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NONPROPER PRODUCTS

ANDRZEJ ROSLANOWSKI, SAHARON SHELAH, AND OTMAR SPINAS

ABSTRACT. We show that there exist two proper creature forcings having a
simple (Borel) definition, whose product is not proper. We also give a new
condition ensuring properness of some forcings with norms.

1. INTRODUCTION

In Rostanowski and Shelah [2] a theory of forcings built with the use of norms
was developed and a number of conditions to ensure the properness of the resulting
forcings was given. However it is not clear how sharp those results really are and
this problem was posed in Shelah [4, Question 4.1]. In particular, he asked about
the properness of the forcing notion

Q={(wy:n<w):w, C2" w, #0 and lim |w,| = co}
n—w

ordered by w < W' < (Vn € w)(w), C wy,). In the second section we give a general
criterion for collapsing the continuum to Yy and then in Corollary 2.8 we apply it
to the forcing Q, just showing that it is not proper.

That the property of properness is not productive, i.e. is not preserved under
taking products, has been observed by Shelah long ago (see [3, XVII, 2.12]). How-
ever, his examples are somewhat artificial and certainly it would be desirable to
know of some rich enough subclass of proper forcings that is productively closed.
It was a natural conjecture put forth by Zapletal, that the class of definable, say
analytic or Borel, proper forcings would have this property. Actually, it was only
proved recently by Spinas [5] that finite powers of the Miller rational perfect set
forcing and finite powers of the Laver forcing notion are proper. These are two of
the most frequently used forcings in the set theory of the reals. However, in this
paper we shall show that this phenomenon does not extend to all forcing notions
defined in the setting of norms on possibilities. In the fourth section of the paper
we give an example of a forcing notion with norms which, by the theory developed
in the second section, is not proper and yet it can be decomposed as a product of
two proper forcing notions of a very similar type, and both of which have a Borel
definition. The properness of the factors is a consequence of a quite general theo-
rem presented in the third section (Theorem 3.3). It occurs that a strong version
of halving from [2, Section 2.2] implies the properness of forcing notions of the type

Q% (K, %0).
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Notation Most of our notation is standard and compatible with that of classi-
cal textbooks on Set Theory (like Bartoszyniski and Judah [1]). However in forcing
we keep the convention that a stronger condition is the larger one.

In this paper H will stand for a function with domain w and such that (Ym €
w)(2 < |H(m)| < w). We also assume that 0 € H(m) (for all m € w); if it is not the
case then we fix an element of H(m) and we use it whenever appropriate notions
refer to 0.

Creature background: Since our results are stated for creating pairs with
several special properties, below we present a somewhat restricted context of the
creature forcing, introducing good creating pairs.

Definition 1.1. (1) A creature for H is a triple
t = (nor, val, dis) = (nor[t], val[t], dis[t])

such that nor € R=°, dis € H(w1), and for some integers mf, < m! <w

0#valC {(u,0) e [ HG) x [ HE):uw<v}

i<mt i<mt
<mg, 1<Myp

The family of all creatures for H is denoted by CR[H].
(2) Let K CCR[H] and ¥ : K — P(K). We say that (K, X) is a good creating
pair for H whenever the following conditions are satisfied for each ¢t € K.
(a) [Fullness| dom(valt]) = J] H(i).
i<mb,
(b) t € X(t) and if s € X(t), then m3, =m},
(¢c) [Transitivity] If s € X(t), then X(s) C X(¢).
(3) A good creating pair (K, ) is
e local if m},, =mb, +1forallt e K,
o forgetful if for every t € K, v € [] H(i), and v € [] H(i) we

; t ; t
z<mup 1<my,

s — ot
and my, = my,.

have
(vIml,,v) € valt] = (u, u™ vl [mb,, my,)) € vallt],
o strongly finitary if for each ¢ < w we have
|H()| < w and Hte K :ml, =i} <w.

(4) Iftg,...,t, € K are such that ml, = mffn“ (fori<mn)andw e [] H(i),
i<mi0
then we let

pos(w, to, ..., tn) def

{ve H H(G):w<v & (Vi < n)((v[mgin,vrmffﬁ € val[t;])}.
J<mif
If K is forgetful and ¢ € K, then we also define
pos(t) = {v[[ma,, myy,) : (vImgy, v) € vallt]}.

Note that if K is forgetful, then to describe a creature in K it is enough to give
pos(t), nor[t] and dis[t]. This is how our examples will be presented (as they all
will be forgetful). Also, if K is additionally local, then we may write pos(t) = A
for some A C H(mf,) with a natural interpretation of this abuse of notation.
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Definition 1.2. Let (K,X) be a good creating pair for H. We define a forcing
notion Q7 (K, Y) as follows.

A condition in Q% (K, X) is a sequence p = (wP,th, ], t5,...) such that

» P
(a) t¥ € K and map = mtd’;” (for i < w), and
(b) we [] H() and lim nor[tP] = oco.
P n—oo
i<m®

The relation < on Qf (K, X) is given by: p <gq if and only if
for some i < w we have w? € pos(w?,th,... ,t' ;) (if i = 0 this means w? = wP)
and tg € ¥(th ;) for all n < w.

For a condition p € Q) (K, X) we let i(p) = lh(wP).

2. COLLAPSING CREATURES

We will show here that very natural forcing notions of type QX (K, X) (for a big
local and finitary creating pair (K, X)) collapse ¢ to R, in particular answering [4,
Question 4.1]. The main ingredient of the proof is similar to the “negative theory”
presented in [2, Section 1.4], and Definition 2.1 below should be compared with [2,
Definition 1.4.4] (but the two properties are somewhat incomparable).

Definition 2.1. Let h : R2? — R29 be a non-decreasing unbounded function and
let (K,X) be a good creating pair for H. We say that (K, X)) is sufficiently h-bad if
there are sequences m = (m; : i < w), A= (A; 1 i <w) and F = (F; : i < w) such
that
() m is a strictly increasing sequence of integers, my = 0, and
(Vt € K)(Ji < w)(mly, =m; & My, = Mit1),

(8) A; are finite non-empty sets,
(1) Fi= (FO,F}): A T H(m) — A1 x 2,
m<m;41
(0) if i <w, t € K, ml, =m; and nor[t] > 4, then there is a € A; such that
for every x € A; 41 x 2, for some s, € 3(t) we have
nor[s,| > min{h(nor[t]), h(i)} and
(Vue [I H(m))(Vv € pos(u, s;))(Fi(a,v) = z).
m<m;
Proposition 2.2. Suppose that h : RZ° — R20 s q non-decreasing unbounded
function, and (K,X) is a strongly finitary good creating pair for H. Assume also
that (K, %) is sufficiently h-bad. Then the forcing notion Q% (K, X) collapses ¢ onto
Np.

Proof. The proof is similar to that of [2, Proposition 1.4.5], but for reader’s conve-
nience we present it fully.
Let m, A and F witness that (K, X) is sufficiently h-bad. For i < w and a € A;
we define Q¥ (K, ¥)—names p; o (for a real in 2*) and 7); , (for an element of [] A;)
Jj=2i
as follows:

Fox (k.3 “ Mia(i) =a and 9;4(j) = F}_ 1 (Mi,a(j — 1), Wlmy) for j > i 7,
and

Fos (s “Piali=0 and pia(f) = F} (fi.a(5), Wimji1) for j > i 7.
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Above, W is the canonical name for the generic function in [ H(i), i.e., p IFo-_ (k%)
i<w
“wP aW e [] H(i) 7. We are going to show that
i<w
IFo- (k,x) “ (Vr € 2“NV)(Fi <w)(3Fa € A) (V5 > i) (pia(f) =7()) 7.
To this end suppose that p € Q7 (K, ) and r € 2%. Passing to a stronger condition
if needed, we may assume that (Vj < w)(nor[t}] > 4). Let i < w be such that
P

Ih(wP) = my; then also mffn = m;; for j <w (remember 2.1(ax)).

Fix k < w for a moment. By downward induction on j < k choose s? € 3(th)
and a® € A;1; such that

(a) nor[sh] > min{h(nor(t}]), h(i + j)} for all j <k,

)
(b) (Vu € I H(m))(Vv € pos(u, sp)) (Fy,(af, v) = r(i + k),
)

m<Mmi4k

(c) for j < k:

(Vu € H H(m))(V’U € pOS( ))(Fz{‘r](a 1}) - T(Z +.7) & F’L+]( ) - a§+1)'
m<mi;
(Plainly it is possible by 2.1(4).)
Since for each j < w both Z(t ) and A;.; are finite, we may use Konig Lemma
to pick an increasing sequence k = (k(¢) : £ < w) such that

aEEHD) = M) D _ k)

and
for £ < ¢ <w and j < k(). Put w? = w? and t] = shUT, b; = af(ﬁl) for j < w.
Easily, ¢ = (w?,t{,t9,¢1,...) is a condition in Q% (K,X) stronger than p. Also, by
clause (c) of the choice of s¥, we clearly have
(Vj < w)(Vv € pos(w?, td, ... ))(F&j(bj,v) =bj1 & F, Hj(bj,v) =r(i+7)).
Hence
q s (xm) “ (Vi < w)(ipe (i + ) = b & pip, (i +7) =r(i+j))”

finishing the proof. O

Lemma 2.3. Suppose that positive integers N, M,d satisfy N - 2M < d. Let A, B
be finite sets such that |A| > 2M and |B| < N. Then there is a mapping F :

A x AN — B with the property that:
(®) if2< <M, (¢; : i <d)€ H[M]E, then there is a € A such that for
i<d
every b € B, for some ¢! € [c;] L¢/2] (fori < d) we have

VuEHc =b).

i<d

Proof. Plainly we may assume that |[A| = 2™ and |B| = N, and then we may
pretend that A = M9 and B = N.
For h € A=M2 and u € IM we let F(h,u) < N be such that

u) = Z h(u(i)) mod N.

i<d



Paper Sh:941, version 2009-05-07_11. See https://shelah.logic.at/papers/941/ for possible updates.

NONPROPER PRODUCTS 5

This defines the function F : A x IM — B = N, and we are going to show
that it has the property stated in (®). To this end suppose that 2 < ¢ < M and

(cizi<dye ] [M}E For each ¢ < d we may choose h; € A so that
i<d
[(h) T {0} Neil > [€/2)  and  [(he) T {1 Nl > [€/2)
Then, for some h € A and I C d we have |I| > d/2™ and h; = h for i € I. For
i € d\ I we may pick ¢ € [¢;] 14/2] and Ji < 2 such that hlc} = j;.
Now, suppose b € B. Take a set J C I such that

[J|+ > ji=b mod N
ied\I

(possible as |I| > d/2M > N). By our choices, we may pick ¢! € [¢;] /2] (for
i € I) such that

if i € J, then h|c? =1,

ifi € I'\ J, then h|ct = 0.
For i € d\ I we let ¢? = ¢} (selected earlier). It should be clear that then

(Vu e [T (F(h,u) =b),

i<d

as needed. O

Example 2.4. Let m = (m; : i < w) be an increasing sequence of integers such
mo = 0 and m; 1 —m; > 473, Let h(f) = |£/2] for £ < w.
For j < w we let HZ (j) = 4 + 2, where i is such that m; < j < m;41. Let K2,

consist of all (forgetful) creatures t € CR[HY ] such that

o dis[t] = (¢, (Z} : my < j < myeyq)) for some i <w and O # Z§ € HY,(j)

(for my < j < myeyq),
e nor[t] = min{|Z}| : m; <j < mgq1},
e pos(t) = 11 AN
JEIMe Myt )

Finally, for t € K9, we let
Sn(t) = {s € Ky, :i' =i & (Y] € [mir, mie11))(Z] C Z))}.

Then (K9 ,¥%) is a strongly finitary and sufficiently h-bad good creating pair for

m? m
HY . Consequently, the forcing notion Q% (K2,%%) collapses ¢ onto Ng.

Proof. Tt should be clear that (K2,%2 ) is a strongly finitary good creating pair for
HY,. To show that it is sufficiently h-bad let A; = ¢+ 29 B, = Ajggx2="+ 39%2
and M; = i+2. Since | B;|-2Mi = 2144442 < 1 —m; def d;, we may apply Lemma,
2.3 for A= A;, B=Bi, M = M; and d = d; to get functions F; : A; x %M, — B;
with the property (®) (for those parameters). For a € A; and v € [[ HY ()
J<mit1
we interpret F;(a,v) as F;(a,u) where u € d; (i+1) is given by u(j) = v(m; +j) for
j < d;. It is straightforward to show that m, A = (4; :i < w) and F' = (F; : i < w)
witness that (K9, %% ) is h-bad. O
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The above example (together with Proposition 2.2) easily gives the answer to [4,
Question 4.1]. To show how our problem reduces to this example, let us recall the
following.

Definition 2.5 (See [2, Deﬁnition 4.2.1]). Suppose 0 < m < w and for i < m we
have ¢; € CR[H] such that m, < m(;n“ Then we define the sum of the creatures
t; as a creature t = X" (¢; : 4 < m) such that (if well defined then):

_ nto t o tm-1
(a) mdn Man» mup Mup

(b) valt] is the set of all pairs (hq, h2> such that:
Ih(hy) = ml,, lh(hg) My, h1 < b,
and (he[mf, , hom?; L) € vallt;] for i <m,

and ho[[m¥,, mdﬁl) is identically zero for i < m — 1,
(¢) nor[t] = min{nor[t;] : i < m},
(d) dis[t] = (t; : i < m).

If for all ¢ < m — 1 we have mfj, =

= derl then we call the sum tight.

Definition 2.6. Let (K,X) be a local good creating pair for H, and let m =
(m; : i < w) be a strictly increasing sequence with mo = 0. We define an m—
summarization (K™, ™ H™) of (K, %, H) as follows:

mip1—1

e« H™(i))= [[ H(m),

m=m;
e K™ consists of all tight sums 25" (¢, : m; < £ < m;41) such that i < w,
ty € K, mffn :(7
o if t =%""(ty :m; <€ <myq1) €K™, then X™(¢) consists of all creatures
s € K™ such that s = X5 (s, : m; < £ < myy1) for some sy € L(ty) (for
Ezmi,...,miﬂ —].)
Proposition 2.7. Assume that (K,X) is a local good creating pair for H, m =
(my; 13 < w) 1is a strictly increasing sequence with mg = 0. Then:
(1) (K™, X™) is a good creating pair for H™;
(2) the forcing notion Q% (K™,3™) can be embedded as a dense subset of the
forcing notion Q% (K,X) (so the two forcing notions are equivalent).

Corollary 2.8. Let H: w — w be increasing, H(0) > 2, and let g : R — R be an
unbounded non-decreasing function. We define (K;I, E;I) as follows: K;I consists
of all creatures t € CR[H] such that

o dis[t] = (i*, A?) for some i' < w and ) # A C H(i'),
e norft] = g(|At|), my, = i*, mb, =1i" + 1 and pos(t) = A".
Fort e K;I we let

Sp(t) ={se K':i' =i* & A° C A"}
Then (K;I, E;I) s a local strongly finitary good creating pair for H. The forcing
notion Q% (K;{, E?) collapses ¢ onto Xg. In particular, the forcing notion Q defined
in the Introduction is not proper.
Proof. Let p € QX (K;{, E?). Plainly, llggo |A%| = 00, so we may find a condition
¢ > p and an increasing sequence m = (m; : ¢ < w) such that

e myg=0,m; = lh(wq), mMiy1 — My > 4i+3,
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o if m; < mtdzn < m;41, then |AtZ| =4+ 2.
Now we define a condition ¢* in Qi ((KF)™, (SF)™) by

wd = wl, tg* =" i mi <k 4+mo <mige)  (for i <w).

The forcing notion Q7 (K ;{, E;I) above the condition ¢ is equivalent to the forcing
: * H\m H\ 7 * . * H\m H\ * s
notion Q7 ((K,")™,(X,)™) above ¢*. Plainly, Q% ((K;)™, (3,)™) above ¢* is
isomorphic to QX (K2,%2) of Example 2.4 above the minimal condition r with
w” = w? . The assertion follows now by the last sentence of 2.4. ([

Remark 2.9. (1) If, e.g., g(x) = logy(z) then the creating pair (K}, XT) is big
(see [2, Definition 2.2.1]), and we may even get “a lot of bigness”. Thus the
bigness itself is not enough to guarantee properness of the resulting forcing
notion.

(2) Forcing notions of the form QX (K,X) are special cases of Q}(K,X) (see
[2, Definition 1.1.10 and Section 2.2]). However if the function f is growing
very fast (much faster than H) then our method do no apply. Let us recall
that if (K,X) is simple, finitary, big and has the Halving Property, and
[ iwXw— wis HAast (see [2, Definition 1.1.12]), then Q}(XK,X) is
proper. Thus one may wonder if we may omit halving - can the forcing
notion Q% (K;{, E?) be proper for H and f suitably “fast”?

3. PROPERNESS FROM HALVING

It was shown in [2, Theorem 2.2.11] that halving and bigness (see [2, Definitions
2.2.1, 2.2.7]) imply properness of the forcings Q3 (£, ¥) (for fast f). It occurs that if
we have a stronger version of halving, then we may get the properness of Q% (K,X)
even without any bigness assumptions.

Definition 3.1. Let (K,X) be a forgetful good creating pair

(1) Let t € K and ¢ > 0. We say that a creature t* € 3(¢) is an e-half of ¢ if
the following hold:
(i) nor[t*] > nor[t] — ¢, and
(ii) if s € X(¢*) and nor[s] > 1, then we can find ¢y € X(¢) such that

nor[tg] > norft] —e and pos(ty) C pos(s).

(2) Let € = (g; : i < w) be a sequence of positive real numbers and m = (m, :
i < w) be a strictly increasing sequence of integers with mg = 0. We say
that the pair (K, ) has the (&, m)—halving property if for every t € K with
m; < m}, and nor[t] > 2 there exists an ¢;~half of ¢ in 3(¢).

Definition 3.2. Let (K, X) be a good creating pair. Suppose that p € QX (K,X)
and I C Qf (K,X) is open dense. We say that p essentially belongs to I, written
p € I, if there exists i, < w such that for every v € pos(w?,t(,...,t; _;) we have
(] 8 1t o) €

Ty )

Theorem 3.3. Let € = (¢; : i < w) be a decreasing sequence of positive numbers
and m = (m; : i < w) be a strictly increasing sequence of integers with my = 0.

See https://shelah.logic.at/papers/941/ for possible updates.
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Assume that for each i < w

| T[] H®)I <1/

nm;
Let (K,X) be a good creating pair for H and suppose that (K,X) is local, forgetful
and has the (&, m)—halving property. Then the forcing notion QX (K,X) is proper.

Proof. The proof will be carried out in a series of claims.

Claim 3.3.1. Let a > 2 and I C QX (K,X) be open dense. Furthermore suppose
that p € Q* (K,X) and i < w 1is such that nor[t!] > a for every n > m; — i(p).
Finally let v e ] H(n). Then there exists q € Q% (K, %) such that

nm;
(a) p<q, wP =w? and t2, =t% for every n < m; —i(p);
nor(tl] > a —¢; for every n > m; —i(p);
b tl] > > j

; : _ q q q
(c) either, letting ql’! = (v, b —i(p) bms —i(p) 110 Ems—i(p) 127 - -

there is no v > !l such that r € I, w™ = v and nor[t"] > 1 for every n.

), q € I orelse

Proof of the Claim. We know that (K,X) has the (&,m)-halving property and
therefore for each n > m; — i(p) we may choose an e;-half t%° € X(t2) of ¢&.
For n < m; — i(p) put t& = ¢ and let w? = wP. This defines a condition
qo = (wh gl t{o 3. .)€ Q% (K,X). Plainly, (a) and (b) hold for ¢y instead of
q. Now if there is no r > q([]v] with r € I, w" = v and nor[t]] > 1 for every n < w,
we can let ¢ = ¢o. Hence we may assume that such r = (w", t{, ¢7,t5, .. .) does exist.
Pick j < w large enough such that nor[t!] > a — ¢; for every n > j. Now we

define g € Qi (K, X):

o wl=wP t4 =1t for n < m; —i(p),

o {9 =1" for n > m; —i(p) + 7,

o for miniz}(i;)l(pg) n < m; —i(p) + 7 let t2 € X(tP) be such that
nor[t}] > nor[t)] —e; >a—¢g and pos(t}) C pos(ty,_,,, i)
(exists by the halving property).
Clearly p < q and (a), (b) hold. Also, for every u € pos(v, tfm_i(p), . 7tgnq‘,—i(p)+j)
we have ¢[*] > 7, and hence ¢/*! € I, as I is open. Consequently, gt ex 1. O

Claim 3.3.2. Let a > 3 and I C QI (K,X) be open dense. Suppose that p €
Qi (K,X) and i < w is such that nor[tf] > a for every n > m; — i(p). Then there
exists ¢ € Q% (K, X) such that

(a) p<q, wP =w?, and t2 =t forn < m; —i(p);

(b) nor[tl] > a—1 for every n > m; —i(p);

(c) for every v € T[] H(n), either ¢! €* I, or else there is no r € I such

n<m;

that r > q, w" = v and nor[t] > 1 for all n.
Proof of the Claim. Let (v : I < k) enumerate [[ H(n), thus k < 1/e;. Applying

nm;
Claim 3.3.1 k times, it is straightforward to construct a sequence {(q; : | < k) C

Q! (K, X) such that
e ¢ =0, q < qi1, w" =wP, and t% =P for every n < m; — i(p),
e norft#] > a—1-¢; for every n > m; —i(p), and
e (qi,qi+1,v,a — - g;) are like (p, ¢, v,a) in Claim 3.3.1.
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Then clearly q = gy, is as desired. O

Claim 3.3.3. Let a > 2 and I; C Q} (K,X) be open dense for j < w. Suppose
that p € QI (K,X) and (iy : £ < w) is an increasing sequence in w such that
nor[t?] > a + 20 + 1 for every n > m;, — i(p), for every £. Then there exists
q € Qi (K,%) such that

(a) p<q, wP =w?, and t& =t for every n < m;, —i(p);

(b) nor[tl] > a+ ¢ for every n > m;, —i(p), for every ¢;

(¢c) for every j < w there are infinitely many ¢ < w such that for every sequence

ve [I H(n), if there exists r € I; such thatr > ¢, w" = v and nor[t}] >

n<mg,

1 for every n, then ¢l*! €* I;.

Proof of the Claim. Fix a surjection m : w — w such that 7=![{j}] is infinite
for every j. We apply Corollary 3.3.2 infinitely many times in order to construct
(pe : £ < w) with pg = p such that for every £, (pg, pet1,ie,a + £+ 1, Irp) is like
(p,q,1,a,I) there. Then we let ¢ be the natural fusion determined by the p,. O

Claim 3.3.4. Suppose that I;,j < w,p,q and (i; : { < w) are like in Claim 3.3.3.
Let
Ij[q] ={¢":ve H H(n) & i <w}NIj.

n<m;

Then I][q] s predense above q.

Proof of the Claim. Suppose r* € QX (K,X) is stronger than ¢. Pick a condition
ro = (W', t°,11°,t5°,...) > r* such that rq € I;. By 3.3.3(c) we may find ¢ such
that
() nor[tie] > 1 for every n > m;, —i(ro), and
(xx) for every sequence v € [] H(n), if there exists r € I; such that r > g,

n<mi,
w" = v and nor[t"] > 1 for every n, then ¢[*! €* I;.

Choose v € pos(w™, ty’, ... t° 7i(ro)71). Then r([)v] > 7o SO r([)v} € I; (remember I;
K7

is open) and r([f] > gq. Therefore, by (xx), we see that gVl ex I;. Clearly r([)v] > gl

Hence we may find u € pos(v,tﬁié_i(m),...,t:f:k_i(m)_l) (for some k > iy) such

that ¢l* I;. Then g e Ij[q] and r([)u] is a common upper bound to ¢/ and 7*. O

As the sets [ J[-q] from Claim 3.3.4 are countable, it is now clear how to conclude
the properness of Q% (K, X). O

4. A NONPROPER PRODUCT

Here, we will give an example of two proper forcing notions Q7 (K*,X1) and
Qz,(K?2,%2%) such that their product Q7 (K,¥) collapses ¢ onto Ng.
Throughout this section we write log instead of log,.

Definition 4.1. Let z,i e R, 2 >0, ¢ >0, and k € w \ {0}. We let

Fol i) = 28 (log(lf];g(x)) — 1)

in the case that all three logarithms are well defined and attain a value > 1. In all
other cases we define fi(z,7) = 1.
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Lemma 4.2. (1) fk(%,l) > fro(w,i) — +;
(2) letting j = “ECHEE Gf fi(2,i) > 2 then fy(x,]) = fulx.1) —
(3) letting j as in (2), if min{ (o), fily3)} > 1 then fily.d) > fu(a. 1)~
(@) if # > 22" and z such that log(log(z)) = %, then fi(z,1)
fk-(SC, Z) - %
Proof. (1) Note that for z > 2 we have
(%) log(z — 1) > log(z) — 1.

=

Indeed, > 2 implies  — 1 > Z. Applying log to both sides we get log(z — 1) >
log(%) = log(z) — 1.

If # < 22" then log(log(log(z)) — i) < 1 (if at all defined), and fi(z,i) = 1 =
fr(5,4). So assume z > 22" Then log(z) > 22+ > 2 and log(log(z)) — i > 2,
and hence we may apply (*) with log(z) and log(log(z)) — ¢ and obtain

log (log(log(%)) — i) = log (log(log(z) — 1) — i) > log (log(log(z)) — 1 — 1)
> log (log(log(x)) — i) — 1.

By dividing both sides by k we arrive at (1).

(2) Note that fi(z,7) > 2 implies log(log(x)) — i > 4 and hence log(log(x)) — j =
% > 2. Consequently

Fl ) = (1og(lzg(z>>—j) _log ((logaoi(z))—i)m)

log ( log(log(z))—i)—1 .
nlloteon 1 _ gy

(3) By assumption we have log(log(y)) — j > 0. By pluging in the definition of j
and adding j — i to both sides we obtain log(log(y)) — i > 1(log(log(z)) — i) and
hence log (log(log(y)) — z) > log (log(log(:c)) - z) — 1. After dividing by k£ we reach
at (3).

(4) Note that

fi(z,1) = 3 log (log(log(2)) — i) = 1 log ((log(log(x)) — i)/2)
= 1 [log (log(log(z)) — i) — 1] = fi(x,1)

O

We are going to modify the example in Corollary 2.8 and Example 2.4.

Let m = (m; : i < w) be an increasing sequence of integers such that mg = 0 and
mip1 —m; > 43, For j < wlet H(j) =i+ 3, where i is such that m; < j < m;1,
and let g(x) = x. The local good creating pair (K}, Xt) introduced in 2.8 will be
denoted by (K, 1), By 2.4 we know that ((K1)™, (Z1)™) (see 2.6) is sufficiently
bad and hence (by 2.8) the forcing Q7 (K, 1) collapses ¢ into Ng.

Recall that for a creature ¢t € K'! we have

e dis[t] = (i, A*) for some i' < w and ) # A* C H(i"),
e norft] = |A| and pos(t) = A*.
Let I, = |[H(n)| and

ky = |v/max{k € w\ {0} : f(l,,0) > 1} if 1,, > 16,
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and k, = 1if [,, < 16. Certainly we have le l,, = oo and therefore le k, = 00

as well. Note also that lim fi, (l,,0) = co.
n—oo

Definition 4.3. Let K consist of all creatures t € CR[H] such that
e dis[t] = (m!, A,i") for some m'! < w and @ # A* C H(m'), and i’ € w,
0 < it < log(log(lme)),
e nort] = fi ,(|A"],i"), mh, = m’, m!, =m'+1 and pos(t) = A".
For t € K we let
Yt)={se K:m*=m' & A* C A" & i* > i'}.

Lemma 4.4. (K,X) is a local forgetful good creating pair for H. The forcing notion
Qi (K, %) collapses ¢ to Ny.

Proof. Tt is straightforward to check that (K™, ™) inherits the sufficient badness
of ((KH)™, (3')™) (remember 4.2(1)). O

We are now going to define the desired factoring Q*_ (K, ) ~ P? x P! into proper
factors PO, P, For this we recursively define an increasing sequence i = (n; : i < w)
so that ng = 0 and n;4; is large enough such that

kni =[] HOG).
j<n;
We put U° = | [n2i,n2i11) and Ut = | [n2i41,n9;) and we let 7° : w — U°
i<w i<w
and 7! : w — U! be the increasing enumerations.
Definition 4.5. Let £ € {0,1}. We define H* = H o 7* and we introduce K*, %*
as follows.
(1) K* consist of all creatures ¢t € CR[H’] such that
e dis[t] = (mf, A% it) for some m' < w and @) # A* C H'(m!), and
it € w, 0 < it <log(log(ly,)), where n = 7f(m?),
e mh, = m', ml, = m'+1, pos(t) = A" and nor[t] = fp,(
(where again n = 7f(m?)).
(2) For t € K* we let
Yt)={sec K':m*=m! & A* C A' & i* >i'}.
Lemma 4.6. (1) For ¢ €{0,1}, (K% %%) is a local forgetful good creating pair
for H.
(2) Let m = (m; : i < w) and € = (g; : i < w) be such that ™°(m;) = na; and
gi = 1/kn,,. Then (K% X%) has the (&,m)-halving property.
(3) Letm=(m;:i<w) and €= (g; 1 i < w) be such that 7' (m;) = nai11 and
g =1/kn,,,,. Then (K',X') has the (£,7m)-halving property.

Proof. (1) Should be clear.

(2) Let t € K° nor[t] > 2, dis[t] = (m, A,i*). Let n = 7%(m) € [na;,n2ir1) (so
m; < m = m}, ). Define j = M and let z such that log(log(z)) = j.
Certainly i* < j < log(log(]A])) < log(log(l,,)). Let t* € K° be such that dis[t*] =
(m, A, j). Clearly t* € X°(t). We are going to argue that t* is an g;-half of ¢ in
¥O0(t).

Atl,it)
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k
be such that nor[s] > 1. Let dis[s] = (m, A’,7'), thus A’ C A and ¢’ > j. Pick
to € K such that dis[ty] = (m, A’,i*). Then to € X°(¢) and pos(ty) = A’ = pos(s).
Also, nor[s] > 1 implies log(log(]A’|)) > i’ > j. By the definition of z we conclude
|A’] > z. Applying this together with Lemma 4.2(4) we obtain

By Lemma 4.2(2), nor[t*] = nor[t] — % > nor[t] — ;. Now let s € X0(¢*)

norlto] = fi, (4,i*) > fi, (%) = fi, (14,#*) ~ 1 > norlt] — &:

n

(3) Like (2) above. O

Corollary 4.7. (1) The forcing notions QX (K*, X% (for ¢ = 0,1) are proper.
(2) Let Q = {p € Qi (K,X) : i(p) =ny, i < w}. Then Q is a dense suborder
of Q% (K,X) and it is isomorphic with a dense suborder of the product
Qi (K%, 2% x Qr (K, X1). Consequently, the latter forcing collapses ¢ to
Ng.

Proof. (1) Let m,& be as in 4.6(2). By the choice of 7 we have

| TT B0l = 1 TT{HG) <5 € Unoenaes )} < [T HE) < koo = 1/

n<mg £<i j<nai—1

Consequently, Theorem 3.3 and Lemma 4.6(1,2) imply that Q*_(K?, £.0) is proper.
Similarly for Q% (K1,X1)

2) Should be clear. O
(2)
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