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NON FORKING GOOD FRAMES WITHOUT LOCAL
CHARACTER

ADI JARDEN AND SAHARON SHELAH

ABSTRACT. We continue [Sh:h].II, studying stability theory for abstract
elementary classes. In [Sh E46], Shelah obtained a non-forking relation
for an AEC, (K, <), with LST-number at most X, which is categorical

in A and At and has less than 2*" models of cardinality AT, but at
least one. This non-forking relation satisfies the main properties of the
non-forking relation on stable first order theories.

Here we improve this non-forking relation such that it satisfies the
local character, too. Therefore it satisfies the main properties of the
non-forking relation on superstable first order theories.

Using results of [Sh:h].II, we conclude that the function A — I(\, K),
which assigns to each cardinal A\, the number of models in K of cardi-
nality ), is not arbitrary.
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1. PRELIMINARIES

Familiarity with AEC’s is assumed.

Hypothesis 1.1.
(1) (K,=)is an AEC.
(2) Ais a cardinal.

(3) The Lowenheim Skolem Tarski number of (K, <), LST (K, <), is at
most .

Definition 1.2. Suppose My < N in K. We say that N is universal over
My if for every My = My, there is an embedding of M; into N over My,
namely, that fixes M.
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The following proposition is a version of Fodor’s Lemma (there is no math-
ematical reason to choose this version, but we think that it is convenient).

Proposition 1.3. There exist no (Mg :a € A1), (Ny:a € A1), (fa:a €
AT), S such that the following conditions are satisfied:

(1) The sequences (M, : o € A1), (N : a € A\T) are <-increasing

continuous sequences of models in K.

(2) For every a < AT, fo : My — Ny is a <-embedding.

(3) {fa: € AT) is an increasing continuous sequence.

(4) S is a stationary subset of A*.

(5) For every o € S, there is a € Myy1 — My such that foy1(a) € Ng.

Proof. Suppose there are such sequences. Denote M = |J{fo[Ma] : a € AT}
By clauses (4),(5), ||M|| = Ky+. {(fa[Ma] : @ € A7), (N, M : a € A1)
are filtrations of M. So they are equal on a club of A\™. Hence there is
a € S such that fa[Ma] = NaﬂM‘ Hence fa[Ma] - Naﬂfoz+1[Ma+1] -
No M = fo[M,] and so this is a chain of equivalences. Especially fo11[
My+1] N Na = fa[M,], in contradiction to condition (5). =

2. NON-FORKING FRAMES

The following definition, Definition 2.1 is an axiomatization of the non-
forking relation in a superstable first order theory. If we subtract axiom
??(3)(c), we get the basic properties of the non-forking relation in (K, <[
K)) where (K, =) is stable in \.

Sometimes we do not find a natural independence relation with respect to
all the types. So first we extend the notion of an AEC in A by adding a new
function S% which assigns a collection of basic (because they are basic for
our construction) types to each model in K, and then add an independence
relation (|J on basic types.

We do not assume the amalgamation property in general, but we assume
the amalgamation property in (K, <[ K)). This is a reasonable assump-
tion, because it is proved in [Sh:h].I, that if an AEC is categorical in A and
the amalgamation property fails in A, then under a plausible set theoretic
assumption, there are 22" models in K At

Definition 2.1. 5 = (K, <, 5%, |]) is a good \-frame if:
(1) (K,=)is an AEC in \.
(2) (a) (K, =) satisfies the joint embedding property.
(b) (K, =) satisfies the amalgamation property.
(c) There is no <-maximal model in K.
(3) 8% is a function with domain K, which satisfies the following axioms:
(a) S¥(M) C S"*(M) = {ga —tp(a, M,N) : M < N € K, a €
N — M},
(b) S respects isomorphisms: if ga — tp(a, M, N) € S*(M) and
f: N — N'’is an isomorphism, then ga — tp(f(a), f[M],N') €
S (f[M]).
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(c) Density of the basic types: if M,N € K, and M < N, then
there is a € N — M such that ga — tp(a, M, N) € S*(M).

(d) Basic stability: for every M € K, the cardinality of S® (M) is
<A\

(4) the relation ||) satisfies the following axioms:

(a) |J is set of quadruples (My, M1, a, M3) where My, My, M3 € K,
a € M3 — M, and for n = 0,1 ga —tp(a, M,, M3) € S*(M,,) and
it respects isomorphisms: if (|J(Mo, M1, a, M3) and f : Mz — M
is an isomorphism, then (J(f[Mo], f[Mi], f(a), M3).

(b) Monotonicity: if My < My < My <= My = Mz < M3, M7 J{a} C
M3z* < M3, then ([J(Mo, M, a, M3) = (M, My, a, M5*). From
now on, ‘p € S%(N) does not fork over M’ will be interpreted as
‘for some a, N we have p = ga—tp(a, N, NT) and ||J(M, N,a, NT)".
See Proposition 2.2.

(c) Local character: for every limit ordinal § < AT if (M, : a <
) is an increasing continuous sequence of models in K, and
ga — tp(a, Ms, M5, ) € S*(Ms;), then there is a < ¢ such that
ga — tp(a, Ms, Ms,1) does not fork over M,.

(d) Uniqueness of the non-forking extension: if M, N € K, M < N,
p,q € S*(N) do not fork over M, and p | M = q | M, then
p=q

(e) Symmetry: if My, My, M3 € Ky, My < My <X M3, a1 € My,
ga — tp(ay, My, M3) € S%(My), and ga — tp(ao, My, M3) does
not fork over My, then there are My, M3 € K such that ay €
MQ, MO = M2 = M?f, M3 < Mé‘, and ga — tp(alengg‘) does
not fork over M.

(f) Existence of non-forking extension: if M, N € K, p € S* (M)
and M < N, then there is a type ¢ € S*(N) such that ¢ does
not fork over M and q | M = p.

(g) Continuity: let 6 < AT and (M, : o < 4) be an increasing
continuous sequence of models in K and let p € S(Ms). If for
every a € 6, p | M, does not fork over My, then p € S (Mj)
and does not fork over Mj.

Proposition 2.2. If (|J(Mo, M1, a, M3) and the types ga — tp(b, My, M3),
ga — tp(a, My, Ms) are equal, then we have \|J(My, M1, a, M3).

Proof. Since ga — tp(b, My, M3) = ga — tp(a, M, M3), there is an amal-
gamation (idps,, f, M3*) of M3 and M3 over M; with f(b) = a. By Def-
inition ??(3)(b) (monotonicity) (J(Mo, Mi,a, M3*). Using again Defini-
tion 2.1(3)(b), we get (J(Mo, My, a, f[M;]). Therefore by Definition 2.1(3)(a),
W(Mo, My, a, My). -

Definition 2.3.
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(1) s = (K, <, 5%, nf)is an almost good A-frame if s satisfies the axioms
of a good A-frame except maybe local character, but s satisfies weak
local character.

(2) s satisfies weak local character when there is a 2-ary relation, <* on
K, which is included in <[ K such that:

(a) for each My € K there is M € K, with My <* M,

(b) if Mg <* My =< My € Ky then My <* Mo,

(c) if (No : @ < 0+ 1) is a <*-increasing continuous sequence of
models in K, then for some a € Ns;; and some ordinal a < 6,
p =: ga — tp(a, Ns, Ns11) is a basic type, which does not fork
over N,.

In the following definition ‘na’ means non-algebraic.

Definition 2.4. We define a function S™* with domain Ky by S"*(M) :=
{ga — tp(a, M,N): M <N, a € N — M}.

Definition 2.5. Let s be an almost good A-frame. s is full if S* = S,

The following theorem says that the stability property in A is satisfied
and presents sufficient conditions for a universal model. The stability in A
can actually derived from [JrSh 875, Theorem 2.20].

Theorem 2.6.
(1) Suppose:

(a) s is an almost good \-frame (so indirectly, we assume basic
stability).

(b) (M, : o < X) is an increasing continuous sequence of models in
K.

(¢c) May1 realizes SP(M,).

(d) M, <* M&-I—l'

Then M), is universal over M.

(2) There is a model in Ky which is universal over \.
(3) For every M € Ky, |S(M)| < A.

Proof. Obviously (1) = (2) = (3). Why does (1) hold? We have to prove
that letting My < N, N can be embedded in M) over My. Toward a
contradiction assume that:

(*) There is no an embedding from N into M) over M.

Let cd be a bijection from A x A onto X\. Now we choose N, Aq, (@ g : f <
A), fa by induction on « such that:

)
(2) (N4 :a < A)is an increasing continuous sequence of models in K.
(3) (fa :a < ) is an increasing continuous sequence of functions.

(4) fo: My < N, is an embedding.

(5) No ={aap: B <A}

(6) Ao = {Cd(’y’ﬁ) Yy 2@, ga— tp(a'y,ﬁ’fa[MaLNa) € Sbs(foz[MaD}'
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(7) s € a1 [Masa] where (7, 8) = ed =} (Min(Ay)).

Why can we carry out the induction? For o = 0 or limit, there is no
problem. Suppose we have chosen Ny, Aq, (@a,p : B < A), fa. If fo[Ms] =
N,, then f;1 | Ny is an embedding over My, in contradiction to (*). Thus
fa[My] # Nu. Therefore there is a type in S (fo[M,]) which N, realizes.
Hence A, # (. So by the definition of a type, there is no problem to find
NOéJrla Aa+17 <aoc+1,,3 : B < )‘>a fonrl-

Why is this enough? Define Ny := [J{ Ny : o < A}, fr:=U{fa @ < A}
By smoothness, f)\[M)] < Ny. But fy\[M)] # N, (otherwise f;l I Np is an
embedding over My, in contradiction to (*)). So by weak local character,
there is ¢ € Ny — fA[M,] and there is a v € A such that ga— tp(c, fx[Mx], Ny)
does not fork over f,[M,]. Without loss of generality, ¢ € N,, because
we can increase 7. Therefore there is 8 € A such that ¢ = a, 3. Hence
ga — tplayg, fy[M,], Ny) € S*(f,[M,]). Define an injection g : [y, ) — A
by g(a) :=Min(A,). For each o € [y, ), cd(v, ) € An. So g(a) < cd(7, B),
(otherwise by (7) ay,3 € fat1[Mat1] C fa[My], but ay g = c & fr[M)]), and
g is an injection from [y, \) to ed(vy, §) which is impossible. Thus (*) implies
a contradiction. o

3. NON-FORKING AMALGAMATION
Hypothesis 3.1. s is an almost good A-frame.

In this section we present a theorem from [JrSh 875], which says that we
can derive a non-forking relation on models, from the non-forking relation
on elements. First we have to define the conjugation property.

Definition 3.2.
(1) Let p = ga — tp(a,M,N). Let f be an isomorphism of M (i.e. f
is an injection with domain M, and the relations and functions on f[M]
are defined such that f : M < f[M] is an isomorphism). Define f(p) =
ga — tp(f(a), f[M], fT[N]), where f* is an extension of f (and the rela-
tions and functions on fT[N] are defined such that f*: N — f*[N]is an
isomorphism).

(2) Let po,p1 be types, n < 2 — p, € S(M,). We say that pg,p; are
conjugate if there is an isomorphism f : My < M; such that f(pg) = p1.

Claim 3.3.
(1) In Definition 3.2, f(p) does not depend on the choice of f+.
(2) The conjugation relation is an equivalence relation.

Proof. Easy. .

Definition 3.4. Let s be an almost good A-frame. s is said to satisfy the
conjugation property, when: if p € S*(M;) does not fork over My, then
there is an isomorphism f : M; — My such that f(p) =p | M.

Remark 3.5. If s satisfies the conjugation property, then K is categorical.
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Now we present the properties that a non-forking relation should satisfy.

Definition 3.6. Let NF C %K) be a relation. We say &, when the

following axioms are satisfied:

(a) If NF(M(),Ml,MQ,Mg), then n € {1,2} — MO = Mn = M3 and M1 N
My = M,.

(b) The monotonicity axiom: if NF(My, My, Ma, M3) and Ny = My,n <
3 = N, < M, ANy < N, < N3,(GN*)[Ms < N* A N3 < N*], then
NF(Ny, N1, Na, N3).

(c) The existence axiom: for every Ng, N1, N2 € K, if | € {1,2} — Ny =<
N; and N1() N2 = Ny, then there is N3 such that NF'(Ng, N1, Na, N3).

(d) The uniqueness axiom: suppose for x = a, b we have N F(Ny, N1, N, NY).
Then there is a joint embedding of N N? over Ny |JNs.

(e) The symmetry axiom: N F(Ny, N1, Na, N3) <> NF(Ny, N2, N1, N3).

(f) The long transitivity axiom: for x = a,b, let (M,; : i = a*) be an
increasing continuous sequence of models in K. Suppose ¢ < a* —
NF(Ma,ia Ma,i+1a Mb,i7 Mb,i-ﬁ-l)- Then NF(Ma,Oa Ma,a*y Mb,O) Mb,a*)-

Definition 3.7. Let NF be a relation such that ). We say that NF'
respects the frame s when: if NF(My, My, My, M3) and ga— tp(a, My, M) €
S (Mp), then ga — tp(a, Mz, M3) does not fork over M.

Theorem 3.8. Suppose:

(1) K is categorical in \.

(2) s is an almost good \-frame which satisfies the conjugation property.
(3) I()‘—H_v K) < Mum‘f()‘—H_? 2)\+)'

(4) 22 < 22T < 22T,

(5) The ideal W DmId(A\") is not saturated in \TT.

Then there is a relation NF' such that @ np and NF respects the frame s.

Proof. By [JrSh 875]: by Corollary [JrSh 875, 4.18], K344 is dense with re-
spect to <ps. Hence by Theorem [JrSh 875, 5.15], there is a unique relation,
NF, with @ . Now see Definition [JrSh 875, 5.3]. =

4. A FULL GOOD A-FRAME

Hypothesis 4.1. s is an almost good A-frame which satisfies the conjugation
property.

Definition 4.2. nfNt' := {(My, My,a, M3) : Mg, My, M3 € K, My =
My ng, GEMg—Ml and for some Mo EK)\, M(] jMQ, GEMQ—MO
and NF(MO7M17M27M3)}'

The following theorem is similar to Claim [Sh:h, 9.5.2].II1.

Theorem 4.3. Let 5 be an almost good A-frame which satisfies the conju-
gation property. Then sV = (K, <, 5" nfNt) is a full good \-frame.
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Proof. We will prove the conditions in Definition 77:

1. Trivial.

2. (a),(b),(c) are trivial. (d) (basic stability) is satisfied by Theorem
2.6(3).

3. (a) is trivial.

(b) is OK by the monotonicity of NF, i.e. Definition 3.6(b).

Axiom (c) (local character) is the heart of the matter. Let j be a limit
ordinal, let (N; : i < j 4+ 1) be an increasing continuous sequence of mod-
els in K\ and let p =: ga — tp(c,Nj,Njt1) € S™(N;j). We have to
find ¢ < j such that p does not fork over N; in the sense of nfNF' ie.
nfNF(N;,e,Nj, Nj1). It is enough to find an increasing continuous se-
quence (M; : i < j) such that for each i < j, N; < M; and NF(N;, Nit1,
MZ', Mi—l—l) (SO NF(N,J, Nj, MZ', Mj)) and Nj+1 j Mj (fOl“ some ¢ < ] cE MZ',
so nfNF(N;, e, Nj, Nj41)). Without loss of generality, cf(j) = j. We try to
construct (Ny; : i =< j + 1) by induction on a € AT, such that:

(1) For each o € A", (N,,; : i < j+ 1) is an increasing continuous
sequence of models in K.

(2) For each i < j, (Nai : @ < AT) is an <*-increasing continuous
sequence of models in K and Nq j11 = Nay1,j41-

(3) No; = Nj.

(4) For each i < j and a < A*, we have NF(Ng.i, Noit1, Not14,
Not1,i+1)-

(5) For each v € S =: {6 € AT : ¢f(8) = j}, we have Ny j11 () Nat1,; #
Ngj.

If we succeed, then by clauses (2) and (5), the quadruple
(Naj:a<AT), (Naji1:a< AT, <idNaj ca< AT, S

forms a counterexample to Claim 1.3, so it is impossible to carry out this
construction.

Where will we get stuck? For o = 0, we will not get stuck, see item (3).

For « limit, just (1),(2) are relevant, and we just have to take unions and
use smoothness.

So we will get stuck at some successor ordinal. Suppose we have defined
(Noji 11 2 j+1). Can we find (Noq1, :4 27+ 1)7 If a ¢ S5, then it is
easier, so assume « € S. Let (8(i) : © = j + 1) be an increasing continuous
sequence of ordinals such that §(j) = a. If Noj = Ny jt1, then we can
define M; := N, ; and the local character is proved (IN; < N, ; = Mj, so see
the beginning of the proof). So without loss of generality, Ny j+1 # Naj-
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In the following diagram, the arrows describe the <*-increasing continu-
ous sequence (Ng(); 14 = j)” (Na,j+1). A model that appears at the right
and above another model is bigger than it.

Na i+ Naiv41 Neai42 No j Najt1 2 ¢
Ng(ir42),i* Ng(i=42)i+1 Ng(ix12)i+2 Ng(ir+2),j Ng(i+2),j+1
N 41)+1,6+ N 41) 41,41 Ni(i41)41,6%+2 Ng(ie1)+1, Np(ie1)+1,541
Np(ir41),i% Np(ir+1),i+1 Np(i+1),i+2 Np(is+1),5 Np(ir+1),5+1

/
Np (i) i+ Np(ir),iv+1 Np (i) i=+2 Np(i).j Np (i), j+1

By weak local character, there is an element ¢ and an ordinal ¢* such that
ga — tp(c, Noj, Naj+1) does not fork over Ny .

By Definition 2.1(b) (the monotonicity axiom), ga — tp(c, Naj, Na,j+1)
does not fork over Ny 41 and so ga — tp(c, Nai++1, Na,j+1) € S(Na,ix+1)-

So there is an increasing continuous sequence (N, ,'}'; : i < j) such that for

. . temp temp . temp
i < j we have NF(Nq,i, Nojit1, Nyits Na-i—l,i—i—l)’ and thereisa € Not1iv41

such that ga — tp(%Na,z'*H,Niinﬁ*H) = ga — tp(c, Noix41, Najr1)-

[Why? For i < i* define thﬂ'ipz = N,;. Choose Nfﬂ?@*ﬂ which is iso-

. temp -
morphic to Ng j11 over Ny +11 and Na+1’i*+1nNa,j+1 = Ng,i++1. For

.. . " t t
i € (i* +1, j] choose Nae_ﬁiﬂ such that NF(Ng, Nait1, Nafﬁi, Nae_ﬁﬂﬂ).

If ¢ is limit, then define Nieﬁpl = U{Nat1e : € < i}]. Now by the

long transitivity of NF we have NF(Na’Z'*H,Na,j,Nii”ﬁ*H,Nieﬁfj) and

so since N F' respects s, the type ga — tp(a, Na j, N;eﬁ%) does not fork over
Ngi#+1. So by Definition 2.1(e), (the uniqueness of the non-forking exten-
sion), ga — tp(a, ij,Néeﬁ{’j) = ga — tp(c, Na,j, Naj+1). Hence by the
definition of the equality between types, without loss of generality, there is
a model Nq1,41 such that Ny j11 = Noy1,j4+1, there is an embedding f :

N;e_ﬁ{’] = Not1,4+1 over Noj and f(a) = c. Now for i =< j define Noqq :=

FINTP). Why is (5) satisfied? ¢ € Noj1 () Nat1,i41— Nayit1. By (4) and
the long transitivity of NF, we have NF(Nai+1,Na,j» Nast1,i+1, Nat1,5)s
so ¢ ¢ Ngj, but since Noj141 C Nag1,; we have ¢ € Noq1;. Hence
¢ € Ngj+1 () Nat1,j — Na,j) Hence we can carry out the construction.

(d) Uniqueness: suppose for n < 2, ga— tp(a™, Mo, M) does not depend
on n, and NF(My, My, M{*, M3), see the diagram below. We have to prove
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that ga — tp(a”™, Mz, M3) does not depend on n. By the definition of the
equality between types, there is an amalgamation f°, f1 My of MY, M{
over M. So there are models M3"" and embeddings f;7 : M§ — M3,
such that for n < 2 we have NF(f,[M7}], f;7[M§], My, M3"") and f,, C f;F.
Since My () M]* = My, without loss of generality, f;F | My = idy, (we can
change the names of the elements in My — My, i.e. My — M{"). By the
long transitivity axiom of NF, we have N F(My, My, M, Mg+) So by the
uniqueness of N F, there is a joint embedding ¢°, g*, M3 of M??’Jr, M31,+ over
M UMs. So g°o faf,g1 ) ff_,Mg is an amalgamation of M;?,Mg1 over My.
Since a, € M}, (¢" o f;F)(an) = fn(a,) and so it does not depend on n
(since fo, f1 are witnesses for ga — tp(ai, Mo, M{") does not depend on n).
So ga — tp(a™, My, M3') does not depend on n.

gn
My —— MPT 2 M

My —— M;

(e) Symmetry: by the symmetry of NF, i.e. Definition 3.6(e).
(f) By the corresponding axiom of NF', i.e. Definition 3.6(c).

(g) Continuity: it is easy to see that continuity follows by local character,
because by definition, sV is full. -

Now we can present the main theorem: we get a good A-frame.

Theorem 4.4. Let (K, =) be an AEC such that:
(1) K is categorical in AT and 1 < TAT2 K) < prunip(AT2,227).
(2) 2 < 22" < 227 and WDmId(\'"Y) is not saturated in AT2.
Then:
there is an almost good A-frame, s with complete... (Ks,=<s) = ((Kx, <)

and a type is basic if it is minimal. Moreover, if s satisfies the conjugation
property, then there is a good A-frame with (Kg, <) = ((K, X).

Remark 4.5. Background on Weak Diamond appears in [DS] and in Chap-
ter 13 of [Gr:book]. Concerning fiy,if(pt,2"), see the last chapter of [Sh:h,

[JrSh 875] or [JrSh 966]. It is "almost 247 7: 1 < pamif (T, 27), IF 3, <,
then fuynif(pt,2H) = 2¢" and in any case it is not clear if i f (1T, 29) <
2" is consistent. There are more claims which say that it is a ”big cardinal”.

Proof. By Theorem [Sh E46, 0.2] there is such an almost good frame. So by
Theorem 4.3 we have the “moreover”. —
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While in [Sh:h].IT we obtained a good AT-frame, here we obtained a A-
good frame. Why is this important? In Section 1 of [Sh:h].ITI, Shelah defined
weakly dimensionality of a good frame, and proved that it is equal to the
categoricity in the successor cardinal. Since here we assume categoricity in
AT, the good A-frame we obtained here is weakly dimensional.

5. THE FUNCTION A — I(\, K) IS NOT ARBITRARY

In this section, we prove, under set theoretical assumptions, that there is
no AEC, (K, =), which is categorical in A\, \*..AT(»=1) but has no model
of cardinality A*™. The main results of Section 4 enables to prove only a
weaker version of this theorem. But we can prove this theorem, using results
of [Sh E46] and [Sh:h].IT.

By the last section in [Sh:h].II (alternatively, see Corollary [JrSh 875,
12.6)):

Fact 5.1. Suppose:
(1) n < w,
(2) s = (K,=,8%,nf) is a good \-frame ,
(8) For each m < n, IANYCH™ K) < pryni s (AT, ATy
(1) 22 < 2" <A oAt
(5) For each m < n, the ideal W DmId(AT+™) is not saturated in
AH@+m)
Then there is a model in K of cardinality \t(2+7).

By the following theorem, if f : card — card is a class function (from
the cardinals to the cardinals) with f(\) = f(A*) = ...f(AT(»=D) =1 and
F(AT™) = 0, then under specific set theoretical assumptions (clauses (4),(5),
below), f cannot be the spectrum of categoricity of any AEC.

Theorem 5.2. There are no K, =<,n, \ such that

(1) n > 3 is a natural number,

(2) (K,=) is an AEC,

(3) K is categorical in XT™ for each m < n, but Kyin =0,

(4) 22 < 2" <2 oAt

(5) For each m < n — 2, WDmId(AT'H™) is not saturated in \*+m),

Before we prove Theorem 5.2, we prove a weaker version of it:

Proposition 5.3. The same as Theorem 5.2, but here we assume, in ad-
dition, that if My < My <X Ms, a € My — My and ga — tp(a, My, M) is
minimal, then the types ga — tp(a, My, M), ga — tp(a, My, Ma) are conju-

gate.
Proof. By Theorem 4.4, there is a good A-frame with (K, <) = ((K, <).
Hence by Fact 5.1, there is a model in K of cardinality AT("). o

Remark 5.4. To our opinion, by Claim [Sh E46, 7.4](p. 76), it is reasonable
to assume that s satisfies the conjugation property.
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Now we prove Theorem 5.2:

Proof. By Theorem [Sh:h, 11.3.7](p. 297), there is a good A\™-frame, s such
that its AEC is (K, <). Now use Fact 5.1, where AT stands for . =
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