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Uniforming n-place Functions on Well Founded Trees

Esther Gruenhut and Saharon Shelah

ABSTRACT. In this paper the Erdés-Rado theorem is generalized to the class of
well founded trees. We define an equivalence relation on the class ds(co)<®o
(' finite sequences of decreasing sequences of ordinals) with Yo equivalence
classes, and for n < w a notion of n-end-uniformity for a colouring of ds(co)<®o
with p colours. We then show that for every ordinal «, n < w and cardinal
1 there is an ordinal X\ so that for any colouring ¢ of T = ds(\)<®0 with
colours, T contains S isomorphic to ds(c) so that c[S<X0 is n-end uniform.
For ¢ with domain 7™ this is equivalent to finding S C T' isomorphic to ds(a)
so that ¢[S™ depends only on the equivalence class of the defined relation, so
in particular T' — (ds(a));NO. We also draw a conclusion on colourings of
n-tuples from a scattered linear order.

0. Introduction

This paper deals with a Ramsey-type theorem for scaterred order types. We
dedicate this section to some general background. A Ramsey-type theorem begins
with a target element ¢ and a fixed number of colors, . The statement asserts
that there exists another element ¢ (of the same type) so that for every coloring of
1 by p colors, one can find a monochromatic -copy included in .

The simplest example is the class of infinite cardinals, and coloring functions defined
on singletons. For instance, u* — (,u*)llt holds for every infinite cardinal p. It
means that for any coloring ¢ : u* — 1 there exists a copy of u (namely, a subset
of ™ whose cardinality is ;) which is monochromatic under c.

This simple version works for order types as well. Given any order type € (this is
the target), and a fixed number of colors p, one can find an order type ¢ so that
P — (9); (i.e., for every coloring ¢ : 1) — p there exits a monochromatic copy of 6
in ).

We concentrate, throughout the paper, in the interesting class of scaterred order
types. Let us start with the following:

DEFINITION 0.1. Scaterred order types.

(1) n is the order type of the set of rational numbers (Q, <)

(2) For two order types @, 1) we say that ¢ < 1) iff there is an order preserving
embedding of ¢ into
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(3) An order type ¢ is scattered when —(¢ < 7)

The investigation of scaterred order types goes back to Hausdorff. This definition
is a “negative” one. Hausdorff proved in [3] that the class of scaterred order types
is characterized by a simple “positive” closure property. This class is the smallest
class which contains 0,1 and is closed under well ordered and reverse well ordered
sums. In fact, as a consequence of Hausdorff’s proof we get that every linear ordrer
is a dense sum of scattered ordered types (see as well [5]).

We shall use the followin notation:

NoOTATION 0.2. The Erdos-Rado arrows.

1) v — (cp)fL means that for every set S such that otp(S, <) = ¢ and each
coloring ¢ : [S]* — u, there is an ordinal i < p and a subset T C S so that
otp(T, <) =  and | [T]* = {i}

(2) Y =» (go)ﬁ means that the statment ¢ — (ap)ﬁ does not hold

It is easy to show that if £ = 1 (i.e., the colorings are defined on singletons)
and p is finite, then ¢ — (cp)ﬁ holds in the class of scattered order types. Trying
to generalize it, we encounter with two problems. First, infinite amount of colors
poses a limitation (in the case of scattered order types), even when using just N
colors. Second, dealing with /-tuples with ¢ > 1 becomes much more complicated.
For the first problem, ¢ - ()} is exemplified by ¢ = 1+ (w* +w) + (W* +w)? +...
(recall that if 6 = otp(S, <) then 6* is otp(S,>)). For the second problem, 1) -
(w* + w)3, so we fail even when trying to use pairs.

Nevertheless, one can still prove positive results for infinitely many colors and ¢-
tuples, even when dealing with scattered order types. Aiming to these results, we
need again a bit of notation:

NOTATION 0.3. Square brackets.

(1) v — [@]ﬁ means that for every set S such that otp(S, <) = ¢ and each
coloring ¢ : [S]¢ — u, there is an ordinal i < p and a subset T' C S so that
otp(T, <) =p and i ¢ c | [T]*

(2) v — [(p}g’# means that for every set S such that otp(S, <) = ¥ and each
coloring ¢ : [S]* — A, there is a subset X C A, |X| = p and a subset

T C{xeS:c(zx) e X} such that otp(T, <) = ¢

The former property in the above definition is a property of omitting a color,
the latter property is the main concern of this paper. Notice that if ¢ — [(p]‘f\ , and

Kk < i, then ¢p — [(p]ﬁ,ﬁ. Consequently, we may succeed even with infinite number

of colors and colorings of /-tuples, if we decrease k. In particular, 1) — [np}f\yl is

equivalent to ¥ — (p)5.

In the general case (with no restriction to scattered order types) we can get both
positive and negative results. For example, ¢ — [4,0]?2 was proved by Shelah in [6],
for every infinite ¢ and any natural number ¢. On the other hand, it is consistent
to have an order type 6 of cardinality Ny, such that ¢ - [9]31 as shown by Hajnal
and Komjéth in [2].

Under these considerations, we seek for ZFC theorems in the class of scattered

order types. It was proved in [4] that ¢ — [90]/11,?“0 for such types. We generalize
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it, to yield the relation ¢ — [¢]f,

subscript u, Ng is well motivated.

for every £ € w. Notice that ¢ = (), , so the

1. Some Definitions and Notation

This paper is a natural continuation of [4] in which Shelah and Komjath prove
that for any scattered order type ¢ and cardinal p there exists a scattered order
type 1 such that ¢ — [cp]lthO. This was proved by a theorem on colourings of well
founded trees. By Hausdorfl’s characterization (see [3] and [5] and the introduction
above ) every scattered order type can be embedded in a well founded tree, so we
can deduce a natural generalization of their theorem to the n-ary case, i.e for every
scattered order type ¢, n < w, and cardinal p there is a scattered order type v
such that ¢ — [p]} -

We start with a few definitions.

DEFINITION 1.1. For an ordinal a we define ds(a)) = {n : 7 a decreasing se-
quence of ordinals < a}. By ds(co) we mean the class of decreasing sequences of
ordinals.

We say T C ds(co) is a tree when T is non-empty and closed under initial
segments. T, S will denote trees. For S C T C ds(co) we say that S is a subtree of
T if it is also a tree. We use the following notation:

NOTATION 1.2. (1) For n,v € ds(co) by n N v we mean n[¢ where ¢ is
maximal such that n[¢ = v|{.
(2) For n € ds(oo) and a tree T' C ds(oco) we define

nT={p:pInvE@eT)p=n"v)}

Note that for n € ds(co\{()}) and {{)} € T C ds(o0) if n(lg(n)—1) > sup{p(0) :
p € T} then n~T C ds(o0).

DEFINITION 1.3. We define the following four binary relations on ds(co):

(1) Let <}, be the two place relation on ds(co) defined by n <}, v iff one of
the following: (3¢)(n(¢) < v(¢) and n{f =v[{) or n<v.

(2) Let <7, be the two place relation on ds(co) defined by n <2, v iff one of
the following: (3¢)(n(¢) < v(¢) and n{{ = v[¢) or v<an.

(4) Let <3 be the two place relation on ds(oo) defined by n <3 v iff one of
the following holds: n < v or for the maximal ¢ such that n[¢ = v[¢ if ¢ is
even then 7(¢) < v(¢) and if £ is odd then n(¢) > v(¢).

It is easily verified that <},, <7, and <?® are complete orders of ds(oc), and
therefore <j, is a partial order. The following remark refers to their order types
defined by <}, <2 and < on ds(co) or ds().

OBSERVATION 1.4. (1) <}, <3, are well orderings for ds(cc).
(2) (ds(a), <®) is a scattered linear order type for every ordinal .
(3) Ewvery scattered linear order type can be embedded in (ds(a), <?) for some
ordinal c.

PROOF. (1) Let § # A C ds(oo), we define by induction on n < w an
element a, in the following manner ay = min{n(0) : n € A}, assume
ap, -+ ,an—1 have been chosen so that (ay : k < n) € ds(oco) and for every

See https://shelah.logic.at/papers/909/ for possible updates.
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n € Aa: k <n) <2 nin (if Ig(n) < n then nln = 7). Now choose
an, = min{n(n) : n € AAnn = (ax : k < n)}, if that set isn’t empty.
As the sequence derived in the above manner is a decreasing sequence of
ordinals it is finite, say ag,- - -a,_1 have been defined and a,, cannot be
defined, we will show that @ = (aj : k < n) is the minimal element of A
with respect to <Z,. By the definition of the sequence there is an n € A
so that n[n = a, if 1g(n) > n then we could have defined a,, so n = a
and in particular @ € A, and for every n € A\{a} we have a <7, n. Let
n, = min{m : alm € A} so a|n, is the <}x— minimal element in A.

(2) The proof is by induction on «. Assume that (ds(8),<?) is a scattered
linear order type for every 8 < «, and assume towards contradiction
that Q can be embedded in (ds(a),<?), ¢ — n,. Let C = {¢: (Ip,q €
Qp(0) # (O}, ¢ = minC and T = {8 : (3q € Qy(0) = B}
Without loss of generality £ is even and for Sy = minT, 81 = minT\{Sy}
there are ¢op < ¢1 € Q so that 7y, (¢) = B;, ¢ = 0,1. Now (go,q1) = BoUB;
where B, = {p € (q0,q1) : mp(¢) = B;}. For some i € {0,1} the set
B; contains an interval of Q and is embedded in (ng, [(¢ + 1)7ds(5;), <?)
but this would imply that Q can be embedded in (ds(f;), <®) which is a
contradiction to the induction hypothesis.

(3) By Hausdorff’s characterization it is enough to show for ordinals « and
B that both A, 5 = (ds(a), <?®) x B and A, g = (ds(a), <3) x 8* can be
embedded in (ds(a + 8 -2+ 1),<?). The embedding is given as follows,
for (n,v) € Aap we have (n,7) = (a + 8+ ~v+ 1,a+ 8)™n, and for
(1,7) € Aq,p we have (n,7) = (@ + - 2,0+ B+7) 0.

O

DEFINITION 1.5. For trees T1,T> C ds(c0), f: T1 — T» is an embedding of T}
into T if f preserves level, < and <}, (or equivalently, <2 , <}, or <3).

OBSERVATION 1.6. For trees T1,To C ds(c0), if f : Th — T» preserves level
and < then in order to determine whether f is an embedding it is enough to check
for m € Ty and ordinals v1 < 2 such that v; = n~(v;) € T1 (i = 1,2) that

fn) <7, f(v2).

As T C ds(oco) is well founded, i.e there are no infinite branches, it is natural
to define a rank function. in the following definition rkr , isn’t the standard rank
function but for p = 1 we get a similar definition to the usual definition of a rank
on a well founded tree.

DEFINITION 1.7. For a tree T' C ds(oco) and cardinal g define rkp ,(n) :
ds(c0) — {—1} U Ord by induction on « as follows:
(a) tkr(n) >0iff n e T.
(b) rkru(n) = o+ 1iff p < [{v:n7(v) € T Arkyu(n™(7)) = a}|.
(c) rkyu(n) > 6 limit iff (Vo < 6)(rkr,.(n) > o).
We say that rkr ,(n) = o iff tkr ,(n) > « but rkr ,(n) # o+ 1.
Denote rky ,(T) = rtkr . (()), and rkr(n) = rkr1(n).

DEFINITION 1.8. For a tree T' C ds(o0), n € T and cardinals p, A we define the
reduced rank rk}vﬂ(n) = min{\, rkr ,(n)}.

We first note a few properties of the rank function.
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OBSERVATION 1.9. Forn € T C ds(co) and an ordinal o we have:

(1) For cardinals p < 1/ we have rkp,(n) > rkp (), and in particular

(
(
(

2

3
4

vk (1) = rkr . ()

) tkr(n) = Ufrkr(n™(7)) +1: 97 (y) € T}

) tKas()(() = .

) If tkr () > «, p > « then we can embed n~ds(a) into T, so that p — p
for p <.

PRrROOF. 3 The proof is by induction on «.

For o = 0 this is obvious. Assume correctness for every f < a. ds(a)

U {(B)"v:veds(p)}. Forevery 5 < a,v € ds(f) we have rkds(a)(<ﬁ>“7/
B<a

k() (v), therefore (the last equality is due to the induction hypothesis):
U{rkas(a)((B) V) +1:v€ds(B)} = Ufrkagp(v) +1:v e ds(p)}
= r1k(ds(B))

We therefore have rk(ds(a)) =U{f+1: < a} =«

4 The proof is by induction on «a.

For a = 0 there is nothing to prove.

Assume correctness for every f < «, and rky,(n) > a, o < p. For
B < alet Cg = {y:rkp,(n(y)) > B}, so |Cg| > p and Cg C Cps for
B < 8 < a. By induction on § < « we can choose an increasing sequence
of ordinals v3 such that g = minT's where I'g = {y € Cs : (V5 <
B)(y > 7vp)}. Assume towards contradiction that I's is empty, and let
Ch = (yp : B' < B) N Cg. For every v € C3\Cj (and there is such v as
|Cs| > p whereas [Cf| < |B| < p) as y ¢ I' then there is 8’ < 8 such that
v < 7yar, assume [’ is minimal with this property, but that contradicts the
choice of yg'.

By the induction hypothesis for every 5 < a there is ¢g which embeds
(™ {(yp))"ds(B) in T so that wgl{p: p I n(vs)} = Id. We now define
©q : N ds(a) — T in the following manner, if p < n then ¢, (p) = p, else
p =n"v for some v € ds(a), so there is § < « such that v = (8) vy with
vy € ds(f), and we define

valp) = wa(n () 1)

(o obviously preserves level.

For p; < py in n7ds(a) if p1 < n then obviously ¢4 (p1) < va(p2), and
otherwise for some 8 < « we have p; = n7(8) v, i € {1,2}, v1 <y €
ds(B), and as ¢g is an embedding we have:

valp1) = wa(n(vs) v1) <es(n(v18) v2) = palp2).

For p € n7ds(a), 71 < 72 ordinals such that for i = 1,2 p; = p™(y;) €
nds(«), necessarily n < p and there are 81 < 2 < a, v; € ds(f;) so
that p; = n7(B;) " v;. If B1 = Po = B then 1y <}, 12, and as g is an
embedding,

Palp1) = wa(n™(v8) V1) <tz (N~ (18) " v2) = Yalp2)

On the other hand, if B, # B then p (p;)(1g(1) = 75, and as s, < 7a,,
also in this case @o(p1) <}, ©a(p2).

updates.

) =
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By Observation 1.6 ¢, is an embedding, and by definition ¢, [{p : p <

nt = Id.

O

The following theorem was proved By Komjath and Shelah in [4]:

THEOREM 1.10. Assume a is an ordinal and p1 a cardinal. Set A = (|a|“NO)+,
and let F : ds(A*) — pu. Then there is an embedding ¢ : ds(a) — ds(A\T) and a
function ¢ : w — p such that for every n € ds(a) of length n + 1

F(p(n)) = c(n).

In what follows we will generalize the above theorem, in the process we will use
infinitary logics. For the readers’ convenience we include the following definitions.

DEFINITION 1.11. (1) For infinite cardinals s, A, and a vocabulary 7 con-
sisting of a list of relation and function symbols and their ‘arity’ which is
finite, the infinitary language L,  for 7 is defined in a similar manner to
first order logic. The first subscript, x, indicates that formulas have < k
free variables and that we can join together < x formulas by A or \/, the
second subscript, A, indicates that we can put < A quantifiers together in

a Irow.

(2) Given a structure B for 7 we say that 2 is an L, y-elementary submodel
(or substructure), and denote 2 <, x B or A <y, , B, if A is a substruc-
ture of B in the regular manner, and for any L, » formula ¢ with ~ free
variables and @ € 7|2| we have

B |=p(a) < Ak p(a).

The Tarski-Vaught condition for a substructure 2 of B to be an elemen-
tary submodel is that for any L, x-formula ¢ with parameters a C A we

have

B E Jzp(za) = A = Ize(za).

(3) A set X is transitive if for every x € X we have z C X.

(4) For every set X there exists a minimal transitive set, which is denoted by
TC(X), such that X C TC(X).

(5) For an infinite regular cardinal k we define

H(k) = {X : |TC(X)| < k).

REMARK 1.12. In this paper the main use of infinitary logic will be in the

following manner:

(1) 7 will consist of the two binary relations € and <*, so |L,.+ .+ (7)] = 2".

(2) I & <k, X < Xand A <, B then also A <, v B.

(3) <4, Is a transitive relation.

(4) For an infinite cardinal p let kK = pu™, A = 2¥, so k is regular and A<F = \.
Recall that for a structure B and X C ||B|| such that |[X|+7 < A <
B there is an elementary L, , submodel 2 of B of cardinality A which
includes X.
For further reference on this point see [1].

(5) If A <, B and z is definable in B over A (i.e with parameters in A) by
an L, .-formula, then it is also definable in 2 by the same formula. In
particular if A <,; . B and X C ||, |X| < & then X € |2|.
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DEFINITION 1.13. We say that two finite sequence (ny : £ < n), {(vy : £ < n) are
similar when:

(a) lg(ne) =1g(ve) for £ < n.
(b) lg(ne N nm) = 1g(ve N uyy,) for £,m < n.
(¢) (ne <3, mm) = (ve <%, vim) for £,m < n (equivalently, we could use <},).

OBSERVATION 1.14. (1) Similarity is an equivalence relation and the num-
ber of equivalence classes of finite sequences is Ng.
(2) (m,. ..,nk, V'), (171, ooy, VY are similar if
(a) m <g$772 <Gp e <lu Mk
(b) Nk <£z
(c) me <f, V"
(d) 1g(v') = 1g(v")
(e) lg(v" Nmi) = lg(v"" Nnk)

PROOF. (1) Similarity is obviously an equivalence relation.

The equivalence class of a finite sequence of ds(co) is determined by its

length n, the lengths (n; : i < n) of its elements, the lengths (n; ; : 4,7 <

n) of their intersections, and a permutation of n (the order of the elements

according to <},). Therefore for each n < w there are Ry equivalence

classes of sequences of length n, and so the number of equivalence classes

of finite sequences of ds(co) is Ng.

(2) We need to show that lg(v/ Nn;) = lg(v”" Nn;) for every 0 < i < k.

e <2, vV and n, <2, V. If v/ <an then we also have lg(v” Nny) =

lg(v' Nni) =1g(v') = 1g(v"’) so v <y, and v/ = v, In this case obviously

the required sequences are similar, so we can assume that there is £ such

that i [¢ = v/'[¢ and v'(¢) > ni(£). By the same reasoning as above we

deduce that ny [£ = v"[€ and v"(€) # ni(€) so necessarily v"(£) > ny(£).
O

The last term we will need before moving on to the main theorem is that of
uniformity.

DEFINITION 1.15. Let T C ds(oo) be a tree, ¢ : [T]<®0 — C. We identify
u € [T)<Ne with the <Z -increasing sequence listing it.
(1) We say T is c-uniform if for any similar uy,us in [T]<N we have c(u;) =

c(ug).
(2) We say T is c-end-uniform (or end-uniform for ¢) when

ifm <3 om <3, ...<2 <% p,p" arein T and lg( ) =lg(p”),1g(n N
p') =lg(ng N p") (equivalently (ny...ng, p"Y, (m &, p') are similar-see
1.4(3))

then c((n1 ... 7k, p')) = c((m, - - 1k, p7))-
(3) We say T is c-n-end-uniform (or n-end-uniform for c¢) when for k£ < w,

Nis P, P € ds(o0) (0 < i < k,0< j <n)such that
m <?x< 2 <%m ce <l%z Nk <zz pll <?m ce <%m p;z

2 2 2 2 2
m <ezxz<m2 <pz - <tz M <z plll << ... < pfr:
if those two sequences are similar then

c((m-.nph-)) =cl(m...p7-..)).
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2. Uniforming n-place functions on 7' C ds(«)
We are now ready for the main theorem of this paper.

MAIN CLAIM 2.1. Given a tree S C ds(oo) and a cardinal p we can find a tree
T C ds(oo) such that
(¥)1 for every c : [T]|<®° — u there is T C T isomorphic to S such that c|T’
is c-end-uniform.

()2 [T] < Jygp+(IS] + 1)

PROOF. We assume that | S|, p are infinite cardinals since one of our main goals
is proving a statement of the form = — [y]]} . otherwise the bound on 7" has to
be slightly adjusted.

For each n € S let

ay = as(n) = otp({v € § v <f, n}, <3,),

fn = Jsa,+1(|S] + 1),

Ay = Tz ()™
Note that gy, Ay are the maximal ones, and let x >> Acs, and <} be a well
ordering of H(x) (see 1.11(5)). By definition, for every n,v € S such that n <%, v
we have p, < p,, and A;; < A, in the following we examine the relation between
wy, and X, for n # v.

2 +
OBSERVATION 2.2. Forn <j, v we have p, > Ay .

PRrROOF. Since oy, > «a, + 1 we have:
Tsa, +1(IS] + p)
Ts(an+1)+1 (15| + 1)

[

IR AVARIAVAR
LI
o
=
3

O

Let T := ds(/\zg), we will show that 7" is as required. Obviously T meets

requirement (x)o, and let ¢ : [T]<® — p. Because of the many details in the
following construction we bring it as a separate lemma.

LEMMA 2.3. Forn € S we can choose My, Ty and vy, €T for n < w with the
following properties:
1) M, is an L+ iz -elementary submodel of B = (H(x), €, <3)-
2) [ M| = 2+,
3) S,T,ce M,.
4) M, v, € M, for p<;,n,n<w.
5) Properties of Ty :
(a) Ty = vyign) T" where T' is isomorphic to ds(22"").
(b) If v',v" € Ty and are of the same length then they realize the same
]Lﬁ ut -type over M.
(6) Properties of the vy p:
(a) vyn €T is of length n.
(b) vy1g(m) € M.
(c) lg(n) =m <n = vyn(m) ¢ M,.

See https://shelah.logic.at/papers/909/ for possible updates.



Paper Sh:909, version 2009-10-25_11. See https://shelah.logic.at/papers/909/ for possible updates.

UNIFORMING n-PLACE FUNCTIONS ON WELL FOUNDED TREES 9

(d) vy € Ty, and for n >1g(n) has at least p, immediate successors in
T,
(7) If n=m"{(), then
(a) My, Ty, vyn € My, forn <w.
(b) Uiy n» Uy realize the same L+ .z -type over {M,,vpn:n<w,p<p,
n}.
) Vnin = Vnn forn <lg (m).
) Vnn <gy Vnun Jor n=1g(n).
) Vi lg(n) = Vnlgn  (7) for some .
) If ' = m(a!) with o/ < a then vy 1oy <y Vniig(n)-

PrOOF. We show a construction for such a choice by induction on <}x, yes,
<}x not <§x.
As the induction is on <}, the base of the induction is the case n = (). First

choose My <, , , B of cardinality 20, so that S,T,c € M (this can be done,
KOO

see Remark 1.12). The number of LM?r ul formulas ¢(Z,a) where a C “<+>>M<)
y G
(sequences of length < yf in M) is < (2¢0)#0 = 2¢O hence the number of

LH<+> uj)—types over My is at most p' = 22" 50 we color T = ds()\g) by < o

colors, ¢y : T'— i/, so that for p € T its color, c(y(p), codes the L%’% -type which

p realizes in B over M. As

(Ta(p))™™)* = Da(ug)* = Ay

by Theorem 1.10 there is an embedding of ds(Jz(s(y)) in T', and define T to be its
image, so that types of sequences from T<*> depend only on their length. We choose
representatives (v , : 0 < n < w) from each level larger than 0 so that for n > 0
vy, and has at least y(y immediate successors in T<*> and satisfies 6(c). The latter
can be done by cardinality considerations, |Myy|| = 20, while the cardinality of
levels in T ' is o). Welet vy o = ().

It is easily verified that for n = () all the requirements of the construction are met.
We now show the induction step.

Assume n = n1 {aq), lg(m) = r, and that we have defined for 7, (and below by
<},) and we define for .

®1 Let Ay] = {Mpﬂ/p,n n<w,p <Zm 77}

For any p <}, n if p = 1 () for some a < ay then from requirement (7)(a) of
the construction for p we have M, € M,,, and also for all n < w v, , € My, , else
p <,. M therefore from requirement (4) of the construction for 7; we have for all
n<wv,, € M, ,and M, € M,,. So A, C M,,, and |A,| < p, , so A, is definable
by an L it l%—formula with parameters in M, , so we have:

®2 AngM

o [An| < gy < i, , therefore A, € M, .

For every n < w let

®3 on(T) = pu,, (@) = A\( the L+ iz — type which vy, ,, realizes over Ay)
And let

®s T, ={peT:B = pypp)}
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As the cardinality of the L it -type of any v € B over A, is at most 2#7 which is
less than p,, , for every n < w we have that ¢, is an L PR -formula and therefore
17 1
T, is definable in M, by an L. +  + -formula, namely
1 Hnq Mg

p €T, (p eTA(\ (g(p)=nn %(p))))

n<w
So
®s5 T, € My, and for every n < w we obviously have v, , € T,,.

Recall that for all n < w vy, ,,, € Ty, so for any p € T}y of length n, we have that

p realizes the same Lot it -type over My, as vy, ., s0 in particular they realize
the same Lﬁﬁﬁ—type over A,, so p € T,. For m > n vy, n, Uy, m[n are of the
same length, so in particular ¢, (z) F ¢, (z[n). If p € Ty, lgp = m so B = ¢, (p)
therefore B |= ¢, (p[n) and therefore also pln € T,. We summarize:

®6 1, is a subtree of T and T}, C To,.
The following point is a crucial one, we show that:

®7 1k, 1, (Vyy.n) > iy, for every n such that lg(n) <n <w .

Assume toward contradiction that rkr, ., (¥5,,m) < g, for some lg(n) <m < w,
and define for each n such that m <n < w:
* H
Tn = rkTanl (Vm,n> and Tn = rszl,unl (Vm,n)
(see Definitions 1.7 and 1.8). We now prove by induction on n > m that v, < p,,,
i.e v, = 7. For n = m this is our assumption, and assume that it is known for n.
The following can be expressed by L bt -formulas with parameters in M, :
n1 K0y

‘ :u‘ )
1 ¢ ‘x has rszl’#m () =vn
19 : ‘x has at least u,;, immediate successors y in T, with rk;zl’unl (y) > Vit

We have B |= 91(vy, »), and since Ty C T, (see ®g) we also have B [= 2(vy, n)-

By the induction hypothesis for 71 we have vy, 5, vy, n+1[n € T and as they are the

same length realize the same L;ﬁ, i, -type over M,,, s0o B |= Y1 Ao (v, my1 ), Or
e 1

in more detail, we have that rk;:i”m (Vi n411n) = Yo, Le tkr, ) (Vg 1 [0) = Yo,
and vy, n41[n has at least u,, immediate successors in T, with reduced rank ~;;, ;,
so by the definition of rank (Definition 1.7) we have v, > v ;. By the induction
hypothesis v, < py,, therefore also 7;;,; = v,41. In particular we can deduce
that v,4+1 < Y, so having carried out the induction we have an infinite decreasing
sequence of ordinals which is a contradiction.

Recall that lg(m) =r so lg(n) =r+1,

®g Define v, o = vy, o for £ < 7.
By 2.2 py, > N, by ®7 vkr, i, (g, r) > i, therefore vk, . (vy, ) > A so
by definition there are v € Sucr(vy, ») N T}, satisfying rkr, ,,, (¥) > A}, defining
Uy r+1 to be one such v which is minimal with respect to <}I (this is equivalent to
demanding that »(r) is minimal) can be done by an L+ + formula. We therefore

mioFn
conclude:

®9 We can choose vy »41 € Sucr(vy, ) N Ty, N M, such that

(7/) rkT‘;”Nfﬁl (Vn,TJrl) Z )\TJ;_'
(ii) V41 is minimal under (i) in <},.
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As vy 1g(n) € My, and Vm’]g(n)(lg(m)) ¢ M, , we have:

®10 Vi,lg(n) <bw Uy lg(n), Dotice that as they are the same length <}x:><’gw.
Now for any p = n1 (o) € S where o < «; we have that p <}, n and therefore
Vpri1 € Ay (see ®1). Vpig(n)s Vi, lg(n) Tealize the same Luzkﬁ—type over A, and
by requirement (7)(d) of the construction for p (1g(p) = 1g(n)) we have v, 15(;) <jy
Uy dg(n) SO also v, 1een) <}m Unlg(n) and as above, as they are the same length
<}x:><zx, and we therefore conclude that:

®11 If p=m(a) € S where a < a; then v, 15) <7, Vnlg(n)-
Since [{S,t, ¢, vy ()} U Ayl < 27 by Remark 1.12 we can choose M,, so that

®12 My <L , , My, and therefore also M, <r , . B, of cardinality 2#»

Moy by Way gy
and {S,t,c, Vﬁlg(ﬁ)} U ATI C M,.

By the same remark we can conclude that

®13 ]\477 € Mm.
Lastly we choose T,y and vy, for m > lg(n).
We have already commented that kg, (Vn1g(m)) > )\;, so from Observation 1.9
we can embed Vn’lg(n)“ds()\j]') into T, so that p — p for p < v 14(,)), and denote
one such embedding by 1, without loss of generality ¥ € M,, .
The number of L.+ i ~types over M, is at most i/ = 2"". We color ds(Ay) in < g/
colors, the color of p € ds(\;) is determined by the Luivurf -type which ¥(vy 1) "p)
realizes over M,,, call this coloring ¢,. As ((Ja(py))* )T = Js(uy)™ = Ay, We can
use 1.10 to get an embedding 6 of ds(3z(u,)) into ds(X,}) so that for p € ds(Ja(py))
the L it ut-type that v, ,,+170(p) realizes over M, depends only on its length. Since
the set X of L it -types over M,, is in M,), of cardinality at most p’ < p,,, we have
X C M,,, also ds()\ﬁ ) € My, so ¢, € M,, and therefore without loss of generality
0 € M,,. We define

®14 Ty = Vnag(n) 0(ds(Ta(pn)))-
T, € My, and meets requirement (5) of the construction. We will now choose rep-
resentatives (p,, : 0 < m < w) from each level of ds(Ja(py)) so that vy, 1170(pm)
has at least j, immediate successors in T,y and vy n4170(pm)(1g(n)) ¢ My, , since
the existence of such representatives in B can be expressed by an L it -formula

1 1

with parameters in M,, so without loss of generality p,, € M,, and define

®15 Vn,lg(n)+m, = Vn,n+1A9(pm>~
T,y is a subtree of T, therefore p € T realizes the same H"ui i type over A, as

Unidg(p)- The vy, for n > lg(n) were chosen to satisfy (6)(c)-(d) so in particular
they are in T;,, and therefore realize the same L+ +-type over A, as vy, . By
the induction hypothesis we have already constructed for 7; so for all n we have
lg(vy,n) = 1g(Vn, n) = n so also (6)(a) is satisfied. Requirements (1)-(4) and (6)(b)
of the construction are taken care of by ®13. ®7-®11, ®13 and ®15 guarantee
requirement (7). O

All that is left in order to complete the proof of the claim is to show that {1, 150 :
n € S} is end-uniform with respect to c.
Let gy <2, m2 <%, ... <2 mp <2, p',p", be as in 1.15(2); without loss of generality
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p<;.p' Lett=1g(p'np"), W = ,u; and A ={v,1gp: p <}, P'I(t+1)}.

We first show that for every i < k n; <j, p'[(t + 1) so that vy, 15(;) € A. As
ni <3, p/ and lg(n; N p") = lg(n; N p') so p' 4 n;, therefore there is ¢; such that
ni[6; = p'14; and n;(¢;) < p'(£;), but then n;[€; = p"'14; i.e p'1l; = p"; so £; <t
(and n;(4;) < p"(4;)) and n; <, p'[(t+1).

We now prove by induction on ¢ € [t,1g(p")] that vy 15, and v, 41, realize the
same L, ,/-type over A. For £ =t this is obvious. Let us assume correctness for £
and prove for £+ 1. For every n < w by (7)(b) of the construction vp/i¢.n, Vyr 1(441),n

realize the same L i + -type over {M,,v,, = p <;, p'I(¢ + 1)} and
Forteny Hortcet) ' N
in particular over A, for if p <}, p/[(t + 1) then also p <}, p'[(£ +1). So

Vprielgp'» Vol | (£41),1gp Tealize the same Lu:, " r(Hl)—type so also the same L,/ /-

type over A, and from the induction hypothesis v,/ ¢1gp and v, jg1g, realize the

same L, ,-type over A. Similarly we show for p”, so v, 1o, and v, 14, realize
[T Yy p o’ lgp o lgp

the same L;ﬁ i+ -type over A.

n1 7M1
From the above we can deduce that in particular

(Vi 1g0m) s - - - Ve deme) > Vo 1)) = SV dg(nn)s - -+ Ve dg(nn)» Vo (o))
O

CONCLUSION 2.4. Given a tree S C ds(oo) and n(*) < w and p we can find a
tree T C ds(co) such that:

(¥)1 For every c: [T]<® — y there is S’ C T isomorphic to S such that S’ is
n(*)-end-uniform for c.

(¥)2 In particular, for every ¢ : [T]"*) — pis §" C T isomorphic to S such that
c|S’ depends only on the equivalence classes of the equivalence relation
defined in 1.13.

(%)3 |T| < 3y50)(|S], 1) (see Definition 2.5 below).

PROOF. Let S, pbe as above. Since for S|, i > Rg we have that 3y ,,(«) (|S], u0) =
i (IS, 1), replacing p with pRo gives the same bound, and we can therefore
assume that p = p™o.

Let (h, : n < w) be the equivalence classes of the similarity relationship on finite
sequences of ds(oo) (see 1.14(1)), and let f : “(p U {—1}) — p be one-to-one and
onto.
We counstruct by induction a sequence (T, : n < w) so that Ty = S, and for every
n > 0:

(a) |Ta] < J1n(|S], 1)

(b) Tp—1, T, p correspond to S, T, u in Theorem 2.1.

(¢) For every c: [T},]<®0 — p there is S’ C T,, isomorphic to S such that S’

is n-end-uniform for c.

By Theorem 2.1 we can obviously construct such a sequence satisfying clauses
(a), (b), We will show by induction on n that for this sequence also clause (c¢) holds.
For n = 1 this is Theorem 2.1. Assume correctness for n and let ¢ : [T),41]<%° — p.
By (b) there is T" C T,,41 isomorphic to T}, so that 7" is end-uniform for c¢. Let
¢ : T,, — T’ be an isomorphism and let d : [T']<¥ — “(u U {—1}) as follows: for
p={p1...px) where p; <% ps <2 ...<? prand m <w

_ | elp™(n)) if p™(n) € hy, for some 7
d(p)(m) = { -1 otherwise
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d is well defined as T" is end-uniform for ¢, and by defining ¢(p1, ... pr) = (¢(p1), - .- ©(pk))
for p1,...px € T, we have fodop: [T,]<N° — u, so by the induction hypothesis

there is 7" C T, isomorphic to S so that 7" is n-end-uniform for f odo p. We
claim that S’ = o(T") is isomorphic to S and that S’ is n + 1-end-uniform for c.

As T" is isomorphic to S and ¢ is an isomorphism S’ is obviously isomorphic to S.

Let the following sequences in S’ be similar,

2 2 2 2 / 2 2 /
M <egz<M2 <pg - <tz Mk <tz P1 <tz -+ <tz Pns1

2 2 2 2 no_2 "
M <ezx<n2 <pz - <tz M <tz P1 <2< .-+ < Ppi1
So in T" the following sequences are similar:

e P ) = (e ) () - e N o))
o .l pn) = (e m)e N eT) e (o)

so fodow(e™ (..., py... pl)) = fodow(e™ (..o, pY ... pyy)). Therefore
we have f(d(ny ...k, py ... p0n)) = fldin ..ok, pf ... ph)), and as f is one-to-one,
A - Mk, Py - py) = d(ny ...k, pY ... pyy), and therefore c(ny ... 1k, P ... pr 1) =
(- mk,pY - Phy1), and ()1-(x)3 are easily verified. O

DEFINITION 2.5. For cardinals A > Xy and p define J; o (), ) by induction on
a. JioAp) =To(N) = A Jiari(Np) = 33, oot (Bra(X 1) + 1), and for a

limit ordinal o 3y o (A, ) = > T1 8(A, ).
B<a

We end with a conclusion for scattered order types.

CONCLUSION 2.6. For a scattered order type ¢, a cardinal p and n < w, there
is a scattered order type v so that ¢ — [cpmNO.

ProOOF. Given a scattered order type ¢, a cardinal  and n < w by Observation
1.4(3) we can embed ¢ in (ds(a), <?®) for some ordinal a. By Conclusion 2.4(x)s
above there is an ordinal A and a tree ' C ds(\) so that for every coloring c :
T™ — p there is a subtree S C T isomorphic to ds(a) so that ¢[.S depends only on
the equivalence class of similarity. Noting the above Observation, as (T, <3) is a
scattered order, and as there are only Ny equivalence classes, we are done. O
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