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2 SAHARON SHELAH

§1 INTRODUCTION

For unexplained terms, background and history see the excellent representation
in Makowsky [Ma]. We show that in many cases, Beth theorem and weak defin-
ability fail. This may seem less “obviously true, just need proof” now then in 1975,
when this was done and should have been written. The reason is that then it was
not unreasonable to think the subject will continue to produce counterexamples
only. But, by Mekler Shelah [MkSh 166] it is consistent that the logic L(3Z"1) has

W.(= weak) Beth. By [Sh 199] INT <L( chNj), L(aa) ) holds and the Beth closure

of L(QZJ;NO) (cofinality at most continuum) is compact.

In §2 we concentrate on counterexamples to W. Beth, and in §3 on counterex-
amples to Beth for A-closure of Lo .

In §2 we gave sufficient conditions for the failure of Beth and Weak Beth (in 2.1-
2.7). This involves Pre, o (1,0,0) (see Definition 2.1). So we deal with finding
instances of those properties for logics of the form Lg , (in 2.8) then discuss why
we cannot have some desirable cases (see 2.9-2.12); we state our conclusion on the
failure of Beth and Weak Beth for logics of the form Lg , in 2.13. In 2.14-2.18
we look at properties of logics related to the properties existence of models with
automorphisms.

In §3 we show A-closures do not satisfy Beth. In 3.2-3.4 we give a sufficient
(quite general) condition for the failure of Beth (or Weak Beth) for the A-closure
of .Z, which include using a counterexample to interpolation (oq, —032).

In 3.3 we get specialized conclusion Beth theorem fail for (%, A(Ls,,)) if in
Z we can, essentially, have a pseudo elementary classes separating two regular
cardinals as cofinality. For this we rely on the abstract theorem 3.4, but the main
work is verifying the condition from there which is done in 3.13. Before this 3.6,
give specific conclusion (L, and L(3Z*)(A = cfX > Rg) does not satisfy Beth
even when we look for the explicit definition in A(Ls ). This is an example for
the abstract conclusion: A-interpolation does not imply Beth.

In the end 3.15, we use a forcing of Gitik to derive a universe where for regular
p < Aeven in A(Ls ) we cannot find interpolants for L(32?) (or any %, L(3=*) <

The main work as mentioned above is in 3.13; which is a kind of generalization
of Morley omitting type theorem, this time controlling cofinalities of “many” orders
(many — a set of linear orders indexed by sets which have to be large themselves);
[for “few” orders see [Sh 18].

I thank Janos Makowsky for his many contributions to this) paper. The reader
would do better to have a copy of [Ma]; (for Theorem 2.8 - [Sh 189]), for 2.10 - [Sh
133], [Sh 228], for 2.11(1) - [Sh 129], for 2.12 - [Sh 125], for 3.13 stage [G] : [\Sha ,
VIL$5), for 3.15 - Gitik [G].
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A logic . is a function such that for any vocabulary 7, Z(7) is a set of sentences
(so for M a T-model and ¢ € Z(1), M |= 1 or M = —, this is preserved by
isomorphism. If not said otherwise, .Z is closed under the obvious operations: A,
-, Jz, and substitution. Of course, 71 C 75 = Z[r1| C L[] and £ commute
with renaming relation and function symbols.

1.1 Open Problems: 1) W. Beth (L(32%) (i.e. provably in ZFC)?

2) for k strong limit singular, (or weakly compact) is there ¥ € L+ ,, all whose
models have cardinality x and are L -equivalent (but there are at least two)?
(See [Sh 228]).

3) Is L(Q°°) (equal cofinality quantifier) compact?

(Note: 3.13 is an approximation: if we restrict ourselves to a suitable class of
cardinals).

Recall:

1.2 Definition. : 1) M + N or [M, N] is the disjoint sum of M, N (e.g. consider
them as structures of different sorts).

2) For logics 21, % let PPP(4, %,)(= pair preservation properties) means, that
for models M, N, The, (M + N) is determined by (T"he, (M), The,(N)).

3) For logics 21, ZINT (L), %) means: if o1 € Z1(11), ¢3 € Li(12) and = ¢ —
3 then for some py € % (1 N T2) (= w1 — 2 and = o — 3.

4) o = o(P, R) € Z({P})UR) is a Beth definition (W. Beth definition) if for every
R-model M there is at most one [exactly one] PM C |M]|, (M, P) & ¢.

5) For logics .21, %5, Beth(%,, %) [or W. Beth (%, %)) means that: if o(P, R) €
Z({P})UR}) is a Beth definition (W. Beth definition) of P, then some 9 (x, R) €
% (R) is an explicit definition of P, i.e.

M = (A, R", PM) |z ¢ = P = {a: M = ¢[a, R]}.
6) INT(Z) means INT(Z,.Z) and Beth(.Z) means Beth(.Z,.Z) and W.Beth(.Z)

means W.Beth(.%).
7) & < %, if for every vocabulary 7, £ (1) C % (7).
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§2 SUFFICIENT CONDITIONS FOR BETH FAILURE AND APPLICATIONS

2.1 Definition. 1) Pr%, o (u,0,0) [ a logic, 0,0 are infinite cardinals, u a
cardinal] means: (compare with 1.2)

(x) there is a sentence ¥ € 4] such that:
(i) 1 has only rigid models
(7i) 1 has exactly g models up to isomorphism
(731) every model of ¢ has cardinality < 6, (remember 6§ > R)
w)® there is M ,and a,b € M,a # b such that (M,a) =4, (M, b
2
(v) the vocabulary of 1 has cardinality < o.

2) PTE%,.,% (11,0, 0) means as in (1) replacing (iv)® by:

(iv)® there are models My, M; of 1 not isomorphic but %,-equivalent (so p > 1).
3) Pr%, o, (11,0,0) means as in (1) when we replace (iv)® by:

(iv)° if My, My are models of ¥ then My =g, Ms.
4) P?“fl%’e.22 (14,0, 0) means as in (1) but instead (iv)*:

(iv)? we have: (iv)¢ and (iv)® for every M |= 1.

2.2 Observation. 1) There is obvious monotonicity (in .£,.%%,0,0); i.e. if £ <
L, L > 4,0 < 0,0 <0, and x € {a,b,¢,d} then Pre, o (u,0,0) implies
Prf%{’gé(u,e’,a’).

2) Prey, o,(p1,0) implies Prfghn%(u’ﬁ) for some p/, pu < p' < p+ 6.

3)Ifp>1, Pry, o (u,0,0) implies Perth(u,G,a).

4) Priphgz (1,0, 0) implies Pre, o (u,0,0) for x = a,c.

Proof. 1) - 4). Use the same example.
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2.3 Theorem. 1) If Prfghgs(,u,@,a) and PPP(%,, 23) and Ly, < £ < % <
L3 then Beth( £, %) fail.

2) Suppose Prf%”%(lﬁ,a), Lyw <4 < % < 25 and PPP(%,, Z3) then W.
Beth(iﬂl,fg) fazl

Proof. 1) Let M be a model of ¢ € Z[r]. For simplicity assume 7 has no function
symbols. We construct a 7U{P}-structure B in the following way: B = M x {0} U
M x {1}, i.e. B is the disjoint union of two copies of M.

For each n-ary relation symbol R € 7 let RM be its interpretation in M. Now
we put R; = {((a1,i), - (an,1)) : (a1, -+, a,) € RM} and R® = Ry U R;.
P is a unary predicate and PP = M x{0}. (Alternatively, use multi-sorted models).
Let F' be a binary relation symbol not in 7 U {P}. Let ¢ be a 7 U {P, F'}-sentence
of £} expressing that:

(1) Both, the relativized structure on P and on =P are models of ;
(2) F is a 7-isomorphisms from P to —P;

(3) F is of order two, i.e. F'? is the identity on P.

Clearly, ¢ defines F' implicitly, since ¢ has only rigid models, by (i) of 2.1. So
assume, for contradiction, that Beth(.Z}, %) holds. Let 6 € % be an explicit
definition of F. By 2.1(2), 1) have non-isomorphic models M, N that M =4, N.
We use PPP (%, %3) to conclude that

(#) M+ N =g, M+ M

where the first sort represents the interpretation of P and the second sort the
interpretation of =P. Clearly, M + M has an expansion satisfying ¢ and therefore
0 defines a T-isomorphisms between the two sorts. So (%) says that 6 also defines
a T-isomorphism in M + N. This is expressed by a sentence in L., (as ¢ > |7])
hence in .Z. Therefore M = N contradicting the choice of M, N.

2) Like part (1) only in the end we use (M,a) =, (M,b), a # b where M is (the)
model of .

2.4 Remark. The closure properties of the (set of sentences of the logics) %, are
very weak: we use a conjunction of a sentence from L., (the isomorphism) and
two copies of .
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2.5 Theorem. If Prfghf3 (1, 0,0) kT >0t ut+0%, Lyr , =4 <A < %<
L5, PPP(%, %s) then Weak Beth for (£1,%,) fail.

2.6 Remark. 1) We assume (implicitly) the vocabulary consist of predicates and
function symbols with finite arity.

If we want to delete this assumption we should demand in 2.1, for every model M
of ¢:

| M || + Z{{HRMH :R a predicate of M} + Z 1{(a,b) : FM(a) = b}| :
!

FM 4 function of M} is <46.

2) We choose below a proof which does not require that .Z; are closed under infini-
tary operations just include L,+ ,, and closure under: relativization for .2} (defini-
tion of 1) and finitary operations for % (see end of argument).

3) I do not see many closure requirements on . (except isomorphism of vocabu-
laries); only substitute in

Ju Jy  le(@y) A (Va) (z<a’)]?

one sort gocond sort first sort

Proof of 2.5. Let ¢ exemplify Pri’%’gz(u, 0,0).

Let M;(i < p) be a complete list up to isomorphism with no repetition of
models of v, and each has vocabulary 7, so |7] < k (as |7| < 0, 0 < k1) and
without loss of generality My =, M;. Without loss of generality the universe of
each M; is {f: a; < B < 41} and («; : ¢ < p) is increasing continuous, oy = 0.
Let a(x) = oy, so a*) < kT. Let us define a model M*:

(a) RM" (R a two place predicate) is
{<i,a> a; <a< o and i < p}

(b) if P is an n(P)-place predicate of 7, then @ p is an (n(P)+1)-place predicate
and Qy = {< Uy A1y ey APy >1< A1y ey Qp(p) >E€ PMi}

(c) (similarly for every function symbol of F')
(d) <M is{<a,B>a<f<a(*)})
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Let 7* be the vocabulary of M*. Let vy € L.+ ,(7*) characterize M* up to
isomorphism. Let |1, 72| be the vocabulary of [Ny, Na| when N, has vocabulary 7
(e.g. each Ny finitely sorted). Let 11 € Z([7*,7]) be such that:

[N1, N2] = b1 & (N1 = o and Nz = 9).
Let F' be a new unary function, and let 1o, 93 € L.+, ([7%, 7] + {F}) say:

[N1, Na| |= 49 iff F' as a one to one function from
Ny into N; and there is £ € Ny such that :
Rang F' = {y : N1 = R[z,y|} and for every predicate
P of ¢, and ay,...,a,(p) € N2,
Ny = P(ay, ..., a(py) iff
N1 = Qp(z, F(ay), ..., Fanp)))
(similarly for function symbols).

[N1, N3] =43 iff F is as above, but the

r there is <™ _first.

Now every model of ¢ can be expanded uniquely to a model of ¥ (equivalently
to a model of ¥1 A 19):
however, [M*, My| =, [M*, M;] as My =<, M; (by (iv)® of Definition 2.1(2) and
PPP(A,%s)). If some p(z,y) € La[r*, 7| define F' for models of ¢; (as would
be the case if W. Beth (£, %) holds), then using ¢(z,y) we easily distinguish
between [M*, M| and [M*, M;]. Now expanded by the function it defined.

So one is a model of 93 the other not. So W. Beth(.%7, %) fail as required.

2.7 Conclusion. If

(@) Lo <4 < L < Ly

(b) ¥ € £ 7] has a unique model M up to isomorphism, |7| < o, M is rigid,
|M|| + |7| < k and for some a # b from M, (M,a) =, (M,b)

(¢) PPP( %, %)

then W. Beth(.%, %) fail.

Proof. By 2.5.



Paper Sh:113, version 2001-03-19.10. See https://shelah.logic.at/papers/113/ for possible updates.

8 SAHARON SHELAH

2.8 Theorem. 1)If1<p<0%=0=>Ro, k=cf(r)>NothenPrg =, (1,0,07)
(hence PT%HM’LWH(M, 0,0%)).

2)If0 >k =cf(k) > Ny then for some p, 0 < p < 67, Pr%ﬁ ’LOO!H(,U,Q,Q—'_).

3) Really Prfe+ Loy (1,0,R0) hold for x = a,b,c,d prom'ded’ that [z =b,d = p >

1] (with little effort, but this gives little more than the previous parts).

Proof. Essentially from [Sh 189].
1) By [Sh 189, Fact 3.10,p.46] there is a smooth (k-system)2L, ||| = 6" = 0, with
E(A) = p every h; j is onto G;(k = cf(k) > Ry is understood).
Now look at the proof of [Sh 189, Fact 3.11,p.47], it proves all we want.
We define models M, for a € Gr(2(); note |vocabulary (M,)| < p.
By [Sh 189, 3.12,p.47]

M, = My, iff a—b € Fact(2).

By [Sh 189, 3.13,p.48] any two M, M}, are Lo ,-equivalent. Let 1) be the sentence
expressing (x) of [Sh 189, 49%]. By [Sh 189, 447 - 4413] {M, : a € Gr()} is the
class of models of ¢ up to isomorphism. As

E(2) = Gr(2) /Fact ()

we finish.
2) Like above using [Sh 189, 3.8] instead 3.15.
3) Not used, and is easy, so we left it to the reader.

2.9 Definition. For a model M.
1) For logic .¥

nog(M)={N/ = N =g M, |N| = | M]}.
2) When £ = Lo ||| We omit it.

2.10 Theorem. 1) If u is a weakly compact cardinal A < p or A = 2* then
PT%M-F,WLOO’H ()‘7 1y NO)
2) If p is singular strong limit cardinal, A\ < p or A = 2" then 1)’s conclusion holds.

Proof. 1) By [Sh 133] there is a model M, |M]| = p > |vocabulary(M)| and
no(M) = X (see Definition 2.9) (decreasing the vocabulary is easy, see [Sh 189]).
2) Use [Sh 228].
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2.11 Lemma. 1) Suppose V = L and p is reqular uncountable not weakly compact
then Pr%mwam,“(g W, i, ) fail (hence by monotonicity Prfﬁ’wme (< gy iy ).

2) Ifgl S 32 S .,%3 and
(%) there is no model M, ||M||+|vocabulary(M)| = 0 = ||M||,1 < nog,(M) < u

then Priy, o (< p,0,< 00) fail for x = a,b,c,d.

Remark. The assumption V = L is necessary in 2.11, see 2.12.

Proof. 1) Follows from (2) as (x) of part (2) of this lemma holds (for A\ = Ry by
Palyutin, for A > Xy, by [Sh 129].

2) By 2.2 without loss of generality x = b, and let ¢ exemplify Prfgl’ PAGCY NS
o0) and we shall eventually get a contradiction.

Let My, My be as in (iv)" of Definition 2.1. Soin K = {M : |M| =p, M = __,
My} there are at least two non-isomorphic models. By (x), in K there are at least
1 non-isomorphic models, but as 1 € £ < % < %, all of them are models of
1, so (ii) of Definition 2.1 (applied to v) is contradicted.

2.12 Fact: In some generic extension of V:

(i) V = G.C.H.

(ii) for some ) € £, , all models M of ¢ are £, ., -equivalent, and nog,, , (M) =
Nop.

Proof. By [Sh 125]. (Let G be a strongly N;-free abelian group of cardinality N;.
Let H = G x Z, h the natural projection from H onto GG. Considering H,G,Z as
abelian groups, let M be [H, G, Z] enriched by h and individual constant for every
¢ € GUZ). Now as G is strongly Ny-free, if A’ : H' — G is a homomorphism onto G,
Ker h = Z then [H',G,Z;h] =1, , M. Easily (if you understand the definitions)
no(M) = |Ext(G,Z)|. But by [Sh 125], |Ezt(G,Z)| can be Y.

2.18 Conclusion. 1) If x is regular, > g then W.Beth(L ax)+ o, Loo,x) fail.

2) If k is weakly compact > R or & strong limit, 8o < cf(k) < x then W.Beth(L,+ ., Lo «)
fail.

3)If 0 > k =cfr > Vg then Beth(Lg+ ,,, Loo,x) fail.
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Proof. 1) Use 2.5 for 24 = Ligry+ o, Lo = L3 = Loow; p=2"=60,0 =pt (and &
there is 2 here) now we have to verify the hypothesis: Prfsfhgg (1, 0,0) by 2.8(1);
PPP(%,, 2s) is well known. (I think it is due to Malitz — see [Ma]).

2) Like (1) but use 2.10 instead 2.8(1).

3) Use 2.3(1) and 2.8(2).

Remark. 1) So by 2.11 in 2.8 we cannot replace 8% = 6 by § > k. Can we replace
it by # = kT*? Note, that the proof of 2.11, use only the following consequences of
V=Lonpu

(a), every stationary S C p has a stationary subset ST which does not reflect.
Moreover, S7 satisfies a square principle:
(*)sy there is (Cs : § < p,6 limit),Cs is a club of § disjoint to S, €
Cs&a =sup(Cs Na) = C, =Cs N«

b), for every stationary S C p the weak diamond is satisfied (see Devlin Shelah
nw
[\DSh:65 |,[\Shb , Ch.XIV,§1].

Now those demands are not hard, e.g. define

(a),, there is a closed unbounded subset C' of f and a function h : C' — 6,
h(a) < « such that Va < 0[h~1({a}) does not reflect and it satisfies (x)].

Now (a),, = (a)u, (a’), holds in L, and if V' = “(a)},” then (a)), holds in any

extension of V' (in which y is still a regular cardinal).

* * *

Now we continue [Sh 199, §3].
2.14 Definition. Let .Z; C % be logics.

(i) We say that the pair of logics .27, % has the Local Homogeneity Property, if
for every T-structure M and c;,co € M such that < M, c; >=¢,< M, cy >
and every ¢ € Thg, (< M, cy,co >) there is model < N, e, c) >k ¢ and
a T-automorphism g of N such that g(c)¥) = . If 4 = % we just say
that Z1 has the Local Homogeneity Property

(ii) We say that £ has the Local Automorphism Property, if for every -
structure M and infinite subset P C M, every sentence ¢ of the theory
Thy(< M, P >) has a model < N, P’ > which has an automorphism g of
N such that g | P’ # Id.

We now define a Local Automorphism Property for pairs of logics.
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2.15 Definition. 1) We say that the pair of logics Z1,.% has the Local Auto-
morphism Property, if for every 7-structure M, every infinite subset P C M, and
for every a,b € P, a # b such that < M,a >=¢,< M,b >, every sentence ¢ of the
theory Thg (< M, P >) has a model < N, P’ > which has an automorphism g of
N such that g | P’ # Id.
2) We define similarly when (%, .%,) has the Local Homogeneity Property.

Note that we do not require in 2.14(i) that the automorphism interchanges a
and b.

2.16 Theorem. Let .Z;, i = 1,2,3 be three logics such that £ < £ < %5 and
that INT( L1, %) and PPP( %, %3) hold. Then the pair of logics (£, %3) has
the Local Homogeneity Property.

Proof. Let M and c1,co € M be as in the hypothesis of the Local Homogeneity
Property (see Definition 2.14(1)). Let M’ ¢}, ¢, be a disjoint copy. Put N =
[M,M']. Put T'=The,(< N,c1,c2,¢) >) =Thg,(< N,c1,c2,¢, >). The equality
holds because of PPP (%, %3). Let ¢1, c2 be constant symbols with interpretations
¢1, c2 and ¢ be a constant symbol with interpretation ¢} or ¢, respectively. Let Fy, F
be two new function symbols. Let v;, (i = 1,2) be the sentence which says that F;
is a 7-isomorphism (modulo name changing) mapping the first sort into the second
sort which maps ¢; into c.

Clearly, TU{v;} has a model for each i = 1,2. Let p € TNZA[7]. If {p, 1,12}
has a model [M;, M], F1, F5] we get the required automorphism in M; from the
composition of Fy and F, '. So assume that {, 1,5} has no model. We now
apply INT (%, %,) and find 0 € % [7| such that 11 — ¢ A0 and p A0 — —py are
both valid. But ¢ A 8 € T and T has models which allow expansions satisfying 1
and also models which allow expansions satisfying 12, a contradiction.

2.17 Theorem. Suppose

(a) A< LH <L
(b) PPP(%,, %)
(c) If Y € L (1U{P,Q}) (T-vocabulary, P,Q predicates)

and: for every T-model M

HQ : for some P(M,Q,P) =y} <1

then for some p(x) € L1 (1) for every T-model M
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(M,Q,P)F ¢ EQ={a: M ¢la]}

Then (L1, -%3) has the weak Local Automorphism Property (which means, in 2.15(1)
we add to the hypothesis |PM| > h(|7]), h a function depending on £).

Of course,

2.18 Observation. If the pair (£, %) has the Local Homogeneity Property then
this pair has the Local Automorphism Property.
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§3 A-CLOSURE DOES NOT HELP BETH

Our main Theorem is 3.5, but most of the work is done in 3.13, and the interest
is exposed in the conclusions 3.6 (specific logics), 3.7 (counterexamples in abstract
model theory).

Essentially the theorem says that A(%,,) is far from having Beth property:
even for implicit definitions in quite weak logics (like L(3=81), Ly, ).

The proof uses the idea of Morley omitting type theorem (in Stage I of the proof
of 3.13), Hutchington’s idea of using a model with large cofinality so that it has
many .Z,. .-elementary submodels with cofinality Ny and with cofinality ®;, and
the proof of not Beth(.Z) (see the exposition [Ma]).

However, the following theorem isolates a sufficient condition for the failure of
the Beth (weak Beth) Property for A-logics.

Recall:

3.1 Definition. For a logic .Z, let 0(.Z) be the minimal cardinal A > X such that
for every vocabulary 7 and ¢ € Z|r] for some 7’ C 7 of cardinality < \ : if My, M,
are 7 models and M; [ 7" = My [ 7/ then M; = ¢ < My = 1.

3.2 Definition. Let .Z be a logic with dependence number 0(.Z) < . Let o(P) =
01(P) V o2(P) be a Z (t U{P})-formula and o1 (P), o2(P) are contradictory.

1) M is a (u, k)-counter example for o (strictly speaking for (o1(P),o2(P), P)) if
M has vocabulary 7, |7| < p and: for every expansion of M to a 7*-structure M*,
and T'C Tho(M*), where |T| < k, (note 7 C 7*), P ¢ 7%, and card(7*) < u, there
are 7*-structures N1, No such that:

(i) Ne=T
(i1) Ny = (3P)[(Ny, P) k= op(P)] for £ =1, 2.

2) If k =Ng, = 0(L) we say M is an £-counterexample for o.

3.8 Remark. We can use for o,(P), c*(P) A o(P), c*(P) A =p(P).

3.4 Fact: Let .Z be a logic with dependence number 0(.¢) < p. Let o(P) be a
Z (1 U{P})-formula which is an implicit (weak implicit!) definition of P.
1) Assume that M is an Z-counter example for . Then A(¥) does not have the

lie. for every T-model there is a unique P
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(Weak) Beth Property.
2) If M is a (u, 00)-counter example for o then A(Z) fails the FWROB (see [Ma]).

Proof. 1) Let o(P) be a £ (7 U {P})-formula which is an implicit (weak implicit)
definition of P. Assume for contradiction that there is an explicit definition for P
given by a formula 0(x) € A(Z). Since A(Z) has the same dependence number
as ., there are a vocabulary 7# with 7 C 7# and card(7#) < p and 6;(z),
02(x) € L (%) which forms the A-definition of #. This means that for every 7-
model M and a € M there is a unique £ € {1, 2} such that for some expansion M#
of M to a 7#-model M* |= 0;[a]. Let for simplicity 7# — 7 = {R; : i < a}, and let
R/ a predicate with (n(R;) + 1)-place. Now let M a .Z-counterexample to o(P),
for every a € M let £(a) € {1,2}, R¢ C ™(E)|M| for i < a be such that:

(M7 R?)i<a ): eﬁ(a) [CL]

Define R, = {< a > "b: b € R} where a € M}, M* =: (M, R});<,, define 0,(x)
accordingly (substitute R;(x,y1,...,yn) instead R;(y1,...,yn). Note: for a € M* :
M* = 0)a] iff M* |= 05-c[a]. Let T = {Vz[fi(z) = —05(x)|}H{y : M* = p,p is
F Subéz((?)ag(P) for ¢ = 1,2}. So there are Ny, Ny as required in Definition 3.2 so
there are for £ = 1,2, P* C Ny, (N;, P*) = 04(P). By the choice of (61(x),0y(x))
and of M*, for £ = 1,2 we have:

P'={a € Ny: Ny = 61[d]}.

So Ny |= F Subg,(?)0¢(P) hence M* |= F Suby (") o,(P). Let P* = {a € M* :
M E 01]a]}, then M* |= o4(P*) for £ = 1,2; but o1(P), o2(P) are contradictory;
contradiction.

2) Same proof with T'= Th o (M™*).

3.5 Theorem. Beth(L,A(Lu)) and, for every u, FWROB(ZL,A(L,.,)) fail if
for some distinct reqular cardinals k1 # k2 and 0y € L (7;) where 1N = 79 = {<},
we have, for { =1,2:

(a) K¢ = {M | 170: M = 0,} are disjoint
(b) for arbitrarily large p, if (|[M|,<") is a linear order of cardinality p and
cofinality k¢ then M € K.

Proof. Tt follows from the main lemma 3.13 proved below and 3.4. So we first draw
conclusion, and then proceed to preparation for 3.13.
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8.6 Conclusion. 1) If A > Ny is regular, p1 any cardinal then Beth(Ly, ,,(32%), A(Loo.w) )
and FWROB(L,, ,,(32*), A(L,..)) fail.

2) In particular this holds for the logic with the quantifier: there are uncountably
many.

3) Beth(La, w) A(Loow); FWROB(La, w, A(Ly)) fail.

4) For pp > Ny Beth(A(Loo,w)) fail and Beth(A(L, )), FWROB(A(L,,.,)) fail.

3.7 Corollary. Let £y, % be two logics. Then

(i) A-Int(L1, L) (see definition below) does not imply BETH( £, £»)
(ii) A-Int(L,%Ls) does not imply WFROB(Z,, %5).

The subsequent definitions and lemmas lead to a proof of 3.5.

3.8 Definition. A-Int(%, %) means: if ¢, € L[] for £ = 1,2, 7 = 7 N15 and
the class of 7-models is the disjoint union of

Ky ={M | 7: M a m-model satisfying 11 } and

Ko ={M | 7: M a m5-model satisfying s}

then K is the class of 7-models of ¢* for some ¢* € Z[7].

Explanation: What is the point of the following game? We, on the one hand,
want to build a type of indiscernibles to be able to control the cofinality. On the
other hand, if the type say it is bounded, we are lost. If the cofinality is weakly
compact, we can use partition theorems, but maybe the class of weakly compact
is bounded. But restricting ourselves to rapid sequences solve the dilemma — it
ensures unboundedness, and gives one type.

3.9 Definition. Suppose M is a model, A a subset of | M|, < a two place relation
which linearly orders A with no last element, and ® a set of formulas ¢(Z,d) in the
vocabulary of M with parameters from |M]|.

1) We say (a; : i < «) is rapid for (A4, <) over ® inside M if in the following game

player I has no winning strategy:

a play last a moves:

in the S-th move player I choose b; € A and player II choose ¢; € A,
such that b; < ¢;

in the end player II wins if for every ¢(z1, 22, ...,2,,d) € ®, and i; <
ig < - < 1, < a we have:

M = vlai,,...,a;,,d)] = ¢lc,, ...,cin,af].
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2) If B C M, © a set of formulas with vocabulary included in the vocabulary of M,
we write (B, A) instead CID?B,A) = {¢(Z,d) : d C B and p(z,7) € O}.

3) We write (¥, n) instead ® (g ,,) where @Elq,’n) = {o(x1,...,tp,d) : p(21, ..., Ty, d) €
4) We write (B, ©,n) instead D@ 5.0,m)-

5) If © is the set of first order formulas in the vocabulary of M we omit it.

6) Writing “ < n” instead “n” has the obvious meaning.

7) Instead “A”, “ <7, “B” we may write a formula which defines them. If the
identity of “ < ” is obvious — we omit it.

3.10 Claim. 1) For any model M, A, B C M, < (two-place relation) such that
(A, <) is linear with no last element, ® are as above and a; € A for i < a, we have:

(a; : 1 < «) is rapid for (A, <) over (®,<,0) inside M.

2) If (a; i < «) is rapid for (A*, <) over ®* inside M,® C &* A C M, (i(¢): ( <
§) is a strictly increasing sequence of ordinals < a then {(a;y : ¢ < &) is rapid for
(A, <) over ® inside M.

3) If {a; : i < «) is rapid for (A, <) over (®*,n) inside M,n = 2,[x1 < xo] € P
then {(a; 1 i < &) is strictly increasing and |a] < cf (A, <).

Proof. Easy.

3.11 Claim. If (a; : i < «) is rapid for (A, <) over © inside M,0 C V¥, c¢f(A, <)
is bigger than 2IY1H12l then there are b;(i < a) such that:

(a) (b; :i < ) is rapid for (A, <) over ¥ inside M

(b) for o(x1, ..., xn,d) € O,iy < -+ <'ip < & we have M = @lby,, ..., b;, ,d] =
go[az-l,...,ain,d].

Proof. The point is that any family of less than cf(A, <) strategies for player I can
be combined to one strategy.

3.12 Remark. In 3.13 (and 3.6) if we assume there is a class of measurable, we can
simplify the proof and get N [ 7 < M. We can waive the notion of “rapid” just
let D, be a normal ultrafilter on A\, and H(n) is such that {i : n° < i > appear
H(n) €}D;,.
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3.13 Main Lemma. : Suppose

(@) ¥ € Lyt o[7], |7] < p (where 7 is a vocabulary);
(b) M* =1, (1 = wvocabulary of ),y = Thr,, (M)

(¢c) T is a non-empty set of finite sequences of ordinals, closed under initial
segments, <>€ T, and for every n € T for some cardinal \,, > p:

S <i>eT i<,

(d) T=PM" <M={n" <i>n <j>)neT, i<j<X} FMn)=nlt
PM" = {neT:lg(n)=n}, R a coding function on {n" <i>:i < \,}

(e) n#v =M F# A\ form, veTl; \jp <\, fork <lg(n), neT and for
simplicity [n,v € T, Lg(n) < Lg(v) = Xy < A

(f) forn €T, N\, is regular and > Jiouy+ (fty) where p, =: p4> {A, : Ay < Ap})

(9) K1 # Ko are regular cardinals < M%n Ay
ne

(h) 10 C 7, the relation belongs to 19, Ko a class of to-models, (closed under
isomorphism), such that for everym € T : (M* [ 1) [ {n~ <i>:1i < \,}
belongs to Ky

(i) if M € Ko then <M linearly ordered |M|

(4) if M € Ko, £ € {1,2}, ||M|| = p and cf(|M],<M) = Ky then for some Q,
(MaQ) EKE

(k) Ky is a class of (toU{Q})-models closed under isomorphism and K; = {N |
70 : N € Ko} and K|, K{ are disjoint

then there is a T-model N of ¢ and () C U P,]LV such that:

(1) PN C Q (necessarily |PN| =1)

(2) for every x € PY letting N, = (N | 70) | {y € PYy : Fu(y) = z}, the
following are equivalent:

(Z) Cf(Nﬂw <) = K1

(1) cf(Nz, <) # Ko

(1i1) (Ng, QN N,) € Ky
)

(iv) (N, QN N,) ¢ Ko (hence N, ¢ K1)

See https://shelah.logic.at/papers/113/ for possible updates.
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Proof.
Stage A - Definition: 1) We say (M, H) is an a-approximation if:

(o) M is an expansion of M* with Skolem functions (for first order formulas);
having a name for every subformula of v

(8) M has vocabulary of cardinality < p

(y) H has domain C PM(= T) and for every n € Dom(H)H(n) is a <-
increasing sequence of members of By = {n” < i >,i < A} of length

Dopn)™ 2 (Hy(i) 24 < a(pg)™)
(6) H(n) is rapid for (B, <) over A} =:U{B; : A\, < \,} inside M™.
2) If we omit a this means for some a. We call (M, H) full if Dom H = PM".

Stage B - Definition: 1) We say for approximations (M*, H¢), (¢ = 1,2) that
(MY, HY) < (M?, H?) if:

(o) M? is an expansion of M*
(8) Dom H! C Dom H?>

(y) foreveryn € Dom H?!, there is an increasing sequence (i(¢) : ¢ < £g(H?(n)))
of ordinals < fg(H"(n)) such that the sequences H*(n), (H,(i(¢)) : ¢ <
tg(H"'(n))) realize the same type in M' over Aj.

2) We say (MY, H') <, (M?, H?) if in addition Dom H* = Dom H?, {g(H'(n)) =
lg(H?(n))
(both relations defined in this stage are partial order).

Stage C - Definition: 1) We say an approximation (M, H) is (n,m, k)-indiscernible
if:

for any distinct 71, ..., nmy € Pfl”*, and for £ =1,...,m, by, Cy are increas-
ing subsequences of H (7)) of length k then the types by "+ "b,, ¢1" -+ "Cm

realizes over U PM" inside M* are equal.
<n

2) If k = m omit it.
Stage D - Fact: For every o < J(guy+ (1) there is an a-approximation (M, H).

Proof. Expand M™ by names for subformulas of ¢) and then add Skolem functions.
Lastly use 3.11 to define H, Dom H =T.

Stage E- Fact: For any approximation (M1, H'), we can find M?, H? such that:
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() (M?, H?) is an approximation, (MY, H') < (M?, H?).
(B) there is a predicate R € 7(M?) — 7(M*), R={(n,a) : a € H'(n)}.

Proof. First find an expansion M3 of M! by suitable R, so |7(M?)| < u. Second find
an expansion M2 of M3 which has Skolem functions and |7(M?)| < p. Lastly we
find H? : just apply 3.11 for each n € Dom H' and apply 3.11 with H'(n), (B}, <),
0, = {¢ : ¢ an L, ,[r(M")]-formula with parameters from A}}, ¥, = {¢ : ¢ an
Lo w[T(M?)]-formula with parameters from A}} here standing for (a; : i < a),
(4,<), ©, ¥ there. What we get ((b; : i < Jo () ")) will be called H?(n).

Stage F - Claim: If (M!, H') is an a-approximation 8 + k x m < a, n,m,k <
w then there is a B-approximation (M?, H?) which is (n,m, k)-indiscernible and
(MY, HY) < (M?, H?).

Proof. By polarized partition relation of Erdos Hajnal Rado [EHR]. See represen-
tation (in our terminology) [Sh 18], (or [\Sha , AP]) (or Erdos Hajnal Mate Rado
[\EHRM ]).

Stage G: Rest of the proof of Theorem 3.13.

We use the style of [\Sh18 , §5] — see [\Sha , VIL,§5].
Let x be regular, large enough, such that M* € H(x), <} a well ordering of H (),
and let A = {i: ¢ < pu}yUr(M*).

Let 2% = (H(x), €, <}, M*,a)qe. There is a model A of Thg, ,(A*) such that
2l omit every type which 2* omits and {t : %* = “t is an ordinal < Juy+(p)} is
not well ordered. So there are t,, € 2 such that:

= “t, is an ordinal < J(guy+ (1)
= “pyr +(n+1)2 <t

In 20 we define by induction on n, @, (M™, H™) such that:

() A= “(M™ H™) is a t,-approximation

(8) % (M, HY) < (M, )

(v) f n = 2(m? + k), k < m then (M"Y H"*1) is (m, k)-indiscernible and
(M1 H" L) relates to (M™, H™) as in Stage E

(8) R, € 7(M™Y) —7(M™), for n =2m + 1
Rp = Rpp1 = {(n,a):ac H*(n)}.
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For n = 0 use stage D.
For n = ¢+ 1, £ odd use stage E to define (M™, H™).
For n =/ + 1, £ even use stage F' to define.

Now let 7, = 7(M,,), N,, be the Skolem Hall of () in M"™ (more exactly M™ as
interpreted in A). So 7(N,) = Tn, Tn € Tnt1, |Tn] < iy Np < Npgq (e N, <
(Np+1 | 7)) and let N, = UN”’ T = UTp. So N, < N,,.

We now define by induction on n < w model N, and @),, such that:

(A) Ng = No, 7(N;)) = 7
(B) Ny < Nip, No= | Ny,

nw
(C) For £ <n, PON; = PEN:Z+1
(D) Ny is the Skolem Hull of [N,| U ([ ] P™")

<n

(E) QuC P

(F) Qo= Pé\]g

(G) for every n € Pév’t (where NN, is defined as in (2) of the conclusion of 3.13):
if n € Q,, then cf ((N:;H),,]7 <N32+1) = K
if n ¢ Q,, then cf ((]\7;1;),77 <NZ+1> = Ko

(H) for each n € P = Pév:b“, (N5)n, Q) € K1 UK,

(I) for each n < w, every L, ,[Ty]-type realized in N is realized in Nj = N,,,
i.e. in some N,,, m < w.

The construction is straightforward: in the induction step use the indiscernibility
built in [we can add | N}|| = pl.

3.14 Remark. We can get from the proof some additional information which does
not seem useful. We can use §(u) instead D(Q\T\ﬁ, omit every type which M™ omit.

We can have in V¥, |, assign arbitrary cofinalities to (|N; ], <Nut),

3.15 Theorem. Suppose in (our universe of set theory) V', for every « there is a
measurable of order o (see e.g. Gitik [G]). Then in some generic extension V':

(%) for every reqular u < \: if £ is a logic, L(3=*) < A(Z) then Beth(Z, A(Lso 1))
fail.
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Proof. Immediate by Gitik [G], but to clarify we deal with it lengthily. We use the
following theorem of Gitik [G]:

(@) if K is a measurable of order 6, 6 a regular cardinal < x and A\ < k then for
some forcing notions P,@7)\79,Q,.§,)\79(€ VPrxe) the following holds.

P, xp is A\-pseudo complete (see [Sh:b, Ch.X]) does not collapse cardinals, retain
the regularity of .
Rk 20 is A-pseudo complete, does not collapse cardinals, change the cofinality of &

to € and add no new sequences of ordinals of length < 6.
We also have (really follows generally, see [Sh 250]) minimal elements () and order
<o witnessing to A-pseudo completeness.

Suppose W' is a set of triples (k, A, ), of regular cardinals § < A < k such that

/\ (Key, Ao, 00) €W A K1 < kKo = K1 < Ag.
(=12

Let W[r'] = {(k,\,0) € W : k < k’}. We define Py as

{ﬁ P = <p(li,)\,0) : (’{7 )‘79) S W>7

D(r,\,0) 1S & PW[R}—name of a member of
P, x ¢ such that

{(r, A, 0) 0 < peergtis ﬁnite}

with obvious order (both < and <j).
Next Qw € VW is defined as:

{‘j :q = (q(s20) ¢ (K, A, 0) € W)
,
d(r,70) € (Q(H,A,e))VW[“] and

{(r, A, 0) € W1 =0 <g qe,r0)} 18 ﬁnite}

order the obvious one (< and <j).
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Now Py, Qw has the expected properties. We force with the iteration R
(R; : i < oo) (support as in Py) where for each i for some u;, R | i € H(u
R; E{P ,Pw* Qw} 20 < Mm{)\ (K,)\,@)GWi}.

The rest is left to the reader.

)
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