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EXTERNAL AUTOMORPHISMS OF ULTRAPRODUCTS OF
FINITE MODELS

PHILIPP LUCKE AND SAHARON SHELAH

ABSTRACT. Let £ be a finite first-order language and (M, | n < w) be a
sequence of finite £-models containing models of arbitrarily large finite car-
dinality. If the intersection of less than continuum-many dense open subsets
of Cantor Space “2 is non-empty, then there is a non-principal ultrafilter U
over w such that the corresponding ultraproduct J,, Mn is infinite and has
an automorphism that is not induced by an element of [] Aut(My).

n<w

1. INTRODUCTION

Let £ be a finite first-order language and (M,, | n < w) be a sequence of finite
L-models. Given a non-principal ultrafilter U over w, we let [[,, M,, denote the
corresponding ultraproduct and [Z];; denote the =y-equivalence class of an element
7 € [[,co,, Mn. An automorphism 7 of [[,, M,, is internal if there is a sequence
(m € Aut(M,,) | n < w) such that 7([Z]y) = [§]y holds for all Z,7 € [, .., Mn
with 7(n) = m,(Z(n)). We call an automorphism 7 of [],, M,, external if it is not
internal.

If the continuum hypothesis (CH) holds and [[,, M, is infinite, then it is a satu-
rated model of cardinality X; (see [1, 6.1.1] and [4]) and the group of automorphisms
Aut(T],; M) has cardinality 2% > Ny (see [1, 5.3.15]). In particular, [],, M, has
many external automorphisms in this situation.

If (CH) fails, then things can look totally different, as the following result (due
to the second author) on ultraproducts of the finite fields F,, of prime order p shows.

Theorem 1.1 ([5]). It is consistent with the azioms of ZFC that there is a non-
principal ultrafilter F over the set P of primes such that the field [T, has no
non-trivial automorphisms.

Using this result, Simon Thomas and the first author proved the following result
on ultraproducts of finite symmetric groups. Recall that for n # 6 every auto-
morphism of finite symmetric group Sym(n) is inner. In particular, every internal
automorphism of the group [[,, Sym(n) is inner.

Theorem 1.2 ([3]). It is consistent with the azioms of ZFC that there is a non-
principal ultrafilter U over w such that all automorphisms of the group [, Sym(n)
are internal.

2000 Mathematics Subject Classification. 03C20, 03E50, 20B30, 20E36.

Key words and phrases. Ultraproducts, automorphisms.

The research of the first author was supported by the Deutsche Forschungsgemeinschaft (Grant
SCHI 484/4-1 and SFB 878).

The research of the second author was supported by the German-Israeli Foundation for Scien-
tific Research & Development Grant No. 963-98.6/2007. Publication 982 on Shelah’s list.

1



Paper Sh:982, version 2011-03-18_11. See https://shelah.logic.at/papers/982/ for possible updates.

2 PHILIPP LUCKE AND SAHARON SHELAH

The work of this note is motivated by the following questions.

Questions. (i) Is it consistent with the axioms of ZFC that for every non-principal
ultrafilter F over the set P of primes, the field [[ ), has no non-trivial automor-
phisms?

(ii) Is it consistent with the axioms of ZFC that for every non-principal ultrafilter
U over w, the group [[,, Sym(n) has only inner automorphisms?

The result of this note shows that a mild set-theoretic assumption implies the
existence of ultraproducts of finite symmetric groups with external automorphisms.

Theorem 1.3. Assume that the intersection of less than continuum-many dense
open subsets of Cantor Space “2 is non-empty. If L is a finite first-order language
and (M, | n < w) is a sequence of finite L-models containing models of arbitrarily
large finite cardinality, then there is a non-principal ultrafilter U over w such that
[I, M is infinite and has an external automorphism.

The above assumption is known as Martin’s Axziom for Cohen-Forcing and it is
implied both by the continuum hypothesis and Martin’s Axiom.

2. EXTENDING PARTIAL ELEMENTARY MAPS

From now on, we let £ denote a finite first-order language and (M,, | n < w)
denote a sequence of finite £-models. We may also assume that |M,,| < |[M41]
holds for all n < w. In addition, we fix the following objects.

An enumeration (¢, | 0 < a < 2%0) of all subsets of w.

An enumeration (7, | 0 < a < 2%°) of all sequences in ], _,, Aut(M,,).
An enumeration (Z, | 0 < a < 2%°) of all sequences in [, M.

A regular cardinal 6 such that Hyp = {z | |tc(z)| < 0} contains all relevant
objects.

Our aim is to inductively construct a non-principal ultrafilter & over w and a
function f: ], ., Mn — [, ., Mn such that there is an external automorphism
fof [T, My, with f([Z]y) = [J]u for all Z,§ € [],,.,, M, with f(Z) = §. We will
approximate both i and f by their intersections with certain elementary submodels
of Hy of cardinality less than 280, The following definition captures this idea.

Definition 2.1. We call a triple (Uy, Ny, fo) adequate if it satisfies the following
properties.

(1) Up is a non-principal ultrafilter over w.

(2) Ny is an elementary submodel of Hy of cardinality less than 2%0 containing
fo, Up and the sequence (M,, | n < w).

(3) fo:[Lcow Mn = T1,c., Mn is a partial function and there is a partial

elementary map fo : [, Mn EALAN [ 1y, Mn with the following properties.

(a) dom(fo) = {Z € [T, <., Mn | [T]esy € dom(fo)}. )
(b) If & € dom(fy) with fo(Z) =¥, then [Z]y, € N and fo([Z]u,) = [Fus-

Given adequate triples (U, No, fo) and (U1, N1, f1), we define
{(Uo, No, fo) = (U, N1, f1)
to hold if NO OL{O Q L{l, NO g N1 and fO N NO g f1~
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The idea behind this definition is that the submodel Ny fixes subsets of Uy and fy
that will be contained in the final objects & and f (in the sense that No NUy C U
and fo N Ny C f will hold). Note that f; might be the empty function in the
above definition. In particular, there always exists an adequate triple. Moreover, if
Uy, No, fo) is an adequate triple, then the partial map fo is uniquely determined.

Given Uy and Ny as in Definition 2.1, we define My, n, to be the unique L-
substructure of Huo M., with domain Noﬁl_[u0 M.,. We list some basic properties.

Lemma 2.2. (1) Let U and Uy be non-principal ultrafilters over w and Ny be
an elementary submodel of Hy with Uy € Ny and No NUy C U. Then the
map

it Muyng = [[Mn s Elu = [l
u

s an elementary embedding.

(2) Given an adequate triple (Uy, No, fo), we have fo @ Muyy Ny ~ My N,
and this is a partial elementary map.

(3) If Uy, No, fo) = (U1, N1, f1) holds for two adequate triples, then the induced
map i : My, Ny = Muy, N, @5 an elementary embedding with

iofo=(fio04) | dom(fo).

Proof. Let ¢ = (v, ..., pr—1) be an L-formula and Zy, ..., Zx—1 € NoN[[,, ., M-
By elementarity, we have {n < w | M,, = ¢(Zo(n),...,Tx—1(n))} € Ny and the as-
sumption Ng NUy C U allows us to run an easy induction on the complexity of the
formula ¢ to show

Mu07N0 ': @([fO]Moa R [fk—l]l/{g)
<~ HM’I’L |: (p([fO]Moa cey [fkfl]u[))
Uo

<:>{n <w | M, ': @(.fo(n), e ,f'k_l(n))} e NoNUp CU
= [[Mn Ee(Folu - [Frolu)
u

The other statements follow directly from the above computations and the defini-
tions of My, n and f. O O

Proposition 2.3. Suppose Uy, X, f* and p satisfy the following statements.
(1) Uy be a non-principal ultrafilter over w and X C Hy with | X| < 2%0.

(2) p: ey Mn erty [I,<o, Mn is a partial function.

(3) f*: Iy, Ma A [Ty, Mn is a partial elementary map with |dom(f*)| <
2% {[Z)y, | £ € dom(p)} C dom(f*) and f*([Z]u,) = [Jlu, for all T €
dom(p) with p(Z) = y.

Then there is an adequate triple (Uy, No, fo) such that p C fo, f* = fo, X C Ny
and |No| = | X| + |dom(f*)| + No.

Proof. We can find a partial function fo : [],., Mn = [],., Mn with p C fo,
dom(fo) = {Z | [Z)u, € dom(f*)} and f*([Z)u,) = [¥]u, for all Z € dom(fp) with
fo(#) = ¢. Let D C [],.,, Mn be a complete set of representatives for elements
in dom(f*) with |D| = |dom(f*)|. Finally, pick an elementary submodel Ny of Hy
with DU X U {fo,Up,(M,, | n <w)} C Ng and |[No| = [D| +|X|+R,. O O
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Lemma 2.4. Let (Uy, Ny, fo) be an adequate triple and x € Hy. There is an
adequate triple (Up, N1, f1) with the following properties.

(1) <u05]\]_07f0> = <U(),N17f1>, |N1| = |N0| and z € N.

(2) dom(fi1) is a definably closed subset of My, Ny -

Proof. There is a unique extension f* : My, n, ety My, N, of fo to a partial
elementary map whose domain is the definable closure of dom( fy). Clearly, dom(f*)
is definably closed in [T, My, [dom(f)| < |dom(fo)| + Ro < [No| < 2% and we
can apply Proposition 2.3 with Uy, Nog U {z}, f* and fo N Ny to find an adequate
triple (U, N1, f1) with the above properties. In particular, f = f* and dom(f*) C
Muyy Ny € Muyy,n,- By the first part of Lemma 2.2, My, n, is an elementary

substructures of My, n, and this shows that dom(f) = dom(f*) is definably closed
in ./\/lz,{n’]\[1 . O [l

We are now ready to state and prove the Main Lemma needed in the proof of
Theorem 1.3. This lemma allows us to enlarge the domain of our partial functions
and make sure that the final automorphism will be external.

Lemma 2.5. Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space “2 is non-empty. Let Uy, No, fo) be an adequate triple
with dom(fy) definably closed in My, n,, W,Z € NoN]], .., Mn with Z ¢ dom(fo).
There is an adequate triple (Uy, N1, f1) with the following properties.

(1) Uo, No, fo) = (U, N1, f1) and [N1| = |No|.

(2) 7€ dom(f1) and fi([Z]u,) # [W]u, -

Proof. We write zZ = [Z]y, and M* = My, n,. For each n < w, we equip the model
M,, with the discrete topology and the product K = ], ,(I], <, Mn) with the
corresponding product topology. This means K is a perfect non-empty, compact
metrizable, zero-dimensional topological space and homeomorphic to Cantor Space
“2 (see [2, Theorem 7.4]).

Define T to be the set of all tuples (A, m, v, (Zo,...,Zr_1)) with the following

properties.
(1) Ae NgoNUy, m < w and &y, ...,Tr_1 € dom(fo) N Np.
(ii) ¢ = ¢(ug,u1,vo,...,v5—1) is an L-formula and

M* ': (Ela7b) @(av ba [fO]Moa LERE [fk—l]u())-

Given ¢ = (A, m, 0, (Zo, ..., Tx—1)) € T with fo(Z;) = ¥;, the above definition
implies that the set

- -

Dy ={{@,b) € K | (3n € A\ m) My |=¢(@(n),b(n), Go(n),. .., ¥k-1(n))}

is a dense and open subset of K. The set T has cardinality less than 2% and our
assumptions imply that there is a pair (@,,b,) € Nier Dy
Next, we define U to be the set consisting of triples @ = (A, @, (Yo, .-, Fr—-1))
such that A € Uy N No, Yo, ..., ¥k—1 € NoN ][], ., Mn and ¢ = @(v,Zo,...,Tr_1)
is an element of tp v (2/ dom(fy)) with fo(Z;) = [i]u,- Given such an @ € U, we
define
Xa={n€ A| My = [d.(n) # bs(n) A p(@x(n), Go(n),. .., Jr—1(n))

A w(b*(n)a :J()(n)v cee ,gk71(n))]}
and D = {Xz | © € U}. Clearly, D is closed under taking finite intersections.
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Assume, toward a contradiction, that there is an @ = (A, ¢, (Jo, ..., ¥k-1)) €U
as above and m < w with Xz C m. By assumptions, zZ ¢ dom(fy) and dom(fy) is
a definably closed subset of M*. This shows M* |= (Ja) ¢¥(Z,a, T, ..., Tr_1) with

Y(ug, u1, ) = [ug # ur A @(uo, 0) A p(ug, )] .
Given Zo, ..., Zx—1 € NoN[[, .., My with ; = [Z;]y,, our assumption implies that

the tuple & = (A, m, v, (Lo, ..., Tx_1)) is an element of 7. Since (d*,l;*> € Dy, we
can find a natural number n € A\m with M,, = ¢(@.(n), by (n), Go(n), ..., Fr—-1(n))
and hence n € Xz \ m, a contradiction. This argument shows that there is a
non-principal ultrafilter ; over w with D C U;. For all A € Ny NUy, we have
{neA|ad.(n)#b.(n)} €Uy. We can conclude No NUy C Uy and [@, ]y, # [bv]us, -
Therefore, we may assume [@ |y, 7 [W]ey -

Let i : My, N, — [y, Mn be the elementary embedding given by Lemma 2.2.
Suppose Ty, . . ., Tx—1 € NoNdom(fo) and [[,, Mn = @([Z]en, [Tolers - -5 [Tr-1]usy)
with fo(2;) = ¥;. This means

ﬁ = <UJ, 90(1}7 [fo]u(” DI [fk—l]uo), <2707 e 72’7k-1>> eU
and hence Xz € D C U;. In particular,

{n <w | My Ee@n).jm), ... Jk-1(n)} €lh
and therefore [[,, M, = ©([@u,, [Yoluys - - -5 [Uk—1]u, ). This implication shows
that there is a partial elementary map f* : Hul M, = Hul M,, such that
dom(f*) = z[dom(fo) U{E}]v f*([g]l/h) = [C_i*]ul and f*([f]l/h) = [g]l/h for all
Z € Ny Ndom(fy) with fo(Z) = §. We can apply Proposition 2.3 with U, Ny, f*
and fo N Ny to obtain the desired adequate triple (U1, N1, f1). O O

Corollary 2.6. Assume that the intersection of less than continuum-many dense
open subsets of Cantor Space “2 is non-empty. Let (Uy, No, fo) be an adequate
triple such that dom(fy) is definably closed in My, n, and Z € No N ], ., My.
Then there is an adequate triple (U, N, f1) such that (Uy, No, fo) < (U, N1, f1),
|Ny| = |No| and [Z]u, € ran(f1) holds.

Proof. We may assume [Z]y, ¢ ran(fy). By the elementarity of fo, ran(fy) is
definably closed in My, n,. We apply Proposition 2.3 with Uy, Ny, JFo_ Landp=10
to obtain an adequate triple (Uy, My, go) with go = fgl, No € My and |My| = | Ng|.
In particular, Z ¢ dom(go) and dom(go) is definably closed in My, ar,- Next, we
use Lemma 2.5 with (Uy, Mo, go) and Z to find an adequate triple (U, M1, ¢g1) with
<Z/[0,M0,go> = <Z/{1,M17gl>7 ‘M1| = |N0| and 7 € dom(gl)

Let Z € Ng Ndom(fy) € My with fo(Z) = §. Then § € My N dom(gp) and
therefore go(¢) = @ for some & € My with [Z]u, = go([F]u,) = [¥ Ju,- We can
conclude {n < w | #(n) = '(n)} € My NUy C Uy and g; ' ([Z)u,) = [F]u,. This
allows us to use Proposition 2.3 with Uy, M, g; L and fo to obtain the desired
adequate triple Uy, N1, f1). O O

3. APPROXIMATIONS OF EXTERNAL AUTOMORPHISMS

The next definition and the following lemma show how external automorphisms
are constructed in a routine way from ascending sequences of adequate triples.

Definition 3.1. A sequence ((Uy, Nu, fa, Za) | @ < 2%0) is an approzimation of an
external automorphism if the following statements hold true for all a < 3 < 2%0.
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The triple (U, No, fo) is adequate and N, has cardinality |a| + |Np|.
dom(fs) is definably closed in M = My N, -
< Uo; Nas fa) 2 <U5,N5 f6> and Cg,xg,ﬁgGNg
Zg € NpNdom(fs41) with 25 ¢ dom(fp) and if @(n) = dg(n)(Z(n)) for all
n <w, then fﬁ+}([zﬂ]uﬁ+1) 7é [ ]1/15+1 .

(5) [Zsluy,, € ran(fpy1) and if ¥5 ¢ dom(fs), then g = Z5.
Lemma 3.2. Let ((Uy, Nu, fa, Za) | @ < 280) be an approzimation of an external
automorphism. Define U = |J,ong No NUa and f =, one fa N Na-
M, =11

(1)
(2)
(3)
(4)

(1) U is a non-principal ultrafilter over w and f : ] M, is a
total function. - -
(2) There is an external automorphism f of [[,, My with f([Z]u) = [§]u for

al # €], _ M, with f(Z) =

Proof. Our construction directly implies that I/ is a filter and non-principal. It is
an ultrafilter, because every ¢ C w is of the form ¢ = ¢, € N, for some 0 < a < 2%0.
Given Z € [],,., My, there is an 0 < o < 2% with ¥ = %, € N,. If ¥ € dom(f.),
then fo(Z) € Na, (fo(Z),Z) € fa NN, C f and & € dom(f). Conversely, if
Z ¢ dom(fy), then & € dom(f,+1)N N, and we can conclude Z € dom(f) as above.
This shows that f is a total function.

By Lemma 2.2, there are elementary embeddings i : M}, = [],, M,, that satisfy
ia([Zlu,) = [Z]y for all @ < 2% and F € N, N[], ., My and a directed system

(ia,/;:MZ—)MZ|a§,B<2N°>

of elementary embeddings with i, = ig 0i4g for all o < 8 < 2% Moreover,
we have iy g0 fo = (fg0iap) | dom(f,) for all @ < 8 < 280, This shows that
there is a total elementary map f Ty M = TTy Mn with f([#]u) = [§lu for all
Te Hn<w/\/l with f(Z) =

Given ¥ € Hn<w M., there isan 0 < o < 2% with & = #, and this implies
[Z)uyy € ran(faq1). Since € Nyy1, the above computations show that [#]y €
ran(f) holds. This proves that f is surjective.

Finally, assume, toward a contradiction, that f is an internal automorphism.
Then there is an 0 < o < 2% with f([Z]y) = [§]u for all Z,§7 € [, Mn with
§(n) = Ga(n)(Z(n)) for all n < w. By definition, fay1([Zalu.,,) # [Wu,,, with
W(n) = Fo(n)(Zx(n)) and this means f([Z,]y) # [@]y, a contradiction. O O

n<w n<w

n<w

If Martin’s Axiom for Cohen-Forcing holds, then we can apply Lemma 2.5 and
Corollary 2.6 continuum-many times to construct an approximation of an external
automorphism. The next lemma completes the proof of Theorem 1.3.

Lemma 3.3. Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space “2 is non-empty. If (U, Ny, f.) is an adequate triple, then
there is an approzimation of an external automorphism ((Us, Nu, fo, Za) | @ < 280)
with <UO, No, f0> = <u*, N*, f*>

Proof. We inductively construct the approximating sequence. Assume we already
constructed ((Un, N, fa,Za) | @ <) with 0 < v < 2% such that the statements
(1), (2) and (3) of Definition 3.1 hold for all &« < 8 < v and the statements (4) and
(5) of Definition 3.1 hold for all 0 < 8 < v with 4+ 1 < 7.

If v = B+1, then Z5 ¢ dom(f3), dom(fs) is definably closed in M and there is
we Ngnl[, ., Mpn with @W(n) = dg(n)(Zz(n)) for all n < w. In this situation, we

n<w
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can apply Lemma 2.5, Lemma 2.4 and Corollary 2.6 to produce an adequate triple
(U, N, f) with the desired properties.

Let v be a limit ordinal and define D = Ua<,y N, NU,. This collection of
subsets is closed under finite intersections and contains only infinite sets. Let U,
be a non-principal ultrafilter over w extending D. As in the proof of Lemma 3.2,
there are elementary embeddings i, : M}, — Huw M, and iq g : M, — M with
iq =18 0iq,p for all @ < 8 <. Lemma 2.2 shows that there is partial elementary
map f* : [, Mn ety [Ty, Mn with dom(f*) = {[Z], | & € U, dom(fa)}
and iy 0 fo = (f* 0iy) | dom(f,) for all @ < . Apply Proposition 2.3 with
Uy, Ua<7 Ng, f* and Ua<7 fa N N, and Lemma 2.4, to obtain an adequate triple
(Uy, N, f) with the desired properties.

By our assumptions, [[,, M, is an infinite model and [4] shows that it has
cardinality 2%, This gives us an i € [],,_,, M, with []y, ¢ dom(f,) and therefore
§ ¢ dom(fy). By elementarity, we can assume ¢ € N,. If Z, ¢ dom(f,), then we
define 2z, = &,. Otherwise, we define 2z, = ¢. g a
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