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ANNOTATED CONTENT

§1 Preliminaries, p.5

[We agree that forcing notion P has actually also pure (<,,) quasi-order
and very pure (<,,.) quasi-order. For a <-increasing sequence Q of forcing
notions we define what is a Q-named and a Q-named [j, @)-ordinal. Then
we define kK — Sp.(W)-iterations (revised support of size < k&, including
the case k inaccessible) with finite apure support, countable pure support
(the revised version) and Easton or W-Easton very pure support, similar
to [Sh:f, XIV] and prove its basic properties (this is done by simultaneous
induction).]

62 Trees of Models, p.31

[We quote the basic definitions and theorems concerning trees with w levels
tagged by ideal and partition theorems.]

83 Ideals and Partial Orders, p.36

[We can replace the families I of ideals by corresponding partial orders or
quasi orders (we “ignore” the distinction). This is essentially equivalent
(for “some A-complete I” with “for some A-complete .£”) but the Z’s have
better “pullback” from forcing extensions, so we can replace .Z in a forcing

extension of V by £’ in V preserving .¥ <grg £’ and preserving the

amount of completeness we have, so a similar situation holds for a set of
ideals; in the cases we have in mind here increasing those sets I or . do
not matter.|

84 UP Reintroduced, p.42

[We define when N is an I-tagged tree of models, when it is [-suitable, or
(I, W)-suitable, and when it is strictly or A-strictly, etc., where [ is a family
of ideals. Similarly we define N is A-strictly (I, S, W)-suitable; i.e. can serve
as N and prove some basic properties. Such models will fulfill here the
role that “any countable N < (J#(x), €)” fulfills in theorems on semi-proper
iteration. Lastly, we define when a forcing notion P satisfies U P*(I, W) for
¢ =0,1,2, and here UP!, UP? replace W-proper, W-semi-proper, where
W is a stationary subset of w;. All those properties imply that forcing
by P does not collapse N;, preserve the stationarity of W and even of
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any stationary subset of it. They are all relatives of “semi-properness” for
strictly (I, W)-suitable models, they speak on I-tagged trees of countable
models.]

§5 An Iteration Theorem for UP?, p.53

[We prove that satisfying UPY(W), i.e. satisfying it for some family T
of ideals, complete enough, is preserved by N; — Spg(W)-iterations, Q =
<Pi,@i : 1 < a); that is if each Q; is like that then P, = Ny — Spe(W)-

Lim(Q) is like that, provided some mild condition holds (say Q; is
UP! (I;, W), I; is k;-complete, IP; satisfies the k;-c.c.; we can even make [;, K,

to be just P;;1-names, see there). The proof is more similar to the proofs
of preservation of properness and semi-properness than with the proofs in
[Sh:b, XI|, (=[Sh:f, XI]), [GiSh 191], [Sh:f, XV], and hopefully more trans-
parent. The proof will be non-trivially shorter if we use just the particular
case of the revised countable support (i.e., <yp is equality and <, is <).
We give a sufficient condition for a not being collapsed by P, e.g. « is
strongly inaccessible, 8 < a = |Pg| < a and: W stationary in a (so « is
Mahlo) or <., is equality and the iteration is suitable enough. Lastly, if
e.g. « is the first strongly inaccessible, i < a = |P;| < a we give a sufficient
condition for a not being collapsed.]

§6 Preservation of UPY, p.72

[Here we make the condition more similar to semi-proper iteration, that is
the demand is that for suitable models N (one on which “the right trees
grow”) above each p € Q N N there is an (N, Q)-semi-generic gq. There is
some price though.

[?7] However, if Q satisfies UP? and the s-c.c., then Q * Levy(Ny, < k) is

appropriate in our iteration.]

§7 No New Reals - replacements for completeness, p.91

[Here we deal with the parallel of “Q add no new real because it is
W-complete for some stationary W C w;” .|

68 Examples, p.98

[We show that various forcing notions fall under our context. In particular
(variants of ) Namba forcing, shooting a club through a stationary S C {6 <
A cf(0) = No} where A = cf(\) > Ny, and prove that the older condition
from [Sh:f] implies the present one.|
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§9 Reflection in [wo]X0, p.104

[We answer a question of Jech, on the consistency of 2% = Ry + 7, is No-
saturated + every stationary subset of [wy]™ reflects and there is a special
projectively stationary subset of [wa]™° ]

§10 Mixing finitary norms and ideals, p.110

[We consider a common generalization of creature forcing (see [RoSh 470])
and relatives of Namba forcing.|
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§1 PRELIMINARIES

1.1 Definition/Notation. 1) A forcing notion here, P, is a nonempty set (abusing
notation, it too is denoted by P) and three partial orders <g, <7, <5 (more exactly
quasi-orders and <;=<}) and a minimal element ()p € P (so fp <, p for p € P) and
for £ = 0,1 we have [p <y ¢ = p <¢y1 q]. We call p € P very pure if @p <y p and
we call ¢ a very pure extension of p if p <y ¢. We call p € P pure if fp <; p and we
call ¢ a pure extension of p if p <y ¢. Let < be <5, let <,; be <; and <, be <.

We call P k-vp-complete if: for any <yp,-increasing sequence (p, : a < §),d < K
with po = 0p there is a < ,,-upper bound p. We define vp-s-complete similarly
waiving pg = Op. We define k— <y-complete and <, —x-complete similarly.

The forcing relation, of course, refers to the partial order <. We denote forcing
notions by P, Q,R. Let P! C P? mean p € P! = p € P?, §§1:§§2 I P! for £ =0,1,2
and let P! C;. P? means P! C P? and for ¢ < 2, if p,q € P! are <,-incompatible in
P!, then they are <,-incompatible in P2. Let P! < P? means P! C;. P2 & (P!, <
) < (P%,<).

2) P denotes a <-increasing sequence of forcing notions. Q denotes a sequence of
the form (P;,Q; : i < «) such that (P; : i < «) is a <-increasing sequence. Usually

@'é is a Pi—name, ”_Pz “]P)i—l—l/Pi = @i”-

3) Convention: If Q = (P;,Q; : i < @), P; is <-increasing, we may write Q instead
of (P; :i < ).

4) For a forcing notion PP (as in part (1)) we define P:

(a) the set of elements of P is

{A :A C P, and for some p € A (called a witness) we have

(1) (Vge A)Er)lg<reA & p<yp ]
(#7) there is an upper bound p* € P of A such that p <, p*

moreover (Vp' € A)(p <ypr P’ = 1 <upr P*)}

(we call p* an outer witness for A or for A € P if clause (ii) hold), and

(b) P is ordered by: A < Bif: A = B or A = () or for some q € B, (Vp €
A)(p < q) and we call g a witness to A < B

(¢) we define the order <, on P by: A<, Biff A< B and A # B implies that
for every witnesses p for A and every witness q for B we havep e A & q €
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B & (Vp')(p <ypr P € A = p' <4 q); we call such a pair (p,q) a witness
for A <, B. [See 1.10(5)]

(d) we stipulate sometime () <; A for every A € P or () = (p [Saharon].

5) CC(P) is the minimal regular uncountable cardinal 6 such that P satisfies the
f-c.c. We may add

(i73) if p’ € A satisfies clause (i) + (¢7) then there is p”" € A such that p’ <,p,
p// & p Svpr p//.

1.2 Observation.: 1) For any forcing notion P, (as in 1.1(1), of course), also P is a
forcing notion (in particular gﬁne is a quasi order for ¢ < 2) and P C; Pand P < P
and P is <p,-dense in P when we identify p and {p}.

2) If A; <; B for i < i* then B <y, B* where B* = | | 4,UB.

3) If £ € {0,1,2} and (P, <y) is f-complete (i.e., an irzlzlieasing sequence of length
< 0 has an upper bound) then so is (P, <;).

Proof. 1) Check.

2) Easy.

3)If 6 < 0,(A; : i < 6) is <-increasing let (p;, ;) witness A; € P. If (p; : i < 0)
is eventually constant then (A; : ¢ < J) is eventually constant and A; for j large
enough can serve. If not, without loss of generality (Vi < §)p; # pi+1 and let (p;, q;)
witness A; <; A;4+1. Clearly (g; : i < §) has a <p-upper bound in P, call it q. Now
{q} is as required. O 9

1.3 Definition. Let M AC(P) be the set of maximal antichains of the forcing
notion P.

1.4 Remark. 1) Note: |[MAC(P)| < 2IPI P satisfies the |P|*-c.c. and if P satisfies
the A\-c.c. then |M AC(P)| < |P|<*.
2) Note:

() if Q is a forcing notion, A = A<* > |Q| 4+ Vg, kg “(Vu < A)pR° < A” and
Q' = Qx* Levy(Ry, < \) then [MAC(Q')| = |Q'| = .
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1.5 Notation. Car is the class of cardinals.

IRCar is the class of (infinite) regular cardinals.

RCar = IRCar U{1}.

URCar is the class of uncountable regular cardinals.

2P is the filter of co-bounded subsets of .

9 is the club filter on A for A regular uncountable.

n~ =n| (lg(n) — 1) for a finite sequence n of length > 0.

1.6 Notation. 1) F(x) is the family of sets with transitive closure of power < x;
let <} be a well ordering of J7(x).

2) Let W be a function from the set of strongly inaccessible cardinals to {0, 1, % :
if « ¢ Dom(W) we understand W(a) = 0 and let &« € W means W (a) = 1.

1.7 Definition. 1) Assume P is a <-increasing sequence of forcing notions.
Let

Gen" (P) =: {G : for some (set) forcing notion P* we have /\ P, < P*
<o

and for some G* C P* generic over V we have

G:G*HUR}.

<o

) Q= (P; :i <a)or Q= (P;,Q; : i < ) where P; is a <-increasing we

define a Q-name 7 almost as we define (U P;)-names, but we do not use maximal
<o
antichains of U P;, that is:
<o

() 7 is afunction, Dom(7) C U P, and for every G € Gen"(Q), 7[G] is defined
i<a

iff Dom(7) NG # 0 and then 7[G] € V[G] [from where “every G...” is

taken? E.g., V is countable, G any set from the true universe] and 7[G]

is definable with parameters from V and the parameter U P;NG (so T
<o
is really a first-order formula with the variable U P, NG and parameters
1<
from V).
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Now |Fg has a natural meaning.

3) For pe Q (ie. p € U P;) and Q-names Tq,...,T,_1 we let {7g,...,Tn_1} be
<o _

the name for the set that contains exactly those 7;[Q] that are defined. We let

plF “T =z if for every G such that p € G € Gen"(Q) we have 7[G] =z. If § < «
and Gg C Pg, we let 7[G 3] = x means that for some p € G we have p IFg “7 = 27,

so possibly no p € U IP; forces a value to 7 and no such p forces 7 is not definable.
<o

4) We say a Q-name z is full if 2[G] is well defined for every G € Gen”(Q).

5) A simple Q-named! [j, 3)-ordinal (isa Q-name ¢ such that: if G € Gen" (Q)

and g[G] = then j < ¢ < B and (Ip € GNPera)p kg =g (where o =

tg(Q)); however, we allowed ([G] to be undefined. If we omit “[j, 3)” we mean

0,29(Q)) = [0,). If we omit “simple”, we mean replacing (Ip € G N P¢nq) by
(Ip € GNPret1)na) (this is used in [Sh:f, Ch.X,§1], we shall only remark on it
here).

6) A simple Q-named? [j, 3)-ordinal ¢ is a simple Q-named? [j, B)-ordinal of depth

T for some ordinal T, where this is defined below by induction on Y. In all cases
it is a Q-name of an ordinal from the interval [j, 5) so may be undefined, i.e., we
allow non full such names.

Case 1: T =0.
This is an ordinal € [j, ), or is “undefined” (in the full case this is forbidden).

Case 2: T > 0.
For some v < £g(Q) N3 and maximal antichain .# = {p. : & < e*} of P, there is
a sequence ((. : € < €*) such that (. is a simple Q-named® [Max{j,~}, 3)-ordinal

of depth T. < T and: ([G¢] = £ iff £ > v and for some € we have p. € G¢ NP,

and (c[G¢] = ¢ (including the case: not defined). If we omit “[j, 3)” we mean

[0,£9(Q)) = [0, ).

7) If we omit “simple” in (6) we mean that in case 2, (; is a not necessarily simple

Q-name? azld S C Py B B

8) We say PP is W-continuous or (P, W) is continuous when for every § € W N £g(P)

if (Vi < ¢) [density (P;) < 6, or just IP; satisfies the cf(d)-c.c.], then Ps = U P;.
1<6
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We say P is W-smooth or (P,W) is smooth if § € W = Ps = UIP’i. We say
<6
¢is a simple? (Q, W)-named [4, 3)-ordinal if it is a simple’ Q-named ordinal and

5 €W N (Lg(Q) +1) = (Fa < 6)(F ¢ ¢ [, ).

1.8 Claim. 1) Assume that Q is W -continuous. If ¢ is a simple Q-named? [0, 7)-

ordinal, v € W is regular and 3 < vy implies density(Pg) < v or just (Pg satisfies
the cf(v))-c.c.), then for some B < 7, ¢ is a simple Q | B-named? [0, B)-ordinal.

2) If Q is W-continuous and v € W = v regular and ¢ is a simple Q-named?[0, a)-
ordinal then ¢ is a simple (Q, W)-named?[0, a)-ordinal.

8) If ¢ is a simple Q-named?|0, a)-ordinal then there is a full simple Q-named?]0, c)-
ordinal g’ such that I=g “if ¢ is well defined then it is equal to g’ 7,

Proof. By induction on the depth of ¢. Lis

1.9 Remark. 1) We can restrict in the definition of Gen” (Q) to P* in some class K,

and get a K-variant of our notions.

2) Note: even if in 1.7(1) we ask Dom(7) to be a maximal antichain of U P; it will

<6

not be meaningful as in the appropriate Ps, we have /\ P; < Ps but not necessarily
<9

U P; < Ps hence it will not in general be a maximal antichain.

<9

3) Note that in the simple case we wrote P¢nq not Pey1)na. Compare this with

the remark [Sh:f, Ch.XIV,1.1B]. Here in the main case we use full simple Q-named?

ordinals, though we shall remark on the affect of the non-simple case; as a result

we will not have a general associativity law, but the definition of Sps — Lim, (Q)

will be somewhat simplified. As said earlier, we can interchange decisions on this

matter. Of course, also [Sh:f, Ch.XV] can be represented with this iteration.

4) The “name!” is necessary for the k > Wi case, but “name?” is preferable for

k = Ny, so we could have concentrated on name'! for x > N;, name? for kK = Ny,

but actually we concentrated on simple, name? for x = Ry; see 1.15(B) below.

1.10 Fact. 1) For P = (P; : i < £g(P)), a <-increasing sequence of forcing notions,
¢ € {1,2} and simple P-named’ [j, 3)-ordinal Candp € U P; there are &, ¢ and ¢4
<o
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such that p < g € U P; and: either ¢ Ik “qg1 € G”,q1 € P¢, & < a,[p € Pe =
i<Lg(P)
qg=q] and ¢ Ik “C = & or q IFp “C is not defined” (and even p IFp “C is not

defined”). B
2) For P and ¢ € {1,2} as above, and simple P-named® [j, 3)-ordinals ¢, &, also

max{(,{} and min{¢,{} are simple Q-named’ [j, 8)-ordinals (naturally defined,
so max {(,£}[G] is defined iff a ([G], {[G] are defined, and min{(,{}[G] is defined
iff ¢[G] is defined or ¢[G] is defined). If ¢, & are full then so are max{(,{} and
min{g ,§}

3) For P and /¢ as above, n < w and simple P-named’ ordinals §1,...,8&n and
p € U P; there are ( < o and g € P¢ such that, first: p < g or at least

i<lg(P) B
q IFp, “p € P;/Gp, for some i < Lg(P)” and second: for some ¢ € {1,...,n} we

have ¢ IFp “¢ = & = max{§1,...,§n}” or q IFp maX{§1,...,§n} not defined”.
Similarly for min. B

4) The same holds for simple (Q, W)-names’ and we can omit simple.

5) If ¢; is a simple Q-named'[B;, v;)-ordinal for i < i* then' sup{¢; : i < i*} is
simple Q-named! [Min f3;, sqp%)—ordinal.

6) Similarly for {¢; : i} and when we omit “simple”.

7A) A simple P-name’[j, 8)-ordinal

(a) ¢ is a P-named*[j, 3)-ordinal;

(b) if j2 < j1 < 1 < fB2 then any [simple] P-named [j1, 51 )-ordinal is a [simple]
P-named*[jo, 32)-ordinal;

(c) a [simple] P-named?[j, 3) ordinal is a [simple] P-named! [}, 3)-ordinal
(d) if B < o' < £g(P) then any [simple] P-named[j, 3)-ordinal is a (P | o)-
named*[j, 3)-ordinal.

Proof. Straight.

1.11 Discussion. We have in defining our iteration several possible variants, some
of our particular choices are not important: we can make it like revised countable

Ithis seems lacking for “name2”.
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support as in [Sh:f, Ch.X,§1] or like X;-RS in [Sh:f, Ch.XIV §1], or as in [Sh:f,
Ch.XIV,82] (as here); for most uses k = N; and we could restrict ourselves to
<pr=<ypr as equality; but in [\GoSh:511 | we need the three partial orders.

So below we have finite support for non-pure, countable for pure and Easton for
very pure.

1.12 Definition. 1) For a forcing notion P (as in 1.1) let PPl be defined like P
except that we make Qp <., p for every p € P.

2) For a forcing notion P (as in 1.1) let PP be defined like P except that we make
Dp <up p (and O <, P, of course) for every p € P.

1.18 Fact. 1) For a forcing notion P and z € {pr,vp},P[ is also a forcing notion,
and they are equivalent as forcing notions.
2) For = € {pr,vp"} the operations P — P and P — Pl*! commute.

3) If (x1, z2, 3) € {(pr,pr,pr),(vpr,pr,vpr),(vpr,vpr,pr)),(vpr,vpr,vpr)} then Plrs) =
Plrillz2]

4) G-completeness is preserved in the natural cases.

1.14 Discussion. 1) Why do we bother with PP PIVPHI? If in the iteration defined
below we use only Q?’r},@?p ], we get a variant of the definition without the need

to repeat it. We may want that: if {g(Q) = X inaccessible and i < k = |P;| < A
then U P; = Py (here as done in [Sh:f, Ch.XIV,§2] we can just impose it).
i<
Some other restrictions are for simplicity only.
2) Below the case e = 6 is the main one. [Saharon]

1.15 Definition/Claim. We define and prove the following by induction on a.
Below k = Ny, e = 0 so we can omit them (they are meaningful in §11)

(A) [Definition] Q = (P;,Q; : i < a) is a k — Spe-iteration for W or £ —

Spe(W)-iteration (if W is absent we mean {8 < « : 3 strongly inaccessible});
a is called the length of Q, £g(Q).

(B) [Definition] A simple (Q, W)-named,. ordinal ¢and ¢ [ [, B).

(C) [Definition] A simple (Q,W)-named, atomic condition g (or atomic
[J, B)-condition where j < 8 < a); also we define ¢ [ §,q [ {e},q [ [€,() for

a simple Q-named, atomic condition ¢ and ordinals ¢ < a,& < ¢ < a (or
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simple Q-named, ordinals § ,g instead &, (). We may add pure/very pure as
adjectives to the condition.

(D) [Claim]  Assume ( is a simple (Q, W)-named,[j, 3)-ordinal. Then for any
§,¢ | € is a simple (Q, W)-named [j, min{3, £})-ordinal and Fg “if ¢ < ¢
then ¢ = ¢ [ & if ¢ > £ or ¢ is undefined, then ¢ [ £ is undefined”, also ¢ [ £

is a simple (Q | &, W)-named ordinal. )

Similarly ¢ [ [€1,&2). If §1 < & < a are simple (Q, W)-named [aq, as)-
ordinals (the §1 < §2 means kg “61 < §2”), then ¢ I [§1,§2) is a simple
(Q, W)-named [a1, az)-ordinal and I-g “if ¢ € [€1,€2), then ¢ = (| [§2,&2)

otherwise ¢ [ [€1,&2) is undefined. If in addition f = Min{a, asz,lg(Q)}
and 8 < v,0f < aj then ¢ | [§1,§2) is a simple (Q | B,W)-named [o],7)-

ordinal. Also if n < w, for ¢ € {1,.. .,n},gg is a simple Q-named [B1, 32)-
ordinal then Max{§1, e ,gn} is a simple Q-named [31, B2)-ordinal. Simi-
larly for Min.

(E) [Claim] If q is a simple (Q, W)-named atomic [j, 3)-condition, ¢ < a,
then ¢ | ¢ is a simple (Q [ &, W)-named atomic [j, min{f, £})-condition and
q I {{} is a Pe-name of a member of Q¢ or undefined (and then it may be
assigned the value (g, , the minimal member of Q¢). If ¢ is a simple (Q, W)-
named atomic condition, § < ¢ < « are simple (Q, W)-named ordinals then
q I'[§;¢) is a simple (Q, W)-named ordinal. Also g {¢}=qTI[¢,(+1), and
if ¢ is a simple (Q, W)-named [¢,§)-ordinal, ¢/ < ¢ and I-g “¢ e [¢ &),
then it is a simple (Q, W)-named [¢’,¢')-ordinal. Also “pure” and “very

pure” are preserved by restriction.

(F) [Definition] ~ The & — Spe(W)-limit of Q, Spe(W)-Lim,(Q), denoted by
P, for Q as in clause (A) in particular of length a, and p [ £ and Dom(p)

for p € Spe(W)-Lim,(Q),§ an ordinal < a; (similarly for a simple (Q, W)-

named [0, £g(Q)) ordinal , etc. We also define P¢ for ¢ a (Q, W)-named
ordinal.
(G) [Theorem]  Sp.(W)-Lim,(Q) is a forcing notion (in the sense of 1.1(1)).

(H) [Theorem]  Assume 8 < a = {g(Q) or more generally, 3 is a full simple
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(Q, W)-named ordinal (see end of clause (F) above). Then Pg Ci. Sp.(W)-
Lim,(Q) (so a submodel with the three partial orders, even compatibilities
are preserved) and [p € Pg = p [ f =p| and [Py = “p <¢ ¢" = P =
“DI1 B <pq | B’ (for £ =0,1,2, of course) and P, = “p [ B <y p”. Also
q € Pg,p € Spe(W)-Lim,(Q) are compatible iff ¢,p | 8 are compatible in
Pg. In fact, if g € P3,Pg = “p [ B < ¢” then qU (p [ [5,@)) belongs to P,
and is a least upper bound of p,q and if Pg = “p [ B <y ¢” even a <,-least
upper bound of ¢. Hence Pg < (Sp.(W)-Lim,(q)).

(I) [Claim] Theset of p € P, such that for every < o we have lFp, “p [ {3}
is a singleton or empty”, is a dense subset of P,. Also we can replace Qg by

@5 and the set of “old” p € P, is a dense subset of the new (but actually
do not use this).

(J) [Claim] If o is strongly inaccessible, ( < a = |P¢| < a or just ( < o =

CC(P;) < aand o € W, then P, = | J P¢.
(<a

Proof and Definition:

(4) Q = (P;,Q; : i < a) is a k — Spe(W)-iteration if Q | Bis a k — Spe(W)-

iteration for every § < «, and if @« = f+1, then Pg = Sp.(W)-Lim,(Q | )
and Qg is a Pg-name of a forcing notion as in 1.1(1) here.

(B) We say ( is a simple (Q, W)-named, [j, 3)-ordinal if ¢ is a simple (Q,W)-

named? [j, 3)-ordinal.
(C) We say g is a simple (Q, W)-named atomic [}, 3)-condition when: gisa Q-

name, and for some ¢ = gga a simple (Q, W)-named [}, 3)-ordinal, we have
kg “C has a value iff ¢ has, and if they have then j < ( < min{f, £g(Q)}
and ¢ € Q¢”. If we omit “[j, )" we mean “[0,a)”. Now ¢ [ £ will have
a value iff ¢ q has a value < £ and then its value is the value of q. Lastly,
ql {¢} will have a value iff ¢ g has value £ and then its value is the value of
g. Similarly for ¢ | [¢,&) and ql&ql {g}, ql [g,g) We say ¢ is pure if |Fq
“for £ < o, if (g = € and g € Q¢ then Q¢ = @@5 <pr ¢". We say ¢ is very
pure if I-g “for § < «, if ¢ € Q¢, then Q¢ = 0o, <vpr ¢

(D), (E) Left to the reader.
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(F) We are defining Sp.(W)-Lim, (Q) (where Q = (Pg, Qp : B < a), of course).
It is a quadruple Py, = (Pq, <, <pr, <ypr) Where
(a) Pq is the set of p = {g; : i <"} satisfying for some witness g_:
(i) each g; is a simple (Q, W)-named atomic condition,
and for every £ < a, we have R
Fo, “p €} = {q: | {€} 11 <"} U{0g,} € Q¢
(1i) if a € W is strongly inaccessible > CC(P;) + &
for every i < a, then i* < «
(i4i) ¢ = (Cc e <j) where j <k and
each (. is a simple (Q, W)-named [0, )-ordinal,
the reader should think of {(. : e < j}

as the non-very-pure support of p
(iv)  for every £ < a we have (we may replace
- by IFp, as we use simple names)
IFg “if (Ve < j)(C[GNPe is # &) (for example is
not well defined) then fg, <vpr p [ {¢} in Q¢”
(v) if B<athenp[B=:{q [ B:i<i"} belongs to Ps

(vi) if @ € W is strongly inaccessible > CC(P;) + &
for every i < « then for some 8 < «
every (; is a simple (Q, W)-named [0, 8)-ordinal;

needed, e.g., in 6.12 (note: this demand follows by 1.8)

(b) for p € Spe(W)-Lim,(Q) and & < £g(Q) we let:
pl&=:{rl&:rep}
p L& =A{r1{&}:rep}

we define similarly p [ [(,€),p [ {¢}p ['[¢,€).

(c) Pu E “p! <ypr p?7 iff for every € < a we have (letting
pt = {gf i < (%)} for £ =1,2):

P 1 ElFp, “Qe ' 1{E} <opr 1?1 {E)”
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(d) Pa IZ ccpl Spr p277 ﬁ

(i) for every £ < ﬁg(@)A, we have?
p2 S “_Pg “then Q¢ = pl I {¢} <pr pQ M{&y”

(ii)  for some ordinal j < x and simple (Q, W)-named

[0, «)-ordinals (e for e < j, for every £ < £g(Q) we have:

p? | & lkp, “if for no e < j do we have ([Gp] = &, then
pr 1} <pr PP 1 {€}in 6525”; we call (Cc : € < j) a witness.

(e) PoEp' <p®iff
(i) for every & < £g(Q) we have:
P’ ke “Qe Ep' 1{E} <p* 1 {E}
(77)  as in the definition of <,,; clause (ii)

(iii)  for some n < w and simple (Q, W)-named ordinals §15--56n

we have:
for each ¢ < £g(Q) we have
p2 [ € lbp, “if § # §o[Gp] for

¢=1,...,n and

_'(w@g gvp pl [ {S})]
then: @g Ept 1{&} <pe P? 1 {E}

note that the truth value of ¢ = &y is a Pc-name so this is
well defined.
We then (i.e. if (i) + (ii) + (iii)) say: p1 < p2 over {1,...,&n}
(f) Lastly, for p € P, we let Dom(p) = Domyy(p) = {(q : ¢ € p} and
Domp, (p) = {Cc : € < j} where ¢ = (Ce 1€ < j) is as in clause (F)(a)

above (we can make it part of p).

2recall 1.1(4)(d) we can omit “p! | {xi} # 0 ="
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(9) We still have to define Pz for 8 a full simple (Q, W)-named ordinal,
itis {p:p={g i <i"} andlFg “Cy, < B” that is if { < a then IFp,
“if Cq,[Gr,| = € and B[Gp,] is well defined then it is > £7}.

(h) We call p € P, full if it has a witness (. : ¢ < j) with each (e full.

(G) Let us check Definition 1.1(1) for P, =: Sp.(W)-Lim,(Q):
Proof of <P is a partial order.
Suppose pg < p1 < pa. Let nz,gg,...,%[ and j¢ (< k) gﬁ (for e < j%)

appear in the definition of p; < psy1. Let n = n® 4+ n!, and

& if 1<i<n!

=1

2 Foooif ot <i<nl 4%

Let j = jY + 5! and

¢? if e<jY

Ce = . 0 0 .
” CLjo i e€[%0+4Y)

Let us check the three clauses of (e) of part (D).

Clause (i):

Let € < £g(Q) so for £ =10,1
Pes1 | ElFpe “pe [ {€} < pesr | {€} in Q¢

As Pe = “p1 | € < p2 | & (by the induction hypothesis, clause (H))

clearly po | £ forces both assertions. As @g is a partial order (under <) the

conclusion follows.

Clause (ii):

Let £ < £g(Q), so similarly p? | £ IFp, “if £ # §’f;1 for m = 1,...,n" and
0=0,1(ie., &,[Gp,] is # € or is not well defined), then po | {€} <pr p1 | {€}
in @E and p1 [ {&} <prp2 [{{} in @5” from which the result follows.
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Clause (iii):
Lastly, for £ < a we have py [ { IFp, “if £ ¢ {gﬁ [Gp,] gﬁ [Gp, ] well defined,

€ < jé and / € {0,1}} then Po r {ﬁ} Svpr b1 f {6} Svpr b2 f {5} hence
po [ {€} <vpr p2 [ {€}7.

So we have proved the three conditions needed for py < p2 by the definition
above so really py < p2 holds, so < is a partial order.

Proof of <,,, is a partial order.
Similar proof.

Proof of <, is a partial order.
Similar proof just easier.

Proof of p <, g = p < ¢
By the definition; easy.

Proof of p <vpr ¢ = p <pr ¢:
By the definition, check.
So in 1.1(1) all the requirements on P, holds.

(H),(I),(J) We leave the checking to the reader (actually we prove (I) in the proof of
1.20 below). U115

1.16 Fact. 1) If Q is a x — Spe-iteration and for each i < £g(Q) we have it is forced
(ie., IFp,) that <Z=<% and <¥ is equality, then Q is a variant of x-RS iteration

(as in [Sh:f, Ch.XIV,§1]), i.e. they are the same if we use there only simple Q-named

ordinals (or allow here non-simple ones so the version here is exactly as in [Sh:f,
Ch.X1V,2.6]).

Proof. Straightforward.

1.17 Claim. 1) In 1.15 in Definition (F), clause (a)(iii) we can demand that each
Ce is full (simple (Q, W)-named [0, a)-ordinal) and similarly in (d)(ii), (=(e)(ii))

and (e)(iii).
2) Suppose Q = (P;,Q; : i < «) is a k — Sp,(W)-iteration (so P, = Sp.(W)-

Lim,;(Q)). If p < q in Py, then there are r,n < w and & < ... < &, < « such
that:
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(a) r € P,
() g<r

(¢) p <r above {&,...

See https://shelah.logic.at/papers/311/ for possible updates.
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7571}‘

3) If p*,p? € P, and 1.15(F)(e) holds but we allow n to be a full simple (Q, W)-

named ordinal, then p* IFp,

“pl e G[P’a 7

Remark. In fact, in 1.17(1) we can have r [ [{,, @) = ¢ | [&n, @).

Proof. 1) As increasing those sets ({C- : € < (}, {&1, - -

harm.

,€n}, respectively) cause no

2) We prove this by induction on a.

Case 1: a =0.
Trivial.

Case 2: a=p+ 1.

Apply the induction hypothesis to Q | ,p | 5,q

I B (clearly Q | 3 is an

Kk — Spe(W)-iteration, p [ 8 € Pg,q | B € Pg and P = “p < ¢”, by 1.15, clause

H)). So we can find ',m < w and {£1,...
1

(@) v €Pg

) PsEqlB <7
(c) p

@) & <...<&,.

Let n =:m+ 1 and

and lastly » =" U (q

' 5 <7’ (in Pg) above {1, ...

,&.} such that:

»&m}

it £e{l,...,m}

(&
&_{5 if (=n

1{5}).

Case 3: « is a limit ordinal.

Let p < ¢ (in P, ) above {1, . ..

e, Be, & such that:

(a) re € Pg,

,€nt. We choose by induction on ¢ < n, the objects
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(B) 1e < rega
(v) g1 Be<me
(6) Be < Bey1 <«
(e) Bo = 0,10 = Dp,
(€)

for £ € {1,...,n} we have: either r, ey, “6e =&, and § < B or
Be =01 & re=re1and rpU(q | [B,)) IFp, “& is not defined or is
> o’

Carrying the definition is straight: for ¢ = 0 use clause (¢). For /41 < n when the
second possibility of clause (¢) fails there is v/, such that r,U (¢ | [8,a)) <1’ € Py,
and 7’ IFp, “€¢y1 is defined and is < a”, so there are 7, £/, | < a such that 7’ <

"€ Po and 7 Ik “Eopq =&, s0 as “¢j is a simple Q-named ordinal” we know

that {§ | < aand 7"’ [ &/, ||_P5?+1 “Cov1 =&, - Let Beyr = max{f¢, &), }, and

rex1 =: " | Ber1. So we have carried the induction.

We now apply the induction hypothesis to Q [ Bn,p | Bn,Tn; it is applicable as
Bn <ca,andPg = “p [ Bn < q | Bn <ry”. Sotherearem < w, & < ... <&, < B
and r* such that Pg, = “r, < r*” and p < r* (in Pg,) above {{1,...,&n}. Now
let r =:r*U(q [ [Bn,)), clearly ¢ < r and p < r above {&1,...,&m, Bn}-

3) So pl,p?, {& : £ =1,...,n} are given. Assume that p?> < ¢; € P,. We can find

@2 such that ¢; <s€ P, and ¢y forces a value to n say n(x). Next we can find g3

such that g < g3 € P, and g3 forces values to & (£ = 1,...,n(+)}, say £7,... ,52(*).

Now repeating the proof of “<F« is a partial order” (in clause (H) of 1.15) with
pl, p?, g3 here standing for pg, p1, p2 there we let P, = p* < g3. As we have assumed
just p? < q; € P, and ¢; < g3 we are done. Ly 17

1.18 Claim. Let Q be a k — Sp,(W)-iteration of length c.
0) Ifg is a simple (Q, W)-named ordinal then for some ordinal v we have: g S a

simple (Q, W)-named [0,~)-ordinal.
1)

(i) If B < a and ¢ is a Pg-name of a [full] simple (Q, W)-named [3, a)-ordinal
then for some [full] simple (Q, W)-named [, «a)-ordinal § we have

“_@ C(g — §77
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(@) if B<a,8 <7 <72 and ¢ is a Pg-name of a [full] simple (Q, W)-named
[1,72)-ordinal then for some [full] simple (Q, W)-named (71, 72)-ordinal §
we have kg “C =&,

2) The same holds if we replace “ordinal” by “atomic condition” (so in (ii) we

should demand o < ). B
8) If a« < v and B is a full simple (Q,W)-named [0,«)-ordinal, and for each

B < a,(p is a [full] simple (Q, W)-named [B,~)-ordinal then for some [full] simple
(Q, W)-named [0,7)-ordinal § we have

g “if BIG] = B(so B < a) then €G] = Co[GT".

4) If B is a full simple (Q, W)-named [0, a)-ordinal and for each 3 < o, pg is a

(Q, W)-named [3, a)-atomic condition then for some (Q, W)-named atomic condi-
tion p we have

g “if BIG] = B then p[G] = plGY".

Proof. Easy. 01.18
—> scite{1.16} ambiguous

1.19 Claim. 1) Suppose F' is a function, then for every ordinal o there is
Kk — Sp.(W)-iteration Q = (P;, Q; : i < al), such that:

(a) for every i we have Q; = F(Q 114),

(b) af <a
(c) either af = a or F(Q) is not an Sp,(W) — Lim,(Q)-name of a forcing
notion.
2) Suppose 8 < a,Gg C Py is generic over V, then in V[Gg],Q/Gs = (Pi/Gp,Q; :
B <i<a)is an k — Sp,-iteration and k — Sp,(W) — Lim(Q) = P » (Lim(Q)/G3)

(essentially; more exactly up to equivalence) where, of course, P;/Gg = {p € P; :

plBeGs} )
3) If Q is an k—Sp,(W)-iteration, p € Sp,(W)—Lim,(Q),P, ={qeP;: q>p | i},
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O _
Q={peQi:p>pl{it} andlg, =p [ {i},<, =<, 1 Q] for£=0,1,2 then Q =
(P4, QL : i < Lg(Q)) is (essentially) a k—Sp,(W)-iteration (and Sp,(W)— Lim,(Q")
is Pég(@)).

Proof. Should be clear.

1.20 Claim. Suppose

(a) Q = (P;,Q; : i < «a) is a k — Sp.(W)-iteration (and P, = Sp. (W) —

Lim,(Q))
(b) £(x) € {0, 1}

(c) ke, “(Qi, <e(x)) is a O-complete” for each i < a.

Then:

1) (P, <g(x)) is O-complete, i.e. if 6 < 0,(p; : i < 0) is <y -increasing then it has
an <yx)-upper bound provided that:

0 < korl(x) =0 & 6 < Min{o : § € W is strongly inaccessible and (V5 <

0)(|Pg| < 0)}.
2) Moreover for B < a we have (Po/Pg, <;)) is 0-complete.
8) In fact, we can get <;,-lub (provided that there are such lub’s for each Qi-

Remark. We deal with 6-complete rather than strategically 6-complete (here and
later) just for simplicity presentation, as it does not matter much by [Sh:f, CH.XIV,2.4].

Proof. Straightforward but we elaborate.
1) So assume 6 < 6 and p; € P, for i < 0 and [i < j < 0 = p; <y4) p;]. Now it is
enough to find p € P, such that

i <0 = pi <gx) D

Let p; = {gfy : v < v} and for each v < ’yi,gfy is a simple (Q, W)-named atomic
condition, say IFg “q% € @CQ ”, where (g is a simple (Q, W)-named ordinal (which
is qu). Now for each § < a let <* be a Pg-name of a well ordering of Q. For each

i(*) < 6, 7(*) < ; let ffy(;*)) be the following simple (Q, W)-named atomic condition:
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Let ¢ < a,G¢ C P generic over V and gi((**)) [G¢] = ¢, now work in V[G],
let we = {i < § : for some v < ~; we have g;[GC] = (¢} Welet ut = {y < :
¢4[G¢] = C} for each i € w¢. (As p; is <y(y-increasing, we is an end segment of

d and i(x) € we,y(x) € ug(*)). For i € we let qf - = (pi | {(})[G¢]. Now define

q(( )) [G¢] as follows.

Case 1: For some j < § the sequence (qZC : 1 € we\j) is constant.

i(*) _
Let 7'7(*) [GC] = QMin(wg\j),i-

Case 2: Not Case 1, but for some ¢ < 2,5 < § the sequence (g;¢ : i € we\j)
is <y-increasing, without loss of generality ¢ minimal (on all possible j) and then

r, (*) olGcl € Qc[G¢] is the <g-first <g,-upper bound of {gj . : i € w¢\j} where
<<— [GC] It exists by 1.2(2).

Case 3: Neither Case 1 nor Case 2 7;17((**)) [G¢] is O, -
Let p = {T?y((**)) () < 6 and v < Yy )
If £(x) = 0 (i.e., p; is <ypr-increasing) and (¢; : j < j*) witness pg € Py, then it

witnesses p € P, and easily i < § = p; <o p.
So assume {(x) = 1, that is p; is <p,-increasing. For ig < iy < ¢ let {Czom j <

Jeo., } be a witness to p;, <, pi, and let {C’ J < ji} witness p; € P. Letting £~ be

ZO,/LI

the maximal cardinal < &, clearly {C 119 <41 <0 and j < jj, il} has cardinality

k™, so we can order it as {CZO(E) e g ~} and some {g‘ (e ) ce < Kk} list
{gz i <9,j <ji}. Now {C (5) 1€ < K~} witness p € P, and {Cz?S)’“(E) e< K}
witness p; <y ps for every 7 < 9.

2), 3) Similar proof. 1 .20

1.21 Definition. Let Q = (P;,Q; : i < @) be an k — Sp.(W)-iteration.
1) We say yisa (Q, W, g)—name if: yis a Py-name, ¢ is a simple Q-named [0, a)-

ordinal, and: if 8 < a,Gp, C P, is generic over V and for some r € Gp, N Pg
we have 7 lkg “¢ = B”, then y[Gp,] € V[Gp,] is well defined and depends only on

Gp, NPg so we write y[Gp, NPgl; and if Gp, C Py, is generic over V and ([Gp, ]
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not well defined then y[Gp,] is not well defined (do not arise if ¢ is full).

2) If p € P, and Gp, C P, is generic over V, (or just in Gen"(Q)), then p[Gp
is the following function, Dom(p[Gr,]) = {(¢[Gr.] : ¢ € p} and (p[Gr,])(e

{q[Gr.] : ¢ € p and (,4[Gp, ] =€}

ol

1.22 Claim. Suppose

(a) Q= (P;,Q; : i < «) is a k — Sp, (W)-iteration.
(b) p € Py and ¢ is a simple (Q, W)-named [0, o)-ordinal

(c) ris a (Q,W, ¢)-named member of Po /P¢.

Then:
1) There is q € P, satisfying p < q such that:

() if € < a,Ge C Pge generic over V, then
(@) (lGe]=¢

implies (p | §)[Ge] = (q 1 §)[Ge] and
(B) ([Ge] = € implies

(¢ '], 0))[Ge] = r[Ge].

2) If in addition (for any £ < 3) clause (c)* below, then we can in (x) add p <; q

() ris a (Q,W,r)-named member of Po /P¢ which is <¢-above p | [¢, a).

Proof. Straightforward.

Central here is pure decidability.

1.23 Definition. 1) A forcing notion Q has pure (601, 62)-decidability if: for every
p € Q and Q-name 7 < 01, there are a C 6y,[a| < 0 (but |a| > 0) and 7 € Q such

that p <pr r and 7 g “y € a” (for §; = 2, alternatively, v is a truth value). If we

write “ < 65” we mean |a| < [6s].
2) A forcing notion Q has pure #-decidability where € is an ordinal if: for every
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p € Q and @—name v < ¢ there are v < 6 and r € Q such that p <, r and r g “if
0 < w then Y=7 and if # > w is a limit ordinal then v < 5.

1.24 Observation. 1) If Rg > 03 > 2 then pure (3, 2)-decidability is equivalent to
pure (2,2)-decidability.

2) If Q is purely semi-proper (see [Sh:f, X] or here xxx) or just Q satisfies UP?(I, W)
(see §5) then @Q has pure (N1, X;)-decidability.

3) If Q is purely proper, then Q has (A, X;)-decidability for every A.

4) If Q has the c.c.c. (and we let <, be equality if not defined), then Q is purely
proper.

5) If <,,=<, then Q has pure (), 2)-decidability for every A.

Proof. Think of the definitions.

1.25 Definition. 1) A forcing notion P is purely proper for x large enough (e.g.,
P(P) € H(x) is enough) and N is an elementary submodel of (H (), €) to which
P belongs and p € N NP then there is (N, P)-semi-generic satisfying p <, ¢ € P,
see below.

2) q is (N, P)-generic if ¢ IFp “if 7 which belongs to N is a P-name of an ordinal

then 7[Gp] € NN Ord.

3) A forcing notion P is purely semi-proper if in part 4) we replace (N, P)-generic
by (N, P)-semi-generic.

4) q is (N,P)-semi-generic if ¢ IFp “if 7 which belongs to N, is a P-name of a
countable ordinal then 7[Gp] € N Nw,”.

1.26 Claim. Let Q be a x — Sp,(W)-iteration.

1) The property “Q has pure §*-decidability and pure (2,2)-decidability” is pre-
served by Ny — Sp,(W)-iterations if 6* is a limit ordinal.

2) The property “Q has pure (2,2)-decidablity” is preserved by Wy —Sp,(W)-iterations.

1.27 Remark. 1) This is like [Sh:f, Ch.XIV,2.13] and is reasonable for iterations not
adding reals. For getting rid of pure (2,2)-decidability at the expense of others,
natural demands, see §5.

2) Is this not suitable for name! ordinals only? By UP help.

3) See proof of 6.8 for use of U gn U p* and more cases phrase as a subclaim?

n
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Proof. Let a = £g(Q) and let <} be a well ordering of J#(x), let <*  be a Pg-
X:PB
name of a well ordering of /¢ (X)VPB . Let p € P, and 7 be a P,-name of an ordinal

< 0,0 € {2,6*} and let ¢° = (¢? : ¢ < j) be a witness for p (see 1.15(F), clause
(a)) without loss of generality each gg is full. For each ¢ < j and &£ < «a below we
shall 7;275,?275 and t. ¢ such that 7:875 is a P¢yi-name of a condition with domain
C (&+ 1,04),7275 is a P¢;1-name of an ordinal < ¢ and t.¢ is a P¢iq-name of a

truth value, satisfying the following. Let § < a, Gp,,, C P¢y1 be generic over V
and (2[Ge] = €

(x)1 if there are 7 € P, /Gp,,, and v < 0 satisfying (a) + (b) below then v =
yg,g[GﬂmHl], r =12 ¢[Gp,,,] are such objects, first by the fixed well ordering

<y and t. ¢[Gp,,,] is truth, and does not depend on ¢; if there are no
such v, we let 72 .[Gp,,,]| be the empty condition, 72 .[Gp,,,] = 0 and
§57C[GP§+1] is false.

(@) p<per €Po/Gp. 0] (E+1)=7T({+1)and we have r “_]IDQ/GP§+1
“if @ =2 then 7 = v and if § > Xy then 7 < "

(b) if & < & then no 7’ satisfies (a) with &, Gp,, NP, 11.

So by 1.18(4), there is in P, a condition r? which is 72 . if (2[G] = &,t.¢[G] =

—> scite{1.16} ambiguous
truth, is well defined (the f there is gg here!, hence it is full). So easily p; = pU{r?:

e < j} belongs to P, and is a pure extension of p (using <}, noting that for each
£+ 1<aand Gp_, CPeyy generic over V, if (2,,[Gp.,, | =& = (2, [Gp,.,] then

/’:21 [GP£+1] - 7:22 [G]P&Jrl])

1

: is an atomic Q-named condition

We now define py = p; U {rl : e < j} where r
with (.1 = (. defined as follows

(*) if B < a,Gp, C Pg generic over V and (.[Gp,] = (8 then in V[Gp,] we have

r € QplGlis <*  [Gp,]-minimal such that
B B X:Pﬁ

(i) QplGr,] = “p2 1 {B} <pr {r} € Qs[Gr,]”
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(ii) for some 71 € Pgy1 and v < 0 we have: 71 [ € Gp, andry [ B =7
and: ry lFp, , “0=2 & 7276 =7yorf >Ny & 727(5 <vyandt.g =

truth” or ry forces (IFp,,,) that t. g = false.

Let us choose now 8 < « and r; with # minimal such that

® 11 € Pg and there are ¢ € P, and v < 6 such that p» <,, gand g | 8 <m
and 11U (g 1 [B,0) F 0= 2,7 =y or £ 2,7 < 7",

There is such 8 as 8 = a(= £g(f)) is O.K.

Case 1: g =0.
We are done.

Case 2: (3 is limit.

Without loss of generality, by 1.17 for some n < w and & < ... < &, < [
we have: py | [ < rp above {{1,...,&,}. If n = 0 we are done (as 5 = 0)
so assume n > 0. Let 8/ =&, + 1,7 =r1 | (§ + 1) and there is ¢’ defined by

¢ 1 (nt1) =q 1 (Ent1),d" | (at1,8)is 71 | (§nt1, B) ifry [ (§nt+1) € G, ., and

is 1 | (&, +1,8) otherwise and lastly ¢’ | [3,a) = q | [8,«). Now 8,1/, ¢’ satisfies:
1€ Pe,n =Pz Spr d'sq 1B < and ' Uq [ [8,a) b, 0= 2,7 =y or

0 #£2,17<v" and B’ < . So we get a contradiction to the choice of 3.

Case 3: 71 - “Bo ¢ {¢2 : € < j}” where § = fo + 1.
The proof is similar to the one of case 2 using 8’ = By.
Case 4: None of the above.

So by “neither case 1 nor case 2” we have § = By + 1, and as we can increase
without loss of generality r; forces 8y € {¢? : € < j}, so without loss of generality rq

l_
“By = ¢V where ¢ < j.

Let 11 € Gg C Pg with Gg generic over V; let Ggr = Gg NPy for f/ < B. So
gg[Gﬁo] = Po-

We first ask: is there €1 < j such that ggl [Ga,] is well defined so call it ¢, (so
necessarily ¢ < ) and t., ¢([Gg] is truth?

If yes, then we get a contradiction to the minimality of § as ( can serve by the
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choice of 5, so assume not. Now considering 7;275,7275, clause (b) holds and rq, ¢

exemplifies t. ¢[Gp] = truth. Ui.26

1.28 Remark. 1) You may ask why we do not use the ¢ defined by g*[G£+1] =¢41
if to ¢ [Gey1] = truth for some € < j7 The reason is that (as for e = 6,x = N;) this

seems not to be a simple Q-named ordinal. B
2) By the proof, if Q is a k-Sp.(W)-iteration, a < £g(Q),p € P, and for each
B < a,tg is a Pg-name of a truth value, pg a Pg-name of some p € P,/Gp, such

that I-p, “p <pr pg,p I 6= pa | B” then we can find ¢ such that p <, ¢ € P, and:
if Gg C IPg is generic over V, 8 < «,tg[Gp] = truth and v < § = “t,[Gg NP,] =
false then q IFp_ g “Pg € Gp,”.

We now consider some variants of the A-c.c.
1.29 Definition. 1) We say P satisfies the local d-c.c. if k is a P-name and
{peP:P|{q:p<qe P} satisfies the &'-c.c. and p IFp “0 = &'” for some '} is

dense in P.
2) We say P satisfies the local 0-c.c. purely if the set above is dense in (P, <;,).

3) We say PP satisfies lc.pr. 0-c.c. if:

(a) K is a (P, <,;)-name, usually of a regular cardinal of V
(could use just a partial function from P to cardinals such that k(p) =
kAP <pr ¢ = Kk(q) = Kk, but abusing notation we write ¢ IF “x = k7 if
k(q) = k)

(b) for every p € P for some ¢,0 we have p <; ¢,q IFp <, ) “0 = 0" and P>,

satisfies the 0-c.c.
(we could use: if k(p) = K then P>, ie. ({g:p < q € P}, <F) satisfies the

K-C.C.)

_pr)

4) If P satisfies the lc.pr. 0-c.c. and g € P let mglcc(q,P) = 0 means q IFp <
“k = k" and P>, satisfies the k-c.c.

5) Let 0™°°(P) be minimal such that PP satisfies the lc.pr. k-c.c.; that is 9'(¢q,P) =
Min{x : P>, satisfies that k-c.c.} and 9(q,P) = k if (V1')(q <pr 7 — 0'(r,P) = K)
(see below) and let 9™°(q,P) = 0 mean ) (¢,P) = 0 where kK = Emec(P).
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1.30 Claim. 1) For a forcing notion P (as in 1.1) the (P, <,)-name 9™ (PP) is

well defined, so
2) If P satisfies the lc.pr. 0-c.c. and p € P then for some q we have p <, ¢ and

Omec(q, P) is well defined.

Proof. Straight.

1.31 Definition. 1) We say Q has strong pr. (01, 02)-decidability when &, ko are
“01 = 61 and

kg = 02” and (. is a Q-name of an ordinal < #; for ¢ < €* < 65 then for some

(Q, <pr)-names of regular cardinals of V and if p € Q,p IFg,<,,)
a C 0 of cardinality < 62 and ¢ such that p <, ¢ € Q we have ¢ IFqg “Cc €a for

e <™.
2) We say Q has strong pr. 0-decidability if for any 6 it has pr. (6, x)-decidability

(i.e. each (e is a Q-name of an ordinal < 0).

3) We use “weak” instead of “strong” in parts (1), (2) if above we restrict ourselves
to the case ¢* = 1.
4) We let 0¢(IP) is the minimal (P, <,;)-name & of a regular cardinal from V such

that P has weak pr. k-decidability. Similarly 95'(P) for strong pr. s-decidability.

1.32 Note/Observation. If Q is an k — Sp.(W)-iteration, then

(a) ((Ps,<bi):i < £g(Q)) is a <-increasing sequence

(b) ifi < j <tg(Q),q € Pj,q i <p p€P;thenp,qhasa <,-lub, pUgq | [4,J).

Proof. Check.

1.33 Claim. 1) If P satisfies the lc.pr. 9-c.c. and 0 = 05°°(p,P) =lkp “0 is
reqular” then P has a strong pr 0-decidability.

2) Let Q be a k1 — Sp,(W)-iteration e € {4}. If § < Lg(Q) is a limit ordinal, u an
unbounded subset of 0, for i € u we have P; has the strong pr. 0;-decidability then

letting 0 = Min{0 : 0 a regular cardinal in 'V and 0 > 0; for i € u} we have

(1) 0 is a (Ps, <pr)-name of a regular cardinal of V

(ii) Ps has weak pr. 0-decidability.
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3) Similarly for Ps/Gp, when a < § and even Ps/P, where « is a simple Q-named

[0, §)-ordinal.
4) If P satisfies the strong pr 0-decidability and p € P,k = k,(p,P) then p IF “0 is

a reqular cardinal.

Proof. 1) Trivial.
2),3) Similar to the proof of 1.26 [Saharon!]
4) Trivial. U133

1.34 Convention: Let Q = (P, Qi : j < a,i < a) be a k-Spe(W)-iteration.

1.35 Claim. Assume (Q,W) is smooth, (see Definition 1.7(8)).
1) If p* € Pj then (P}, Q} : j < a,i < «) is a k1-Spe(W)-iteration where

Pi={peP;:p*j<p},
Q; ={p € Q;rp, “p* [ {j} <pinQ;”.

2) If y < a and G; C P is generic over V then (P ;/G+,Qqyqi 2 j < a— 7 and
i <a—r)is a Xy — Sp, (W)-iteration.

Proof. Straight.
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62 TREE OF MODELS

We present here needed information on trees and tagged trees. On partition of

tagged trees, see Rubin, Shelah [RuSh 117] and, [Sh:b], [Sh:f, X1,3.5,3.5A,3.7,XV,2.6,2.6A,2.6B|
and [Sh 136, 2.4,2.5,p.111-113]; or the representation in [Sh:e, AP,§1]; on history

see [RuSh 117] and [Sh:f].

2.1 Definition. A tagged tree is a pair (7,I) such that:

(1) T is a w-tree, which here means a nonempty set of finite sequences of ordinals
such that if n € T then any initial segment of 7 belongs to 7T'. T" is ordered
by initial segments; i.e., n < v iff 1 is a proper initial segment of v.

(2) Iis a partial function such that for every n € TN Dom(I) : I(n) is an ideal
of subsets of some set called the domain of I, Dom(I,), and®

Sucr(n) =: {v : v is an immediate successor of n in T'} C Dom(I,),

Usually I, is No-complete.
(3) For every n € T we have Sucr(n) # 0.

2.2 Convention. For any tagged tree (T,I) we can define IT by:

Dom(I') = {n:n € TN Dom(I) and Sucr(n) C dom(I,) and Sucr(n) ¢ I,}

and
Ij7 ={{a:n(a) e A} : A€ L, };

we sometimes, in an abuse of notation, do not distinguish between I and I'; e.g. if
II; is constantly I, we write I* instead of I. Also, if I = I, we may write I} for

L.(n).

3in this section it is not unreasonable to demand equality but this is very problematic in
Definition 4.2(1), clause (d)
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2.3 Definition. 1) Let 7 be called a splitting point of (7', I) if I, is well defined and
Sucr(n) ¢ I, (normally this follows but we may “forget” to decrease the domain of
I). Let split(7,I) be the set of splitting points of (7,I). We usually consider trees
where each w-branch meets split(7, I) infinitely often (see Definition 2.5(6), i.e. are
normal).

2)Forn €T let T = {v e T:v=norv<anornav}

3) For a tree T, let lim(7T) be the set of branches of T’ i.e. all w-sequences of
ordinals, such that every finite initial segment of them is a member of T": lim(7") =
{s €“Ord : (Vn)s [ n € T}. We call them also w-branches.

4) A subset Z of a tree T is a front if: 7 # v € Z implies none of them is an
initial segment of the other, and every nn € lim(7') has an initial segment which is
a member of Z.

2.4 Definition. We now define orders between tagged trees:

(CL) (Tl,Il) S (TQ,IQ) ﬁ T2 Q Tl, and Split(TQ,Ig) Q Spht(Tl,Il), and
for every n € split(13,I2) we have I>(n) [ Sucr,(n) =Ii(n) I Sucr,(n)
(where I | A={B:BC Aand Be€I}).
(So every splitting point of 75 is a splitting point of 77, and if we suppose
n €T = Sucr(h) = Dom(I,) then I is completely determined by I; and
split(7%,I5) and T5.)

(b) (Th,I) <* (13, 1) if (11, 1h) < (13,12) and
split(7Ts, I5) = split(7y,1) N Ts.

(¢) For any set A, (T1,1;) <§ (T, L) if Ty D Ty and n € ANTy = Sucr,(n) =
Sucr, (1) and € To N split(71,1;)\A = Sucr, () # 0 mod I;.

(d) In (c¢) we may omit the subscript A when A = T\ split(77,1;).

(e) (T1,1)) <® (Ty,1) if Ty C T} is a subtree and if v an € lim(Ty),I, is
k-complete, then for some k > Lg(v), I} <gpx I%rk,Ifﬂk is k-complete and
n [ k € split(T»,I2). We can replace  and k-complete by ¢ and “satisfying
0’ eg. €L

(f) (T1,I;) <" (T5,I5) when T C T, and if n € Tynsplit(7y,1;) and I}7 is
k-complete then n € split(7Ts,I5) and I,27 = I}7 and every n € split(T5,I)
is like that.

2.5 Definition. 1) For a set [ of ideals, a tagged tree (T, 1) is an I-tree if for every
splitting point nn € T' we have I,, € I (up to an isomorphism).

2) For a tagged tree (T,I) and set I of ideals let I [ I =1 | {n € Dom(I) and
L, €I}

3) Let in (2), (7,1) [ 1= (7,1 | ).
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4) A tagged tree (T,1) is standard if for every non-splitting point n € T, |Sucr(n)| =
1.

5) A tagged tree (7),1) is full if every n € T is a splitting point.

6) A tagged tree (7,1) is normal if for every n € lim(7T") for infinitely many k < w
we have n [ k € split(7T,1I).

2.6 Remark. 1) Of course, the set lim(7") is not absolute; i.e., if Vi C Vy are
two universes of set theory then in general (lim(7))V* will be a proper subset of
(lim(7T))Vz.

2) However, the notion of being a front is absolute:

(a) Z a point iff Z contains a front and n # v € Z = —(n Jv)

(b) V1 | “Z contains a front of 77, if Z C T and {n € T : Yk < Lg(n)(n |
k € Z} has no w-branch iff Z C T there is a depth function p : T — Ord
satisfying n<v & Vk <Llg(n)ln | k ¢ Z] — p(n) > p(v). (Levy absoluteness
theorem) This function will also witness in V, that Z is a front.

3) Z C T contains a front iff Z meets every branch of T. So if Z C T contains
a front of T and 77 C T is a subtree, then Z N7’ contains a front of 7”. This is
absolute, too.

2.7 Definition. 1) An ideal I is A-complete if any union of less than A members
of I is still a member of I.

2) A tagged tree (T,I) is A-complete if for each n € T'N Dom(I) or just n €
split(7', I), the ideal I,, is A-complete.

3) A family I of ideals is A-complete if each I € I is A-complete. We will only
consider Ny-complete families 1.

4) A family I is called restriction-closed if: I € I,A C Dom([),A ¢ I implies
I'TA={Bel:BC A} belongs to .

5) The restriction closure of I, res-cf(I)is {I [ A: I € [,AC Dom(I),A ¢ I}.

6) I is A-indecomposable if for every A C Dom(I),A ¢ I and h : A — X there is
Y C A\ Y] < A such that h=1(Y) ¢ I. We say I (or we say I) is A-indecomposable
if each I,, where n € split(7,I) (or I € I) is A-indecomposable.

7) 1 is strongly A-indecomposable if for any A; € I (i < A) and A C Dom([), A ¢ I
we can find B C A of cardinality < A such that for no 7 < A does A; include B.

8) Let 1"l = {I € T: I is s-complete}.

2.8 Fact. If X\ is a regular cardinal and [ is a strongly A-indecomposable, then [ is
A-indecomposable.
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Proof. Given A, h as in 2.7(6), let A; = h=1({j : j < i}) and A, = h=1({i});
if for some i < A\, A; ¢ I we are done, otherwise by Definition 2.7(7) there is
B C A,|B| < X such that: i < A= B ¢ A;. But as X is regular, B C A, [B| < A
and (A; : 1 < A) is a C-increasing sequence of sets with union A, clearly for some
Jj <A\, B C Aj, contradiction. Oa g

2.9 Definition. For a subset A of (an w-tree) T' we define by induction on the
length of a sequence 7, resp(n, A) for each n € T. Let resp((), A) = (). Assume
resy(n, A) is already defined and we define resy(n”(a), A) for all members " ()
of Sucr(n). If n € A then resp(n”(a),A) = resr(n, A) (a), and if n ¢ A then
resp(n™{(a), A) = resp(n, A)"(0). If n € lim(7T), we let

res(n, A) = U res(n | k, A).

kew

2.10 Explanation. Thus res(T, A) =: { resp(n,A) : n € T} is a tree obtained by
projecting T i.e., glueing together all members of Sucy () whenever v ¢ A.

We state now (Lemma 2.11 is [Sh:f, Ch.X1,5.3;p.559] and Lemma 2.12 is
[Sh:f, XV,2.6;p.738] and Lemma 2.13 is [Sh:f, XI,3.5](2); p.546-7.

2.11 Lemma. Let A\, pu be uncountable cardinals satisfying A< = X and let (T,T)
be a tagged tree in which for eachn € T either |Sucr(n)| < p or I(n) is AT -complete.
Then for every function H : T — X there exists a subtree T' of T satisfying (T,I) <*
(T",1) such that for n*,n?* € T' satisfying rest(n', A) = resp(n?, A) we have:

(i) Hn') = H(n?)
(i) nt e A n?e A,
)

(#i1) if n € T' N A, then Sucy(n) = Sucy (n).

Proof. See [Sh:f, XV,2.6;p.738].

2.12 Lemma. Let 6 be an uncountable regular cardinal (the main case here is
0 =Ny). Assume

(O‘) I be a family of 9+-60mplete ideals,
(B) (To,X) a tagged tree,

(y) A=:{neT:|Sucr,(n) <0},

(6) n€ T\A =T, € 1 & Suc, (n) ¢ L)
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(e [n€ A= Sucr,(n) C{n (i) :i <0}
(¢) H:Ty— 6 and

)
(n) e=(e,:n € A, |Sucr,(n)| =0) is such that e, is a club of 6.
Then there is a club C' of 0 such that: for each 6 € C there is Ty C Ty satisfying:

(a) Ts is a tree

(b) if n € Ts,|Sucr,(n)| < 6, then Sucr,(n) = Sucr, (n) and if Suc(n) = 0, then
Sucr, (n) ={n"(i) :i <6} and § € e,

(¢) n € Ts5\A implies Sucr,(n) ¢ I,
(d) for everyn € Ts we have H(n) < 4.

Proof. See [Sh:f, XV,2.6].

2.13 Lemma. Let (T,I) be a 0T -complete I-tree, and assume 0 = cf(9). If

lim(T) = U B; where B; is a Borel subset of im(T'), then for some i < 6 and
<0
(T",1') we have (T,I) <* (T",T') and lim(T") C B;.

Proof. By [Sh:f, XI,3.5](2);p.546-7.
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63 IDEALS AND PARTIAL ORDERS

3.1 Definition. 1) We call an ideal J non-atomic if {z} € J for every
x € Dom(J).
2) We call the ideal with domain {0}, which is {0}, the trivial ideal.

3.2 Definition. 1) For ideals Ji, Jo we say

J1 <rK J2

if there is a function h : Dom(J3) — Dom(J;) such that

for every A C Dom(Jz) we have : A # () mod Jo = h”(A) # 0 mod J;

or equivalently,
Jo D {h_l(A) A€ Jl}

2) For families I, 5 of ideals we say I; <grk [ if there is a function H witnessing
it; i.e.,

(i) H is a function from I; into Iy

(73) for every J € I; we have J <gk H(J).

3) For families ]11,]12 of ideals, ]11 =RK ]12 ﬁ ]11 SRK ]12 & HQ SRK Hl.

3.3 Claim. 1) If an ideal J is not non-atomic then J <gx “the trivial ideal”.
2) <grxk 1s a partial quasi-order (among ideals and also among families of ideals).

Proof. Easy.
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3.4 Definition. 1) For an (upward) directed quasi order? L = (B, <) we define
an ideal idy;:

isz{AgB:forsomeyeLwehaveAg{xEL:—'ny}}.

Equivalently, the dual filter fil is generated by the “cones”, where the cone of L
defined by y € L is

L,={xeL:y<uz}.

We call such an ideal a partial order ideal. We let Dom(L) = Dom(idz)(= B), but
we may use L instead of Dom(L) (like Vz € L).

2) For a partial order L let dens(L) = min{|X| : X € Dom(L) is dense’; i.e.
(Va € Dom(L))(3b € X)[a < b])} (this applies also to ideals considered as (I, C)).
3) For a family .Z of directed quasi orders let ide = {idy : L € .Z}.

3.5 Fact. 1) idy, is A-complete iff L is A-directed.

2) dens(L) = dens(id(z, <), ).

3) If h: Ly — Lo preserves order (i.e. Vr,y € L,(z <y = h(x) < h(y))) and has
cofinal (= dense) range (i.e. (Vx € Lo)(Jy € L1)[x < h(y)]) then idr, <grk idyz,.
4) Let h : L1 — Lo. Now h exemplifies idy, <grk idyp, iff for every xo € Ly there
is 1 € Ly such that: (Vy)ly € L1 & 1 <p, y = 22 <1, h(y)]; (equivalently for
every y € Ly : =(z2 <, h(y)) = (21 <p, y); note that h is not necessarily order
preserving).

5) If Ly C Ly and Ly is a dense in Lo, then idy, =gk idp,.

6) If A = density(L) then idy, is A-based; i.e. X C Dom(idz), X ¢ idyp = (Y C
X[Y|<X & Y ¢ idg].

Proof. Straight. E.g.

3) If A C Ly and A ¢ idp,, then (Vo € L1)(3y)(x <, y € A) hence (Vx €
Lo)(Jy,z € Ly)(x <p, h(y) & y <p, z € A) hence (Vx € Ly)(3z)(x <, z €
h"(A)) hence h''(A) ¢ idr, (and trivially h”(A) C Ly).

By Defintion 3.2(1) this shows idy, <rx idg,.

4) Note: h exemplifies id;, <gpx idr,

iff

4no real difference if we ask partial order or just quasi orders; i.e., partial orders satisfy = <

y & y <z # x =y, quasi order not necessarily; note that in the case there is z* € L such that
(Vy € L)(y < z*) gives an ideal which is not non-atomic
5also called cofinal in this context
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(VA C L1)(A # 0 mod idy, — h”(A) # 0 mod idy,)

(VA g Ll)(vxg c LQ)[A 75 @ mod idLl — h”(A) N {y € L2 ) SLQ y} 75 @]

ift

(Voo € Lo)(VA C L1)(A# @ mod idy, — h"(A)N{y € Ly : 22 <y, y} #0)
iff
(Vza € Lo)({y € Ly : =(w2 <p, h(y))} = 0 mod idy, ]
iff
(Vxg € Lo)(Fz1 € L1)(Vy € L1)[~(x2 <p, h(y)) = —x1 <1, 9]
iff
(Vag € Lo)(Fz1 € L1)(VMy € Ly)[z1 <p, y = z2 <p, h(y)].
5) Letting hy be the identity map on Ly by part (3) we get idy, <rk idr,; choose
he : Ly — Ly which extends hq, by part (4) we get idy, <grk idr,, together we are

done.
6) Easily. Us.s

8.6 Fact. 1) For any ideal J (such that (Dom(J)) ¢ J), letting J; = id(;c), we

have
(i) Jp is a partial order ideal
(i7) |Dom(Jy)| = |J] < 2/Pom{))]
(ii5) J <rx Ji
(iv) if J is A-complete, then (J, C) is A-directed hence J; is A-complete
(v) dens(J,C) = dens(Jy,C)
(vi) dens(J, C) < |J| < 2/Pem(NI,
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2) For every ideal J and dense X C J we can use id(x,c) and get the same
conclusions.
3) For every ideal J there is a directed order L such that:

J <grk idp, dens(J) = dens(L)

and: for every A if J is A-complete, then so is idy.

Proof. Least trivial is (1)(iii), let A : J — Dom(.J) be such that h(A) € (Dom(J))\ A
(exists as (Dom(J)) ¢ J). Let J; = id(;c), so h is a function from Dom(J;) into
Dom(h) and we shall prove that h exemplifies the desired conclusion J <gk J; by
Definition 3.2(1)

Assume toward contradicion that X C Dom(J;) = J, X ¢ J; and A =: ' (X)
belongs to J. So Y =: {B € J:=(A C B)} € idc) = J1 (by the definition of
J1 = id(j,c)) hence (as X ¢ J) for some B € X we have B ¢ Y hence by definition
A C B, so h(B) € h'(X) = A contradicting the choice of h(B) (as A C B). s

3.7 Remark. So we can replace a family of ideals by a family of directed quasi orders
without changing much the relevant invariants such as completeness or density as
long as we do not mind adding “larger” ones in the appropriate sense.

3.8 Conclusion. For any family of ideals I there is a family of .Z of quasi order
such that:

(i) T <grx {id(z,<): (L,<) € £}

(id) 2] < 1|
(43i) sup{|L| : (L, <) € L} =sup{|J|: J € I} <sup{2P°™)) . JecT}
(iv) sup{dens(L,<): (L, <) € £} =sup{dens(J,C) : J € [}

(v) Tis A-complete iff every (L, <) € .Z is A-directed.

Proof. Easy.
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3.9 Definition. For a forcing notion Q, satisfying the k-c.c., a Q-name L of a
quasi order with Y € V|IFg Y = Dom(L) € V for notational simplicity given (i.e.,
is not just a Q-name); let L* = ap,(L) = apx(L, Q) be the following quasi order

Dom(L*)={a:aCY)and |a| <k} €V
a<*biff IFg “(Vy € a)Fxr €b)[L Fy<z]”
(this is a quasi-order only, i.e. maybe a <* b <* a but a # b).

3.10 Claim. 1) For a forcing notion Q satisfying the k-c.c. and a Q-name L of a
A-directed quasi order (with Dom(L) € V given, not just a Q-name, for simplicity)
such that A > k we have:

(i) ap, (L) is A-directed quasi order (in 'V and also in V?)
(i) Jap,(L)| < [Dom(L)|="
(#i1) IFq “idpjg) <ri idap, (L)
2) For a forcing notion Q satisfying the p-c.c., the local k-c.c. and a Q-name L of
a A-directed quasi order such that A\ > k we can find £ € V such that

(i) & is a family of < p A-directed quasi orders (in V and also in V?)
(i7) for each L € £ for some 6 we have |L| < <" and ¥ “|Dom(L)| # p, k = K”

(ii1) IFq “idriq) <rk idp for some L € Z£7.

3) In (2), of course, we can replace I by a A-complete <rxk-upper bound.

Proof. 1) We leave (i), (ii) to the reader. We check (iii). Let G C Q be generic over
V, and in V|G| we define a function h from ap, (L) to Dom(L[G]) as follows: h(a)

will be an element of Dom(L[G]) such that

(Ve € a)[L[G] = “z < h(a)”].

It exists by the “A-directed”, “\ > k” assumptions. We can now easily verify the
condition in 3.5(4).
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2) Let {p; : i < ¢*} be a maximal antichain of Q such that: p; I “x = k;” and
Q>p, satisfies the k;-c.c and without loss of generality p; IF “Dom(L) = p;”. Let
Qi = Q>p, and L; be L restricted to Q; and lastly let £ = {aps, (L;, Q;) : i <i*},
by part (1) we have p; I “idr[g,) <Rk aPsx, (Li, Qi)” by {p; : 4 < i*} is a maximal
antichain of Q hence IFq “idgjg,) <rk {apPs, (Li, Q;) : i < i*}.

A base |apy, (Li, Q;)| < |[Dom(L;)|<" = p" and aps, (L;, Q;) is A-directed. To-

gether we are done as necessarily ¢* < pu.
3) Easy by 3.13(3),(4) below. Os.10

3.11 Conclusion. 1) Suppose Q is a forcing notion satisfying the local k-c.c., I; a

Q@-name of a family of A-complete filters and A > k. Then there is, (in V), a family
I, of A-complete filters such that:

(i) ko “Ii <rx In”
(i1) if Q satisfies the p-c.c. then |Ig| = |I1] + p i.e. IFg “|Ia| = [I;]V + u”
(7i1) sup{|Dom(J)|: J € Is} = sup{(2*)<" : some q € Q

forces that some J € I
has domain of power pu}.

2) If in V@ the set I; has the form {idiz,«) @ (L, <) € £} e, is a family of quasi
order ideals, then in (iii) we can have

(731)" sup{|Dom(J)|: J € Io} = sup{pu<" : some ¢ € Q
force some (L, <) € £ has power u}

(iv) I5 is a family of quasi order ideals.

Proof. Easy.

3.12 Remark. The aim of 3.10, 3.11 is the following: we will consider iterations
(P;, Qi< a) where IFp, “Q; satisfies UP(I;)”, but I; may not be a subset of the
ground model V. Now 3.11 gives us a good <gk-bound I’ of I; in V, and we can

prove (under suitable assumptions) that P, will satisfy the UP( U I).
i<
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3.13 Definition. 1) For a family . of directed quasi order let the (< x)-closure
cl(Z) be

XU{HLizLieffori<aanda<m}

<o

(the partial order on H L; is natural).

<o
2) Z is (< k)-closed if for any a < k and L; € £ for i < « there is L € £ such
that 1 < o = L; <gk L.

3.14 Claim. 1) If & is A-complete, then cl,,(L) is \-complete.
2) L <gk [[ Li for j < .

<o
3) If K is reqular, then cl,,(Z) is k-directed under <grk and is (< k)-closed.

Proof. Use 3.5(4).
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64 UP REINTRODUCED

The reader may concentrate on the case S = {N;}.

4.1 Convention. I will be a set of quasi order ideals, i.e. I = ¢.

4.2 Definition. Fix I, S, W assuming

(%)(a) T a family of Ny-complete quasi-order ideals
(b) S is a set of regular cardinals to which ¥y belongs

(¢) W C w is stationary.

1) We say N is an I-tagged tree of models (for x or for (x,z)) if there is an I-tagged
tree (T',I) such that N = (N,, : n € (T,1)) satisfies the following:

(a) for n € T we have N, < (J(x), €, <}) is a countable model
(b)
(¢)

)

c
(d) for n € T we have n € N, and I,, € N, NI

I€ Ny and x € Nyy (if = is present, we can use I as a predicate)

n<v € T implies NV, < N,

Whenever we have such an I-tagged tree N of models, we write N, = U Ny for
k<w

each n € lim(7T).

1A) N = (N, : n € (T,1)) is a tagged tree of models if this occurs for some No-

complete I. If x is not mentioned, we assume it contains all necessary information,

in particular I, S, W.

1B) In part (1) we say “weak I-tagged tree of models” if we replace clause (d) by

(d)~ (i) for n € TN Dom(I) we have I, € N, N1
(13) if n € Split(7,I) then for some one-to-one function f € N, with domain
O Sucy(n) and range € Dom(I,) we have v € Sucr(n) = f(v) € N,.

We say weaker if we omit clause (d)~(i7). In all the definitions below we can use

this version (i.e., adding weak/weaker and replacing (d) by (d)~/(d)~(4)
2) We say N is truely [-suitable (tagged tree of models) if clauses (a) — (d) and:

(e) if n € T and I € IN N, then the set

{veTh ve split(T) and I, = I € N,}
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contains a front of T, So “N is truly I-suitable tree (of models)” does not imply
“N is an [-tagged tree of models” as possibly I ¢ Nos.
3) We say N is [-suitable (a tagged tree of models) if clauses (a) — (d) and:

()~ ifneT and I € IN N, then the set
{veTW :ve split(T) and I <k I, € N}

contains a front of T,
4) We say N is A-strictly (I, W)-suitable if IV is [-suitable and in addition

by" I€ Ny,We N and z € N
0 0
(f) one of the following cases holds:
(1) A=y and for some § € W, for all n € T we have: N,, Nw; =6

(i) A= cf(A) >N, Nex Nwy € Wand n<v € T = N, <, N, (ie,
N, N X is an initial segment of N, N A
(note: if A = p* this means N, Ny = N, N p so no contradiction with
the case A = Ny)

(7i1) A = N; and we demand nothing.

If we omit A, we mean A = Ng. So A = cf(A) > Ny implies n € T =
N, Nwi = Nes Nwy € WL If we omit “strictly” we demand only (b)*.

5) We say N is S-strictly (I, W)-suitable, if in addition to clauses (a) - (d),(e)~ we
have:

(b)+ Ie N<>,W S N<>,S € N<> and x € N<>

(9) for all v € T and A € SN N5 there is dx, v < A such that
(VneT)v IneT = sup(N,, N ) =0d,l.

6) We say N is AT-uniformly (I, W)-suitable if it is (I, W)-suitable and

(b)+ Ie N<>,W € No,)\ S N<> and x € N<>
(f)" for some a € [A\]*° for every n € lim(T') we have

Ny,NA=a

and
if AT =Ny then a € W.
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6A) We say N is S-uniformly (I, W)-suitable if it is (I, W)-suitable and

(b)+ Ie N<>,W € N(),S € N<> and x € N<>

(9)" for every n € T,A € SN N, for some a € [A]® for every v satisfying
n<v € lim(T) we have

N, N\ =a.

7) In 4), 5) if we add "truely” if (e)~ is replaced by (e).
8) If S is a P-name then in the clauses above we mean S* = {\ : IFp “A ¢ S”}.

9) IN = {I €T: I is A-complete}.

4.3 Definition. 1) We say N < (J(x), €, <},) is S-strictly or A-strictly (I, W)-
suitable model if there is an S-strictly or a A-strictly (I, W)-suitable N such that

N = Ny, (see 4.2(5),(9), and see 4.2(8), it applies). We can add “truely”.
2) We say N is (I, W)-suitable if it is strictly (I, W)-suitable, that is Ny-strictly
(I, W)-suitable.

4.4 Definition. In Definitions 4.2, 4.3 we may omit W when it is w;, and may
omit S when S = {RNy}, for 4.2(5) and 4.2(6), 4.2(6A). We may replace S by * if
S = UReg. Let n € (T,I) means n € T and we write 1" when I is clear.

4.5 Claim. Assume
(1) S,P, I, W,z € J(x) and S* is as in 4.2(8)
(i.e., S*={0:R) < 0= cf(f) <|P| and ¥p “6 € "} U {X;},
e.g, S = M}), and

(ii) T is a Ro-complete or for each I € I,k € S, I is k-indecomposable.

Then there is an S-strictly, truely (I, W)-suitable tree N with x € Nyy.

Proof. We will construct this tree in three steps: first we find a suitable tree, then
we thin it out to be a S*-uniformly suitable tree, then we blow up the models to
make it S*-strict. For notational simplicity let S* = {X;} (the reader can check the
others).
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First Step: An easy bookkeeping argument (to ensure 4.2(1)(e)) yields a truly
(I U {J54})-suitable tree (N, : n € (T,I)) satisfying v <n = sup(N, Nwy) <
sup(N, Nwi) such that N, < (H(x), €,<}) and x € Nos; so for n € lim(T) we
let N,y = ) Nype-

L<w
Moreover we can get that for all n € lim(T'), for each I € (INN,)U{J5}, there
are infinitely many & such that n [ & € split(7,I) and L}, = I and Sucy(n [ k) =
{n"(z) : x € Dom(I)}.
Second Step: Define H : T' — wy by H(n) = sup(NV,, Nw;) < wi. Apply 2.12 to get
a subtree 7" and a limit ordinal 6 € W C w; such that clauses (a) - (d) of 2.12 hold
for 6. By clause (d) of 2.12, for all n € T", N, Nw; € 6. Let dp < 61 < U5n =4,

and let

T" = {77 € T' : for each Vk < lg(n), if Sucr(n [ k) ={n | k™ (a): a <wi}

so Sucp(n [ k) ={n k™ (a): a < 6})

then 7(k) = 5k}.

Clearly T"" will be Xi-uniformly suitable; i.e.
n e hm(T) = an Nwp = 0.

Third Step: For € Ty, let N} = the Skolem Hull of N, U in (J(x), €,<}). So
Ny Nwy 2 4. Conversely, let v € lim(T3),n <v, then N, Ud C N, so Nj C N,
hence Ny Nw C 4. So Ny Nwy = 4, i.e. (N; :n €T) isan Ny-strict, (I, S, W)-tree

of models (see Definition 4.2(4)).

We claim that this tree is still truly suitable. Indeed, assume 1 € Th, v €
lim(Ty),n < v and I € TN N,. Then for some o < 4,1 is in the Skolem hull
of Ny Ua. Let k < w be such that o € N, Nwy and k < lg(n). Then since
(Ny, = n € Tp) was suitable, there is £ > k such that I, = I. So (N, : n € Ty) is
also (I, S, W)-suitable. Oas

4.6 Fact. Assume 1" <gk I, where I, 1" are families of ideals.

1) If (N, : p € (T,1)) is a [-suitable tree and I' € Nyy, then (N, : € (T,1)) is also
I’-suitable.

2) If (N, : n € (T,1)) is I-suitable and I’ € Ny, then there is a tree (1”,1") satisfying
the following for some T", f:
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(a) T" C T and f is an isomorphism from 7" onto 7", (i.e., is one to one onto
preserving length and < and its negation) and n € T" = I} <gk Iy, I, #
I/
"
(b) (Ny:n € (T",1')) is truely I'-suitable when we let [,/ =T’
(¢) split(T", 1) = T" N split(T,I) if I =gy L.

3) We can weaken the hypothesis to I’ <gx IU {the trivial ideal}. The same holds
in similar situations.

4) In Definition 4.4, if S = {0 : 8y < 0 = cf(0) < A}, A = cf()N), then clause (f)
of 4.2(4) (i.e., AT-strictly) and clause (g) of 4.2(5) (i.e. the demand concerning S,
i.e., S-strictly) are equivalent. Similarly 4.2(6), 4.2(6A) are equivalent.

5) In part (2), (N, : n € (T",1)) is a weak I'-tagged tree, truely I’-suitable; moreover
it is enough to assume (N, : n € (T,1)) is a weak [-suitable tree (see 5.2).

6) If (N, : n € (T,1I)) is a weak I-tagged tree then for some tree 77 and tree
isomorphic f from 7" onto T letting I' = (I« : n € T") we have (Ns(, : 1 €
(T",1')) is a I-tagged tree. All relevant properties are preserved. [Check, see 5.2.]

Proof. 1) Should be clear, as <gk is transitive (as a relation among ideals and also
among families of ideals).

2) ForeveryneY = {neT: 3 el')(I' <I,) and n € split(T,I)} pick an
ideal I, € TN N,, I <gx I, such that: for every v € T', for every I' € IN N, the
set {neTW .1 = I, and v <7 and n € Y'} contains a front of TW!. This can be
done using a bookkeeping argument.

Now define T” as follows. We choose by induction on n, a function f, with
domain C T'N"0Ord, such that n € Dom(f,) = f(n) € N, N"Ord. Let f, be the
identity on {<>}. Assume f,, has been defined and n € Dom(f,), and we shall
define f,+1 | Sucp(n). If n € T\Y, then Dom(f,+1) N Sucr(n) C Sucy(n) is a
singleton {v,;} and let f,11(vy) = fu(n) ((vy(n)). if n € TNY, then I} is already
defined and it belongs to N,. Let g, be a witness for I/ <rx I, and stipulate
Dom(I,) D {z:n" < x >€ Sucr(n)}. Now g, introduces an equivalence relation
on Dom(I,). Let A, be a selector set for this equivalence relation; i.e. g, [ A, is
1-1 and has the same range as g,. Note that we can choose g, in N, as I, I% €N,
(whereas Sucr(n) does not necessarily belong to IV,) and then choose A, and let

A, = {z € Ay : (3y € Sucr(n))[gy(x) = g,(y)|} (so possibly A, ¢ Ny,). Now
for x € A, son” < x >€ Sucp(n) we let foi1(n” < x >) = fr(n) {(gn(x)) so
Dom(fr41) N Suer(n) = {n" <z >:z € A }. Lastly, let 7" = U{Rang(f,) : n <
w}, T” = U{Dom(fn) : n < w} and for n € Dom(fy),n < w let I} = 1I7 and
f=U{fn:n <w}. Now check.

3), 4) Left to the reader. O
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4.7 Definition. 1) Let x > RNo,I € J(x) a set of ideals and S € JZ(x) a set
of regular cardinals (or just limit ordinals) such that 8; € S. For N a count-
able elementary submodel of B = (J7(x),€) (or B an expansion of (J(x),€)
with countable vocabulary) such that I,S € N we define Dp(N) = Dpy(N) =
Dpy(N,B) = Dpi(N,S,B) € Ord U {oo}, by defining when Dp(N) > « for an
ordinal «a;, by induction on a:

Dp(N) > a iff N is as above and for every I € IN N
and for every f < a and X € I there is M satisfying :
(1) Dp(M) > B(hence M < *B is countable)
(i) N<M
(131)  sup(M Nwy) = sup(N Nwi) moreover
0 SNN = sup(NN0)= sup(M N¥H)
(tv) M N Dom(I)\X # 0.

2) We define Dp’(N) = Dpj(N) by defining: Dp/(N) > « iff N is as above and for
every J e INN and f < « for some I € N NI we have J <gk I and for every
X € I there is M satisfying (i)-(iv) above.

4.8 Claim. 1) In Definition 4.7:

(a) Dp(N) € Ord U {oo} if well defined
(b) if Dp(N) = oo, I € INN then we can findY € I (i.e., Y C Dom(I),Y ¢ 1)

and N = (Ny : t € Y) such that:
(1) Dp(Vy) = o0
(1) N < N
(7i1) sup(N Nwy) = sup(N; Nwy) moreover 6 € SN N = sup(N N6) =
sup(NVy N 6).

2) If Iy <gk Iz and {I1,15} € N and Dpy,(N) > « then Dpr, (N) > «.
3) Dpi(N) = Dpj(N).

Proof. Straightforward.
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4.9 Claim. 1) Let N < (' (x), €) be countable, 1 € NN Nwy € #. Then

(a) N is strictly (I, #')-suitable iff Dpy(N) = oo
(b) N is (I, #)-suitable iff Dpy(N) = oco.

2) Similarly with S.

Proof. Easy.

4.10 Definition. 1) The forcing notion P satisfies UPg (I,S, W) (note if £ # 2 we
may omit \) (adopting the conventions of 4.2(8); A is a purely decidable P-name
of a V-cardinal) when: ¢ € {0,1,2} and if x is large enough and N is S-strictly
(I, W)-suitable and p € Ny NP and P € Ny, of course, then there is ¢ € P such
that p <,; ¢ € P and:
(a) if £ = 0 then ¢ IF “Ny[Gp] N w1 = Ny Nwy and sup(Nes[Gp] N 0) =
sup(N.~ N0)if g € 57
(b) if £ = 1 then ¢ IF “for some n € lLim(T) we have N,[Gp] Nwi = Ny Nwy
and for every § € S we have sup(N,[Gp| N 6) = sup(V,, N 0) where N, =
U{Np¢ : £ < w} and 7 is not necessarily from V”

(c) if £ =2 then g - “Ny[Ge] is (S\N)-strictly (I, W)-suitable and

sup(N<s [Gp]NO) = sup(N.~ NH) for every # € S (in particular RY)” where
VI[Gr]
N=R, .

2) If we omit ¢ we mean ¢ = 0.

If W = w; we may omit it. We write * instead of S if

S = {\: V[Gp] = X € URegVIE*I}. If we omit S we mean {RY}.

3) The forcing notion P satisfies UPﬁ)\(]I, S, W) when r, X are (P, <,,;)-names of

regular V-cardinals and for some z we have: if x is large enough and N = (N, :
n € (T,1)) is an S-strictly (I, W)-suitable tree of models for (x,z) and p € PN Ny,

and (k, A\, P,I) € Nyy, then for some ¢, T we have:

(a) p<prq€eP

(b) qis (N | T,k, A, P)-semiy generic (see below).
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3A) If £ = oo we can replace T' by 1 such that T'= {n [ n: n <w} (see below) so
- “n € lim(7)” and then in clause (b) write IV, instead of N | T. We then may
omit k. We may A if A = (IP), see Definition 1.29(5).

3B) We say that ¢ is (N | T, k, \,P)-semiy generic where N, T, k, ) is as above if:

qlFp “(i) T is a subtree of T' (so T' C T is closed under
initial segments <>€ T',n € T = Sucr(n) # 0)
(i) Ny[Gp]Nwi =Ny Nwy forneT
(iii) N[Gp] | T has (A, \)-covering which means: if
1 is an w-branch of T" and y € N, [Gp]
is a set of < A\[Gp] ordinals

(if A\[Gp] is not a cardinal, this means < |A\[Gp]|)

then for some A € VN U Nype we have
I<w

|AIY < A[Gp] and y C A
(iv) (N,[Gp]:m € (T,1)) is a strictly

[£[Ge]]

I -suitable tree of models”.

4) We define UP? (I, S, W) similarly replacing clause (b) by the weaker
(b)~ qis (Ny, K, A\, P)-semis -generic, (see below).

4A) If k = oo we can replace T by n such that T'= {n [ n : n < w} so lkp “n €

lim(7)” and replace N | T by N,,. We may omit ) if it is oo (but see 4.12(0)). We

then may omit & if it is oo, too. h

4B) q is (N, K, A\, P)-semiz-generic is defined as in (4) only replacing clause (iii) in

X of (3B) by

(i)~ N[Gp] | T has (), 1)-covering which means for every y € V N Ny[Gp] for
some A € VN N, we have |A|V < A[Gp] and y € A, recalling N,[Gr] =
U{Ny1¢[Gp] : £ <w}”.
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5) We allow to use I, a P-name of an element of V as above if:

(a) it is decidable purely
(b) if ¢ € P decides I = I then P, satisfies UP*(I, S, W).

6) We say that PP satisfies the UP, , (I, S, W) iff

(a) k and X\ are P-names of V-cardinals such that P satisfies the k-c.c. purely
locally

(b) T is a P-name of a set which belongs to V| it is a set of ideals and I is
decidable purely

(¢) is k-complete if ¥p “~(k =k & I €1)”,

(d) if p e Pforces I =1,1 CT', A=Ak =k and I'\l is a set of A\-complete
ideals then for some =

X if N = (N, :n e (T,1)) is strictly I'-suitable, € N.~, then for some

¢, T we have: p <, ¢ € Pand ¢ is (N | T, k, )\, P)-semis-generic, (see
below).

7) We define P satisfies UPg(]l7 S, W) as in part (6) but restrict ourselves to I' = L.

[others?]
8) Assume N = (N, : € (T, 1)) and P € N, satisfies UPL (I, W) and (P, W,...) €

N.~. We say q is (N, k,P)-semis-generic (for N when not understood from the

context) if:

q Ik “for some T we have (T,I) <" (T",T), see 2.4, clause (f) and
neT = Ny|Gp] Nwy = Nes Nw; and

neT & peS = sup(Ny[Gp| N p) = sup(N, N p)”.
9) We write UP?(I, S, W) for UP} (I, S, W) where £ is #(P) see 1.29(5), 1.30(1).

4.11 Definition. [?] We call I to be a name if it is a name of an old family of
ideals purely decidable.
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4.12 Claim. 0) In Definition 4.10(3)-(6), if \ > k(P), then the demand concerning
A (i.e., clause (iii) of 4.10(3B) holds trivially (as increasing p purely, p Ik “A = \”

and P>, satisfies the A-c.c).
1) If Q satisfies UP;{\(]I,S,W), then it satisfies UP;%(H,S,W). If Q satisfies

UP} ,(I,S, W), then Q satisfies UP' (I, S, W) and UP. (I, W). IfQ satisfies UP.(I,S, W)
or UPY(I, S, W) then it satisfies UPY(I, S, W). If¢ € {3,4} and Q satisfies UP,?{\(]I, I,W)
and k1 > Kk, A1 > N[0 =4= A\ = )], then Q satisfies UPY | (I,S, W).

K1,A1
1A) If Q satisfies UPY(I,S, W), then it satisfies UP°(I, S, W) which implies “Q

has pure Xy -decidability”, see Definition 1.23(2).
2) The forcing notion Q satisfies UPE(]I, S, W) iff its completion (i.e., Q*, or equiv-

alently its completion to a complete Boolean algebra) satisfies it assuming <p,=<.
3) If Q satisfies UP(I,x, W), (i.e., see 4.10(2)) and 1 is u*-complete (e.g., 1=10),
then any “new” countable set of ordinals < p s included in an “old” countable set
of ordinals; i.e., one from V.

4) Q satisfies UP (0, *) iff Q is purely proper (see Definition 1.25(1)).

5) Q satisfies UP(D, {X1}) iff Q is purely semiproper (see Definition 1.25(2))°.

6) If Q satisfies UP(I,S, W) and I C 1;,S; C S and W1 C W then Q satisfies

UPY(I1, S, W,).
7) In Definition 4.2, if P satisfies the k-c.c. (e.g. k = |P|*) then:

(a) we can replace S by any set S’ of uncountable regular cardinals of V, such
that IFp “SNkKk =8"NkK".

8) In Definition 4.10 (in all the variants), if we demand “for x large enough, for
some © € (), for every N such that x € Ny and ...7 we get an equivalent
definition.

9) In Definition 4.10 we can use weak I-tagged trees, i.e. we get with this an
equivalent definition.

Proof. 1), 2) Trivial.

3) Straightforward.

4) Use 4.5 below.

5),6) If I = (), then every N < (€ (x), €, <}) is a I-model.

6that is: if Q € N < (J(x), €), N is countable, p € Q N N, then for some ¢ we have p <, ¢
and q lkFg “7 € N” for every Q-name 7 € N of a countable ordinal
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7) Easy.

8) Check the Definition.

9) As in [Sh:].

10) The “weak” version allows more trees of models so apparently is a stronger
condition, but by 4.8(4) it is equivalent. 0410

4.18 Conclusion. If P satisfies UP*(I, S, W) and S is as in 4.2(*)(b) (or S = {N;})
(recall that this notation implies I is No-complete, 8y € S and W C w; stationary)

then IFp “W is stationary”. Moreover, if W/ C W is stationary then also IFp “W’
is a stationary subset of w;”.

Proof. The “moreover” fact is by 4.12(7) (i.e., monotonicity in W).
Assume that p IF “C is a club of w; and CN'W = ()”. By 4.5 we can find an

Ny-strictly (I, S, W)-suitable tree of models (N, : n € (T,I)) with C,p € Ny. Let
§ = N_o~Nwy, 508 € W. By UPY(I,; S, W) we can find a condition ¢ as in Definition
4.2 in particular p <, ¢. Clearly ¢ IF “N[G] Nwy = 6" and, trivially p IFp “C' is
unbounded in Ny [G] Nwi” hence p IF “Ny[G]Nw; € C”. So qlFg “60 € CNW?”,

contradiction. U413

4.14 Remark. Usually we assume I, S satisfies 4.2(*)(a) + (c), S = {X; } is the main
case.

4.15 Remark. 1) From the proof of 4.5 we can conclude that in 4.2; we can replace
“S-strictly (I, W)-suitable, N, Nw; = § € W” by “(I, S, W)-suitable”, and then
the condition g will be NV()-semi-generic.

2) As at present S = {N;} seem to suffice, we shall use only it for notational

simplicity.
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§5 AN ITERATION THEOREM FOR UP

5.1 Claim. 1) If N = (N, :n € (T,1)) is a tagged tree of models for (x, (z,P)),P
a forcing notion and P € Ny, then IFp “(N,[Gp] : n € (T,1)) is a tagged tree of

models for (x, (z,P,G))”.
2) If in addition P satisfies the k-c.c. and I € Ny is k-closed (see Definition
3.13(2)) and N is I-suitable, then

(x) IFp “(N,[Gp] : n € (T,1)) is I-suitable”.

3) If in part (2) assume in addition that k,1 to be P-names of objects from V
such that I is purely decidable and P satisfies 1577,6 local k-c.c. purely, then for every
p € Nex NP there is ¢,p <pr ¢ € Nes NP forcing (x) above. If 1 is purely decidable
and P is locally k-c.c. purely then we can find q satisfying p <,r ¢ € Nes NP and

forcing (x).

Proof. 1) Straight.

2) So P satisfies the k-c.c. and let G C PP be generic over V. Now from Definition
4.2(1), clearly (N,[G] : n € (T,1I)) satisfies clauses (a) - (d), so it is enough to check
clause (e)~ of Definition 4.2(3). So let I € IN N,[G] where n € T. Hence there is
I € N, such that [ is a P-name and I[G] = I. Let I' = {J € 1 : for some p € P

we have p IFp “I = J”}. So I’ belongs to V and is a subset of I of cardinality

< k and I' € N,, hence there is I* € I such that (VJ)(J € I' = J <gg I*), so
without loss of generality I* € N,,, hence as N is [-suitable clearly {v : n<v €
T and I* <pk I,} contains a front of T'[n]. Hence in V[G], the set {v € T': I <gk
I} contains a front of T as required.

3) Left to the reader. Os ¢

The point of the following claim is to get more from some UP* than seems on the
surface; our aim is to help iterating.

5.2 Claim. 1) Assume ¢ € {3,4} and the forcing notion Q satisfies UP‘,;{\(]I, W)
and k, \,,TT are Q-names with pure decidability and |- “IT\I is A\-complete”. Then
the forcing notion Q satisfies the UPQ%(]}*, W).

2) Suppose

(a) Ip, 14, 1o, 15 are sets of quasi-order ideals, Iy C Iy C Ip, I3 = [;U(Ix\Ip), Io\Ip =
I35\ is k-closed, k < X and I3\l is A\-complete
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(b) N = (N, :n € (T*,1%)) is a strict truely Iy-suitable tree of models (for x
and x = <@,H0,H1,H2, K, )\>

(¢) p€ Nes, b € {3,4} and Q> satisfies the A-c.c.
(d) p(—) is a property with N,Gq as parameters (and possibly others)

(e) for any T" a subtree of T* such that (N, : n € (T",1)) is a truely Ly-suitable
tree of models there are ¢ = qr,T = T(T") such that

(2)
(i)
(iid)

pP<prqcQ
(1", 1) < (T,TI)

qlFg “N,[Gol : n € (T,1)) is a truely I, -suitable tree of models and

for every n € T we have

(a) Ny[GolNwi = Nces Nwy and

(B)  ¢ln]

(v) if € =3,y € N,[Gg) is a member of V then
{v:n<v eT, and for some A € N,, A a set of cardinality < A
we have y € A} contains a front of T

(0) if ¢ =4 andy € N,|[Gg| is a set of < X\ members of V then
{v:in<v eT and for some A € N, a set of cardinality < X
we have y C A} contains a front of T,

Then there are q,T" such that:

®(i) p<prqeQ

(i) (T,1') < (T.T")

(i1i) q kg “(Ny[Go] : n € (T,1)) is a truely I3-suitable tree of models and for

every n € T we have

(@)
(8)

Nn[GQ] Nw; = N<> Nw
= »(n)

(7),(8) as in clause (iii) of (e) above.

3) In part (2), if Q satisfies the A-c.c., then we can omit (vy),(d) in their two
appearances as they follow.

4) In part (2), we can replace “truely ly-suitable” by “weakly 1,-suitable”.
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5.8 Remark. In part (2) clause (e) we can restrict 7" to those needed.

Proof. 1) As in the definition of UPY , (I", W) let N = (N, : n € (T, 1)) be a strict
I*-suitable tree of models for x and z = (Q,I,I7, W, x,)) and p € N.~. We can
find p’ € Nes,p <y ' € Q which forces k, A\, I, IT to be say s, A\,I,I" respectively.
Now we can apply part (2) of the claim with N, L1 1+ 15 U (IT\]), = 2 here
standing for N, Iy, I, s, I3, ¢ there. B

2) Let . = {T : T is a subtree of T™ such that N [ T is a truely Iy-suitable tree
of models} or just 7 = {T : T a subtree of T* such that (<> T,n € T = () #
Sucr(n) € Sucr«(n), T closed under initial segments and): if n € split(T™,I*) &
I, € Iy then Sucr(n) € I} and if n ¢ split(T*,1*) VI, ¢ Iy then [Sucr(n)| = 1}.
For any T € .7 by assumption (e) there are g7, T[T] as required there.

We shall show that some such g is as required. We define a Q-name T as follows:

for Gg C Q generic over V we let

T® =T®[Ggl ={n € T* :N,[G]Nw1 = Nes Nwy

and £ < Lg(n) = ¢(n [ )}

Clearly

(¥)1 qr kg “TQT) C T®” for every T € 7.

Working in V[Gg] we define a depth function Dp function from 7T® to Ord U{cc}
by defining for any ordinal o when Dp(n) > « as follows:

X Dp(n) > « iff the following conditions hold:
() neT®
(B) for every B < « there is v € Sucre(n) such that Dp(v) >

(v) if B < @ and ¢ < lg(n) and I € N,[G] N 13 then for some v with
Dp(v) > Bwehaven <v e T® & I=1, €3 and
{v e Sucre(v): Dp(v) > B} # 0 mod I,

(6) if B<aandye N, isaQname of a member of V when ¢ = 3 and

is a set of cardinality < A when ¢ = 4 then for some 7',n < 7’ with
Dp(n') > B and A € Ny of cardinality < A we have [( = 3 = y[Gg] €

Al and [¢ =4 = y[Gg] C A].
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Clearly it is enough to show in V that for some T' € .7 we have ¢r IF “Dp(<>) =
oo”. Note

()2 if n<v € T® then Dp(n) > Dp(v).
Clearly in V@ we have

()3 if n € T®, Dp(n) < oo and I, € I3 then {v € Sucrs(n) : Dp(n) <
Dp(v)} = 0 mod I,
(x)4 if n € T, Dp(n) < oo and I, ¢ I3, v € Sucre(n) then Dp(n) > Dp(v).
For each n € T® such that I, € I\Iy define the set A, as follows:

First, <7, is the minimal family of sets satisfying
(i) if ¢ =3 and y € N, is a Q-name of a member of V then the set A,?;’y ={pe
Sucr«(n) : for some set A € N, C 'V of cardinality < k,y € A} belongs to
Iy
(ii) if £ = 4, parallely (using A%yy), ie., if y € N, is a Q-name of a family
of < k members of V then the set Afw =: {p € Sucy-(n): for some set
A€ N, CV of cardinality , s we have y C A} belongs to <,

(¢49) if £ < Lg(n), = Dp(n | £) then the set A} , = {p € Sucr~(n) : Dp(p) > B}
belongs to .47,.
Let o) = {A € o, : A= () mod I}, note that <7 is a countable family of members

of I,, (more exactly the ideal I;’@, which I,, generates in V), and so actually we
have defined a Q-name A, = U{A: A € o/, }.

Now we can define in V a sequence (B} : 7 € T*) such that
(¥)5 B, =0 mod I, forn € T*
(*)s (i) if Sucr«(n) =0 mod I, or I, ¢ Io\Iy then By =0
(¢4)  if Sucp-(n) # 0 mod I, and I, € I\ then
plkq “4, C By if n € T®”.

This is possible as Q>,, satisfies the A-c.c. and each I € I3\l is A-complete.
Now we define

To={ne€T": for every £ < Lg(n) we have n [ ({+1) ¢ By, }.
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Clearly we can find 71 € 7 such that T3 C Ty (in particular by (x)g(i)). So if
qr, IFg “Dp(<>) = 00” then we are done so toward contradiction we assume that
this fails. Hence, there is a subset Gg of Q generic over V such that g7, € Gg and
VI[Gg] | “Dp(<>) < o0”. As qr, € Gg clearly T(T)[G] C T®[Gg].

By the choice of Gg we have Dp(<>) < oo hence by (%) we have n € T(T1)[Gg| =
n € T¥[Ga] = Dp(n) < oo
Now we shall prove by induction on @ € Ord that n € T(11)[Gg] = Dp(n) > «a.

For a = 0, a limit we have no problem, so let a = 841, assume toward contradiction
Dp(n) = B for some n € T(T1)[Gg], hence by (*)2 and the induction hypothesis we

have

Mo n<dve T(Tl)[GQ] = Dp(l/) =0

X3 if I € (I2\Ip) N N, [Gg] then for some p € (T(11)[Ggl,n <p (in fact “many
p’s) and J € I3 NN, we have I =1,
[why? by clause (e)(iii) of the assumption, i.e. choice of gz, T(T}).]

X, if I € I3 N N,[Gg] then there is v satisfying n <v € T'(11)[Gg] such that

I1=1,
[why? if I € I;\I; by X, if I € Iy use the choice of T'(77).]

X5 if I € N, NI then for some v satisfying n<v € T(11)[Gq| we have I, =1,
and
{p € Sucre (v) : Dp(p) > B} # 0 mod I,.
[Why true? We can choose v such that I = I, and n<v € T(T)[Gg| and
Sucy(ry)[ce](¥) # 0 mod I, and choose p' € Sucp(r)gy(v) € T®[Gg]. First

assume I, € I3\I.
Now easily

A;,Eg(n)[GQ] = () mod L = Alt,ég(n) [GQ] - B: = p/ ¢ AV [GQ]

by the definition of 47 , . [Gg] and § we get

p' € {p € Sucreg,(v): Dp(p) = Dp(v)(=B)}

easy contradiction.



Paper Sh:311, version 2006-07-26_10. See https://shelah.logic.at/papers/311/ for possible updates.

58 SAHARON SHELAH

Next assume I € I;. Now Sucy(r, gy (V) is a set witnessing the requirement.]

Now for n € T'(G1)[Gq] we check the definition of Dp(n) > 8+ 1: clause («) holds
as T(T1)[Gq] C T®[Gg), clause (B) holds by the induction hypothesis, clause ()
holds by K3 + X, + X5 and clause (J) by the choice of gr,, T(T1). So Dp(n) > +1

contradiction.
3),4) Similar to the proof of part (2). Os.0

We now can deduce more implications between the UP-s.

5.4 Conclusion. Assume that x, A\ are purely decided (Q-names and ]I[ﬁ] is (< A)-
closed, (which just means: if 7 |- “x = k,A = XA and I = I” where 7 € P then I*! is
A-closed) and Q satisfies the local A-c.c. purely.

1) If Q satisfies UP,, , (I, W) then Q satisfies UP7(I, W) and UP;, , (I, W), UP} (I, W).

2) UPY(I, W) implies UP} , (I, W) (for Q) if x = ) is a Q-name decidably pure, Q
satisfies the local k-c.c.
3) 4-5 fillll

Proof. Why? By Definition 4.10 and Lemma 5.2. EW

5.5 Definition. 1) We say Q = (Pi, Qis Liy 54, Si 1 i < ) is UP*¢(W, W)-suitable
iteration if:

(a) (P;,Qj:i < a,j<a)is an Ry — Sp, (W )-iteration”

(b) I; is a P;-name of a set of quasi order ideals with domain a cardinal in

V¥ for notational simplicity or even just a P;;-name of such objects (i.e.,
lkp,,, “T € V¥i”) such that in V¥ I;/Gp, which is a Qi-name, is purely
decidable

(¢) W C wy is stationary

(d) for each i < a, we have: k; is a P;-name of a regular uncountable cardinal
of VFi purely decidable

(e) IFp, “Q; satisfies UP‘%

Hi,lji-;-l(

[;,S;, W) and [; is k;-complete set of partial
order ideals (from V) and (Q;, <yp) is Ny-complete (see 1.1)”

“the reader can fix W as the class of strongly inaccessible cardinals
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(f) ori < j we have lFp, “k; < k;”

(9) P41 satisfies the k;-c.c., or just for every p € P;1 there are x’, ¢ such that
(@) p<prq€Pip
(B) qlFE,,,<p) “Kirr = k"
(v) k& <k’ € UReg and (. is a P;-name of an ordinal for ¢ < e* < x’ and

pyq [ i <p € P; then there is ¢/,p’ <, ¢’ € P; and set a of < &’
ordinals such that ¢’ IFp “(. € a for e < &*”

(h) [?] for any i < « for some n < w, if i < j < o and p € P;;; and
/ﬁ,;@j (p,Pj1) = £ and (. is a (P;)>pp-name of an ordinal for e < ¢* < &

then for some ¢ and a we have: p [ i < ¢ € P; and ¢ IFp, “Cc € a for
e < &*” where a is a set of < k ordinals.
2) We may write UP%¢ instead UP%¢(wy, the class of strongly inaccessibles). If we
omit S; we mean {Rj}.
If we omit [;, we mean “some I as required” (note that the requirements on I; are
actually on each member so the family of candidates to being I is closed under

union). If we omit e we mean e = 6. We may omit W if it is the class of strongly
inaccessible cardinals.
If we omit k; we mean some such P;;-name. (Can we eliminate names? Well if

we use the iteration as in [Sh:f, Ch.X,§1], (RCS) no, but if we waive associativity
as done here, we can).
3) We defined UP3¢(W, W )-suitable iterations similarly but replace clause (e) by:

by UP3

(€)a as above replacing UP;; i

Ri,Ri41

4) We define a UPY(I, W, W)-iterations as above but with I; = ]l[@i] [Saharon like

§6, straight in successor, in limit work it out, Question: ; pure name?]]

We can also deal with strong preservation
5.6 Definition. We say that Q = (P;, Q;, k5 : i < a,j < ) is a weak UP*Y(W, W)-
iteration if
(a) (P, Qi : i < ) is a Ry — Spg(W)-iteration, &; is (IP;, <}[i)-name such that
J<i= kKj < K
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(b) if i < j < a and 7 is non-limit, p € P; and p IFp, < ) “ki = k" then

pr)

p lFp, “P;/Gp, satisfies UP;,@]« (I, W) for some P;-name I of k;-complete

ideals”.

5.7 Lemma. Assume that W C wy is stationary and Q = (P;, Qi Ly ki i< a) is
a UPH (W, W)-suitable iteration, and P, = Sp(W) — Lim(Q) be the limit.

For j < a we define k%, a (Pj, <,;)-name of a member of URegV : K} =

Min{riEURegV:i<j:>/§i§f<a and k > Ny and k > j}.
For simplicity we can assume
/

X there are (k| :
some I, <y “Ri < K, IFE

i < «),P; satisfies the ki-c.c. and for each 1,1+ w < « for

i+1,<pr) “’i; < ’?2—1—1” (cmd ’QZ’ = B = PB =
U P; (i.e. K} is strongly inaccessible > |P;| for i < 3 or change support?)
i<p

1) For each p < a,Pg satisfies UP?@; (I's, W) for some k*-complete I;; € V.

1A) If v < B < a,p ke, “% = K,",p € Gp, then in V[Gp, | the forcing notions

Pg/Gp, satisfies UPiW{B (I 5, W) for some kj-complete T, € V7 (so this justi-

fies the weak in 5.6).
2) In fact each I € I has domain of cardinality < (sup{A\* :Wp, “=(3I €

v<B
UL)()\ = [Dom([)|) and k; > Kk for some i <"} and |[5] < Z(No + |P,| +
i<j <8
sup{ A" : fp_ “= (] U Li| <X and k; > K for some i < )"}, Similarly for 1, 5.

1<y

3) Similarly for weak UP® (W, W)-iterations.

5.8 Remark. 1) We can also get the preservation version of this Lemma.
2) The reader can concentrate on the case that xj’s are objects and not names.

Proof. 1) We prove this by induction on /3, so without loss of generality 5 = a. For
each v < a let ¢Z, =: {q € Py4; : q forces a value to K, called k-, and ¢ forces

I, to be equal to a P,-name called L, , and ¢ [ 7 forces that [I,| is < p., 4 but no

¢’ such that q [ v <, ¢’ € P, forces a smaller bound}. Let p1y = sup piy,4-
q€ F~
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Let g lhp, “Iy = {ly¢ : ¢ < (qq < pyq) for g € 7y andlet 7, ={qe 7,
fry,q > Cand g IF “Dom(l,¢)is < Ay q¢” and no ¢’ such that ¢ [ v <, ¢’ € P,

forces a smaller bound} and let I, ¢ be idg

L. qc> SO Ly g ¢ is a Py-name of a K, 4-

directed quasi order on some A\ < Ay ,¢ (but IFp, “if |I,| < ¢ < py then let

L., ¢ be trivial”). We can assume L, is a quasi order on A\, , ¢ (putting every
B € Ay.q.c\ Dom(I, 4 ¢) at the bottom.
Forge 7, let L} . beaps, (L+,¢) for the forcing notion

IP’%I] ={pelP,:ql~ SEZ p} from Definition 3.9, so it is defined in V. So by Claim
3.10

(7) L2 . ¢ 18 Ky g-directed partial order on y.q.c]Fre

(i) |L§,q,g| < (Ayyq0) e
(iti) q I vlbe, “Iyc = idp, o <ri idr; |

<
Let kg = sup{k,q:v < pfand g € Z,}.
Let Iy be the (< kg)-closure of {idLi,q,q ty < B,q € Fv,C < iy q} (see Definition
3.13(1)).

Let N = (N, : € (T*,I)) be a strict truely (I,, W)-suitable tree of models for
(X, ),z coding enough information (so Q, I, W, W € N); why truely? see ?.

scite{4.X} undefined
Let Iy be the set of quadruples (v, q,v,T') such that:

@, 7 <a,q€P,,Tis a P,-name of a subtree of T,
A
qlbp, “(NylGp,]:n e (T,11T))

is strictly ((I*)l*+), W)-suitable tree,
N()[G]P’y] Nw; =NyNwy and v €T

and 7,k € N, [Gp, |

»and

and N[Gp. | has (k)-covering”.

Now 7% is defined similarly as the set of quadruples (v, g,v,T) such that: 7 is a
simple (Q, W)-named [0, a)-ordinal, q € Py,v a Py-name and y € N,[Gp,|. (Le. if
¢ < B,Gp, C P¢ is generic over V and ¢ = 7[Gp,] then r € ¢ = gr[GPCj < (, ie.
is well defined < ¢ or is forced (IFp, /G]Pg) to be not well defined), and ¢ H—]p7 “ve
lHm(T)”.
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We consider the statements, for v < 6 < «

X, for any (v,q,n,T) € Ty and p a P,-name such that
qlbp, “n<ap €T and v € N,[G,]”
and p’ a P,-name such that ¢ I, “p'[Gp,] € Ny[Gp, | N Ps/Gp, and
('[Gr,]) T <pr ¢" and p’[Gp,] forces (IF(p, <,,)) a value K3 to i, (usually
redundant) there is (5,q’,g, T') € Iy such that ]?’ <pr ¢
(i.e, plre, “p'[Gp,] <pr ¢") and ¢’ [y =g and ¢’ IFp, “p e T" CT".

For simple (Q, W)-names [0, a)-ordinals v < B we define

X, similarly (V8 < 8*)Vy < 8(0,,5) and 7, 5.

Observation: If V < *,Vy < B(K,,5) and v, 8 are simple Q-named [0, 3)-ordinals
IFy < B < B* then K« g« (defined naturally).

Proof. By induction on the depth of 3 (see 6.8, fact A).
We prove by induction on g < « that

(a) Pg has pure kg-covering; i.e. if 7 is a Pg-name of an ordinal < kg and
p € Pg then for some ¢ and a we have: p <, ¢ € Pg,a € V is a set of
ordinals and ¢ IF “la] < kg & T < a” (even over P,)

(b) Pg has pure (X1, X;)-decidability

(c) for every v < /3 we have X, g (but for 5.7(3) we have to restrict ourselves
to non-limit ~).

Note that for v = § the statement in clause (c) is trivial hence we shall consider
only v < S.

Case 1: g =0.
Trivial.

Case 2: 3 a successor ordinal.

Clauses (a), (b) follows easily from clause (c¢) so let us concentrate on clause (c).
As trivially X, -, & X, , = X, ,,, clearly without loss of generality
B=v+1



Paper Sh:311, version 2006-07-26_10. See https://shelah.logic.at/papers/311/ for possible updates.

GENERAL ITERABLE CONDITION 63

Let Gp, be such that ¢ € Gp, C P, and Gp_ generic over V.
Let 7" ={v: p'v € T[Gp, ]}, N' = (N}, : v € (I",1')) where N, = N,-,[Gp_ |, I, =
I*. .
p'v

By 5.2 applied to N’ we can find p/, T" as required.

Case 3: 3 a limit ordinal.
[Saharon note: it would be if & is a (Pg, <.+ )-name, v < 3,G, C P, generic we

should define /G, anyhow we can use real names but then K7 s just a (Py, <pr)-
name. But if kg are real cardinals no problem. But see clause (g) of definition of
UP” ]

Proof of Clause (a). If we use the c.c. version: easier, hardest case is k3 = j3, so 8
strongly inaccessible.
Note that we have to prove the weak version. If the property fails for 3,p, 7 (so

plFp, “7 an ordinal”, etc.), then by the induction hypothesis 3 is minimal so defin-
ablein (Z(x), €) from Q hence necessarily 3 € N~ and without loss of generality p, 7 €
Nc>. Also without loss of generality p I-p, < ) “kj5 = k3" for some £j € UReg
V.

We shall now choose p; as in the proof of 1.26. Let (C : € < j) be a witness for p

(see 1.15 clause (F), in particular (a)(ii7) of (F)), so without loss of generality j < w.
For each ¢ < j and § < 3, let a. ¢ be a P¢ii-name of a set of < xj ordinals and let

re.¢ be a Peyi-name of a member of Pg/G¢iq with domain C [{ + 1, §) such that if
Get1 C Peyq is generic over V and (:[Gey1 NPe] = &, then 7 = 1.[Ge11] satisfies:

(a) if possible p <p. (p [ ({+1))Ur € Pgand (p [ (§+1))Ur lFp, “T € a”
where a = ac ¢([Ge11] € V[Geya] is a set of < kj ordinals and t. ¢[Geq1] =
true

(b) if not possible © = r. ¢[G¢41] is the empty function and a. ¢[Gey1] = 0 and
te ¢[Gey1] = false.

Also we can demand that:
() Cei[Gel =€ = (e, [Ge] then 1e, ¢[Ge1 N Pe] = 7, ¢[Gel.

Let 17.[Gg] = r iff for some § we have (.[Gs NP¢| = € and 7 = 1. ¢[Gp], similarly
we define a.. Let p1 = pU|J{r: : € < j}. Clearly p <, p1 € Ps.
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Next define ps as in 1.26: (recall (g) + (h) of Definition 5.4). I.e. for each ¢ <
3,6 < B,Ge¢ C P¢ generic over V,p | § € G¢,r:[Ge] = £ there are 1 ., al . €
V|[Gp] such that @5[6’5] = “p1 [ {&} <pr r;,ﬁ,’ and 7 . Il—@é “ace C al . So
really without loss of generality we have Pe-names 1l .,al . such that (., [Ge] =
§ = (e, [Ge] implies 1, [Ge] =1L, ([Ge] and a, ([Ge] = al, ([Ge]. We define [, a]
by: r_[Gg] = r iff for some { < 8 we have (.[Gg NP¢] = § and r = 1. ¢[Gs N P¢]

and similarly a.. Now let ps = p1 U{rl : ¢ < j} so p1 <, p2. We can finish as in
the proof of 1.26 [fill]!!!

Clause (b):
As in the proof of clause (a) without loss of generality we have B.p,¢ € Ne.

We define also p; as in the proof of clause (a) trying to force a countable bound
for ¢. Let (¢f : € < w) be a witness for p € Pg (see Definition 1.15, clause (F)

in particular (a)(iii) of (F) and without loss of generality (¢X : n < w) belong to

N.<). We now choose by induction on n a quadruple (v, Gn,Vn,t,) such that

No problem to carry it by the observation above.

Let po = U gn U p, clearly p <, p2,q9n < p2, and so it is enough to prove
nw

p2 IF “C < Nes Nwy”. So let po € G with G a subset of Pg generic over V.
So there is p; € G satisfying p < py < py such that pJ I “C = 4* < w;” and

so p < pd so without loss of generality p < p5 above & < ... < &,_1, using 1.17.

There is n such that [7,[Gg], U 7e[Ggl) is disjoint to {£o,...,&m—1}, hence for
L<w
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some ¢ < w, letting § = (.[Gp] defining 70 £lGp NPeyq] we get tY ¢ = truth (see?
1.26) and & < v,[Gg].

Now consider N’ = Ncs[Gg N Peiq] we know N Nwy = Nes Nwsy (by clause
(iv) above), and in it we have p | (€4 1) Ur? |G Npea] forces a bound to 7, but

the condition is <, p1 <pr p2, and it belongs to N’, so the value is < Ncs Nwy
and we are done.

Clause (c):

By 5.2 it suffices to prove

&, there are r,n such that:
nis a Pg-name, r € Pg,r [ v =g¢ 7,0 <pr qand r |Fp, “n € lim(7") and
Npe[Gey] Nw1 = Ny Nwy and for every y € VN U Ny1e[Gr,] for some
I<w

AevVn U Nype we have |AlY < Kk5[Gp,] and y € A7,

I<w

We shall choose by induction on n < w, Yo Gns Prs L' kn, Pn such that:

() napna )69/

(Yn
(so vn is a simple Q-named ordinal)
kn is a Py, -name of a natural number

(¢) pn is a Py, -name

(d) gnlFe,, “pn € T " Ord’

(e) Yo =7 and kg “yn < Ynt1 < B and yp41 non-limt”
Le., if ( < B and Gp, C P¢ is generic over V and ¢ = 7,[Gp,] then
r € qn = (n[Ge] < ¢ (ie., is well defined < ¢ or is forced to be not well
defined),

(f) nt1 Tyn =an

(g) dn+1 “_[P’ ‘Pn qen—kla SO lfn < ]fn—l—l and Tn—|—1 g Tn”

Yn+41
(h) pn is a ]P):yn'namea Po = p?]?n f ’Yn Spr Gn and
n e, “pn € Np, [G]pw] NPs and p, [ 1n € Gp,,”
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, “ P ”
('L) dn H_IP’:M Pn Spf Pn+1 S N/jn+1 [G]P’,y"] N Pg

(7) letting (7,0 : ¢ < w) list the Pg-names of ordinals from N,: for m,¢ < n we

have:

qn ke, “pni1 force that: a) if 7, m ¢ is a countable ordinal, m < k,

Gp

then it is smaller than some 7:/8” iyt € Nppia |

?n+1]’

a P, -name of a countable ordinal

b) for some A € VNN,

NMnt1lknt1o

1AlY < kg and Tp, jmye € A7,

The induction is straight (later we shall show that U gn and n = U pn are as
n<w n<w

required in §),) by clauses (a) + (b) proved above.

*x * *

Because we need and have (x); or (%) + (%)3 below:
()1 Assume <,,, <,,, are equal to <
Qs Qs
3 14 : ~ 2 :
) = = ) ) ) -
(ie., IFp, « <ypris < for each f < «), if p € Pg,v < 8,7 a Pg-name of
an ordinal then there are p’, 7/ such that:

i) 7’ 1is a P,-name of an ordinal
T y
(i) p<pep €Pgandp[vy=p [~
(iii) p' e, “T=1".

[why? straight by 1.18|.
—> scite{1.16} ambiguous

[Saharon: maybe below we are stuck with ¢ € [, 8), but this suffices - need

to change?]

(x)2 old proof of clause (b): if p € Pg,v < 5,7 is a Pg-name of a countable
ordinal, then there are p’, 7’ such that

(i) 7’ is a Py-name of a countable ordinal
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(i) p<prp €Pgandp[y=p' [~
(iii) p’ Fp, “T < T,

[why (x)27 let ¢ be the following simple Q-named [y, B)-ordinal:
for G¢ C P¢ is generic over V for ¢ € [, ) we let Q[GC] =(if

() p| ¢ ¢ G or: for some p’ € Pg we have p’ [ ( =p | ¢ and
Pl=p <, p and p' lbp, /g, “7 < 77 for some countable ordinal 7*

(b) for no £ € [v,() does clause (a) hold for &, G¢ N Pe.

Now if for some v € [a, 8) we have p IFp, “C = 7”7 we are done. Also
IFp, “C[Gp,] is well defined” as if p € G, C P, and G, is generic over

V, then for some ¢ € G, and countable ordinal 7* we have ¢q IF “T = 7%,

By the definition of X; — Sp.(W)-iteration for some ¢ € [y,[) we have
Q
cele,B)=1[pl{¢} §; gl {{ore=4 & p|{&} not defined[?]].

Define p" by: p’ [ ( =p | ¢, and for € [¢,8) we let p' [ {€} be g | {¢} if:
p | {&} S;Qif gl {{ore=4 & p | {¢} not defined. We shall show that
p’ is as required, hence really IFp, “C € [y, ) is well defined”. So there is
a Pg—name of z)’ as appearing in the definition of g and it is, essentially, a
member of Pg. Now as we have finite apure support, the proof of “C (Gp, |
is well defined” gives I-p, “C is not a limit ordinal > o”. Lastly IFp, “C is

not a successor ordinal > «” is proved by the property of each (@5]

(*)3 old proof of clause (a): if p € Pg,v < B,7 a Pg-name of a set of < K

ordinals, then there are p’, 7" such that:

(i) 7’ is a Py-name of a set of < k ordinals

(ii) p<prp €Pg
(i) p’ Fp, “7 C 7.

[Why? Similar to the proof of (x)s; note that it is automatic if the x;’s

increase fast enough].
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Finishing the induction we let n = U pn and we define g, [ yn = qn,

n<w

M U ’}/n, ) is defined as <,,-upper bound of ( pm U Tn, B) 1M < w).

n<w n<w

More formally, let v*, 8 and G+ C P« be such that: G- is generic over V,v* =
U 77 = 7alGarl, let pl, = palGor NP ] let p, |17 @) = {r : ¢ < () where

n<w
r¢ is a simple [y*, a)-named atomic condition.

Now we define s¢, a simple [v*, @)-named atomic condition as follows:

(a) Cszf = ng
(b) if ¢ € [v",a),Gy+ € Gy S Py, Gy generic over V, Gn [Ge] = ¢ then s7[G] is
the <*VI[G<]_first elements of Q¢[G¢] which satisfies the following:

(¥)(a) (pn [{C}) <vpr s

(8) if (Dociae) ((Pm | {ED)[Ge] : m € (n,w)) has a <,p-upper bound
then s?[G] is such upper bound.

Now actually such <,,,-upper bound actually exists, and g, is as required. U5 7

5.9 Claim. Suppose W C w; is stationary and Q = <IP’¢,@Z-,]IZ-,/§¢ ci < ) isa

UPY(W, W)-suitable iteration (where £ € {4,5}), and P, = Spg(W) — Lim(Q).
Each of the following is a sufficient condition for “U Ps is a dense subset of

B<a
P.,”:

(A)y B €W is® strongly inaccessible and /\ density (Pg) < a
B<a

Q
(B)o for every i, <ypr is equality and V = “cfla) = N1” or at least for some

B < a we have lFp, “cfla) = Ny”.

Proof.
Case 1: (A)q
Straight by the definition of k — Spg(W)-iteration (see 1.15).

8remember W is a parameter in the definition of Kk — Spe(W)- iteration
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Case 2: (B)a
Follows by 5.7. Us.o

5.10 Conclusion. Assume W C w; is stationary and Q = (P;, Qi Lisri i < a) is a

UP4(W, W)-iteration with Sp.(W)-limit P,,.

If {8 <a:Q] B satisfies (4)5 V (B)s from 5.9} is a stationary subset of «
and f < a = Pg satisfies the cf(a)-c.c. (e.g. has cardinality or at least density
< cf(a)), then P, satisfies the cf(a)-c.c.

Proof. Straight.
We may like to iterate up to e.g. the first inaccessible (we may below weaken

IPg| < a to Pg satisfies the a-c.c. if P, = U P3).
B<a

5.11 Claim. [See 6.12]77 Assume

(a) W C wy is stationary and Q = (P;, Q;,L;,k; i < ) is a UPH(W, W)-
iteration (y € {a,b}) with Spg(W)-limit P,

(b) ke, “if in Qg,0g, # P <vpr ¢, then p = q and @6[3 € Qg is # Do, but
Og, #p € Qs = 0§, <px P')" [7]

(c) S C{d < a:cf(d) =Ry} is stationary; for a club E of k,0 € ENS & § <
implies IFp, “({r € Qp : Og, <vpr 7}, <vpr) 45 0T -directed (question directed
above p,0) <ypr p

(d) a ¢ W is strongly inaccessible and: f < o = Pg < a.

Then:

(o) forcing with P, does not collapse o

B) any function from any a(x) < « to ordinals in Vo belongs to some VF5.
Y

Proof. Clearly clause («) follows from clause (), so we shall prove just clause (53).
If W N« is stationary, then by 5.10 we are done, so assume not and let E be a
club of « disjoint to W, without loss of generality 8 < § € E = density(Pg) < 4.
Suppose p € P, and p lFp, “f : a(x) — Ord is not in any VF¢ for 8 < o” where
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a(*) < a.
We choose by induction on ¢ < a the tuple (p¢, ac, ve, B¢, g¢) such that:

(a) B¢ < a is increasing continuous in ¢ and B¢41 > Min(E\B¢)

(b) [7] pc € Pp, is such that B(x) < B < ac = pc | BIFp, “pc [ {8} # Og, or
Qs = {0s}”

(c) for & <C,pc I Be = pe

(d) pc < gqc € Py

(e) q¢c IFp, “f(ac¢) = ~¢” but there is no ¢’ € Pg, compatible with p; which

forces this and a¢ < a(x), of course
(f) if cf(¢) = Ry, then for some B < fc,
v E [52754) = qc T’Y ”_P,Y “@@,Y Svpr: qc r {’Y}”

(9) qc € P, and for every 8 € B¢, ) we have

petr [ B ke, “if Doy <vpr gc T {B} in @5 then

perr [{B} = q¢c 1{B};
if not [7] then r € Qg such that g, <ypr 7 and (g, if there is none”

(see clause (b) in the assumptions of 5.11).

Having carried the definition, for some stationary W’ C S C {0 < a : cf(d) = Ry}
and v* < «a and ' we have: (€ W' = v, =" & B; < B’ < (.

As |Py+| < a = cf(a), without loss of generality( € W' = ¢¢ [ 7¢ = ¢*. Now
choose £ < ¢ in W' then g, ¢¢ are compatible and an easy contradiction to clause
(c) (with g¢ here playing the role of ¢’ there). Os5.11

Now we can refine 1.19 to the iteration theorem of this section.

5.12 Claim. 1) Suppose W C wy be stationary, F' is a function, then for every
ordinal a there is UP*(W)-iteration Q = (IP;, Qi ki i < at), such that:

(a) for every i we have Q; = F(Q 114) and k; = Kee(Ps x Q)

(b) af <a

(¢) either o' = a or the following fails:

() F(Q) is an (Sp,(W)—Lim(Q))-name of a forcing notion forced to sat-
isfy UP4(]I, W) for some Il k-complete set of ideals, where k is minimal

such that Sp, (W) — Lim(Q) satisfies the k-c.c
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(d) Sp. (W) — Lim(Q) does not collapse Ny and preserve stationary subsets of
W (in fact it satisfies UP'(W).

Proof. Straight.
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§6 PRESERVATION OF UPY

Here we present alternatives to §5, i.e. to UP%(W)-iterations. In UPS-iteration
(P;,Qi,k; : k < i < a) the demands are weak but the x,1; may be large and

it is quite similar to semi-properness (but for fewer models). In UP®-iteration we

carry with us trees.
Recall [?]

6.1 Definition. 1) We say ¢ is (N, k, Q)-semi-generic if ¢ is (N, Q)-semi-generic
and ¢ IF “if y € N[G] NV then for some A € N, |A|Y < k and y € A”.

2) Similarly with & instead of k.

Remark. In 6.1(1) without loss of generality y € N[G] N Ord.

6.2 Lemma. Suppose

(A) Q is a forcing notion

(B) I € N is a family of ideals, I is k-closed, A\ > Ry (and it is natural but not
needed to assume that 1 is A-complete)

(C) N is A-strictly (I, W)-suitable for (x,x) as witnessed by
N = (N, :n e (T,01),Q € N (so N < (H(x),€, <}) is countable, N =
N<< and, of course, x codes (Q,1, W)), see Definition 4.2)

(D) q is (N, k,Q)-semi-generic
(E) at least one of the following holds:
(a) IMAC(Q)] <A
(B) qis (N, k,Q)-semi-generic, i.e. (N, x,Q)-semi-generic for every ne
T
(v) q Ik “T C T is a subtree and every n € T for some v,n J v €
split(T,1),1, <gprx I, and n € T = N,[Gg] Nw1 = N,y Nw1”.

Then q = “N[Ggq| is A-strictly (I, W)-suitable for (x, (x,Gq))” (in fact, if
(Ny, : n € (T,1)) was a witness for N then ((N,[G] : n € (T,1)) is a witness for
N[G] being (I, W)-suitable for (x,x)).
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Proof. Let G C QQ be generic over V such that q € G.

In VO, ie., in V[G], clearly N,[G] < (#(x)V", €, <%) (see [Shif, I11,2.11,p.104],
N,[G] is countable (trivially) and Ny [G] < N,[G] for k < lg(n).

As q is (N, k,Q)-semi-generic and N = N, clearly ¢ is (N(y, Q)-semi-generic.
First assume [MAC(Q)| < A: now Q € N hence MAC(Q) € N hence [MAC(Q)| €
N, and as NyycapA <x N, N\ clearly N, N|[MAC(Q)| = Ny N|MAC(Q)| hence also
N, MAC(Q) = NynN MAC(Q) hence every Q-name 7 € N,, of an ordinal belongs
to Ny (essentially). Hence g is (IV,, k, Q)-semi-generic, so ¢ g “Ny[G] Nwy =
Ny Nwi = NNw”, (even Nyp[G) <x N,[G]). So ¢ is (Ny, &, Q)-semi-generic for
any 7 € T and even € (lim T)V or € (lim T)V@.

This almost shows that (N, [G] : n € (T,1)) is a witness to N[G] being A-strictly
(I, W)-suitable for (x,x).

The missing point is clause (e)~ of Definition 4.2, that is, that there may be
ne€T,and J € INN,[G] such that J ¢ N,,. So there is a Q-name 7 € N, satisfying

J = 7[G]; choose a 7 like that with min{|Y| : Y € N,, and 7[G] € Y’} minimal, and
let the set Y be {J; : i < a} (without loss of generality Y C I), so without loss of
generality (J; : ¢ < o) belongs to N,: by the minimality of |Y| = |a| and ¢ being
(Ny, £, Q)-semi-generic we have o < k.

Soas {J; : i < a} € N, NI and I is k-closed there is J € N, N1 such that

/\ Ji <rk J hence the set {v : n<v € split(T) and J <gk I,} is a front of
<o

T, So (N,[G] : n € (T,I)) is a witness for “N[G] is A-strictly I-suitable” for
(A, x, (x, G)) (see Definition 4.2) so by 4.6 we know that N[G] is I-suitable.

Now if the second phrase of (E) holds, the proof is similar and if the third holds,
we can prove that without loss of generality the second holds. U2

The proof suggests some definitions, but we first consider:

6.3 Definition. 1) For a forcing notion Q, family I of ideals and cardinal and Q-
names \ of a cardinal x and stationary W C w1, we say Q satisfies UP®(I, k, A, W)

or UP, \(I, W) if:

(¥) for every x regular large enough, p € Q and N a strictly (Ii*], W)-suitable
model for x satisfying {p, Q,x, A} € N, there is ¢ satisfying p <., ¢ € Q
such that ¢ is (N, Q)-semi-generic and ¢ IFg “N[Gg] is strictly 1*_suitable
model for x, \.

1A) We say “gq is (N, I, Q)-semig generic” if ¢ is (N, Q)-semi genric and ¢ IF “N[Gg]

is strictly I[-suitable”.
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2) In part (1), if we omit A, we mean A = Max{\ : I is A-complete}, so \ is regular
> Ny,
3) For Q,I, W, k, A as in part (1) and # a Q-name of a cardinal; we say that Q

satisfies UPS/\’Q(]I, W) if:

(xx) if I is a set of partial orders ideal extending I,y large enough, p € Q N N
and N a strictly (I, W)-suitable model for x, {p, Q, k, \,0} € N, then there

(A]

is ¢ satisfying p <,, ¢ € Q such that ¢ is (N, I U(I"\I) [Q], Q)-semig-generic

(see (1A) above).

4) We say Q satisfies UP;%(]I, W) if: for any (1], W)-suitable tree (N,, : n € (T, 1))
of models and p € N there are ¢, T' such that p <,, ¢ € Q, ¢ IF “T" C T'is a subtree
and (N,[Gp] : 7 € T) is a (IMN, W)-suitable tree of models and N,[Gg] Nw; =

Nc< Nwy. [Saharon but ?!]
—> scite{4.X} undefined

Some variants of this Definition are equivalent by the following claim.

6.4 Claim. 1) If k is reqular uncountable and Q satisfies the k-c.c. then: ¢ € Q
is (N, k, Q)-semi-generic iff ¢ € Q is (N, Q)-semi-generic.

2) If N is (I, W)-suitable for (x,x) (see Definition 4.3), I is A-complete, X is reqular
and (Yo < N)(Ja|¥o < X), then there is a A-strictly (I, W)-suitable N’ for (x,z)
such that N < N and N' Nw; = N Nw;y.

3) If q is (N, k,Q)-semi generic,  MAC(Q)| < A\, I € N is k-closed A-complete and
N is I-suitable then q is (N,IMN, Q)-semig generic.

4) If IMAC(Q)| < A and Q is UP°(I"], W) then Q is UPY (I, W). Similarly for
A Q-name such that for a dense set of p we have pl- X = X and MAC(Q>,) < A.

Proof. Straight.

1) Reflect.

2) Use the partition theorem 2.11.

3) By 6.2 using possibility (A).

4) By 62, too. Dﬁ_4

6.5 Claim. 1) If Q satisfies UPi,é\(]I,W) and W1 C W k1 <k andlFg “A < \”,
then Q satisfies UP® | (I, Wy).

K1,A1
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2) If Qq is a forcing notion satisfying UPS (I, W) and Q1 is a Q-name of a

K0,K1

forcing notion satisfying UPgl’,§2 (I, W), then Qq *Q1 is a forcing notion satisfying
6

UP,, ., ([, W1).

3) If Q satisfies UPg%\,Q(]I, W) and kg 6 < 6 and T C I an TT\I is O-complete
then Q satisfies Ungg\(]I’, Wy).

6.6 Definition. 1) We say that Q = (P;, Qi,kj: j < aandi < a)isa UPS“(I, W, W)-
suitable iteration (with e = 6 if not mentioned explicitly) if:
(a) (P;,Q;:j < a,i<a)isan Ny — Sp.(W)-iteration
(b) T is a set of partial order ideals such that Il*! is k-closed for any regular
Ky Vo < K < |Po|T
(¢) W C wy is stationary
(d) for each i < o we have: k; is a P;-name of a regular cardinal > X; in 'V
[purity?],
(e) (i) fori < j we have lFp, “n; < K;”
(7i) if § < v is a limit ordinal, then Py satisfies the local ks-c.c. purely
l[and (?) if ¥ ks # Kk then some k-complete ideal on

k belongs to 1]
P, ; satisfies L i an i Sypr) 18 Nj-complete”.
IFp, “@ isfi UPg“,ﬁ+1 I;,, W d @ pr) is N lete”

2) We say (Pj, Q;, 1 : j < i < a) is a UP*(I, W)-iteration if:

(a) — (e) as above
(f) Qj satisfies UP?

KiyKit1 (]L W)
6.7 Definition. 1) We say that (P;,Q;,; : j < aandi < ) is a weak UP®*(I, W)-
iteration if (when e = 6 we may omit it):

(a) (P;;Q; i < a) is an R;-SP.(W)-iteration (and, of course, P, = Spe(W)-

Lim,(Q))

(b) Iis a set of partial order ideals
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(¢) W C w; stationary

(d) k; is a Pj-name of a member of RCar" \wo, increasing with j

(e) for i < j < a,i nonlimit we have

I-p, “P;/P; satisfies the UP,;, .. (I, W)”
(f) ke, “(Qi, <ypr) is Ny-complete”.
2) We say Q = (P, Qiskj:j<a,i<a)isa UP? (I, W)-iteration if:

(a) — (d),(f) as above
(9) if i < j < @, non limit we have
IFp, “P;/Gp, satisfies UPii,@j (I, W).

6.8 Claim. 1) If (P;,Q;,k;:j<a andi<a) isa UPS(I, W, W)-iteration, then

it is a weak pPG (I, W, W)-iteration, moreover, in clause (e) also limit i is O.K.
2) Assume Q = (P;,Qy, k5 1 j < i < ) is an Ry — Sp,(W)-iteration

(a) if a is a limit ordinal and B < a = Q | B = Py, Qiykj 1 j < B,i < B) is
a weak UP®(I, W)-iteration and ko = sup{r; : j < a}, then Q is a weak
UP® (I, W)-iteration

(b) ifa=pB4+1,Q | B is a weak UP®(I, W)-iteration and in VT Qg satisfies
UPpe (I, W) then Q is a weak UP®(I, W)-iteration.

Kg,kp+1

[Saharon - compare with 6.9 and 1.27(2)]

Proof. Let v < 8 < o and we need

X, s Assume G, C P, is generic over V,k; = k;[G;] and let N € V[G,], N is

strictly Il*l-suitable, N Nw; € W (so N < (J(x),€) is countable) and
pe€Pg/Gyand p e PgNN and Q, 3,7 € N. Then we can find ¢ satisfying
P <pr ¢ € Pg/Gy and qlbp, . “N[Gs]Nwi = N Nw; and N[Gj] is T"7-

suitable”.
Without loss of generality [7?7] p forces a value to kg moreover kg =

Frs (P, Pp)]-
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Naturally, we prove this by induction on 3 (for all 7). The case v =  holds trivially
so assume v < 8. If 8 = 0, we have nothing to prove. If 3 is a successor ordinal say
71+ 180y <1, now we use first X, ,, and then the demand on @, in definition

6.7, in clause (f).

So from now on we shall assume that 3 is a limit ordinal. As in the proof of 5.7 we
can note -
Fact A: If y1 < 72 are simple Q-named [0, B)-ordinals then X, -, holds.

Proof of the fact: Here we use “e = 6” rather than “e = 4”. On P¢ see Definition
1.15(F)(g). We prove it by induction on the depth of (2, see D(;,ﬁnition 1.7(5).
So we are given G¢, C P¢, generic over V and in particular let ¢1 = (2[G¢, ], (so
it is simpler to say that G¢, C P, is generic over V,(1[G¢,] = (1). Let k1 =
K¢, [Ge,| and we are also given N which is strictly Ml%]-suitable, p € Pe,/Geysp €
N, {@7§17G§1} € N,(2 € N. We have to find ¢ € sz/Ggl such that p <., ¢, ¢ is
(N, P, /P¢, )-generic and ¢ IF N[Gp,, /G, | is strictly Il%2]_suitable.

If the depth of (2 is 0, then IF “ég — (2" and we can use M¢, ¢,. So assume the
depth of §2 is > 0, and so for some v* and a sequence (§27E : € < €*) of simple
Q-named [Max{v*,7}, 3)-ordinals and P,--name ¢ we have Ikq “Co = (2,¢”. So
without loss of generality {7, (C2,c : € <&"),e} € N. Let (1 = Max{v,7",(1},IFg
“C1< ¢ <G

Now clearly ¢} is a simple Q-named [0, 3)-ordinal, Ikq “C1 < ¢1 < (3" and
Xeyor & Her e, = Koy ¢, and K, ¢, easily holds (by the cases proved above) so it
is ~e]a.omgh t0~p1;ove ®C:1,C;‘ This jilS% means that without loss of generality (; < v*
and even (1 =" Nc~)w~§[Ggl] € N so we use the induction hypothesis to get the
desired q. Oltact

Fact B: If £ is a simple Q-named [0, B)-ordinal, p € Pg and 7 is a Pg-name of a

countable ordinal, then there are € and ¢ such that:

()(0) P [= pprq
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(i) g1 E=p ¢

(7ii) € is a Pg-name of a countable ordinal

(iv) qlFp, “T <€”.

Proof. Let <§n : n < w) be a witness for p, so each gn is a simple Q-named
0, B)-ordinal. For each n we define a Py -name of t,, of a truth value and r,, of
a member of Pg,r, =1y | [gn,ﬁ), as foilows: if G C ]P’gn is generic over V and
=(Cn[G"] = £[G"]), and there are ¢ € Pg/G" and € < wi,Pg IF “p <pr ¢” and
qlFp, gn “T < €7, then t,[G"] = truth and then r,[G"] is ¢ [ [Cn, B) for some such
q otherwise t,,[G"] = false, r[G™] = 0. Let 7, be the following P, -name:

for G" C Pe,, if: ~

(a) t,[G"] = truth and
(b) for no m < w, for some r € G forces a value to (m, 88y (m, Gm < Ca[G"] V

(Gn = CalG"] & m <)

casily ¢ € Pg and

~n)

then (7,[G"] is 5, otherwise (},[G"] = 0. Let p* = pU Ur'

P <pr D" B
Let §n, = Min{§ +1,¢0+ 1., Cn1 + 1}, §n is a simple Q-named [0, B)-ordinal,

§o =&, Cn <&n+1,6n < &ny1. Let N be a strictly (I, W)-suitable model for y such
that {Q, p, <§n,§n :n <w),(rp,r, :n <w} belongs to N, it exists by 4.5. Now we

choose ¢, by induction on n < w such that

[5¢n]

qn € P¢, is (N,I =, P, ) — semig generic

P 1 Cny B <pr G

Gn+1 | Cn = qn.-
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This is possible by Fact A. Now (see 1.26) ¢* =: U ¢nUp* belongs to Pg, p* <, ¢*.

nw

It is enough to show that ¢* IF 7 € N Nwy, assume not so there is r,¢* < r € Py
such that r forces a value €* € w1 \(IN Nw1) to 7.

By 1.17(1) without loss of generality ¢* < r above {Y1,...,T,,} for some m < w
and Ty < . There are r', k, & such that: r < v & <w,r' | [€k, B) =7 | [€k, B), 7’
forces €k 1s & and for each £ =1,2,...,m we have Yy < & or

—@F)ET<BEK)r 1 T<r ePy & 7' IF&w =T & T, < T].

Clearly r’ forces that (Vn)[gn > &, — ty, is truth] and we easily finish. Ofact B-

Now we do not just have to find ¢ satistying Pg/G, = p <, ¢ and ¢ is
(N,Pg/G.)-semi-generic, but we need more in the (IV, e [ Pg/G.,)-semig generic.
Now for Gg C Py generic over V, in V[Gpg]| for every countable elementary sub-
model M of (7 (x)V,Gps €,<*),(Q,,3,1) € M, we have (in 4.8) defined Dp(M),
an ordinal or oo and Ip; such that
(A) Dp(M) = oo iff M[Gg] = {7[Gpg] : T € M a Pg-name} includes M, has
the same countable ordinals, is < (J#(x)V[¢4], €) and M[Gpg] is strictly
[kplGsl] .
I -suitable

(B) if Dp(M) = a < oo then Ij is a member of INM which is £5[G s]-complete,

and

Yy = {t € Dom(I) :there is N as above, M C N, M Nw; = N Nw;
and t € N and Dp(N) > a} = 0 mod 1.

So we have Pg-names Dp, I .

Consider

R= {(CaGCaN) Y < C < ﬁ,c nonlimit,GC - PC
generic over V, in V[G¢]|, N|G] is

[re[Gell

I -suitable}.

We now define by induction (g ns Gns Pny Ny ) such that
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(a) ¢n is a simple Q-named [y, B)-ordinal, (as e = 6, it is full)

(b) N, is a P¢ -name, ¢, € P¢ ,p, is a Pe -name of a member of

NnlGe, |0 (Pg/Ge,,)

(¢) Co=7,No=N

(d) if G™ C P, is generic over V, g, € G", G C G", ([G"] = (, (so essentially
G, is just a generic subset of G¢, over V such that (,[G"] = (,), then

N,[G"] is a countable elementary submodel of (7 (x)VI¢"] €) to which

[ren [G™]]

Q,, 8,1 belongs and is strictly I -suitable

(6) Nn g Nn-l-l?]ynmwl = Nn+1mW1;Qn+1 f gn = Q4n,Pn f gn S Adn,Pn Spr Pn+1

(f) for G™, ¢y, Ny asin (d) and I € INN,, there is k > n such that: if G¥, (¢, N},
are as in (d), G™ C G*, then there is t € Dom(I) N Np\Y (w,[c7])cs] (-¢-

forced to be there)
(recall p forces a value to kg) sn

(9) for G}, Cn, Ny as in clause (d) above and 7 € N, a Pg-name of a countable

ordinal there is k > n such that: if G*, (x, Nj are as in clause (d), G® C G*
then py, forces (IFp, ) to be < N Nws.

No problem to carry the definition. Now

()a a= | m € Ps
n<w
Here we use the gny1 | (n = gn below U ¢ and “(@i,gvpr) is Ni-
n<w

complete” above U Cn

n<w
(x)p for G", N,,(, as in clause (d), ¢ is (N,,P3/G™)-semi generic and above

plén
[why? note clause (g)]

(%) ifg € Gg C Pg, Gpis generic over V extending G then in V|G|, Dp(N,,[Gg])
is well defined
(*)a Dp((No[Gg])) is o0

(use clause (B) in the demands Dp and clause (f) above). We use I'*! is
k-closed for the relevant o’s.
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So we are done. U .8
6.9 Claim. 1) Assume that Q = (Pj,Qi, k5 1 j < i < «) satisfies:

(o) « is a limit ordinal
(B) if B <o then (Pj,Qi, k51§ < B,i < a) is a weak UPS(I, W, W)-iteration
(v) Py is the Ny — Spg(W)-limit of (P, Q; i < )

(0) Ka, a Py-name is sup{k; : i < a}.

Then Q is a weak UPS(I, W, W)-iteration.
2) Assume that

(o) (P;,Qi, ki j < a,i <) is a weak UPS(I, W, W)-iteration

(B) in VE,Q is a forcing notion satisfying UP°L, ka, k, W), where kq is the

interpretation of ko) and let Q, K be Po-names of those objects.

Then there is a UP®(I, W, W)-iteration (Pi,Qj,ri i < a+1,j < a) with Qy =

Q, Kay1 = k.

Proof. 1) By the proof of 6.8.
2) Straightforward.

6.10 Claim. Assume
(a) Q= (P;,Qi,k;: j < i <k) is a weak UP%(I, W, W)-iteration
(b) y<B<ar
(¢) G, C P, is generic over V
(d) N is a strictly (I, W)-suitable model N for (x,{Q,~, 8)) in V[G,]
(¢) pe NN (Ps/G).
Then there is q such that:
(a p<prq€P6/G

)
(B) p gl

(v) qis (N Ps/G)-semi generic

(6) q has a witness listing {¢ € N :  a simple Q-named [y, B)-ordinal}.
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Proof. Like 6.8, forgetting to take care of the I € INIV,, so we can use N = N[Gp, ].
Us.10

6.11 Claim. Suppose Fy, F. are functions (possibly classes), W C wy is station-
ary, 1 is a class of (Ro-complete) quasi order ideals, W a class of strongly inacces-
sible cardinals.

Then for every ordinal o there is a unique Q = (P, Qi k5 : j < af,i < a) such

that:

(a) Q is a UPY(I, W, W N (af + 1))-iteration
b) for every i < al we have Qi = Fr(Q i),k = F.(Q [ 4)

)
(b)
(c) af <c
(d) for limit B < af we have g = sup{x, : v < B}
(e) if af < « then the following is impossible

(o) F¢(Q 1) is a Pyt -name of a forcing notion

(B) F.(Q 1) is a Pyt-name of a F¢(Q [ i)-name of a V-cardinal > ¥,

(v) ke, “Fr(QT1i) is UPS (I, W)".

Kotk

Proof. Straight.

Next we give sufficient conditions for U P; being a dense subset of IP;
1<d
6.12 Claim. Assume that (P;,Q;,k; @ j < a*i < a¥) is a UPS(I, W, W)-

iteration.
1) Assume

(%)1 (Vi < a®)[lFp, « g%r is equality”].
If cf(6) =Ny & § < a* then U P; is a dense subset of Ps even under <p,.
1<
2) Assume

Qi
(%)2 (Vi <a*)(Fp, “({r € Q;: @@i <vpr T}, <vpr) is directed).
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If § < a*,cf(d) =Ny then

(a) U Ds.i is a dense subset of Ps even under <, where D5, = {p € Ps : P5 |=
<9
“pli<epp’}

(b) if i < d,{po,p1} C Ds,; and po [ i = pj [ i then po,p1 has an upper bound p
even in Dsi,pli=po[i=p1 |1

3)If6 €W & 6 <a* & (Vi< d) [density(P;) < 5] then Ps = | | P;.
<0

Proof. 1), 2) Let p € Ps, choose x large enough. There is a strictly (I, W)-suitable
countable model N < (.#(x), €) to which {Q, J, p} belongs. Applying 6.8 for v =
0,8 =4 (i.e. ¥, g from the proof) we can find g € Ps, p <p,; ¢ which is (N, I[[%],IP’(;)—
semig generic and ¢ has a witness C {¢ € N : ¢ a simple Q-named [0, §)-ordinal}.

As cf(§) = Ry there is an increasing continuous 8 = (f; : € < w;) with limit 4,
without loss of generality 5 € N so ¢ IF “N|[Gp,] N d = U{fB: : ¢ € N[Gp,] Nw1}”

but g IF U{B: : ¢ € N[Gp,] Nw1} = U{B: : € € NNwi} = BnAw,, so clearly

Ps = q | Bnnw, <vpr- For (1) it follows that ¢ € Pnns and we are done.
For (2) just reflect.
3) Straight.

6.18 Conclusion. Let Q = (P;, Qi ki j <a*i<a*)bea UPS(I, W, W)-iteration

and k = cf(k) < o* and (Vi < 9) (density(P;) < k).
1) If {0 < k:0= cf(f) € W} is stationary. Then P, satisfies the x-c.c. (in fact a

strong version and even under gﬁgr.

Q:
2) If (%); from 6.12(1), i.e. IFp, “ <pr is equality” for ¢ < k then P, satisfies the
k-c.c. (in fact a strong version) even for <[z )(0 <,p) is (219h*_complete.

3) Assume k ¢ W and S C {0 < K : cf(d) = Ny} is stationary and i > § & 6 €
S =lkp, “({r: Q@i <ypr 7}. Then forcing with P,, does not add a function in “Ord

not in U V¥4 even any function in **)Ord \ U Vs a(x) < k.
B<k B<k

Proof. 1) Let S ={0 <k :0 = cf(§) € W} and let (Py : 6 € S) be a sequence of
members of P,;.. So for each 6 € S for some i(f) < 6 we have pg | 6 € P;) and we can
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find a pressing down function h on S such that h(61) = h(02) = pe, | 01 = pe, | 0.

Clearly there is a club E or « such that §; € 2Ns & 0 € SNSNE = py, € Pp,.
Lastly, if 61,0, € ENS and f(01) = f(62) then pg, U py, is a common upper

bound of pg,,py, (even a <, one).

2) Similar using S = {0 < k : c¢f(d) = X; and a < § = density(P,) < d}.

3) If W N k is stationary in k use part (2), so let E be a club of « disjoint to W.

Assume toward contradiction that p IFp, “the function 7 : w; — *Ord is not in

U VP57 let S be as in part (2). We choose by induction on j < &, (pj, ;) and if

B<k
a; € Salso(gj,€5,7;,;5) such that:

(1) a; € E is increasing continuous

(i) pj € Pr,po=1p

(i11) i <j=pj [ o =p;
)
)

(iv) i <j & B € [ai,a;) =lFp, “B <vpr p; | {8} in Qg7

(v) if oy € S, j < «; then for every p; < q € Z,, ; there is €;(¢) < w; such that:
if there are €, 7 such that p; 11U <ipe 7,7 [ o = ¢, < wy,r forcing a value
to 7(g) but for no r,q <1’ € P,,, does P, 1 Ur’ forces a value to 7(g) then

e = ¢;(q) satisfies this

(vi) a; € S then piy1 < q5,q5 Ik “7(g5) = 77,65 < alx), Bi < i, qi | Bi <vpr @ |
(%

(vit) there is no q,q; [ a; < q € Py, such that p;11 U (q; | «;) forces a value to
7(&)-

For any j we choose (pj, cj).
For j = 0 let py = p and by 6.9 for some oy < k,pg € P,,. For j =1+ 1, first
choose p; to satisfy clause (v) and then «; such that p;,q € P,,. Lastly for j limit

let p; = U Di, 0j = U a; and check. The contradiction is easy.
i<j i<j
Let G, € P,, be generic over V such that p; € G,,. Clearly for some
e < a(x) for no ¢ € P,, do we have q U p;;1 forces a value to 7(¢) as other-

wise pa,,, IFp,/c., T € V[Gq,]. Choose €; < a(x) as above, choose ¢; € Gq,
which forces this choose ¢; € P, above ¢} U p;+1 which forces a value to 7(g;) and

without loss of generality there is v; < «; such that ¢; | v <ypr ¢; | ;. Lastly let
;41 be such that 8 € [a;41, k) =IFp, “@@5 <vpr Pi+1 | {8}

[Saharon: the role of W].
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§6B ON UP2-ITERATION

6.1(?)Lemma. Assume that W C w, is stationary and Q = (PP, Qi Ly ki i< a)
is a UP?¢(W, W)-suitable iteration, and P = Sp, (W) — Lim,(Q) be the limit and
k(B) = sup{ry : v < B} (this is a Pg-name of a V -cardinal) and

k- (B) = Sup{r: Wp, “r# k(B)” for somey < B}.

1) For each B < «,Pg satisfies UPg’(eB) (I, W) for some Ra-complete Iy € V.

2) In fact, 1g is kP -complete where K° = min{k : for some v < 3 we have

W¥p . “ky # K}, and each I € Ig has domain of cardinality

< (sup{A < ksq1 Hp, (3 € L,) (A = |Dom(1)])"}) and
<B

W] <) (o + [Py |+ min{ kg, “|L,| < X)<F}.

<8
3) Similarly for UP%¢ and weak UPg’e(W)-itemtions.

6.2 Remark. We can also get the preservation version of this Lemma.

Proof. For each v < a let #, =: {q € P41 : ¢ forces a value to k., called &, 4
and ¢ forces I, to be equal to a P,-name I, , and ¢ [ 7 forces a value to |I,| says

[t~,q is this is purely decidable, if not, just an upper bound to it}; let /4 C 7y a

maximal antichain. Let py = sup fiy,q-
q€ 75

Let g lbp, “Iy = {1, ¢ : ( < pyq}" for g€ Z,andlet 2, ={q€ 7y yq>
Cand g IF Dom(I,¢)is Ay g} and let I, ¢ beidr ., so Ly 4¢ is a P,-name of a
K~,q-directed partial order on A, ¢ (but IFp, “if |I,| < ¢ < py then let L, be
trivial”).

For g€ 7, let L} - beapy, (L) for the forcing notions
IP’?] ={pelP,:ql~ SEZ p} from Definition 3.9. So by Claim 3.10

() L, ¢ is fiyg-directed partial order on [Ay,q,c]<F7a

(i) [L3 g el < Ag0) =
(ZZZ) q r’y H‘P7 “[%C = idL%C SRK idL:,q

9

N
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Let kg =sup{k,,q:7<B,q€ 74}

Let I; be the (< rg)-closure of {idL;q,C Yy < B,q9€ Fv,( < phyq} (see Definition
3.13(1)).

_ Let N be (I}, W)-suitable model for (x, A), x code enough informtion so for some
N,N = Ny and N = (N, : n € (T,1I)) be a strict (I, W)-suitable tree of models
for (x, ),z coding enough information (so Q,I},,S, W € N).

)T

Let Jy be the set of pairs (v, p) such that:

® v < a,peP,, and for some &,
p“‘p,Y “N[Gp,y] Nwp = N<> Nwi and v € N[Gp,y]”.

v is defined similarly as the set of pairs (Y,p) such that: v is a simple (Q,W)-

named ordinal, p € P,. (Le. if ( < 8,Gp, C P¢ is generic over V and ¢ = 7,[Gp,]
then r € ¢, = (y [G¢] < ¢, ie. is well defined < ¢ or is forced (IFp, /q.) to be not
well defined, and p IFp_ “n € lim T7).

We consider the statements, for v < § < « (or restrict ourselves to v non-limit)

X, g for any (v,p) € I and p such that
p H_IP’Y “pq??”
and p’ a P,-name such that p Irp “p'[Gp,] € N|[Gp,] N Ps/Gp, and
(p'[Gr,]) T v <pr p” there is (B,q) € 7 such that p’ <, ¢

(ie. plFp, “p’[G]pw] <prq’)and q [ y=p".

We prove by induction on 8 < a that (Vy < )X, g (but for 6.1(3), we use (V
non-limit v < ) X, 3), note that for v = 3 the statement is trivial hence we shall
consider only v < f.

Case 1: g =0.
Trivial.

Case 2: ( a successor ordinal (for part (3), S successor of non-limit ordinal).
As trivially X, , & X, ., = X, ,,, clearly without loss of generality
B=v+1.
Let Gp, be such that p € Gp, C P, and Gp, generic over V.
Let N' = (N,[Gp. ] :n € (T",1)).
In V[Gp, | we apply 7 for A = Ny to N’ and find 7" C T such that V[Gp,]
—> scite{6.2} undefined
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“(NplGp,] : m € (T",T')) is strict (Hﬁ)[“(w],W)—suitable”. So we can apply clause

(f) of 7.
—> scite{6.4A} undefined

Discussion: This is a question whether there is an I-tree of model (N,, : n € (1,1))
such that:

if I, is A(L,)-complete, A(I,) regular, o < A(I,) = |a¥ < A(I,), then
v € Sucr(n) = N,y <x N,.

This would make 6.27 more effective.

Case 3: 3 is a limit ordinal.
We shall choose by induction on n < w, ¥, ¢n, pn such that:

(@) (Yn,an) € T
(so vy, is a simple (Q, W)-named ordinal)
() vo =7 and kg “vn < yns1 <67
Le. if ( </ and Gp, C P¢ is generic over V and ¢ =7, [Gp, ] then
r € qn = (ulG¢] < C (ie. is well defined < ¢ or is forced to be not well
defined),
(€) Gns1 [ 70 =t
(d) pn is a Py, -name, po = p,pn [ Yn <pr ¢n and
@ IFp,, “Pn € Ny, [G]p%] NPg and p, [ 1n € Gp,,”

14 ]P b
(€) anlFp,, “Pn <p Pns1 € N[Gp, |N Ps

(f) letting (74 : £ < w) list the Pg-names of ordinals from N: for m,¢ < n we

have:

an IFp,, “Pn41 force (Ibp, ) that: if 7, is a countable ordinal, then it is smaller

than some 7 € N|[Gp

?n+1]’

a P, -name of a countable ordinal”.
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The induction is straight and U ¢n are as required noting we need and have (x);

n<w
or (x)2 below:

(¥)1 Assume <, <,p, are equal to <
. Q :
(ie., IFp, « <ypr is §”B 7 for each f < «), if p € Pg,v < 5,7 a Pg-name of
an ordinal then there are p’, 7/ such that:

(i) 7’ 1is a Py-name of an ordinal
(i) p<prp €Pgandpy=p"[y
(iii) p'lkp, “T=171".

[why? straight by 1.18].
—> scite{1.16} ambiguous

()2 if p € Pg,v < 3,7 is a Pg-name of a countable ordinal, then there are p’, 7’
such that

(i) 7’ is a Py-name of a countable ordinal
(i) p<prp' €Pgandp’ [v=pl~y
(iii) p'lkp, “T <77

[why ()27 let ¢ be the following simple (Q, W)-named [y, B)-ordinal:
G¢ C P¢ is generic over V for ¢ € [, 8) we let ([G¢] = ( if

(@) pl¢¢Geor
for some p’ € Pg we have p’ [ ( =p and Pg = p <p, p'
and p’ IFp, /g, “7 < 77 for some countable ordinal 7

(b) for no £ € [v,() does clause (a) hold for &, G¢ N Pe.

Now if p IFp, “¢ = 7”7 we are done. Also lrp, “C[Gp,] is well defined”

as if p € G, C P, and GG, is generic over V, then for some ¢ € G, and
countable ordinal 7* we have ¢ |- “7 = 7*. By the definition of 8, —Sp.(W)-

iteration for some ¢ € [y, ) we have £ € [(,5) = [p | {{} S(Sf q | {&} or
e=4 & p | {&} not defined).

Define p" by: p’' [ ( =p | ¢, and for € [(,8) we let p' [ {€} be g [ {£} if:

Q
p | {&} gl;f gl {{}ore=4 & p{&} not defined. Now p’ is as required.
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So there is a Pc.-name of p’ as appearing in the definition of ¢ and it is,

essentially, a member of Pg. Now as we have finite apure support, the proof
of “C[Gp,] is well defined” gives IFp_ “C is not a limit ordinal > ~”. Lastly

IFp, “C is not a successor ordinal > ~” is proved by the property of each

Qe.]

Finishing the induction we define g, | v = ¢n, qu | [ U Yn, B) is defined as <,p,-

nw

upper bound of ( pm U Tn,y B) 1M < w).

n<w
More formally, let v*, 8 and G+ C P~ be such that: G- is generic over V,v* =
U 77 = 7alGael let pl, = palGor NP ] let py, |17 @) = {r - ¢ < () where

nw
r¢ is a simple [y*, )-named atomic condition.

Now we define s, a simple (Q, W)-named [y*, a)-ordinal atomic condition as fol-

lows:
(a) <§? - Cr’g
(0) if ¢ € 7", ), G4+ © Gy € Py, Gy generic over V, (n[G¢] = ¢ then s¢[G(]
is the <*VIG¢cl_first elements of Q¢[G¢] which satisfies the following:
()(a) (pn [{C})

(0) if Do.e.) ((om [ {EDIG] : m € (n,w)) has a <,p,-upper bound
then s?[G] is such upper bound.

Now actually such <,,,-upper bound actually exists, and ¢, is as required. U 1

Now we can refine 1.19 to our iteration theorem.
Saharon revise.

6.3 Claim. 1) Suppose F' is a function, W C wy stationary, I a class of quasi
order ideals, then for every ordinal o there is UP®(I, W)-iteration Q = (P;, Qi, k5

j<ali<al), such that:

(a) for everyi < ot we have Qi = F(Q 1),
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(b) af <a
(¢) for § < al, ks is as in clause (d) of Definition ?
—> scite{ 6.3} undefined
(d) either of = o or F(Q) is not a pair (Q, k) such that: k is a Pyt x Q-name

of a cardinal from 'V and -p . “Q satisfies UP,‘; va.i(]l’ W).

2) Suppose B < a, Gz C Pg is generic over V, then in V[Gg],Q/Gs = (P;/Gp :
Qi ki B<i<a)isan UP° (H[W [GBH,W)-Z'temtion.

3) If Q is an UP®(I, W)-iteration, p € Sp,(W) — Lim(Q),P.={qeP;:q>p]|
i}, Qi ={peQ:p>pl{i}}, then Q= (P}, Q; : i < Lg(Q)) is (essentially) an

UP® (I, W)-iteration.
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§7 No NEw REALS, REPLACEMENTS FOR COMPLETENESS

Now we turn to “No New Reals”, there are versions corresponding to [Sh:f, Ch.V §1-
§3] (W-complete), [Sh:f, Ch.V,§5-§7] ( /\ a-proper +Z-completeness) and better

a<wi

[Sh:f, Ch.VIII, §4] (making the previous preserved) and in different directions [Sh:f,
Ch.XVIIL§2] and [Sh 656).

We deal here with the first (here we are interested in the cases <,,=<)

7.1 Definition. For p € Q let Q" = {¢ € Q : p <, q}. A point which may
confuse is that the pure extension notion used in Definition 7.2, is not necessarily
the one used seriously in the iteration. This is the reason for the case e = 5 in §1.

[Saharon check: main question: do we really need the purity in the iteration for
Nm’. For Nm it is not needed (as in [Sh:f, Ch.XI].]

7.2 Definition. 1) UPZ (I, W) is satisfied by the forcing notion Q, iff: for any

(Ny, :m € (T,1)) a strict (I, W)-suitable tree of models for (x, ),z coding enough
information, we have (x); = (x)2 where:

()1 for every n,v € T, of the same length we have (V,,Q) = (N,,Q) and
letting h, , be the isomorphism from N, onto N, we have h, ,(z) = = and

< Kg(n) = hm&,/[g - hn’y; (fOl“ n,v e lim( let hyn U h, 10 mg
L<w
(x)2 ifn* € lim(T),p € NyNG and G+ is a <p,-directed subset of N,- NQL" =

U Ny« 1eNQP", not disjoint to any dense subset of QPN U Ny« definable

I<w m<w

in U Ny tms Ny tms I« tm )m<w, then there is ¢ € Q such that p <, ¢
m<w

and ¢ IFg “there is v € lim(7") (in V@) such that U P« 1e,01e(G N Nype) is

L<w
a subset of Gg”.

2) UP4.(I, W) is satisfied by the forcing notion Q iff for any N = (N, : n € (T, 1))
a strict (I, W)-suitable tree of models for (x,z),x coding enough information we
have (x); = (*)2 where

()1 for every n,v € T, of the same length we have (N,,Q) = (N,,Q) and
letting h, , be the isomorphism from N, onto NN, we have h, ,(z) = = and

< Llg(n) = hprewie C hyy; (for n,v e Hm(T) let by, = U hytenre)
I<w
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(¥)2 if n* € lim(T); p € N> NG then in the following game o = Og ,, y.,,; Player
complete has a winning strategy. The plays last w-moves, in the n-th move
(we can incorporate the last into the game) where t,, = T*2(Suc(n* [ n) €
If{) a condition p,, € P N N,+ is chosen such that p < pg,[n > 0= p,_1 <
prn). In the n-th move, the anti-completeness player chooses g, € Q N N,-
such that n = 0= p = ¢, and n > 0 = p,_1 <, ¢, and the completeness
player chooses p, € Q N N such that ¢, < p, € QN Ny-. In the end the
completeness player wins iff one of the following occurs:

(a)) for some Q-name 7 € N,« of a countable ordinal, no p,, forces a value

(B8) mnot (a) but there is ¢ such that: p <, ¢ € Q and ¢ IFg “there is
n € lm(T) such that n < w = hynpin(Pn) € Gg”-

3) We define “Q satisfies UPL (I, W) is defined as in (1) but we replace the

com,K

conclusion of (x)y by: there is ¢ € Q such that p <., ¢ and

q kg “there is (T",1) satisfying (T, 1) <" (1,1
(see 2.4(d)) such that for every
v € lim(T") we have h, - (G;) C Gg”.

4) Similarly UPL . (I, W).

stc,k
5) We say UP% (I, W) if letting p = (T, I, n* (1) : Ly jn, (by#1n), m < w) be such

stc

that {7,, : n < w} list the Q-names of ordinals in N+, {I,, : n < w} lists INN,«, the

winning strategy on each stage depends just on 8, No.~ Nw; and in p continuously.

7.3 Remark. 1) This property relates to the UP(I, W) just as E-complete relates
to E-proper (see [Sh:f, Ch.V §1]).

2) Who satisfies this condition? See section 8, so W-complete forcing notions,
Nm'(D),Nm(D)(D is Ny-complete) Nm) (T, I) (when I is Ro-complete), and shoot-
ing a club through a stationary subset of some A = cf(\) > N; consisting of ordinals
of cofinality Xy (and generally those satisfying the I-condition from [Sh:f, Ch.XI]).
7.4 Claim. If Q satisfies UPL, (I, W) or UPL (I, W) and T is (2%°)*-complete,
and Q has (w1, 2)-pure decidability, then forcing by Q add no new real.

Proof. Immediate.
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7.5 Claim. Suppose:

(a) Q is a forcing notion satisfying the UP.. (I, W) and the local k-c.c. where

com

k 1s a purely decidable Q-name

(b) N = (N, :ne (T,1I)) is a strict (I, W)-suitable tree of models (for x and
x = (Q,k,I, W))) satisfying ()1 of Definition 7.2

(c) the family I" =: {I € I : I is k-complete} is (< k)-closed.

Then Q satisfies UPL,.. . (I, W).

stc,Kk

Proof. Let (T*,I*) and N = (N, : n € (T*,1*)), (hy, : m,v € T*N"Ord for some n)
be as in Definition 7.2.

Let n* € lim(T*),p € QN N.~ be given and we choose as our strategy for proving
UPL_. (I, W) the same strategy that exists as UPL, (I, W) and let (p, : n < w) be a

stc stc
play as in Definition 7.2 in which the completeness player uses his winning strategy.

Let .7 = {T : (T*,I*) <* (T.I* | T)}. As we can replace p by p’ if p <., p' €
QN N.~, without loss of generality p forces a value to k. So for every T € .7 there
are q and 1 such that

p<prqg€QandqlFq “ne limTandh:UhU fn,n* [n
satisfies n < w = h(B) € Go

(hence Ny, Nwi = Nes Nwy)”.
Remember that we can replace n* by any n** € lim(T"). Let

T [GQ] ={veTl” :Gg NN, 2 {hn,n*ffg(n)(r)7

r € QN Ny (eg(vy) and r < p, for some n}

clearly it is a subtree. We continue as in the proof of 5.2. L7 s
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7.6 Claim. Suppose:
(a) Q= Py, Qi, Ly ki ti < ) s a UPY¢ (W, W)-iteration with

Sp. (W)-limit P,
(b) IFp, “Q; satisfies UPL (I;, W)

stc

(€) £7(B) = Min{r, : v <7},
+(8) = Suplr : for some v < BWe, 5y # K},
k™ (B) = Min{x : for some v < B we have Wp_ K, # K}.

Then 1) for each p < «a,Pg satisfies UPiom(]Ib,W) for some k™ (8)-complete set
Iy of (partial order) ideals.

2) In fact, 13 is kB -complete where

kP = min{x : for some v < B we have Wp_,, “k, # K"}, and each I € g

has domain of cardinality < (sup{\ < k541 :Wp, “=(3I € L,)(A = [Dom(I)])"})
v<pB

and [T;| <) (Ro + [Py| + min{(A :lkp, “[I,] < A)<"}.
<B

7.7 Remark. We can use this for iteration as in 5.11, the version with clauses (b),
(d) or (d), WNna =10. To prove P, does not add reals, it is enough to prove that
for each 8 < a, forcing with Pg does not add reals. By {p € Pg : (Vy < ) IFp,
“Do, <p [ {7}"} is <ypr-dense. This should be useful in [\GoSh:511 |.

SAHARON: 1) Use less x.

2) What requirements will resurrect <yp,?

Proof. Similar to the one of 5.7.
For each v < av let 7, =: {q € Py : ¢ forces a value to k., called k, 4 and ¢

forces I, to be equal to a P,-name L, ;, and ¢ [ v forces a value to |L,| says fiy,q};

let ¢ C 7, be a maximal antichain. Let u, = selig/ [y, q-
q Y

Let g lrp, “Iy = {Iy¢: (< piy,q}” for g€ Z, and let 7, =1{q € 7y :juyq >
¢and g IF “ Dom(l, ) is A, 4" if this is purely decidable} and let 1. ; beidr_,

80 L q,¢ is a Py-name of a k., 4-directed partial order on A, 4 ¢ (but IFp “if L[ <

¢ < iy then let L, ¢ be trivial”).
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Forqe 7, let L .

]P’[f] ={peP,:qly gfﬁ; p} from Definition 3.9. So by Claim 3.10

be apy. (L) for the forcing notions

1) L* . is Kk~ -directed partial order on [\ <hv.q
’Y’QaC -4 Vaqag

(44) |L§,q,g| < (Ayq0) e
(Z’L’L) q [’y H_IP’,Y “[’%C = idL’Y’g SRK idey’q

<

Note: k7(8) = Min{k,,q: v < B,q€ 7.}

Let I§ be the (< w7 (B))-closure of {idp: .+ v < B,q € £, < piyq} (see
Definition 3.13(1)).

Let N = (N, : n € (T*,1)) be astrict (I}, W)-suitable tree of models for (x, z), z
coding enough information (so Q,I},, W,W € Nj). For any v < a and G, C P,

generic over V,T C T* and I*" Ml-tree and v € T and n* € lim(T) and p €
N,[G4]N (Py/G,) then let N, 7[G] = (N,-,[G] : v"p € T) then we can find a win-
ning strategy St for the completeness player in the game 0 = oy, ,[G],p,n",Pa/G,
of 7.2(2). Without loss of generality if nj,n5 € lim(7) the isomorphism from
Ny:[G] onto Ny [G] commutes with the winning strategies; so the choice of n* is
not important. Of course, we have a name St = St, 1 ,-.

Now fix n* € lim(7™) and we define a strategy St for the game. For each simple
_ v

(Q, W)-name of an [0, a)-ordinal y € Ny=, let ((7n, 17, 1" (1n), Ly~ pn,s by pm) 1 0 < w)

be as in 7.2(2) for Q,.

We define St such that if p = (p, : n < w) is a play in which the completeness
player uses his winning strategy then this holds for (p,(y) : n < w) for each 7, i.e.,

x) if v < a,G~ C P, is generic over V and p | v € G and |G| = v and
v gl TGy

T € VI[G,] is a subtree of T*,Il*" Ml]arge and n** € lLim(7)VI%] and
Py = (hee e (pn)) (V)G ] € Q4 [G,], then in (p;, : n < w) the completeness

player uses his winning strategy from above.

So fix such p* = (p : n < w), we would like to find ¢ as in Definition 7.2(2).
Let Jx be the set of quadruples (v, q,v,T) such that:

Xy v<aqePy,Py=p [y <pqgand
qlFp, “(a) veT CT*, where v,T are P,-names

(8) N<>[G]p7] Nwy = N<> N wi
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() velJNiGe]

L<w
(6) (NyelGp,]:n €T is a strictly (IF
(e) for every n € lim(T) we have

)[@(7)]—suitable tree,

{hnn=(P) I 7 :n <w} is a subset of Gp,”.

Now 7y is defined similarly as the set of quadruples (7,4,v,T) such that: as in
®1 but we have 7 is a simple (Q, W)-named ordinal, ¢ € P, and in clause (7)
IFy e Ny[Gp ] (Le., if ( < B8,Gp, C P¢ is generic over V and ¢ = 7,[Gp,] then
reE gy, = gn[GC] < (, i.e., is well defined < ¢ or is forced (lIFp, /g, ) to be not well
defined, and p IFp, “n € lm(T)”).

We consider the statements, for v < 8 < «

X, for any (v,p,n,T) € Jy and p such that
plkp, “n<peT”
and p’ a P;-name such that
plke, “p'[Ge,] € N,[Gp,] N P3/Gp,, and
(p'[Gp,]) [ v < p” thereis (B,q,v,T") € 7 such that
P <q(e,plp, P[Gp]<q¢")andg[y=pand 7' C T

We prove by induction on 8 < « that (Vy < )X, s (or, for strong preservation),
that (V non-limit v < )X, 3), note that for v = 5 the statement is trivial hence
we shall consider only v < 5.

Case 1: g =0.
Trivial.

Case 2: [ a successor ordinal.
As trivially X, ,, & X, 4, = K, ,,, clearly without loss of generality

B=v+1

Let Gp, be such that p € Gp, C P, and Gp, generic over V.

Let T" ={v: p'v € T|Gp,]},N' = (N}, : v € (I",1I')) where N, = N,~,[Gp.],
I, = |

By 7.5 applied to N’ we can find p’ ,T" as required.
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Case 3: f is a limit ordinal.
By 7.5 it suffices to prove @), there are ¢ and n such that: 7 is a Pg-name,

gePg,qlvy=plv,p<qgandql-"* nEllm andUN [Gp,]Nw1 = Ny Nwy
l<w

and {hy < (r) [ B:r € Gy} C Gp,.
We should choose by induction on n < w, Yns dns Prs Tns k, such that:

n,nn) € Iy

()
(so Y is a Q-named ordinal)
k

n is a P, -name of a natural number

Gn e, 0o | kn = po”

—~~

)
—_— = =

)
S
—
wn
©
~
1
=)
=

% )

—~
o
iy
©
§
o
[}
~
o
lanr}
N
N—

Yo =7 and kg “yn < Ynt1 < B and yp41 non-limit”
Le., if ( < B and Gp, C P¢ is generic over V and ¢ = v, [Gp, ] then
7 € gn = Cn[Ge] < ¢ (ie. is well defined < ¢ or is forced to be not well

defined),
(f) dn+1 r'}/n = dn

(g) dn+1 “_]P’,y 1 @n qgn—l—l, SO ]f:n < ]f:n—f—l”.

Finishing the induction we let n = U pn and we define q, [ v, = ¢, and

nw

¢ €P | 7n-
n<w

We shall check that ), holds which is straight.

7.8 Discussion. 1) As in §6 (not §5)7
2) The other NNR.
Like V and like XVIII.
A. Like XVIIIL,§2 - seem straight but check.
B. Like V,56 - think.
3) Explain the specific choice for 7.2.
4) Think Ch.VL§1, <=<,,.
83 not necessarily.
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68 EXAMPLES

Namba [Nm)] defines Nm(J?) (and also with w ideals) as examples of forcing notion
preserving Ny but changing the cofinality of some A = cf(\) to No.
More [RuSh 117], [Sh:f, X, XI,XV,XIV §5].

8.1 Definition. 1) For an ideal I on a cardinal A, let the forcing notion Nm(7) be

Nm(7I) = {T T C “Z X is non-empty, closed under initial segments and

(e @)n<aveT & B a<An (a)e T)]}

where (37"« < A)Pr(a) means {& < A : Pr(a)} € [T and IT = {ACA: A ¢ I}
ordered by inverse inclusion and let <,,=< and <.}, be the equality p € Nm([)
is normal if Vn € p = |Suc(n)| =1V Sucr(n) # 0 mod I.

2) For an ideal I and a cardinal A, let the forcing notions Nm'(7) be

Nm'(I) = {T :T C “” ) is non-empty, closed under initial segments and for some

n=n(T) < w we have :

(i) £<n=|TNn*A=1

(i) neT & tgn)>n= 3" a <A {a) e T]}

we call the n € T N"™T)\ the trunk of T and denote it by tr(T))
ordered by inverse inclusion and let <,,=<* (see §2) and <y, be the equality.
3) Writing a filter D means the dual ideal.

8.2 Claim. Let I be a k-complete ideal on A\, A > k > No, I € I, is (restriction
closed and) k-complete.

1) Nm(I) and Nm'(I) satisfies UPY(I) and UP3 (I) and UPS. () so does not col-
lapse Ny.

) If I is uniform, then lbnmy “cf(X) = Ro” and lFxmr () “cf(A) = Ro”, in fact if
[Ae It = 1] A is\N-decomposable] and N is reqular, then the same holds for \'.
3) INm(I)|, [Nm'(I)] < 2*.
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4) If in addition 2%° < k, then forcing with Nm(I) does not add reals, moreover it
satisfies the condition from 7.2, UP% (I).

com

5) If in addition 2% < k then forcing with Nm(I),Nm'(I) does not add reals;
moreover, they satisfy the condition UP4’+(]I).

stc

Proof. 1) We will use the following fact about Q@ = Nm(/) and Q = Nm'(I):

(%) If p € Q,a is a Q-name of an ordinal,
then there is g, p <, ¢ such that the set
{n € q: for some B we have ¢[" IF “a = 7} contains a front.

This fact follows easily from 2.13 (let H : p — {0,1} (i.e., Dom(H) = T?) be
defined by H(n) = 1 iff (3¢)[p!" <, ¢ & q decides o], define H(n) =
lim, <, (H(n [ n)) for n € lim(p), and find ¢ such that H is constant on lim(q)).
Let Y ={neT?:Hn) =1 & (Yv)(v<n— H(n) =0]}, so Y is a front of ¢q. For
n €Y let g, be such that pl7l <pr @y and g, forces a value to a let r be such that

" = U T, So clearly r is as required, Y such a front.
ney
Now let (N, : n € (T,1)) be a strictly I-suitable tree of models for x, z satisfying
{p,I,I} € Ny where p € QN N. is a condition. We can now find a condition
¢,p <pr q, a family (p, : n € p) of conditions and a function f : ¢ — T satisfying
the following;:

(1) If n<v in g, then f(n)< f(v).

(2) For all  in ¢, Sucr(f(n)) # 0 mod I and I,, = I.
(3) For all n in ¢, Sucy(n) € Sucr(f(n)).

(4) For all 1 in q,p, € Ny, tr(py) = 0, p!" <pr py.
(5) For all n in q,p; <pr gl

(6) For all n in g, all names a in Ny (), the set

{v € q: p, decides o} contains a front of pl.

We can do this as follows: by induction on n € p we define f(n),p, and Suc,(n).
We can find f(n) satisfying (2) + (3) because T is [-suitable and I € T and I is
restriction closed. We choose p, using a bookkeeping argument to take care of a
case of (6), using (x). Then we choose Suc,(n) such that (3) are satisfied.

Lastly, let ¢ = {v: for some 7, p, is well defined and v < n}. Clearly p <., ¢ € Q.

Now let G be Q-generic, ¢ € G. Now G defines a generic branch n through gq.
This induces a branch v through 7": v = U f(n I n). Let @ € Ny, then there is

n<w
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¢ such that p, - “a = 8 and 8 € Ny € N,

2) It is enough to prove the second version for any condition p, let If be I “mapped”
to Suc,(n).

For any condition p, for each n € p such that Suc,(n) # () mod I let h,, : Sucy(n) —
A" be such that (Voo < N)[{v € Sucy(n) : hy(v) < a} € I}]. Now letting n €

“Ord,n [ £ ="0rdNr for any r € Gq large enough, we let A = {hy1e(n | (£+1)) :

l < w}.
So easily IFg “A C X is unbounded.

3) Trivial.

4) Without loss of generality I is k-complete (as we can decrease it). So by 7.4
it suffices to prove UPl (I, W). So assume (N, : n € (T,I)),h,, (for n,v €
T U lim(T),lg(n) = Lg(v)) are as in Definition 7.2, (x); and n* € lim(T), G-
as in the assumption of (x)y there. Now choose inductively on n < w,p, and k,
such that: bo = D, k() = Oapn € Gn*apn € Nn* [Ent1s and Pn < pn+17kn < kn+1a"7n
is the trunk of p,, 7, <Nni1, Sucy, (M,) # 0 mod I (as in proof of part (1)) and

SUCT(U f knJrl) = Sucpn(nn) and pwnA<n*(kn+l)] Spr Pn+1 and if T € N77* is a

Nm(7)-name of a countable ordinal then for some n, p,, decides its value.
5) The winning strategy of the completeness player is, given ¢, let v = tr(T)
and let n be minimal such that ¢, € Ny-y, and I [ Sucy, (v) = I}, and let

P = ()P I, Og o

8.3 Definition. 1) We can consider an I-suitable tree of models
N = (N, :ne (T",1*)), and let

a) Qn = {T C T : T non-empty, closed under initial segments
such that (N, :n e (I,I[T)) is an

[-suitable tree of models}

ordered by inverse inclusion.
2) We can consider for any tagged tree (7, I*)
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Q(()T*’I*) = {T C T™ : T non-empty, closed under initial segments

such that for some n = n(T),
(7) (<n=|TN"0rd| =1
(i) iftneT & Lg(n) >n & Sucy-(n) # 0 mod I,

then Sucr(n) # 0 mod In}

is ordered by inverse inclusion.

@%T,I*) = {(T, I) (7", 1) < (T,I), and for every n € lim(7)
we have (Vk)(3°°n)[n | n is a splitting point of (7', 1)

and L 1x <grk In[n}

ordered by inverse inclusion. [Saharon” [Q° # Q2?7

Q%T,I*) = {(T, I): (T*,I*)["] <*(T,I), for some n € T*}

ordered by inverse inclusion.

8.4 Claim. For the forcing notions defined in Definition 8.3 for 1 being Xo-complete,
of course, we have: if P € {le’@(()T*,I*)’@%T,I*)}’ then

(a) P satisfies UP*(T)

(b) if I € T = |Dom(I)| < A = cf(\), then |P| < 2<* and even < 2* for some
<A

(¢) if for \ regular
(VI e)(VA € (I)T[I | A is not A-indecomposable]
then IFp “cE(\) = Ry”

(d) if P = Q?T*’I*) then (VYn € Lim(T*))3%n /\ VA € (I;';rn)+[I,7 I A is not

m>n

A-indecomposable] then IFp “cf(A) = Ry”
(e) if T is (2%0)*-complete then forcing with P add no new reals, moreover it
satisfies UPLT (1) and if p € {QMQ?T*,I*)} then it satisfies UP% (I).

com
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Proof. Left to the reader. Us.a

8.5 Definition. Let A = cf(A\) >Ry, 5 C{§ < A:cf(d) = Ny} be stationary and

clubg(S) = {h : for some non-limit o < wy,

h is an increasing function from « to S }
ordered by inverse inclusion, <,,=<, <,,, is equality.

8.6 Claim. For A\, S as in Definition 8.5 we have (for any 1,1 is an No-complete
ideal on \ extending J%?).

1) Club(S) satisfies UPY({I}) of cardinality < \%°.

2) If T is (2%)*-complete and I € 1, then Club(S) satisfies UPL, (I), hence
UPLH(D).

stc

Proof. Left to the reader or follows from [Sh:f, XI,4.6] by 8.9 below. Os.6

8.7 Lemma. Let W = (W; : i < wi) be a sequence of stationary subsets of {a <

A cf(a) = w} where A = cf(N) > Vg and let the forcing notion P[W] be defined by

PW] =: {f : f is an increasing and continuous function from
a+ 1 into Wy for some a < wy,

such that for every i < a we have f(i) € Wz}

(ordered by inclusion). If T D J% be Ro-complete, then P[W] satisfies UP™T(I) for
any I such that I € T and if T is (280)*-complete it also satisfies UP2, (1) hence
UPLT(D).

stc

Proof. Left to the reader or follows from [Sh:f, Ch.XI,4.6A] by 8.9 above. Us.7

Concerning W-completeness (see [Sh:f, Ch.V]):
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8.8 Claim. Assume W C w is stationary and Q is W-complete forcing notion
(i.e., if x is large enough, Q € N < (J(x),€,<}), N countable, p, € QN N is

<g-increasing and (V.9 € N)(F C Q is dense — \/pn € J) then {p, : n < w}

has an upper bound in Q).
Then Q satisfies UP& T (I, W) (i.e., for any 1).

com

Proof. Trivial (see Definition ?), for the w-branch n* of T' there is ¢,p < ¢, ¢ is an
—> scite{7.1} undefined
upper bound of Q* hence is (U Ny ¢, Q)-generic. Os g

I<w

Comparing to [Sh:f] we have

8.9 Claim. 1) IfQ satisfies the I-condition of [Sh:f, Ch.XI,Def.2.6,2.7] 1 is (2%0)*-
complete, then Q satisfies UP2, (I).

2) If Q satisfies condition UP(I, W) of [Sh:f, Ch.XV, Definition 2.7A], then it
satisfies UP*(I, W) here.

3) If Q is a proper or just semi-proper forcing notion, then Q satisfies UPG(H) and
all the UP*(T).

Proof. Part (2) holds by [Sh:f, XV,2.11].
Part (1) follows by part (2) and [Sh:f, Ch.XV,2.11].
Part (3) is immediate by the definition (can use any fix branch). Os.o
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§9 REFLECTION IN [wq]Y0

As an exercise we answer a question (and variants) of Jech®.

9.1 Theorem. Assume
(A) k is large enough (supercompact or just Woodin).

Then
1) there is a k-c.c. semi-proper forcing notion P of cardinality r such that in V¥

Ny = NY, Ny = Kk and cardinal > k are the same as in V and 280 = Ry

~—~

«

B

v
)

every stationary subset of [wa| SN0 reflect (in a set of cardinality V)

—_

D, is Na-saturated

there is a projectively stationary S C [wo]SN0, see below such that there is

no sequence {a; : i < wy) increasing continuous, a; € S,a; # a;y1.

)
)
)
)

~—~

2) Assume in addition
X {\: X measurable} is not in the weakly compact ideal of k.
We can add to (1) the statement (on VF)

(%) every stationary S C Sz = {0 < wa : cf(§) = N} contains a closed copy of
w1i.

3) We may strengthen clause (8) of (1) to “S is S?-projectively stationary”.

9.2 Definition. 1) We call S C [ws]™° projectively stationary if:

for every club E of [wy]™0 and stationary co-stationary W C w; we can find a
sequence (a; : i < wy) increasing continuous, a; € [w2|™°,a; € E and {i € W : a; ¢
S} is not a stationary subset of w;.

2) We say S C [wo]Y0 is SZ-projectively stationary for W C w; stationary co-
5

stationary, for stationarily many & € S? if we let § = U af, a; countable increasing

i<w1
continuous we have {i € W : a? ¢ S} non-stationary.

Proof. Like [Sh:f, Ch.XVI,2.4]’s proof.
1), 2) We define a RCS iteration (P;, Q; : i < k,j < k) such that:

9Done 10/97
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Q] < (2%=)V™

in V¥ Q; is the disjoint union of the following (so the choice by which of them we
force is generic), but if j is non-limit only (a) is allowed

(a) @? = Levy(Xy,2%)% Cohen

(b) Qj = sealing all semi-proper maximal antichanges of D, provided that
strong Chang conjecture holds in V¥s (true if j is measurable > N)

(c) if we like to have (*) and in V¥4, strong Chang conjecture holds then allow:
Q? ¢ where S C S3 stationary not containing a closed copy of w; and Q? g
semi-proper where QJQ g shoot an w;-increasingly continuous chain i.e.

?’S = {(S, f) :S C S? stationary, Dom(f) is a successor

countable ordinal, f is increasingly continuous into S}

(S, f1) < (S, f2) & S1 =52 A f1 C fa.

So Ip, “Qj is semi-proper of cardinality < (2N1)ij 7.
So by [Sh:f, Ch.XV1,§2,2.4,2.5]
&, fori < j < k,P;/P; is semi-proper, so X; is not collapsed

&, P collapses every 6 € (X, k), satisfies the x-c.c. and has cardinality
X5 IFp, “Dy, is No-saturated”.

By preliminary forcing, without loss of generality thereis Sy = {J < k : 0 strong limit, cf(d)
N}, stationary in &, reflecting only in inaccessibles. Let S1 = {A < k : A is measurable}

so we know S; is stationary. If we are proving the version with (%), note that
A € S = in VPr| the strong Chang conjecture holds ([Sh:f, Ch.XIII,1.9]) hence
Q3. is semi-proper for every stationary S C {§ < X: V™ |= cf(d) = Ro}. Also if
X holds then

Fp, “S C {6 < A:in V= cf(§) = Ry} is stationary =
S ={\e S1:S5 | \is aPy-name of a stationary

subset of {§ < X : cf(§) = Ry in VE21} is stationary”.
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So

&, if we are proving (*), then in VF= every stationary S C {6 < k : cf(6) = No}
contains a close copy of wj.

Now we have to deal with the “projectively stationary”. We can find function h,
Dom(h) = Sp, h(d) is a Ps-name of a stationary co-stationary subset of wy (even
P,-name for some o < ¢) such that: every such name appears stationarily often.
Let (ad : i < w;) be a Ps-name such that

Fp, “a? C § is countable unbounded in § increasingly continuous in

and 0 = U al”.

1<wi

Let
Ws={al:ich(d)}
Wea=U{W#s5:0€anS}
W =Wen.
So

Qs # is a P-name of a subset of [k]X° and Sy is stationary in V= (as P, = k-
c.c.)
Qg Fp, “# is stationary.

[why? If IFp, “M is a model with countable vocabulary and universe x” then E =

{6 <X:M ]9 is aPs-name and is an elementary submodel of M} is a P,-name of

)

a club of k hence contains a club E* of x from V. So for a club i < w1, M | af is

an elementary submodel of M. But for stationarily many i < wy,al € #5 C #, so
really # is stationary. If W is a P,-name of a stationary co-stationary subset of

wy then for some, even for stationarily many 6 € E* N Sy we have h(d) = W and

so easily

X, Ik, “# is projectively stationary”.
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Lastly, why would % contain no increasing wi-chains? Assume p* IF “(a; : i < wy)
is increasing continously and a; € W”. So without loss of generality for some 6*

either

(o) p* IF “sup(ay) is strictly increasing with limit §*” or
(8) p* Ik “supa; is constantly §* for i > i*,i* < w; so

without loss of generality ¢* = 0”.

Case A: The possibility (5) holds.
Necessarily 0* € Sp,p* IFp “{a; : 4 < wi} C W57 and as IFp,.. “h(6*) is co-

stationary subset of w;” and P, /Ps+ is semi-proper hence preserve stationarity of

subsets of w; we are done.
Case B: Possibility («) holds and §* not strongly inaccessible. So Sy N d§* is not
stationary in §* hence # N [§*]%0 = U W5 is not even stationary.

5€6*NSo

Case C: Possibility (a) holds and not case B, in V%" strong Chang conjecture
fails.
Then Qs is Levy(Ry, 2% )+ Cohen (as in clauses (b) and (c) in V¢ strong Chang

conjecture holds), so as clearly in Vs 2% = X, (by the Cohen in (a), i.e. @?),
then in VFs* for every club E’ of [§*]® we can find some § < §* and 2% members

of E' N [6]"\W 5-. So in VFo* [§*]R0\# _5. is stationary and Qs is proper so

this holds in VFs*+1, But P, /Ps- 1 preserves stationarity of subsets of w; hence in
VE=[§*]R0 < # < § is stationary, so we are done.

Case D: Possibility (a) holds, not case B and in V¥s* strong Chang conjecture
holds.

Just note: in V¥ let p € Qs+, let x large enough N < (J#(x), €) is countable
to which Q,d*,Gp,.,p,(#5 : § € So N *) belong, then we can find (see [Shif,
Ch.XIII]) T C “Zws closed under initial segments TN N = (), satisfying (Vn €
T)(EINQOz)(nA(oO €T) and (N, : n € T) such that

(i

)
(i) N, ( (X), €) is countable
(131) n m Np Nwi = N Nwy
(iv) van= N, C N,

(v) if & = {A¢ : ¢ < (*}is amaximal antichain of 2, which is semi-proper and

& € N, then for some k <w,naveT & lg(v) > k= NNw; € U A
CEN,
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Let

E={6<ws:ifne®d then N, Nwsy
is a bounded subset of 4}.

Now if p € Q¥ we do as in Case C. If p € Q}., choose § € F, cf(§) = R, and such
that for every n € TN¥26,0 = otp{f <d:n" () e Ttand n™ (o) € T & a <
§ = sup(N,Nws) < d}. Now we can by cardinality considerations (2% > R;) find

n € lim(7) N“§ such that letting M = U Nyre, MNwy =MNG§ ¢ #es«. So there
I<w

is ¢ € Qs which is (M, Qs)-generic, p < g (by the definition of Q}.). Now ¢ forces

AMAw, = AMAw, t0 be M Nws which is not in # s«.

Lastly if ¢ € Q% 5 (in VF5*) as S does not reflect we can find § € E as above, § € S,
cf(d) = Ny and choose 1, M as above.

3) We may like to adapt the proof above.

We omit the choice of (a¢ : i < wy), but in Q; if j € Sy we also choose a P;-name of a

countable unbounded subset of 6, as and let #'s = {as} so Q; is replaced by Q; x{a :
a a name as above}. Now hy has domain S* = {0 : § strongly inaccessible, in

V¥ strong Chang conjecture holds}, hg(d) a Ps-name of a stationary co-stationary
subset of w; and we add to clauses (a), (b), (c) above also

(d) define in VFs:

Q= {(MZ : 1 < j) :the ordinal j is countable and

M; < (A((2°)1), €) is countable increasing
continuous, and: if M; Nwy € ho(d) then

Mi c W<5 and if Mz N wq ¢ h((S) then Mz ¢ W<5}.

Now again we use (N, : 7 € T') and choosing M it is enough to show that

X, for some n € lim T, U Npre Nwa € Wes
<w
Xy some n € im T, U Nyre Nwa & Wes.
I<w

Now X is as before, X; O.K. by the way # s is defined. Xo 1
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§10 MIXING FINITARY NORMS AND IDEALS

We may consider replacing families of ideals by families of creatures see [RoSh 470]
on creatures:
We hope it will gain something

10.1 Definition. : 1) A A-creature ¢ consists of (D¢, <,val®, nor®, \), where:

AC= A
D¢ the domain,
< a partial order on D¢,
val® is a function from D° to 2(\)\{0}
nor® : D¢ — w or to??
2) It is called simple if nor® is always > 0 (without loss of generality constant, e.g.

Rang(val®) = I'", T an ideal on \). A creature is a A-creature for some \.
I will be a set of creatures.

10.2 Definition. 1) An I-tree is (7,1,d) such that:

for some ordinal o, T C “~ « closed under initial segments, # ()
I is a partial function Dom(I) C T',1, € I,

d has domain Dom(I),d(n) € D

vall(d(n)) = {a:n (o) € T}.
2) Let (T*,I*,d*) be an I-tree, such that

(x) (Vn € lim T*)[lim supn < w norlnm (dy) = oo
and Dom(I,) = T™.

We define a forcing notion Q = Q7+ 1+ g+

Q= {(T,I,d) T CT*1=1"1T,

(T,1,d) an I-tree,
(vn € T)(d; <" d,)

and ((Vn € lim 7") lim sup norI;fn(dn) = oo)}

Order: natural.
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3) Let (T, I*,d*) be an I-tree such that

(xx) (Vn € lim T%)(Vn)(V*£)(nor’nin(d}) > n)

(i.e. lim inf = o0).

and define Q' = @’(T* 1+ a) Parallelly.
4) For p € Q (or p € Q') we write p = (T?,I7,dP). In this case for n € TP we define

g = p" by:
T ={veTP:v<dnorn<Av}, 19 =17 | T9,d9 =dP | TP. Clearly p€ Q = p <

q€QandpeQ =p<qeqQ.

10.3 Claim. Let (T,I*,d*) and Q,Q’ be as in 10.2. A sufficient condition for ‘N,
not collapsed” is:

(a) for Q: (xx) below
(b) for Q' : (x) + (xx) below where
(%) T has Ny-bigness:

(Ve € I)(Vz € DY) |nor(z) > 0 —(Vh € X wy)(3y)
[z <‘y & nor‘(y) > nor(z)—1 &

(h | wal(y) is constant|

(xx) I is (N1, Nqy)-indecomposable where 1 is (u, k)-indecomposable means:

X 0,0 if c €l and x € D* satisfies nor*(x) > 2 and Ay C X°
for o < p are such that (Vy)(x <y € DA wal'(y) € Ay —
nor(y) + 2 < nor‘(x)), then we can find u C \® of cardinality
< w such that for every large enough o < pn we have u ¢ A,.

Proof for Q. Lets use given p = (T,1,d) € Q and Q-name 7 such that I- 7 : w — wy.
Now we choose by induction on n,p™, A,, such that:

(CL) pn S p7‘L+1

(b) Ao, ..., A, are fronts of p™ which means (¥ € im? )(3n)(n | n € Ay)
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(c) Ay below Apy1 which means

(V1 € Agy1)(Fvan)v € A 1

(so A, CTP"" (Yn e TP"\TP" ) (Fv<n)(v € Ap))
(

Vv € A,)(¥Yn € Sucren (V))(p%ﬂ forces a value to 7(n))

(d)

(e) n € A, = norln (dbr) >n & dbr =dj"*', it follows that £ <n & n €
Ag=dpt =db» & Sucr, (n) = Sucrr(n).

So p* is defined by 77" = (| TP, 1" =TI [T7 ,d" = | J{d" [{n[L:n€ A,
n<w n

and £ < £g(n)} : n < w} belong to Q and is an upper bound of {p, : n < w}.
We define h : TP" — wy as follows: if n € TP ,v<an </, v € Ap_1,V € Ay
(if £ = 0 omit v/, so just n < V'), then p*m forces value to 7 [ £ call it (7 | K)p*m

and let

«[n]

h(n) = Sup Rang(t | £)?

For notational simplicity A, = T? N "Ord.
We now define a game o = o7, for each a < wy:

A play of the game last w moves, in the (n — 1)-th move a member 7, of A, is
chosen such that m < n = n,, <n,, and fixing some n_; € A,,.

In the n-the move:

(a) the anti-decidability player chooses a set A,, C Sucqp* (n,—1) such that
B, =0V (nor'(A,) <n—2,n>2)

X; B, # 0 or n > 3 and for no d, satisfying d?" (n) < dA nor'z(d) > n—2
do we have n"(a) € A, = a € valln(d)

(b) the decidability player chooses n, € A,, such that -(3v € B,)(v < n,) and
n21= ([ (g(n-1)—1)) <a

Without loss of generality Ag = {<>}.

If for some « and decidability player has a winning strategy, we can produce a
condition as required.

If not, for every a < w; the antidecidability player has a winning strategy St,,.
For each n € T?" and a < w1, we consider the play of the game in which the an-
tidecidability player has winning strategy St and in some move n the decidability
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player chooses 7,, = 1. Reflecting there is no freedom left so there is at most one
such play and n and let the antidecidability player choose set B, , as there (if no
such game let B, , = 0).

Case 1: For some n and n € A,,, we have: there is no countable u C Sucyp,*(n)
such that for every large enough o < wi,u ¢ By o so by the assumption (xx) we
get a contradiction.

Case 2: Not Case 1.
We can choose by induction on n, a countable subset u,, C A, such that: uy =

{<>}

if n € A,, then for some «,, < w; for every a € [ay,w1),
if in the play in which the antidecidability player uses St,,
and they arrive to 7, there is n',n<n’ € u, +1
which is a legal response of the decidability player.

mn Now let

a* =sup{h(n) +1: for some v € Uun,n av,n € Dom(h)}+

n

sup{a, :n € Uun}
n

and we can find a play of 0% as above where the decidability player chooses n’s
from U u,. We get a contradiction.

nw

Proof for Q.7 We should make changes: in p"™! we shrink pw] for each n €
TP" N"Ord, to qn,pg’] <pr [n] and for each ¢ < n, if possible, g, forces a bound to
7(¢) and, of course, p[ﬂrl = g, for each such n and """ N 120rd = TP" N"20rd

n

and dP"" I "20rd = dP" | "20rd. So let p* = ﬂpn be naturally defined, and

n
we use 2-bigness to prove enough times ¢, forces a bound.

Now we give details.
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Proof for Q. Given p = (T,1,d), for notational simplicity tr(p) =<> and nor® (Sucz» (1)) >
2 and P-name 7 such that IF 7 : w — w; we choose by induction on n, p™ such that:

(a) p™ < p"*tl, and p" has trunk n
(b) Ao,..., A, are fronts of p”

(¢)

$)

Ay below Ayyq which means

(Vn € App1)(Frvan)v € Ay

(so A, CTP"" (Yn € TP"\TP" ) (Fv<an)(v € A,))

(d) Ag={<>}ne€ A, An<v TP = norl(dEr) > n + 2]

(e) whenn € A, let ¢ = ¢, < n be maximal such that there are a,, < wy,m </
and ¢ satisfying trq = n,p%ﬂ <qgePql-*“ /\ 7(m) < al, andn < v e

m<t
T? = mnord:(d?) > n and we demand: pﬂ_l satisfies the demand on ¢ for
some (a,, : m < {,), note possible ¢,, = v then we are left with demand on

norm.

So p*, TP = ﬂ TP» is an upper bound of {p, : n < w}.
n<w
Clearly p* € P and n < w = p, < p*. Let for n € T?", let n(n) = Max{n :
there is v<an,v € A, } and v, <n be in A,, and 5, < w; be minimal such that pgj_’ﬁl
forces 7(0),...,7(¢,, —1) < B,. Using games as in the proof for Q' there is p* such

that:
(a) p* <p*eP
(b) pe TP = nor' (d§+) > nor' (dg*) -1
(c) B* =sup{B, :n €T } <uwi.

We continue as in [Sh:f, Ch.XIV,§5].

* * *

Discussion: We can continue to do iteration.
But more urgent: can Q,Q’ like this do anything not already covered by composi-
tion?

A natural thought is splitting or reaping numbers. We can think of the tree
splitting in 7™ as a list of the reals. BUT, what is the norm?

* * *

Not finished...check the better’s theorem proof?
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Assignment: [Sh:f, XIII,XVI] and here put together, so does the reflection Pr, (), f)
works for 777

97/2/2 - Discussion:

Saying a creature is y-complete meana that for pure extensions, increasing chains
of length < p have pure upper bounds? Probably pure means not changing the
norm; maybe the Ni-indecomposable is enough.

So the I-th condition has a new meaning.

Question: Does the theorem here hold?

Question: Does this new context have real applications?
The first result to be discussed is moving from I to one in the ground model.

The second are 5.2, 7 preservation of N being suitable.
—> scite{6.2} undefined
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§11 VARIANTS OF THE ITERATION

As mentioned in §1, we can consider k-RS iteration and variants of the Sp.
iteration.

11.1 Definition/Claim. Let k be a successor cardinal or an infinite ordinal not
a cardinal but an ordinal of power ||, x fix!?. We define and prove the following
by induction on « (here e = {3,4,5,6}). If K = Ny, we may omit it and this is the
main case.

We repeat 1.15 with the following changes in the proof and definition:

(B) We say ¢ is a simple Q-named, [j, B)-ordinal if

(%)1 ¢ is a simple Q-named® [j, B)-ordinal and may restrict ourselves to
k=8 =ec{3,4}
(¥)2 if e € {5,6} and x = Ny, then ( is a simple Q-named? [j, 3)-ordinal.

(F)(a) in (v) replace the remark in the end by:
“if e € {5,6},a € w then this demand follows by 1.8
and add:

(vii) if e = 3,5 then for some n < w and simple Q-named [0, £g(Q))-ordinals

§17 e ,§n we have, for every £ < £g(Q) IFp, “if for £ =1,...,n we have
e[Gr,] # € (for example £¢[Gp, | not well defined) then g, <pr p [ {}
in @577
(F)(e)(4i) inside change py | £ IFp, “...” by
p2 [ & lbp, “if € # §£[GIP’§] for

{=1,...,n and
[e=4Ve=6= (g, <up'[{E})]

then: Q¢ = p' I {€} <pr p? 1 {€}"

10For k inaccessible, see ?.
— scite{1.22} undefined
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11.2 Claim. 1) As in 1.16 adding k # ¥, V e € {3,4}.
2) If Q is an Kk — Spe(W)—z'te_mtz'on, and for each i the quasi-order g‘gg is equality
hence g%‘,r 1s equality, then Q is essentially a finite support iteration.

[Saharon: maybe restrict yourself above the constantly function ( — w@u s0 we

have to use k > £g(Q)./

11.3 Claim. 1) Add
(d) if e =3,5 then r is pure outside {&1,...,&n}.

2) In the proof on “¢.,”7 27 we say, i.e., simple’ if e € {3,4} and simple* if
e € {5,6}.

11.4 Claim. 5) Ife € {3,4} and'! for each B < £g(Q),ts is a Pg-name of a truth
value, then there is a simple (Q, W)-named [0, a)-ordinal ¢ such that ([Gg] = B iff

tg|Gg] = truth and v < B = t,[Gg| = false for any subset Gz of Pg generic over
V.

We can deal with the parallel of hereditarily countable names. This is not used
in later sections.

11.5 Definition. We define for an x — Sp.(W)-iteration Q, and cardinal u (u
regular), when is a (Q, W)-name hereditarily < p, and in particular when a (Q, W)-
named [j, a)-ordinal is hereditarily < u and a (Q, W)-named [j, a)-atomic condition
hereditarily < u, and which conditions of Sp.(W)-Lim,(Q) are hereditarily < p.
For simplicity we are assuming that the set of members of Q; is in V. This is done

by induction on a = £g(Q).

First Case: o = 0.
Trivial.

Second Case: a > 0.
(A) A Q-named [j, a)-ordinal § hereditarily < pisa (Q, W)-named [j, a)-ordinal

which can be represented as follows: there is ((p;,&;) : @ < i*),i* < p, each
¢ an ordinal in [j, ), p; € Pe, is a member of P¢; hereditarily < p and for

any G € Gen"(Q), ([G] is ¢ iff for some i we have:

(a) pi€G,G=¢
(b) ifp; € Gthen ¢; <V (G=¢ & i<jy)

Hfor the parallel for e € {5,6},x = N1 we need pure decidability and restrict ourselves to
“above p” for purely dense sets of p — s
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(B) A (Q,W)-named [j,a)-atomic condition q hereditarily < y, is a (Q,W)-

named [j, a)-atomic condition which can be represented as follows: there
is ((pi, Giyqi) + 1 < 0),3" < u,§ € [7,a),pi € Pe,,qi € V, and for any

G € Gen"(Q),q[G] is g iff for some i we have:

(a) pi € G,q=q;, and p; IFp, “q € Q¢,”
(b) ifpj GGthenQ<Cj\/(Ci:C]~ & Z<j)

(C) A member p of P = Sp.(W)-Lim,(Q) is hereditarily < x if each member
of r is a (Q, W)-named atomic condition hereditarily < u

(D) A (Q,W)-name of a member of V hereditarily < x is defined as in clause
(B), similarly for member x € VP such that y € transitive closure of
= |yl < p.

11.6 Concluding Remarks. 1) We have not really dealt with the case k is inacces-
sible. The point is that in this case, we do not know a priori the length of the list
of the members of a condition (which are atomic conditions). It is natural to work
on it together with “decidability on bound on o < k by pure extensions”, see 1.23

below.
2) We can think of putting together [Sh:f, Ch.XIV] and [Sh 587].
3) We can ask: Does “Souslin forcing notions” help?

11.7 Claim. e € {4,5} is O.K.

11.8 Claim. In the proof of 1.26, in case 3 add:
(the point is that e € {4,6}). Instead e € {4,6} it is enough to assume:

Nq, for every q',q" € Qg, we have

Q)Qﬁo Svpr q/ < q/l = q/ Spr qN'

11.9 Remark. 1) Add: )
but for e = 4 we could use appropriate p; = pU {r1},r an atomic (Q, W)-named

condition, ¢, = ¢, see 1.7(5).
2) Holds for e € {4,6}.
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11.10 Definition. 0) Let Q be a x1-Sp. (W )-iteration of length a. Let ¢ denote a

simple Q-named [0, a)-ordinal or a simple Q-named?[0, a)-ordinals and = a count-
able set of such objects.
1) For an atomic simple Q-named condition r,r | ¢ is defined by r [ ([G] = r* € P¢

if ([G] > (,[G],7[G] = r* and 0, otherwise.
2) For g €Py,q | (={rI¢:reqtandgE=JqIC
¢eE

3)Pe={pePu:pl ¢ = p, i.e, for every G C P, generic over V,p | g[G] = p[G]}

P:={peP,:plE=p}

both with the order inherited from P,.

11.11 Claim. Let Q be an Ry — Sp, (W)-iteration. B
1) If ¢1 s a simple Q-named |81, B2)-ordinal, G2 is a simple Q-named* [B1, B2)-

ordinal, then there is a simple Q-named [Py, B2)-ordinal ¢ such that for G C P, is
generic over V: ~
(a) if C1[G] = 1[GNP¢] =& and Min{e: some p € GNP. decided to be € or be
undefined} > € then ([G] = ([GNP¢] =¢
(b) otherwise undefined.

2) Let g be a simple Q-named® ordinal. For r an atomic Q-named condition r | ¢

is an atomic Q-named condition.
3) For q € P, we have q | ¢ € P,.

4) Forqi,q2 €Po,qi <= q1 [ (< g2 [ ¢
5)Ifq€]P’§,p€IP’a,p[ngMpquPa is a lub of p and q.

6) Pe <Py,

7) If G C P, is generic over V,{ = g[G] then G N Pc,G NP¢ are essentially the

same.
8) The parallel statements with = instead of (.

Remark. In fact by part (1), part (6) follows from the parts (2)-(5).
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11.12 Claim. Lete = 4(2). Assume Cn 18 a simple Q-named forn < w, Cn < Cnt1
and for every G C P, generic over V, for some n, p(n, GNP¢ ). Then for some

simple Q-name ordinal £, we have

lFp, “for some n, §[G[P>a] = (n [Gp,]| and o(n,Gp, N Pgn[GPa])”'
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