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LORDS OF THE ITERATION

ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

ABSTRACT. We introduce several properties of forcing notions which imply
that their A—support iterations are A—proper. Our methods and techniques
refine those studied in [RS01], [RS07], [RS05] and [RS], covering some new
forcing notions (though the exact relation of the new properties to the old
ones remains undecided).

0. INTRODUCTION

Since the beginning of 1980s it has been known that the theory of proper forcing
does not admit naive generalization to the context of larger cardinals and iterations
with larger supports. The evidence of that was given already in Shelah [She82] (see
[She98, Appendix 3.6(2)]). It seems that the first steps towards developing the
theory of forcing iterated with uncountable supports were done in Shelah [She03a],
[She03b], but the properties introduced there were aimed at situations when we
do not want to add new subsets of A (corresponding to the case of no new reals
in CS iterations of proper forcing notions). Later Rostanowski and Shelah [RS01]
introduced an iterable property called properness over semi-diamonds and then
Eisworth [Eis03] proposed an iterable relative of it. These properties work nicely
for A\-support iterations (where A = A<? is essentially arbitrary) and forcings adding
new subsets of A, but the price to pay is that many natural examples are not covered.
If we restrict ourselves to inaccessible A, then the properties given by Rostanowski
and Shelah [RS07, RS05, RS] may occur useful. Those papers give both iteration
theorems and new examples of forcing notions for which the theorems apply.

In the present paper we further advance the theory and we give results applicable
to both the case of inaccessible A\ as well as those working for successor cardinals.
The tools developed here may be treated as yet another step towards comparing and
contrasting the structure of *\ with that of “w. That line of research already has
received some attention in the literature (see e.g., Cummings and Shelah [CS95],
Shelah and Spasojevié¢ [SS02] or Zapletal [Zap97]). Also with better iteration the-
orems one may hope for further generalizations of Rostanowski and Shelah [RS99]
to the context of uncountable cardinals. (Initial steps in the latter direction were
presented in Rostanowski and Shelah [RS07].) However, while we do give some
examples of forcing notions to which our properties apply, we concentrate on the
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development of the theory of forcing leaving the real applications for further in-
vestigations. The need for the development of such general theory was indirectly
stated by Hytinnen and Rautila in [HRO1], where they commented:

Our proof is longer than the one in [MS93] partly because we are
not able to utilize the general theory of proper forcing, especially the
iteration lemma, but we have to prove everything “from scratch”.

We believe that the present paper brings us substantially closer to the right general
iteration theorems for iterations with uncountable supports.

In the first section we introduce Df—parameters (which will play an important
role in our definitions) and a slight generalization of the B-bounding property from
[RS05]. We also define a canonical example for testing usefulness of our iteration
theorems: the forcing Q£ in which conditions are complete A—trees in which along
each A-branch the set of splittings forms a set from a filter E' (and the splitting at
v is into a set from a filter E, on A\). The main result of the first section (Theorem
1.10) says that we may iterate with A-supports forcing notions QE, provided X is
inaccessible and E is always the same and has some additional properties.

If we want to iterate forcing notions like Q% but with different E on each coor-
dinate (when the result of the first section is not applicable), we may decide to use
very orthogonal filters. Section 2 presents an iteration theorem 2.7 which is tailored
for such situation. Also here we need the assumption that A is inaccessible.

The following section introduces B-noble forcing notions and the iteration the-
orem 3.3 for them. The main gain here is that it allows us to iterate (with A-
supports) forcing notions like Qg even if A\ is not inaccessible. The fourth section
gives more examples of forcing notions and shows a possible application. In Corol-
lary 4.5 we substantially improve a result from [RS05] showing that dominating
numbers associated with different filters may be distinct even if A is a successor.

The fifth section shows that some of closely related forcing notions may have
different properties. Section 6 presents yet another property that is useful in A—
support iterations (for inaccessible A): reasonably merry forcing notions. This
property has the flavour of putting together being B-bounding (of [RS05]) with
being fuzzy proper (of [RS07]). We also give an example of a forcing notion which
is reasonably merry but which was not covered by earlier properties. We conclude
the paper with a section listing open problems.

This research is a natural continuation of papers mentioned earlier ([She03a],
[She03b], [RS01], [RS07], [RS05] and [RS]). All our iteration proofs are based on
trees of conditions and the arguments are similar to those from the earlier works.
While we tried to make this presentation self-contained, the reader familiar with
the previous papers will definitely find the proofs presented here easier to follow
(as several technical aspects do re-occur).

0.1. Notation. Our notation is rather standard and compatible with that of clas-
sical textbooks (like Jech [Jec03]). In forcing we keep the older convention that a
stronger condition is the larger one.

(1) Ordinal numbers will be denoted be the lower case initial letters of the Greek
alphabet (a, 8,7,0 ...) and also by 4, j (with possible sub- and superscripts).
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Cardinal numbers will be called &, A, u; A will be always assumed to
be a regular uncountable cardinal such that A<* = \ (we may forget
to mention this).

Also, x will denote a sufficiently large regular cardinal; H(x) is the family
of all sets hereditarily of size less than y. Moreover, we fix a well ordering
<3 of H(x)-

(2) We will consider several games of two players. One player will be called
Generic or Complete or just COM , and we will refer to this player as “she”.
Her opponent will be called Antigeneric or Incomplete or just INC' and will
be referred to as “he”.

(3) For a forcing notion P, almost all P-names for objects in the extension
via P will be denoted with a tilde below (e.g., 7, X). There will be some
exceptions to this rule, however. I'p will stand for the canonical P-name
for the generic filter in P. Also some (names for) normal filters generated
in the extension from objects in the ground model will be denoted by D,
D¥ or D[P].

The weakest element of P will be denoted by fp (and we will always
assume that there is one, and that there is no other condition equivalent to
it). All forcing notions under considerations are assumed to be atomless.

By “A—support iterations” we mean iterations in which domains of con-
ditions are of size < A. However, on some occasions we will pretend that
conditions in a A-support iteration Q = (P¢, Qc:¢<(¢ *) are total functions
on ¢* and for p € lim(Q) and « € ¢* \ dom(p) we will let p(a) = g, -

(4) By “a sequence” we mean “a function defined on a set of ordinals” (so the
domain of a sequence does not have to be an ordinal). For two sequences
n,v we write v<in whenever v is a proper initial segment of 1, and v I 7
when either v<in or v = 7. The length of a sequence 7 is the order type of
its domain and it is denoted by lh(n).

(5) A tree is a <—downward closed set of sequences. A complete A—tree is a
tree T C <*X such that every <-chain of size less than \ has an <-bound
in T and for each n € T there is v € T such that n<v.

Let T be a A-tree. For n € T we let

sucer(n) ={a<A:n (o) €T} and (T),={veT:v<dnpornJv}.

We also let root(T) be the shortest 7 € T such that |succy(n)] > 1 and
limy(7) = {n € *X: Va < N)(nla € T)}.

0.2. Background on trees of conditions.

Definition 0.1. Let P be a forcing notion.

(1) For a condition r € P, let D) (P, r) be the following game of two players,
Complete and Incomplete:
the game lasts at most A moves and during a play the
players construct a sequence ((p;,q;) : ¢ < A) of pairs of
conditions from P in such a way that (Vj < ¢ < A)(r <
pj < q; < p;) and at the stage i < A of the game, first
Incomplete chooses p; and then Complete chooses g;.
Complete wins if and only if for every ¢ < A there are legal moves for both
players.
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(2) We say that the forcing notion P is strategically (<\)—complete if Complete
has a winning strategy in the game 0y (P, r) for each condition r € P.

(3) Let N < (H(x),€,<}) be a model such that <*N C N, [N| = X and
P € N. We say that a condition p € P is (N,PP)—generic in the standard
sense (or just: (N,P)-generic) if for every P-name 7 € N for an ordinal
we have plF“ 7€ N 7.

(4) P is A—proper in the standard sense (or just: A—proper) if there is x € H(x)
such that for every model N < (H(x), €, <} ) satisfying

SANCN, |N|=X and P,z€N,

and every condition ¢ € N NP there is an (N, P)-generic condition p € P
stronger than gq.

Remark 0.2. Let us recall that if P is either strategically (<A™)-complete or AT—cc,
then P is A-proper. Also, if P is A-proper then
e )T is not collapsed in forcing by P, moreover
e for every set of ordinals A € V¥ of size \ there is a set AT € V of size A
such that A C A*.

Definition 0.3 (Compare [RS07, Def. A.1.7], see also [RS05, Def. 2.2]).
(1) Let v be an ordinal, § # w C v. A (w,1)7—tree is a pair T = (T,rk) such
that
o rk: T — wU{v},
e if t € T and rk(t) = ¢, then ¢ is a sequence ((t)¢ : ¢ € wNe),
e (T,<) is a tree with root () and
e if t € T, then there is ¢/ € T such that ¢ < ¢’ and rk(¥') = 7.
(2) If, additionally, 7 = (T,rk) is such that every chain in T has a <—upper
bound in 7', we will call it a standard (w,1)”—tree
We will keep the convention that 77 is (T}, rky).
(3) Let Q = (P, Q; : i < ) be a A-support iteration. A tree of conditions in
Q is a system p = (p; : t € T') such that
e (T,rk) is a (w, 1)7—tree for some w C v,
o py € Py fort €T, and
o if s,t €T, s<t, then ps = pi[rk(s).
If, additionally, (T, k) is a standard tree, then p is called a standard tree
of conditions.
(4) Let p°, p be trees of conditions in Q, p* = (pi : t € T). We write p° < p*
whenever for each t € T we have p? < p;.
Note that our standard trees and trees of conditions are a special case of that
[RS07, Def. A.1.7] when o = 1.

Proposition 0.4. Assume that Q = (P, Qi = i < ) is a A-support iteration such
that for all i <~ we have

IFp, “Q; is strategically (<X\)-complete .
Suppose that p = (p; : t € T) is a tree of conditions in Q, |T| < X\, and Z C P, is
open dense. Then there is a tree of conditions § = {q; : t € T') such that p < g and
MteT)(k(t) =~ = ¢ €1).

Proof. This is essentially [RS07, Proposition A.1.9] and the proof there applies here
without changes. ([
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1. D{—PARAMETERS

In this section we introduce Df—parameters and we use them to get a possible
slight improvement of [RS05, Theorem 3.1] (in Theorem 1.10). We also define our
canonical testing forcing QE to which this result can be applied.

Definition 1.1. (1) A pre-Dl-parameter on X is a triple p = (P,S,D) =
(PP, SP, DP) such that
e D is a proper uniform normal filter on A\, S € D,
e P=(Ps:5¢€S)and Ps € [°§]<* for each 6 € S.
(2) For a function f € *\ and a pre-D¢-parameter p = (P, S, D) we let

setP(f)={d€S: flo € Ps}.

(3) We say that a pre-D{-parameter p = (P, S, D) is a D{-parameter on X if
setP(f) € D for every f € 2.

Example 1.2. (1) If X is strongly inaccessible, D is the filter generated by
club subsets of A\ and Ps = %5, P = (Ps : § < ), then (P,\,D) is a
Di—parameter on A.

(2) &F is a statement asserting existence of a Df-parameter with the filter
generated by clubs of A.

(3) & implies the existence of a D¢-parameter (P, S, D) such that |Ps| = |d|.

(4) For more instances of the existence of Df—parameters we refer the reader
to Shelah [She00, §3].

Definition 1.3. Let p be a pre-Df—parameter on A and Q be a forcing notion not
collapsing A. In V? we define

e DP[Q] = DPY is the normal filter generated by DP U {setP(f) : f € *\},
e p[Q] = (PP, SP, DPIA),

Remark 1.4. If Q is a strategically (<A)—complete forcing notion and D is a (proper)
normal filter on A, then in V@ the normal filter on A generated by D NV is also a
proper filter. Abusing notation, we will denote this filter by D (or D?). The filter
DP[Q] can be larger, but it is still a proper filter, provided p is a D¢—parameter.

Lemma 1.5. Assume that p = (P, S, D) is a D{-parameter on X\ and Q is a
strategically (<A)—complete forcing notion. Then kg O ¢ DP[Q]. Consequently,
kg “ plQ] is a Dl—parameter on \”.

Proof. Assume that p € Q and As is a Q-name for an element of DNV and fs is
a Q-name for an element of *\ (for § < \). Using the strategic completeness of Q
build a sequence (ps, As, fs : § < A) such that for each § < A:
(i) ps € Q, p < po < pa < ps for a < 0,
(ii) Ase DNV, fs € A and
(111) Ps ”—Q « Ag = A§ and fa [6 = fa f& for all o < 7.

Since p is a Df—parameter, we know that B = A AsN A setP(fs) € D. Let

d<A O<A
6 € B. Then
pslbg “6€ A Ay and fo]d = fo]d € Ps forall a <67,
a< -
sopslkg “de A AN A setp(fa) . 0

a< a<A
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Lemma 1.6. Assume that A = \, p = (P, S, D) is a D{-parameter on \, Q is
a strategically (<\)-complete forcing notion and N < (H(x), €, <}) is such that
pEN, |N|=Xand <*N C N. Let (N5 : § < \) be an increasing continuous
sequence of elementary submodels of N such that p € Ny, § C N5, Ps C Nsi1,
(Ne:e <) € Nsy1 and |Ns| < A (for 6 < X). Then

kg “(VAC N)({6 <A:ANN;s € Ny} € D[Q]) .

Proof. We may find an increasing continuous sequence (a5 : § < A} C A and a
bijection f : N — X such that f[Ns] = a5 and f[Ns € Nsiq (for § < A). For
AC N let 4 : X — 2 be such that p4(a) = 1if and only if f~!(a) € A. Plainly,
if = s and py [0 € Ps, then AN Ny € Nsi1. O

Let C} be a forcing notion consisting of all pairs (a, f) such that a < A and

f € [] (8+1) ordered by the extension (so (a, f) < (¢, f') if and only if f C f7).
B<a

Thus it is a (<A)—complete forcing notion which is an incarnation of the A-Cohen

forcing notion.

Proposition 1.7. Assume )\ is strongly inaccessible. If p = (P, S, D) is a Dl~
parameter on A such that (V6 € S)(|Ps| < [d]), then Ibea D + D[C)] 7.

Proof. Let f be the canonical C}-name for the generic function in [] (a + 1),
- a<A

so (a, f) Ikgy f € f. Plainly, IFey setP(f) € DI[C)] and we are going to argue
that IFca A\ setP(f) € (DC3)+. To this end, suppose that p € C) and 4; is a
Cy-name for an element of D NV (for § < )\). By induction on ¢ < A choose
(o, Be, p* : € < A) so that

() (g : & < A) is an increasing continuous sequence of ordinals below A,

(8) Be € D, 5 = (o : 0 € Tl (ac + 1)) € C, o) = p = (a0, £3),

¢<¢
(v) ifo € cng(ac + 1), then p§ = (ag, f5) and f$(a¢) = o(¢) for ¢ <&,
<
(6) ifE< ¢, 0" € ] (e + 1) and o = o’ [¢, then p§ < pf:,,
¢<g’
(e) if & < Ais limit, 0 € [](a¢ + 1), then (ag = sup(a¢ : ¢ < &) and)
¢<¢
f§ = U fgrga and
(<€
(¢) 5T IF Be C Ag for every o € ] (a¢ +1).

¢<¢
(Remember that A is inaccessible, so ‘ [T (¢ +1)| < A for each £.) Next, consider
¢<g

theset B= A B¢ € D. Let 6 € BNS be alimit ordinal. Since |Ps| < |6] < [] |eel,
E<A <6

we may pick o € [] (ag+1) such that f2 ¢ Ps. ThenpS IF6 € A Ag\setP(f). O
£<o E<A -

Definition 1.8. Let p = (P, S, D) be a Df-parameter on A, Q be a strategically
(<A)—complete forcing notion.

(1) For a condition p € Q we define a game E);bB(p, Q) between two players,
Generic and Antigeneric, as follows. A play of D;bB (p, Q) lasts A steps and
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during a play a sequence

<Ia, g tely)a< )\>

is constructed. Suppose that the players have arrived to a stage o < A of

the game. Now,

(N), first Generic chooses a set I, of cardinality < A and a system (p$ : ¢ €
I1,,) of conditions from Q,*

(3)o then Antigeneric answers by picking a system (¢ : t € I,) of condi-
tions from Q such that (Vt € I,)(pY < qf).

At the end, Generic wins the play <Ia, PX gt € Iy @ a< )\> of

DLbB (p,Q) if and only if

(®)5,p there is a condition p* € Q stronger than p and such that

plg “ {a<X: (3t € 1) (¢ €To)} € D) ™.

(2) A forcing notion Q is reasonably B-bounding over p if for any p € Q,
Generic has a winning strategy in the game Df)bB (p, Q).

Remark 1.9. The notion introduced in 1.8 is almost the same as the one of [RS05,
Definition 3.1(2),(5)]. The difference is that in (®)5 5 we use the filter D[Q] and
not D? = D, so potentially we have a weaker property here. We do not know,
however, if there exists a forcing notion which is reasonably B-bounding over p
and not reasonably B-bounding over D. (See Problem 7.1.)

In a similar fashion we may also modify the property of being nicely double
b-bounding (see [RS, Definition 2.9(2),(4)]) and get the parallel iteration theorem.

Theorem 1.10. Assume that
(1) A is a strongly inaccessible cardinal and p is a Dl—parameter on A,
(2) Q= (Pa,Qq : a <) is a A-support iteration,
(3) for every a < A, IFp, “Qyq is reasonably B-bounding over p[P,]
Then
(a) P, = lim(Q) is A—proper,
(b) if T is a P, —name for a function from X to V, p € P, then there are ¢ > p
and (A : & < X) such that (V€ < X)(|Ae| < A) and

glF “{&<A:1(&) € A¢} € DP[P,] 7.

Proof. The proof is essentially the same as that of [RS05, Theorem 3.1] with a small
modification at the end (in Claim 3.1 there); compare with the proof of Theorem
2.7 here and specifically with 2.7.1. O

”

Definition 1.11. Let E = (E, : v € <*)\) be a system of (<\)—complete non-
principal filters on A and let F be a normal filter on A\. We define a forcing notion
QE as follows.
A condition p in Qg is a complete A-tree p C <*X such that

e for every v € p, either |succ,(v)| =1 or succ,(v) € E,, and

o for every n € lim, (p) the set {a < A : succ,(nla) € Eyq} belongs to E.
The order g:g(@g is the reverse inclusion: p < ¢ if and only if (p,q € (@g and )
q<p.

INote that no relation between pg and pf for 8 < « is required to hold.
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Proposition 1.12. Assume that E,E are as in 1.11. Let p = (P,S,D) be a
Di-parameter on \ such that A\ S € E.

(1) Qg is a (<\)—complete forcing notion of size 2*.

(2) QE is reasonably B-bounding over p.

(3) If X\ is strongly inaccessible and (V6 € S)(|Ps| < |0]), then ”_Q§ D% +

D[Qg].

Proof. (1) Should be clear.
(2) Letpe Qg. We are going to describe a strategy st for Generic in Df)bB (p, Qg)
In the course of the play, Generic constructs aside a sequence (T¢ : & < \) so that
if <If, <pf,qf ctel):E< /\> is the sequence formed by the innings of the two
players, then the following conditions are satisfied.

(a) T¢ GQE and if E < (< Athenp=Ty DT DT and Tr N A =T NEA.

(b) If ¢ < Ais limit, then T, = [ T¢.

§<¢
(¢) If € € S then

o Ic = PeNT¢ and pf = (Ti)t for t € I¢,
o Tevr =U{gf 1t € L} UU{(Te)y i v €ANTe \ I}
(d) If & ¢ S, then Ie = 0 and Teyq = Tg.
Conditions (a)—(d) fully describe the strategy st. Let us argue that it is a winning
strategy and to this end suppose that <I§7 <p§,qf rtel) €< )\> is a play of
OB (p, QE) in which Generic uses st and constructs aside the sequence (T : £ < \)

so that (a)—(d) are satisfied. Put p* = () Tz C <*\. It follows from (a)+(b) that
E<A
p* is a complete A—tree and for each v € p* either |succ,« (V)| = 1 or succ,- (V) € E,,.

Suppose now that 1 € limy(p*) and for £ < A let B def {a < X :sucer, (n]a) €

E,a}. Since n € limy (T¢) for each £ < A, we know that Be € E. Let

B= A B:N{{ < A:¢&islimit and & ¢ S}.
E<A

It follows from our assumptions that B € E. For each o € B we know that

sucer, (nfa) € By for £ < a and T, = [ Tk, so succr, (nfa) € Eypo. More-
(<a
over, Tg N *T'A =T, N>\ for all > a (remember (a)+(d)) and consequently

sucey- (nfa) = sucer, (nfa) € Eyo. Thus we have shown that p* € QE.
Let W be a QE-name given by IFQE W = J{root(p) : p € FQE}' It should be

clear that e W € A\ and thus IFos setP(W) € D[QE]. Plainly, if £ € S and
t € EANp*, then (p*); > ¢¢ and hence
p* II—Qg “if € € setP(W), then W[ € I and q%,[g € I‘Qg 7,
so Generic won the play.
(3) We are going to show that II—@E setP (W) ¢ DOE. To this end suppose that

pE Qg and A¢ (for £ < A) are ngnames for elements of D. Let st be the winning
strategy of Generic in D;bB(p, QL) described in part (2) above. Consider a play
<I§, <pf,qf tel) €< )\> of D;bB(p, Qg) in which

(¥)1 Generic follows st and constructs aside a sequence (T¢ : £ < \),
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()2 Antigeneric plays so that at a stage € € S he picks a set B¢ € D and
conditions ¢¢ > p$ (for t € I¢) such that

(¥t € I¢) (a5 I- B € (1) Ac).

¢<¢
Let p* = [ T¢ be the condition determined at the end of part (2) and let B =
E<A
A Be. Choose an increasing continuous sequence (g : £ < A) C A and a complete

E<A
A-tree T' C p* such that for every £ < A\ we have
(¥)s if v € TN, then [{p € TN X : v<p}| = |7¢| and
(x)a if p e T NYet1 ), then pla € P, for some o € (Ve,ve41) N S.

(The choice can be done by induction on &; remember that p is a Df—parameter
and A is assumed to be inaccessible.) Pick a limit ordinal £ € B NS such that
€ = 7¢. Since [T NSA| > ||, we may choose v € T N¢A\ Pe. Put ¢ = (p*),. Then
q=zp"zpandqlbge € g@,\ Ag \ setP (W) (remember ()2 + (%)4). O

2. ITERATIONS WITH LORDS

Theorem 1.10 can be used for A-support iteration of forcing notions Qf when
on each coordinate we have the same filter E. But if we want to use different filters
on various coordinates we have serious problems. However, if we move to the other
extreme: having very orthogonal filters we may use a different approach to argue
that the limit of the iteration is A—proper.

Definition 2.1. (1) A forcing notion with A—complete (k, u)—purity is a triple
(Q, <, <pr) such that <, <., are transitive reflexive (binary) relations on Q
such that

(a) <pr C <,

(b) both (Q, <) and (Q, <,) are strategically (<X)-complete,

(c) for every p € Q and a (Q, <)-name 7 for an ordinal below &, there are
a set A of size less than p and a condition ¢ € @Q such that p <, ¢
and ¢ forces (in (Q, <)) that “7 € A”.

(2) If (Q, <, <pr) is a forcing notion with A-complete (k, p)—purity for every &,
then we say that it has A—complete (x, u)-purity.

(3) If (Q, <, <) is a forcing notion with A-complete (k, u)-purity, then all
our forcing terms (like “forces”, “name” etc) refer to (Q, <). The relation
<pr has an auxiliary character only and if we want to refer to it we add
“purely” (so “q is stronger than p” means p < ¢, and “q is purely stronger
than p” means that p <, ¢).

Definition 2.2. Let Q = (Q, <, <;,;) be a forcing notion with A-complete (x, A*)-
purity, p = (P,S,D) be a Df—parameter on A\, U be a normal filter on A and
B = (Ha : @ < A) be a sequence of cardinals below A.

(1) For a condition p € Q we define a game DZiP’ﬁ(p, Q) between two players,
Generic and Antigeneric, as follows. A play of o7 2(p; Q) lasts A steps

and during a play a sequence

<€a,<pf,qf EE o)t < )\>
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is constructed. So suppose that the players have arrived to a stage a < A
of the game. Now,
(N)Pr first Antigeneric pics £, € {0,1}.
(3)br After this, Generic chooses a system (pS* : ¢ € u,) of paiwise incom-
patible conditions from Q, and
(3)Er Antigeneric answers with a system of conditions ¢* € Q (for ¢t € pq)
such that for each t € p,:
* pi <gqj, and
o if /, =1, then pf* <., qf.
At the end, Generic wins the play

<£a,<pf,qf (tE o)t < )\>

if and only if either {a < A: 4, =1} ¢ U, or
(®)B, there is a condition p* € Q stronger than p and such that

p* kg “{a<X: (3t € pa)(g €Tg)} € D[Q] 7.

(2) We say that the forcing notion Q (with A-complete (x, A\™)—purity) is purely
B*—bounding over U, p, ii if for any p € Q, Generic has a winning strategy
in the game o7 , -(p, Q).

Remark 2.3. Note that in the definition of the game Of | -(p,Q) the size of the

index set used at stage « is declared to be j, (while in the related game 052 (p, Q)
we required just |I,| < A). The reason for this is that otherwise in the proof of the
iteration theorem for the current case we could have problems with deciding the
size of the set I,; compare clause (x)4 of the proof of Theorem 2.7.

Observation 2.4. Assume E,E are as in 1.11. For p,q € Qg let p <pr ¢ mean
that p < g and root(p) = root(q). Then

(1) (Qg, <, <pr) is a forcing notion with A—complete (x, \T)-purity, .
(2) if, additionally, each E, (for v € <*\) is an ultrafilter on X\, then (QE, <
, <pr) has (k,2)-purity for every k < \.

Proposition 2.5. Assume that E,E are as in 1.11, p = (P,S,D) is a D{~
parameter on X and i = (po : @ < \) s a _sequence of non-zero cardinals below
A such that (Va € S)(|Py| < pa). Then (QE, <, <,,) is purely B*~bounding over
E,p, p.

Proof. Let p € QE and let st be the strategy described in the proof of 1.12(2) with
a small modification that we start the construction with & = lh(root(p)) + 1 (so
Te, = p and the first {y steps of the play are not relevant). Then we also replace
clauses (c)+(d) there by

(cd) If £ > & then
o I CSANT; is of size g, and pf = (Tg); for t € I, and
o if £ € S then P-NT, C I, and

o Tepr=Uldf st € LY UU{(Te)y 1 v € ANTE\ e}
(So, in particular, Antigeneric’s choice of ¢ has no influence on the answers by
Generic.) We are going to show that st is a winning strategy for Generic in

E)Epﬁ(p, Qg) To this end suppose that (e, (pf,qf it € le): £ < A)is a play

of O

B.p.aPs QE) in which Generic follows st (we identify I with |I¢| = p¢) and
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(Te : € < A) is the sequence of side objects constructed in the course of the play.

Assume A = {§{ < A : lg = 1} € E (otherwise Generic wins by default). Like in
1.12(2), put p* = () T¢. To argue that p* € QF we note that if € lim, (p*) and
E<A

e A {a<Aisucer (nla) € Epa} NAN{E <X : € > & is limit },

E<A
then
[ sucer,(nlé)  ifnld ¢ Is
succy,- (n[6) = { succgs (n]6) i ]d € Is € Eys.
Exactly as in 1.12(2) we justify that p* witnesses (®)F,. O

Lemma 2.6. Assume that
(1) A is strongly inaccessible,
(2) Q= (Py,Qq : @ <) is a A-support iteration, w C v, |w| < A, ag € w,
(3) for every a < v,
e, “Qa = (Qa, <, <pr) is a forcing notion with X\—complete (x, \*)—purity 7,
(4) Py, is A—proper,
(5) T = (T,rk) is a standard (w,1)7-tree, |T| < A,
(6) p=(p: :t €T) is a standard tree of conditions in P.,, and
(7) 7 is a Py—name for an ordinal.

Then there are a set A of size A\ and a standard tree of conditions § = {(q; : t €
T) C P such that

(a) (VteT)(tk(t)=v = ql-7€A), and
(b) p<qandift € T, 1k(t) > ag then gija, IFe,, pt(ao) <pr gi(ao)-

Proof. Let us start with the following observation.

Claim 2.6.1. If p € P, then there are a set Ay of size A and a condition ¢ > p
such that ql-p, 7 € Ag and qlag IFp, o) <pr ¢(ao).

Proof of the Claim. Let us look at P, as the result of 3 stage composition Py, *
Qoo * Plag+1),y5 Where Py 11)4 is a Py r1-name for the following forcing notion.
The set of conditions in Pia, 41,4 is {r[(a0,7) : 7 € Py} (so it belongs to V); the
order of P(q41),4 is such that if G411 € Py,41 is generic over V, then

V[Gagi1] E “r SPlagi1)4[Gag] S if and only if
there is ¢ € Go,+1 such that ¢7r <p_ ¢7s 7.

Now, pick a Py,+1—name (1, ) such that
p[(ao —+ 1) |hpa0+l « Pf(ao,’Y) S r and T |F a=T ”

and then choose a P,,-name A* for a subset of P(4,41),4 X ON and a P,,-name
q(ap) for a condition in Qq, such that

plag ke, “ plag) <pr q(ap) and [A*| = X and
g(ao) g, (3(s,8) € A)(r=s& a=p)".

Since Py, is A-proper, we may choose a set AT C P(4y41),, X ON of size A and a
condition qJag > plag such that gloag IF A* € AT. Then

qF(OLO + 1) H_]P’QO-H (EI(Svﬂ) € A+) (2" =s& = ﬂ)
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Put A = {8 : (3s)((s,8) € AT)}. Now we may easily define ¢q[(ap,7) so that
dom(g[(ag,7)) = U{dom(s) : (38)((s, 8) € A*)} and
ql(ao+1) ke, oy “1 <p, .y, ql(c0,7) and € A7, O
Fix an enumeration (t¢ : ¢ < ¢*) of {t € T : rk(t) = ¢} (so ¢* < X). For each
a € v\ {ap} fix a P,—name st for a winning strategy of Complete in the game
DS((QQ, §),Q]Qa) such that as long as Incomplete plays (g, Complete answers
with (g, as well. Let sj:gr be the <} -first Py, name for a winning strategy of
Compléte in 93 ((Qag, <pr),pe. (@) (for ¢ < ¢*). Note that if (,¢’ < ¢* and
tel(ao + 1) = ter[(ap + 1), then st = s~tg;.
By induction on ¢ < ¢* we choose a sequence (p¢, ¢, AS : ¢ < ¢*) so that the
following demands are satisfied.

(i) p¢ = (pf teT),q¢ = <qf :t € T) are standard trees of conditions, AS is a
set of ordinals of size .
(i) If e < ¢ < ¢*, then p < p° < & < p¢ and A° C AC.
(iii) p7, ke, T € AS.
(IV) Ifae v \ {QO}a C7£ < C*a then

qf{ to FRa (i 10 (@), G5, o (@) s € <€) is a result of a play of 95 ((Qa, S),@@O)
in which Complete uses st ”.

(v) If ¢, < ¢*, then

E ke

. e “ (pfC o (), qfc oo (ap) 1 € < &) is a result of a play

of 93 ((Qag > <pr): Pt (ag)) in which Complete uses st§, 7.

ag

Suppose that we have determined p°,q°, A® for ¢ < ¢ < (¢*. First we choose
p = (p,:teT)CP,. If&=0then we set p’ = p. Otherwise we choose p’ so that
for t € T we have:
(vi) dom(p;) = U dom(gf), and
e<¢
(vii) if o € dom(py) \ {0}, then p'(a) is the <} first P,—name for a condition
in Q, such that pjlalFp, (Ve < ¢)(¢f(a) < pi(a)), and
(viii) p/(yp) is the <} Hirst Py, —name for a condition in Qq,, such that

Pilao IFe,, (Ve < O)(g; (an) <pr pi(ao)).
The choice is possible by (iv)+(v), and since we pick “the <}—first names” we easily

see that p’ is a standard tree of conditions. Now we use 2.6.1 to find a set AS of
size A and a condition pf . € P such that

JAscAS, pl <pi, pflaole,, b (o) <pr pf(a0) and p, Ibp, 7€ AS.
e<(
Next, for each t € T we let pf € Pry(y) be such that
(ix) if s =t Nt¢, then
piIrk(s) = pr, Irk(s) and pg [[rk(s),tk(t)) = p; [[rk(s), Tk(1)).

Clearly, p¢ = (pf :t € T) is a standard tree of conditions satisfying the relevant

parts of the demands in (ii)~(v). Now we choose a tree of conditions ¢ = (¢ : ¢ €
T) so that the requirements of (iv)+(v) hold (for this we proceed like in (vi)—(viii)
above).
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After the construction is carried out we note that ¢ and A¢ are as required
in the assertion of the lemma. [l

Theorem 2.7. Assume that

(1) X is strongly inaccessible, i = (g : @ < ) is a sequence of cardinals below
A\, p = (P, S, D) is a D{—parameter on \, and

(2) Q = (P,, Qa : a <) is a A-support iteration,

(3) Uy is a Py—name for a normal filter on A (for a < ),

(4) Aa,p € X is such that IFp, Aap €Ua and lFp, A\ Anp €Up (for a < B <
y), and

(5) for every a < v,

»

IFp, “Qq is purely B*~bounding over U, plPo], it

Then P, = lim(Q) is A—-proper.
Proof. The arguments follow closely the lines of the arguments for [RS05, Thm.
3.1, 3.2] and [RS, Thm. 2.12]. The proof is by induction on +, so assume that we
know also that each P, is A—proper for a < . ~

Let N < (H(x), €, <}) be such that <*N C N, [N| =X and Q, (A 3:a < <
v),P,... € N. Let pe NNP, and (75 : 6 < A) list all P,—names for ordinals from
N. For each { € NN~ fix a Pe—name sjc? € N for a winning strategy of Complete
in Dé‘(@g, @@g) such that it instructs Complete to play @Qs as long as her opponent
plays @@ﬁ.

By induction on § < A we will choose

(®):§1 7:5;13£7if7r5_77‘5aw67267a57 and

(®)3 5.6, D56, Gs,¢ and ste for £ € NNy,
so that the following demands are satisfied.

(¥)o All objects listed in (®)% + (®)} belong to N. After stage & < X of the

construction, the objects in (®)¢ are known as well as those in (®)% for

f € ws.
(#)1 75,75 € Py, 75 (0) = 10(0) = p(0), ws €, [ws| = [6] +1, U dom(ra) =
a<
U wa = NNy, wg = {0}, ws C wsy1 and if § is limit then ws = |J weq.
a< a<d

(%)2 For each o < 0 < A we have (V€ € wai1)(ra(§) = rs(§)) and p < 7, <
o <15 ST
(¥)3 If £ € (y\ ws) NN, then

rs|€IF “ the sequence (r, (£),74(€) : a < §) is a legal partial play of
09 (@Ev@@g) in which Complete follows s~tg ”

and if £ € wsy1 \ ws, then ste € N is a Pe—name for a winning strategy

of Generic in E)‘Z,r&pﬂ(r(;(f),(@f). (And sty € N is a winning strategy of

Generic in DZTO P (p(0),Qo).)

(%)a Ts = (Ts,rks) is a standard (ws, 1)7—tree, Ts = U [] ws-

a<lyfewsNa
(x)5 P2 = (S, :t €Tys) and @ = (0, : t € Ts) are standard trees of conditions,

<.



Paper Sh:888, version 2010-07-16_11. See https://shelah.logic.at/papers/888/ for possible updates.

14 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

()¢ For t € Ts we have that dom(p ;) = (dom(p) U |J dom(ra) Uws) Nrks(t)
a<d
and for each ¢ € dom(p? ;) \ wy:

Pl 1€ ke, “if the set {rq(€) : v < 8} U {p(£)} has an upper bound in Q,
then p? ,(£) is such an upper bound ”.

(%)7 For £ € NN, €s¢ € {0,1} and ps ¢, Gs¢ are Pe—names for sequences of
conditions in Q¢ of length ;.
(x)g If either £ =0= 0 or £ € wgt1 \ wg, B < A, then

Fpe “ (Cags Pases Gase * @ < A) is a play of Dlljlz,p,ﬁ(rﬁ(g)7@§)
in which Generic uses st¢ 7.

(%)g as € ws (g will be called the lord of stage 0) and

(VB € ws \{as}) (6 ¢ [\{A\ Aep: € ws NBY N[ {Apec: E€ws\ (B+1)}).

(¥)10 ls,e =0for £ € NNy \{as} and 5.0, = 1.
(%)11 If t € T, rks(t) = € < 7, then for each € < s

2

qg,t IFp, ?5,5(5) = pi,t"‘(s) (§) and g&é(ff) = qi,t’“(s) (€

(¥ha If to, 81 € T, rks(to) = rks(ta) and & € ws N rks(to), tol€ = £1]€ but
(to)¢ # (t1),, then

pi’to ¢ IFp. © the conditions pito (5),p‘i,t1 (&) are incompatible ”.

(*)13 Zs is a set of ordinals, | Zs| = A\ and for each t € Ty with rks(¢t) = v we have
qfﬁt e, (Voz < 6) (Ia € Z(;).
(¥)14 dom(ry ) = dom(rs) = |J dom(q?,)Udom(p) and if t € Ty, & € dom(rs) N
teTs
ks (£) \ ws, and @ 1€ < g € Pe, 751€ < g, then

qlrp,  “if the set {ro(£) :a <} U {qf,t(ﬁ),p(f)} has an upper bound in Q,
then 75 (§) is such an upper bound ”.

First we fix an increasing continuous sequence (w,, : @ < \) of subsets of N N~y
such that the relevant demands in (x); are satisfied. Now, suppose that we have
arrived to a stage & < A of the construction and all objects listed in (®)% and
relevant cases of (®)% (see (*)o) have been determined for a < 4.

To ensure (*)g, all choices below are made in N (e.g., each time we choose an
object with some properties, we pick the <} -first such object).

If § is a successor ordinal and & € ws \ ws—1, then we let st € N be a Ps—name
for a winning strategy of Generic in Dg’;}p,ﬁ(m,l(f), Q¢). We also put £, ¢ = 0 for
all & < § and we pick Pa,¢, fa,e (for o < 0) so that the suitable parts of (x)7 + (%)s
at & are satisfied. o

Clause (x)4 fully describes T5. Now we choose the lord of stage 6. If for some

B € ws we have

se(V{M Aep:EewsnBIN({Ape:E€ws\ (B+ 1)},

then «y is equal to this 8 (note that there is at most one 8 € ws with the required
property). Otherwise we let as = 0. Then we put 45, = 1 and {5, = 0 for all

& € ws \ {045}.
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Next, for each § € ws we choose a Pe-name ps¢ such that

IFp.  “ Pse = (Pse(€) 1 € < ps) is given to Generic by st
as an answer t0 (Ca,¢, Po.gs Qo+ @ < 0) (lse) 7.
(Note that IFp, “ conditions ps (o), Pse(e1) are incompatible” whenever g9 < &1 <
ps and € € ws.) After this we may choose a tree of conditions p? = (pl , : t € Tj)
such that for each t € Tj:

. dom(pi,t) = (dom(p) U 96 dom(ry) Uws) Nrks(t) and

e for & € dom(p3,) \ ws, pl ;(€) is the <}-first P¢—name for a condition in
Q¢ such that

Pl 1€ ke, “if the set {ro(€) : v < 6} U{p(€)} has an upper bound in Q,
then pit(g) is such an upper bound 7,

b pi,t(f) = ?a,f((ﬂ&) for £ € dom(pit) Nws.
Using Lemma 2.6 we may pick a tree of conditions ¢’ = (qit :t € Ts) and a set Zs
of ordinals such that

o D) <@, |Zs| =\,

o if t € Ty, rks(t) = then ¢, Irp, (Vo < 6)(7a € Zs),

e if t € Ty, rks(t) > a5 then qf,tr% e, Pl (as) <pr ¢4 (as).
Note that if € € ws and €9 < &1 < s, t € Tj, rks(t) = &, then

qu,t IFp, “ the conditions qf,tﬁ<50>(§), qf,tﬁ<€> (&) are incompatible ”.

Hence we have no problems with finding P¢-names gs ¢ (for € € ws) such that

o IFp.“ Gse = (@se(e) s € < ps) is a sequence of conditions in Q¢ ”,
o lbp. (Ve < pus)(Dsc(e) < Gsele)) 7 and Ibp, “ (Ve < p5)(Ps,as(€) <pr

75,05(€)) 7,
e ift e Tg, I"k(;(t) > 5, then qf,ﬂi ”—]p5 qit(g) = gﬁ,g((t)g)-

Now we define r5 , 75 € P, so that

dom(ry ) = dom(rs) = U dom(qf’t) U dom(p)

teTs
and

d lfé- € Wa+1, o < 67 then 7"5_(5) = 7’5(5) = Ta(f)a
o if { € dom(ry ) \ ws, then r; (§) is the <} first Pe—name for an element of

Q¢ such that

75 [E1Fp,  “ 75 (&) is an upper bound of {r,(§) : a <} U {p(§)} and
if t € Ty, rks(t) > &, and qf)t I€ € I'p, and the set

{ra(§) :a< s} U {qf,t(f)m(g)} has an upper bound in Qg,
then 75 (§) is such an upper bound 7,

and rs(§) is the <} first Pe—name for an element of Q¢ such that

rs& ke, “r5(€) is given to Complete by s~t2 as the answer to

(ra(€);ra(€) : a < 8)™(ry (£))”
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Note that by a straightforward induction on ¢ € dom(rs) one easily applies ()3
from previous stages to show that r; ,rs are well defined and r5 > ry > rq,p for
a < §. If § =0 we also stipulate 7, (0) = ro(0) = p(0).

This completes the description of stage d of our construction. One easily verifies
that the demands (x)o—(*)14 are satisfied.

After completing all A stages of the construction, for each £ € NV N~ we look at
the sequence ((s5¢, Pse, Gse : 6 < A). For § < A such that £ € ws let

B =({M\ Ace: Cews N} N {Aec:C e ws \ (€+ 1)},

and for § < A such that £ ¢ ws put Bg = A. It follows from our assumptions that

IFp, (V6 < )\)(B§ € Ue) and thus also Ikp, A BS € Ue. Note that if § is a limit
a<A

ordinal, ¢ € ws and § € A B, then also § € B§ and hence £ = a;s (remember
a<
(%)9) and £5¢ =1 (by (*)10). Consequently for each £ € N N~y

Fe, “{0 < A:ilse =1} €Ue "

Therefore, for every £ € N Ny we may pick a Pe—name ¢(§) for a condition in Q¢
such that

o if £ cwgy1 \wg, <A (or { =0=0), then
ke “q(€) > rp(€) and g(€) kg, {I<A: (Fe<ps)(Gse(e) € Tqe)} € D[Peya] ™

This determines a condition ¢ € P, (with dom(q) = NN+) and easily (V5 < \)(p <
rg < q) (remember (x)s). For each £ € N N~ fix Peyq-names ijf (for i < A)
such that
al(€+1)Irp, “(Vi<A)(C5€DNV & f5 €*)) and
(Vo e o csn A set?( £9)) (B2 < ps) (g5 (2) € Tg) 7.

Claim 2.7.1. For each limit ordinal 6 < A, the condition q forces (in P, ) that
“(Veews)(de A Qf n A Setp(ff)) = (FteTs)(tke(t) =7 & qf’t eTp,) "
<A <A -

Proof of the Claim. The proof is essentially the same as that for [RS05, Claim 3.1],
however for the sake of completeness we will present it fully. Suppose that r > ¢
and a limit ordinal § < \ are such that

(B 7lFp,“ (VE€ws)(6€ A CTN A setP(f5)) 7.
i<A i<A

For each ¢ < v fix a Pc—name st? for a winning strategy of Complete in Dé‘(@g, @@c)
such that as long as Incomplete plays (g, , Complete answers with (g, as well.

We are going to show that there is t € Ty such that rks (t) =~ and the condi-
tions ¢}, and r are compatible. Let (g4 : @ < a*) = ws U {7} be the increasing
enumeration. By induction on o < o we will choose conditions 7}, r%* € P, and
t=((t)e, : @ < a*) € Ts such that letting t5 = ((t)c, : 8 < a) € Ts we have

(B)s qf’tg <7k and rle, <1k,

(B). for every 5 < a and ¢ < e,,

rg* IFp,  “ <r2,(§),r2§f(§) : B/ < B) is a legal partial play of D())\(@O@@q)
in which Complete uses her winning strategy s~tz 7,
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Suppose that o < o* is a limit ordinal and we have already defined t§ = ((t)., :
B < a)and (rj, 75" 1 B < a). Let § =sup(ep : B < ). It follows from (H). that
we may find a condition 77, € P such that rj[§ € P¢ is stronger than all rz* (for
B < «) and also 7% [[€,eq) = r[[€,eq). Clearly rle, < r% and also qf’tg & <rkig
(remember (H), for 8 < «). Now by induction on ¢ € [£,&,) we argue that
qf,tg [¢ < rZl¢. So suppose that & < ¢ < g, and we know qitg I¢ < ril¢. It
follows from ()5 4 (*)5 + (%)g that 7% [¢ IF (Vi < 0)(r;(¢) < pitg(C) < q,‘itg (¢)) and
therefore we may use (*)14 to conclude that

ralClbe; 2 (€) < 7s(C) < a(Q) < 7(Q) =73(Q).
Finally we let r:* € P._ be a condition such that for each { < g,

a1 IFe, i (C) is given to Generic by st? as the answer to
(r5(Q),r5™(Q) : B < O {ra(Q) 7.

Now suppose that a = 3+ 1 < o and we have already defined rj, r5* € P., and
t8 € Ty. Tt follows from the choice of ¢ and (B), + (B), + (*)11 that

5" IFp,, r(ep) IFe., (32 < ) (qi,tg’”@) (e5) € F@Eﬁ) R
Therefore we may choose € = ()., < us (thus defining t) and a condition 7}, € P,
such that

e 7" <r}leg and

rales ke, “rh(es) = r(ep) & rilep) > ¢l (ep) 7,
o 1 l(ep,e0) =1[(8,€0a)-
Exactly like in the limit case we argue that r}, has the desired properties and then
in the same manner as there we define r}*.
We finish the proof of the claim noting that t = t&~ € Ts and the condition T
are such that 7}. > r and r}. > qit. O

Let us use 2.7.1 to argue that ¢ is (IV, Py)—generic. To this end suppose 7 € N is a
P,—name for an ordinal, say 7 = 7, & < A, and let ¢’ > ¢. Since PP, is strategically
(<A)—complete we may build an increasing sequence (q; : ¢ < A) of conditions above
¢’ and a sequence (Cf7ff : £ € NN, i < A) such that Cf eDNV, ff € 2\ and
for each & € w;

g; Ik (¥ <) (C5 = Cf & f5li= fili).

The set {6 < A: (V€ € ws) (V)i <6)(6 € C§ ﬂsetp(ff))} is in D, so we may choose
a limit ordinal § > « such that for each £ € ws we have

se A CEN A setP(fL).

i< i<

Then ¢} IF (V€ € ws) (5 € A C5N A setP(f5)) and therefore, by 2.7.1,
<A <A -

g - (3t e Ty) (vks(t) = v & 0, € Tp,).

Using (*)13 we conclude ¢§ IF 7 € Zs and hence ¢5 IF 7 € N. O
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Remark 2.8. Naturally, we want to apply Theorem 2.7 to v = A™T in a model
where 2* = AT, s0 one may ask if the assumptions (3) + (4) of 2.7 can be satisfied
in such a universe. But they are not so unusual: suppose that we start with
V = A< = X & 2% = AT, Consider the following forcing notion C3, .

A condition p € (CiJr is a function p : dom(p) — 2 such that dom(p) C AT x A
and |dom(p)| < A.

The order is the inclusion.

Plainly, C}, is a (<\)—complete AT—cc forcing notion of size A™. Suppose now
that G C C}, is generic over V and let us work in V[G]. Put f = JG (so
Fidrx A —2)and for o < AT and i < 2 let AL, = {£ < A : f(o, &) = i}.
For a function h : A* — 2 let U, be the normal filter generated by the family
{AZ(O‘) o< A*}. One easily verifies that each Uy, is a proper (normal) filter and
plainly if h, A’ : AT — 2 are distinct, say h(a) = 0, h/(a) = 1, then A2 € Uj, and
A\ AY = Al e U

3. NOBLE ITERATIONS

The iteration theorems 1.10 and 2.7 have one common drawback: they assume
that A is strongly inaccessible. In this section we introduce a property slightly
stronger than being B—bounding over p and we show the corresponding iteration
theorem. The main gain is that the only assumption on A is A = A<*.

Definition 3.1. Let Q = (Q, <) be a forcing notion and p = (P, \, D) be a D¢~
parameter on \.

(1) For a condition p € Q we define a game Df* (p, Q) between two players,
Generic and Antigeneric, as follows. A play of Df*(p, Q) lasts A steps
during which the players construct a sequence < fas XasPas Qo : a0 < )\> such
that

(a) fa:a— Qand fg C f, for 8 < «,

(b) X, C P, and for every n € X, the sequence (fo(n(§)) : £ <) CQ
has an upper bound in Q and if g, 71 € X, are distinct, then for some
¢ < a the conditions f, (770 (5))7f a (771 (f)) are incompatible,

() Pa = (P2 :m € X,) C Q is a system of conditions in Q such that
(V¢ < @) (fa(n(€)) < pl) for n € Xa,

(d) o = (¢ : n € X,) C Q is a system of conditions in Q such that
(Vn € X)) (P2 < q2)

The choices of the objects listed above are done so that at stage a < A of

the play:
(N)4 first Generic picks a function f, : @« — Q with the property described
in (a) above (so if « is limit, then f, = |J fs). She also chooses X,
B<a
Do satisfying the demands of (b)+(c) (note that X, could be empty).
(3)a Then Antigeneric decides a system g, as in (d).
At the end, Generic wins the play <fa, X, Doy Qo - @ < )\> if and only if

(®)§+ there is a condition p* € Q stronger than p and such that

p kg “{a<X:(3ne X,)(ql €Tg)} € D[Q] 7.

(2) A forcing notion Q is B-noble over p if it is strategically (<\)—complete
and Generic has a winning strategy in the game Dg* (p, Q) for every p € Q.
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Note that in the above definition we assumed that P = (P5 : § < \). This was
caused only to simplify the description of the game — if the domain of P is S € D,
then we may extend it to A in some trivial way without changing the resulting
properties.

Observation 3.2. If p is a D{—parameter and a forcing notion Q is B—noble over
P, then Q is reasonably B-bounding over p.

Theorem 3.3. Assume that
(1) A=X<* and p = (P, \, D) is a D{-parameter on \, and

(2) Q= (P¢,Q¢ : £ <) is a A\—support iteration such that for every & <,
IFp, “ Qg is B-noble over p[P¢] ”.

Then
(a) P, = lim(Q) is A—proper,
(b) for each Py-name T for a function from X to V and a condition p € P,
there are ¢ € P, and (Ay : o < A) such that |Aq| < A (for a < X) and
q=>pand

glbe, “{a<A:7(a) € Ay} € D[P,] 7.

Proof. (a)  Assume that N < (H(x), €, <}) is such that <*N C N, [N| = X and
Q,p,... € N. Let pe NNP,. Choose N = (N5 :6 < \) and & = (a5 : § < A) such
that

N is an increasing continuous sequence of elementary submodels of N,
@ is an increasing continuous sequence of ordinals below A,

o N = U NtS? Qapap7"' S N07 é g N57 P5 g N5+la NK(S‘F 1) S N5+1a
o<
|Ns| < A and

e a5+ otp(NsN~y) + 888 < agy1, @l(d +2) € Nsyi.
Put ws = Ns N~y and for each & < 7y let s~t2 be the <} -first P¢-name for a winning

strategy of Complete in 0y (Qe¢, 0q, ) such that it instructs Complete to play g, as
long as her opponent plays @@a' We also assume that whenever possible, @@5 is the
<} first name for the answer by sj:? to a particular sequence of names. Note that
(st : € <) € No.
By induction on § < A we will construct
(®)6 7:5)]367 qév T(S_a s and f(;,fa 35757?5755 g57§7 s..tf and ﬁtg,g for § € ws
so that the following conditions (x)o—(*)16 are satisfied.
(*)o Objects listed in (®)s form the <} -first tuple with the properties described
in (*)1—(*)16 below. Consequently, the sequence
( objects listed in (®)c : € < J)

is definable from N [as, @[6, Q, p, p (in the language £(€, <})),s0if § = as
is limit, then this sequence belongs to Nsi1. Also, objects listed in (®)s
are known after stage 0 (and they all belong to N).
(¥)1 75,75 € Py, ws € dom(ry ) = dom(rs) and ry (§) = ro(§) = p(§) for £ € wy.
(x)2 For each e < 6§ < A we have (V€ € wey1)(r-(§) =r5(€)) and p <r; <r. <
rs <rs.
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(x)3 If £ € dom(rs) \ ws, then

rs1€ IFp,  “ the sequence (rZ (§),7:(§) : € < §) is a legal partial play of
0 (@57@@5) in which Complete follows st?

and if § € ws1\ws, then st¢ is the <} first Pe—name for a winning strategy
of Generic in 05 (r5(£), Q). (And for £ € wo, st¢ is the <} first Pe-—name
for a winning strategy of Generic in Dg* (p(§),Q¢). Note that ste € Ny for
§ € wp and st € Ny, for £ € wsiq.)

(¥)a Ts = (Ty,rks) is a (ws, 1)'—tree, Ts € J [I (PsU{x}). (Note that we

a<ly{cwsNa

do not require here that 7s is standard, so some chains in 75 may have no
<-bounds.)

(¥)s p° = (p) : t € Ts) and @® = (¢} : t € Tj) are trees of conditions, p° < .

(x)6 For t € Ty we have that dom(p{) D (dom(p) U |J dom(rs) Uws) Nrks(t)

a<d

and for each ¢ € dom(p}) \ ws:

piIE Ikp,  “if the set {ro(€) : & < 8} U {p(£)} has an upper bound in Q,
then p? (&) is such an upper bound ”.

(x)7 If £ € w1 \ wa, B <0, then

Fp. “ (fee, Xeg,PegrGee : € < 0) is a partial play of
OB+ (rs(£),Qe) in which Generic uses ste ”
(¥)s dom(ry ) =dom(rs) = |J dom(q) and if t € Ts, & € dom(rs) Nrks(t) \ ws,
teTs
and ¢ 1€ < q € Pg, r51€ < g, then

qlrp,  “if the set {ro(£) : a <8} U{qf(£),p(£)} has an upper bound in Q,
then 75 (§) is such an upper bound ”.

(¥)o 7€ = (P 1t € Ty & rks(t) < &) C P¢ is a tree of conditions (for
¢ cws U{r}), p7 =p’.
()10 If ¢, € € ws U{y}, ¢ < € and t € Ty, rks(t) = ¢, then p2¢ < p2*.
The demands (x)11—(*)16 formulated below are required only if § = as is a limit
ordinal.
(¥)11 If t € T, vks(t) = € € ws and X = {(s
o cither () # X! C P5 and p* IFp,

)e 1 t<ds € Ts}, then
.~X S_X(S 9
o or X{ = {+} and p)’* IFp, X(;g:@’
(¥)12 If s € T, tks(s) = ¢, £ € ws N ¢ and (s)¢
) <

ps7 Fg “_]P’g “ ?5,5(( )

(%)13 If £ € ws U {~}, otp(ws N &) = ¢ then
° {t € Ts : rks(t) < f} C Nsjcs1, {t € Ts : rks(t) < f}, <]56’B : B €
(ws U{y}) N (§+1)) € Nsscyo, and
. 1f(18 limit, then (p*2 : B € ws NE) € Nsjeq1, and if £ = (¢; 1 i <
i*) € Nsycy1 is a <-—chain in {t € Tj : rks(t) < £} with sup(rks(¢;) :
i < i*) = sup(ws N &), then ¢ has a <—bound in Tj.
(%)14 If t € Ts, € € ws Nrkg(t) and (t)g = %, then

@ TEIFp, © Goe((t)e) =l (€)

;é* then
o)
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()15 If to,t1 € Ts, rks(to) = rks(t1) and § € ws N1ks(to), Lol = 1€ but
(to)¢ # (t1),, then

P, e IFp, “ the conditions p (£),p?, (€) are incompatible ”.

(¥)16 If 7 € Ns is a Py—name for an ordinal and ¢ € T satisfies rks(t) = 7, then
the condition qf forces a value to 7.
The rule ()¢ (and conditions (x);—(x)16) actually fully determines our objects, but
we should argue that at each stage there exist objects with properties listed in
($)1=(%)16-

Suppose we have arrived to a stage § < A of the construction and all objects
listed in (®)g for B < § have been determined so that all relevant demands are
satisfied, in particular the sequence ( objects listed in (®). : € < §) is definable
from Nlas, @ld, Q,p, p.

If § is a successor ordinal and § € ws \ ws—1, then we let ste be the <}-first
P¢-name for a winning strategy of Generic in 05 (rs_1(€),Q¢). We also pick
the <} -first sequence (fc ¢, Xce,Pee,Gee 1 € < 6) so that (x)7 is satisfied. Then
assuming that § is not limit or § # as we may find objects listed in (®)s so that
the demands in (x);—(*)10 are satisfied and |{t € T : rks(¢t) = v}| = 1.

So suppose now that § = o is a limit ordinal. For each £ € ws we let f5¢ be the
<;‘<fﬁrst P¢—name such that IFp, “~f5’5 = U5 fa,g”7 and Xs¢,Ps¢ be the <;‘<7ﬁrst

a<

P¢—names such that

IFpe fo6, Xoe. Do are given to Generic by ste
as the answer to (fc ¢, Xec g, Peg,Geg e <0) .

Note that
( objects listed in (®)e : € < 6) (fs.¢, Xse,Poc : § € ws) € Noy1.

Now by induction on ¢ € ws U {v} we will choose {t € Ts : tks(t) < £} and p>¢ and
auxiliary objects p**¢ so that, in addition to demands (*)o—(*)13 we also have:
()17 P = (P}t it € Ty & rky(t) <€) C P¢ is a tree of conditions, p*¢ < po¢
and dom(p}*) D (dom(p) U U dom(r.) Uws) Nrks(t) whenever ¢ € Ty,
e<é

rks(t) < ¢, and
()18 if & < & are from ws U {v}, t € Ty, rks(t) = &, then pf’go < p:’gl, and
(%)19 if t € Ty, rks(t) = &, then dom(pf’g) = dom(pf’f) and for 8 € dom(pf’g) we
have
P18 Ie,  “the sequence (p;i(B),pit(B) : ¢ € (ws U {y}) N (£ + 1)) is
a legal partial play of D(}(@B,@@B) in which Complete uses
the winning strategy sjc% 7.

To take care of clause (x)13, each time we pick an object, we choose the < first
one with the respective property.

CASE 1: otp(ws N &) = (¢ + 1 is a successor ordinal.

Let £y = max(ws NE) and suppose that we have defined T* = {t € T : tks(t) < &}
and p*¢, p>% satisfying the relevant demands of (%)g—(%)19. Let ¢t € T* be such
that rks(t) = &. It follows from (%)11 that either po™*® IF¢ Xse, =07 or PO |
Xseo = X9 7 for some non-empty set X2 C P5. In the former case stipulate
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X; = {*}. Note that necessarily X C N5 1 and X? € Ns;ci2 (remember (x);3).
We declare that

{teTs:rks(t) <€} =T U{tU{(&,a)}:t €T & 1ks(t) =& & a€ X}
Plainly, |{t € T5 : tks(t) < &} < A and even {t € T5 : rks(t) < &} C Nsjcqr
and {t € Ts : tks(t) < &} € Nsycyo (again, by (x)13). Choose a tree of conditions
pt = (pf 1t €Ts & rks(t) <€) C Pg so that

e dom(p;) 2 (dom(p) U |J dom(r.) Uws) Nrks(t) for t € Ty, tks(t) < &,
e<d

e if t € Tj, rks(t) < € then p = pf’go,
o if t € Ty, tks(t) = € and (t)¢, # *, then p; (&) is a Pg,—name such that

e IFee, “ Do ((tea) < P (60) 7,
e if t € Ty, tks(t) = € and B € dom(p;") \ (& + 1), then
pi 1B IFp, “if the set {ro(8) : & < 8} U {p(8)} has an upper bound in Qg,
then p;7(B3) is such an upper bound ”.
(Note: pt € Nsycto.) Next we may use Proposition 0.4 to pick a tree of conditions
Pt = (ppt it € Ty & tks(t) < €) such that pt < ¢ and
o if £ < v, t € Ty, tks(t) = &, then either p:’g IF X5¢ = 0 or for some
non-empty set X? C Ps we have p*° IF X5 = X{.
(Again, by our rule of picking “the <}-first”, p** € Nsic42.) Then we choose a
tree of conditions p*¢ = (p0 : t € Ty & rks(t) < &) so that p*€¢ < p%¢ and for
every t € Ts with tks(t) = & we have dom(p®) = dom(p}**) and for 8 € dom(p®),
pX¢(B) is the <} first Pg-name for a condition in Qg such that

pf’§ BlFp, pf’g(ﬁ) is given to Generic by sj% as the answer to
*, S, . ~m*>
(p7i2(8),piio(B) & € w5 NPy *(8)) 7

Note that, by the rule of picking “the <}-first”, P € Nst¢y2. It should be also
clear that p*¢,p%¢ satisfy all the relevant demands stated in (¥)g—(*)19.
CASE 2: otp(ws NE) = ( is a limit ordinal.
Suppose we have defined {t € Ts : rks(t) < €} and p*,p%¢ for ¢ € ws N E.
By our rule of choosing “the <} -first objects”, we know that the sequence <{t €
Ts : tks(t) < e}, p™s,p%¢ 1 € € ws N §> belongs to Nsic+1. We also know that
{t € Ts : 1ks(t) < €} C Nsj¢. Let T be the set of all limit branches in ({t €
Ts : tks(t) < £}, <), so elements of T are sequences s = ((s): : € € ws N§) such
that sle = ((s)er 1 €' € wsNe) € {t € T5 : tks(t) < €} for e € ws NE. (Of course,
T+ € Nsicr1.) We put

{t e Ty : rk(;(t) < 5} = {t eTs: rk5(t) < f} U (T+ N N5+<+1) € N5+<+2.

Due to ()19 at stages ¢ € ws N &, we may choose a tree of conditions pt = (p; :
t € Ts & rks(t) < &) C Pe such that

e dom(p;) 2 (dom(p)U Ua dom(r.) Uws) Nrks(t) for t € Ty, rks(t) < €, and
e<

o if t € Ty, rks(t) = & < & then dom(p;) D dom(pS*°) and for each 3 €
dom(p;") N & we have

pi1B1Fe, “ Py (B) < pf(B) 7, and
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o if t € Ty, rks(t) = &, sup(ws NE) < B < &, B € dom(p; ), then

pi 1B IFp, “if the set {ro(8) : & < 8} U {p(8)} has an upper bound in Qg,
then p;7 () is such an upper bound 7.

Then, like in the successor case, we may find a tree of conditions p*¢ = (p; Site
Ts & 1ks(t) < €) such that pt < p*¢ and
o if £ < v, t € Ts, tks(t) = &, then either p* IF Xse = 0 or for some
non-empty set X} C Ps we have pi° |- X5¢ = X}.
Also like in that case we choose p%¢ = (p** : t € Ty & rks(t) < &). Clearly, all
relevant demands in (x)g9—(*)19 are satisfied.

The last stage of the above construction gives us a tree Ts = {t € Ts : rks(t) < v}
and a tree of conditions 7 = p° = (p : t € Ts). Since T5 C N totp(ws)+1, We
know that |Ts5| < A so we may apply Proposition 0.4 to get a tree of conditions
@ = (¢ :t € T5) > p° such that (x);6 is satisfied. Remembering ()15 + ()12, we
easily find P¢-—names gs¢ (for £ € ws) such that

o lFp, “ Gse = (@5.6(n) 1 m € Xs¢) is a system of conditions in Q¢ 7,

o Ikp.“ (V0 € Xs¢)(Po.c(n) < Goe(n)) ", and

o if t € Ty, rks(t) > &, then qf IFp “ Xs¢ #0 = @ €)= q(;g((t) ) 7,
So then ()14 is satisfied. Now we define ry ,7s € P, essentially by (x);—(x)3 and
(*)s-

After completing all A stages of the construction, for each £ € N N~ we look at
the sequence (fa,e, XaesDase,Gac - @ < A). By (¥)7, it is a Pe—name for a play of
o5t (ra(), @55 (where & € wg;l \ wg) in which Generic uses her winning strategy
ste. Therefore, for every £ € N N~y we may pick a Pe—name ¢(&) for a condition in
Q¢ such that

o if £ €wgyr \wg, B <A (or { €wp, f=0), then
ke “q(€) > rp(€) and ¢(€) kg, {5<A: (3n € Xs¢)(Gse(n) € Tg,) } € DP[Peiq]”.

This determines a condition ¢ € P., (with dom(q) = NN~) and eabily (Vﬁ <AN(p<
rg < ¢) (remember (x)3). For each £ € N N+ fix Peyi—names C’Z,gl (for i < X)
such that
g€+ 1) ke, “(Vi<A)(C5€DNV &g €*)) and
(voe 2 cin A set?( %)) (3n € Xs) (G5.c(n) € Tg,) ™

Let B be a P, —name for the set {5 <A pr NNs € Nsy1}. It follows from Lemma
1.6 that IFp. B € DP[P,].

Claim 3.3.1. If as = § is limit, then

qlre, “ifé € B and (Y& € ws)(d € A CsN A setP(gh))
i<
then (3t € Tj) (rks(t) = v &: @ €elp,)”

Proof of the Claim. Suppose that § = ay is a limit ordinal and a condition r > ¢
forces (in P, ) that

(%)%, 0 € B, and

()5 (V€ € ws) (6 € L CsN A setP(gh)).

i<
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Passing to a stronger condition if necessary, we may also assume that

(x)$, if v’ € P, N Ns, then either ' < r or 7/, are incompatible in P,.
Let H® = {r' € P, N N5 : v’ <r}. It follows from (%)%, + (¥)%, that

(#)% rIF“Tp, NNs=H’" and H® € Ngy1.
By 3.1(1)(a)+ (%)7 + (*)o we may choose a sequence T = (7(§, ) : £ € ws & a <
d) € Ns41 such that

e 7({,a) is a Pe—name for an element of Q¢, 7(§,a) € N,
o IFp, 7(§, ) = f5¢(a).
Next we choose a sequence ¢* = ((t*)¢ : £ € ws) € [] (PsU{*}) so that for each
E€ws

§ € ws, (t*)¢ is the <} ~first member of P5 U {x} satisfying:

(%)a2 f t =t*1€ = ((t*): e € ws NE) € Ty and

(i) for some non-empty set X C Py, po'* IFp, X = &5 (remember (x)11)
and there is n € X such that
(i) (Yo < 8)(r(& (@) € {r'(€) : 1" € H’}),
then (t*)¢ € X and (Va < 6)(7(&, (t")e(a)) € {r'(&) : ' € H}).

Note that for every § € ws U {7} the sequence t*[{ is definable (in L(€,<}))
from p,7, H, ws,& and (p°° : ¢ € ws N &). Consequently, if & € ws U {y} and
¢ = otp(ws N §), then t*]€ € Nsi¢cy1. Now, by induction on & € ws U {7y} we are
going to show that ¢*[¢ € Ts and choose conditions r¢,r¢* € Pe such that

(%)% ¢ e ST rl€ <rgand if € € wy NE then 72 < r¢, and

*k

(%)55 dom(rg) = dom(r¢*) and rf < r;* and for every 3 € dom(r;*)

rg* ke, “ (rZ(B),rZ*(B) : € € ws N (§+ 1)) is a partial play of Dé(@g,@@ﬁ)
in which Complete uses her winning strategy s~t05 7.

Suppose that otp(ws N €) is a limit ordinal and for £ € ws N & we know that
t*le € Ts and we have defined r*,r**. Tt follows from (x);3 that t*[¢ € Ts. Let
B = sup(ws N &) < & Tt follows from ()4, that we may find a condition re € Pe
such that r¢[f is stronger than all r* (for £ € ws N &) and rgf[ﬁ,g) = r[[B,¢).
Clearly r[§ < r¢ and also . I8 < r¢lB (remember (k)35 for € € ws NE). Now by
induction on « € [§,€) we argue that qf* el < rila. So suppose that f < a < ¢
and we know already that ¢’ iela < rifa. Tt follows from (x)3 + (x)5 + (x)6 that
réla kg, (Vi < 6)(ri(c) < pi. e(a) < . Fﬁ(a)) and therefore we may use (*)g to
conclude that

réla e, gie(a) < rs(e) < gle) <r(a) =r¢(a),
as desired. Finally we define ri* € P¢ essentially by (%)85-

Now suppose that otp(ws N &) is a successor ordinal and let £, = max(ws N &).
Assume we know that t*[§o € T and that we have already defined r{ ,r{" € Pe,.

It follows from the choice of ¢ and from (*)5, that

rey Fpe, “7(80) Ihge, (31 € Xsg,) (Go.c0(n) € Ty, ) 7-

Thus we may choose 7* € P¢, 11 and 1 € Ps such that r{7 < r*[&o, r*[& IF (&) <
r* (&) and 11§ IFp “ 0 € Xsgo & Goe0(n) < r7(S0) 7. Then (& +1) < r”
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and (by (x)7, 3.1(1)(c,d)) 7*[€o e, (Voo < 0)(7(€0,m(ax)) < 7*(&)) and hence (by
(%)%1) 1€ IF 7(&o,n(e)) < r(&o) for all & < 4. Therefore

(%)%, for all a < 8, 7(&o,m(a)) € {r' (&) : ' € H®}.
Since pffr”go < 7r*[€o (remember (x)45 for £y and (*)5) we may use (%)11 to conclude
that for some non-empty set X C P; we got pf;ﬁ%o IFp,, X = Xs¢ and n € X
satisfies (ii) of (¥)22. Hence (t*)¢, € X is such that

(+)34 for all a <3, 7(8o, (t")¢y (o)) € {r'(€0) : 7' € H°},
and in particular t*[{ € T (remember (x)11). We claim that (¢t*)¢, = 7. If not,
then by 3.1(1)(b) we have

& g, (Ha < 5) (f(ﬁo, (t")g (@), 7(€0,m(x)) are incompatible in @50)7

so we may pick @ < § and a condition rt € P¢, such that r*[& < r* and
rt IFpe, “ 7(€os (t")g (), T(0,m(x)) are incompatible in Q, .

However, 7+ H—]P,éo « I(an(t*)go(a)) < (&) & 1(&0,m(a)) < (&) 7 (by (%)%, +
(¥)%,), a contradiction.
Now we define rg‘ € P¢ so that rg (& + 1) = r* and 7"2[(50,5) — rl(60.€). By

the above considerations and (x);4 we know that ¢’. el +1) <r* =rgl(&o +1).
Exactly like in the case of limit otp(ws N &) we argue that qf* e < r’g. Finally, we
choose ri* € P¢ by (¥)55.

The last stage v of the inductive process described above shows that t* € Ty and
qf* < rf/, r< ri. Now the claim readily follows. O

We finish the proof of part (a) of the theorem exactly like in the proof of 2.7.
(b) Included in the proof of the first part. O

4. EXAMPLES AND COUNTEREXAMPLES

Let us note that our canonical test forcing Qg is B-noble:

Proposition 4.1. Assume that E,E are as in 1.11 and p = (P,S,D) is a Dl
parameter on \ such that A\ S € E. Then the forcing QE is B-noble over p.

Proof. The proof is a small modification of that of 1.12(2). First we fix an enumer-
ation (v, : @ < A) = <A\ (remember A<* = )\), and for a < \ let f(a) € QE be a
condition such that root ( f (a)) =1, and

(Vv € f(@)(va Qv = succya)(v) = A).

Let p € QE. Consider the following strategy st of Generic in D§+ (p, QE). In the
course of the play Generic is instructed to build aside a sequence (Tt : & < A) so
that if (fe, Xe, Pe, Ge : € < A) is the sequence of the innings of the two players, then
the following conditions (a)—(d) are satisfied.
(a) Te e QE and if E < ( < Athenp =T, D Tr D T¢ anchﬁg)\:Tgﬁfk,
(b) if £ < Ais limit, then T = () T,
¢<¢

(c) if £ € S, then

o fe= fI¢ and X¢ C P is a maximal set (possibly empty) such that
(@) for each n € X the family {f(n(e)) : & < £} U {T¢} has an upper

bound in Q€ and Ih(U{pa) 1 < &}) =€,
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(B) ifno,m € X are distinct, then for some a < £ the conditions f (no(a)),
f(m(c)) are incompatible,

e for 1) € X; the condition p§ is an upper bound to { f(n()) : ar < £} U{Te},

o Teyr =U{d5:ne X UU{(Te)y : v € ANTe and v ¢ pf, for n € Ae},

(d) lff ¢ S, then Xg = (Z), f,g = f[§ and T§+1 = Tg.
After the play is over, Generic puts p* = () T¢ € <*X. Almost exactly as in
<A

the proof of 1.12(2), one checks that p* € QE is a condition witnessing (®)5 of

3.1(1). O

Definition 4.2. Let E, FE be as in 1.11. We define a forcing notion Pg as follows.
A condition p in P is a complete A\-tree p C <*) such that

e for every v € p, either [succ,(v)| =1 or succ,(v) € E,, and
o for some set A € E we have
(Vv ep)(Ih(v) € A = succ,(v) € E,).

The order g:gpg is the reverse inclusion: p < ¢ if and only if (p,q € Pg and )
q<p.
Proposition 4.3. Assume that E,E are as in 1.11 and p = (P, S, D) is a Dl~

parameter on X such that A\ S € E. Then ]P’g is a (<X\)-complete forcing notion
of size 2* which is B-noble over p.

Proof. The arguments of 4.1 can be repeated here with almost no changes (a slight
modification is needed for the justification that p* € PE). |

We may use the forcing IP’E to substantially improve [RS05, Corollary 5.1]. First,
let us recall the following definition.

Definition 4.4. Let F be a filter on A including all co-bounded subsets of A, § ¢ F.
(1) We say that a family F' C *)\ is F-dominating whenever

(Vg e*N)(3f e F)({a < A:g(a) < f(a)} € F).

The F—dominating number dx is the minimal size of an F—dominating
family in A
(2) We say that a family F' C *\ is F-unbounded whenever

(Vg e*N)3f € F)({a < A:g(a) < f(@)} € (F)T).

The F—unbounded number bz is the minimal size of an F—unbounded
family in ).

(3) If F is the filter of co-bounded subsets of A, then the corresponding dom-
inating/unbounded numbers are also denoted by 0y, by. If F is the filter
generated by club subsets of A, then the corresponding numbers are called
Ocl, bcl-

Corollary 4.5. Assume A = A\<*, 2) = \T. Suppose that p = (P,S,D) is a
Dl-parameter on A, and E is a normal filter on A such that A\ S € E. Then there
is a AT T —cc A\—proper forcing notion P such that

Fp “ A = )\t = bgr =0gr =0y & by = bD[]p] =0ppp = AT
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Proof. For v € <*X let E, be the filter generated by clubs of X and let E = (E, :
v e <*\). Let Q= (P, Q¢ : £ < ATT) be a A-support iteration such that for every

£ < AT, kg, “ Qe = P 7. (Remember, we use the convention that in V' the
normal filter generated by E is also denoted by E etc.) Let P = Py++ = lim(Q).

It follows from 3.3(a)+4.3 that P is A-—proper. Using [RS, Theorem 2.2] (see also
Eisworth [Eis03, §3]) we see that P satisfies the A**—cc, IFp 2* = AT+ and P is
(<A)—complete. Thus, the forcing with P does not collapse cardinals and it also
follows from 3.3(b) that

IFp “ *A NV is D[P]-dominating in *\ ”.
It is also easy to check, that for each £ < A\TF
IFp “ 2*X N VP is not F—unbounded in *\ ”

and hence we may easily conclude that IFp“ bge = 21 7. O

Definition 4.6. Assume that
e )\ is weakly inaccessible, A<* = )\,
e H: )\ — \issuch that |a|" <[H(a)| for each o < A,
e F'is a normal filter on A\, F = (F, : v € |J ][ H(§)) where F, is a

a<é<a
(<|a|t)—complete filter on H(cr) whenever v € [] H(£), v < A
(<a
We define forcing notions @%I, r and ]P’I;  as follows.
(1) A condition p in Q%I’F is a complete A-tree p C L<J/\ 51;[ H(¢) such that
(a) for every v € p, either |succ,(v)| = 1 or succ,(v) € F,, and
(b) for every n € limy(p) the set {a < X : succy(nla) € Fyja} belongs to
F.
The order of ng 7 1s the reverse inclusion.
(2) A condition p in IP’I%F is a complete A\—tree p C L<J)\ E];[ H(¢) satisfying
(a) above and
(b)*™ for some set A € F we have

(Vv €p)(lh(v) € A = succy(v) € F,).

The order of Pg P is the reverse inclusion.

Proposition 4.7. Assume that \,H, F, F are as in 4.6. Let p = (P,S,D) be a
Dl—parameter such that A\ S € F. Then both QII;IF and IP’};IF are strategically

(<) -complete forcing notions of size 2* which are also B-noble over p.
Proof. Like 1.12(2), 4.1, 4.3. O

The property of being B-noble seems to be a relative of properness for D—-semi
diamonds introduced in [RS01] and even more so of properness over D-diamonds
studied in Eisworth [Eis03]. However, technical differences make it difficult to
see what are possible dependencies between these notions (see Problem 7.2). In
this context, let us note that there are forcing notions which are proper over semi
diamonds, but are not B-noble over any D{-—parameter p. Let us consider, for
example, a forcing notion P* defined as follows:

a condition in P* is a function p such that
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(a) dom(p) € AT, rng(p) € A™, |dom(p)| < A, and
(b) if a1 < ag are both from dom(p), then p(ay) < ag;
the order < of P* is the inclusion C.

Proposition 4.8 (See [RS01, Prop. 4.1, 4.2]). P* is (<\)-complete forcing notion
which is proper over all semi diamonds.

Proposition 4.9. P* is not B-noble over any Dl{—parameter p on A.

Proof. Let g € P* be such that that A € dom(q) and let Wy be a P*—name such
that Ikp«“ Wo = [JTp«[A 7. Clearly

qlkp- “ Wy is a function with dom (W) C X and rng(Wy) C A 7.
Let W be a P* name for a member of *X such that
qlFp “Wo C W and (Voz e\ dom(Wo)) (W(a) = a) 7.

Now suppose that p = (P, S, D) is a Df-parameter and (A4, : a < \) is a sequence
of subsets of A such that |A,| < A for & < A. The following claim implies that P*
(above the condition ¢) is not B-noble over p (remember 3.3(b)).

Claim 4.9.1. kp- “{a<X:W(a) € Ay} ¢ D[P*] 7.

Proof of the Claim. Suppose that p > ¢ and Bj, f; (for i < \) are P*-names for
members of D NV and members of ), respectively, such that
plepe © A BN A setP(f;) C{a< A:W(a) € A} 7.
i< i< -
Build inductively a sequence (p;, By, fi : © < A) such that for each i < A:
(i) pi € P*, p<po <p; <p; for j <i,
(ii) B; € DNV, f; € *X and
(iil) pi lFp“ B; = B; and f;[i = f;[i for all j <i”, and
(iv) @ < sup (dom(p;) N A).
Since B = A B; N A setP(f;) € D, we may pick a limit ordinal 6 € B such
i<A i<A
that (Vi < &)(sup ((dom(p;) Urng(p;)) N A) < §). Put o = sup(As) + 888 and
pt = U piU{(6,a)}. Then p™ € P* is a condition stronger than all p; for i < §
<0
and pt IFp- “6 € A B;N A setP(f;) and W(0) = a ¢ As 7, a contradiction. [
i< i< =
A similar construction can be carried out above any condition ¢ such that for
some « € dom(q) we have cf(a) = A (the set of such conditions is dense in P*). O

5. QL vs PE AND COHEN A-REALS

The forcing notions Q% and PZ (introduced in 1.11 and 4.2, respectively) may
appear to be almost the same. However, at least under some reasonable assumptions
on F, E they do have different properties.

Suppose that V. C V* are transitive universes of ZFC (with the same ordinals)
such that <AA NV = <A*ANV*. We say that a function ¢ € *2NV* is a A-Cohen
over V if for every open dense set U C <*2 (where <*2 is equipped with the partial
order of the extension of sequences), U € V| there is v < A such that cJa € U.

Proposition 5.1. Assume that
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) A is a strongly inaccessible cardinal,

) S is the set of all strong limit cardinals k < A of countable cofinality,

) E is a normal filter on X such that S € E,

) =(E, :v € <A\) is a system of (<\)-complete non-principal filters on

(

(a
(b
@ E

Then the forcmg notion ]P’E adds a A—Cohen over V.

Proof. Let k € S. We will say that a tree T' C <"k is k—interesting if

(®)o |lim,(T)| = 2" and for some increasing cofinal in x sequence (0, : n < w) C
K we have

(Vn <w) (Vv € T)(Ih(v) <6, = sup (mg(v)) < dpt1).

Note that there are only 2 many k—interesting trees (for k € S). Therefore we
may fix a well ordering of the family of k—interesting trees of length 2% and choose
by induction a function f, : *x — <#2\ {()} such that

(®); if T C <%k is a k-interesting tree, then
(Vo € <*2\ {(})}) (O € limu(T)) (fx(n) = o).
Let W be a PE-name such that Fpe W = U {root(p) : p € FPE}' Plainly, IF W €
AX. Next, let C be a PE—name such that H-Pg C={keS: Wk € "k} and let T
be a PZ—name such that
II—PE “ 7 is the concatenation of all elements of the sequence
(fe(Wik): ke C), ie, 7= (.. " fu(WIK)".. )rec 7

Plainly, IF 7 € *2 (remember, () ¢ rng(f,) for x € S).
We are going to argue that

IFpe “ 7 is A-Cohen over V 7.
E

To this end suppose that U C <*2 is an open dense set and p € ]P’g. Let
B={keS: (vnepn”A)(succ,(n) € E,)}
(so B € E). By induction on n < w choose d,, T, so that
(®)2 0, € B, 6 < 6pa1, Tn C <0n )\ is a complete tree (thus every chain in T,
has a <-bound in T3,),
(@)3 Tn g Tn+1 g D, Tn+1 N 6nA = Tn N 671)\’ TO g §50507 |T0 N 5050| =1
(®)4 if v € T, N <%\, then sucer, (v) # () and
2 < sucer, (v)| = lh(v) € {do,...,0n-1},
(®)s if v € T4 N\, then [sucer, ,, (v)| = d, and

sup (rmg(v)) < 6p4+1 < min (sucer, ,, ().
Next put k = sup(d, : n < w) and T'= |J T,,. Clearly k € S and T C <"k is a

n<w
k—interesting tree such that

(¥n € lim.(T)) (k = min{d € S : 6y < § & s € °5}).
Let To N %8y = {no} and C(ng) = {0 € SN (6 + 1) : no[d € 9}, and let 19

be the concatenation of all elements of the sequence (fs(no]d) : § € C(no)), i.e.,
0o = (... " fs(mol0) .. )sccm) € <*2. Pick 0 € <*2 such that rop<tc € U. It
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follows from (®); that we may find 5 € lim,(T") such that o = 70" f«(n). Now note
that (p)s, IFPE o<T. O

Proposition 5.2. Assume that

(a) A is a measurable cardinal,

(b) E=(E, :v & <*)\) is a system of normal ultrafilters on A,
(¢c) Eisa normal filter on A,

(d) p € QE and T is a QE ~name such that pIF 7 € 22,

) o

(e

= (0o : @ < A) is an increasing continuous sequence of mon-successor
ordinals below A such that 69 = 0 and 92!l [0a+1]| for all < A.

Then there are a condition q € Qg and a sequence (Aq @ oo < \) such that

(1) ¢>p and Ay C DBedet)2 |AL| < [0qr1| for a < X, and
(ii) ¢ ko2 (Vo < X\) (7 [[50,5a+1) € Ad).

In particular, the forcing notion QE does not add any A—Cohen over V.

Proof. Let (v, : @ < A) be an enumeration of <X such that v,<lvg implies a < 3.
By induction on @ < A we will construct a sequence (Ay, pa, Xo @ @ < A) so that
for each a < A we have:

(&)1 AOé g [5a75a+1)27 |AO£‘ < |6Ot+1|7 pa € Qg7 Xa gpou |Xoc| S 6047
(K)2 if @ < 8 < A, then p, < pg and X, C Xg,
(K)s po = p, Xo = {root(po)}, and if « is limit then p, = () pg and X, =

B<a
U X,
B<a
()4 if v € Xg41, then suce,, (V) € E,,

(M)5 if a is limit, v € X, and o € [ succ,,(v), then for some n € Xoq1 we
B<a
have v™(a) < 1,
(M) if V4 € Do, then there is n € X441 such that v, < n and if (additionally)
succy, (Vo) € E,,, then n = v,,
(X)7 if @ is limit and v € “a N p, and succ,, (v) € By, then v € Xo4q,
(M)s pa+1 IF T[6as0a+1) € Aa-
Suppose that we have determined pg, X3 for 8 < o and Ag for 8+ 1 < « so that
the relevant instances of (X);—(X)g are satisfied. If « is limit or 0, then p,, X, are
defined by (X)3 (and A, will be chosen at the next step). One easily verifies that
Doy Xao satisfy the requirements in (X);—(X),.
So suppose now that o = v+ 1 (and we have defined p,, X, and Ag for 8 < 7).
We may easily choose a set X, C p, such that

(K)g Xy C Xa, | Xa| < 6o and X, satisfies (K),—(X)7 (with o there correspond-
ing to v here), and
(X)10 if no,m € Xo, v =m0 N1y, then v € X,, and
(X)11 if (e : € < () € X, is <-increasing, then there is n € X, such that
(V€ < O)(ne < m).
Next, for each n € X, choose a function o, : [§y,6y+1) — 2 and a condition
Gy € QE so that
(R)12 to0t(gy) =1, (Py)y < @y, (Vv € Xo) (nav = v(lh(n)) ¢ succy, (1)) and
dn I+ IH‘SW 5’y+1) = 0Op.

See https://shelah.logic.at/papers/888/ for possible updates.
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(Possible by assumption (b) and 2.4.) Put p, = |J ¢, and A, = {0, : n € X, }.
n€Xa

Plainly, [A,| < |Xa| < 0441 and p, € Qg (to verify that p,, is a complete A-tree use
(X)10 + (X)11; the other requirements easily follow from the fact that |X,| < A).
One also easily checks that p, IF 7[[dy,0y41) € A.

After the inductive construction is carried out, we put ¢ = () po. It follows
a<
from (K)o + (K)5 + (K)¢ that ¢ is a complete A-tree, [succy(v)| = 1 or sucey(v) € E,

for each v € ¢, and
U Xo={v €q:succ(v) € E,}.
a<A
Suppose now that 1 € limy(¢g). Then for each o < A we have n € limy(p,) and
hence By {& < X:suce,, (n]€) € Epe} € E. Let
C = {6 < \: 4 is limit and n[d € °§}

(it is a club of A). Since E is a normal filter, C N A B, € E. Suppose § €

a<A
CnN A B,. Then by (K)3+ (X)7 we have nd € X541 and thus succy(n[d) € Eys.
a<A B
Consequently, ¢ € QE.
Finally, it follows from (X)g that ¢ I- (Va < )\) ([[[5a,5a+1) € AQ). ]

Let us note that forcing notions of the form Qg may add A—Cohens if the filters
E, are far from being ultrafilters.

Proposition 5.3. Assume that
(a) E is a normal filter on A = X%,
(b) E=(E, :v e <*)\) is a system of (<\)-complete filters on X,
(c) for every v € <A\ there is a family {AY, : a < \} of pairwise disjoint sets
from (E,)*.
Then both the forcing notions QE and }P’g add A\—Cohens over V.

Proof. We will sketch the argument for Qg only (no changes are needed for the

case of PE).
For each v € <*X choose a function h, : A — <2\ {()} such that

(Yo € 2) (Fa < A) (V€ € A%) (h(€) = o).

Let W be a ngname such that \FQE w=U {root(p) ip € FQE} and let 7 be a

Qg—name such that

“

“_QE T is the concatenation of all elements of the sequence

{hWFE(W(f)) LE< ), de.,
7= (hy (W(0) “hawoy WD) ™. " e (W)™ Dear ™.

One easily verifies that IF“ 7 € *2 is a A-Cohen over V . O

The result in 5.2 would be specially interesting if we only knew that it is preserved
in A-support iterations. Unfortunately, at the moment we do not know if this is true
(see Problem 7.3(1)). However, we may consider properties stronger than adding
A—Cohens and then our earlier results give some input.
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Definition 5.4. Suppose that V. C V* are transitive universes of ZFC (with the
same ordinals) such that <*ANV = <*XNV*. We say that a function ¢ € *2NV*
isa
(1) strongly® A—Cohen over V if it is a A-Cohen (i.e., for every open dense set
U C <*2 from V there is a < A such that c[a € U) and
(©) if (Na,Ba : @ < A) € V is such that a < B, < A and 7, € [*F*)2 for
a < A, then

V* E{a <X:in, € c} is stationary;

(2) strongly® A—Cohen over V if it is a A-Cohen and
(@) if (NasBa : @ < A) € V is such that o < B, < A and 7, € [*F)2 for
a < A, then

V* E {a < X:n, Cc} is stationary.

(3) More generally, if D is a normal filter on A, D € V then we say that ¢ €
A2 N V* is D-strongly® \~Cohen over V if in (@) we replace “stationary”
by “c (DV')*” (where DV is the normal filter generated by D in V*).
Similarly for strongly®.

Remark 5.5. (1) To explain our motivation for 5.4, let us recall that if ¢ € *2
is A=Cohen over V and (1, o : @ < A) € V is such that a < , < A and
Na € [@P2)2 for v < A, then

V* = “both {a < AX:ny Cc} and {a < X : 1y € ¢} are unbounded in A 7.

(2) Let (g, Ba : @ < A) € V be such that a < B, < A and 5, € [*F=)2 for
a < A Let C = (<*2,<) (so this is the \-Cohen forcing notion) and let ¢
be the canonical C-—name for the generic A-real (i.e., k¢ ¢ = JT¢). Let Q
be a C—name for a forcing notion in which conditions are closed bounded
sets d C A such that (Va € d)(n, C ¢) ordered by end extension. Then

C*Q is essentially the A\-Cohen forcing and
lFcsg “ ¢ is not strongly® A-Cohen over V 7.

Hence, if we add a A-Cohen then we also add a non-strong® A—~Cohen.
(3) Note that strongly® A-Cohen implies strongly® \—Cohen. (Simply, for a
sequence (N, Ba : @ < A) consider (1 — 7y, 8o 1 @@ < A).)

Proposition 5.6. Assume that X is a strongly inaccessible cardinal and p =
(P, )\, Dy) is a D{-parameter such that Ps = °5 and Dy is the filter generated
by club subsets of \.

(1) If a forcing notion Q is reasonably B—bounding over p, then
kg “ there is no strongly® A\—Cohen over V 7.
(2) If Q = (P, Qo : a <) is a A—support iteration such that for every a < A,
”

IFp, “Qq is reasonably B-bounding over p[Py] 7,
then

Ikp, “ there is no strongly® A—Cohen over V 7.
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Proof. (1) Note that, in V@, D,[Q] is the filter generated by clubs of \.

Let p € Q and let n be a Q-name such that p I- 7 € 22. Let st be a winning
strategy of Generic in the game 05" (p, Q).

Let us consider a play of DE*(p, Q) in which Generic follows the instructions
of st while Antigeneric plays as follows. In the course of the play, in addition to
his innings ¢;*, Antigeneric constructs aside a sequence </$a, me:tel,) a< )\>
such that if <Ia, ¥ gt tel,): a< )\> is the sequence of the innings of the two
players then the following two demands are satisfied.

(B)); kg is a cardinal such that 2//elTeRe < x and n® € #=2 (for t € I,,),

(B2 ¢ kg nlka = 0y for each t € I,.

Since the play is won by Generic, there is a condition g > p such that

qglFg “{a<X: (3t e l,)(q € Tg)} contains a club of A 7.

It follows from (CJ); that for each o < A we may choose € < el from the in-

terval (a,kq) such that (V¢ € I,)(nf (%) = n(el)). For each v < A choose
Vo @ [, ko) — 2 so that 14(%) = 0 and v,4(cl) = 1. Then

qlFg “{a < X:vy € n} contains a club of X .

(2) Similar, but we have to work with trees of conditions as in the proof of 1.10. O

6. MARRYING B-bounding WITH fuzzy proper

In this section we introduce a property of forcing notions which, in a sense,
marries the B-bounding forcing notions of [RS05, Definition 3.1(5)] with the fuzzy
proper forcings introduced in [RS07, §A.3]. This property, defined in the language
of games, is based on two games: the servant game D%ﬁ%’am which is the part
coming from the fuzzy properness and the master game Dgagter which is related to
the reasonable boundedness property. Later in this section we will even formulate
a true preservation theorem for a slightly modified game.

In this section we assume the following:

Context 6.1. (1) X is a strongly inaccessible cardinal,
(2) D is a normal filter on A,
(3) SeD,0 ¢S, all successor ordinals below A belong to S, A\S is unbounded.

Definition 6.2. Let Q be a forcing notion.

(1) A Q-servant over S is a sequence ¢ = (q) : § € S & t € I;) such that
|I5] < X (for § € S) and ¢ € Q (for 6 € S, t € I5).

(2) Let g be a Q-servant over S and ¢ € Q. We define a game D%‘f‘g’ant(cj, q,Q)
as follows. A play of D%‘f‘gam(q_, q, Q) lasts at most A steps during which the
players, COM and INC, attempt to construct a sequence (rq, Ay : a < \)
such that

07, €Q,¢g<rq,AneDanda< <A = 1o <rg.
The terms ry, A, are chosen successively by the two players so that

e if & ¢ S, then INC picks r, Ay, and

e if « € S, then COM chooses rq, A,.
If at some moment of the play one of the players has no legal move, then INC
wins; otherwise, if both players always had legal moves and the sequence
(ro, A : a < A) has been constructed, then COM wins if and only if
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(@) (WeS)(F€ N Aa & dislimit] = (3t € I;)(g) < rs)).
a<d

as a winning strategy in the game q,q,Q), then we wi
3) If COM h inning oy in the g agﬁgm Q), th ill
say that g is an (S, D)—knighting condition for the servant q.

Definition 6.3. Let Q be a strategically (<A)—complete forcing notion.
(1) For a condition p € Q we define a game Dg%ter(q, Q) between two players,
Generic and Antigeneric. The game is a small modification of DLbB (p,Q)
(see 1.8) — the main difference is in the winning condition. A play of
Dg%ter(p, Q) lasts A steps and during a play a sequence

<Ia, g g tely)a< )\>

is constructed. Suppose that the players have arrived to a stage o < A of

the game. Now,

(N)4 first Generic chooses a non-empty set I, of cardinality < A and a
system (p : ¢t € I,) of conditions from Q,

(3)o then Antigeneric answers by picking a system (¢ : t € I,) of condi-
tions from Q such that (Vt € I,)(p¥ < ¢*).

At the end, Generic wins the play <Ia,<p§‘,qta st el a< )\> of

OB (p, Q) if and only if letting ¢ = (¢f : a € S &t € I,) (it is a

Q-servant over S) we have

(®)2:5  there exists an (S, D)-knighting condition ¢ > p for the servant .
(2) A forcing notion Q is reasonably merry over (S, D) if (it is strategically
(<A)-complete and) Generic has a winning strategy in the game 055" (p, Q)
for any p € Q.

Theorem 6.4. Assume that X\, S, D are as in 6.1. Let Q = (Po, Qo : v < 7y) be a
A—support iteration such that for each o < 7y:

IFp, “Qq is reasonably merry over (S, D)”.
Then
(a) P, = lim(Q) is A-proper, and
(b) for every P,—name T for a function from A to V and a condition p € P,
there are ¢ > p and (A¢ : & < A) such that (V§ < N)(|A¢] < A) and
gk “{e<A:7(6) € Ay e (DP)T .

Proof. (a) The proof starts with arguments very much like those in [RS05, Theo-
rems 3.1, 3.2], so we will state only what should be done (without actually describ-
ing how the construction can be carried out). The major difference comes later, in
arguments that the chosen condition is suitably generic.

Suppose that N < (H(x), €, <}) is such that

SANCN, |N|=X and Q,8,D,...€N.

Let p € NNP, and (74 : a < A) list all P,—names for ordinals from N. For each
§ € NN+ fix a Pe—name sj? € N for a winning strategy of Complete in O} (Qg, @@5)
such that it instructs Complete to play QQ& as long as her opponent plays @@ﬁ.

Let us pick an increasing continuous sequence (ws : § < A) of subsets of ~ such
that |J ws = NN+, wo = {0} and |ws| < A.

<A
By induction on § < A choose
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(X)s T5,0°, 0,75 75, (Es.6:Pocr Goc & € ws), and ste for § € wsyr \ ws
so that if the following conditions (x)o—(x)1; are satisfied (for each § < \).

(¥)o All objects listed in (X)s belong to N and they are known after stage ¢ of
the construction.

(¥)1 75,75 € Py, 75 (0) = 19(0) = p(0), and for each & < § < A we have
(V€ € wat1)(ra(§) =715 (§) =7r5(§)) and p < ry <ro <15 <75

()2 If £ € dom(rs) \ ws, then

rs|€IF “ the sequence (r, (£),74(€) : a < §) is a legal partial play of
975 (@5’@@5) in which Complete follows st?

and if £ € wsy1\ws, then ste is a Pe—name for a winning strategy of Generic
in 0§35 (rs(€), Q¢) such that if (pf' : ¢ € I,) is given by that strategy to
Generic at stage «, then I, is an ordinal below A. Also st is a suitable
winning strategy of Generic in 0§45 (p(0), Qo).

(¥)s Ts = (Ts,rks) is a standard (ws, 1)7-tree, |T5| < A

(¥)4 P° = (p) : t € T5) and @° = (q) : t € Ts) are standard trees of conditions in

QP <.

(¥)s If t € Ty, rks(t) = 7, then the condition ¢ decides the values of all names
(Ta 1 <0).

(x)¢ For t € Ts we have (dom(p) U |J dom(rs) Uws) Nrks(t) C dom(p?) and

a<d
for each &€ € dom(p?) \ ws:

pIIE kg, “if the set {ro(£) : a < 6} U{p(¢)} has an upper bound in Q,
then p¢ (&) is such an upper bound ”.

(¥)7 If £ € ws, then g5¢ is a Pe—name for an ordinal below A, Do, Qs are
Pe—names for g5 ¢—sequences of conditions in Q.
(¥)s If € € wsy1 \ ws, then

H_IPg “ <§a¢£7?a,§7ga,£ ra< )‘> is a play of Dg%ter(TJ(g)v@E)
in which Generic uses st¢ ”.

(¥)9 If t € Ty, tks(t) = € < =, then the condition p decides the value of g5,
say py I-4esc = e 7, and {(s)¢ : t<1s € Ts} = e and
q) IFp, “ Pse(e) < pfﬁ<5> (€) and gs¢(e) = qfﬁ@ (€) for e < efe "
(*)10 If t(),tl S Tg, I‘kg(t(]) = I‘k(;(tl) and g S ws n I'k(;(t()), t() [5 = tl Ff but
(to)5 75 (tl)g’ then
p?o e IFp, “ the conditions p) (£),p?, (€) are incompatible ”.

(¥)11 dom(ry) = dom(rs) = |J dom(q?) Udom(p) and if t € Ts, £ € dom(rs) N
teTs

rks(t) \ ws, and qf [§€ < q€Pg, rsl€ < g, then

qlbp,  “if the set {ro (&) : @ <6} U{gf(£),p(€)} has an upper bound in Qg,
then 75 (§) is such an upper bound ”.

After the construction is carried out we define a condition r € P, as follows. We
let dom(r) = N N~ and for £ € dom(r) we let r(§) be a Pe—name for a condition
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in Q¢ such that if £ € waq1 \ Wa, a <A (or § =0 = «), then

IFpe “r(§) > 1a(§) is an (5, D)-knighting condition for the servant
T E (Goele): €S &e<ese) .

Clearly r is well defined (remember (x)g). Note also that r5 < r for all § < A and
p < r. We will argue that r is an (NV,PP,)-generic condition. To this end suppose
towards contradiction that r* > r, o* < X and 7* IF 74+ ¢ N.

For each £ € N N~ fix a Pe—name stg for a winning strategy of COM in the

game Dservant( 7 ,7(£),Q¢). Moreover, for each { < v fix a Pgname s~t2 for a
winning strategy of Complete in D(}(Qg,@@g) such that it instructs Complete to
play (g, as long as her opponent plays (g, .

By induction on § < A we will build a sequence

(ry.rd (A5, A5, i< A& EENNY) 1< N)

such that the following demands (x)12—(x)16 are satisfied:

(%)12 7} EIP’A,,T*<7“* <ri <rjfora<d<A,
(*)13 61 is a P¢—name for an element of DNV (for £ € NNy, i < A),
(*)14 if 0 € A\ S and & € ws, then 75§ IFp, (Vo < 9)(Vi < cS)(A’E = Aiﬁi),
(¥)15 if B <0 < A and § € w41 \ wg, then for some Pe—names <55 a < B) we

have
ri1€ - “ the sequence (s, A A5 sa < By T(rE (¢

), A
is a legal partial play of Dse”am( 7(§), Qe )
in which Generic follows stf 7

*

Ail:ﬂ<a§5)

(¥)16 dom(ry) = dom(r}), ry lws = r}lws and for each & € dom(ry) \ ws we
have

r; [€1F “ the sequence {r’(£),71(£) : o < §) is a legal partial play of

e

05 (Qe, g@a) in which Complete follows st? ”.

So suppose that we have arrived to a stage § < A of the construction and

o ri rd for a <4,

oAiiforz</\,a<5and£€ U ws,
' B<s

o Aii for a,i < sup(d\ S) and & € U wg
B<sup(d\S)
have been determined.
Case 1: 6¢65.
Note that by our assumption on S (in 6.1), § is not a successor ordinal, so ws =

U wa (or § = 0 and wo = {0}). By ()16 + (¥)15 we may choose a condition 7
a<d
stronger than all 7} (for @ < §) and stronger than r* and such that for each ¢ € w;

o if @ < ¢ and 7 < 4, then 7} [{ forces a value to Aa i say
ryl€ e, A5, = A

For £ € ws and 7 < A we also let Ag,i be a Pe—name for the interval (6, A). The
condition 7";' is fully determined by (*)16
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Case 2: 6 € S is a successor ordinal, say 6 = 8 + 1.
First, for each £ € ws \ wg we pick Pe—names s, and AE” (for o < 4, ¢ < A) such
that 7} [€ IFp, 73 (£) = 5§ and
ril€IF ¢ the sequence (s, A Ail :a < ) is a legal partial play of
<

i<A
O (%, 7(€), Qe) in which Generic follows st 7.

Next, we let dom(ry) = dom(r;r) and for each ¢ € ws we choose P¢e—names 75 (§)
and Agi (for ¢ < A) such that

7"2' 1€ Ikpe 75(), _AA AgL is the answer to the partial game as in ()15 given by st{.
1<

For ¢ € dom(r}) \ ws we put 75(§) = r;{ (€). Then we define condition ry by (*)16.
Case 3: 6 € S is a limit ordinal.

We let dom(rs) = |J dom(r]) and by induction on & € dom(r}) we define 7} (&)
a<d
so that

o if £ ¢ ws, then 75 [E IF (Va < &) (rF(£) < r}(€)) (exists by (%)16),
e if £ € ws then for some P¢—names Agﬂ. for members of DNV

75 1€ IFpe 75(), A)\ Ag)i is the answer to the partial game as in (*)15 given by stf.
1<

The condition r{ is given by (x)16.
After the above construction is carried out we note that
{0 <X: (V€€ ws)(Va,i < 8)(0 € A ,)} €D,

so we may choose an ordinal 6 € S'\ (a* 4+ 1) which is a limit of points from A\ S

and such that 6 € ) A Ai’i for all £ € ws. The following claim provides the
a<di<A
desired contradiction (remember (x)g + (*)5).

Claim 6.4.1. For some t € Ts such that tks(t) = ~ the conditions ¢ and r} are
compatible

Proof of the Claim. The proof is very much like that of Claim 2.7.1. Let (g : § <
B*) = ws U {7} be the increasing enumeration. For each { < v fix a Pg—name st}
for a winning strategy of Complete in O} (Q¢, D, ) such that it instructs Complete
to play (g, as long as her opponent plays (g, .

By induction on 3 < 8* we will choose conditions sg, s} € Pe, and t = ((t).
B < B*) € Ts such that letting 9= <(t)5b : B < B) € Ts we have

5 :

(@) qu < sg and 7}]eg < sg,
(B)y dom(sp) = dom(s}) and for every ¢ < &g,

spl¢ kg, « (sp (), sZ,(C) : B < B) is a partial legal play of Dé‘(@c,@@g)
in which Complete uses her winning strategy sty 7.

Suppose that § < * is a limit ordinal and we have already defined 8 = (e,
B < B) and (spr, 5% : B < B). Let & = sup(eg : f' < B). It follows from (LJ),
that we may find a condition sg € P-, such that sg[¢ is stronger than all s, (for
B < B) and sgl[€,ep) = r51[€,e5). Clearly rjleg < sz and also qfﬂ 1€ < sglé
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(remember (),). Now by induction on { € [{,e5] we argue that qu I¢ < sgl¢.
Suppose that £ < ¢ < g and we know qu ¢ < sgl¢. By ()2 + (%)a + (%) we know
that sg[¢ IF (Vi < §)(r:i(¢) < pfg €) < qu (¢)) and therefore we may use (x)11 to
conclude that

561 Fpe 4)s () < 75(¢) < 7(Q) < 75(0) = 55(C)-

Then the condition sj € P., is determined ().
Now suppose that 8 = 8’ + 1 < 8* and we have already defined sprySp € Pey,
and tf/ € Tys. It follows from the choice of § and (x)14 that rjleg IFd € [ A Ai ;

a<si<A
and hence, by the choice of 7 and ()15 we have (remember (®) of 6.2(2))

SE’ ”_PEBI ¢ (HE < §6’56') (g6755’ (E) < r‘}k(&-ﬁ,)) v
Therefore we may use ()9 to choose € = (t),, and a condition sz € P, such that

o t2 Ly {(epr,e)} € Ts, s < splep and

« i

spleg e, “ 4 (ep) < 75(ep) = splep) 7,

o 751(eprep) = spl(epr ).
We finish exactly like in the limit case.
After the inductive construction is completed, look at ¢t = t7  and 5p. g

(b) Should be clear at the moment. |

Definition 6.5 (See [RS05, Def. 3.1]). Let Q be a strategically (<\)—-complete
forcing notion.
(1) Let p € Q. A game 0'%SB(p, Q) is defined similarly to D;bB(p, Q) (see 1.8)
except that the winning criterion (®)¥ 5 is weakened to
(®)'5 there is a condition p* € Q stronger than p and such that

p* kg “{a<A:(3tel.) (¢ €Tg)} € DU.

(2) A forcing notion Q is reasonably B-bounding over D if for any p € Q,
Generic has a winning strategy in the game oS (p, Q).

Observation 6.6. If Q is reasonably B-bounding over D, then it is reasonably
merry over (S, D).

It is not clear though, if forcing notions which are reasonably B-bounding over a
Di¢—parameter p are also reasonably merry (see Problem 7.4). Also, we do not know
if fuzzy properness introduced in [RS07, §A.3] implies that the considered forcing
notion is reasonably merry (see Problem 7.5), even though the former property
seems to be almost built into the latter one.

One may ask if being reasonably merry implies being B-bounding. There are
examples that this is not the case. The forcing notion Q2, (see 6.8 below) was
introduced in [RS05, Section 6] and by [RS05, Proposition 6.4] we know that it is
not reasonably B-bounding over D. However we will see in 6.12 that it is reasonably
merry over (S, D).

Definition 6.7 (See [RS05, Def. 5.1]). (
function is a mapping ¢ : P(a) — P
all u € P(a).

1) Leta < 8 < A. An(a, B)—extending
(8) \ P(«) such that ¢(u) Na = u for
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(2) Let C be an unbounded subset of A. A C'-extending sequence is a sequence
¢ = (¢q : @ € C) such that each ¢, is an (o, min(C'\ (« + 1)))-extending
function.

B)Let CC A\ |ICl=XBeC,wC pandlet ¢ =(cy,: € C)bealC-
extending sequence. We define pos™ (w, ¢, 3) as the family of all subsets u
of 3 such that

(i) if ®p = min ({a € C : (V€ € w)(§ < a)}), then uNapg = w (so if

ap = B, then u = w), and

(ii) if ap,on € C, w C ap < a3 = min(C \ (g + 1)) < 3, then either
Cag(uNap) =uNaj oruNag =uNai,

(iii) if sup(w) < ap = sup(C'Nag) ¢ C, a1 = min (C'\ (e + 1)) < B, then
uNoa;r =uNag.

For apg € N C such that w C «p, the family pos(w, ¢, ag, 5) consists of all

elements u of pos™(w, ¢, 3) which satisfy also the following condition:

(iv) if ¢y =min (C'\ (g + 1)) < B, then uNay = cay(w).

Definition 6.8 (See [RS05, Def. 6.2]). We define a forcing notion Q% as follows.
A condition in Q% is a triple p = (w?, CP, ¢?) such that
(i) C? € D, w? C min(CP),
(if) ¢ = (B : a € CP) is a CP—extending sequence.
The order <gp2 =< of Q% is given by
P <q2 q if and only if

(a) C1C CP and w? € pos™(wP, ¢?, min(C?)) and
(b) if ag, a1 € O, ap < a; = min(C?\ (g +1)) and u € pos™ (w9, ¢?, ap), then
cd, (u) € pos(u, ¥, ag, o).

For p € Q%,, a € CP and u € pos™t(wP, P, ) we let p[ u def (u, CP\ o, P[(CP\ ).

In [RS05, Problem 6.1] we asked if A-support iterations of forcing notions Q%
are A-proper. Now we may answer this question positively (assuming that A is
strongly inaccessible). First, let us state some auxiliary definitions and facts.

Proposition 6.9. (1) Q% is a (<\)-complete forcing notion of cardinality 2.

(2) If pe Q% and o € CP, then

e for each u € post(wP, P, ), pl,u € Q% is a condition stronger than
p, and
o the family {p] u: u € post(wP, P, a)} is pre-dense above p.

(3) Let p € Q% and a < B be two successive members of CP. Suppose that
for each u € posT(wP, P, «) we are given a condition q, € Q% such that
plach(u) < qu. Then there is a condition q € Q% such that letting o/ =
min(C?\ 3) we have

(a) p<q,wi=wP,CINE=CPNB and cl=cf ford € CiNa, and
(b) U{w?™ : u € post(wP,?,a)} C o, and
(€) qu < qlocl(u) for every u € post(w?, P, a).

(4) Assume that p € Q%,, a € CP and T is a Q% -name such that p IF“T € V7.

Then there is a condition q € Q% stronger than p and such that

(a) wl=wP, a€C?and C'Na=CPNa, and

(b) if u € post(w?,c?, ) and v = min(CY \ (o + 1)), then the condition
ql,c?(u) forces a value to 1.

See https://shelah.logic.at/papers/888/ for possible updates.
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Proof. Fully parallel to [RS05, Proposition 5.1]. O

Definition 6.10. The natural limit of an SQ%fincreasing sequence p = (p¢ : £ <
v) € Q% (where v < A is a limit ordinal) is the condition ¢ = (w?, CY,¢4) defined
as follows:
o wi= |J wpPt, C1= () CP¢ and
£<y §<y
o ¢ = (cl:8 e (C is such that for 6 € C? and u C § we have cl(u) =

U o (u).
£<y
Proposition 6.11. (1) Supposep= (pe: { < A) isa <qz, —increasing sequence
of conditions from Q% such that
(a) wPs = wPo for all € < A, and
(b) if v < A is limit, then py is the natural limit of plvy, and
(c) for each & < A, if 6 € CPs, otp(CPe NJ) = &, then CPe+1N(6+1) =
CPe N (6 + 1) and for every a € CP<+1 N § we have chit' = che.
Then the sequence p has an upper bound in Q3.
(2) Suppose that p € Q% and h is a Q% -name such that p IF“h : X — V7.
Then there is a condition q € Q%, stronger than p and such that
(®) if § < &' are two successive points of C?, u € pos(w?,c?,§), then the
condition ql g ci(u) decides the value of h|(§ + 1).

Proof. Fully parallel to [RS05, Proposition 5.2]. O

Proposition 6.12. Assume that A\, S, D are as in 6.1. The forcing notion Q% is
reasonably merry over (S, D).

Proof. Let p € Q4. We will describe a strategy st for Generic in the game
omaster(p Q%) - this strategy is essentially the same as the one in the proof of
[RS05, Proposition 5.4], only the argument that it is a winning strategy is different.
In the course of a play the strategy st instructs Generic to build aside an in-
creasing sequence of conditions p* = (p7, : @ < A\) C Q% such that for each o < X:
(a) p§ =p and wPa = wP, and
(b) if @ < A is limit, then p} is the natural limit of p* [a, and
(c) if & € CPa, otp(CPa N ) = a, then CPa+1 N (64 1) = CPa N (64 1) and for
every £ € CPa+1 1§ we have clgo‘“
master

(d) after stage o of the play of D% (p, Q%,), the condition p, ,, is determined.

.
= cé"’, and

After arriving to the stage «, Generic is instructed to pick § € CP« such that
otp(CPa N§) = o, put v = min(CP= \ (§ 4+ 1)) and play as her innings of this stage:

Iy =post(wPe, P>, §) and p =pk [ﬂ/cf;: (u) for u € I,.

Then Antigeneric answers with (¢ : v € I,) € Q%. Since pj, [Vc‘g:¥ (u) < g% for
each u € post(wPa, cPa,§), Generic may use 6.9(3) (with 8,7, p%, ¢* here standing
for a, 8, p, qu there) to pick a condition p}, , ; such that, letting o/ = min(CpZJrl \ ),
we have
(e) pi < pliiq, wPatr = wP, CParr Ny = CPa Ny and cga“ = c?‘; for £ €
CPat1 N6, and
(f) U{w% :uel,} C o, and
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(8) a7 <Phyq [a,c‘g"“(u) for every u € I,,.

This completes the description of st. Suppose that <Ia, PE gt uely) a< /\> is
the result of a play of Dg&};tcr (p, Q%) in which Generic followed st and constructed
aside p* = (pj : a < A). By 6.11, there is a condition p* € Q% stronger than all
pl (for o < ). We claim that p* is an (S, D)-knighting condition for the servant
G={(¢¢:a €S & uel,). Tothis end consider the following strategy st* of COM
in ¥ (g, ", Q3%). After arriving to a stage « € S of a play of O (q, p*, Q%),
when (rg, Ag : f < a) has been already constructed, COM plays as follows.
If « is & successor or v ¢ [ Ap, then she just puts 74, Ay such that:
B<a
(h) rs <7, for all B < o and if § € CPa is such that otp(§ N CPa) = a, then
w™ \ (6 +1) # 0, and
() Au= ) A0 A €7\ (sup(wr™) + 1)
B<a B<a
If « € () Ag is a limit ordinal, then COM first lets u = |J w". It follows from
B<a B<a
(h)+(i) from earlier stages that u C a, a € CP« and otp(a N CPa) = a. Note that
ae ) C%, ue () posT(w™,c", a) and u € I,. Let o' = min (C’p* \ (a+1))
B<Lla B<a

and o’ € () C™ \ (a+1). It follows from (c)+(g) that for each 8 < a we have
B<a

G < Phgrlarca™ (u) < p*loseh (u) < gl ametd (u).

Hence COM may choose a condition o > ¢ stronger than all rg (for 8 < o)) and
satisfying (h). Then A, is given by (i).

It follows directly from the description of st* that it is a winning strategy of
COM in %5 (q,p*, QB). O

The master game D‘s‘faDStcr used to define the property of being reasonably merry
is essentially a variant of the A-reasonable boundedness game D*A of [RS05, Def.
3.1]. The related bounding property was weakened in [RS, Def. 2.9] by introducing
double a-reasonably completeness game D*?2. We may use these ideas to introduce
a property much weaker than “reasonably merry”, though the description of the
resulting notions becomes somewhat more complicated. As an award for additional
complication we get a true preservation theorem, however. In the rest of this
section, in addition to 6.1 we assume also

Context 6.13. i = (o : & < A) is a sequence of cardinals below A such that
(Var < A)(Ro < i = piy").

Definition 6.14. Let Q be a forcing notion.

(1) A double Q—servant over S, [i is a sequence

q=1(&,040:0€8 &~ < ps-&)
such that for § € S,
. O<§5</\andq‘fy€@(for’y<u5-§5),
o (Vi,i' <&)(Vi<ums)(i' <i = ¢piyj < Qusivi)-
(Here ps is treated as an ordinal and pg - & is the ordinal product of ug
and &5.)
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(2) Let g be a double Q-servant over S, i and let ¢ € Q. We define a game
0% 1(7,¢,Q) as follows. A play of 0% ,(7,¢,Q) lasts at most A steps
during which the players, COM and INC, attempt to construct a sequence
(ra, Aq @ o < A) such that

o1, €Q,q<rq,AgeDanda< <A = r, <rg.
The terms ry, A, are chosen successively by the two players so that

o if « ¢ S, then INC picks 74, Ay, and

e if « € S, then COM chooses 1y, Aq.
If at some moment of the play one of the players has no legal move, then INC
wins; otherwise, if both players always had legal moves and the sequence
(ra, Aq @ a < A) has been constructed, then COM wins if and only if

(@) (V6e8)([6€ () Aa & dislimit ] = (3Ij < ps)(Vi < &)(@yie; < 76))-

a<d

(3) If COM has a winning strategy in the game D%fgfﬁ(q, q,Q), then we will
say that q is an knighting condition for the double servant q.

Definition 6.15. Let Q be a strategically (<\)—complete forcing notion.

2mas

(1) For a condition p € Q we define a game DS,D,;I (p, Q) between two players,
2mas

Generic and Antigeneric. A play of O (p, Q) lasts A steps and during a
play a sequence

<§O(a<p$7q'(;:’y<ﬂa'€a>:Oé<)\>.

is constructed. (Again, p, - &4 is the ordinal product of p, and &,.) Sup-
pose that the players have arrived to a stage o < A of the game. First,
Antigeneric picks a non-zero ordinal £, < A. Then the two players start a
subgame of length p,, - £, alternately choosing the terms of the sequence
(PS,45 v < pa - €a)- At astage v = po - i+ j (Where i < &u, j < pa) of
the subgame, first Generic picks a condition pS € Q stronger than p and
stronger than all conditions ¢ for § < v of the form 6 = p, - ¢/ + j (where
i’ < 1), and then Antigeneric answers with a condition q5 stronger than pJ.
At the end, Generic wins the play if
(a) there were always legal moves for both players (so a sequence

(€ar (05,45 7 < o - Ea) 1 < X)
has been constructed) and
(b) for each a € S, the conditions in {p} : j < pa} are pairwise incom-
patible, and
(¢) letting
q=(&,40:0€8 &y <ps-&)
(it is a double Q-servant over S) we may find a knighting condition
q > p for the double servant q.
(2) A forcing notion Q is reasonably double merry over (S, D, ii) if (it is strate-
gically (<)—complete and) Generic has a winning strategy in the game

Dgf%f;(p, Q) for any p € Q.

Theorem 6.16. Assume that X\, S, D, i are as in 6.146.13. Let Q = (Pa,@a Ta<
v) be a A—support iteration such that for each o < ~y:

IFp, “Qq is reasonably double merry over (S, D, fi)”.
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Then P, = lim(Q) is reasonably double merry over (S,D,f) (so also A—proper).

Proof. Combine the proof of [RS, Thm 2.12] (the description of the strategy here
is the same as the one there) with the end of the proof of 6.4(a). O

7. OPEN PROBLEMS

Problem 7.1. Let p = (P, S, D) be a D/-parameter. Does “reasonably B-bounding
over p” (see 1.8) imply “reasonably B-bounding over D” (of [RS05, Def. 3.1])? Does
“reasonably B-bounding over p” imply “B-noble over p” ? (Note 6.6.)

Problem 7.2. Are there any relations among the notions of properness over
D-semi diamonds (of [RS01]), properness over D—diamonds (of [Eis03]) and B—
nobleness (of 3.1)?

Problem 7.3. Does \—support iterations of forcing notions of the form Qg add
A—Cohens? Here we may look at iterations as in 3.3 or 2.7.

Problem 7.4. Does “reasonably B-bounding over p” (for a Df-parameter p)
imply “reasonably merry over (S, D)” (for some S, D as in 6.1)?

Problem 7.5. Does “fuzzy proper over quasi D—diamonds for W” (see [RS07,
Def. A.3.6]) imply “reasonably merry”? (Any result in this direction may require
additional assumptions on W, %) in [RS07, A.3.1, A.3.3].)
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