Paper Sh:877, version 2015-06-02_12. See https://shelah.logic.at/papers/877/ for possible updates.

DEPENDENT T  AND EXISTENCE OF LIMIT MODELS
SHS877

SAHARON SHELAH
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§ 0. INTRODUCTION

The first part of the introduction is intended for a general mathematical reader.
Cantor proved that the structure “the rationals as a linear order” is characterized
up to isomorphism by being “a dense linear order with neither first nor last element
which is countable”. Hausdorff generalizes this as follows. For transparency assume
the G.C.H., the generalized continuum hypothesis then for every cardinal A there
is a unique linear order I of cardinality AT which is AT-dense (i.e. if A < C are
subsets of cardinality < A then for some b € I we have A < b < ') with neither first
nor last elements). This canonical linear order is, in later model theoretic notions,
the unique saturated model of the theory T,,q = Th(Q, <) of cardinality AT (also
the universal homogeneous model); note Ti,q is the first order theory of the rational
order.

Later Bjarni Jénsson [Jén56], [J6n60] introduced and proved the existence of
homogeneous-universal models in cardinality A, for a quite general class of struc-
tures. Morley and Vaught [MV62] introduced the notion of saturated models and
investigate such models (which are homogeneous universal if we use elementary
submodels instead of substructures). Saturated models become a central notion in
model theory.

The author in [She87] or [Shea] = [She09a, Ch.I], introduce abstract elementary
classes and there define some variants of (A, £)-limit models which are again (like
the homogeneous universal ones) unique but for the pair of cardinals A, k; note that
for A = k = p™T this is the previous case. So natural questions are: what about
elementary classes, i.e. first order theories? and what about the class of linear
orders?

By [Shel2] if T is low enough (so called stable) there are existence theorems but,
e.g. the theory of linear order is not stable.

What are our main results? First, a result meaningful also to one with very
little set theoretic background. If A = A<*, e.g. A = uT = 2# then in addition
to the unique (up to isomorphisms) linear order which Hausdorfl discovers, for
k = Vg or just K < X\ which is a successor (or just a so called regular) there
is a (A, k)-limit linear order and it is unique up to isomorphisms. We can also
have a characterization (as in the case of Hausdorff), though not so elegant; see
§1 which do not require model theoretic background, see Theorem 1.1. There
are stronger versions of “(\, k)-limit models” ((\, k)-superlimit) for which we show
non-existence, see §3.

Second, in model theoretic terms this shows that having (A, £)-limit model is
satisfied by some (complete first order) theories 7' which are not stable; all this in
§1. So does every T have such models? In §2 comes another major result of this
work: the answer in general, is no, e.g. for (the first order theory) Peano arithmetic,
see Theorem 2.3. Moreover, there is a reasonable natural sufficient condition: the
theory T is so called dependent, this is Theorem 2.9.

Those complementary results lead to the main conjectures arising from this work
on existence of (), k)-limit models and to the generic pair conjecture. They essen-
tially say that the above mentioned sufficient condition, “7I" is dependent” is the
right one, each dealing with a variant of the question (the first: any relevant «, the
second: the parallel for k = 2).

The question can be rephrased (under G.C.H., restricting ourselves to successor
cardinality R.11) as follows: assume (M, : @ < R ;2) is a <-increasing continuous
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sequence of models of the first order complete T || M, | = R.41 and M = |J{M, :
o < N.po} is saturated (e.g. Hausdorff linear order of cardinality R.yo,T = Torq)-
Let ny_,, (7)) = Min{|{M,/ =: a € E}| : E a closed unbounded subset of N.;}.
Now the existence of (.11, k)-limit model for every regular x < W.io implies
nr(R.41) = |e + 2|, in fact for some such E for any x all the models {M;s : 6 € E
has cofinality x} are pairwise isomorphic. Our non-existence results give ny_ , (7) =
N5+2.
In the rest of the introduction we assume more background.

We continue [Shel2] and [She09b]

The problem in [Shel2] is when does (a first order theory) T have a model M
of cardinality A which is (one of the variants of) a limit model for cofinality &, in
the cases not covered by [Shel2, 0.8] (or [She87, 3.3,3.2], [Shea, 3.6,3.5]). More
accurately, there are some versions of limit models, “M is a (A, k)-z-limit model
of T” mainly “(\, k)-i.md. limit”, see Definition 0.8; (though we deal with others,
too) the most natural case to try is A = A<* > k = cf(k) > |T|.

Note that if 7" has (any version of) a limit model of cardinality A then there is
a universal M € Mody(T). Now we know that if A = 2<* > |T| then there is a
universal M € Mod(T') (see e.g. [Hod93]). But for other cardinals it is “hard to
have a universal model”, see history [KS92] and [Mir05]. E.g. if T has the strict
order property, then, by Kojman-Shelah [KS92] there are ZFC non-existence results
(a major case, for regular X is when (Jp)(ut < AA 2% > X). In at least one case,
A =Xy < 2% consistently we do not have a universal model, see [She80].

Stable theories have limit models (in many cases); hence it is natural to ask:

Question 1: Assume A = A<® > 5 > |T|. Does the existence of a (A, £)-md.-limit
model of T imply T is stable?

This is quite reasonable but in Theorem 1.1 we find a counterexample, in fact,
one everyone knows about: the theory T,.q of dense linear orders (see 0.12). This
per se is a continuation of Hausdorff result, revealing some canonical linear ordres.
Returning to the family of elementary classes, i.e. first order theories, it is natural
to ask:

Question 2: Does T have a (), k)-i.md.-limit model whenever A = A<* > x + |T|
for every unstable 17
For non-existence results it is natural to look at T dissimilar to Ty.q.

As T,,q is prototypical of dependent theories, it is natural to look for independent
theories. A strong, explicit version of T being independent is having the strong
independence property (see Definition 2.4), e.g. Peano arithmetic has. We prove
that for such T there are no limit models (2.3). But the strong independence
property does not seem a good dividing line. The independence property is a good
candidate for being a meaningful dividing line.

Question 3: If T' is independent, does T have a (A, k)-i.md.-limit model (with A =
A< > k> |T))?

We work harder (than in 2.3) to prove (in 2.9) the negative answer for every
independent T (for many cardinals), i.e. with the independence property though a
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weaker version meaning we prove non-existence of a stronger version of “(\, x)-limit
model”.
This makes us

Conjecture 0.1. Any dependent T has (), k)-i.md.-limit model.

Toward this end we intend to continue the investigation of types for dependent
T.

We shall also consider a property Pry (7)) (and the stronger PriyK(T)), see
Definition 2.5, which are relatives of “there is no (A, k)-z-limit model”; i.e. non-
existence results for independent T" holds for A = A<* > x = cf(x), A > |T|. For
A > k this strengthens “there is no (), k)-i.md.-limit model”. But A = & is a new
non-trivial case and it is also a candidate to be “an outside equivalent condition for
T being dependent”.

The most promising among the relatives (for having a dichotomy) is the following
conjecture (the assumption 2* = A% is just for simplicity).

Conjecture 0.2. The generic pair conjecture

Assume A = A<* > |T'| and 2* = AT (for transparency) and M, € EC\(T) is
<-increasing continuous for a < AT with (J{M, : @« < AT} € ECy+(T) saturated.
Then T is dependent iff for some club E of AT for all pairs a < 8 < AT from F both
of cofinality A, (Mg, M, ) has the same isomorphism type (we denote this property
of T by Pr3(T)), see Definition 2.5).

Here we prove that for independent 7', a strong version of the conjecture holds.

In §2, we also prove the parallel of what we say above. In §3 we prove that

(), k)-superlimit models does not exist even for T' = Ti,,q. This work is continued
in [Shell], [Shel5], [Sheb], [ST] and Kaplan-Lavi-Shelah [KLS16].

* * *
Now we define some versions of “M is a (A, S)-z-limit model” and for them “M

obeys a (A, T)-z-function”.

Notation 0.3. 1) Let T denote a complete first order theory.
2) Let 770 = 7(T), 7ar = 7(M) be the vocabulary of T, M respectively.

Definition 0.4. 1) For any T let EC(T) = {M : M a 7p-model of T'}.

2) ECA(T) = {M € EC(T) : M is of cardinality A} and ECy . (T) = {M € EC(T) :
M is k-saturated}.

3) We say M € EC(T) is Ad-universal when every N € EC(T) can be elementarily
embedded into M.

4) We say M € EC(T) is universal when it is A-universal for A = || M.

5) For T C T’ let

PC(T",T) ={M | 77 : M is model of T"}

PCA\(T",T) = {M € PC(T',T) : M is of cardinality A\}.

Definition 0.5. Given T and M € ECy(T') we say that M is a (), k)-superlimit
model when: M is a A-universal model of cardinality A\ and if § < AT is a limit
ordinal such that cf(d) = k, (My : a < J) is <-increasing continuous, and My41 is
isomorphic to M for every o < § then Mj is isomorphic to M.
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Remark 0.6. We shall use:

a) (A, k)-i.md.-limit in 1.1, (existence for Ty.q)

, K)-wk-limit in 2.3, (non-existence from “T" is strongly independent”)

, k)-md.-limit in 2.9, (non-existence for independent T')

, k)-1.st.-limit for T,rq: 3.12 and 3.5(3), 3.7(3), (on characterization) for
Tora)

(e) (A, k)-superlimit in 3.10 (non-existence).

Recall the definition of some versions of “(A, )-limit model”.

Convention 0.7. In this work let “M is (A, S)-limit” mean “M is (A, S)—md-limit,
see Definition below; similarly for (A, k).

Definition 0.8. Let A be a cardinal > |T|. For parts 3) - 5) but not 6), for
simplifying the presentation we assume the axiom of global choice; alternatively
restrict yourself to models with universe an ordinal € [A\,AT). Below if S = {§ <
AT i cf(6) = K} then instead (A, S) we may write (A, ), this is the main case.

1) Let S C AT be stationary. A model M € EC,(T) is called (A, S)-st-limit (or
S-strongly limit or (A, S)-strongly limit) when for some function: F : EC,(T) —
EC,(T) we have:

(a) for N € EC(T) we have N < F(N)

(b) if 6 € S is a limit ordinal and (M; : i < §) is a <-increasing continuous
sequence ! in EC,(T) obeying F which means i < § = F(M;1) < M, 2,
then M = U{M; : i < §}.

2) Let S C AT be stationary. M € EC,(T) is called (A, S)-nr-limit (or S-normally
limit, or may omit nr/normally) when for some function F : EC\(T)) — EC,(T)
we have:

(a) for every N € EC5(T") we have N < F(N)

(b) if (M; : i < AT) is a <-increasing continuous sequence of members of
ECA\(T),F(M;;1) < M; o then for some closed unbounded 2 subset C of
AT,

[0eSNC= M;=M)].

2A) M € EC\(T) is (A, S)-limit™ when if (M, : a < A") is C-increasing and
continuous and o < AT = M,,1 = M then for some club E of A we have a €
ENS — M, = M. Notice that being a (A, S)-limit™ implies being a (A, S)-nr-limit.
3) We define “M is (A, S)-wk-limit”, “(\, S)-md-limit” like “(A, S)-nr-limit”, “(\, S)-
st-limit” respectively by demanding that the domain of F is the family of <-
increasing continuous sequences of members of EC)(T) of length < AT and re-
placing “F(M;11) < M;2” by “M;11 < F((M; : j <i+1)) < M;;2”. (They are
also called S-weakly limit, S-medium limit, respectively.)

3A) We replace “limit” by “limit™” if “F(M;41) < Miy2”, “Mip1 < F((M; : j <
14 1>) < M/H_Q are replaced by “F(M) < j\lﬂ_f’7 “M; < F(<Mj 17 < Z>) < ]\4@‘4_177
respectively.

INo loss if we add M, 41 = M, so this simplifies the demand on F, i.e., only F(M) is required
2We can use a filter as a parameter
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4) If § = AT then we may omit S (in parts (3), (4), (5)).

5) For © C {u: u < Xand pisregular}, M is (), ©)-strongly limit if M is {§ < AT :
cf(0) € ©}-strongly limit in the sense of part (1). Similarly for the other notions
(where © C {p : p regular < A} is non-empty and S; C {§ < AT : ¢f(d) € O} isa
stationary subset of AT). If we do not write A\ we mean A = || M].

6) We say that M € K is (A, S)-i.st-limit (or S-invariantly strong limit) when in
part (3), F is just a subset of {(M,N)/ = M < N are from EC,(T')} and in clause
(b) of part (3) we replace “F(M;11) < M;12” by “AN)(M;y1 < N < M;12 A
((Mi+1,N)/ =) € F)”. But abusing notation we still write N = F(M) instead
((M,N)/ =) € F. Similarly with the other notions, i.e., we use the isomorphism
type of M~ (N).

Observation 0.9. 1) If F;,F; are as above and F1(N) < Fy(N) (or Fi(M) <
Fo(M)) whenever defined then if F; is a witness so is F.
2) All versions of limit models imply being a universal model in ECy(T).

3) Obvious implication diagram: For stationary S C S;\Jr as in 0.8(7):

(A, k)-superlimit

b
S-strong limit
A \
S-medium limit, S-normally limit
\ }

S-weakly limit.

Claim 0.10. Assume A = A<" > |T| and & is reqular and M is a model of T of
cardinality . Then the following conditions are equivalent (assuming the universal
axiom of choice or restrict ourselves below to models with universe C )\+).'

(a) M is (N, k)-md-limit

(b) in the following game the isomorphism player has a winning strategy. A
play last k-moves, in the i-th move the anti-isomorphism player chooses
M, € ECA\(T) such that (Mg : 8 < «) is <-increasing continuous and
a=p0+1= Mé < M, and the isomorphism player chooses M/ such
that M, < M! € EC,(T). The isomorphism player wins a play when
U{ My : a < K} is isomorphic to M

(c) there is a function F with domain {M : M a <-increasing continuous
sequence of members of ECX(T) of length < r} such that i < lg(M) =
M; < F(M) and if M = (M; : i < k) is <-increasing continuous sequence
of members of EC\(T) and i < k = F(M[(2i+2) < Ma; o then M,, = M

(d) there is a function F such that: if (M; :i < k) is <-increasing continuous
in ECx(T) and for some sequence (M} : i < k) we have M; < M| € EC5(T)
andi < k= M} <F((M; :j <i)"(M])) = M1 (we say M obeys F) then
U{M; i<k} =M

See https://shelah.logic.at/papers/877/ for possible updates.
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(e) in VLIew(A "2 e have: if (M, : a < A1) is <-increasing continuous,
M, € EC\(T), and |J{M, : @« < X"} € EC) \(T) then for some club E of
AT we have § € EANcf(6) =k = Ms = M

(f) like (e) for any At -complete forcing notion P such that lFp “2* = X7,
Proof. As (EC(T'), <) has the JEP (joint embedding property) and the amalga-

mation property this is straightforward.

E.G.
(f) = (b):

Let (M, : a < AT) be a P-name of a <-increasing continuous sequence of
members of EC,(7T") with union in ECy ,(7') and E a P-name of a club of A* such
that § € E Acf(d) = k = Ms = M; clearly it exists by clause (f) which we are
assuming. We now define a strategy st for the isomorphic player: together with
choosing M/, the isomorphic player chooses (Vq, Pa, fo) such that

o M, < M/ € EC)(T) as demanded in (b)
o po€Pand f<a=PkE “psg < p,”
o Yo <At and < a= 5 <7,
o4 po IFp “hg is an isomorphism from M/, onto M., "
o5 if B < a then hg C h,.
Uo.10

Like 0.10 but for the invariant version we note

Claim 0.11. For M € ECy(T) the following are equivalent (and seemingly stronger
than the conditions in 0.10):

(@) M is (A, Kk)-i.md-limit (that is invariantly medium (X, k)-limit)
(d)' there is a class F such that:

(@) FC{M : M = (M; :i < a) for some a < k is <-increasing contin-
uwous, {M; : i < a} CECA(T)} and F is closed under isomorphisms

(B) if M = (M; : i < a) € F and My < M), € EC\(T) then for some
My 41 we have M!, < Myt1 and M (My41) € F
(y) for a limit (M; :i < a) e Fiffj <a= (M;:i<j)€F and
MQZU{MiZi<OZ}
(0) if (M; :i<kK) €F then M,, = M
(d)" there is F such that:
(a) o F is a subset of {M: M = (M; :i < a) for some a < K is
=<-increasing continuous in EC(T)}
o Ja odd = M, <F(M) e EC\(T)) so we can ignore the member
a))/
(B) o if M € K has length 2a+1 < k then for some M,MA<(M’)> eF
and M’ is unique up to isomorphism, i.e. if Mt =
M (M* € .F for{=1,2 then M', M? are isomorphic,
so abusing notation we may write M’ = F(M)
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e if M € K has length 2a < k& and Moo < M’ € EC\(T) then

M*(M"y € F and we may write F(M) = M,
(), (8) as in (d).

Definition 0.12. 1) 7,4 is the theory of dense linear order with neither first nor
last element.
2) Tyq is the theory of linear orders.

Definition 0.13. 1) We say that (C1,C5) is a cut of M € EC(T,q) when:
(a) Cy is an initial segment of M
(b) Cs is an end-segment of M
(C) CinCy=10
(d) C1UCy =M.

2) For a cut (C1, Cy) of M, let cf(C1, Cs), the cofinality of the cut (Cy, Cs), be the
pair (01, 62) when

(a) 6 is the cofinality of Cy, i.e. of M [ Cy (can be 0,1 or a regular cardinal
S [No, )\)
(b) 0 is the cofinality of Cy inverted.

Definition 0.14. (), T) is the number of M € ECy(T) up to isomorphism.

Definition 0.15. 1) Fixing T, ¢(Z, ) is an independent formula when for ev-
ery n and M |= T for some a; € “W9M for { < n, for every u C n,M |=

(37) A\ o(z,ap) e,
I<n
2) T is independent iff some ¢(x, %) is independent.

Notation 0.16. ¢®) is o if t is true or 1, -y if t is false or 0.

Definition 0.17. 1) A<"*>w is sup{|.7 N *)\| : F C "2\ is closed under initial
segments and € < k = |7 N°A| < A}
2) U, (A) = min{].Z| : Z is a set of functions from « to A such that f # g € F =

k> i <kt fi) = g()}.
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§ 1. DENSE LINEAR ORDER HAS MEDIUM LIMIT MODELS

Theorem 1.1. Assume A\ = A<} > gk = cf(k). Then Torqa has an invariantly
medium (X, k)-limit model.

Remark 1.2. 1) We use condition (d)’ from 0.11, we may use it as a definition.

2) So a model of Ty,q is a dense linear order with neither first nor last element and
=< for models of T;,q is just C and saturated means \-dense for models of Ty,q of
cardinality A.

3) We actually prove a result with F of a simple kind, dealing with F acting on
pairs of models, U{}M; : i < k} is isomorphic to the (A, x)-i.md.-limit model when
(M; : i < k) is <-increasing continuous sequence of linear orders such that for any
i1 < iz < K for some i3 € (ia, k) we have F(M;,, M;,) < M;,41.

4) On cuts and their cofinalities 0.13.

Remark 1.3. Concerning ®7; in the beginning of the proof of 1.1.
1) It is a characterization of the invariantly medium (A, x)-model. We shall return
to this in §3.
2) Concerning the clause inside ® in the proof of 1.1 note the following: Clause
(f) almost implies clause (d).

Clause (f) implies (h);; why? use A =0, B = M,;. Also clause (f) implies (h)s;
why? use A = M;, B = 0.

Lastly, clause (f) implies (i)1; why? use A’ = A,B’ = {c € M; : A < ¢} and
clause (f) implies (i)2 similarly.
2) Note that clause (f) is equivalent to (i); + (i)2.

Proof. First we say that M is a fast (A, x)-sequence (of models of Tp,q) when:

®% (a) M = (M;:i< k)
(b) M, is <-increasing continuous
(¢) M; is a model of Tyq of cardinality A
(d) M, is saturated if i is a non-limit ordinal
(6) ifi<wkandae Mi+1\Mi then Mi+1 r {b S Mi+1\Mi : (VC € Mz)
[(c <b) = (c < a)]} is a saturated model of Tyq of cardinality A
(f) ifi<rkand A,BC M; and A< B (i.e. (Va€ A)(Vb € B)(a <p, b))
and A or B has cardinality < A, then for some ¢ € M; 1\ M;
we have A < ¢ < B; this includes A, B singletons but it is enough
to have this when ¢ € M; = (A < ¢ < B); note that we say
“Aor B..”
(9)1 ifi<j<kandae M;\M,, then for some d € M;11\M; we have
(a) ifbe M;and b <y, athenb <y, d
(B) ifce Mjand (Vbe M;)(b<a a=b<yp; c)thend <p,,, ¢
(9)2 ifi<j <k and ae M;\M, then for some d € M;;1\M; we have
(a) ifbe€ M;and a <p; bthend <p,, b
(B) ifce Mjand (Vb€ M;)(a <p,; b= c<p; b) then c<p,,, d
(h)1  for i < & there is b € M;1\M; such that a € M; = a <p,,, b
(h)2  for i <k thereis b € M;1\M; such that a € M; = b <p,,, a



Paper Sh:877, version 2015-06-02_12. See https://shelah.logic.at/papers/877/ for possible updates.

10 SAHARON SHELAH

(1) i ACM;,i<kand |Al < A then for some ¢ € M,;11\M; we have
(Vd € M;)(d <p1,,, ¢ < (3a € A)(d <n; a))

(i) if AC M;,i <k and |A| < A then for some ¢ € M;11\M; we have
(Vd S Mz)(c <M., d (Va S A)(a <wm; d))

i+1
(4) ifi <k and a <pg b then for some c € (a,b)r,,, \M;
the orders M; [ {d € M; : d <p,,, c} and the inverse of
M; [ {d € M; : ¢ <pp,,, d} have cofinality .

Clearly:

X it is enough to prove X; 4+ Xy where
X; there is F such that
(a) Dom(F) = {M: for some a <, M = (M; : i < a) is
=<-increasing continuous, M; € ECy(Tora)}
(B) for M=(M;:i<a)eF
e if ais odd then M, < F(M) € EC)\(Tora) and
M*(F(M)) € F
e if ais even and M, < M’ € ECx(Tora) then M, = F(M)
and M (M') € F
(v) Fisinvariant, i.e. if My = My then (My, F(M})) = (Mo, F(M>))

(8) if M = (M; :i < k) is an <-increasing continuous sequence
of members of EC,(Tirq) belonging to, i.e. F then &7,
Xy if ®';, and ®%;, then M}! = M2

Why is clause X true?:

How do we choose F?

Reading the definition of ®’; this should be clear: all our demands on M, when
we are given (M; : i < j) and M]’ can be fulfilled. We first choose & (yy,.i<j) =
{(A,B) : (A, B) a cut of Mj; such that A has cofinality < X or the inverse of B has
cofinality < A or for some i < j and a € M;\M; the set {b € M; : b <p; a} is
unbounded in A or for some i < j and a € M;\M; the set {b € M; : a <p; b} is
unbounded from below in the set B}.

Second, choose M1 = F((M; : i < j)"(M})) such that M; < M, and any
cut (A, B) € P(a,.i<j) is realized in My and for each ¢ € M;;1\M; we have
Mji1M{a € M; 9\M; : a,c realize the same cut of M;} is a saturated model of
Tora-

Having chosen F, clauses (), (8), (7) of X follow and clause (d) follows too.

Why is clause Xy true?:

Suppose ®?Mf:i§n> for £ =1,2.
For £ =1,2 let

Y, = {a € M]\M§ : for every A C M{ of cardinality < A
we have A < a = (3b € M{)(A < b < a) and
a<A= (3be Mf)(a<b< A)}

Ep = {(a,b) : a,b € M\\M{ and (Ve € Mp)(c < a = c < b)}.
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Now Ey is an equivalence relation on M\ M¢ and Y} is a union of some equivalence

classes of Fy. Let Z, C Y, be a set of representatives of E, [ Yy. Now we define Ny:
it is the model with universe M¢ U Z,, the relation <Ne— M) (M§ U Zy) and the
relation PVt = {a: a € M{}.

Now it is easy to check that N, has first and last elements both from N\ P
and is dense. Also if A, B C N, have cardinality < A and A < B then we can find
a',a” such that A <y, {d’,a"} <n, B and o’ € PNt a” € N,\P"¢. Hence N is
a saturated model (not of T,;q but of a variant). So easily Ny, Ny are isomorphic
and let go be such an isomorphism and fy = go | M.

Now

(*)o fo induces a mapping fo from the class of Fj-equivalence classes onto the
class of Es-equivalence classes.

[Why? Check the cases.]

Now we have to separately deal with each case of M} | (a1/E1), M2 | (a2/E>)
where fo(al/El) = ay/FE5. But this is similar to the original problem, i.e., choose
i < k large enough such that (a;1/E1) N M} # 0 and (az/E2) N M2 # (. Tt is not
hard to understand that we can continue and in the end we exhaust the models,
but we shall elaborate; without loss of generality M} N M2 = (). For a set A C M/
we define

(*)1 EY :={(a,b):a,be M\A and (Vc € A)(a <me c=b <y o)}
Note

(¥)2 EY is an equivalence relation on M£\ A.

(¥)3 Y is the set {a € M’\A: the cut that a induces on A has cofinality (A, \)}.

(¥)s Y} is a subset M\ A closed under E%.

(¥)5 We say that A C M/ is f-nice when for every a € M/\A, for some i =
ie(a, A) = is(a/EY) < k we have
(o)  the set a/EY is disjoint to M} but not to M},
(B) theset {be€ A:b <y aandbe M} is unbounded in
{be A:b<puea}
(y) theset {b€ A:a <pzebandbe M/} is unbounded from
below in {b € A:a <pp b}
x)g 1n (*)5, 2¢(a, 1s uniquely defined by (a, A), actually just by a
i ¢(a, A) is uniquely defined by (a, A Ily just by a/E%
(¥)7 if 0 < Kk is a limit ordinal, £ € {1,2} and (A, : a < 0) is an C-increasing
sequence of f-nice sets such that [0 < 8 < 6 Aa € M{\AG = i(a, Ay) <
i(a, Ag)] then As =: U{A, : a < ¢} is an {-nice set.



Paper Sh:877, version 2015-06-02_12. See https://shelah.logic.at/papers/877/ for possible updates.

12 SAHARON SHELAH

[Why? Trivially As € MY, so let a € M!\As; then for each a < § we have
a € MA\A, hence is(a,A,) < k is well defined and it is <-increasing with «
because (a/EgB) C (a/E%) by clause () of (x)s.

Recall that (is(a, Ay) : o < J) is not eventually constant. We claim i(x) =
U{ie(a, An) : o < &} is as required. First of all, as the union of an <-increasing not
eventually constant sequence of length § < x of ordinals < & it is an ordinal < &,
in fact a limit ordinal < x.

Clearly, a/EY is the intersection of the C-decreasing sequence (a/Ey :a < 6).
Now if i < i(*) then for some a < § we have i < ig(a, Aq) hence a/EY s disjoint
to M/ hence a/EY C a/EY is disjoint to M;. As this holds for every i < i(x) it
follows that also (J{M{ : i < i(x)} is disjoint to a/EY, but U{M] : i < i(x)} =
Mf(*) because i(x) is a limit ordinal. So really (a/Efilé) N Mf(*) = (.

It is also clear that ({b € Mf(*) 1b <ppe a},{b€ Mf(*) ta <ppe b}) is a cut of
Mf(*) whose cofinality (A1, A2) is not equal to (A, A), hence by clauses (i); + (i2)
of ®%;, we have (a/Efi‘i) N M;y41 # 0 so i(x) satisfies demand (a) from (x)5 on
i(a, As). The other two clauses should be clear, too.]

Define

(x)s Z is the set of f such that
(a) for some 1-nice Ay C M} and 2-nice set Ay C M2, f is an
isomorphism from the linear order M} | A; onto
the linear order M2 | A
(b)  for every a; € M\ A; there is az € M2\ Ay such that f maps
{be A1 :b<ai} onto {b € Az : b < as}; it follows that
ay € Yj iff ag € Yj
(c) for every ay € M2\ A, for some a; € M\ A; the conclusion
of clause (b) holds.

Define

(¥)g <. is the following two-place relation of # : f <, f' iff (f,f € % and)

(@) fCf

(b) if a1 € M}\Dom(f’) then il(al/E]gom(f,)) > il(al/E]gom(f))
(¢) if az € M2\Rang(f’) then iQ(QQ/E%{ang(f/)) > i2(a2/E12{ang(f)
(

d) if a € M;\Dom(f') then there are b, c € (a/E},,, ) N Dom(f’)
such that b <p;1 a <pn1 ¢

(e) if a € M*\Rang(f') then there are b, c € (a/EI%\ang(f))ﬁ

Rang(f’) such that b <pz2 a <z c.

Note
(%)10 (%, <) is a non-empty partial order.

[Why? We have in () above proved that there is an isomorphism from Mg onto
Mg which belongs to .. Being a partial order is obvious.]

(¥)11 if 6 < K is a limit ordinal and (f, : a < §) is a <,-increasing sequence in
F, then f5:=J{fa:a < d} belongs to F and o < 6 = fo <u« f5.
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[Why? Clearly fs is an isomorphism from the linear order M} | A} where A} =:
U{Dom(f.) : @ < &} onto the linear order M? | A? where A3 =: [ J{Rang(f,) :
a < 6}. Now Dom(fs) = U{Dom(fa) : @ < ¢} is 1-nice by (*)7 recalling clause
(a) of (x)9 and similarly Rang(fs) = [J{Rang(fa) : @ < §} is 2-nice. So from the
demands for “fs € .#” in (x)g, clause (a) holds. Concerning clause (b) there, let
a; € M\Dom(fs). For each o < § by (*)10(d) applied to fo <. fai1 there is a pair
(bas ca) satisfying ba,ca € (a/Efp,,;.y) N Dom(fat1) such that by <psi a1 <p
cq. Note that as by, cq € (a/E]gom(fa)) necessarily by, c, ¢ Dom(f,) and clearly
d € Dom(f,) = (d < by =d < cy). Hence (b, : @ < 4} is increasing, (¢, : @ < 6) is
decreasing, and: d € Dom(fs) implies that for some a < §,d € Dom(f,) hence for
every 3 < ¢ large enough d < bg = d < cg. Recall by, co € Dom(fot1)\Dom(fy)
50 (i1(ba, Dom(fg)) : f < «) is increasing, i1 (ba, Dom(fs)) = i1(cqa, Dom(f3)). So
({ba;a < 8}, {cq : @ < 6}) determine the cut ay induces on Dom(fs) and they are
C Mz'll(a,Dom(fg))’ Now ({fat1(ba) : @ < 0}, ({fat1(ca) : @ < &}), behave similarly
in M2 and they induce a cut of M;,i = J{i2(fas1(ba), Rang(fs)) : @ < §} which
is realized by some as € M; 1 by clause (f) of ®?\712. Now ajy is as required.
Clause (c) is proved similarly using (%)10(e).]

(%)12 if (fo : @ < K) is an <,-increasing sequence in .% then f., = J{fa : @ < K}
is an isomorphism from M} onto M?2.

[Why? Toward contradiction first assume Dom( f,,) C M so choose a; € M}\Dom(f,)
hence <i1(a1/E]130m(fa)) s < K) is a (strictly) increasing sequence of ordinals < &,
hence its sup is k. Now for o < &, a1 € (a1/Dpypy(y.)) DUt a1/Ef,, ;. is disjoint
to Mill(az,Dom(fa))' Hence a; ¢ U{Mill(a2,Dom(fa)) ca<k}={Mg:B<kK}=M,
which is impossible. Similarly Rang(f..) C M2 leads to contradiction, so we are
done.]

(%)13 for every f € .Z thereis f’ such that f <, f' € &.

[Why? Let (a; : t € I) be a set of representatives of (M2\Dom(f))/Epom(s)- For
t € I choose ai € M?2\Rang(f) such that f maps {b € Dom(f) : b < a}} onto
{b € Rang(f) : b < af} and let i1y := i1(af/Epypp)s izt = 12(a7/ B png(r))-

It is enough to choose for each ¢t € I an isomorphism g; from Mz.ll(a1 Dom(f))+1 i
2

(atl/Ellaom(f)) onto Mi(a%’Rang(f))H I (af/E%ang(f)) such that: if (A, B) is a cut
of M} (1 bom(py) | (a1/Epomsy) of cofinality (X, ) then for some a € M7 we have
A < a < B iff for some b € M3 we have g;(A) <az b <m, 9:(B). This is done as
in the proof of (x)o above.]

Together it follows that M,% =~ M 3 as required. Oy 1
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§ 2. INDEPENDENT THEORIES LACK LIMIT MODELS

Considering §1 it is a natural to ask:

Question 2.1. 1) Is there an unstable T for which the conclusion of 1.1 fails?
2) For which unstable T' does the conclusion of 1.1 fail?

Remark 2.2. 1) We shall consider also relatives Pry (M), Pry (7).

2) In Definition 2.5 below if 2* = At we can restrict ourselves to M such that
U{M, : @ < AT} € EC\+(T) is saturated. The union is unique (for \) and there
is F as in 0.8(3) guaranteeing this.

We first note that for some T’s there are non-existence result (see definitions
after the claim).

Theorem 2.3. 1) If T has the strong independence property (see below, e.g. T
is the theory of random graphs), |T| < X and \* < 2* then T does not have a
(A, k)-wk-limit model.

2) Moreover for every F as in Definition 0.8(3), there is a <-increasing continuous
sequence M = (M, : o < A1) of members of EC\(T) obeying F such that if
Cf(51) =K = Cf(ag) then M51 = M§2 & 01 = 09.

Definition 2.4. T has the strong independence property (or is strongly indepen-
dent) when: for some ¢(Z,y) € L(rr) for every M € EC(7r) and pairwise distinct
ag, ..., a1 € M for some a € “9%) M we have M = “pla, ag]f¢ even)»

Definition 2.5. Recall S2 =: {6 < X : cf(d) = x}.
1) Let Pry (M) mean that M = (M, : a < A7) is <-increasing continuous,
each M, is of cardinality A and for some club E of AT, if o € S’j\\+ N E and

01 # &g € S,y N E but a < §; < do then there is no automorphism 7 of M,
which maps {tp(a, My, Ms,) : a € “>(Ms,)} onto tp(a, My, Ms,) : a € “>(Ms,)}
(actually even demanding just o € E is O.K., i.e. we can prove it); note that =
acts of M, hence on S<¥(M,,) and 7 is not necessarily the identity.

1A) Let Pry(M) mean Pry \(M), similarly for the versions below.

2) Let Pry (T) means: for some F as in 0.8(3), if M = (M, : « < At) obeys F
then Pr .(M).

3) Let Pr?\ﬁ(M) be defined as in part (1) but 7 is an isomorphism from Ms, onto
Ms, mapping M, onto itself. We define Pri,K(T) as in part (2) using Priﬁ(]\z).

4) Let Priﬁ(f) mean Pry ,(—).

Remark 2.6. 1) Clearly P13 (M) = Pry (M) and P13 (T) = Prj .(T).
2) Also there is no point (in 2.5(1)) to use a1, as as some F guarantee that oy <
ay < § € S) implies there is an automorphism of Mz mapping M, onto M,, .

Proof. 1) Assume that ¢(Z,y) exemplifies the strong independence property.
For every M € EC\(T) and function F as in 0.8(3) we can find a sequence
(M,, : « < A7) obeying F such that M < Mj and:

® if @ < At then for some ¢® € 9(*) (M, ) we have: in M, every a € M,
satisfies (¢, a) < a € M.

Now for any § < At of cofinality » let (ol : ¢ < k) be increasing with limit § then

[ (Eo‘g € < k) is a sequence of £g(Z)-tuples from Mj of length «, and for every
a € Mg we have:
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(%) a realizes the type p(y,c?) = {@(€%,y) : € < Kk} in My iff a € M.

The number of isomorphism types of 7r-models M’ of cardinality X is 2* whereas
the number of (¢¢ : i < k) for a given M’ is < \* < 2.

For a given F the construction above works for every M € EC,(T), but

I\, T) = 2*, see 0.14 as A > |T| + X; so we can finish easily, or see more in
part (2).
2) We can make the counterexample more explicit. For a model M and & € 9 pf
for e < k we define N = N[M, (¢° : € < k)] as the following submodel of M (if well
defined): it is the submodel with universe the set A = {d € M : M | ¢[c°,d] for
every € < k}; (note that N is not necessarily an elementary submodel of M or even
well defined, e.g. A =) or A not closed under functions of M). For M € EC,(T)
let #[M)]={N <M : N is N[M,(c& : e < )] for some & € 9@ M for ¢ < k}.
Fixing F as in 0.8(3) we can choose M, € EC,(T") with universe A x (1 + «) such
that

(x)1 if @ =48+ 3 and § < 48 then M, is not isomorphic to N < M;s whenever
there are ¢& € 9(®)(Mj) for € < k such that N = N[M;, (¢° : € < )]

(¥)g for a < B < AT there is &2 € (“9®) (Mg, ;) such that for every a € My we
have Mgy = ¢[cl,a] < a € M,

(%)3 the sequence (Ma, : @ < AT) obeys F.

As I (\,T) = 2* and moreover for any theory 7} O T of cardinality A we have
I(\,T1,T) = 2* and for every M € EC,(T), the number of N € .Z[M]is < \* < 22
we get

X for every appropriate F there is a <-increasing continuous sequence (M, :
a < AT) of models of T as above such that if §; # 62 < AT has cofinality &
then Mjy,, Ms, are not isomorphic.

[Why? Without loss of generality 6; < &2, let (a2 : ¢ < k) be increasing with limit
b2, all > 61 + 4. Now by (*)2 we know that (¢§<, 5 : € < k) exemplified that in M;,
there is a sequence (¢° : € < k) which define My, 13, i.e. Ms, 153 = N[Ms,,(c:e<
K)].

So if Ms, = Ms, then there are d° € 9(®) (Mj,) for e < k such that N[Ms,, (d° :
e < k)] is well defined and isomorphic to Mjy, +3. But consider the choice of Ms, 43,
clearly (*); says that this is impossible.] O3

Observation 2.7. If; inside the proof of 2.3, in the definition of .#Z[M] we restrict
ourselves to (¢° : € < k) such that (Va € M)(Fe < r)(¥W)(e < ( <Kk = M [
¢[c®, a] = p[e, a)) then we can replace A\® < 2* by U, ()\) < 2%, see 0.17.

Considering 2.7 (and 1.1), it is natural to ask:

Question 2.8. Is the independence property enough to imply no limit models?
The problem was that the independence we can get may be “hidden”, “camou-
flaged” by other “parts” of the model.
Working harder (than in 2.3), the answer is yes.
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Theorem 2.9. Assume T is independent.
DIFIT| < A=) =2% > 0 = cf(0) then T has no (\,0) — md-limit model.
2) Moreover, there is F such that

(a) F is a function with domain | J{K, : a < Atodd} where Ko, = {M : M a
model of T with universe A x (1 + «a)}

(b) if « < At is odd and M € K, then M < F(M) € Ky4q

(c) if My € K for a < AT is <-increasing continuous and My 12 = F(Maqy1)
for a < A\t then for no a < AT is the set {6 : Ms = M, and cf(§) = 6}
stationary.

3) We can strengthen part (2) by adding in clause (c):

(x) there are ¢q € "(Magi2) for a < AT such that: if (e : € < 0) is an
increasing continuous sequence of ordinals < A\t with limit ap for £ = 1,2
and o1 # g then there is no isomorphism f from My, onto M,, mapping
Cay. 10 Coy,. fore < 0.

4) In part (2) we can replace Ko, (for o < A7) by K s+ := U{Kqy:a < AT},

Remark 2.10. 1) How does 2" = A help us?

We shall consider M, € K, for < AT which is <-increasing. We fix a sequence
(@ : t € I) in My such that (p(z,a;) : t € I) is an independent set of formulas
(actually I = )\). Now for any sequence (1; : i < k + &) of members of 12, and
=<-extension M of My we can find N, ¢ such that M < N,¢ = (¢; : i < kK + £) and
N E ¢le;, @t]if("i(t}). Specifically if M,y is already chosen then when choosing
Mo, 42 we choose also a sequence (78 : i < K + k), of members of 12 and (¢ : i <
ki + k) such that Maao = @[, @) ),

We may look at it as coding a sequence of A\ subsets of k. We essentially like
to gain some information on (n{ : i < k + k) from (Magt1, M2q+2,¢%), but we
are not given who are the a;’s. We shall try to use (¢ : i < k), to distinguish
between the “true” a;’s and “fakers”. We do an approximation: some will be
“exposed fakes”, which we can discard, and the others are “perfect fakers”, i.e.,
they immitate perfectly some a;, so it does not matter.

Clearly it suffices to prove part (3) of 2.9 for having parts (1),(2) because A = \*
and the proof of part (4) is similar. The proof is broken to some definitions and
claims.

Definition 2.11. 1) Assume ¢ = ¢(z,7) € L(7r) has the independence property
in T. We say (M, a) is a (T, p)-candidate or an (I, T, ¢)-candidate when :

(a) M is a model of T

(b)y a=(a;:tecI),a €9PM and I is an infinite linear order

(¢) ais an indiscernible sequence in M

(d)

d) {p(z,a:) : t € I} is independent in M; that is for every n € fin(I) := {n:

n € 72 for some finite J C I}, there is b € M such that t € Dom(n) =
M = b, @t]if(n(t))_
2) If (M, a) is an (I, T, p)-candidate then let 'ys 5 = I';% = T2 UT 122 be the
following set of first order sentences and TAJ} be the following vocabulary

See https://shelah.logic.at/papers/877/ for possible updates.
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(a) 7y = 7rU{c:c € M}U{P} where P is a unary predicate (¢ 7 of course)
and each ¢ € M serves as an individual constant (¢ 7r)

(b) T3;%" = Th(M, ¢)eem
(¢) TD22 — {@z)[P(x) A N o(x,a,) ®)]: for some finite J C I and n € 72}
' teJ

(so the vocabulary is C 75;).

3)In (2) let Qpra = Qﬂ% be the family of consistent sets I of sentences in L(7y;

such that T" is of the form I'j;5z union with a subset of ®pr5 = {—(32)[P(z) A

Y(x,e) AN p(x,a,)"™] : J C I is finite, n € 72,6 € “WE M and o(x, 2) € L(r7)}.
teg

4) For I' € Q]\/[,a let

(a) Sr = {p :}p € S(M) and T'U {(Fz)(P(z) A ¥(x,¢)) : ¥(x,¢) € p(x)} is
consistent

(b) for J C I and n e ’2let Sr, = {p € Sr: p include ¢}, ;}
where
(©) qira=aqy2" = {e(x,a) ") : t € Dom(n)}.

5) For T' € Qura, ¢ (7, 2) € L(77) and é € “93) M let

[1]

mar(¥(z,e)) ={n€fin(l): T is consistent with
@) [P(x) Az, &) A N oz, a) OO},
teDom(n)
Remark 2.12. 1) fin(I) = {n : n is a function from some finite J C T to {0,1}}.
2) In parts (3) and (4) we could have used only ¥(x, 2) € {p(z,7), ~o(z,7)}.

Observation 2.13. Let (M,a) be a (T, p)-candidate.

1) T'ma € Qara, ie., T'aa is consistent so Qa7 is non-empty.

2) Qs is closed under increasing (by C) unions.

3) Any member of Q)75 can be extended to a maximal member of 2y 5.

4) If M < N then (N,a) is a (T, p)-candidate and for every I' € Qp 5 the set
I'UT'n,a belongs to 2y 5.

5) If (I, : @ < J) is an increasing continuous sequence of linear orders and (N, :
a < §) is <-increasing continuous sequence of models of T,a = (a; : t € I5) and
(No,a | I,) is a (T, p)-candidate for o < ¢ then (Ny,a) is a (T, ¢)-candidate.

6) In part (5), if ', € Qn, 5 for @ < § is increasing continuous with « then
[s :=J{Tw : a < ¢} belongs to O, a-

7) In part (6) if T',, is maximal in Qpy_ a for each o < § then I's is maximal in
QNO-’é.

8) If T' € Qura, ¥(x,2) € Lrp), ¢ € “EM and M = (3x)y(x, ) then

(a) the empty function belongs to Ears r(¢(z,))
(b) if I C I, are finite subsets of I and 1 € Eprar(¥(2,¢) N )2 then there
is v € Eprar(¥(z, ¢) N U2)2 extending 7.

Proof. Straightforward. U213
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Claim 2.14. Assume that (M,a) is a (T, p)-candidate and T € Q]V“i is mazximal.
1) If (x,2) € L(rp) and & € “GIM and n € Eprar((z,e)) C fin(I) then for
some v we have n C v € fin(I) and v ¢ Eprar(—y(z,c)).

2) For every n € 12 there are N,b such that:

(@) M <N (and [N| <[M] +[T])

) be N
(¢) if t € I then N = @b, a,]f(1(®)
(d) if a € “WEAOM ) = op(x,2) € L(rp) and ¢(zx,a) € tp(b, M,N) then T is

disjoint to {—~(3z)[P(x) Ab(z,a) A N\ @(z,a) O] . J C T finite}.
teJ

Proof. 1) Assume that the conclusion fails. Consider the formula ¢'(z,¢) :=

R L —e)
teDom(n)

By the assumption of the claim + the assumption toward contradiction it follows
that “p € fin(I) = TU{(Ez)[P(x)A A o(z,a) TP Ay (z,E)]} is consistent).

t€Dom(p)
[Why? Just note that it is enough to consider p € fin(I) such that Dom(n) C p
and we split to two cases: first when p [ Dom(n) # 7 then ¢’ (z, ¢) adds nothing in
the conjunction (and use 2.11(2)(c)); second when p [ Dom(n) = 7 and we use the
assumption toward the contradiction.]

So if N’ is a model of T’ and we define N” as N’ by replacing PY by PN =
{be PN : N’ = /[b, ]} we see that T'U{~(3z)[P(x) A~/ (z,¢)]} € Qara. By the
maximality of T' it follows that —(3x)[P(x) A =¢'(z,¢)] € . But this contradicts
the assumption 1 € Eprar(¢(z, €)).

2) Easy. D2.14

Claim 2.15. Assume that
(a) (M,a) is an (I, T, ¢)-candidate

(8) 7= (1 1 < i() and s € 12 for i < i(x)
(c) j(x) <i(x)
(d) {n;i:i<j(*)} is a dense subset of 12.

Then we can find N,C such that

(@) M <N and [|[N|| < [M]| +[T] + [i(+)|

(B) e={(c;:i<i(x)) and ¢c; € N

(v) ifi <i(x) and t € I then N k= @[c;, @) H1 (1)

(8) for every a € Y99 M at least one of the following holds:

(i) [the perfect fakers] for some t € I for every po € fin(I\{t}) we can
find p1 € fin(I\{t}) extending po such that: p1 Cn; Ni < i(x) = N |=
“oleg,al = @lei, a4]”, ioe. for “most” i < i(x),a,a; are similar

(i7) [the rejected @’s] for no t € I do we have i < j(x) = N = “pl¢,a] =
©lei,ad)”.

Proof. By 2.9(1), T'ps.a € Q.5 hence by 2.9(3) there is a maximal I € Q5.
Let N, (¢; : i < i(x)) be such that

® (a) M <N and [N = M|+ |T] + [i(+)]
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(b) fori < i(x),c; € N realizes some p; € St ,, (see Definition 2.11(4)(b)).

Clearly clauses (), (5), () of the desired conclusion hold, and let us check clause
(6). So assume that @ € “99) M and clause (ii) there fails so we can choose ¢ € I
such that i < j(x) = N = “plc;, a] = ¢lei, @)’

So it is enough to prove clause (i) for ¢; toward this assume py € fin(I) satisfies
t ¢ Dom(po), i.e. po € fin(I\{t}). Let p1 € fin(I) extend py be such that p;(t) = 0.
By clause (d) of the assumption we know that for some ¢ < j(x) we have p; C n;
but (see above) N = “plci, @] = @lci, @] hence p; € Epsar(p(z,a) ™)) which
means that p; € Eprar(e(r,a)fPr®)). Now apply claim 2.14(1) to ¢ (z,¢) :=
o(x,a)f 1) 5o we know that for some v we have py C v € fin(I) and v ¢
Enar(—p(z, a) P hence

(¥)1 if i < i() satisfies v C n; then N = “p[c;, a)fP1(0)” which means N =
“plei,al = plei, a]”.
Let py € Pom()2 be such that po(t) = 1 and s € Dom(v)\{t} = pa(s) = v(s). We

repeat the use of 2.14(1) for py instead of p; and get v’ such that po C v’ € fin(I)
and

(¥)2 if i < i(x) satisfies v/ C n; then N |= “=p[cq, a]fP2())” which means that
N | “plei,al = ple, aq)”.

Let p3 = v/ | (Dom(¢')\{t}) and by ()14 ()2 the function p3 € fin(7) is as required
in subclause (i) (for our a,t, pp) in clause (0) of the claim, so we are done. s 15

Definition 2.16. 1) For a model M of T, formula ¢ = ¢(x,7) € L(ry),C =
(c§ i < i(x),e < 0) such that ¢ € M let P (¢, M) = {% C i(x): for some
a € “9WM for every ¢ < 6 large enough % = uy(a,(c; : i < i(x)), M)} where
(@, (¢ i < i(x)), M) ={i <i(x) : M |= ¢lc5, al}.
2) For a model M and ¢ = ¢(z,7§) € L(ra) let Pﬁ*),e(M) = {Z,(c,M) : € has
the form (¢ : i < i(x),e < 0) with ¢ € M}.
3) For M; < My and ¢ = @(x,§) € L(taz,) and & = (¢; : i < i(x)) € “*)(My) let
y@(é,Ml,MQ) = {ULP(C_L,(Z,MQ) a € fg(g)Ml}'
Observation 2.17. For M, ¢(x,7),i(x),0 as in Definition 2.16, Pﬁ*) o(M) has
cardinality < ||M|[l?C)I+0,
Claim 2.18. If I is a linear order of cardinality < 2" then we can find a uniform
filter D on k and a sequence %* = (%, :t € I,{ € {0,1,2}) of members of [x]"
such that:
X1 (a) foreacht € I,(% :{=0,1,2) is a partition of k
(b) U5 €eD fortel
(¢) P(k)/D has cardinality 2", moreover extend some free Boolean
Algebra of cardinality 2"
Xy if (M,a) is a (I,T,¢)-candidate and % = (% : t € I) satisfies U C
U C U I U5 then for some (N, €) we have
(@) M < N and [[N|| < [[M][| +[rr| + &
(b) ce”N
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(¢) iftel,ac @ 9M and Uy Cu(a,c,N) C U\ VU thenu(a,c, N) =
%, mod D
(d) ift €I then % € Z,(c,M,N).
Proof. We replace k by k + k.
Let (7 : i < k) be a sequence of members of {x which is dense possible by
[EK65].
For ¢ =0,1,2 let %o = {i < k : m;(t) = £ or n;(t) > 3N L€ = 2}. Notice that it is
important that D is defined independently of %; and we should therefore define it

here. But for clarity of exposition we will only define it later.
Let (where a4+ % ={a+8:8€ %})

(1 Ul = U0V (K + Uip0)
(%)2 Uy = Uy U U2 U (K + )
(¥)3 Ul =K+ U2

Assume % = (%, : t € I) is such that
($)a U5 C U CUH VU CE+E
Define n; = n € *t52 for i < k + K by:

0 i¢%

(%)5 mi(t) = {1 i e,

Let 7= (n; : i < K+ K).
Notice that (n; : i < k) is dense in /2 by the choice of 7; in (x)5 and (x)2 because
U Nk = UHNUU, and (n] : i < k) was dense in k. By 2.15 applied to
(M,a,7n),i(x) = k+ K, j(x) = k we can find N, ¢ as there and we should check that
they are as required. Clauses («), (8), () of the conclusion of 2.15 give the “soft”
demands.

More specifically clause (a) of K; holds by the choice of the %,",’s; clauses (b),(c)
of Xy holds by the conclusion of 2.15.

Clearly

(¥)6 up(as, ¢, N)={i<k+r:NE“pl,a]"}={i<c+r:nlt)=1} =%
hence
(x)r tel=%ec P,(c, M,N).

So we see that demand (d) of X is satisfied - all the %; are included. We still need
to prove clause (c¢) of X, that is to show that there are no “fakers” and, of course,
to define D.

So assume

®1 % Cuy(ae,N) C % U for some t; € I and a € 9@ M.

Denote % = uy,(a,¢, N). We need to show % = %, mod D.

By clause () of the conclusion of 2.15 for @ one of the two clauses there (i),(ii)
occurs.

Recall that

O W51 S U C U VU o
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So % Nk = %’:71 Nk = %1,1 U?/thg.
Now
©3 for @ clause (ii) of 2.15(9) fails.
[Why? Because t; witnesses this by the above equality and for each i < &

1EU i€ %171 U %172 = ni[tl] =1 N ': “gO[Ci,atl]”.]
By 2.15(4) and ®©3 we can deduce:

©®q4 for a, clause (i) of 2.15(J) holds so there is t; witnessing it.
Next
@5 tl = tQ.

Why? Toward contradiction assume t; # to hence we can find p; € fin(I\{¢2})
such that

@51 ;1 SN <K+ K= NE “plc,al = e, a,)”.

Without loss of generality ¢; € Dom(p;) and define po = p U {(t2,1 — p1(¢t1))}, so
p1 C po € fin(I). As {n; : i < rx} was chosen as a dense subset of {%1:2}] there is
1 < k such that po C 7, hence by ®51

®s.2 N = “plei,a] = @lei, @,
but by the choice of n; we have:
®s5.3 N | “plcg, ay, ] it
but n;(t2) = 1 — p1(¢1) hence together
@54 N = “ple;, ] f1-pr(t)
but by the choice of ¢; we have:
®55 N = “@[Ci,atl]if(m(n))w
hence by ®s5.1
®s.6 N E “pleg, ay, | P10,

But ®5.5 + ®5.6 contradict the choice of t; as ¢ < k using ®2 so Oy holds, i.e.
t =ty
Now subclause (i) of 2.15(9) tells us

©¢ for every po € fin(I\{t1}) there is p; € fin(I\{¢1}) extending py such that
() pr S Ni < k+ K= N = ¢[¢,al = |, a, ] hence
(b) if pp CmiNi<k+r=>1i€u,(a,c,N)eic,.

So let

D={% Crk+r: forevery py € fin(I) there is p1,
po C p1 € fin(I) such that
K<I<K+KApL Cyy=>i€U}.

Clearly the filter D satisfies clause X (¢) so we are done. Os 18
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Proof. Proof of the Theorem 2.9(3) Like the proof 2.3 of the case “T has the strong

independence property.” Oog
Remark 2.19. 1) The F we construct works for all § = cf(f) < A for which A = \?
simultaneously.

Discussion 2.20. Can we prove 2.9 also for A strongly inaccessible? Toward this

(a) we have to use €4 = (Ca,i 1 @ < A), instead (cq; : 4 < K)

(b) each M, has a presentation (Mq ¢ : ¢ < A)

(c) for a club E of p < A, we use (ca,; 11 < ) {c,) to code %, Np
(d) instead i,k + i we use 2,27 + 1.

So the problem is: arriving to u, we have already committed ourselves for the
coding of %, Ny’ for p’ € E, N p, what freedom do we have in p?

Essentially we have a set A, C 2"9 quite independent, and for 1 < 9, there is
a natural reflection, the set of possibilities in *2 is decreasing. But the amount of
freedom left should be enough to code. We shall deal in [Shell] with the inaccessible
case.

Question 2.21. Can we improve 2.9(3) in the case of T not strongly dependent?

Claim 2.22. 1) Assume T has the strong independence property. If A\ > k =
cf(k),2m02%A > A% and A > |T)|, then Pry (7).
2) Assume T is independent. If A,k are as above, then Pr(\, k).

Proof. 1) Let (%, y) exemplify “T has the strong independent property”, see Def-
inition 2.4.
We choose F such that:

(%) if F((M; : i < a+1)) < Mq4o then for every i < a for some ¢ = ¢,,; €
t9(®) (M, o) the set {a € M; : Myy1 = ¢[¢,al} does not belong to {{a €
M;: Moy [ pld,al} : d € 950 (Mo)}.

We continue as in the proof of 2.3.
2) Similarly (recalling the proof of 2.9). Og.00
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§ 3. MORE ON (\, K)-LIMIT FOR Tyrd

It is natural to hope that a (A, k)-i.md.-limit model is (A, k)-superlimit but in
Theorem 3.10. we prove that there is no (\, x)-superlimit model for T,q, see Defi-
nition 0.12(2).

We conclude by showing that the (A, k)-i.md.-limit model has properties in the
direction of superlimit. By 3.12 it is (A, S)-limit™, that is if (M, : o < A7) is a
C-increasing sequence of (), k)-i.md-limit models for a club of § < AT of cofinality
k the model U{M; : i <} is a (A, k)-1.md.-limit model. Also in §1 the function F
does not need memory.

Hypothesis 3.1. 1) A = A<} > k = cf(k).
2) We deal with ECr,, (), ordered by C, so M, N denotes members of ECy(Tyq).

Recall Tyq is from Definition 0.12(2) and recalling Definition 0.13.

Definition 3.2. 1) If M C N and (Cy,C») is a cut of M let NI(€1.C2)] = N |
{a € N : a realizes the cut (C1,Cs) of M which means ¢; € C; = ¢; <y a and
o elCy=a<y 02}.

2) For a cut (Cy,C3) of M, A is unbounded in the cut if AN C; is unbounded in
Cq and AN Cy is unbounded from below in Cs.

3) Let cut, (M) = {(C1,C2) : (C1,C3) a cut of M such that cf(Cy,Cs) = (k,k)}
for any M € ECy(Tra).

* * *
Definition 3.3. 1) We say M is a (), k)-sequence when :

(a) M = (M; : i < k) is C-increasing continuous sequence of members of
ECx(Tra)
(b) if i < k and (C1,Cy) is a cut of M; then («) or () hold but not both where

(o) cf(C1,C2) = (A, A) and no a € M, \M; realizes (Cy,Cs)
(8) My, | {a € M; : a realizes (Cy,C5)} is infinite, moreover has neither
first nor last member
(c) for every a <jpz b the model (M, [ (a,b)ar,) is universal (for ECx(T1a),
usual embedding).

Remark 3.4. Compared to §1 we do not require

(d) if i < Kk and (C1,C3) is a cut of M; not realized by any a € M,, then: for
every j < 4, either M; is unbounded in (Cq, C3), or for some a1 € Cq,as €
C5 the interval (a1, a2)a, is disjoint to M;.

i

Claim 3.5. 1) If M = (M; : i < k) is a (A, k)-sequence then M, is (A, Kk)-i.md.-
limit (and so for some M' = (M] :i < k) the statement ® y;, from the proof of 1.1
holds and M, = M. ).

2) If (C1,C%) is a cut of M;,i < k and (b)(8) of Definition 3.3 holds, then for
some j € (i,k), M; | {a € M; : a realizes (C1,Cs2)} is a universal model of Tyq.

3) If M is (\, k)-i.md.-limit, then there is a (A, k)-sequence (M; : i < k) such that
M, = M.

4) If M e EC)\(Trd) then:
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(a) if X\ = |M|| = X< then the number of cuts of M of cofinality # (\, \) is
at most A

b) if \=||M|| = || M||" then the number of cuts of M of cofinality (k, k) is at
most A

(¢) if A= ||M|| then the number of cuts of cofinality (c1,02) where o1 # o9 is
<A

Proof. 1) As in the proof of 1.1, using parts (2),(3) see 3.7(1).

2) There are j € (i,x) and ¢ € Mj[cl’cz] and d € M; such that ¢ < d, (¢, d)a; N M; =
(). Now use 3.7 below.

3) Should be clear.

4) Clauses (a),(b) are easy and clause (c) holds by [She90, VIII,§0]. Os.5

Remark 3.6. A difference between Definition 3.3 and the earlier one is that we do
not ask that a dense set of cuts of cofinality (A, \) of M, is realized in J{M; : j < i}.

Observation 3.7. 1) If M € EC)(Tq) is universal, A = A\* and M = J I; then
<K

for at least one i < k, M | I; is universal for ECy(T}q).

2) If M is (), k)-i.md.-limit or just weakly (A, x)-i.md-limit and a <p; b then for

some N:

(a) N - M f (avb)M
(b) N € ECx(T;q) is universal
(c) every (C1,Cs) € cutg(N) is realized in M, (but not used).

Proof. 1) Let N = *M ordered lexicographically, so N € ECy(T;q) hence there is
an embedding f of N into M. We try to choose v; € {|M| by induction on i < &
such that j < i = v;<v; and v;<n € "M = f(n) ¢ I; and for i = 0 or 4 limit there
is no problem to choose v;. We cannot succeed as then f(U v;) € M\U,, L
1<K

contradiction. So for some ¢ < k, v; has been chosen but we cannot choose v;11. So
for each a € M there is 1, € "M such that v;"(a) <ng A f(na) € I;. So a— f(n,)
is an embedding of M into I;, so we are done.

Alternatively, let N C M be a saturated model of Ty,.q. Try to choose ¢; <y
d; by induction on ¢ < k such that j < i = ¢; <ny< ¢ <y d; <y d; and
(€ig1,dit1)uNI; = 0. For some i we have (¢;, d;) well defined but we cannot choose
(Ci+1a di+1) hence Iz n (Ci7 dz)N is dense in (Ci, dz)N
2) Should be clear. Os 7

Claim 3.8. If S C S,i‘Jr is stationary and M € ECx\(Trq) is (A, S)-wk-limit then
M is (A, k)-i.md.-limit.

Proof. Let Fy witness that M is (), S)-wk-limit. We can find M = (M, : a < AT)
so M, € EC\(T,;) is a C-increasing continuous sequence such that M obeys Fy,
such that in addition the sequence is as in the proof of 1.1. So by the choice of
the set S" = {0 € S : Ms = M} is stationary, and by 1.1 the set S” = {§ : M; is
(A, &)-imd.-limit} is = S} mod Zy+. Together S’ N 5" # () hence M is (X, k)-
i.md.-limit. DS.S

Definition 3.9. 1) We say that M witnesses that M is (), x)-i.md.-limit when :
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(x) M = (M, : a < k) is such that ®,; from the proof of 1.1 holds and
M = M,.

Claim 3.10. For A = A\<* > k = cf(k) then there is no (X, k)-superlimit model of
Tord-

Remark 3.11. Tt is trivial to show that there is no superlimit M € ECx(T), but we
deal with (A, k)-superlimit.

Proof. Assume there is one, then by §1 it is a (A, k)-i.md.-limit model so there is
M = (M; : i < k) which witnesses this (i.e. such that ®%, from the proof of 1.1)
hence each M; is saturated. As M is universal for ECy(7;q), we can find ¢, € M
for n € ®Z(A+1) such that 1 <jex ¥ = ¢, <a, ¢v. For { < klet A¢ = {n € "(A+1):
for every € € [(,x) we have n(¢) = A} and let A, = A = J{Ac : ( < K} s0
(A¢ : ¢ < k) is C-increasing. For n € A, let (C1,4,C2,) be the cut of M, with
Ciy ={a € M, :a<u, ¢y for some i < k}. So cf(Cy,,Cs,) = (k, k) recalling
clause (i); of ®%, from the proof of 1.1.
Let (d; : j < A) be a decreasing sequence in My and let

® M] =M, | {d:d; <um d for some j < A} for i < k.
We can choose M, such that:

®1 (a) M, C M, € ECTm ()‘)
(b) if c € M,\M,, then some 7 € A, c realizes the cut (C ,,Ca,y)

(¢) forevery n € A there is an isomorphism f, from M/ onto MGl

®y for ¢ <k let My = M, | {c:c€ M, or ¢ € M, realizes the cut
(C1,y, Ca,yy) for some n € Ac}.
So

®3 (M} : ( < k) is C-increasing (notice that we didn’t demand continuity)
and M* = M,.

So it is enough to prove that M is (A, k)-i.md.-limit for ¢ < & but not for ¢ = k.
®1 M: = M, is not a (A, k)-i.md.-limit model.

Why? Assume toward contradiction that there is an isomorphism g from M, onto
M and let N; := g(M;) for i < k, and let h : M} — & be h(c) = min{i < & :
¢ € Nip1}. Fixn € A for a while and let (C],,C5,) be the cut of M} = M,
with C7, = {c € M, : ¢ <p, ¢y for some ¢ < k}. Clearly (cyi¢c : ¢ < k) is
an increasing unbounded sequence of members of C7 , and (f,(da) : @ < A) (fy is
from ®1(c)) is a decreasing sequence of members of (3, unbounded from below
in it. So cf(Cy,,Cs ) = (k,A). This implies that for some i = i(n) < &, the set
(3, N N; is unbounded from below in (3 ,. Hence recalling the choice of M there
is an increasing continuous function Ay, : & — & such that: U{(c,n, i)s Cn1j)mz 2 J €
[hy (), k)} is disjoint to N;. All this holds for any n € A.. Now we choose (n¢, &)
by induction on ¢ < k such that:

®4 (a) & <wandne € Ag,
(b) if 1 < (2 < then (n¢, [ &) (1) ang, and &, <&
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—
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the set U{[Cﬂc r&cs Cne [{)M; 1€ € (€41, K)} is disjoint to N¢
(d) if ¢ is a successor then & is a successor
(e) if negijees, <v € "2(A+1) then ¢, € (0774+1r<s<+1—1)“<1>7
CT?<+1 [(gc+1_1)*<2>)]\/jﬁ is disjoint to NC'

There is no problem to carry the induction:
Case 1: ¢ =0.
Choose & = 0,n¢ € Ao.

Case 2: (=(1 + 1.
Choose &¢ = hy,, (&) +6.
Choose 7¢ such that

n( { (hncl(gngS)A(l) S] nC € AEC‘

Case 3: ¢ limit.
EC = U{fa a< C}
Choose ¢ € Ag. 41 such that o < (= na [ o D¢
Let n = U{nc I & : ¢ < k}. Son € ®(A+1) and ¢, ¢ N¢ for every ¢ < k but
U{N¢ : ¢ < k} = M} = M*, contradiction, so ®; holds indeed.
L Mfis a (A, £)-1.md.-limit model for ¢ < .
Why? We define M¢; C M{ for i <k by: ¢ € Mc; iff one of the following occurs:

(a) ?CE M; l));t for no n € A¢ do we have ¢ € B, := [J{[cy1(c4i)s Cnre) s, € €
+ i, K
(b) c e fp(M]) for some n € Ac.

Let

Jem = U{(CnvaCUTE)M: re € (G R)}
Jeme = (Chic, Cnie)
(Jem i m € A¢) are pairwise disjoint

o J¢ e is an initial segment of J¢
Jem=WJeme e €(CR)}

We will make M, ; N J¢,, bounded in J¢ ,, for each @ < k.
Now (M¢,; : i < k) is a (A, k)-sequence, see Definition 3.3 hence by 3.5(1) the
model M is a (A, k)-i.md.-limit model. Os.10

Claim 3.12. If X\ = A" > &k = cf(k) then Tia has a (X, k)-limit"model, i.e.: if
(Mg, = a < A1) is C-increasing continuous sequence of models € ECx(Tra) and
M1 is (A, k)-i.md.-limit model for every a < \* then: for a club of § < A\t if
cf(0) = k then Ms is a (A, k)-i.md.-limit.

Proof. Let (M, : a < A") be as in the theorem and M = |J M,, without loss of
a<At
generality |[M| = A*. As A = A<* by 3.5(4) we can find a club E of A\* such that:

See https://shelah.logic.at/papers/877/ for possible updates.
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® if « < § € F and (C1,C5) is a cut of M, of cofinality # (A, \) and some
a € M realizes the cut then some a € My realizes the cut.

Let (a. : € < k) be an increasing continuous sequence of ordinals from E and we
shall prove that M, is (A, x)-i.md.-limit; this suffices (really just a,; € E suffice).

Now My, +1 is (A, k)-i.md.-limit hence there is an C-increasing continuous se-
quence (M, 414 : 4 < k) witnessing My, +1 is (A, k)-i.md.-limit model, i.e. its union
is My, 41 and it is a (X, k)-sequence. Now My, 41N My, = H{ Ma, ., , N Mo, : ¢ <
k} but kK < X = cf(A) hence without loss of generality M, 0N My, has cardinality
A hence N; := My, +1:N My, € EC)\(Trd).

Clearly

(*)1 (N; :i < k) is a C-increasing continuous sequence of members of ECy(Zq)
with union M, .

So it is enough to show that (IV; : i < k) is a (A, k)-sequence by 3.5(1). By (*)1,
clause (a) from Definition 3.3 holds.

®2 (N; 11 < k) satisfies clause (b) of 3.3.

[Why? Let ¢ < k and (Cy,C3) be a cut of N;. First, we assume (Cy,C3) is of
cofinality # (A, ). As Cy,C2 C N; C M, +1,; by the properties of (M, 41, : 1 < K)
there is @ € My, 41 such that C1 < a < Cs.

If for some b € M,,,C1 < b < Cy then without loss of generality a € M,
and we are done. If not, a induces on M,, a cut (C{,C%),Chy C C},Cy C C%,
cf(Cy, C%) = cf(C1,Co) # (A, N). As a; < ay, € E, by ® there is a € My, 11 C My,
such that C1 < a < Cs. So clause (b) of Definition 3.3 really holds.

Second, we assume that (C1, Cy) is of cofinality (A, \),k < A = cf(X) so without
loss of generality clause (b)(8) of 3.3 holds so some a € M, realizes (C1,C2) so
for some j € (i,x),a € My, hence the cut ({b € My, : b < a},{c € My, : a < c})
of My, has cofinality # (A, \) so is realized by infinitely many o’ € Ma; 11 € M,,,,
hence also (C1,C2) is, so clause (b)(8) of 3.3 holds. Together (C1,C1) satisfies («)
of (8) of 3.3 as promised.]

®3 if a <pr, b then M,, | (a,b) is universal (for (ECr, ()),C)).

y =

[Why? As (e : € < k) is increasing continuous and (M, : a < AT) is increasing
continuous, clearly for some i < k we have a,b € M, hence M,,+1 | (a,b) is M-
universal but My, 11 C M,, so M, | (a,b) is universal so we are done.] U312
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