,tnt2,-..) € Qz(nor)(K, ¥, 5h)
such that w* € pos(w, tg, ..., t,—1) for some n < w.

Applying ¥ to (w, to,t1,t2,...):
a result of this operation is a condition (w,15,17,43,...) € Q¢(yer) (K, 2, 1) such
that for some increasing sequence 0 = ng < n; < ng < ... < w, for each i < w, we
have t§ € X(tn, .- tn,y—1)-

Applying 3+ to (w, to,t1,ta,...):
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a result of this operation is a condition (w, t§,t5,t5,...) € QZ’(nor) (K,%,%%) such
that for some increasing sequence 0 = ng < n; < ng < ... < w, for each i < w, we
have {t;, ,...., 5, _1} € Y ().

Remark 1.1.4. In the definition of the relation < on Qg o (K, %, 1) we do require
that the intermediate steps satisfy the norm condition C(nor). However, one may
consider a variant when the intermediate stages are just from Qg (K, 3, ¥4). Many
properties of the resulting forcing notion will remain unchanged.
If ¥+ is trivial we may omit it; note that then we are exactly in the setting of
[RS99, §1.2].
Definition 1.1.5. We will consider the following norm conditions C(nor):
e A sequence (t; : i < w) satisfies C*°(nor) if lim nort;] = co
1—00
[the respective forcing notion is called Q¥ (K, X, X4)].
o Let F C w¥; a sequence (t; : i < w) satisfies C” (nor) if
(3f € F)(¥i € w)(nor[t;] > f(mg,))

[the respective forcing notion is denoted Q% (K, X, X1)].
o Let f:w xw — w;asequence (¢; : i < w) satisfies C/ (nor) if
(¥ € w)(¥i € w)(morlti] > f(n,mf,))
[the respective forcing notion is denoted Q; (K,%, %4

We will consider the norm conditions C” (nor), Cf (nor) only for h—closed families
F and fast functions f, see 1.1.6 below. Later we will introduce more methods for
building ccc forcing notions, including more norm conditions.

Definition 1.1.6. (1) A function f : w x w — w is fast if
(Vk, 0 € w)(f(k,0) < F(k, £+ 1) & 2- f(k,0) < f(k +1,0)).
(2) A function h : w X w —> w is regressive if
(Vm € w)((Vk > 1)(1 < h(m, k) < k) & (Vk < £ < w)(h(m, k) < h(m, £))).

(3) Let h:w x w — w. We say that a family F C w® is h—closed if for every
f € F there is f* € F such that (V°n € w)(f*(n) < h(n, f(n))).
(4) A family F C w% is >*—directed if

(Vfo, fr e F)BST € F)(Vn € w)(f*(n) < min{fo(n), f1(n)})-
Similarly we define <*-directed families (just reversing the inequality).

Remark 1.1.7. Let f(n,m) = 22" (for n,m € w). Then the function f is fast and
the norm conditions C/ (nor) and C*(nor) agree (and thus Q(K, %) = Q% (K, %)
for a local creating pair (K,X.)). In practical applications, when we consider the
norm condition C/(nor), the function f is such that f(n,m) < f(n,m +1) (for all
n,m € w) and thus the norm condition Cf(nor) is stronger than C>(nor).

Proposition 1.1.8. If (K, %, %4) is a ®-creating triple for H, C(nor) C K¥, then
Q;(nor)(K, ¥, 1Y) is a forcing notion (i.e., the relation < of QZ(nor) (K,%,%4) is
transitive ).
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Definition 1.1.9. [See [RS99, Def. 1.2.4]] Let (K, ¥, ¥1) be a ®@—creating triple for
H. We define finite candidates (FC) and pure finite candidates (PFC) with respect
to (K,%,%4):
FO(K,%, 51 = {(w,tg,...,tn) : w € dom(valltg]) and for each i < n :

ti € K,ml, = =my*t and pos(w, to, ..., t;) € dom(vallt;11])},

PFC(K,%, %) = {(to, ..., tn) : Gwedom(vallto]))((w,to,...,t,) € FC(K, %, X))}
We have a natural relation < on FC(K,¥,X1) (defined like in 1.1.3). [Note that
¥, ¥+ have no influence on FC(K, X, 1), that is they are not present in the defini-
tion of finite candidates, and we could have written FC(K, ¥) or FC(K). However,
they come to the game when the relation < on FC(K, X, %) is considered.]

A sequence (tg,t1,to,...) of creatures from K is a pure candidate with respect
to (K, ¥, 54 if

(Vi < w)(mbi, = mﬁfn“) and
(Jw € dom(val[t))) (Vi < w)(pos(w,to, ..., t;) C dom(val[t;y1])).

The set of pure candidates with respect to (K, X)) is denoted by PC(K, ¥, ¥+). The
relation < on PC(K, X, ¥%1) is defined naturally.

For a norm condition C(nor) the family of C(nor)-normed pure candidates is

PCe¢mor) (K, X, ¥y = {{to, t1,...) € PC(K, %, %) (to, t1,...,) satisfies C(nor)}.

Definition 1.1.10. Let (K,Y, Y1) be a ®-creating triple for H.
(1) For a condition p € Qj(K, X, $+) we let

POS(p) € {ue | J [IHG) : (3¢ < w)(3Fv € pos(w?, £, ..., t0))(u < v)}.

n<wi<n

(2) For a finite candidate ¢ = (w to,...,tx) € FC(K, %, X1) we define
POS(c) ¥ {ue |J J[HO :(Eveposw,to,.... t)u I v)}.

n<my k <n

Proposition 1.1.11. Suppose (K, ¥, Y1) is a ®—creating triple for H.

(1) If p,q € Qj(K, %, 5+), p < q then POS(p) € POS(q), and if Ih(w?) = mf};
for some £ < w, then w? € pos(w?, tf,...,t}).

(2) The same holds if one replaces conditions from Qp(K, X, Y1) by finite can-
didates from FC(K,X, ¥4).

Proof. Note that each of the three operations described in 1.1.3 shrinks POS (re-
member 1.1.1(2e) and 1.1.1(3et)). O

Definition 1.1.12. [See [RS97, Def. 2.1], [RS99, Def. 2.1.7]] Assume that (K, 3, ©+)
is a ®—creating triple for H.

(1) We say that (K,¥) (or (K,%,%4)) is linked if for each to,t; € K such that
nor(ty], nor[t;] > 1 and m’, = mf., my, = mik, there is s € ¥(to) N X(t1)
with

nor[s] > min{nor[ty], nor[t;|} — 1.
Let h : wxw — w. The pair (K, ) is said to be h-linked if for each k > 1,
and creatures tg,t; € K such that nor[to], nor[t;] > k and m%, = ml.,

mto = ml there is s € X(tg) N X(t;) with nor[s] > h(mf k).

up up?’ Man»
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(2) We say that (K,Y) (or (K,X%,%%)) is gluing if it is full and for each k < w
there is ng = ng(k) < w such that for every n > ng and (to,...,t,) €
PFC(K,¥), there is s € X(to,. .., tn) such that

nor[s] > min{k, norlty],...,nor[t,]}.

We say that (K,X) is straightforward gluwing if for every (tg,...,t,) €
PFC(K, ) there is s € X(to, ..., t,) such that

nor[s] > min{norlty],...,nor[t,]}.

(3) We say that (K,¥1) (or (K,3,X1)) has the cutting property if for every
t € K with nor[t] > 1 and an integer m € (mf,, m},,), there are s, s1 € K
such that
(@) m, = me,, miy, =m =mg, mip = my,,

(8) nor|[s,] > min{nor([t] — 1,mf } (for £ =0,1),

(7) {5051} € H(K).

Definition 1.1.13. A forcing notion Q is o-n—linked if there is a partition (A4; :
i < w) of Q such that

if qo,-.-,qn-1 €4, i€w then (FgeQ)qp<q& ... & g1 <q).
We say that Q is o-x—linked if it is o-n-linked for every n € w.

Proposition 1.1.14. Let H : w — H(w;) and let (K,%, %) be a ®-creating
triple for H.
(1) If (K, %, %%) s linked, gluing and has the cutting property, then the forcing
notion Q% (K, %, Y1) is o-+—linked.
(2) If f : wxw —> w is fast and (K, X, X1 is local and linked, then the forcing
notions Q*_(K,%,%4) and Q3 (K,%,%4) are o-+-linked.
(3) Assume that h : w X w — w is regressive and F C (w\ 2)% is an h—closed
family which is either countable, or >*-directed. Suppose (K,X,%+) is
local and h-linked. Then the forcing notion Q% (K, ¥, X+) is o-x-linked.

w

Proof. Straightforward (and the proof of the first part is essentially the same as
that of [RS97, Thm 2.4]; compare the proof of 1.3.4.1). O

1.2. Tree-like conditions. Here we recall the setting of [RS99, §1.3] and [JRS94].
Since in getting the ccc we will have to require that the tree—creating pair under
considerations is local, we will restrict our attention to that case only. So our
definitions here are much simpler than those in the general case, but we still try to
keep the notation and flavour of the tree case of [RS99].

Definition 1.2.1. Let H: w — H(wy).
(1) A local tree—creature for H is a triple
t = (nor, val, dis) = (nort], val[t], dis[t])
such that nor € RZ% dis € H(w;), and for some sequence 7 € 1T H(),
n < w, we have -

D#£valC{(n,v):n<ve HH(Z)}

i<n

For a tree—creature t we let pos(t) def rng(valt]).
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The set of all local tree—creatures for H will be denoted by LTCR[H], and
for n € U ]I H(i) we let LTCR,[H] = {t € LTCR[H] : dom(val[t]) =

n<w i<n
{n}}.
(2) Let K C LTCR[H]. We say that a function ¥ : K — P(K) is a local tree

composition on K whenever the following conditions are satisfied.
(a) If t e LTCR,[H], n € [[ H(i), n < w, then X(t) C LTCR,,[H].
<n
(b) If s € X(t) then val[s] C val[t].
(¢) [transitivity] If s € 3(t) then X(s) C X(¢).
(3) If K C LTCR[H] and X is a local tree composition operation on K then
(K, Y) is called a local tree—creating pair for H. We may forget the adjective
local as other cases will not be considered in the present paper.

Definition 1.2.2. Let (K,X) be a (local) tree—creating pair for H.
(1) We define the forcing notion Qi™°(K, X)) as follows.

A condition is a system p = (¢, : n € T') such that
(a) TC U J] H(i) is a non-empty tree with max(T) = 0,
newi<n

(b) t, € LTCR,[H] N K and pos(t,) = succr(n) (for n € T),
(c)1 for every n € [T] we have:

the sequence (norlt, ] : lh(root(T)) < k < w) diverges to infinity.

The order is given by:
(th:meT') <(t7:neT?) if and only if
T? C T and t7 € ¥(t,) for each n € T
If p=(t, : n € T), then we write root(p) = root(T'), T? =T, th = t, etc.
(2) Similarly, we define forcing notions Q%°°(K,X) for a family 7 C w* and
QYfe°(K, ) for a function f:w x w — w, replacing the condition (c); by
(¢)7, (c)f, respectively, where:
(©)r Bf € F)BN < w)(¥y € T)(h(n) > N = norlt,] > f(In(n))),
()5 (¥n € )N < w)(¥y € T)(h() > N = morft,] > f(n, Ih(n)).
(3) If p € Qr*°(K, ¥) then, for n € TP, we let pl"l = (12 : v € (TP)I).
Definition 1.2.3. Assume that (K,3) is a tree—creating pair for H.
(1) We say that (K,X) is linked if for each n € |J ][ H(¢) and tree—creatures

n<wi<n
to,t1 € K NLTCR,[H] with nor(ty], nor[t;] > 1, there is s € X(to) N X(t1)
such that nor[s] > min{norty], nor[t;]} — 1.
(2) Let h : w X w — w. The pair (K,X) is h-linked if for each tg,t; € K N
LTCR,,[H] such that nor[ty], nor[t;] > k, k > 1, there is s € X(to) N X(t1)
with nor[s] > h(lh(n), k).
Proposition 1.2.4. Let H : w — H(w1) and let (K,X) be a local tree—creating
pair for H.
(1) If f : wx w — w s fast and (K,X) is linked, then the forcing notions
Qi**(K, %) and Q}°°(K,X) are o-x-linked.
(2) Assume that h : w X w — w is regressive and a family F C (w '\ 2)¥ is
h—closed and either countable, or >*—directed. Suppose (K,3) is h-linked.
Then the forcing notion Q%°¢(K,X) is o-+—linked.

Proof. Straightforward. O
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1.3. The complexity of our forcing notions.

Definition 1.3.1. (1) A forcing notion (P, <p) is Souslin (Borel, respectively)
if P, <p and the incompatibility relation Lp are ¥} (Borel, respectively)
subsets of R and R x R.

(2) A forcing notion (P, <p) is very Souslin ccc (very Borel cce, respectively),
if it is Souslin (Borel, resp.), satisfies the ccc and the notion

“

(rp 1 n < w) is a maximal antichain ”
is 31 (Borel, resp.)

On Souslin forcing notions and their applications see Judah and Shelah [JS88]
and Goldstern and Judah [GJ92] (the results of these two and many other papers on
the topic are presented in Bartoszyniski and Judah [BJ95]). A systematic treatment
of definable forcing notions is presented in [She04], [She06] (note that very Souslin
cce forcing notions are w—nw-nep). Here we are going to show that the forcing
notions built according to the schemes presented above typically are Borel ccc and
(sometimes) even very Borel ccc. Thus we have tools for constructing new ccc w—
nw-nep forcing notions (the only examples known before were those coming from
random forcing, the Cohen forcing and their FS iterations; see [She00a, §4] for
a discussion of this topic). Note that, by Shelah [She05], ccc w—nw—nep forcing
notions cannot add dominating reals. Thus the forcing notions that are covered by
1.4.4 cannot be represented as very Souslin ccc forcing notions.

Definition 1.3.2. A ® creating triple (K, Y, X*) for H is regular if the following
condition is satisfied.
(8) Assume (w,tg,...,tn), (u,S0,...,5m) € FC(K,X,¥+) are such that
o mli, <my < mlt, <ms, for some £ < n,

e nor[t,] > 3 (for the ¢ as above), and

o (w,to,...,tn) < (u,50,...,8m), myp < mip, and nor[sg] > 3.
Then there are t/,¢” such that {t',t"} € X*(t), m‘fulp = my = mh,,

nor[t"] > 2 and u € pos(w, to, ..., te—1,t').

Definition 1.3.3. Let H : w — H(w1) and let (K, 3) be either a creating pair
for H or a (local) tree—creating pair for H. We say that (K, X) is really finitary if
the following conditions are satisfied:

(a) H(n) is finite for all n < w (so val[t] is finite for all ¢t € K), and
(b) for each n € w, the set {t € K : rng(val[t]) C [] H(7)} is finite.
i<n
Theorem 1.3.4. Let H:w — H(wy).

(1) Let (K,%,%%) be a ®-creating triple for H such that K is countable.

(a) If (K,%,%1) is reqular, linked, gluing and has the cutting property,
then the forcing notion QX (K,Y,X1) is Souslin ccc.

(b) If f : wxw — w is fast and (K,%,5*) is local and linked then
Qi (K,X%,%%) and Q?(K,E,EJ—) are Borel ccc.

(¢) Assume that h: w X w — w is a regressive function and F C (w\ 2)%
is a countable h—closed family which is >*~directed. If (K,%,%%) is
local and h-linked, then Q% (K, X, %1) is Borel ccc.

(2) Assume that (K,X) is a local tree—creating pair for H and K is countable.
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(a) If f: wxw — wis fast and (K,X) is linked, then Q¥*°(K,¥) is
Borel ccc.

(b) Suppose that h : w x w — w is regressive and F C (w\ 2)¥ is a
countable h—closed family which is >*—directed. If (K,X) is h-linked,
then Q%°¢(K,X) is Borel ccc.

(3) Ifin 1(c) and 2(b) above the pair (K, X) is really finitary, then the respective
forcing notions are very Borel ccc.

Proof. 1(a) Let X = (|J [ H(7)) x K% be equipped with the product topology
n<wi<n

(of countably many countable discrete spaces). So X is a Polish space and it
should be clear that Qj(K, X, ¥+), Q5 (K, X, 5+) are its Borel subsets. To express
“p < q” we have to say that there is a sequence p = py,...,pn = q of elements of
Qy(K, %, Y1) such that p;;1 is obtained from p; by one of the operations described
in 1.1.3. Each of these operations corresponds to a Borel subset of X x X, so easily
<@ (Kk,5,5), SQi(Knnt) are ¥1 subsets of X x X. The main difficulty is to show
that the incompatibility relation Lg: (x xx+) is a 1 subset of X x X. But this
follows from the following observation (note that this is the place where we use the
assumption that (K, %, ¥4) is regular).

Claim 1.3.4.1. Conditions p,q € Q (K,%, %) are compatible if and only if
there are N, ¢,m < w, ty,t},t),t) € K and u such that

th ty td td
my, <N <mup, mgy <N <mgp,

n —

{th, 1}y € SE(D), {17} € 2H(t8), mi, =mf =N,

[ ]

e norfti] > 2, nor[t] > 2,

e u € pos(wP, th, ... 1) . t) Npos(w?, &3, ... .t 1, t0),
e (Vn > {)(nor[tE] > 2) and (VYn > m)(nor[tl] > 2).

p
(If N = mffn then tf, is not present; similarly on the q side.)

Proof of the claim. First assume that conditions p, q € Q* (K, X, ¥+) are compati-
ble and let r € QX (K, X, ") be stronger than both p and ¢. Passing to a stronger
condition we may demand that if ¢, m are such that
tp T tP q T q
mdzn S mfﬁl < muzlh mfﬂ; S mfﬁl < mfl%
P ™ r
then mt‘fp <md, mﬂ?{; < mig and that nor[tj] > 5 and
mf:’;‘) >1h(w") = mnor[t?] >5, and mﬁgf) >1h(w") = mnor[tl] > 5.

Now we may apply the regularity of (K, %, 31) (see 1.3.2) to get t),t),ty,t] € K

such that
{tht1} € SL(), (i) €5°(%,), norl] >2, mor[]>2 and
u=w" € pos(wP, tf,...,t)_,t5) Npos(w?, td, ... .t 1 t7).

Put N = 1lh(w") and check that all demands are satisfied.

For the other implication suppose that N, ¢, m,t{,t},t(,t] and u are as in the
second statement. Just for simplicity, let us also assume that (K, X) is straightfor-
ward gluing (see the second half of 1.1.12(2); the case of “gluing” requires a small
change in the choice of 71, k below). Choose increasing sequences 7 = (n; : i < w)

and k = (k; : i < w) such that ng > £+5, kg >m + 5 and
o (Yn > n;)(nor[t] > i+5) and (Vn > k;)(nor[t] > i+5), and
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Z +1 tp
. L
T <mg,t

Apply the cutting property to choose (for each i < w) s}, s € K such that

/ .
{si,si} € ZH(t]), mg, =mg,,

v td

1797
+4 s tP

mg =mgi, and nor[s;],nor[s]] > i+ 4.

tr v . .
(If my% = my then the s} is not present.) Next use gluing to choose 7, s; so that

To € B(th,t) 4, -
T¢+1€E(tﬁi7... P )7

p 119 q /
7tn0—1)7 S0 EZ( 17tm+17"'7tk071380)

) " o1q q /
i1 —1 Sit1 € E(Si’tk71+17'"’tk7‘,+1—17s’i+1)7

nor[r;], nor[s;] > i+ 2.

Since (K,¥) is linked we may choose t; € X(r;) N X(s;) such that nor[t;] > ¢ + 1.

Now look at (u, to,t1, - -

and gq.

1(b,c) and 2(a,b)

). It is a condition in Q¥ (K, ¥, ¥1) stronger than both p
U

Similarly (and much easier).

3. Let h € wY be aregressive function and let F C (w\2)% be a countable h—closed
family which is >*—directed. Suppose that (K,3) is a local, h-linked and really
finitary creating pair (because of the “local” ¥+ can be omitted as it is trivial).
We are going to show that “being a (countable) pre-dense subset of Q% (K,X)” is

a Borel property.

Let X = (U J] H®i) x K¥, X% and Y = P(FC(K, X)) be equipped with the
n<w i<n

natural (product) Polish topologies (note that FC(K,X) is a countable set). For
p=Pn:n<w)e XY pCQ%(K,X),we U [] H() and f € F we define

{(’w,to,..., B
(Vn < w)(NP(n) < mik

m<w i<m

_ Pn

NP(n) = min{mf{n 2 (V) > 4)(nor[th"] > 2)},

ty) € FC(K, %) : (Vi < k)(nor[t;] > f(m},)) and
atk)

%= pos(w,to,... NPOS(p,) = 0)}.

Note that (Q%(K,X))% is a Borel subset of X* and the functions

P NP (Q%(K,X)Y — ¥

and  pTh 0 (Q(K, %)Y — Y

are Borel. Now, each 7" pis essentially a finitary tree, so

va f is well founded

if and only if 7’5 ;s finite.

Consequently, for each w and f, the set

{p € (Q%(K,%))¥ : T s is well founded }

w

is Borel. Since there are countably many possibilities for w and f, we easily finish
the proof using the following observation.

Claim 1.3.4.2. Let p= (p, :n <w) € (Q%(K,X))¥. Then

p is pre-dense in Q% (K, X)

if and only if

for eachw e U [[ H() and f € F the tree Tf,f is well-founded.

m<w i<m
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Proof of the claim. Suppose that, for some w and f, the tree 7'f f has an w—branch
and let ¢ = (w, to,t1,...) be such a branch. Necessarily ¢ € Q% (K, X) (as witnessed

by f). If follows from the definition of 7 ; that POS(¢q) N POS(p,) is finite for
each n € w and therefore ¢ Lo+ (%) Pn (remember 1.1.11).

Now assume that p is not pre-dense in Q% (K,X) and let ¢ € Q%(K,X) be a
condition incompatible with all p,,. We may demand that for some f € F we have
(Vi € w)(nor[t]] > f (mé{l)) It should be clear that ¢ determines an w-branch in
the tree 7'fq,f (remember that (K,3) is h-linked). O

Similarly we deal with the respective variant of 2(b). O
1.4. Unbounded and dominating reals.

Lemma 1.4.1. Let V C V* be universes of ZFC*. Assume that (f; : i <w) € V
and g € V* are such that

(a) gc ww, fi € ww, fir1 <* fi foralli € w,

(b) (Vi € w)(I*k € w)(g(k) < fi(k)),

(c) if h € WY NV is such that (Vi € w)(h <* f;), then h <* g.
Then w¥’ NV is bounded in V*.

Proof. Tt follows from the assumptions (a), (b) that we may find an infinite set
K = {ko, k1,ka,...} € V*N[w]* such that for each i € w we have

() fo(ki) > fi(ks) > ... > fi(ks) > g(ks).
Let ¢ € w¥ N'V* be such that (Vn € w)(|]K N (n,¢(n))| > 2"*1). We claim that
the function ¢ dominates w* NV, i.c.

(¥f € ¥ N V(¥ € w)(f(n) < g(n).

If not, then we may choose an increasing sequence (n; : i < w) € V of integers such
that ng = 0 and

(i) (3*i € w)(|(ni, nip1) N K| > 2™),

(ii) (Vi € w)(Vn = nit1)(fivr(n) < fi(n)).
Define h € w¥’ NV by hl[ni,nit1) = fil[ni,niz1) (for i € w). It follows from (ii)
that h <* f; for each i € w, so we may apply the assumption (c) to conclude that
h <* g. But look at the clauses (x) and (i) above. Whenever |(n;,n;41) N K| > 2™,
there is ¢ € w such that k; € (n;,ni41), £ > i and

fo(k‘g) >0 > fi(kig) = h(kz) > > fe(k‘g) > g(kz),
so easily we get a contradiction. a

Definition 1.4.2. Let (K,X) be a creating pair or a (local) tree—creating pair.
(1) (See [RS99, Def. 5.1.6]) We say that (K,X) is reducible if for each t € K
with nor[t] > 3, there is s € X(¢) such that %r[t] < nor[s] < nor[t] — 1.
(2) The pair (K,X) is normal if it is reducible, linked and if
(B) for each s,t € K:
nor[s] < mor[t] = (Yu € dom(val[t]))(3v)({u,v) € val[t] \ val[s]).
(3) A creating pair (K, X) is semi-normal if it is linked, and for each n € w
and t € K such that nor[t] > 2"2 m! —m} > 22" there is a sequence
(s¢ : £ < n) C K satisfying
(@) so=t, spr1 € B(sp), 2" F < mor[se, ] < 272 (for £ < n), and
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(B) if s € K, m§, =mk,, m mt, and nor[s] > 2"~*3 ¢ < n, then

S J—
up

(Vu € dom(val[s]))(Fv)((u,v) € val[s] \ val[ss11]).
(4) A ®-creating triple (K, 3, ¥1) (or just (K, X)) is super—gluing if it is gluing

and for every sp,...,s; € K and N € w such that myi, < moitt for i < k
and myk < N, there is s € K satisfying:
e m3, = my,, my, = N, dom(val[s]) = dom(val[sg]), and

e nor(s] > min{nor[s;] : i < k} — 1, and
o (V(u,v) € val[s])(Vi < k)({v [mj@l,v[mf&) € val[s;]).

Remark 1.4.3. Note that “normal” implies “semi-normal”. What we really need
in the proofs of 1.4.4(1,2) is semi—normality (or rather a suitable variant of it).
However, the normality is more natural and only in the case of ®—creating triples
(which are gluing and have the cutting property) the natural norms are semi-—normal
but not normal; see Examples at the end of this section.

Theorem 1.4.4. (1) Let f : wxw —> w be a fast function, and let (K,X) be
a local creating pair (a local tree—creating pair, respectively). Assume that
(K,%) is normal and Q3(K,%) # 0 (Q¥**(K,X) # 0, resp.). Then the
forcing notion Q}(K,X) (Q¥°(K,X), resp.) adds a dominating real.

(2) If (K,X) is a normal (local) tree—creating pair and Q{*¢(K,X) # 0, then
the forcing notion Q¥¢¢(K,Y) # 0 adds a dominating real.

(3) Assume that (K,X,X%) is a semi-normal ®@—creating triple which is super—
gluing and has the cutting property (and QX (K,%,%4) # 00). Then the
forcing notion Q% (K, %, Y1) adds a dominating real.

Proof. In all cases we will use Lemma 1.4.1 for functions f; € [] (n+ 1) defined
new

by fil[0,4) =0, fi(n) =n —i for n > i (for i € w) and a suitably chosen name §

for a function in [ (n + 1).

new
(1) We consider the case when (K,3) is a local creating pair only.

Let p € Q}(K,X). Using the normality of (K, ¥), choose an increasing sequence
(M, :n < w) Cwand a sequence (s, : £ <n, n <w) C K such that for each n € w
and £ < n:

() s = 15, nor{tf, | > f(n +2.m"),
i1 S+l
(b) stHl e B(sh), f(n— €+ 1,my ) <mnor[siT] < f(n—€+2,my. ).
Let W be the name for Q3 (K, ¥)-generic real, i.e.

For ko W= U{wq iq € FQ}(K,E)}

(see [RS99, Def. 1.1.13, Prop. 1.1.14]). Let ¢ be a Q;(K, 3)-name for a function in
[T (n+1) defined by

new
plk“ (Vnew)Vl <n)(g(n) = < <Wrmfﬁ%» W[mfé,) € val[sfl] \val[sfifl]) 7
(if <W[mf{;l, W[mf{ﬁ) € val[s]] then g(n) = n).

Claim 1.4.4.1. () p ks (k,3) (Vi € w)(3®n € w)(g(n) < fi(n)),
(B) Assume that h € w® is such that h <* f; for alli € w. Thenpl-“h <* § 7.
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Proof of the claim. (o) Let i € w and let pg > p, N € w. Take n > N + i so that
Po
for some k < w we have t;° € X(t5, ) and nor[t}°] > f(i + 3,m ). Since (K, X)

PO PO
is normal, we may find w € pos(w?°, ¢, ... ,tZ"_) such that (w [mtd’;1 ,w[mi’},) ¢

n—i

val[s"~!] (remember nor[s"~] < f(i + 3,mﬁﬂ)). Clearly the condition ¢ =

(w0, 1701, th gy - - -) forces that g(n) < n —i = fi(n).

(B) Let h € w¥ be such that h <* f; for all i € w and let py > p. Let £ be such
that t0° € X(t}) (so t}.° € X(t},,) for each k). We may assume that if m,, > £ then

h(n) < n —>5 and that (Vk < w)(nor[t}°] > f(5,m§‘:)). For each k € w choose t,
as follows:
o if k+ (¢ {m,:ncw}, then t;, =t}°,
o if k+{=m,, n€w, then t;, € L(1°) N E(sz(n)ﬂ) is such that nor[t;] >
min{nor[}°], nor[sz(n)ﬂ]} -1

(remember that (K,X) is linked). Since nor[sz(n)H] > f(n — h(n) + 1,m(si?;1) we

easily see that ¢ = (w°, o, t1,...) € Q}(K,X), and clearly it is a condition stronger
than pg. As ¢ ks (x,5) (Vn e w)(m, > € = ¢g(n) > h(n)), the claim follows. O

Now, the first clause of the theorem is an immediate consequence of 1.4.4.1 and
1.4.1.

(2) The proof is similar to the one above. Let p € Q{"¢(K,X). Choose fronts
F,, of TP (for n € w) such that for each n:

e (V\neF,11)(3veF,)(van),
e (Vn € F,)(nor[th] > 2"*2)
(clearly possible; see [RS99, Prop. 1.3.8]). For each n € w and n € F,, choose a
sequence (sf; : £ <n) C K such that
39] =th, sf%“ € Z(sf;) and 2" < nor[stH] <ontt2

Let T be the name for the Q%*¢(K, ¥)-generic real and let § be a Qf**(K, X)-name
for a real in [] (n + 1) such that (the condition p forces that) if n = Wm € F,

new

i ¢ ¢ () —
(for some m,n € w) and W[(m + 1) € pos(sh) \ pos(si™), then g(n) = £.

Claim 1.4.4.2. (@) plbqueex,sy (Vi € w)(3*n € w)(g(n) < fi(n)),
(B) If h € w¥ is such that h <* f; for all i € w, then p lFquee(gczy “h <* g 7.

Proof of the claim. () Like 1.4.4.1(c).

(8) Let g > p. We may assume that for some m > 2 we have: root(q) € F,,
nor(t?] > 8 for all v € T9, and h(n) < n —5 for all n > m. We build inductively
a tree T C T? and a system (¢, : n € T) as follows. We declare that root(q) =
root(T) € T. Suppose we have declared that n € T. If n ¢ |J F,, then we let

new
iy, = t% and we declare pos(tn) CT. If n € F, for some n > m, then we choose
ty € () N Z(s:l,(n)ﬂ) such that nort,] > min{nor[t%],?"’h(")ﬂ} — 1, and we
declare pos(t,) CT.
Finally, we let ¢* = (t,, : 7 € T)) and we notice that ¢* |- h <* §. O
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P P
(32+4 Let p € Q% (K,X,X+). By “gluing”, we may assume that mtu’i) — mfl’; >
22" for each k < w. Using semi-normality we may choose an increasing sequence
{m,, :n < w) and a sequence (s’ : £ <n, n <w) C K such that

(a) sQ =17 mor[th, ] > 2"T2 siFl ¢ 5(s)), 2"+ < nor[siF!] < 2n—i+2

My’

(for £ < n < w),

0
(b) ift € K, m4, =m3, m!

0
up = mup, and nor[t] > 273 ¢ < n < w, then

(Vu € dom(val[t]))(Fv)((u,v) € val[t] \ val[s51]).

Now we define the name ¢ like before, so for n € w and ¢ < n,
. £ . £
plrgs (kmme) “ g(n) =L & (Wimg, Wimgp) € valls,] \ valfs, "] 7.

Claim 1.4.4.3. (@) plFgs (k3,51 (Vi € w)(F*n € w)(g(n) < fi(n)),
(B) If h <* fi for alli € w, then plFq. (knx)“h<"g "

Proof of the claim. () Suppose ¢ > p, and i, N < w. Passing to a stronger
condition (using “gluing and cutting”) we may assume that
e nor[tl] > 2¢+4 and
q D fq

mn

t t 74 .
o my =m", Mup = Myp” for somen > N 47+ 1.

Choose w € pos(w?,tl) such that (w?,w) ¢ s"~* and look at the condition ¢’ =
(w,td,¢d,...).
(8) Let g > p. Passing to a stronger condition if necessary, we may assume that

for some increasing sequence (Nj : k < w) C w we have:
g N H t:ankJrl q
| R— k | — g
o mf =my, F, mdp =my, ,nor[ty] > 5 for all k < w,

e if n > Ny then h(n) < n —5.

Using “super—gluing” choose creatures s, € K (for k € w) such that

t? thn
Sk N Sk Nk41
o myy =mg, ", mgh =mg, , and
. h(n)+1
e nor|s;] > mln{nor[sn(n)Jr ]: N, <n < Npy1}—1, and

o (V(u,v) € vallsy])(¥n € [Ni, Nisr))(wlm32, vimis) € vallsh)+1).
Apply “linked” to choose creatures ¢, € 3(sx) N X(t}) such that
1 + norlty] > min{nor|s;], nor[t!]} > min{nor[t!], 2" : N} <n < Npi1}.

Then ¢* = (w9, 59, 51, S2, - - .) is a condition in Q* (K,X,%4), ¢* > ¢ and it forces
that (Vn > Np)(h(n) < g(n)). O

O

Remark 1.4.5. Note that 1.4.4(1) applies to forcing notions Q* (K, X) too, see 1.1.7.

Definition 1.4.6. A ccc forcing notion P is nice if there is a partition (P, : m < w)
of IP such that
(%) if (pn : n < w) C P is a maximal antichain in P, m € w,
then there is N < w such that

(Vp € P,)(3n < N)(p, p,, are compatible ).



Paper Sh:672, version 2003-10-01_11. See https://shelah.logic.at/papers/672/ for possible updates.

18 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

Theorem 1.4.7 (Miller [Mil81], Brendle and Judah [BJ93]; see [BJ95, Thm.
6.5.11]). If F C w% is an unbounded family and P is a nice ccc forcing notion,
then

lFp “ the family F is unbounded 7.

Remark 1.4.8. Since no dominating reals can be added at limit stages of FS iter-
ations of ccc forcing notions (see [She98, Con. VI1.3.17]), it follows from 1.4.7 that
FS iterations of nice forcing notions do not add dominating reals.

Definition 1.4.9. (1) Let (K,X) be a local creating pair (or a local tree—
creating pair) for H. We say that (K,X) is Cohen—producing if for each
n € w there is a set A, C H(n) such that
if t € K, nor[t] > 1, u € dom(val[t]), lh(u) = n,
then there are v, v, such that (u,vg), (u,v1) € valft] and
vi(n) € A, and vo(n) ¢ A,.
(2) A creating pair (K,X) is of the BCB—type if it is local, forgetful and satisfies
the following condition:
(®BCB)  for every sequence (s, : n < w) of creatures from K with m3? = i,
nor[s,] > 2 (for all n), there are aq, ..., a, € H(i) and an increasing
sequence (ny : k < w) C w such that

(Va € H(i) \ {ao, - - -, am})(V°k € w)(Vu € dom(val[s,,])) ({u,u{(a)) € val[sy,]).

(3) A local tree—creating pair (K,X) is of the BCB™° type if
(®ECB)  for every n € |J ][ H(i) and a sequence (s,, : n < w) C LTCR, N
n<wi<n

K such that nor[s,] > 2, there are ag,...,a, € H(lh(n)) and an
increasing sequence (ny : k < w) C w such that

(Va € H(Ih(n)) \ {aog, .-, am })(Vk € w)(n"{a) € pos(sn,)).

Remark 1.4.10. (1) Note that if H(4) is finite for each ¢ € w then any lo-
cal forgetful creating pair (local tree creating pair) is of the BCB—type
(BCB'e—type, respectively).

(2) The difference between BCB and BCB™*° is not serious, the two notions
are just fitted to their contexts.

(3) “BCB” stands for “bounded — co-bounded”. The “bounded” part reflects
what is stated in (1) above, and the “co-bounded” is supposed to point out
the analogy to the co-bounded topology on w in the case when each H(i)
is infinite; compare Miller [Mil81].

Theorem 1.4.11. Assume that h : w X w — w s a regressive function and
F C (w\2)¥ is a countable h—closed family which is >*-directed.

(1) If (K,X) is a local Cohen—producing h—linked creating pair (tree—creating
pair, respectively), then the forcing notion Q%(K,%) (Q%*°(K,X), resp.)
adds a Cohen real.

(2) If (K,X) is an h-linked tree—creating pair of the BCB'™®®—type, then the
forcing notion Q%°¢(K,X) is nice.

(3) If a creating pair (K,X) is h—linked and of the BCB—type, then the forcing
notion Q% (K,X) is nice.

Proof. (1) Let (K,X) be a creating pair for H and let sets A,, € H(n) (for
n € w) witness that it is Cohen—producing. Let ¢ be a Q% (K, ¥)-name for a real
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in 2% defined by
Foy ) (Fn€w)(é(n) =1 & W(n) € 4,)

(where W is the name for the Q% (K, X)-generic real). Suppose that a condition
p € Q%(K,X) is such that nor[t?] > 1 for all n € w. Let o : [Ih(w?), N] — 2,
Ih(wP) < N < w. It should be clear that there is w € pos(w?,t, ... 7tﬁhlh(wp))
such that

(Vn € [Ih(w?), N])(w(n) € A, < o(n) =1).
Hence easily ¢ is a name for a Cohen real.

(2) Let ve U [] H(?), f € F and let

Py {p e QFC(K, ) : root(p) = v & (Vi € T?)(nor[t?] > f(Ih(n)))}.

Suppose that (p, : n < w) C Q%¥*°(K,X) is a maximal antichain such that, for each
n € w and n € TP~ we have nor[tfl"] > 2.

Claim 1.4.11.1. There is N < w such that
(Vg € P, y)(3n < N)(q, pn are compatible ).

Proof of the claim. Assume not. Then we may choose a sequence {gy : k < w) C
P, ; such that for each n < k < w the conditions ¢ and p,, are incompatible. We
inductively build a tree T and a system (s, : n € T) together with a sequence
(Xn,Yn :n <w) so that

(@) Xn € U I H(@), Yo CY, € [W]wa

mew i<m

(B) (vVn € Xpn)(Vk € Ya)(n € T™),
(7) mor[sy] > f(Ih(n)), T = U Xn.

new

Fix a bijection # : |J ][] H(#{) — w such that ny < 1 implies #(no) < #(n1).
mew i<m

We declare that v = root(T), Xo = {v}, Yo = w.

Suppose we have arrived to the (n + 1) stage of the construction and X,,,Y,,
have been already defined so that the clauses («), (8) above are satisfied. Let
n € X, be such that

#(n) = min{#(n) : " € X }.
Let Y, € [w]¥ consist of these k € Y,, that p € T% (remember (3)). Apply (®ECE)

of 1.4.9(3) to the sequence (tJ* : k € Y;}) to choose an infinite set Y, 11 C Y, such
that, letting £* = min(Y;,41) and s, = tJ+* we have

(V' € pos(sy))(Vk € Yni1)(n' € pos(tf})).

Finally, we let X, 11 = (X, \ {n}) Upos(s,). This finishes the description of the
inductive step.

After the construction is carried out we let ¢* = (s, : p € T'). It should be clear
that ¢* € Q%°°(K,X) (and even ¢* € P, y). Consequently we find n < w such that
the conditions p,, and ¢* are compatible.

Suppose that v < root(p,). Then necessarily root(p,) € T. It follows from our
construction (remember clause (§)) that we may find k& > n such that root(p,) €
T . But then, using the assumption that (K,Y) is h-linked and F is h—closed
and >*—directed, we immediately get that the conditions p,,qr are compatible,
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contradicting the choice of the gx. Similarly, if root(p,) < v then taking any k > n
we get that the conditions qx, p, are compatible, again a contradiction. ([

Since the conditions of the form used above are dense in Q%°(K,X) one easily
concludes that the forcing notion Q%°°(K,X) is nice.

(3) Similarly. O

1.5. Examples. Our first example recalls the forcing notion of [RS97, §3]. Let us
start with presenting the main tool for this type of constructions — norms deter-
mined by Hall’s Marriage Theorem.

Definition 1.5.1. Let H: w — H(wy).

(1) Let KH be the collection of all finite non-empty families A of finite partial
functions f such that § # dom(f) C w and f(n) € H(n) for all n € dom(f).
For integers mg < mq let

KH CA e KH (V€ A)(dom(f) € [mo,my))}-

(2) Let A € KB, k € w. A function F : A — [w]k is a k-selector for A if
(Vf, f € A)(F(f) S dom(f) and f# [ = F(f)NF(f')=0).
(3) For Ag, A; € KB we write Ag < A; whenever
(Vf € Ao)(Fg € Ar)(g € ).
(4) We define the Hall norms of a set A € KH as follows:

hnt(A) ef max{k + 1: k € w and there is an k-selector for A},

hn(A) def max{k +1:k € w and for every A’ C A there is A” C A’ such that

elements of A” have pairwise disjoint domains and
| U dom(f)| >k-[A"]},
feAar

HN(A) % max{hn(A’) : A < A’}
Lemma 1.5.2. (1) If A € K® and kg € w then
hn' (A) > ko if and only if (YA C A)(] U{dom(f) s fe A} > ko |A])

and 1 < hn(A) < hnt(A) < HN(A).
(2) If Ao, A1 € KH and xx € {hn, hnt, HN} then

xx(Bg U ) > [min( XD By,

(B) If m§ <mf <my <m} <...<mf <mf <w, ;e KH, o (fori <k)
00"
and xx € {hn,hn™ HN} then

XX(U A;) = min{xx(4;) : i < k}.

i<k
(4) Suppose that mog <m <my <w and A€ K}} . . Let
Ao = {fllmo,m): f e A& |dom(f)N[mo,m)| > %|d0m(f)|},
Ar = {fllm,mi): f e A& |dom(f)N[m,m)| > z|dom(f)[}.

Then, for i < 2, either A; =0 or hn(A;) > 1hn(A).
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Proof. (1) It follows from Hall’s Theorem (see Hall [Hal35]) and the definitions of
the norms.
(2)—(4) Straightforward (compare [RS97, Claim 3.1.2]). O

Example 1.5.3. Let H: w — H(w1), [H(n)| > 2 for all n € w.
We construct a ®—creating triple (K, Y, Yg5) for H which:

(1) is semi-normal (see 1.4.2(3)), forgetful (see 1.1.2(4)) and super—gluing (see
1.4.2(4)),

(2) has the cutting property (see 1.1.12(3)),

(3) is really finitary (see 1.3.3) provided H(n) is finite for each n € w.

Construction. Let Ky consist of all creatures ¢t € CR[H] such that

o dis[t] = (m},,mh,, Ay) for some Ay € KFE U {0} such that, if A, # 0,
hnt(A;) > 1,
o valll) = {{u,0) € T H@)x [[ H@):u<v& (7 € A £ o)
z<mdn 1,<m:‘JP

e if Ay = () then nor[t] = mf, + 1, otherwise nor(t] = logg(hn(A;)).
(Note that hn'(A;) > 1 implies val[t] # (.) For to,...,t, € Kg such that
mtup mdl;rl (for i < n) let

Suto, .. tn) = {t € Kig : mby, = ml, & m}, b =mn & UAt C A}

i<n

It should be clear that Yg is a composition operation on Ky, Ky is countable and
forgetful, and if each H(n) is finite then Ky is really finitary.
For a creature t € Ky we define Y4;(t) as follows. It consists of all finite sets

{s0,...,8n} C Kg (a suitable enumeration) such that
t S0 S0 — S1 Sn—1 S 2 — t
o mg, =my, <myh =mgy < ... <mup  =mg < myh =my,, and

o (Vf € A)E<n)(fllmg,,m ) €Ay,).

It is clear that Y4 is a decomposition operation on Ky, so (Kmu,Yu,Yy) is a
®—creating triple.

It follows from 1.5.2(2) that (Ku,YXn) is linked, and using 1.5.2(3) one easily
shows that it is super—gluing. Similarly, (K, Su, X5;) has the cutting property by
1.5.2(4).

Note that

m1—1

(x) if f € ] H(i), then hn({f}) = HN{f}) =m1 —mo + 1.
i= mo
Hence, using 1.5.2(2), we may easily conclude that (Kg, Xg) is reducible. However,
it is not normal — one can build s,¢ € Kg such that nor[s] < nor[t] but val[t] C
val[s] (which is in some sense paradoxical, and this is why we modify this example
in 1.5.5).

Claim 1.5.3.1. (KH,ZH,Eﬁ) is semi—normal.

Proof of the claim. Let n € w, t € Ky be such that nor[t] > 2"*2, m! —mf, >
22" We may assume that A; # ) (remember (x)). We choose inductively a

sequence (Ap, Ay : £ < n) such that

Ay C T H®i), Ag =2 Ay,
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(2) A=Ay,
(3) 827" ~1 < hn(Agy1) = HN(Agy1) = HN(Agy ) < 8277 (for £ < n),
(4) (Vf € Ag)(vg € kL<JZ Ap)(g L f).

There are no problems for £ = 0 (note that there are practically no restrictions on
Ap, and Ay is determined). So suppose that we have arrived to a stage £+ 1 <n
of the construction. It follows from 1.5.2(1,2) that hn( [J Az) > 82" =2, Let
k<t
mflpfl
A ={fe ] H@:(vge JA( L N}

i=mf k<t
Necessarily HN(A*) < 2. Now, using (*) and 1.5.2(2), we may choose Ay C A*
such that 82" 7'-1 < HN(Apq) < 827 Next, we pick Ay € KH,

dn’"""up
satisfying Ag11 < App1 and HN(Ap1) = hn(Agyp;) = HN(Agy1). This finishes
the construction.
For ¢ < n let sy € Zu(t) be such that A;, = |J Ag. It should be clear that

k<¢
() so=t, sep1 € B(sp), 2"T17F < nor[spy ] < 272 (for £ < n).
We claim that additionally
(8) if s € Ku, m§, = mf,, m§, =m! and nor[s] > 2"~¢*3 ¢ < n, then

(Vu € dom(val[s]))(Fv)({u,v) € val[s] \ val[s¢11])

(what will finish the proof of the claim). So suppose s € Kg, m$, = m},, my, =
ml, and nor[s] > 273 ¢ < n. Let v € [] H(i). If A, = 0, then we
i<mb,
may take v € [] H(i) such that v < v and (3f € A)(f C v), so clearly
z'<m’f]p

(u,v) € val[s] \ val[sgt1]. Assume now that A; # 0, so hn(Ay) > 82", Since
HN(Ag1) < 827" < hn(A,), there is f € Agyq such that (Vg € A,)(g € f).

(I

Clearly (u,u"f) € val[s] \ val[sp11].
Finally note that the forcing notion Q¥ (Kg, Xu, ;) is not trivial. O

Conclusion 1.5.4. Let H : w — H(wy) be such that [H(n)| > 2 for all n < w.
Then the forcing notion Q7 (K, X, Y5) (where (Km, X, X3) is as defined in
1.5.3) is o-#—linked and it adds a dominating real. Consequently it is not w—nw—nep
(by [She05]).

If one looks at val[t] for t € Ky in 1.5.3, then it is clear that HN is more
appropriate to determine the norms of creatures. We presented 1.5.3 as it is a
direct relative of the forcing notion of [RS97, §3]. However, it seems that the
following example presents a nicer member of this family.

Example 1.5.5. Let H: w — H(w1), |[H(n)| > 2 for all n € w.
We construct a ®—creating triple (K1 5.5, 21.5.5, Efs.f)) for H which:
(1) is almost normal (see the construction), regular (see 1.3.2), forgetful and
super—gluing,
(2) has the cutting property,
(3) is really finitary provided H(n) is finite for each n € w.
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Construction. It is similar to 1.5.3, but instead of hn we use HN. So K7 5 5 consists
of t € CR[H] such that

e dis[t] = (m},,ml,, A;) for some A, € KH U {0} such that, if A, # 0,

up’ mo,m1
hnt (At) > 1,
oval[]f{<uv>€ [T HG) x [ H@):u<v & (VfeA)(f Lo
i<mb 1<WL:‘Jp
e if Ay = ) then nor[t] = logg(my,, — my,) + 2m}, + 1, otherwise nor[t] =
loggs(HN(A})).
For tg,...,t, € Kj 5.5 such that mffp = mg’:l (for i < mn) let

21.5_5@0, . ,tn) s {t € K1_5_5 : mén = mdn & m = mup & U At C At}
i<n

For t € K1 5.5, Y15 5(t) consists of all finite sets {sg,...,sn,} C Ki.55 such that

t
up?’

— S0 — Sn—1
omdn mdn<mp—md <...<Muyp

o (Vf € A)BE<n)(flImg,,m ) € Ay,)-

Clearly (K155,%155,%155) is a forgetful super—gluing ®-creating triple. It is
linked, and it is really finitary provided H(n) is finite for each n € w.

= mdn < mS" =m and

Claim 1.5.5.1. Suppose s,t € K55 are such that nor[s] < nor[t]. Then
(Vu € dom(val[t]))(Fv)((u, v) € val[t] \ val[s]).

Proof of the claim. We may assume that mj, = mp,, m§, = m! (otherwise triv-
ial). It follows from the assumptions (and the definition of nor[s]) that A, # 0. If
A; = (), then the conclusion is immediate, so assume Ay # (. Thus A,, A, € KH
and HN(A;) < HN(A;). Choose A € K such that A; < A and hn(A) =
HN(A,). Note that, by 1.5.2(1), we have hn(A) = HN(A) = hnt(A). Con-
sequently, we may choose A’ € KH such that elements of A’ have pairwise dis-
joint domains, A < A’ and hn(A’) = hn(A). Now, for some f € A; we have

s
mupfl

(Vg € A')(g € f). By the choice of A’ we may build f* € [T H(i) such that

fC f*and (Vg€ A')(g € f*). Since Ay < A’ we are done. O

Using 1.5.5.1 we see that (K7 5.5, %1.5.5) is almost normal in the following sense:
the reducibility demand (see 1.4.2(1)) holds for those ¢t € K7 55 for which A # ().
However, this is enough to carry out, e.g., the proof of 1.4.4(3) with almost no
changes.

Claim 1.5.5.2. (Kj55,%1.55, 21 55) is reqular and has the cutting property.
Proof of the claim. First we show the regularity. So suppose that
(U}, t07 e 7tn>7 (/LL7 S0y Sm) S FC(K1.5.57 Z1‘5.57 Zfs.{,)

are such that (w,tg,...,tn) < (u,80,...,8m), msm < min

wn < myg, nor[sg] > 3, and

nor(t)] > 3, where ¢ < n is such that m{, < m3 < mf, < m$. It follows
from the definition of < (see 1.1.3) that

(Vf € A)(flmg, Lu or (3g € Ay,)(g € f)).
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Let ¢',t" € K155 be such that mby, =mlf,, mt, =mb, =ms, ml, =ml and
Ay = {f] [mgn,mdn) fen, &f] mgn u},
At” = {f [mdn7 ) f € Atl/ & f md(;] c ’LL}
Then {t',t"} € Xi 5 5(t¢) and clearly u € pos(w, to,...,ts_1,t'). The only thing left
is to show that the norm of #” is at least 2. If A;» = (), then it is clearly true as

mY, > 1. So suppose that A # ) and we have to argue that HN(A.») > 64. But
this is clear as Ay < Ay,
Now let us show that (K7 5.5, El 5.5, 2155) has the cutting property. Let t €

K155, norft] > 1, m4, <m < m! . Choose A € ICmd mt. such that elements of
A have pairwise disjoint domains, At =< A and HN(A,) = (A) (like in the proof
of 1.5.5.1). Put
A% = {fllmb,,m): f €A & |dom(f) N [m,, m)| > %\dom(f)\},
Al = {fllm,miy) : f € A& |dom(f) N [m,my,)| > 3|dom(f)}
Let 59,51 € K1.5.5 be such that m3) = mf,, my%, = m =m3,, mj}, = m!, and
Agy = A{gllmh,,m) g€ A & (3f € A%)(f C 9)},
A, = {gllm,ml,):ge A & (3f € AY)(f Cg)}.
Now check. (]

O

Conclusion 1.5.6. The forcing notion Q*_(K1.5.5, 155, X1 5.5) is o-*linked Souslin
ccc and it adds a dominating real. Consequently it adds a Cohen real (by [She94])
and it is not w-nw-nep (by [She05]).

Hall’s norms are of special interest because of “gluing and cutting”, but we may
use them to build local creating pairs to.

Example 1.5.7. Let H* : w — H(w1), 2 < |H*(¢)] < w for all i € w. Suppose
that 7 = (ny : k < w) C w is an increasing sequence such that klim Ngt1 — N = 00
—00
Ngt1—1
and let H=H*[A] : w — H(w1) be defined by H(k) = ] H*(4).
1=ng

We construct a really finitary creating pair (Kj 5.7, X1.5.7) for H which is local,

forgetful, normal and Cohen—producing (see 1.4.9(1)).

Construction. Let K 57 consist of creatures ¢ € CR[H] such that
o dis[t] = (my, A;) for some m; < w and A; € KH U {0} such that, if
At # @, hn+(At) > 1,

o vallt] = {(u,v) € [] H(i) x [ H(i):u<v& (Vf€A)(f L vlm))}

<My i<my
o if A; # (), then nor[t] = logg(HN(A;)), otherwise nor[t] = logg(nm,+1 —
Nn, + 1).
The operation X 5.7 gives non-empty results for singletons only and
215‘7(1%) = {S S K1‘5,7 : mén = mzn & At - AS}

Clearly, (K1.5.7,21.5.7) is a really finitary creating pair which is local, forgetful and
linked (remember 1.5.2(2)).

Mmy ,Mmy+1

Claim 1.5.7.1. (K157,%157) is normal and Cohen—producing.
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Proof of the claim. First note that (K4 5.7, 21.5.7) is reducible (remember (x) of the
construction for 1.5.3; note that here there are no problems caused by A; = 0).
Next note that (the proof of) 1.5.5.1 applies here too.

To show that (K7 5.7,%1.5.7) is Cohen—producing fix (for k € w) an ar € H*(ng)
and let

ngr1—1
Ap={fe [ HG): flm)=a} CHE).
i=ny

Suppose that ¢t € K; 5.7, nor[t] > 1, ml, =k and let u € dom(val[t]). If A, = 0,
then we easily choose vg,v; € rng(val[t]) extending u and such that vg(k) ¢ A,
vi(k) € Ay, (remember |H*(ng)| > 2). So suppose that A; # () and thus HN(A;) >
8. Then we may find A’ € LH such that Ay < A’ elements of A’ have pairwise

N, Mke+1
disjoint domains all of size > 2. Now we easily build vy, v; € dom(rng[t]), both
extending w and such that vo(k) ¢ Ay, vi(k) € Ag. O

O

Conclusion 1.5.8. Assume H* 71, H and (K 5.7,21.57) are as in 1.5.7.

(1) Suppose f:w X w — w is a fast function such that
(Vk € w)(Vl € w)(f(k, L) <logg(nes1 —ne))

(e.g. f(k,0) = 22F). Then Q;(Kl_a’?, Y¥1.5.7) is a non-trivial o-*—linked
Borel ccc forcing notion which adds a dominating real (so it adds a Cohen
real and it is not w—nw-nep).

(2) Let h(n,m) =max{0,m — 1} (so h: w X w — w is a regressive function).
Suppose that F C (w 2)% is a countable h—closed >*~directed family such
that (¥ € F)(v>F € w)(f(£) < logs(ness — o)) (e.g. F = {fi : k < w},
fe(f) = max{2, L% logg(ne+1 — n¢)]}). Then Q%(K157,%157) is a non-
trivial o——linked very Borel ccc forcing notion, it adds a Cohen real and
it is nice (so it preserves unbounded families).

Our next examples generalize (in some sense) the Eventually Different Real Forc-
ing of Miller [Mil81].

Example 1.5.9. Let H: w — H(w1), |[H(k)| > 4. For k < w, let Ny be |H(k)| if
H(k) is finite, and 282 otherwise. Assume klim N =o00. Let h: wxw — w be
00

given by
n—1 if n > Nk,
h(k,n) =< 2n— N, if N, <n < Ny,
1 otherwise.

(Note that h is regressive.) We construct an h-linked creating pair (K7 .5.9,%1.5.9)
for H which is local, forgetful, Cohen—producing and of the BCB-type (see 1.4.9).

Construction. Let K1 5.9 be the collection of all t € CR[H] such that

o dis[t] = (ki, E;) for some k; < w and E; C H(k;) such that 0 < |E;| < Ny,,
o valt] = {(u,v) € T[] H(7) x H@):u<v & v(k) ¢ Ey},
j k

i<ki i<k
e if |Ey| > 1NNy, then nor[t] = 1; otherwise nort] = Ny, — |Ey|.
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The operation X1 5.9 is natural: it gives non-empty results for singletons only and
21‘5.9(15) = {S S K1.5~9 : ICS = k’t & Et - Es}

It should be clear that (K;.5.9,%15.9) is a local forgetful creating pair for H.

To show that it is h-linked suppose that k > 1, to,t1 € Kj 5.9, nor[ty], nor[t;] >
k and £ = m{, = mf}. Then |Ey,|,|Ey,| < $N; and thus 0 < |Ey, U Ey, | < Ny. Let
s € K159 be such that ks = ¢, E; = Ey, UFE,,. Clearly s € 31 59(t0) N X1.5.9(t1).
If h(¢,k) = 1 then clearly nor[s] > h({,k), so suppose h(¢,k) > 1. Necessarily
%Nz < k < Ny, s0 |Ey |, | Ee, | < éNg and therefore |Ey| < iNg. Hence

nor(s] = Ny — |Es| > Ny — |Ey| — |Ey,| > 2k — Ny = h(£, k).

Let us show now that (K 5.9,21.5.9) is Cohen—producing. For each n € w choose
aset A, C H(n) such that |4,| = [3|H(n)|] if H(n) is finite, and A, is infinite co-
infinite if H(n) is infinite. Suppose that t € K7 5.9, nor[¢] > 1. Then E; C H(k,),
|Ey| < 1Ny, so we may choose ay € Ay, \ Ey, and ag € H(k;) \ (Ax, U Ey, ), and
we easily finish.

Finally, let us argue that (K 5.9, %1.5.9) is of the BCB-type, To this end suppose
that (s, : n < w) € K159, my, = ks, = ¢, nor[s,] > 2. Then |E, | < 1N, for
each n.

If H(¢) is finite, then the demand in (®BCB) of 1.4.9(2) is trivially satisfied (just
take {ao,...,amn} =H()).
So suppose that H(¢) is infinite and to simplify notation let H(¢) = w. Let E, =
{bg,...,bg _} be the increasing enumeration; k,, = |E, [. We may find an infinite
set Y C w and k* < k < w such that

o k,=kforeachneV,

o (b :n €Y) is constant for each i < k*,

o (b :n €Y) is strictly increasing for each i € [k*, k).
Suppose a € H() \ {b} : ¢ < k*} for some (equivalently: all) n € Y. Then,

for sufficiently large n € Y, for every i € [k*, k) we have b}' > a. Consequently
(V*n e€Y)(a ¢ Es,), so we may easily finish. O

Sn

Conclusion 1.5.10. Let H, (N : k < w), h and (K15.9,%159) be as in 1.5.9.
Suppose that F C (w\2)¥ is a countable h—closed >*—directed family such that for
some f € F we have (V°k € w)(f(k) < Ni) (e.g. F = {fr: £ < w}, fo(k) = N —2°
if Ny, > 241 f(k) = 2 otherwise). Then Q% (K15.9,X1.5.9) is a non-trivial o——
linked Borel ccc forcing notion which adds a Cohen real and is nice (so it preserves
unbounded families).

If H and F are as in 1.5.10, and H(k) is finite for each k, then we may use
1.3.4(3) to get that the forcing notion Q% (Ki.5.9,%1.5.9) is very Borel ccc. We
may prove the same conclusion without the additional assumption on H (see 1.5.11
below). Unfortunately, this proof is very specific for Q% (K1.5.9,%1.5.9) and it does
not generalize to cover more forcing notions of the form Q% (K, X)

Proposition 1.5.11. Assume that H, (N : k <w), h, K = K159 and ¥ = X159
are as in 1.5.9, and F C (w\ 2)% is a countable h—closed <*-directed family such
that

3f e FY(Vk € w)(f(k) < Ng).

Then the forcing notion Q% (K15.9,%1.5.9) is very Borel ccc.
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Proof. The only thing that should be shown is that being a maximal antichain is
a Borel relation (remember 1.5.10 and so 1.3.4(1c)). Put Z = (J [] H@) \ {()},

<w g<1t
X=(ZU{)}) xK¥ and Y = A% and Z = w? x w?.

Then X, Y, Z are Polish spaces (each equipped with the respective product topol-
ogy), Qj(K,%) and Q%(K,X) are 19 and X9 subsets of X, respectively, and for
our conclusion it is enough to show that

p {<pn n<w)EY: (Yn<w)(pn € Qu(K,S)) and
{pn : n < w} is pre-dense in Q% (K,X) }

is a Borel subset of ).
Plainly we may assume that

(Vf € F)(Vk <w)(2 < f(k) < Ni)

(as we may modify suitable the family F without changing the forcing notion).
Now, for f € F we define

Cy ={(ho.h1) € Z: (Vn € Z)(ho(n) <1h(n) & h1(n) < Ny — f(ho(n)))}-
Clearly each Cy is a compact subset of Z.

Claim 1.5.11.1. Suppose that p = (p, : n < w) € Y, where p, € Q%(K,X) are
such that nor[t{™] > 1 (for all k,n < w). Then the following are equivalent:

A); There is a condition p € Q% (K, X)) incompatible with every p, (forn < w).
p F
B)p There aren € Z and f € F and (ho, h1) € Cy such that
D f
i) for everyv € Z, if n < v then ho(v) > lh(n), and
n n
(i) for every vo,v1 € Z, if n < vy, n <A vy and vy, € |J POS(pn) and

nw

ho(vo) = ho(v1) and hy(vg) = hy(v1), then vo(ho(vo)) = v1(ho(r1)).
Proof of the claim. Assume (A); and pick p € Q%(K,X) and f € F such that
(Vk < w)(nor[ti] = Nlh(wp)-i-k - |Et§\ = f(Ih(w®) + k)),

and p is incompatible with all p, (for n < w). For £ = lh(w?) + k, k < w, let
(xf, - m < Ny— f(¥)) be an enumeration of E». Note that, as pLpy, if v € POS(pn)
and w? < v, then for some ho(v) € [lh(w?),1h(rv)) and hi(v) < Npyy — f(ho(v))

we have v(hg(v)) = xZSEZ% Letting n = wP we may now easily define (hg, h1) so

that n, f, (ho, h1) witness (B)z.
Suppose now that 7, f and (hg,hq) witness (B)p. Let wP? = n and for ¢ =
lh(wP) + k, k < w and m < Ny — f(¢) let xt, € H(¥) be such that

(%) if ve | POS(pp), w? < v and ho(v) = ¢ and hy(v) =m,
n<w
then z¢, = v(0).
(The choice of the z¥,’s is possible by (B);(ii).) Now, for each k < w pick ¢} € K
so that

mga =1lh(w”)+k and Ep = {aB@N) k. < Nin(wry+k — f(Th(w?) +k)}.
Notice that for sufficiently large k we have f(lh(w?P)+k) > %Nlh(wp)+k7 so for those

k we will also have nor[t}] = f(lh(w?) + k). Hence p € Q% (K,Y) and easily it is a
condition incompatible with all p,,’s. [
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For n € Z and f € F, let B"/ consist of all (hg, h1,p) € Z x ) such that

e (ho,h1) € Cp, p= (pn : n < w) € Y, where p, € Qj(K,X) are such that
nor[t}"] > 1 for all k,n < w, and

o VYveZ)n<v = lh(n) < ho(v)), and

e for all vy,v1 € ZN |J POS(p,) we have

n<w

ho(vo) = ho(v1) & hi(wo) = hi(v1) = wo(ho(vo)) = vi(hi(vr)).

It should be clear that B™/ is a closed subset of Cy x J and hence (as Cy is
compact) the set

AT ={p e Y : (3(ho,h1) € Ct)((ho, h1,p) € B")}

is a closed subset of Y, and A"/ N (Q*}-(K, Z))w is Borel. Now, pick a Borel function
7 :Y — Y such that
ifp=(p,:n<w)e (Q*}-(K,E))w and ¢ = (g : n < w) = w(P),
then
e for each n < w, ¢, € Q%(K,X) and (Vk < w)(nor[t{"] > 1),
e for each n < w, for some m < w and k < w we have

wi € pos(wP™, 1™, ..., t7")  and g = (Wit ),
o if m <w, k <w, w € pos(wP, t{™, ..., t4™), and (V¢ > k)(nor[t]™] > 1),

then (w, 177,075, .. .) € {qn : 1 < w}.

Clearly, p € (Q}(K,E))w is pre-dense if and only if so is w(p). Hence, for p €
(Q%(K, Z))w we have

P not is pre-dense if and only if

there are € Z and f € F such that w(p) € A"/
(remember 1.5.11.1). Since both Z and F are countable, the proof of the proposition
is completed. [

The construction presented in 1.5.9 is a particular case of a more general method
of building linked creating pairs from some of the examples presented in [RS99).
First let us recall the following definition.

Definition 1.5.12 (See [RS99, Def. 5.2.5]). Let (K,X) be a creating pair. We
say that a creature t € K is (n, m)-additive if for all g, ... ,t,_1 € X(¢) such that
nor(t;] < m (for i < n) there is s € £(¢) such that

to,...,tn—1 € X(s) and mnor[s] < max{norfty]: ¢ <n}+ 1.

Example 1.5.13. Suppose that (K,X) is a local and forgetful creating pair for H,
and it satisfies the demand (H) of 1.4.2(2). Let t* = (5, ¢%,t5,...) € PCo(K,X)
be such that each t is (2, nor[t])-additive and m'2, = 0. We construct a local
linked creating pair (K%, ,X%.) (the t*~dual of (K,X)).

A
Construction. For n < w and a creature t € X(¢}) let a creature t° be such that

e nor[t‘] = max{0, nor[t}] — nor[t]},

o valli?] = ( [T H(i) x IT H(0) \ valls,

<n

e dis[t¢] = (dis[t], ¢).
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[The creature t¢ is defined only if val[t’] # (.] Let Kf be the collection of all
(correctly defined) t¢ (for ¢t € X(t},), n < w). For t¢ € Kf. (defined as above for
t e X(t))) we let

TLA) ={s:teX(s) &seX(t)}.
O

The examples of local creating pairs have their (local) tree—creating variants too.
They can be constructed like the following example.

Example 1.5.14. Let H € w“ be a strictly increasing function such that H(0) > 2.
We construct a really finitary, normal (local) tree—creating pair (K1 514, 21.5.14) for
H which is Cohen—producing.

Construction. The family K 5,14 consists of tree—creatures ¢ € LTCR[H] such that

e dis[t] = (my,n, Et) such that my < w, m; € [ H(:) and 0 # E; € H(m,),

Et 7& H(mt>7 <My
o vallt = {(nv) i s v e T HG) & vim) ¢ i),
e norft] = log4(H|%:L|t)).

The tree composition X1 514 is natural: it gives non empty results for singletons
only and then

Yi514(t) ={s € Kip1a :ms = & By C E,}.

Now check. O

Conclusion 1.5.15. Suppose H € w" is strictly increasing, H(0) > 4.

(1) The forcing notion Q{*¢(Kj 5.14,21.5.14) is non-trivial, c—+linked and it
adds a dominating real.
(2) Assume that f:w X w — w is a fast function such that

(Vn,m < w)(f(n,m) < log,(H(m))).

Then the forcing notion Q;ree(K1,5,14,21_5,14) is non-trivial, o—x—linked,
Borel cce, and it adds a dominating real.

3) Suppose that F C (w\ 2)¥ is a countable >*—directed family such that

( pp y

(3f € F)(¥>°n € w)(f(n) < log,(H(n))) and
(Vf € F)(Hg € F)(vVn € w)(g(n) < f(n) —1).

Then the forcing notion Q%°°(K1.5.14,%1.5.14) is non-trivial, o—+linked,
very Borel cce, and it adds a Cohen real and is nice.

2. MORE CONSTRUCTIONS

In this section we introduce more schemes for building ccc forcing notions as
well as more norm conditions that can be used in conjunctions with the methods
presented in the previous section.
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2.1. Mixtures with random.

Definition 2.1.1. Let H: w — H(wy). We say that (K, X, F) is a mizing triple
for H if

(a) (K,X) is a (local) tree—creating pair for H,

(b) foreach n € |J [ H(i) there is ¢} € K such that

mew i<m

(vt € LTCR,[H] N K)(t € X(t;)),
(c) F=(F,:ne U [I H(:)), where foreachne |J [] H(%):

mew i<m mew i<m

() F, : [0, 1P%%(n) s q0,1],

(e) if (r, : v € pos(t;)), (r, : v € pos(ty)) € [0, 1}pos(t;;), r, < r, for all
v € pos(ty), then Fy(r, : v € pos(ty)) < Fy(r, : v € pos(ty)),

(f) if (r, : v € pos(t;)) € [0, l]pos(tj;), e > 0, then there are r,, < r, (for
v € pos(ty)) such that for each (r; : v € pos(t))) € [0, l]pos(t;’;) satisfying

v
r, <1y <, (for v € pos(ty)) we have

Ey(ry : v € pos(ty)) —e < Fy(r, : v € pos(ty)),
(g) if 7, > € >0 for v € pos(t;) then Fy(r, : v € pos(ty)) > €.

Definition 2.1.2. Let (K, X, F) be a mixing triple for H.
(1) Let T* =Txx € U [] H() be a tree such that

root(T™) = () and (Vn € T")(sucer~(n) = pos(t;))-

(2) If X Cpos(ty), n € T* and (r, : v € X) C [0, 1], then we define F(r, : v €
X) as Iy (1 : v € pos(ty)), where

* Ty ifVEX,
Tl 0 ifre pos(ty) \ X.

(3) Suppose that p = (th : n € T?) € Qf*°(K,%) and A C T? is a front
of TP. We let Tp,A] = {n € TP : (3p € A)(n < p)}, and we define
tip 4 = fip,a : Tlp, A] — [0,1] by downward induction as follows:

o if n € Athen pp a(n) =1,
e if 11, 4(v) has been defined for all v € pos(t?), n € T[p, A] \ A, then
we pit fip.a (1) = Fy(jip, () : v € pos(i2)).

(4) For p= (th :n € T?) € Q**(K,X) we define

uF (p) = inf{y,, a(root(p)) : A is a front of TP}.

(5) Let Qp*(K,%,F) = {p € Qj°(K,%) : uF(p) > 0} be equipped with the
partial order inherited from Qgee(K ,2). Similarly we define forcing notions
QM(K,%,F), QF*(K, %, F), Q' (K, %, F) (for suitable f and F).

Definition 2.1.3. A mixing triple (K, 3, F) is ccc—complete if

(a) for each n € Tj 5, and A C pos(ty), there is a unique tree—creature t4 €
¥(ty) such that pos(ta) = A,

(b) ifn € Tg s, A C B Cpos(ty), then t4 € X(tp) and nor(t4] < nor[tp],
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(c) if ry =7, + 1y, ry,my,ry €10,1] (for v € pos(ty), n € Tk x,), then
F,(r, 1 v € pos(ty)) = Fy(r, : v € pos(ty)) + Fy(r, : v € pos(ty)).

Lemma 2.1.4. Let (K, X, F) be a ccc—complete mizing triple for H. Suppose that
Pos---Pm € QUK. X, F) are such that > pF(pe) > 1 and root(py) = ... =
<m

root(py,). Then for some £ < n < m the conditions Pe,Pn are compatible in

Q5" (K, %, F).

Proof. Let v = root(pg) = ... = root(p,,). For each £ < n < m such that [TP¢] N
[TP] # () choose a tree Ty, C Ty . satisfying

max(Ty,) =0, root(Ty,)=v and [Tp,]=[T"]N[T""].

Let prn € Q)°(K,X) be such that TP = Ty, (defined if [TP¢] N [TP"] # 0,

¢ <n <m). Our aim is to show that for some ¢ < n < m, p;, is defined and

belongs to Qg’t(K, 3, F) (i.e., u¥(pen) > 0). So suppose that for each £ < n < m,

either [TP¢] N [TP"] = 0 or p¥ (prn) =0. Let & =27+ (S 4F(py) — 1) > 0 and
<m

let p € Qj°°(K,X) be such that root(p) = v and T? = TP U...U TP (clearly
min{pF (ps) : £ < m} < uF(p) < 1). Choose a front A of TP such that for each
< n < m,if pp, is defined and Ay, = ANTP", then up, . 4,, (V) <e, and if
[TPe] N [TP"] = 0 then TPt N TP C T[p, A] \ A).

Claim 2.1.4.1. For each n € T[p, A] we have
(@) ppa(n) 2 3 tipeacn) = 20 iy aen (1),

L<n<m

where A = AN TP (forﬂ < m), and if £ < n < m and pgy is not defined or
N & Tpen, Aen] then we stipulate pp, , a,,,(n) =0 (and similarly i, ac(n) = 0 if

n & Tlpe, A']).

Proof of the claim. We show this by downward induction on lh(7).
First suppose that n € A. Let k = [{{ <m :n € A} = Y p,, a¢(n). Then
<m

> Kpen,Agn (n) = (g) and

<n<m
k(k—1)
Z fip,,ae (N Z Hpe n,Ag =k— 9 <1=ppan).

<m <n<m

Suppose now that (®) has been shown for all p € pos(th), n € T'[p, A] \ A. Let

= {p € pos(t}) Z Pp,,at(p) = Z Hpe A (P)}

<m <n<m

and Y = pos(th) \ X. It follows from the inductive hypothesis and 2.1.3(c) that

F”](Hva( ID E X Z F HPZ AZ p E X) - Z Fn(:u’lenAl,n(p) : p G X)'

<m <n<m

[Note that though 2.1.3(c) guarantees the additivity of F,, only when r, =1/, 41/,
Ty, T € [0,1], we can first prove that

v l/

1 1
Fyl3r -

2 Tvive pos(ty)) =

F,(r, :v € pos(t))).
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Next, we may reduce the needed additivity to the one postulated in 2.1.3(c) by
dividing all terms by suitably large M.] Now, by 2.1.1(e),

ZFW(MW,A[( tpEY) < Z F Mp/ nyA/n(p):pey)7

£<m {<n<m
and hence
Fy(pipa(p) i p €Y) =Y Folip, ac(p) i p€Y) = > Fylip, 4., (p) i p€Y).
<m <n<m

Since

fip, A (1) = Fylppalp):peX)+ Fy(upalp):pey),

[ipg,a¢ (1) = Fy(pp,,ac(p) :p € X)+ Fy(pp, ac(p) 1 p€Y),

Hpg n,Ap (77) = Fﬁ(/‘m,mAtz,n (l)) pe X) + Fn(:upz,mAz,n (p) pe Y),
we may easily finish. O

Now we apply 2.1.4.1 to v = root(pg). We get then
1> pipa(v Z:u’pz ae( Z Iu’PenAln ZN De) —2mH e = L,
<m L<n<m <m

a contradiction. O

Corollary 2.1.5. Let (K,%,F) be a ccc—complete mizing triple for H.
(1) The forcing notion Q' (K, X, F) satisfies the ccc.
(2) If f 1w Xw— w is a fast function and (K,X) is linked, then the forcing
notions Q?-‘t(K,Z,F) and Q™ (K, X, F) are ccc.
(3) If h : w X w —> w is regressive, (K,X) is h-linked and F C (w \ 2)¥ is
either countable or >*—directed, then Q2*(K, X, F) is ccc.

Remark 2.1.6. (1) Forcing notions determined by mixing triples are in some
sense mixtures of the random real forcing with forcings determined by tree—
creating pairs. The “mt” in Q™ (K, 3, F) stands for “measured tree”.

(2) Because of 2.1.5(1) (and the proof of 2.1.4) we can be very generous as far
as the demands on the norms are concerned, and still we may easily ensure
that the resulting forcing notion satisfies the ccc. For example, if (K, X, F)
is a ccc—complete mixing triple, (K, X)) is semi-linked in the sense that the
demand of 1.2.3(1) is satisfied whenever 1h(n) is even, and

¥Ln/t2(K’Z’F) ={pe Q(rant(KvZaF) (Vn e [Tp])(kh_?;o n0r[t§r2k] = 00)},

then 1/2(K 3, F) is cce too.

(3) This type of constructions (i.e., mixture-like) for not-ccc case will be pre-
sented in [RS06] and [RS, §2].

Let us finish this subsection with showing that the forcing notions Qg‘t (K, %, F)
tend to have many features of the random real forcing.

Definition 2.1.7. Let (K, %, F) be a mixing triple, p € Q*(K, X, F).
(1) A function g : TP — [0,1] is a semi-F-measure on p if
(v € T7)(u(n) < Fy(p(v) : v € pos(th))).
(2) If above the equality holds (for each 7 € T?), then p is called an F-measure.
Proposition 2.1.8. Assume (K,%,F) is a mizing triple, p € Qj*°(K,X).
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(1) If p: TP — [0,1] is semi-F—measure on p, then for each n € TP we have
p(n) < i (pl).
(2) The mapping n s u¥ (pi") : TP — [0, 1] is an F-measure on p.
(3) If there is a semi-F-measure p on p such that p(root(p)) > 0, then p €
QY (K, %, F).
Proof. Straightforward. O

Proposition 2.1.9. Suppose that (K,%,F) is a ccc—complete mizing triple, and
Po,-- - Pm € QF(K,X,F) are such that root(py) = ... = root(pm). Let p €
Qp“(K, %, F) be such that TP =T? U...UTP. Then:

(1) uF(p) < E; ¥ (pe),

(2) if [TP N [TPn] =0 for £ <n < m (or just po,...,Dm are pairwise incom-
patible in Q) (K, %, F)), then pF (p) = > uF (pe),
<m

(3) {po,.-.,pm} is pre-dense above p.
Proof. Like 2.1.4. O

Lemma 2.1.10. Let (K, %, F) be a ccc—complete mizing triple.
(1) Suppose that conditions p,q € Qg‘t (K, X, F) are such that root(p) = root(q),

p < q, u¥(q) < uF(p), and let 0 < ¢ < 1. Then there is a condition
r e Qg’t(K,Z,F) stronger than p and incompatible with q and such that

root(r) = root(p), u¥ (r) > (1 —¢) - (¥ (p) — p*(q))-
(2) Ifp € Q) (K, %, F), € > 0 then there isn € T? such that pF (pl) > (1—¢).

Proof. 1) Let v = root(p). Choose a front A of T? such that
pg,anre (V) < i (q) + &+ (1" (p) — 1" (a) < 17 (p)
(so necessarily A\ T9 # ()). Take o, € Qj**(K,X) such that

T = {neT?:(Ipe A\TI)(ndporp<an)}

T = {neT?:3FpecAnT(nLporp<n)}.
Clearly root(r;) = v, ANT" isa front of 771, A = (ANT™)U(ANT" ) and T C T".
Hence, r1 € Q" (K, %, F) and p¥(q) < p¥(r1) < p*(q) +& - (¥ (p) — 1 (). Now,

using 2.1.3(c), we may conclude that u¥(r¢) > (1 —¢) - (uF (p) — ¥ (q)), finishing
the proof.
2)  Straightforward. O

Proposition 2.1.11. Assume that (K,X,F) is a ccc-complete mizing triple, p €
QpUK,X,F). Let m < w, € > 0 and let 7 be a Qf*(K,%,F)-name such that
plE7 < m. Then there are X C m and conditions qp € Qant(K, S.F) (fort e X)
such that

() qelFT=¢,

(B) root(ge) = root(p),

() > #F(g) > (1 = e)uF (p).

lex

Proof. Let v = root(p). For each ¢ < m define p, : TP — [0, 1] by:
pe(n) = sup{p* (q) : ¢ € Q3" (K, %, F) & ¢ > pl"l & root(q) =n & q - 7 = £}
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(with the convention that sup® = 0). It follows from 2.1.1(f) that each p, is an
F-measure on p.

Claim 2.1.11.1. ¥ (p) = > me(v).
£<m
Proof of the claim. First note that, by a suitable modification of 2.1.4, we have
p¥(p) > > we(v). So suppose that uF (p) > > ue(v), and let n € w be such that
£<m <m

(1—2)-pF(p) > 2 pelv). Let

S={neTr: (1- ) p G > 3w,
f<m
and let T C S be a tree such that root(T) = v and n € T, p € sucere(n) NS
imply p € T. Clearly max(T) = (), so we may choose r € Qy°°(K,X) so that
T =T If uF(r) > 0, then (r € Q)*(K,%,F) and) we may choose a condition
q € Q)*(K,%,F) stronger than 7 which decides the value of 7. By 2.1.10(2) we
find 7 € T7 such that pF(¢") > (1 — 1) > (1 — 1),F(pl"), what contradicts
T4 CT" C S. Therefore uF (r) = 0, and like in 2.1.10(1) we may build a condition
q > p and a front A of T'? such that
root(q) = v, ANT" = (),
T1={neT?:(3pc A)(ndporp<n)},
o (1= D) < 30 pe(n) < pF (p™) for each 1 € A, and
£<m

uF(q) > (1= £)uF(p).

Now, we may easily conclude that Y p(v) > (1—2)- uF(p), getting a contradic-
L<m
tion. [

The conclusion of the proposition follows immediately from 2.1.11.1 and the
definition of p’s (so we take X = {{ < m : uy(v) > 0} and suitable g’s for
e X). O

Proposition 2.1.12. Suppose that (K,3,F) is a ccc—complete mizing triple and
7 is a QP (K, X, F)-name for an ordinal. Let p € Q)*(K,%,F), 0 <e < 1. Then
there is a condition q > p and a front A of T? such that

(a) root(q) = root(p), uF(q) > (1 — e)u® (p),
(B) for each n € A the condition ¢! decides the value of 7.

Proof. Let

B={neTP: for some p* > p we have: root(p*)=rm,
pF(p*) > (1 —£)pF (pl"), and p* decides 7 on a front}.

It follows from 2.1.10 that, if ¢ € Qg’t(K, 3, F) is a condition stronger than p, then
TN B # . If root(p) € B, then we are clearly done, so suppose root(p) ¢ B. Note
that if n € TP \ B then succrs(n) \ B # 0. Thus

TE (neT?: (v dn)(v¢B)}
is a tree with max(T) = 0, TN B = 0, root(T) = root(p). This T determines a
condition r € Qj*°(K,¥), root(r) = root(p). It follows from the previous remark
that pF(r) = 0. Take a front A of TP such that p, anr-(root(r)) < 1 -e- ¥ (p)
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and A C T" U B. For each v € A\ T" fix a condition ¢, such that p} < g,
1¥ (q,) > (1 — £)uF (p*]), and g, decides 7 on a front. Let ¢ be such that

T9={neT?: (Fve A\T")(neT™ or v In)}.
It should be clear that ¢ is a condition as required ([

2.2. Exotic norm conditions. The norm conditions introduced in the first sec-
tion have their counterparts in the non-ccc case (as presented in [RS99]). Here
we formulate more norm conditions which may be used to build ccc forcing no-
tions from linked creating pairs (or tree—creating pairs), and which seem to be very
cce—specific. Let us start with a norm condition that allows us to include into our
framework the “Mathias with ultrafilter” forcing notion.

Definition 2.2.1. (1) A local creating pair (K,X) for H is strongly linked if
it is full (see 1.1.2(5)), linked and

(®)% there are t" € K (for £ < w) such that m?;m =/and if t € K,
mb, = ¢, then t™ € X(t).
If additionally for each ¢ < w we have

(Vu € dom(val[ty™]))(3! v € mg(val[ty™]))(u < v),

then we say that (K,X) is strongly™ linked.

(2) Alocal tree—creating pair (K, X) for H is (tree-) strongly linked if it is linked
and

(®)i1ee there are £ € K NLTCR,[H] (for n € J [ H(i)) such that if

mewi<m
te KNLTCR,H],ne U [I H(), then £ € X(¢).
mew i<m
If, additionally, [pos(t;"™)| = 1 for each 7 then we say that (K,X) is
strongly™ linked.

(3) Let D be a non-principal ultrafilter on w. We define norm conditions C(D)
and C**(D) (for the contexts of creating pairs and tree-creating pairs,
respectively) and the corresponding forcing notions Q% (K, X), Q%°(K, %)
as follows.

e A sequence (t; : i < w) satisfies C(D) if for some ¢ < w we have:

(Vi <w)(mf, =C+i) and hrn(nor[ j—e) A <j<w)=o0.

For a local creating pair (K, X), Q5 (K, X) is the forcing notion
Q¢(p) (K, %) = {p € Qj(K,X) : (1] : i < w) satisfies C(D)}.

e A system (t, : n € T) C LTCR[H] satisfies C****(D) if T is a tree,
t, € LTCR,[H] and pos(t,) = succr(n) € [[ H(i) for each n € T,
i<Ih(n)
and (Vn € [T])(limp (nor[t,x] : Ih(root(T)) < k < w) = 00).
For a local tree creating pair (K,X), Q%°°(K, ) is the forcing notion

thr(e,% (K; E) = {p S @&ree(K, E) : <t£ i€ TP> satisfies Ctree(D)}'

Remark 2.2.2. Strongly linked (and especially strongly™ linked) creating pairs re-
semble omittory creating pairs of [RS99, Def. 2.1.1] — in both cases the practical
examples are such that we may “omit” some of the creatures from a condition p.
Here the “omitting” is done by replacing ¢! by the suitable tm‘“ (see 2.4.5).
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Proposition 2.2.3. Let D be a non-principal ultrafilter on w. If (K,X) is a lo-
cal strongly linked creating pair (tree—creating pair, respectively), then the forcing
notion Q},(K,X) (Q%¢(K,X), respectively) is o—centered.

Proof. Straightforward. |

Forcing notions Q% (K, X), though similar to the Mathias forcing notion, do
not have (in general) as many nice properties as this one. For example “deciding
formulas without changing the root” may easily fail, even though we may have some
kind of continuous reading of names.

Definition 2.2.4 (See [RS99, Def. 1.2.9]). Let D be a non-principal ultrafilter on
w, (K,X) be a local strongly linked creating pair and 7 be a Q}, (XK, ¥)-name for
an ordinal. We say that a condition p € Q% (K,X) approzimates 7 at t£ (or at n)
whenever the following demand is satisfied:

(%) for each wy € pos(wP,th,...,t' ), if there is a condition r € Q},(K,X)
stronger than p and such that w” = w; and r decides the value of 7, then

the condition (wi,t,t) ,...) decides the value of 7

Proposition 2.2.5. Assume that D is a Ramsey ultrafilter on w and (K,X) is a
local, really finitary and strongly™ linked creating pair. Then for each p € Q% (K, X)
and a name 7 for an ordinal, there is a condition q > p which approximates T at
every n and such that wP = wi.

Proof. The proof follows the lines of the appropriate proof for the Mathias forcing
notion (see e.g. [BJ95, §7.4]). Let (1" : ¢ < w) witness that (K, ) satisfies (®)*!
of 2.2.1(1), (Vu € dom(val[t}®]))(3lv € rng(val[tF]))(u < v). For simplicity, we
assume that nor[t"] < 1 (for £ < w).
For a condition p € Q}(K,X) and n € w let
supp”(p) & {mfn i <w & norft!] >n+1} € D.
Choose inductively conditions p,, € Q5 (K, %) such that for each n < w:
(1) po =p, pn < Pnt1, WP = wP, and 7" = 8" for i < n,
(2) if w € pos(w?,th, ..., 1% ) and there is p* > p such that w?" = w and p*
decides 7, then (w, "t tfljff, ...) decides 7.
(Note that “strongly linked” implies that if w9 = w?, then ¢g, ¢ are compatible;
also remember that (K, ¥) is full.) Since D is Ramsey, we may choose an increasing
sequence (i, : n < w) C w \ Ih(wP) such that

{in:n<w}eD and (Vn€w)(in+2<ipnt1 € supp"+1(pin,1h(wp)+2)).

For j < w let
14 = t?.n_lh(wp)ﬁ if j = in41 —1h(w?), n € w,
i if j + h(wP) & {iny1 1 n < w}.
It should be clear that ¢ Lef wP td,td,...) € Q% (K,Y) is a condition stronger than
0sL1 D
p and for every w € pos(w?, ¢y, ... 7 71h(wp)), n € w we have
q q Pip —1h(wP)+2 4Piy —lh(wP)+2
(w, b —Ih(wp) 10 Ly —In(wp)427 - )= (w, b h(wr)+10 Ly, Cin(wp) 420 )

Hence easily ¢ approximates 7 at all points of the form 4,,7 — lh(wP) + 1 (for
n < w), and by the additional demand on ¢ (in “strongly™”) we conclude that ¢
approximates 7 at all n < w. (]
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Proposition 2.2.6. Suppose that (K,Y) is a strongly™ linked local creating pair
(with ™" witnessing this). Assume that nor[t™"] < 1 (for n < w) and
(x) for each n € w there are disjoint sets Ay, B, C H(n) such that
o if (u,v) € val[t™®] then v(n) & A, U By,
e ift € K, nor[t] > 1, u € dom(val[t]), Ih(u) =n
then there are vo, vy such that (u,vo), (u,v1) € vallt] and v1(n) € A,
and vo(n) € By,
Let D be an ultrafilter on w. Then the forcing notion Q% (K,X) adds a Cohen real.

Proof. Let W be the name for Q% (K, ¥)-generic real and let K = {k, : n < w} be
a name for a subset of w such that
K={kew:W(k)e A, UBy}.

(Clearly K is infinite.) Let ¢ € 2% be given by é(n) = 0 if and only if W (k,) € A,,.
It should be clear that ¢ is a name for a Cohen real over V. O

Now we will give some norm conditions that can be used in the context of local
and forgetful creating pairs. Note that if (K, ) is of that type, then for each t € K
we have (unique) set P, C H(m}) such that

(u,v) € val[t] if and only if v(ml,) € P;, w <v and Ih(v) = lh(u) + 1
(for some, equivalently all, u € dom(val[t])). The set P, corresponds to pos(t) in
the tree—creatures context, and below we will use the notation pos(t) for it (hoping

that this does not cause any confusion). Our next definition is a variant of 2.1.3(a,b)
for the case of local forgetful creating pairs.

Definition 2.2.7. A local forgetful creating pair (K,X) for H is complete if

(a) for each i € w and a nonempty set A C H(7), there is a unique creature

tYy € K such that mtd:(1 =i and pos(t}y) = 4, _ _

(b) if i € w, A C B C H(i), then 4 € X(t%) and nor[ty] < nor[t].
Definition 2.2.8. Let H : w — H(w1) be such that (Vn € w)(|H(n)| > 2") and
let (K, %) be a complete creating pair for H.

(1) A 1-norming system (for H) is a pair (K, g) such that

(o) K = (Ky : ¢ € w) is a sequence of infinite pairwise disjoint subsets of
w, min(Ky) > £,
(B) g=1{g,:p€2=%), where for each £ < w:

(v) ifpe 2 then g € I H(m), and
meKy
(6) for every m € Ky, there are no repetitions in (g,(m) : p € 2£).
(2) Let C(nor) be a norm condition for K and (K, g) be a 1-norming system.

We define (K, §)-modified version C(nor)™? of C(nor) by

a sequence (f; : i < w) satisfies C(nor)™*? if and only if

it satisfies C(nor) and for some py, ..., pr € 2%, k < w we have
(Vi, £ < w)(¥p € 2)([mlf, € Ko & g,(mf,) € pos(ts)] = [p<po V...V p < pyl).
(3) If C(nor) is one of C**(nor), C7 (nor) or C/(nor) (for suitable f, F; see
1.1.5), then the forcing notions corresponding to (K, g)-modified versions
of Cl(nor) will be denoted by QX9(K, %), Q5 9(K, %), (@J{(’g(K, ), respec-
tively.
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Proposition 2.2.9. Let H : w — H(w1) be such that (Vn € w)(|H(n)| > 2").
Assume that (K,X) is a complete creating pair, and (K, g) is a 1-norming system

(for H).
(1) If f:wxw — wis fast and (K,%) is linked, then QX9(K,%) and
Q?’Q(K, Y) are o-x—linked Souslin forcing notions.
(2) Assume that h : w X w — w is regressive and F C (w\ 2)% is an h—closed
family which is either countable or >*—directed. Suppose (K,X) is local

and h-linked. Then the forcing notion Q}-R’g (K, Y) is o-x-linked, and if F
s countable and >*—directed, then Q;{’E(K, Y) is also Souslin.

Proof. Straightforward. O

w

Definition 2.2.10. Let (K, X) be a local forgetful creating pair for H.
(1) A 2-norming system is a sequence U = (U, 1 : p € 2<% & k < w) of
pairwise disjoint infinite subsets of w such that 1h(p) < min(U, k).
(2) For a norm condition C(nor) and a 2-norming system U we define U-
modified version C(nor)” of C(nor) by
a sequence (t; : i < w) satisfies C(nor)”  if and only if
it satisfies C(nor) and for some po,...,p; € 2% and ko,..., ke < w,
{ < w,
for every i,k < w and p € 2<% we have:

[mfi € Uy i & pos(t;) #H(m5 )] = [p<poV...Vp<peand k € {ko,..., ke}]

We will use notation QY (K,¥), Q%(K,X), QY (K,X) for the respective
forcing notions (and suitable f, F).

Proposition 2.2.11. Let (K,X) be a complete creating pair, and U be a 2-norming
system.

(1) If f : wxw — wis fast and (K, X) is linked, then QU (K,X) and QJ({(K, Y)
are o-x-linked Souslin forcing notions.

(2) Assume that h : w X w — w is regressive and F C (w\ 2)% is an h—closed
family which is either countable or >*—directed. Suppose (K,X) is local
and h-linked. Then the forcing notion Q%(K,X) is o-+-linked, and if F is
countable and >*~directed, then Q% (K,X) is also Souslin.

Proof. Straightforward. O

w

2.3. Universal forcing notions. Here we introduce constructions involving very
peculiar norm conditions. As a matter of fact, norms are not important in that
type of constructions, but they still provide examples. Prototypes for the method
described here are the Universal Meager forcing notion UM and forcing notions
related to variants of the PP—property (see [She98, Ch.VI, §2.12], [RS99, Ch.7]).

Definition 2.3.1. Let (K, X) be a tree—creating pair for H. A finite candidate for
(K,%) is a system (t, : € S) such that
(i) SC U I H(i) is a tree of height lev(S) < w, each node in S has a
k<lev(S) i<k
successor at the last level lev(.S9),
(ii) S =S\ max(S) (i.e., non-maximal nodes of S),
(ili) t, € LTCR,[H] N K and pos(t,) = succs(n) (for n € S).
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The collection of finite candidates for (K, ) is denoted FC(K,X). It is equipped
with the following order (similar to that of Qj*(K,X)):

{9 :me 50y < (ty:me 51 if and only if lev(S°) <lev(S!) and
(vn € SH(h(n) <lev(S®) = ne S’ &t €3(t)).

Remark 2.3.2. Finite candidates for tree—creating pairs correspond to that for cre-
ating pairs (see 1.1.9). In general, finite candidates do not have to be finite (just
the respective tree is of finite height), but if (K, X) is finitary then they are.

Definition 2.3.3. Let H : w — H(w1). A universality parameter p for H is a
tuple (KP, XP FP GP) = (K, X%, F,G) such that
() (K,X) is a really finitary local tree—creating pair for H,
(B) F C (w) 2)¥ is either countable or <*-directed [note the direction of the
inequality!],
(7) elements of G are quadruples ((t, : 7 € S), Ndn, Tup, 7) such that
o (t,:ncS) € FC(K,X), root(S) = (),
o nay < nyp < lev(S),
o 7= (r;:i€dom(F)), r; € w, dom(F) C [Ndn, Nup),

o ((t2:me 8%, ng,,nY,, ™) eq,

. (t,}7:7765‘1>eFC(K,E),< n650>§< :ne St and

o 7l = (rl :i € dom(r!)), r! € w, dom() C dom(!), and r? < r} for

i € dom(7), and
e nl <nf ., nd 0 <n} p < leV(Sl) and dom(7!) C [ndmn‘llp],
then: ((ty .nESl>,ndn, ny,, ) € G,
(¢) for some increasing function F = F9 € w¥, if:

o ((t&:me S, nk, nt,, ) €G (for ¢ < 2), lev(S°) = lev(SY),

o (t,:n€S) eFC(K,D), (t, :nesS) < (t:ne s (for £ <2),

o lev(S) < ngy, myp < Ny, Flng,) <lev(Sh,

then: there is ((t* n e S*>, N Mups T°) € G such that
ey, =nl,n nyp = = F(n} ) dom(7*) = [n},,n l’jp] 7™ D F U7, and
r¥<1forallie [ndn,n o) \ (dom(7°) U dom(7)),

o lev(S*) =lev(S°) =lev(S'), S € S* and t}, = t, for n € S,

o (tr:neS) < (thnes (for £ <2).
Remark 2.3.4. In Definition 2.3.5 below, we may think about the forcing notion
Qt¢(p) in the following way. We have a criterion for “small trees” provided by G
and F (these are (G, f)narrow trees, see 2.3.5(c)). We try to add a small tree that
will almost cover all small trees from the ground model. So, naturally, a condition
p consists of a small tree (it is the system (¢} : € T?)), in which some finite part
(“below NP7”) is declared to be fixed. Now, when we extend the condition p, we
cannot change the tree below the level NP, but above that level we may increase
it. The function fP controls in some sense the “smallness” of the tree TP. See more
later.

Definition 2.3.5. Let p = (K, X, F,G) be a universality parameter for H. We
define a forcing notion Q'*¢(p) as follows.

A condition in Q"**(p) is a triple p = (NP7, (th : n € T?), f?) such that

See https://shelah.logic.at/papers/672/ for possible updates.
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(a) (th:n€T?) € Qf(K,X), root(T?) = (),
(b) NP € w, fP e F,
(c) the system (th : € TP) is (G, fP)-narrow, which means:
for infinitely many n < w, for some ({(t, : 7 € S), Ndn, Nup, ) € G We have
e ngy, =n, and (Vi € dom(7))(r; < fP(¢)) and
e if n €17, lh(n) <lev(S), then n € S and ¢} € X(t,).
The relation < on Q%°¢(p) is given by:
(N, () :neT?), f°) < (N', (t; :neT"), f) if and only if
o NOSNY (t:neT% > (t;, :neT") (in Qy(K, X)), and
e if €T, Ih(n) < N° then n € T° and t = ¢}, and
o (Vi €w)(fO0) < f1(2)).

Proposition 2.3.6. Ifp = (K, X, F,G) is a universality parameter, then Q' (p)
is a o—centered forcing notion. If additionally F is countable and <*—directed then
Qtre¢(p) 4s Borel ccc.

Proof. Tt is easy to check that the relation < of Q'®®(p) is transitive (so Q"®(p) is
a forcing notion). Let us argue that it is o—centered when F is countable (the case
of <*-directed F can be handled similarly).

For (t, :n € S) e FC(K,X), f € F let

Qjct”:%s) ={peQWe(p): NP =lev(S)and S C TP and fP = f and
(Vn € T?)(Ih(n) < NP = ne S &th=t,)}.
Claim 2.3.6.1. Each Qﬁf":ne& is a directed subset of Q™°°(p).

Proof of the claim. Let (NY,(t
Nt =1lev(S), ft = f.)

Let F'9 € w¥ be the increasing function given by 2.3.3(¢). Pick a sequence

Lo e T, 1Y) e QYY) (for £ < 2). (Thus

lk

leV(S’)—l—lzng’r?<nﬂ’0<n(1i’r?<nlll£<...<ngf<n <nGln <ngy <.

such that F9(nkk) +1 < n! #1and (for £ < 2 and k € w)

(<tf; meT' & lh(n) < nf{k> ndn’ upuﬂ[ndna ]) €g

(possible by the definition of the forcing Q"°(p) and 2.3.3(8)). Now build induc-
tively a system (t; : n € T*) € Qj*°(K,X) as follows.

We declare that root(7*) = root(S) = (), and if n € T*, lh(n) < lev(S), then
ty =t, and succr=(n) = pos(t;).

Suppose we have defined T™ up to the level ngf — 1, so we know ¢, for lh(n) <
ny! 1. Let S, be the tree of height ng —1 built from these ¢}, (so it is the respective

“initial part” of our future 7*), and assume that (t; : 7 € Sk> (th :m € T*) (for

£=0,1). Apply 2.3.3(¢) to get (t; :n € Sk+1> such that

((t;;!’l’]egk,+1> ndn’ af [ndn’ up])eg

and Si C Ski1, lev(Sk41) = ngfﬂ — 1 and ( in € Sk+1> < <tf; in € T£> (for
¢ < 2). We declare that T* up to the level nO k'H —1is Si41 (and the respective

t, are as chosen above).
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Plainly, (lev(S),(t; : n € T*), f) € Q;t”:nea is a condition stronger than both
(N9, () :n € T°), f0) and (N, (t; :n € T"), f1). O

The rest should be clear. O
2.4. Examples.

Example 2.4.1. Let H(¢) = w. Suppose that D, B, S are functions such that

e dom(D) C w<%¥, D(n) is a non-principal ultrafilter on w (for n € dom(D)),
e dom(S) = dom(B) = w<%\ D(n) and for each n € dom(B):

2<B(n) ewU{w}, S(n) = (s]:keB(n)C(0,1), and Z sp =1
keB(n)

We build a ccc—complete (see 2.1.3) mixing triple (K2.4.1,%2.4.1,F2.4.1) for H (for
the parameters B, D, S).

Construction. Let Ka 4.1 consist of all tree creatures t € LTCR[H] such that
o dis[t] = (n¢,mt, Ay) for some n, € w, n; € [[ H(4) and A; C w such that

i<ng
A €D(n) ifmy € dom(D), and 0#A, CB(n) ifn € dom(B),

e norft] = ny,
o val[t] = {(n,v) i Qv € l_[ H(i) & v(n:) € As}.

The operation Y5 4.1 is natural:
You1(t) ={s€ Koyr:ns=n; &ns=mn & A; C Az}.
For n € ] H(¢) let ty € K241 NLTCR,, [H] be such that

i<n
AL 4w if n € dom(D),
7 B(n) ifn € dom(B),

and for (r, : v € pos(t;)) € [0, Hpos(tj‘,) let

> STk if n € dom(B),
Fg""‘l(r,, 1v €pos(ty)) = { keB(n) !
limp () (15~ : k € w) if n € dom(D).
Let F2,4_1 = <F§'4'1 n e U H H(Z)> Check that (K2,4,1,22_4,1,F2_4,1) is a

newin
ccc—complete mixing triple for H. O

Conclusion 2.4.2. Let H,D,B and S be as in 2.4.1. Then the forcing notion
Qg“(KQA.h Y9.41,F2.4.1) (for the parameters D, B, S) is ccc (and non-trivial).

Remark 2.4.3. If dom(D) = w<% then let(KQ_zl.l? 9.4.1,F2.41) is equivalent to
the “Laver with ultrafilters” forcing notion.

If dom(D) = () and B(n) is finite (for each n) then Qrwnt(Km;,l, Y0.41,F241) 18
the random real forcing (with weights determined by S in an obvious way).

Between these two extremes we have cases of “mixtures of random with ultra-
filters” and our next observation applies to most of them. It could be formulated
with a larger generality (e.g. regarding dom(D)), what should be clear after reading
the proof.
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Proposition 2.4.4. Let H(n) = w for n € w, and let X C w be an infinite co-
infinite set. Suppose that

(a) D is a function such that dom(D) = {n € w<% :1h(n) € X} and D(n) is
a non-principal Ramsey ultrafilter on w (for n € dom(D)),

(b) = {(ng: L e€w\X) is a sequence of integers, ng > 1,

(c) B,S are functions such that dom(B) = dom(S) = {n € w<% : 1h(n) ¢ X},
B(n) = n@y) and S(n) = ( L. k< Mh(n)) -

Th(n)

Let (K2.4.1,%2.4.1,F2.4.1) be the mizing triple built for the parameters D, B, S as in
2.4.1, and let f € w¥ be such that f(n) > 2 (forn € w).

Then for every Qg“(KzA‘l, You41,Fo41)name 7 for areal in [] f(i), there are

1EW
an increasing sequence (m; : j € w) Cw and a function g € [] f(?) such that
€W
”_Qa“t(KzAJ,22.4.1,172.4.1) “ (Ve w)(%”mj’mjﬂq) # g”mj’mj*H)) i

Hence, in particular, forcing with Qant(KQA.l,22_4.1,F2_4.1) does not add Cohen
reals (but it clearly adds a dominating real).

Proof. For notational convenience, let (K241,%241,F241) = (K, X, F).

Note that we may assume that f(n) > 22" (as we may work with the mapping
n = fllkn,knt1) for some increasing (k, : n < w) instead). Let X = {z,, :
m < w} be the increasing enumeration, and let my be defined by: mg = 0 and
mip1 =my +2F-(14+ J[ ne)” (for k € w). [Here we keep the convention that

lex\X
ifzp \ X =0, then [] ng=1;or just assume that z¢ > 0.]
[GIk\X
Let 7 be a Q3" (K, ¥, F)-name for an element of [] f(i), and let p be a condition

1EW
in Q3 (K,%,F). We may assume that Ih(root(p)) € X, and just for simplicity let
lh(root(p)) = xo.
We define inductively a tree T C TP, mappings YV : TN |J w¥i T+ I [w]¥,

i<w
m:Tn Y Wil w, a function g € [] f(¢), and a system (g, : 7 € T'N
i<w €W
U w% T 1) of conditions from Qp“ (K, %, F).

i<w
We declare root(T") = root(p). Using 2.1.11 and 2.1.9 we choose an increasing

sequence of conditions <qf00t(T) : k < w) and values for g(mg) < f(my) (thus

defining g[{my, : k € w}) such that

d q?oot(T) 2 b, rOOt(qfoot(T)) = I'OOt(T) and /J‘F(qfoot(T)) > %/”LF(p)v
® qf i P TOmr) # glmy).

Since D(root(T)) is a Ramsey ultrafilter we may choose a set {ar : k < w} €
D(root(T')) (the increasing enumeration) such that

, - 3
£000(T) (ax) € THoo® and ¥ (gfoury) ) > 28 (p),
We declare that root(T")"ay € T for all £ < w and we let

m(000t(T) ~(ar)) = K. Groot(r)~(an) = (droo(r)) " @,
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Next we choose pairwise disjoint sets Y (root(T) (ar)) C w\ {my : £ € w} such that
Mmy+1 NY (root(T) (ag)) = 0 and

(Ve < w)([Y (root(T){ar)) N (Meyrt1, Mepry2)| = 1)

Suppose now that we have already defined T N w®i + 1, 1 < w, together with
Y(n) Cw\{mp:kcw}, n(n) €w, g, € QP (K, %, F) (forn € TNw® T 1, )
and

g gl{mi  k <wyuJym) cneTnw® T1j <i})
so that the following conditions are satisfied:

(o) if v <, and w(v), m(n) are defined, then 7(v) < 7(n),
(B) if v € TNw? i, j <i, then there are no repetitions in the sequence (m(n) :

vaneTnw® 1y
(v) ifpe TNnw® T 1 j<i, then

Yy N1 =0 and (V€< w)([Yy N M) es1 Ma(m)+e42)] = 1),

() the (defined) Y (n)’s are pairwise disjoint,
(¢) for each n € TNw¥i ™t 1 we have: root(g,) = n and

dn I (Vk < W(n))(gi”mk’karl) f(z 7'-)7
() if ¢ € Qp*(K,%,F) is a condition such that root(q) = root(T), T9 N
wWwlitl = i+l and ¢ = qy for all n € wbi +1 then uF(q) >
(3 + g2 (p)-
[Check that these conditions are satisfied at the first stage of the construction.]
Note that it follows from clauses (o) and (8) that for each k we have

neTnwST T hoam <k} <2*+ [ no"
lexi\ X

and hence (by clause (7))

(8h)  [fmisr, mire) NUY () i € TnwS Tty <ok s T ngh.
lexi\ X
Fix n € TNw% T 1 (and note that m(n)

> i). Choose an increasing sequence
(gF : m(n) < k < w) of conditions in Qp*(K, X,
> (1

i)

F) and values for ¢g[Y; such that
* a5 > qy, root(qy) =7 and u¥ (qf) > (1 —27C+)uF (q,),

o if j €Y, N [mi, mpy1), 7(n) < k < w, then q,’j IF7(5) # g(4),

e the sequence <Tq5 NwTitl : m(n) < k < w) is constant (and let {v, : £ < £*}
ZDi+1—1
be the enumeration of 7% N wlitl; necessarily £* <[] np),
k=xz;+1

- klim ,uF((q’;)[W]) > 0 for each ¢ < ¢* (note that the limit exists as the
sequen:eoi)s non-increasing).
[Why possible? Use 2.1.11 and 2.1.9, remember our additional assumption on f.]
Choose a}, € w (for £ < ¢* and k > m(n)) so that:
o {a} :7(n) <k <w}e D),
o v {af) € T% and pF((gf)l1~ (@) > (1 — 27+,
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(remember that each D(v,) is a Ramsey ultrafilter). Now we declare that v, "a% € T
for all £ < £* and 7(n) < k < w and we let

- ve {(a®
7T(l/g <a£>) = k7 ql,e/«(a//ic) = (q];)[ e ( k>]

This finishes the definitions of TNw= %i+1+1 and of 7(v), q, for v € TNw¥i+1 1,
It should be clear that (the respective variants of) clauses (@), (3), (¢) and ({) are

satisfied. Using (X) we may easily choose sets Y (v) (for v € Tﬂwx“rl"_l) so that
the demands (7), () hold. The construction is finished.
The tree T is perfect and it determines a condition g € Q&ree(K ).

Claim 2.4.4.1. ;F(q) > 0 (so ¢ € Qp(K,%,F)).

Proof of the claim. First note that the clause () is not enough to show this, as
there are fronts in 79 which are not included in any 79 N wS T+ L However,
we may use the specific way the construction was carried out to build a semi-F-—

measure £ : T9 —» [0,1] such that p(root(q)) = 24¥(p) > 0 (what is enough by
2.1.8). So, if n € TNwTi T 1 i < w, then we let p(n) =1 - 54 )uF(qy); ifneT,
z; +1 <1h(n) < x4 then u(n) = F,(u(v) : v € sucer(n)). Now check. O

Thus ¢ is a condition stronger than p and it forces that (Vk € w)(7[[mk, mi41) #
gllmy, mpy1)). Since Q*(K, X, F) satisfies the ccc, we may easily finish. O

Our next example is a small modification of 1.5.14. In a similar way we may
modify other examples from the previous section to produce more strongly linked
creating pairs.

Example 2.4.5. Let H € w* be a strictly increasing function such that H(0) > 2.
We construct a really finitary, strongly™ linked creating pair (Ks 4.5, %2.4.5) for H
which satisfies the demands of 2.2.6 (in particular (x) there).

Construction. The family K 45 consists of creatures ¢ € CR[H] such that

o dis[t] = (my, E;) such that m; < w and 00 # E, C H(m,) \ {0},
e val[t] = {{u,v) € <H H(i) x <H HG) :u<v & v(my) ¢ E},
H(mt)).t <mq

[E+]

The operation Y9 4.5 is natural:
You45(t) ={s€ Kous5:mg=my & £, C E,}.
Now check. O

e norft] = log,(

Conclusion 2.4.6. Suppose that H € w% is strictly increasing, H(0) > 2 and
(K2.4.5,%2.45) is built as in 2.4.5 for H. Let D be a Ramsey ultrafilter on w.
Then the forcing notion Q},(K2.4.5,%2.4.5) is o—centered, adds a Cohen real and
adds a dominating real.

Now we turn to universality parameters. As said before, one of the prototypes
here is the Universal Meager forcing notion UM. Let us represent it as Q"°®(p) (for
a suitable p).

Example 2.4.7. We construct a universality parameter p such that Q'¢(p) is
equivalent to UM.



Paper Sh:672, version 2003-10-01_11. See https://shelah.logic.at/papers/672/ for possible updates.

SWEET & SOUR 45

Construction. Let H: w — w\ 2 and let K consists of tree creatures ¢ for H such
that
o dis[t] = (my,n, Az) for some my < w, n; € |J H(i) and 0 # A, € H(my),
i<my
e norft] = |4,
o valt] = {(m,m (a)) : a € A}
The operation ¥ is natural, so s € X(¢) if and only if n; = n and A; C A;. Let
F={f} fi) = 2. A
G consists of quadruples ((t, : n € S), Ndn, Nup, T) such that
(t,:meS) e FC(K,Y),
Ndn < Nyp < lev(S),
7= (r; : 1 € dom(7)), r; < w, dom(7) C [ndn, Nup),
if n € S, Ih(n) = nan then for some v € S we have n < v, Ih(r) < nyp and
nor[t,] < H(lh(v)).
Easily p = (K, X, F,G) is a universality parameter and Q%®(p) is the Universal
Meager forcing notion, [

Remark 2.4.8. Our next example 2.4.9 captures a number of constructions related
to the PP—property. Under the assumptions on (K, X) as there, we may think that
we have a way to measure how large splittings are, and this fully determines what
are the tree-creatures in K (and what are the norms). The function F is used to
define (possibly totally not related) norms of sets of nodes of the same length. Thus
F may just count how many elements are in max(.S) (in this case the universality
parameter given by 2.4.9 is related to the PP—property). Other possibilities for F
include taking the maximum value of nor[t,], or taking the product of all relevant
nor(t,|’s.

Example 2.4.9. Assume that H: w — w \ 2 is strictly increasing and a family
F C (w\2)¥ is either countable or <*~directed [note the direction of the inequality].
Let (K,X) be a local, really finitary, tree—creating pair for H such that

o for each n € [] H(i), » < w and a nonempty A C H(n) there is a unique

i<n
ty,a € LTCR,[H] N K with pos(t,.a) = {n"(a) : a € A}, and

o if |[A] =1, then nor[t, 4] <1, and

e if ) # B C AC H(n), then t, g € X(t,,4) and nor(t, g| < nor[t, al.
Furthermore, let F : FC(K,Y) — R2% be such that

if (t, :n € S) € FC(K,X), nor[t,] <1 (for n € S), then F({t, : n € §)) < 1.

We construct G = QP{(’Z such that (K,%, F,G) is a universality parameter.

Construction. For a nonempty set Y C [] H(j), i < w, we define NOR(Y) as the
j<i
value of F((t, : 7 € §)) for S such that max(S) =Y and root(S) = (). (Note that
under our assumptions on (K, X) there is exactly one such (t,, : n € S) € FC(K, X).)
Let G consists of all quadruples ((¢, : 1 € 5'), Tdn, Nup, ) satisfying the demands
of 2.3.3(y) and such that
for some sequence (Y; : i € dom(7)) we have
* ¥ C [T H(j), NOR(Y)) < 1,
J<i
o (VneSn [] H(j)) (3 e dom(F))(n]i € Y;).

J<nup
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Now check. O

Example 2.4.10. A universality parameter p such that Q'¢(p) is the “universal
closed measure zero” forcing notion.

Construction. Let H, (K,¥) and F be as defined in the construction for 2.4.7.
Let G consists of all quadruples ((¢, : n € S), nan, nup, 7) satisfying the demands
of 2.3.3(7y) and such that

S0 IT H@)

1<Nyp 1
e Y
. < - 5
0T = g, T
Let p = (K,%,F,G). Note that the forcing notion Q%®(p) is equivalent to Q

defined as follows.
A condition in Q is a pair (NV,T) such that N <w and T C |J [] H(¢) is a tree

n<w i<n
such that [T] is a measure zero subset of [[ H(i);
1<w
the order of Q is the natural one: (Ny,Tp) < (N1,77) if and only if Ny < Ny,
TO g T1 and Tl N H H(Z) Q To. [l

i<Np

3. INTERLUDE: IDEALS

Here we introduce o—ideals determined by forcing notions discussed in this paper.
Most of the content of this part is well known and belongs to folklore (some of this
material is presented in Judah and Rostanowski [JR92a], [JR92D]).

3.1. Generic ideals. We will show how a Souslin ccc forcing notion adding one
real produces a ccc Borel o—ideal on some Polish space. While we could do this in
a larger generality (e.g., considering any name for a real, not only the ones of the
form specified in 3.1.1(3) below, compare [She00a, §4] and [She04, §6, §7]), we have
decided to use the specific form of the forcing notions we want to deal with and
simplify the notation and arguments (loosing slightly on generality, but it will be
clear how possible generalizations go).

Context 3.1.1. (1) H: w — H(w1), |H(n)| > 2 for all n € w; T, = [] H(%)
i<n
(form € w) and T = |J Tn. Let X = [] H(n) = [T] be equipped with
n<w new

the natural product (Polish) topology.

(2) P is a Souslin ccc forcing notion with a parameter r € 2% (which also
encodes H), so we have 31 -formulas ¢g(-,7), 01(-,-,7), 02(,-,7) defining
P, <p and 1p, respectively.

(3) W = (p, :n € T) CPis such that

) Py =0p, and if n <v € T then p,, <p p,,

) {Pn~(a) : @ € H(Ih(n))) is a maximal antichain above p,),

) for each p € P there is n < w such that

{n € Tn : p,p, are compatible }| > 2,

(0) if p,¢q € P are incompatible, then there is 7 € T such that p,p, are
compatible but ¢, p, are incompatible.
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[We will treat W as a P-name for a real in X' such that oy lEn < W, and
solFW ¢ V]

Definition 3.1.2. For P, W, H, X asin 3.1.1, let Z}, 3, be the collection of all Borel
subsets B of X such that

Fp “W ¢ B”.
Proposition 3.1.3. (1) Zp iy s a ccc o—ideal of Borel subsets of X.

(2) Zp 4y contains all singletons.
(3) Let ¥(p,c) be the formula

“peP and c € 2% is a Borel code (for a set fc C X) and p |- W e te .
(a) If M is a transitive model of ZFC*, p,r,c, W € M, then

Y(p,e) & MEY(p,o).

(b) There are a X5-formula 1o and a TIy—formula 1 (both with the pa-
rameter r) such that

1/1(]9, C) = ¢O(p7 C) = wl(pv C)
(i.e., the equivalences are provable in ZFC).
(4) The formula “c € 2% is a Borel code (for a set fic C X ) and fc € Tp " 1s

absolute between transitive models of ZEC* (containing r, W, c).

Proof. (1), (2) Straightforward.

(3) See (the proof of) [BJ95, Lemma 3.6.12].

(4) Follows from (3) and the definition of Zp 1 (remember that “being a maximal
antichain of P” is absolute; see [BJ95, Lemma 3.6.4]). O

Definition 3.1.4. Let P, W, H, X be as in 3.1.1.

(1) Let £ € X and M be a transitive model of ZFC*, r, W € M. We say that
x is I i, ~generic over M, if x ¢ B for every Borel set B from Zj, ;, coded
in M. ’

(2) For a condition p € P let

S(p) = Sy, (p) of {n € T : py,p are compatible }.
(3) For a maximal antichain A4 C P let

def
Ba= DBy, 4 = {xeX:(Vpe AH(Bn <w)(zln ¢ S(p))}.
Let I]g W be the family of all subsets of X that can be covered by a set of
the form B4 (for a maximal antichain A4 C P).

Proposition 3.1.5. (a) For each p € P, S(p) is a perfect subtree of T. If

p <gq, then S(q) C S(p). If p,q € P and S(q) C S(p), then ql-p € Tp.

(b) If G C P is a generic filter over V, then V[G] = V[WE].

(c) I]g.v'v is an ideal of subsets of X; sets B (for a mazimal antichain A CP)
are TIY.

(d) Let x € X and M be a transitive model of ZFC*, r,W € M. Then x is
Tp yiy —generic over M if and only if there is a PM —generic filter G C PM
over M such that W = x.
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(e) Tp 4y is the o—ideal generated by IIg,W' Every set from Iy 13, can be covered

by a Eg set from Lp .
Proof. Straightforward (or see [JR92a, §2]). O

Conclusion 3.1.6. The quotient algebra Borel(X)/Z;, y;; is a ccc complete Boolean
algebra. The mapping

7P — Borel(X)/T, yi :p = [ISW)]]

satisfies:

(1) mg(m) is a dense subset of the algebra Borel(X)/Z; y;/,

(2) (Vp,q € P)(pLg & =(p)Nm(q)=0),

(3) (Vp,a €P)(ql-peTr & m(q) C 7(p)).
Consequently, the complete Boolean algebra RO(P) (of regular open subsets of P)
determined by P is isomorphic to Borel(X) /IRW. Moreover, = maps W onto the
canonical name for the generic real in Borel(X) /IRW, so for a Borel code ¢ (for a

Borel subset ¢ of X) we have [W € fclroe) = ltd]

IJ?,W'

Remark 3.1.7. It follows from 3.1.6 that we have nice description of names for reals
in the extensions via P.

(1) If 7 is a P-name for an element of X, then there is a Borel function f :
X — X such that IFp f(W) = 7.
(2) If B is a P-name for a Borel subset of X, then there is a Borel set A C X' x X
such that IFp B = (A);,, where (A4), = {y : (z,y) € A}.
(See [BJ95, Lemma 3.7.1].)

3.2. Universality ideals. For a forcing notion Q"(p) (where p is a universality
parameter) we may consider the ccc ideal defined as in 3.1.2, however there is
another Borel o—ideal related to Q'°®(p) (justifying the term “universality forcing
notion”).

Definition 3.2.1. Let p = (K, 3, F,G) be a universality parameter for H.

(1) We say that p is suitable whenever:
(a) for every f € F and n < w there is N > n such that

if (<tT] ine S>7ndn7nupvf{[ndnvnup]) S g, N < Ndn and ne H H(’L)7

i<n
then (v e [] H@G)n<v&rv¢s),
i<lev(S)
(b) for every f € F and n < w there is N > n such that
if (t, : n € S) € FC(K,X), root(S) = (), lev(S) =n, n € [[ H()
i<N
and nin € 5, R
then there is ((t; : v € S*),ndn, Nup, f [[Ndn, Nup]) € G such that
n<Ngn <Nyp <N, SCS" and t, =1 foruGS’andnGS*.
(2) Z) is the collection of subsets A of [] H(i) such that for some f € F
i<w
and a (G, f)-narrow system (t, : n € T) € Qj**(K,X) (see 2.3.5(c)) with
root(T) = () we have A C [T].
Trees T as above will be called (G, f)—narrow.
(3) Z, is the o-ideal of subsets of [] H(i) generated by ZJ.

1<w
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(4) Ty is a Q%°(p)-name such that

IFgeee ey Ty = {T? N [ HG) : p € Dgrree ) }-
i<NP
Remark 3.2.2. The universality parameters constructed in Examples 2.4.7, 2.4.10
are suitable. Also the parameters given by Example 2.4.9 can be easily made
suitable: condition 3.2.1(1)(b) easily follows. To ensure 3.2.1(1)(a) we may require
that F, F satisfy
(x) fn<w, feF,ne [] HGE) and Y C ] H(¢) satisfy NOR(Y) < f(n),
<n i<n
then (3y € H(n))(n™(y) ¢ Y).
(But clearly much less is enough.)

Proposition 3.2.3. Let p = (K, X, F,G) be a suitable universality parameter for
H.

(1) Ewvery set in Ig is nowhere dense (in the product topology of ];I H(:)); all
<<w
singletons belong to Ig,

(2) Z, is a proper Borel o—ideal of subsets of [] H(z).

i<w

(3) If F is <*~directed then Ty is an ideal.

(4) In V0, Ty is a tree with no mazimal branches which is (G, h)-narrow
for some function h (possibly h ¢ F). If F is a singleton, then h € F.

(5) Suppose that (Ps,Qq : o < 0) is finite support iteration of ccc forcing
notions such that for some increasing sequence ag < a1 < ag < ... < 4,
Qa, is (forced to be) Q¥(p). Let Ty, be the name for the tree Ty, added at
stage o,. Then, in V5, if T € V is (G, f)-narrow for some f € F then
T C Tn for some n < w.

(6) If in 5 above we additionally assume that F = {f} then, in VFs, there is a
set from L, which contains all Borel sets from L, coded in V.

4. SWEET AND SOUR

4.1. On amalgamation. One of the major problems in set theory of the 20th
century was the following: suppose (P, <p,), (P2, <p,) are ccc partial orders and
P; x Py is equipped with the coordinate-wise order (so (p1,p2) < (q1,¢2) iff p1 <p,
q1 & p2 <p, q2). Does (P1 xPs, <) satisfy the ccc? The interest in this question came
from topology as well as from its close relation to the Souslin Problem. The intensive
investigations of the productivity of ccc for forcing notions (or Boolean algebras,
or topologies) resulted in many interesting concepts and discoveries. Several strong
cce properties implying that the product of respective partial orders satisfies the
cce were introduced. Examples of those properties include
e The Knaster Property: A partial order (P, <p) has the Knaster prop-
erty if for every uncountable family 4 C P there is an uncountable B C A
such that members of B are pairwise compatible.
e The pre-caliber wy: (P, <p) has pre-caliber w if for every uncountable
A C P there is an uncountable B C A such that every finite subfamily of B
has a common upper bound in P.

(Note that pre-caliber w; = Knaster Property = productive ccc.) Lastly,
the Souslin Problem was completed by Solovay and Tennenbaum [ST71] who proved

See https://shelah.logic.at/papers/672/ for possible updates.



Paper Sh:672, version 2003-10-01_11. See https://shelah.logic.at/papers/672/ for possible updates.

50 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

that it is consistent that every ccc forcing notion has the Knaster Property (and
thus, consistently, ccc is productive).

Since the productivity question occurred to be so productive, one can ask if we
may generalize the problem by replacing the product by the amalgamation of forcing
notions. Let us recall the definition of this operation.

Definition 4.1.1. (1) Suppose P, Q are forcing notions such that P <c RO(Q).
Then (Q : P) is a P-name for a forcing notion which is a suborder of Q,
plkp “qe (Q:P)” if and only if

every p’ € P stronger than p is compatible with ¢ in RO(Q).

(2) Suppose that P,Qp,Q; are forcing notions and f, : P — RO(Qy) (for
¢ < 2) are complete embeddings. The amalgamation of Qo, Q1 over fo, f1
is

Qo X o,y Q1 =
{(q1,92) € Qo x Q1 : (Fp € P)(p I “ g0 € (Qo : fo[P]) & g1 € (Q1 : f1[P])")}

ordered in the natural way (so (o, q1) < (g}, ¢}) if and only if gy < ¢, and
a1 <q)-

It can be easily seen from the definition of the amalgamation that Qg x f, r, Q1

is equivalent to IP x ((QO : folP) x (Q1: f1 []P’])) So, if P < Qq, P < Q; (and fo, f1
are the identity mappings) then

Qo xp Q1 ¥ Qo Xfo.fs Q1 =Px ((Qo : P) x (Q1 : P))

and the amalgamation can be thought of as a generalization of the product. Thus
the question when amalgamation of ccc forcing notions satisfies the ccc can be
thought of as a generalization of the productivity problem. However, there is no
nice answer here. By Shelah [She84, §1], a Cohen real adds a Souslin tree, so let S
be a C-name for a Souslin tree (ordered naturally). The forcing notion Q = C S
satisfies the ccc, but the amalgamation Q xcQ = Cx (S X S) does not satisfy the ccc
(this example exists in any universe of ZFC, of course). Even demanding stronger
variants of ccc (which clearly worked for products) may not help for amalgamations:
Roitman [Roi02] gave an example of P, Q1, Qs such that

(a) P % Qq, P+ Q, have pre-caliber wy, but

(b) IFp* Q1 x Q, does not satisfy the ccc ”, so

() (P+Q1) xp (P* Q) does not satisfy the ccc.
However, there are sweet (=strong ccc) properties of forcing notions which are
preserved by amalgamations.

Definition 4.1.2 (Shelah [She84, Def. 7.2]).
A triple (P, D, E) is model of sweetness (on P) whenever:

(i) P is a forcing notion, D is a dense subset of P,
(ii) £ = (E, :n <w), each E, is an equivalence relation on D such that D/E,,
is countable,
(iii) equivalence classes of each E,, are <p—directed, F,,11 C E,,
(iv) if {p; : i <w} C D, p; E; p, (for i € w) ,then

(Vn € w)(3¢ > pw)(q En po & (Vi > n)(p; < q)),
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(v) if p,g € D, p < q and n € w then there is k € w such that
(V0" € [plp,)(3d" € ldlp, ) (W' < d).

If there is a model of sweetness on P, then we say that P is sweet.

Definition 4.1.3 (Stern [Ste85, Def. 1.2]). Let P be a forcing notion and 7 be a
topology on P. We say that (P, 7) is a model of topological sweetness whenever the
following conditions are satisfied:

(i) the topology 7 has a countable basis,
(ii) @p is an isolated point in 7,
(iii) if a sequence (p, : n < w) C P is 7—converging to p € P, ¢ > p and W is a
T—neighbourhood of ¢, then there is a condition r € P such that
(a) re W, r>gq,
(b) the set {n € w: p, < r} is infinite.
A forcing notion P is topologically sweet, if there is a topology 7 on P such that
(P, 7) is a model of topological sweetness.

Definition 4.1.4. (1) Let (P, Dy, Ey) (for £ < 2) be models of sweetness. We
say that (Py, D1, E1) extends the model (Py, Do, Ey) if
e Py <Py, Dy C Dy and E? = E! Dy for each n € w,
e if p € Dy, n € w, then [p]g C Dy,
o if p<gq,péeDi,qec Dy, then p € Dy.
(2) Let (Pg,7¢) (for £ < 2) be models of topological sweetness. We say that
(P1,71) extends the model (Py, 7o) if Py < Py, Py is a 71—open subset of Py
and T1 ”Po = 1T0-

Theorem 4.1.5. (1) (Shelah [She84, 7.5]) Suppose that (Py, Dy, Ep) (for € <
2) are models of sweetness, and fo : P — RO(Py) (for £ < 2) are complete
embeddings. Then there is a model of sweetness (Po X 1, 1, P1,D*, E*) based
on the amalgamation Py X g, r, Py and extending each (P, Dy, E@) forl < 2.

(2) (Stern [Ste85, §2.2]) Suppose that (P, 7¢) (for £ < 2) are models of topolog-
ical sweetness, and f; : P — RO(Py) (for £ < 2) are complete embeddings.
Then there is a model of topological sweetness (Py X g, 5, P1,7*) based on
the amalgamation Py X g, ¢, P1 and extending each (Pg, ) for £ < 2.

The real interest in preserving ccc in amalgamations comes from the indepen-
dence results related to regularity properties of definable sets. Assuming the ex-
istence of an inaccessible cardinal, Solovay [Sol70] showed the consistency of the
following two statements

(M) every projective set of reals is Lebesgue measurable,
(B) every projective set of reals has the Baire property.

The key ingredient of Solovay’s proof was the observation that the Collapse Algebra
is very homogeneous. Shelah [She84] proved that

e (M) implies w; is inaccessible in L, but

e the consistency of (B) can be established without inaccessible cardinals.
For the latter result one builds a homogeneous ccc forcing notion adding a lot of
Cohen reals. Homogeneity is obtained by multiple use of amalgamation (see [JR92b]
for a full explanation of how this works), the Cohen reals come from compositions
with the Universal Meager forcing notion UM or with the Hechler forcing notion
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D. An important feature of sweetness is that it is preserved in compositions with
UM, D.

Proposition 4.1.6. (1) (Shelah [She84, §7]) If P is sweet then both P x UM
and P+ D are sweet.
(2) (Stern [Ste85, 3.3]) If P is topologically sweet then both P+ UM and P+ D
are topologically sweet.

4.2. More on sweetness. The original model of Shelah [She84] for (B) (i.e., “all
projective sets of reals have the Baire property”) satisfies also CH. Can we have
(B)+—CH? Judah and Shelah [JS93] aimed at exactly this, but the proof there has
an irreparable gap. However, a recent work in progress [S*] gives a totally different
way of building models for (B)+—-CH. Then we may ask for models of ZFC in which
(B) holds and some cardinal characteristics of the continuum are large. Thus we
would like to use (in addition to UM or D) other forcings in the constructions as
in [She84], [ST]. However, the proofs for 4.1.6 were very specific and it has not
been clear if there are more forcing notions which could be composed with sweet
ones. In this subsection we show that sweetness of 4.1.2 is essentially everything
we need. We also show that our methods may lead to sweet and/or topologically
sweet forcing notions.

Definition 4.2.1. Let B be a countable basis of a topology on a forcing notion P.
We say that (P, B) is a model of iterable sweetness if

(i) B is closed under finite intersections,
(ii) each U € B is <p-directed and p<qe U = peU,
(ili) if (pn : n <w) C U € B and the sequence (p, : n < w) converges to p,, (in
the topology generated by B), then there is a condition p € U such that
(Vn < w)(pn < p).

Proposition 4.2.2. Assume that (P, D, E) is a sweetness model on P, E = (E,, :
n < w), D =P. Furthermore, suppose that any two compatible elements of P have
a least upper bound, i.e., if pg,p1 € P are compatible, then there is ¢ > po,p1 such
that (Vr € P)(r > po & 7> p1 = r >4q). Forp=(p, : £ < k) CP and
n={(ng: L <k) Cw let

Up,n) € {qeP: (V< k)34 € pde,, )@ < d)}

and let B be the collection of all sets U(p,n) (for p C P, n C w, Ih(p) = 1h(n)).
Then (P, B) is a model of iterable sweetness.

Proof. Plainly, B is closed under finite intersections. Since the equivalence classes
of each E, are directed and any two compatible members of P have a least upper
bound, we may conclude that the elements of B are directed and downward closed.

Before we verify the demand 4.2.1(iii), let us first note that if p € U(p,n),
p={(pe: € <k), n=_(ng:¢<k), then for some N we have U({p),(N)) C U(p,7n).
[Why? Use 4.1.2(v) to choose N such that

(Ve < k)(Yq € [pley )34 € [pdE,, )@ < q).

Clearly this N is as required.]
Now suppose that a sequence (p,, :

n < w) converges to p, in the topology
generated by B, and p,,p, € U(g,n) € B f

or all n < w. Take N such that
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U({p.),(N)) CU(g,n). Choose an increasing sequence (m; : i < w) such that
(Vi <w)(Vn = m;)(pn € U((pw), (N +1414))).

Next pick conditions p} € [p.] such that

Entiti
(Vi <w)(vn € [ms; mit1))(pn < p7)
(remember that each [py]Ey. ., is directed). It follows from 4.1.2(iv) that we may
find a condition ¢’ > p,, such that ¢’ € [p,]r, and (Vi < w)(p; < ¢’). Then
(Vn>mo)(pn <¢) and ¢ €U(q,n).

Since U(q, 1) is directed and ¢, po, . . ., pmo € U(g, ), the conditions ¢, pg, . . ., Pm,
have an upper bound in U(g,7) — let ¢ be such an upper bound. Then q is as
needed to justify 4.2.1(iii). O

Lemma 4.2.3. Assume that (P, 7) is a model of topological sweetness.
(1) If p,ge P, p<q and q € U € 7, then there is an open neighbourhood V of
p such that
(VreV)3 eU)(r<r').
(2) If m € w, p e U € 7, then there is an open neighbourhood V' of p such that
any po, - - -, Pm € V have a common upper bound in U.

Proof. Straightforward. (]

Theorem 4.2.4. Suppose that (P, ) is a model of topological sweetness and B,Q
are P-names such that

Fp “(Q,B) is a model of iterable sweetness ”.

Then there is dense subset R of the iteration PxQ and a topology 7™ on R such that
P CR and (R,7*) is a model of topological sweetness extending the model (P, 7).

Proof. Let V,, be P-names such that
Fp “ Vo = {0y} and {V,,: 0 <n < w} enumerates B\ {0} ”

(note that I “ (Q,{V;,, : n < w}) is a model of iterable sweetness ” and also
- “0g € Vy for all n 7, remember 4.2.1(ii)). Let U be a countable basis of the
topology 7 and let

R {(p,d) e PxQ:p#0p and (3n < w)(p I g € V) } U {(D, )}

For U € U, U = (Up,...,Upn_1) CU and 7 = (ng,...,Mm_1) C w and k =
(koy - kym) Cw (m, M < w) we put

U(U,U, 7, k) < {(p.g) eR: pelU and (V< M)(plkGeVi,) and
(Vt<m)3Fp €eUr)(p<p' &p'lF4eVy,)}

Let C be the collection of all sets of the form U*(U, U, i, k) (for suitable parameters
U,U,n,k).
Claim 4.2.4.1. (1) The family C forms a countable basis of a topology on R;
we will denote this topology by 7*. Qg is an isolated point in T*.
(2) If (0,4), (', d') € R, (p,4) < (p',q') and (p',q') € U* € C, then there is
V* € C such that (p,q) € V* and (Vr € V*)(Fr' e U*)(r <1').
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Proof of the claim. 1) Should be clear.
2) Let U* =U*(U,({Uo,...,Un-1),{(no,...,nm-1), ko, ..., kn)) and let p, € Uy
(for £ < m) be such that p’ < p, and p} I+ ¢ € V,,,. Choose U; € U such that
p, € U, C Uy and every two members of U, have a common upper bound in U,
(possible by 4.2.3(2)). Next pick U’,U"” € U such that p" € U" C U’ CU and
e every member of U’ has an upper bound in each of the sets Uj,..., U} _4,
e every M + 1 elements of U” have a common upper bound in U’.
Let U" € U be such that p € U" and each element of U has an upper bound in
U”, and let k be such that p IF ¢ € V.. Put

V*:U*(U+,<U6, ! U”,...,U”>,<’I’L0,...,’I’Lm_l,ko,...,kM>,<k‘>)EC.

yYm—1>
First we show that (p,§) € V*. By our choices, p € U and p I ¢ € Vi. For £ < m,
pj, € U} is a condition stronger than p’ > p and pj IF ¢ < ¢’ € V,,,, s0 p} |- ¢ € V,,,
(remember 4.2.1(ii)). Next, for i < M, we have p’ € U” and p IF ¢ < ¢’ € Vj,, so
PIFgeV,.
Now, suppose that (p*,¢*) € V*. Then p* € U and we have conditions p} € U}

(for £ < m) and conditions p;* € U” (for i < M) such that

* p; = p* and pi* = p*,

o p} Ik ¢* €V, and p* IF ¢* € Vj,.
Pick a condition p™ € U’ stronger than all pi* (for i < M). We claim that
(pT,q*) € U*. Clearly pt € U and p* IF ¢* € Vi, (for i < M). Fix £ < m. By
the choice of U’, we find p; € U, stronger than p*. By the choice of U}, we find a

condition py € U, stronger than both pj and p;. Then p, IF ¢* € Vm and we are
done. O

Claim 4.2.4.2. Suppose that a sequence {(px,qx) : k < w) C R is 7°~converging to
(Pwsdw); and (Pu,qw) € U(U, (Uo, ..., Un-1),{no, .-, Nm-1),k) € C. Then there
are an infinite set X C w and conditions p; > p, (for £ < m) such that for each
{<mandke X:

(i) p; € Ue, P} = pr,
(ii) p; Ik gr € Va,.
Proof of the claim. Pick p!, € Uy, p’, > p., such that p!, IF ¢, € Vm (for £ < m).
Fix sequences (W) : j <w) CU (for £ < m) such that
d pf) € ng+1 g Wj[a
. {Wf : j < w} forms a basis of neighbourhoods of pf,.
Clearly (pu,dw) € U*(U, (W), ..., WJT”_1>, (ng,...,Nm_1),k) for every j < w, so
we may pick an increasing sequence (k; : j < w) C w such that

(V) < w)((Pr;» Gr,) € US(U, (W), ..., W) (ng, ..., nn—1), k).

Let pf;j € Wf be such that p;, < pf;j, pf;j - g, € Vp, (for £ < m, j < w). Bach
sequence <p£j : j < w) T-converges to p’, so we may find an infinite set A C w and
conditions pj € Uy (for £ < m) such that

p; 2, >po and (V5 € A)(VE < m)(p} > pj,)-
Let X = {k;:j € A} O
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Claim 4.2.4.3. Suppose ((pn,qn) : n < w) C R is 7*—converging to (p,, 4. ). Then
there is X € [w]¥ such that:
(‘Z) if (pwa Qw) € U*(Ua <U07 LR} Um—1>7 <n07 L) nm—l>7 E) € C;
then for some N € w and p; € Uy (for £ < m) we have:
(i) pi 2 pw, (Yn € X\ N)(pj = pn),
(ii) (Yne X\ N)(VL <m)(p; IF ¢n € Vi,).

Proof of the claim. Let (U} : i < w) enumerate all sets U* € C to which (p, ¢.,)

belongs. Apply 4.2.4.2 to choose inductively a decreasing sequence (X; : i < w) C
[w]* such that for each i < w:

if Uy = U*(U,{Uo,...,Un-1),(no,...,nm_1),k), then there are
conditions p@ > p,, (for £ < m) satisfying
(V0 <m)(¥n € X;)(ph € Uy & pb > pp & pbIF Gn € Vy,).
Next pick an infinite set X C w almost included in all X,,’s. O

Claim 4.2.4.4. Suppose that {(pn,dn) : n < w) C R 7*—converges to (pu,w) €
U* € C. Then there is a condition (p*,¢*) € U* stronger than (p,,q.) and such
that

(3*n € w)((pn,dn) < (P*,47))-
Proof of the claim. Let U* = U*(U, Uy, ...,Un-1), (o, ., Nm—1), {ko, o kar)),
and let p’, € Uy (for £ < m) be such that p{, > p, and p’, I+ ¢, € V,,. Pick
U, Uj,...,U! | €U such that
b prUlgUapf;EUégUla
e any 3 elements of U; have a common upper bound in Uy,
e every element of U’ has an upper bound in each of U},..., U/ _;.

Apply 4.2.4.3 to choose X € [w]* such that the condition (X) of 4.2.4.3 holds. Note
that then
po IF “ the sequence (¢, : n € X) is B-convergent to ¢, ”.
[Why? If not, then we may pick a condition r > p,, and an integer N such that
rlk g, €V & (3®n € X)(4n ¢ Vi) 7.

Pick W € U such that r € W and any 2 members of W are compatible, and apply
(X) of 4.2.4.3 to U*(U, (W), (N), (ko, ..., kn)). We get a condition r* € W such
that
(V°n € X)(r* > pn & r* IF ¢, € V).
Since r*, r are compatible, we get a contradiction.]
Since (p, : n € X) T—converges to p,,, we may find an infinite X’ C X and a
condition p* € U’ such that

P> pu & (Yn € X')(p" > py).
Next use (X) of 4.2.4.3 to pick conditions pj, € U; and N € w such that
(Vne X'\ N)(p; > pn and pjl-d, €V,, and (Vi < M)(pn Ik dn € Vi,)).

By the choice of U’,Uj,...,U,,_; we get conditions p; € U, such that p; > p*,
p; > vy, v > pl, (for £ < m).

Now we are going to define a P-name ¢* for a condition in Q. Let A be a
maximal antichain of PP such that for each ¢ < m and r € A:
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e cither » > pj or r,p; are incompatible, and
e cither r > p* or r,p* are incompatible.

Fix r € A. If r, p* are incompatible, then let ¢, be (Z)Q Assume r > p* and let
IT={ng:l<m&r>p;yU{ki:i <M} (#0).
The cond@tion r forces tha't the sequence (¢, : n € X'\ N) converges to ¢, and
o € N Vj,and ¢, € (V; (for all n € X'\ N). Applying 4.2.1(i+iii) we find a
Jjel jeI
P-name ¢, for an element of Q such that
riF“(vne X'\ N)(g, < ¢ & G < G- & G, € ﬂVJ) 7.
Jjel

Now, let ¢* be a P-name such that r IF ¢* = ¢, (for r € A) .

Look at the condition (p*,¢*) € R. Clearly p* IF ¢* € Vj, (for all i < M) and
p; > p*,pp Ik ¢* € Vy, (for £ <m),so (p*,¢*) € U*. Moreover, if n € (X"\N)U{w},
then p* > p, and p* IF ¢, < ¢, so (p*,¢*) > (Pn, ¢n) and we are done. O

Claim 4.2.4.5. If (p,q) € U* € C, then there is V* € C such that (p,q) € V* and
any two conditions (po, do), (p1,d1) € V* have a common upper bound in U*.

Proof of the claim. Let U* = U*(U,{(Up,...,Umn—1),{no,---,m—1),{ko, -, karr))
and let py € Uy (for £ < m) be such that p < py and py IF ¢ € va,. Pick U; € U such
that p, € U; C Uy and every three members of U; have a common upper bound in
Uy. Also choose U’,U"” € U such that p € U” C U’ C U, and each member of U’
has an upper bound in every U (for £ < m) and every two members of U” have a
common upper bound in U’. Put

V* = U*(UN, <U6, .. .,(/v7/7171>7 <’I’7/()7 e 7’117-,.L,1>, <]{,‘0, .. ,kM>) (S C

Clearly (p,q) € V*. Suppose now that (po,qo), (p1,41) € V* and let p;, € U; be
such that p} I+ ¢; € V,,, and p; < p} (for i = 0,1 and ¢ < m). Also let p* € U’
be stronger than both py and pi, and for each ¢ < m let p; € U, be stronger than
both p* and p? and p}. Now, like in the proof of 4.2.4.4, choose a P-name ¢* for a
condition in @Q such that
PG > o & ¢ > @1 7, and
pp IF¢¢* € Vy, 7 for £ <m, and
prIFC ¢ e Vg, ” for £ < M.
(Remember that the sets () V; are forced to be directed by 4.2.1(i+ii).) Then
jeI
(p*,q¢*) € U* is a condition stronger than both (po, ¢o) and (p1,q1). O
Now we may put together 4.2.4.4, 4.2.4.1(2) and 4.2.4.5 to conclude that the
topology 7* satisfies the demand 4.1.3(iii), finishing the proof of the theorem.
Note that (p, (Z)Q) € R for each p € P and the mapping p — (p, (Z)Q) is a homeo-
morphic embedding of (P, 7) into (R, 7*), so we may think that 7 is the restriction
of 7* to P C R. Moreover, under this interpretation, IP is an open subset of R. [J

Proposition 4.2.5. (1) In the cases discussed in 1.1.14(1,2), the forcing no-
tion under considerations s topologically sweet, provided K is countable.

(2) If (K,X) is a really finitary (see 1.3.3) linked tree—creating pair, and f is
a fast function, then the forcing notion (@?ee(K, Y) is topologically sweet.
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(3) Letp = (K,X,F,G) be a universality parameter for H. Assume that
(a) F is either countable or <wi—<*-directed, and
(b) for eachn e U [] H(i) there is t;** € LTCR,[H] N K such that

n<wi<n

(V¢ € LTCR,[H] N K)(t € (7).

Then the forcing notion Q¢ (p) is sweet (and thus iterably sweet, provided
elements compatible in Q*°(p) have the least upper bound).

Proof. 1) Let (K,%,3%) be a ®-creating triple for H : w — H(w;). Suppose
that (K,X, Y1) is linked, gluing and has the cutting property.
For ¢ = (w,tg,...,t,) € FC(K,%,%4) and N < w let
Ule,N) = {p € Qu(K.2, Y : wr=w & (Vk<n)# =t)
(Vk > n)(nor[t}] > N)}.

Let 7 be the topology generated by the sets U(c, N) (for ¢ € FC(K, %, %4) and
N <w) and {0g+ (ks x1)}. It is straightforward to check that (QZO( 2,25 1)
is a model of topological sweetness.

&
N)

Other instances of 1) and 2) can be handled similarly.

3) We consider the case when F is countable only (if F is <w;—<*-directed the
proof is similar). We put D = Q"°°(p) and we define relations E,, (for n < w) on
D as follows:
po Ern 01 if and only if
NPo = NP1, fpo = fp1 and
(VneTP)(Ih(n) < NP 4+n = neTPt &P =P).

We claim that (Q'°°(p), D, (E, : n < w)) is a model of sweetness. Plainly, each
E, is an equivalence relation with countably many equivalence classes, E,,+1 C E,,.
Similarly as in 2.3.6.1 one can show that the equivalence classes of each FE,, are
directed and that the clause 4.1.2(v) is satisfied. Let us show that the demand
4.1.2(iv) holds.

So suppose p; E; p, (for i > n, n < w). Thus fPi = fPv = f NPi = NP« = N
(for i > n). We build inductively a system (t, : n € T) € Qj**(K,X) as follows.

First we let My = N +n and we declare

neTr &lhn) <My = nel&t,=th.

Suppose that we have defined (t,, : 7 € T & lh(n) < M) € FC(K,X) already Pick
M}, > Mj, such that for some n’d“n,nﬁp we have M, < nk < n’c < F9(nk p) < M,
and

(<tpw ine TP & lh( ) < Mk> ndna upﬂf”ndna upD € g
Next, choose M1 and ndn i (for i € [n, M]]) such that M; < nd;ln, nflnz <

nki < F9(nki) < n§;+1—2 Fg( k M’“) < M4 and

((th i € TP & 1h(n) < Myy1),nly nld, fllngd,nk]) € 6.

dn> "“up>
Let <tf§ :n € S) € FC(K, X) be such that root(Sy) = (), lev(Sy) = M1, and
th = th when Ih(n) < Mj and tf = £ when M} < lh(n) < lev(Sk). Apply
repeatedly 2.3.3(¢) to get (t, :n € T & lh(n) < M) € FC(K, %) such that

(ty :n € T & Th(n) < Myy1), b, nip ™, f[nk,, nk"*]) € G,
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and (t, :n € T & h(n) < My41) < (t8: € Si), and
(tp:m e T & 1h(n) < Myyq) < (th' :n € TP) for all i € [n, Mj].

Note that then (t, :n € T & lh(n) < My41) < (th' : p € TP) for all i € [n,w].
After the construction is carried out one easily checks that ¢ = (N, (t, : n €
T), f) € Q%¢¢(p) is a condition stronger than all p;’s (for i € [n,w]) and ¢ E,, p,,. U

Definition 4.2.6. Suppose that a function h : w X w — w is regressive, F C
(w\ 2)¥, and (K,¥) is a local creating pair for H. We define Q%(K,¥) as the
suborder of Q% (K, X) consisting of conditions p € Q% (K, X) such that

(3f € F)(Vk < w)(¥*n < w)(h® (m'", [nor[th]]) > f(m"™)),
where h*+D (4, §) = ) (i, h(i, 5)), KO (4, §) = j.
Remark 4.2.7. Note that the norm condition introduced in 4.2.6 is in many cases
nothing new. If for each f € F there is f* € F such that
(¥ < w)(vn <w) (K (n, f(n)) > £*(n)),
then clearly Q% (K, ¥) = Q%L(K, ¥).
Proposition 4.2.8. Let h : w x w — w be regressive and F C (w \ 2)¥ be a

countable family. Assume that (K,X) is a local h-linked creating pair for H such
that K is countable and

() if s,t € K and s € ¥(t), then nor[s] < nor[t].

Then the forcing notion Q%(K,X) is topologically sweet.
Proof. For a finite candidate ¢ = (w,to,...,t,) € FC(K,X) and sequences f=
(fo: <) CFandk=(k: <) Cwwe let

U, f,k)={peQLK,2):wP=w & (Wn<m)it:=t,) &

P P
(V0 < £)(vn > m) (A (myp,, [nor[t7]]) = fe(m™)) &
(VE < £9)(Vk < w)(vn < w) (hO(m'h, [norftz]]) > fulmt) }.

Plainly the sets U(c, f, k) (for suitable ¢, f, k) and {0gn (x5} constitute a basis of

a topology 7 on Q% (K, ¥). It is not difficult to check that (Q% (K, ¥), ) is a model
of topological sweetness. (Il

4.3. The sour part of the spectrum. The main point of the sweet properties is
that amalgamations of sweet forcing notions are ccc, see 4.1.5. A kind of opposite
behaviour is when amalgamating results in a forcing notion that collapses wy. This
effect will be called sourness, and we have a number of variants of it (see 4.3.2

below).
In this part, whenever we use Q-names for elements of a space X = [] H(3),
i<w
we assume that they are in a standard form. Thus, a Q—name 7 for a real in X is
a system

(gpr:in<w&ne [[HE) &k <Ny,
<n
where ¢ € Q, N;, €w and for each n < w
(qpr:ne [JHG) & k< N,)

<n
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is a maximal antichain of @, and

van = (k< N)Em < N) (@D <.

qQv,m

(The intension is that ayy IEn < 7.) If (Q is cec and) 7y is a Q-—name for an
element of X then there is a standard name 7 such that I+ 79 = 7. The point of
using standard names is that their specific forms allows us to bound the complexity
of some formulas; see, e.g., [BJ95, 3.6.12].

Context 4.3.1. Let P,W, X be as in 3.1.1, and let Qy,Q; be Souslin ccc forcing
notions. Suppose that, for £ < 2, 7y is a standard Qy—name for an element of
X. Furthermore, suppose that there are isomorphisms f; : RO(P) 2% (RO(Qp))+,
mapping W onto 7 (i.e., fe([n < Wlrom)) = [n < 7e]ro@,))-

Let r be a real encoding all parameters required for the definitions of the above
objects (including partial orders and the respective incompatibility relations).

Definition 4.3.2. Let P, W, X, Q;, 74, fe, v be as in 4.3.1.
(a) The amalgamation Qg X s, r, @1 will be also denoted Q¢ X 7,=+ Q1.
We say that

(b) (Qo,70) is weakly sour to (Qq,71) if the amalgamation Qg X +,—=+ Q; fails
the ccc;
(¢) (Qo, 7o) is sour to (Q1,71) whenever the following condition holds:

(B) if V. C V' are universes of ZFC, r € V, Go,G1 € V', G, C QY is

generic over V and 75° = 781, then V' =% wY is countable ”;
(d) (Qo,70) is explicitly sour to (Qy,71) if there are sequences (E,, : m < w)
and <qf;7n ra<w; & n<w) (for £ < 2) such that
(i) each FE,, is an equivalence relation on wy with at most countably many
equivalence classes,

(ii) {g4., :n <w} C Qq is predense in Q; (for each o < wy, £ < 2),

(iii) if @ < 8 <wi, m <w, a Ep, 8 and ng,n1 < m and both (¢ .., 44.n,)
and (Qg,no’qé,m) are in the amalgamation Qp x;,—+ @1, then the
conditions (g9, .0, 4 ny)s (43.ng> Ub.n, ) are incompatible (in Qo X ,=#,
Q1);

(e) (Qo,70) is very explicitly sour to (Qq,71) if there are a closed perfect subset

C of w¥ and Borel functions g, : C' x w — Qg such that

(i) {ge(z,n) :n < w} is predense in Q; (for each x € C, ¢ < 2),

(ii) if xo,z1 € C are distinct, zg[m = x1|m, ko, k1 < m, then there are
n < w and disjoint sets Ag, 41 C [] H(¢) such that for ¢ < 2:

i<n

(Vg € Qo)(lg = ge(@o, ke) & q = ge(z1,ke)] = ql-Teln € Ay).

We say that Qg is sour to Qp over (P, W) if there are names 79, 71 (as above) such
that (Qo,7) is sour to (Q1,71) (and similarly for the variants).

A forcing notion Q is sour over (P, W) if it is sour to itself over (P, W) (and similarly
for the other notions).

We may skip W and say “over P” if it is clear what W we consider.

Remark 4.3.3. Sourness (4.3.2(c)) is a strong way to say that the amalgamation
Qo X7y=+ Qi collapses w;. Explicit sourness (4.3.2(d)) guarantees that we have a
nice witness for the collapse, see 4.3.4 below. What is the point of “very explicitly
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sour”? On one hand that condition implies that the amalgamation collapses the
continuum, and on the other hand the name for the collapsing function is encoded
in a nice way by a real. Note that the properties of the functions gg, g1 required
in 4.3.2(e)(i,ii) are IT] (remember that 7, are standard names), and thus we have
suitable absoluteness.

Proposition 4.3.4. Let (Qq, 70), (Q1,71), (P, W) and v be as in 4.8.1.

(1) If (Qo, 7o) is explicitly sour to (Q1,71) in every universe V of ZFC con-
taining r, then (Qq, 7o) is sour to (Qq,71).

(2) If (Qq, 7o) is very explicitly sour to (Qy, 1) with functions g, g1 witnessing
this, then (Qq, 7o) is explicitly sour to (Q1,71) in every universe of ZFC
containing v and (the Borel codes for) go, g1 -

Proof. 1) Suppose that V. C V' are universes of ZFC, r € V, Go,G; € V/,
Gy C QX is generic over V and ’f'OGO = %1(;1.
Assume V' = wY = w;.

Claim 4.3.4.1. (1) If ¢ € Q¢ and (q0,q1) ¢ Qo X#y=+, Q1, then for some
disjoint Borel sets By, B1 C X we have qo I+ 79 € By and q1 IF 71 € Bjy.
Consequently, if qo € Go and q1 € Gy, then (qo,q1) € Qo X79=# Q1.

(2) If (90,91), (0, 41) € Qo Xio=#, Q1 are incompatible in Qp X+y—7 Q1, then
for some disjoint Borel sets By, By C X we have (for £ =0,1):
(VpeQ)p>q&p>q = pl-ieB).
Proof of the claim. Straightforward if you remember 3.1.6. O

Now, let (F,, : m < w), <qf¥,,c ca < wyY,k < w) € V witness that (Qo,7p) is
explicitly sour to (Q1,71) (in V). By 4.3.2(d)(ii) we know that, in V',

(Voo < wr) (3K, kS < w)(q&kg €Go & q}%ki € Gy).

For some k°, k! < w the set

Y ={a<w k2 =k &k} = k'}
is uncountable. Let m = k+k'+1. It follows from 4.3.2(d)(i) that there are distinct
a, B €Y such that o E,,, 5. By 4.3.4.1(1) we know (qg’ko,qé’kl)7 (quko,qé,kl) €
Qo X#y=#, Q1, so by 4.3.2(d)(iii) these two conditions are incompatible in Qg X +,—+#,
Q;. But then, using 4.3.4.1(2), we find disjoint Borel sets By, B; C X such that

7§70 € By and 7' € By, a contradiction to 75° = 7.

2) Let V contain r and gg,g1. Working in 'V, pick a sequence (z, : o < wy) of
pairwise distinct members of C'. Put:

i qg,n = gO(wa Tl), qux,n = gl(xaan)a
e o E,, B if and only if z,[m = x5[m.
Now check. O

Proposition 4.3.5. Let r,P,W,Qq, 7 (for £ < 2) be as in 4.3.1. Moreover, let
Qp, Wy, Xe,Hy (for £ < 2) be as in 3.1.1 (with the real r encoding all the needed
parameters). Assume that

(a) wy is not an inaccessible cardinal in L,

(b) (Qo, 7o) is sour to (Q1,71),
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(c) for every real s and a Borel set B C X coded in Lir, s, if B ¢ I, 1, then
there is an Iy, i, —generic real over L[r, s] belonging to the set B.

Then there is a Eé set which does not have Iy, i, —Baire property.

Proof. Since Qq, Wy are as in 3.1.1, we have a nice description of Qy—names for reals,
see 3.1.7. So we have Borel functions hy : Xy — X such that IFq, 70 = he(Wy). It
follows from the assumed properties of 7, that

()1 for every Borel set A C X, if A ¢ T, ;, then hy A ¢ Ty, vir,-
(Note that hy is coded by the real r as well.) Since w; is not inaccessible in L, for
some real a we have w{'[a] = wi. Let

Xy ={z€X : for some I, y, —generic real y € X; over Lla, | we have he(y) = z}.

r] .
—generic

(Note that if y is Ty, v, generic over L[a,r], then it determines a Q?[a’
filter G C Q?[a’r] over Lla,r] and hy(y) = 7{; remember 3.1.5 and the choice of
he.)

(x2) X, is a Eé subset of Aj.

y? Note that, by 3.1. , the formula “c is a Borel code for a set §c C Xy an
Why? N hat, by 3.1.3(4), the f la “c is a Borel code f X, and
fc €Iy, w,” is (equivalent in ZFC to) a H% formula. Hence easily the formula “y
is Zg, v, ~generic over Lla, r]” is 113

(*3) For every Borel set B C X, if B ¢ Ty 1, then X, N B # 0.

mmediate by (*;) and the assumption (c).
1 diate b d th i
(x4) XoNX; = 0.
[It follows from the sourness and the assumption that w{“[a] = w1.]
Finally note that (x3) + (*4) implies that both sets Xy, X; do not have the
IRWfBaire property. (I

Corollary 4.3.6. Suppose thqt r, P, W, Qu, 70, Wy are as in 4.3.5, and clauses (a)-
(c) there hold, and Qg = Q1, Wy = W;. Assume additionally that, for some k < w,

there are Q(()k)fnames 0%, pt (for £ < 2) and a Qo-—name 7 such that
(d) kg, “7 € X is Iy, —generic over V7,
(e) “_Q‘gk)
Ly, vir, ~Positive Borel set B C X there is q € Q(()k) such that q IF“ /)2 eB”,
(£) g “ #9) = Felpy] -
(Above, Q(()k) stands for the iteration of length k of the forcing notion Qq.)
Then there is a projective subset of Xo that does not have the Ly, 13, ~Baire property.

“p9,pp € Xo are Ly, vir, ~generic over V. 7, and for £ < 2 and every

Let us turn to getting sourness for some of the forcing notions discussed in this
paper. Of course, because of 4.1.5 the forcing notions covered by 4.2.5 are not
sour (they are in the sweet kingdom, after all). However, there are sour examples
around. Let us introduce them starting with exotic norm conditions which were
chosen specially with the sourness in mind.

Proposition 4.3.7. Let (K,X) be a local forgetful and complete (see 2.2.7) creating
pair for H.
(1) Assume (K,X) is linked and
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(@) (vn <w)([H(n)] > 27), .
(B) is a 1-norming system for H (see 2.2.8), K = (Ky : { < w),

(K.g) 1
g= <g,0 ipe 2<w>}
(v) if ACH(n), a € A and nor[t}] > 1 then nor[t}, ] = nor[t}] — 1,
(0) letting A,, = H(n) \ {g,(n) : p € 2€} forn € Ky, and A, = H(n) for
n¢ |J Ky, we have lim nor[t; | = co.
1<w n—00 n
(Above, for n € w and A C H(n), t is the unique creature t € K with

mb, =n and pos(t) = A; see 2.2.7.)
Then the forcing notion QX:9(K,X) (see 2.2.8) is very explicitly sour over
Cohen.

(2) If (K,%),(K,g) and H are as in (1), and f : w x w — w is fast and

(Vn < w)(¥i > n)(f(n,i) < norfty]),

then fo’g(K, %) is very explicitly sour over Cohen.

(3) Assume that h : w X w — w is regressive, F C (w \ 2)* is h—closed,
countable and >*—directed. Suppose that (K,X) is h-linked and clauses
(a)—(7) hold true, and
(6%) for A, asin (), for each f € F we have (Y*°n € w)(f(n) < nor[tzn]),
Then the forcing notion Qﬁ’g(K, Y) is very explicitly sour over Cohen.

(4) Assume that (K, X)) is linked, satisfies the demand 1(7y), and ILm nor[t’ﬁl(n)} =
. LetU= (U, :p€ 2<‘:" & k < w) be a 2-norming system (see 2.2.10).
Then the forcing notion QU (K, X)) (see 2.2.10) is very explicitly sour over
Cohen. ) )

(5) Similarly for forcing notions QfU(K, Y), QX(K,X) (under assumptions par-
allel to that in 2,3 above, with clause (57 ) replaced by just f(n) < nor[t’;l(n)}
forn<w, f€F).

w

Proof. 1) Let us think about the Cohen forcing C as the set of partial functions
from 2<% to 2 with the relation of extension; He(p) = 2 for p € 2<% (so we
interpret w as 2<°"), and W¢ is the natural name for the C—generic real in 22",
Let W be the name for Q%9(K,X)-generic real, ie., I W = [J{w? : ¢ €
FQk,g(K E)}. Let 7,71 be standard QX9(K, ¥)-names for functions from 2<% to
2 such that
e 7o(p) = 1 if and only if (Im € Kin(,)4+1)(W(m) € {g,~0)(m), gp~1y(m)}),
e #1(p) = 1— 7(p).
Claim 4.3.7.1.

Ik .

“© . o - ”.
K9k | T0:T1 are C—generic over V 7;

moreover [Ty € B]]Qk,g ) # 0 for any non-meager Borel set B C 22" Hence

_ ¢ (K.3) 7
(C,We), (QE9(K, %), 1), (QE9(K,X), 1) are as in 4.5.1.

Proof of the claim. Let q € Qf_o’g(K, ¥) and let po, ..., pr € 2% be such that
p€2£ &mfnng &gp(mggn) ¢pos(t]) = p<po V...V p<p.
Pick N > Ih(w?) such that po[N,..., px [N are pairwise distinct and
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(a) mg; >N = mnor[t]]>2, and

(b) n>N = mnor[t |>2, where A, is as in the assumption ().
Suppose M > N and h : {p € 2<% : N < lh(p) < M} — 2. Build a condition
p = (wP,th, ¢}, ...) such that

q

(c) w? QwP, wP(m) € pos(t]) if m = mi{n < Ih(wP), and ¢] € %(t]) whenever

(d) if N < lh(p) < M, h(p) = 1, then for some m = m(p) € K41 we

have m < lh(w?) and w?(m) € {g,~0)y(m), g,~1)(m)} N pos(t), where
mfn =m,

(e) if m'i > Ih(wP) then nor[t] > 2M+3,
(f) if m < Ih(wP) is not any of the m(p)’s from clause (d) above (for h(p) = 1),
m € Ky, £ > N (so m > N), then wP(m) € pos(t!) \ {gp(m) : p € 26},

?

where mgq =m (remember: (K,Y) is linked and (a)+(b)),

(g) fm=1IwP)+ie Ky, N<l<M+1 amdmd = m, then ] € X(t}) is
such that

nor[t]] > nor[tj] — 2MFLand  pos(t?) N {g,(m) : p € 25} =0

(remember assumption () and clause (e)),
M
() if m=lh(w?)+i¢ U Ki,m=my, thent’ = L.
(=N+1

It should be clear that we can build p € QX9(K, %) satisfying the demands (c)~(h)
and that then g <p and p - h C 7.
Now we easily conclude that 7y is Cohen over V; the rest should be clear too. [

For p € 2% and k < w let p, s € QE9(K, %) be such that wPer = (), if i € K,
i > k, then pos(t/”*) = H(i) \ {gpe(i)}, and if either i < k or i ¢ |J K, then

B lew
pos(t£**) = H(i). Note that the function g* : 2 xw — QE9(K, %) : (p, k) = py.k
is Borel.

Claim 4.3.7.2. (1) For each p € 2% the set {p, : k < w} is predense in
QLI(K,Y).
(2) If po,p1 €2%, polm = p1lm = o, po(m) =0, p1(m) =1 and k < m, then
(Vg € QXK 0)(a = ppok & 4= Ppr = gl Fo(0) =0).
Proof of the claim. (1) Straightforward.

(2) Note that if ¢ > pyy.x, ¢ > Dp, .k then for each i, n = mg; € K,,+1 implies
(n>m+1>kand) g, m+1)(1), 9p, 1(m+1) (1) € pos(t]) (and, of course, c(0) =
pol(m—+1), 07(1) = p1[(m—+1)). Also, if n < Ih(w?), n € K41, then (n > k and)

w?(n) & {9po10m+1)(1): Gpr1(m+1) }- O
Now one easily shows that (QE-9(K, %), 7,) is very explicitly sour to (QX9(K, %), 7).

2), 3) Similarly.

4) Here we think about the Cohen forcing C as the set of finite partial functions
from 2<% x w to 2 ordered by the extension; Hc¢, W¢ are interpreted suitably.
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For each n < w pick a,, € H(n). Let W be the name for Q7 (K, )-generic real,
and take standard QU (K, ¥)-names 7, 7 for functions from 2<W x w from 2 such
that

e 7o(0,k) = 0 if and only if (Vn € U,~qy,1 U U0A<1>7k)(W(n) # ap),
o 7(0,k)=1—179(0, k).
Claim 4.3.7.3.

H_ngo(K,E) “19,71 are C—generic over V. 7;

moreover [Ty € B]]QU (K.%) # 0 for any non-meager Borel set B C 22°° . Hence
(C, W(c), (QOUO(K, %), 7o), (QOUO(K, Y),71) are as in 4.3.1.
Proof of the claim. Quite similar to 4.3.7.1. |
Now, for p € 2% and n, k < w let Py € QOUO(K,E) be such that wPer = (), and
ifi € Uppmmk, m < w, n <4, then pos(tf”"“) =H()\ {a;}, and pos(ti)"’k) =H(i) is
all other cases.
Claim 4.3.7.4. (1) For each p € 2% and k € w, the set {p}, :n < w} is
predense in QU (K,X).
(2) If k <w, po,p1 €2, polm = p1Im =, po(m) # p1(m) and n < m, then
(Vae QLKD) (g>ph & a>ph = ql-io(ok)=0).
Proof of the claim. Straightforward. O

Now we easily finish.
5) Similarly. 0
Definition 4.3.8. Let (K,X) be a local creating pair for H and let F C (w \ 2)¥.

A sourness system for (K, X, F) is a pair (g,£) such that
() €= (l : k <w) Cw is increasing,
(B) g=1{gp:p€2°%),if pe 2¥ then g, € [[ P(H(i)), and
1<ty
p<p = g, <Vgp,
() for each n € [0y, lp41), k < w, the sets {g,(n) : p € ok + 1} are pairwise
disjoint and non-empty, and H(n) \ [J{g,(n) : p € ok + 1} #0,
(6) if f € F, (to, t1,...) € PC(K,Y) (see 1.1.9), m%2, = ly,, nor[t,] > f(n-+Ly,)
for n < w then:
(i) for some N < w, for each k > kg, we have

[{p € 2P T 11 |{n € [t bh41) 2 gp(n) NpOS(ta—s,,) # O} < 271} < N,

(ii) for some k1 > ko we have

(Th > k1) (v € (b, 1)) (005 (tn—r, ) \ ({0 (n) - p € 28 T 1) 20)

Theorem 4.3.9. Suppose that h : w X w — w 1is regressive, and F C (w\ 2)¥ is
a countable h—closed and >*—directed family. Let (K,X) be a local, h-linked and
complete creating pair for H such that

(a) for some f* € F we have that (Vn < w)(nor[tyy | = f*(n)) (see 2.2.7),
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(b) there is a sourness system (9,0) for (K,%,F); let g = (g, : p € 2<%),
= <€k k< UJ>,
(¢) if ACH(n), b <n < b1, pe 21 and A\ g,(n) # 0, then
nor(t, )] = h(n,norty]).
Then the forcing notion Q% (K,X) is very explicitly sour over Cohen.

Proof. Here we interpret the Cohen forcing notion C in the standard way, i.e., it is
(2<%, <) (and He, We are natural). _
For p e 2% let g, = U gp1i € [1 P(H(i)) (remember 4.3.8(3)). Let W be the

PEW 1EW
canonical name for the Q% (X, ¥)-generic real and let 79, 71 be standard Q% (K, )~
names for reals in 2% such that

e 7o(k) = 0 if and only if there are pg,p; € 2% such that polk = p1 |k,

po(k) # pi(k) and (Y = £e)(W () & gp (n) U gp, (n));
° Tl(n) =1- T()(n)
Claim 4.3.9.1. (C,W¢), (Q%(K, %), ), (Q%(K, %), 71) are as in 4.3.1.
Proof of the claim. We will show that 7y is (a name for) a Cohen real over V; then
the rest should be clear.
So suppose p = (wP,tf,t},...) € Q%(K,X) and we may assume that lh(w?) =
gko, ko < w. For k > kg let

def
T ="T,={pe ok +1. {n € U, lis1) = gp(n) ﬁpos(tfl_%) # 0} < 281},
and let N be such that (Vk > ko)(|Tr| < N) (remember 4.3.8(5(i)). Let

up = {i < k:(3po, p1 € Ti)(poli = p1li & po(i) # p1(i))}-
Clearly, for all k > kg, |ux| < N, and thus we may choose an infinite set A C w
such that {uy : k € A} forms a A-system with the heart, say, u*. Take k; >
max(u*) + ko + N such that
(r1) (k= k) (¥ € [0, ) (pos(E_y, )\ Ugp(n) : p € 261} £ 0)
(remember 4.3.8(0(ii)) and suppose that v C [k1,kz), ko > k1. We are going to
build a condition ¢ > p such that
q - (Vj € [k1,k2))(0(j) =0 < j €v).
To this end, pick 7 > ko such that
(%2) u; N [k1, ko) =0, and
(x3) for some f € F we have
(Vn > 1) (f(n) < K% (n,nor[t? _, ),

n—~L,
where A+ (n,m) = h(n, h*) (n, m)).

(Possible by the choice of k1 and the assumption that F is h—closed.) Since |T;| <
N < 2k we may find p* € 2% such that p*k; ¢ {olk1 : 0 € T;}. For k € v fix
pr € 2% such that pilk = p* |k, pr(k) =1 — p*(k).

Let {0; : j < 2771 — Ju| — 1) enumerate 2t +1 \N{p* (G +1),p61(E+ 1) : k € v}
By induction on j < 2! — |v| — 1 define n} € [¢;,£;y1) U {*} as follows:

if there is n € [£;,£i+1) \ {n}, : j' < j} such that g, (n) N pos(ti_eko) # 0,

then n} is the first such number,
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otherwise n;‘ is *.

Now we choose w9, td,t,... so that:
(i) h(w?) = i1, WP <wY;
(it) ifn € [€s,Liy1), n =n3, j < 27 —|v|—1, then w?(n) € go, (n)ﬂpos(tﬁ_eko);
(iii) if lx, < n < lg,, then wi(n) € pos(tfkfko);
(iv) if n € [r,, ) U ([€i, €iyr) \ {n} : j < 21 — |u[ = 1}), then

w(n) € pos(th_,, )\ Hap(m) - pe 2 T 1}

(v) 19 € E(thHHl_éko) is such that nor[td] > f(n + £;11) and

(gpr (n+ 1) U | g0 (n + Liy1)) Npos(td) =0
kev

(where f is given by (x3)).
[Why is the choice possible? Demands (i)—(iii) are easy; (iv) can be satisfied by
(%1), remember 4.3.8(8); (v) is possible by the assumption (c) of the theorem and
(%3).] One easily checks that the demands (i)-(v) imply ¢ = (w?,¢g,t7,...) is a
condition in Q% (XK, ) stronger than p. Also, by (ii)+(iv)+(v),

q I (Vk € 0)(Vn 2 L) (W(n) & g,- (n) U gy (n))

(remember 4.3.8(7); thus g5, (n)Ngp-(n) = go, (n)Ngp, (n) = @ in clause (ii)). Hence
q |- (Vk € v)(7o(k) = 0). Now we argue that ¢ I= (Vk € [k, k2) \ v)(7o(k) = 1). If
not, then for some k € [k1,k2) \ v we find pg, pi € 20 T 1 such that

po Ik =pllk, pg (k) #pf (k) and  (Vn € [l li1))(w?(n) & g+ (n)Ug,+ (n)).

Necessarily, {pd,p1} € {p*1(i + 1), pxl(i + 1) : k € v}. Moreover, if p/ € {o; :
j < 2 — o] — 1}, then p € Y, (as if p; = o; ¢ Y; then n} € [£;,4iy1)
and wi(n}) € 9pt (nj)) Since p*lk; ¢ {olk1 : 0 € T;}, we may conclude that
paspt € {o;:j <2 —|v| — 1} (and thus both are in Y;). However, then we get
k € u;, what contradicts (x3). O

For p € 2% and n € w let p,, , € Q(K,X) be such that wPen = (), t}"" = tf{(k)
for kK < n, and tzp’" = tlﬁ(k)\gp(k) for k > n. Let

90,91 : 2% xw — Q% (K,%) : (p,n) — ppn-

It is straightforward to check that go, g1 witness (Q%(K,X),7y) is very explicitly
sour to (Q%(K,X),71) (note that if k, k" < m, po, p1 € 2%, polm = p1[m, po(m) #
p1(m) and q > go(po, k), g1(p1, k'), then g IF* 7o(m) =0 & 71 (m) =1"7). O

Remark 4.3.10. In 4.3.9, in the assumptions on the family F, instead of demanding
that “F is countable h—closed and >*—directed”, we may require that “F is h—
closed and either countable or >*~directed”, and then conclude that Q% (K,X) is
explicitly sour. The “countable and >*-directed” assumption is needed only to be
in the context of 4.3.1 (i.e., to make sure that Q% (K, X) is Souslin).
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4.4. Conclusions.

Conclusion 4.4.1. (1) Let H: w — H(w1). The following forcing notions are
topologically sweet:
(a) Q:O(KH, EH, Ef:l) of 1.5.3 and QZO(K1~5~57 21.5.57 Zf5.5)7
(b) Q}<K1,5’7721.5,7> for f as in 158(1), and Q}(K1,5‘7,21'5.7) for F as
defined in 1.5.8(2) (the “e.g.” part).

Conclusion 4.4.2. The forcing notions Q%¢(p) for the universality parameters p
defined in 2.4.7, 2.4.9 and 2.4.10 are iterably sweet.

Conclusion 4.4.3. Let H: w — w, H(i) > 22" and let h be as in 1.5.9.

(1) Let f2(n) = max{2,H(n) — 2**} and Fy, = {f? : k < w}. Then the forcing
notion Q% (K1.5.9,21.59) (constructed for H as in 1.5.9) is topologically
sweet.

(2) Let fi(n) = max{2,H(n) — 2*}, F; = {f} : k < w}. Then the forcing
notion Q% (K15.9,%1.5.9) is very explicitly sour over Cohen.

Similarly if f2(n) = max{2,H(n) — (k2")}, Fo = {f? : k < w}.

Proof. (2) We are going to apply 4.3.9. First note that even though (K7 5.9,%1.5.9)
as defined in 1.5.9 is not complete we can easily make it so, or restrict our attention
to the forcing notion below some condition (the problems with completeness come
from the technical requirement in the definition of ¢ € K 59 that E; # 0).

We are going to build a sourness system (g,¢) for (Kj5.9,%1.5.9,F1) such that
the demand 4.3.9(c) holds.

Let lo =0, {pyq1 = b + 22" For p € 2<% pick g, such that

(1) if pe Zk, then g, € [] H(i),and p < p’ = g, < g,,

i<l
(B2) if n € [lg,lrt1), k <kw7 then there are no repetitions in the sequence
(gp(n) - pe 2R+ 1y,

We claim that, letting ¢ = (¢4 : k < w) and g = (g, : p € 2<%), (g, ) is as required
(we identify H(i) with [H(z)]l7 of course). Clauses 4.3.8(a)—(7y) are clear.

Suppose that (tg,t1,...) € PC(Kis5.9,%1.59), mn = n, dis[t,] = (n, E,),
nor(t,] > fi(n). Then, for large enough n, |E,| < 2V, so let M = max{|E,|:n <
w}. Assume that p; € ok +1 (for ¢ < M) are pairwise distinct. By (é2), for each
n € [y, lgt1) there is ¢ < M such that g,,(n) ¢ E,. Hence for some i < M

2k

0 € [lhs i) £ g, 0) ¢ Bu 2 EA—0h = 2
Hence we easily conclude that 4.3.8(4(i)) holds. The demands 4.3.8(d(ii)) and
4.3.9(c) are even easier.

For F, we proceed similarly, but we choose g, so that g,(n) € [H(n)]Qn O

5. EPILOGUE

A general problem that we have in mind in this paper is classifying “nice” ccc
forcing notions, in particular finding dividing lines in this family, or at least natural
properties. We should explain what we mean. A forcing notion is “nice” if it has a
quite absolute definition, so Borel is natural, but Souslin is more central (see 1.3.1
and also [She04]), but we may be happy with just “one of the form presented in
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this paper”. A dividing line is a property of such definitions, so that both it and its
negation is meaningful (that is we can prove theorems from both). Thus a dividing
line may serve as a division to cases in solving problems. (On parallel in Model
Theory see [She90] and [She00b].)

The first (possible) dividing line we considered here is determined by “being w—
nw-nep” (or just “being very Souslin ccc”). In some sense, one can consider very
Souslin forcing notion as those which are really close to random and Cohen. We
have examples of very Borel ccc forcing notions (see 1.5.8(2), 1.5.11, 1.5.15(3)), and
forcing notions which are not w—nw-nep (see 1.5.4, 1.5.6, 1.5.8(1), 1.5.15(1,2)). The
argument for “not being w—nw-nep” was in all cases the same: adding a dominating
real. So we arrive to the following question.

Problem 5.1. Suppose P is a Borel ccc forcing notion which is not equivalent to
a w—nw-nep forcing. Does P add a dominating real?

If one looks at 1.3.4(3) and 1.5.11, then the following (perhaps less central but
still intriguing) question related to w—nw-nep forcing notions arises.

Problem 5.2. Assume H, K, F and h are as in 1.3.4(1c) or as in 1.3.4(2b).
Is the forcing notion Q% (K,X) (or Q%°(K,X), respectively) very Borel ccc? (Of
course, we are interested in non-finitary (K,X).)

The second dividing line originates in [She84] and studies of the Baire property
(and measurability) of projective sets. To get a model in which all projective sets
have the Baire property, [She84] uses sweetness while [Ste85] applies topological
sweetness. However, the use of the two variants of sweetness might be slightly
confusing. What we really need for this type of construction are two properties,
say, (a)-sweetness and (b)-sweetness such that

(i) if P is (a)-sweet and Q is a P-name for a (b)-sweet forcing notion, then
PxQ is (a)—sweet,

(i) if Py, Py are (a)-sweet then for sufficiently many forcing notions Q and their
two complete embeddings fo : Q — RO(Py), the amalgamation Py x 7, ¢, Py
is (a)—sweet,

(iii) the Universal Meager forcing notion UM is (b)-sweet,

(iv) (a)-sweetness implies the ccc.

(Note that in (ii) we do not require that all amalgamations are (a)-sweet, we just
need to cover the amalgamations needed to ensure suitable homogeneity of the
Boolean algebra we construct; see [JR92b]) To some extend this approach was
materialized in 4.2.4: the topological sweetness may serve as (a)-sweetness and
iterable sweetness is a good candidate for (b)-sweetness. It should be remarked
here, that it is quite surprising that compositions of (topologically) sweet forcing
notions with the Universal Meager UM (or the Hechler forcing notion D ) are
topologically sweet because the second iterand is sweet. (The respective proofs in
[She84], [Ste85] were somewhat less general.) Still, it is very reasonable to ask

Problem 5.3. Can 4.2.4 be improved by weakening the demands on Q7 Can you
find (a)—sweetness and (b)—sweetness satisfying (i)—(iv) and weaker than topological
sweetness and iterable sweetness, respectively?

The sweet/sour division is sometimes very surprising — compare 4.4.3(1) and
4.4.3(2). The forcing notions QF, (K1.5.9,%1.5.9) and QF%, (K1.5.9,X1.5.9) (of 4.4.3)
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look very similar and one could expect that both are like the Cohen forcing. How-
ever, the first is topologically sweet (so not so far from Cohen) while the other is
very explicitly sour (so one could even say that worse than random).

Topological sweetness occurs to be not so seldom (see 4.4.1), however it does
not imply that we could make real use of these forcing notions in constructions
like [S*]. These forcings seem to be quite far from the iterable sweetness, so we
conjecture that the following has an affirmative answer.

Problem 5.4. Let Q be one of the forcing notion covered by 4.2.5(1,2) and 4.2.8.
Is there k < w such that the (k-step) iteration Q*) is sour over Cohen? Over Q?

Proposition 4.2.5(3) gives sweet forcing notions, so they could be of some use in
constructions like that in [ST]. However, do we really need to force additionally
with these forcings? In other particular:

Problem 5.5. Is there a universality parameter p satisfying the requirements of
4.2.5(3) such that no finite iteration of the Universal Meager forcing notion adds a
Qt**¢(p)—generic real? Does the Universal Meager forcing add generic reals for the
forcing of 2.4.107 Of 2.4.97

An intriguing thing is that in the cases we proved sourness over the Cohen, we
actually got that the considered forcing notion is very explicitly sour over Cohen
(so in particular the amalgamation collapses ¢).

Problem 5.6. Let Q be a Souslin ccc (or just nep ccc) forcing notion, and (P, W)
is as in 3.1.1.
(1) Assume that Q is sour over (P, W). Is it explicitly sour over (P, W)? Very
explicitly?
(2) Suppose that @ is not topologically sweet and adds a Cohen real. Is it
(weakly) sour over Cohen?

Since sweet /sour division is related to the Baire property of projective sets, let
us finish with the following general problem.

Problem 5.7. (1) Let (P, W) be as in 3.1.1, P be of the type studied in this
paper. For a cardinal , let IS,W be a <k—complete ideal generated by
Zp iy
What is the consistency strength of the statement “every projective subset
of X has the II’;’WfBaire property” ?
(We conjecture that it is always either ZFC or “ZFC + there exists an
inaccessible cardinal 7, and we would like to characterize and/or describe
this dividing line.)

(2) Similarly for (typically non-ccc) ideals Z, determined by suitable universal-

ity parameters p (see 3.2.1).
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